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Abstract

Infinite width limit has shed light on generalization and optimization aspects of
deep learning by establishing connections between neural networks and kernel
methods. Despite their importance, the utility of these kernel methods was limited
in large-scale learning settings due to their (super-)quadratic runtime and memory
complexities. Moreover, most prior works on neural kernels have focused on
the ReLU activation , mainly due to its popularity but also due to the difficulty
of computing such kernels for general activations. In this work, we overcome
such difficulties by providing methods to work with general activations. First, we
compile and expand the list of activation functions admitting exact dual activation
expressions to compute neural kernels. When the exact computation is unknown,
we present methods to effectively approximate them. We propose a fast sketching
method that approximates any multi-layered Neural Network Gaussian Process
(NNGP) kernel and Neural Tangent Kernel (NTK) matrices for a wide range of
activation functions, going beyond the commonly analyzed ReLU activation. This is
done by showing how to approximate the neural kernels using the truncated Hermite
expansion of any desired activation functions. While most prior works require data
points on the unit sphere, our methods do not suffer from such limitations and are
applicable to any dataset of points in R?. Furthermore, we provide a subspace
embedding for NNGP and NTK matrices with near input-sparsity runtime and
near-optimal target dimension which applies to any homogeneous dual activation
functions with rapidly convergent Taylor expansion. Empirically, with respect
to exact convolutional NTK (CNTK) computation, our method achieves 106X
speedup for approximate CNTK of a 5-layer Myrtle network on CIFAR-10 dataset.

1 Introduction

Infinite width limit has enabled fundamental understandings of deep neural networks by establishing a
correspondence to kernel methods. In this limit, the network’s function prior is a Gaussian process [1—
3] and under gradient descent training with squared loss, the network behaves as a linearized
function [4, 5]. Underlying these limit, a core object is a neural kernel which encapsulates architectural
inductive prior in its functional form [6]. The kernel describing gradient descent dynamics, the Neural
Tangent Kernel (NTK) [4], and Neural Network Gaussian Process (NNGP) [2] kernel have been
extensively studied [7—12] since they were initially identified. In particular, the infinite width
theory has shed light on powerful abilities of deep neural networks including optimization [13—16],
generalization [17-19], regularization [20-22] and robustness [23, 24]. Beyond theoretical findings,
it has been extensively reported that neural kernels can enhance practical applications including small
data classification/regression tasks [25], neural architect search [26, 27], dataset distillation [28, 29],
federated learning [30], meta learning [31], generalization attack [32], just to name a few.
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Despite those powerful advantages, there is still a gap between practice and theory in the utility of
these kernel methods. First, the NNGP and NTK can be exactly computed recursively [2, 4] however,
the explicit forms are only known when the corresponding neural networks contain a few set of
activation functions such as ReLU or Error functions. While ReLU activation is the default choice for
many deep learning applications, recently different activation functions have shown to work well in
various domains of machine learning. For example, GeLU [33] has been widely used in Transformer
based natural language processing settings [34—36] and sinusoidal activation functions work well for
implicit neural representation (e.g. NeRF) [37, 38]. Moreover, Xie et al. [39] showed that smooth
activation functions could improve robustness compared to ReLU-based models. To enable better
theoretical understanding on the role of these activation functions in these domain, expanding the
infinite width limit tool set to general activation function is an important step forward.

Secondly, even if the exact neural kernel computation is explicitly known, it requires significantly
huge amount of computing resources. For example, it will take order of few 100 to 1,000 GPU
hours to compute the exact NTK of depth 10 convolutional neural networks with pooling on 60,000
CIFAR-10 dataset. High compute requirement is often too expensive to perform extensive studies
or use in a practical setting. While Novak et al. [40] have sped up Monte Carlo estimation of the
NTK, random sampling remains impractical due to still high kernel computation cost, and cubic (in
the training set size) inference cost. Recently, Zandieh et al. [41] proposed an efficient method to
approximate the NTK computation via sketching algorithms. Their algorithm can approximate the
neural kernels with ReL.U activation orders of magnitude faster than the exact one. But it remains
unclear how sketching algorithms are extended to other activations.

In this work, we fill this gap by showing that neural kernel for arbitrary smooth activation can be
expressed in a form of series expansion. We first focus on how to express a kernel function of neural
network with a single hidden layer. Under the infinite width limit, this kernel converges to a static
function, so-called a dual kernel, and is determined by activation in the network. This is a key block
to compute the NNGP and NTK of deeper architectures. We establish an explicit expression of dual
kernel by expanding activation with the Hermite polynomial basis, and combining it with the fact that
Hermite polynomials can play a role of random features of monomial kernels. As a result, our dual
kernel formulation relies on coefficients of series expansion of the activation. In addition, we also
derive dual kernel expression of the first-order derivative of activation. The NTK can be computed by
combining these kernel computations. To the best of our knowledge, our work is the first to study the
computation of the NTK for general activations. Furthermore, we provide a subspace embedding
for NNGP and NTK matrices with near input-sparsity runtime and near-optimal target dimension.
As activation functions play an important role in modern neural network architectures, we hope our
work could empower researchers to explore properties of activations in a more principled way. Our
main contributions are summarized as follows:

* Building blocks for infinite-width neural kernel computations: We derive an explicit expression
of the dual kernel for a polynomial activation, which can be a building block for infinite-width
neural kernel computations. For non-polynomial activation, we suggest to use its truncated Hermite
expansion and analyze an error bound of the dual kernel.

* Compiling and expanding dual activation Table 1: We compile various known dual kernel for
point-wise activations providing pointers to the original work and expand the set further. We hope
our work also serve as an easy reference for various analytic expressions. We emphasize that while
many prior references lack required computation for NTK, this work is comprehensive in covering
both NNGP/NTK transformations for various activations where analytic computation is possible.

* NTK computation: Dual kernels of both activation and its derivative are essential for the
NTK computation. Since our formulation requires coefficients of Taylor series of the activation,
it is applicable to the dual kernel of derivative of the activation. In addition, we propose how to
automatically compute the dual kernel of the derivative without knowing the activation. This approach
is useful to characterize the NTK for kernel functions whose activation function is unavailable, e.g.,
normalized Gaussian, or whose dual kernel of the derivative is unavailable, e.g., GeLU and ELU.

* Kernel approximation: We analyze a pointwise error bound of approximated dual kernel
via truncated Hermite expansion of the activation with a finite degree. The estimation error can
decay polynomially faster in the degree. Furthermore, due to specific decomposition of our kernel
formulation, we accelerate the NTK approximation by sketching techniques, similar to [41]. We
also propose a new sketching method for the Convolutional NTK with homogeneous activations



Table 1: Activation functions and references for their dual kernels. More detailed expressions are
provided in Appendix F.

Activation o(t) Reference Reference
for the NNGP for the NTK
Rectified monomials 17 1>y [44] [44]
Error function erf(t) [43] [51
ABReLU (Leaky ReLLU) —Amin(t,0) + Bmax(t,0) [42, 50, 51] [42, 50, 51]
Exponential exp(At) [46, 52] [46, 52]
Hermite polynomials hy(t) [46] This work
Sinusoidal sin(At + B) [45, 47, 53] This work
Gaussian exp (fAtQ) [43] This work
GeLU t (1 +erf (%)) [48] This work
ELU step(t)t + step(—t) (e! — 1) [48] This work
Normalized Gaussian Unknown [54] This work
RBF V2sin(vV2At + %) [45] This work
Gabor exp(—t2) sin(t) This work This work
Monomial td This work This work
Polynomial Z?:o ajtj This work This work

and analyze both a pointwise error bound and its runtime in Appendix D.2. Notably, our sketching
method’s runtime scales only linearly in the number of pixels of the input images, while the exact
CNTK computation scales quadratically in the number of pixels.

* Implementation: We open-source NNGP and NTK for new activations within the Neural Tangents
library [42] and sketching algorithm at https://github.com/insuhan/ntk_activations.

1.1 Related Work

Neural kernels (NTK, NNGP) can be computed using the recursive formula [2-5]. A prerequisite
for these kernels is computing a static kernel function which is defined as the expectation of some
function of (non-linear) activation in neural network over the standard normal distribution. Williams
[43] studied this a dual kernel of erf(¢) and Gaussian. Cho and Saul [44] derived dual kernels for the
rectified monomials, i.e., t71 14>y, this function is equal to arc-cosine kernels where ReLLU activation
is a special case when ¢ = 1. Rahimi and Recht [45] showed that sinusoidal activations, e.g., sin or
cos, can result in the Gaussian RBF kernel function using the Fourier transform. Daniely et al. [46]
proposed a method to obtain a dual kernel if activation can be expanded by Hermite polynomials.
However, inputs of the resulting kernels are restricted to be on the unit sphere. Louart et al. [47]
analyzed asymptotic properties of dual kernel with random matrix theory and show closed-form
formula of such as erf, |¢|, sinusoidal. Tsuchida et al. [48] studied the dual kernels of both Gaussian
Error Linear Unit (GeLU) [33] and Exponential Linear Unit (ELU) [33]. For activation that does
not admit a closed-form expression, Lee et al. [2] numerically computed dual activation by doing
interpolation on predetermined grid of variances and covariances. Table 1 summarizes activations
whose dual kernels were priorly known, as well as expanding (in this work) the set to previously
unknown expressions. Recently, Simon et al. [49] discovered that NTK of fully-connected neural
network with any depth can be converted into that of a 1 hidden-layer neural network by modifying
activation function. However, their method is limited to the normalized input data and fully-connected
networks.

2 Preliminaries

Notations. We denote the identity matrix of dimension d by I;. For a scalar function f, we write
f®) to denote its k-th derivative. We use 1¢ to denote the indicator of event £. For a smooth function
o :R — R, we use 0(*) to denote its k-th derivative and define ||U||j2\/(07yz) = Etn(0,02) o (®)]?]
for some v € R and simply write |[o|| (1) := [|o]| - For scalar functions f,g we use f o g

to denote the composition of these functions and f°? to denote the ¢ times self-composition of
f.eg., fo3(x) = f(f(f(x))). Given a positive semidefinite matrix K and A\ > 0, the statistical
dimension of K with regularizer ) is defined as sy (K) := tr(K (K + A )~!). We use nnz(z)
to denote the number of nonzero entries in z. Given £ € R™ and y € R", we define z ® y :=


https://github.com/insuhan/ntk_activations

[T1Y1, T2Y1s - - - T Y1, T1Y2s - - - T2, - - - TmYn] and x®P as the p-fold self-tensoring of x. We also
define & as the direct sum between vectors.

Hermite polynomials. The Probabilist’s Hermite polynomials of degree ¢ > 0 is defined as

2 Td 1£/2] (—1)F 2
—(=1)e7 |—e— 7| = )
ho(t) = (=1)'e thfe ] ay a(e— 2y 2 M

=0

The polynomials {h,},>¢ form a set of orthogonal basis for the space of square-integrable functions
in R with respect to the normal measure N (0, 1), i.e., the L? space of functions L? (R, \) := {f :
R—-R] HO’HJQ\/ < oo}. Particularly, it holds that B¢ nr(0,1) [e(t) hn (t)] = £!- 11p—p,y. Thus, any
function f € L?(R, \V) has a unique Hermite expansion in the sense of || f — >, ¢;h;]| ,, = 0 and
coefficient c; can be computed as ¢; = Esnr(o,1) [f(£) hy(t)] /5.

Infinite width neural kernels. Given an activation o : R — R satisfying that ||o|| ,- = 1, consider
a fully-connected L-layered neural network f : RY — R for L > 2 defined as'

Jo(z; W) = <w(L)7ZL—1> /Ndi—1, ze=o0 (W(e)zé—l/\/dl—1)7 2= 2

where W := vec (w(L),UZL:_IIW(K)) for wl) € Rir—1 WO ¢ Rdexde-1 .= d d; := m for
I > 0 is a collection of learnable parameters, m is the width of the network, and o(-) is applied
point-wisely. In the infinite width limit, i.e., m — oo, when all elements of VV are initialized by
i.i.d. random samples from A (0, 1) and optimized via gradient descent on the least-square loss
with an infinitesimal learning rate, the prediction of trained network becomes identical to that of its
first order Taylor approximation at V. Hence, inference with such ultra-wide network is equivalent
to kernel regression with a static kernel, the so-called Neural Tangent Kernel (NTK), defined as
o (x,y) == plim,,, , o (Vw fo(x; W), Vi f5(y; W)) (convergence in probability to a constant).
In addition, at initialization the output of an infinitely wide network is equivalent to a sample from a
Gaussian process with mean zero and covariance EE;L)(.T, y) = plim,, o (fo(x; W), fo(y; W)).
known as the Neural Network Gaussian Process (NNGP) kernel.

Recursive expression for NNGP and NTK. Several previous works [2-5] have shown that the
NNGP and NTK can be expressed using the following recursive procedure:

1. For every z,y € R?, let K((,O) (x,y) := (x,y) and for every layer h = 1,..., L, recursively
define kernel functions K&, K" . R? x RY — R as:

KM (2,y) = E o(wo@)], K (x,y) = E [0 (w)a'(v)], (3)
(u,0)~N(0,A5") (u,0)~N'(0,A)

) K 2) KY T ()

c RQXQ.
KM V(y,2) KV (y,y)

. .. h
where the covariance matrix is Af,

2. The depth-L NNGP kernel is K S,L) (z,y) and the depth-L NTK @ff) can be recursively computed
as O (z,y) :== (z,y) and

O (z,y) == 00V (a,y) - K{M (2,y) + KM (z,y). (4)

At the core of the expression for @L(,L), there is the expectation term over 2-dimensional Gaussian
distribution in Equation (3). This expectation term for the case where both diagonal entries of the
covariance matrix AE,E) are equal to one, was previously studied in [46]. We extend this to encompass
general symmetric covariance matrices in the following definition.

"Throughout the paper, we consider scalar-valued networks without biases for simplicity, but this can be
extended to vector-valued networks with biases . We also assume ||o|| ., = 1 which does not change our results.



Definition 1 (Dual Activation and Dual Kernel). For a smooth ¢ : R — R, we define the Dual
Kernel of o as K, : R? x R? — R defined as

Ko(ww)i= B lo(w.a))o((w.)] forevery s,y € B 5)

2}7

Equation (5) only depends on bivariate Gaussian random variables (w, x) , (w, y) where E[(w, )
Hx||§ JE[(w,y)?] = ||y||§ and E[{w, z) - (w, y)] = (z, y). Hence one can look at the dual kernel from

a different perspective by choosing a proper covariance matrix. To this end, let A, p ¢ := {;;C ‘22‘3}
forevery a,b € R, and ¢ € [—1, 1] and the Dual Activation of o with respect to A, . is the function

ks iRy x Ry x [~1,1] — R defined as k,(a, b, ¢) := E(u,0)~A (0,A4.4..) [0(0) (V)] -

With these definitions in place, the following relationship between dual kernel and activation holds

Ko (e,y) = ks (x||2 Dl <“’>) . ©)

21l 1yl

Observe that K, (x,y) corresponds to the NNGP kernel of a 1-hidden layer neural network with
activation o. For some specific activations, e.g., ReLU, Error function, closed form expressions for
their dual activations are known (see Table 1). Hence, one can compute the NTK analytically when
dual kernels of the activation and its derivative have a closed form expression. The above also holds
for kernels corresponding to convolutional neural networks called CNN-GP [7, 8] and CNTK [9].

3 NNGP and NTK for Smooth Activations

In this section, we focus on the NNGP and NTK for a wide range of smooth activation functions.
We first show that a series expansion for the dual kernel can be obtained from that of the activation
function, which is a key to NNGP kernel computation. By applying this result to the derivative of the
activation function, we can also compute the NTK for the same activation.

3.1 Dual Kernel Computation

Daniely et al. [46] proved that for absolutely continuous ¢ : R — R and any z,y € S?~!, the
dual kernel is equal to K, (z,y) = E?io 5 g (x,y)’ . where {c;} ;>0 are coefficients of Hermite
expansion of o. We now proceed to generalize this result from S?~! to entire R? \ {0}. First we
remark that it can be naturally extended to the dual kernel of ¢g-homogeneous activation functions,
i.e., o(at) = |a|?o(t) for every a,t € R, on the entire R? \ {0}. For every z,y € R?\ {0}, the
corresponding dual kernel is

oo J
Ko (z,y) = llzll§ lylg - > e 5t <<y>> ‘ v
§=0

2l 1yl

As examples, (leaky) ReLLU and rectified polynomials fall into this activation class.
Now suppose that o is not homogeneous. In particular, we first consider a polynomial activation
o(t) = Z?:o a;t? with coefficients {a;}_,. Recall that K, (x,y) can be obtained by taking the

expectation of o ({w, z))o((w,y)) over w ~ N(0, I;) for every z,y € R?\ {0}. To make use
of Daniely et al. [46]’s result, we factorize the input into its radial and angular part and rewrite
the activation by expressing monomials in the Hermite polynomial basis. Formally, let us write

monomials in the Hermite basis as ' = ZZ:O pi,che(t) for some coefficients {1, ;}/_,. Then

q ) J q i .
otwa) = Y asllolf (o ) =3 ( Smelielios | i (o)) ®
=0 2 0 \j=¢ 2

1=

Then, we can derive the dual kernel of polynomial activation. We further relax a condition on the
activation and propose the result below.



Theorem 1. For a polynomial 5(t) = ;1 o a;t!, the dual kernel of 5(+), as per Definition 1, is

q

Y/
=S s alllelly) ra(lully) (<y>) )

= 21l 1yl

!
where rz ¢(t) := ZL ‘) Wﬁ”e Moreover, if an activation function o : R — R satisfies

HU||/2\/(O y2) < ooand|lo — |/\/(0 v2y S € for some e > 0 and v > 1, then for every x,y € R? such
that ||z||5, lylly € (0, v] the following holds

2
(611013 0.2) + 1)

|KU($7y) - Kg(x,y)| <
]l [yl

(10)

The proof of Theorem 1 is provided in Appendix B.2. For non-polynomial activations, one can
consider approximating o with its Hermite or Taylor expansion and then apply Theorem 1. Examples
can be found in Appendix B.2. For activation functions that do not have a Taylor expansion but
are k-th order differentiable, we show that, using their Hermite expansion, one can obtain a good
approximation to the corresponding dual kernel.

Theorem 2. Given o : R — R, suppose that there exists an integer k > 2 and some v > 1 such that

. 2 .

foreveryi=0,....k, o) is absolutely continuous and lim;_, + o e~ To (vt) = 0 and moreover
k) ||/2\/(0,u2) < oo. Consider the Hermite expansion coefficients {c; } ;>0 of
function o (vt) and denote 5(t) := Y_1_ ¢jh;(t/v). Given x,y € R with ||z, , [[yll, € (0,v],

2
|\0||N(07V2) < 0o and HO'(

5 kt1 Ho'(k)Hj\/'(Q’V‘Z) max (||g||N(O,y2) ,Vk ||O’(k>”]\/(0’y2))
Vil Tyl k- ¢ .

where K, (-,-) and K5(-,) are dual kernels corresponding to o(-) and 5 (-) in Definition 1, respec-
tively. Moreover, for the ReLU activation o(t) = max(t,0), it holds that

(1)

Ko (2,y) — Kz(z,y)| <

206

S — (12)
allzlly 1yl

Ko (2,y) — K5(z,y)| <

The proof of Theorem 2 is provided in Appendix B.3. Observe that when the activation is k-th order

differentiable and the norms of its derivative and inputs are bounded then the approximation error

decreases with O( \/klkil) rate. In Section 5, we empirically evaluate the dual kernel of various
pre

activations using Hermite expansion and verify that smooth activations (e.g., Gaussian or sinusoidal)
provides much lower approximation errors than non-smooth ones (e.g., ReLU).

3.2 NNGP and NTK Computations

Once dual kernels of o and ¢’ or their polynomial approximations are calculated, one can compute
(approximate) NNGP and NTK using Theorem 1 or Theorem 2 and the recursion in Equation (4).
However, there are scenarios where we are only given the dual kernel and the corresponding activation
or derivative of the activation is unknown to us. For example, Shankar et al. [54] devised a normalized
Gaussian kernel defined as

(z,y) )
Kg(z,y) = ||z exp| ————— —1 13
o) = el Il exp (7 1)) (13)
and reported that NNGP with this dual kernel performs better than the ReLU NTK by showing
promising results on various tasks. Note that, recovering the activation from K¢ is non-trivial. From
the dual kernel perspective, the activation should be 1-homogeneous and its Hermite series expansion
is of form Z]OO 0 ?1 h;(t) and it is generally unknown how to choose the sign pattern on coefficients
of this series that would satisfy homogeneity constraint. Instead of trying to recover the activation
from dual kernel, we show how to directly derive the dual kernel of derivative of activation without
knowing the activation.



Theorem 3. Given a differentiable activation function o : R — R which satisfies |o(t)| <

2
Crexp (77 ), [0'(0] < Carexp (g7 ).
v > 1 and constants Cy, Cs, the following holds for any x,y € R? with ||z||,, |lyll, € (0,v] and
(@, 9)] < lllly llyll,:

|0Hj2\/(07u2) < oo and ||‘7//||/2\f(0,y2) < 00 for some

1 0
Ka" TY) = o 71{0’ X >, 11Y , C (14)

=Tt
Addltlonally, if 2

-y, €) is continuous at ¢ = +1 then Equation (14) holds for x,y such that
e = et ol

The proof of Theorem 3 is provided in Appendix B.5. Our result is more general compared to [49]
where the previous work assumes that the Hermite expansion of given activation should converge and

llz]|y = |lyll5- Applying Theorem 3 to Equation (13) provides that Ka(z,y) = exp (m - 1)
2 2

hence one can compute the NTK function even if the corresponding activation is unknown. In the
previous work [54], only “NNGP” performances of the normalized Gaussian kernel were reported.

Moreover, with Theorem 3, only the knowledge of dual activation suffices to compute both NNGP
and NTK. For example, while dual activation (thus NNGP) of GeLU was known in Tsuchida
et al. [48], k,» was not derived explicitly. Theorem 3 provides a simple way to compute k-
(given in Equation (126)) via automatic differentiation, without requiring to take the expectation
under multivariate Gaussian distribution or computing derivatives by hand. This is implemented in
stax_extensions.Elementwise in our code supplement. Our method allows to omit the enitre
effort, lines of code, and potential mistakes in deriving and implementing the NTK.

3.3 Gauss-Hermite Quadrature

One simple approach to obtain dual activation function for general activation functions without closed
form expressions is to evaluate the expectation of under the 2d Gaussian distribution as numerical
integration. This can be efficiently done by Gauss-Hermite quadrature

Zq:i:w { (v2az;) - (\@bcxi+\/§b\/1—02xj)} (15)

=1 j=1

ky(a,b,c)

—\—]H

where (z;,w;), correspond to i-th root of degree ¢ Hermite polynomial h;(x) and associated

gV
@*(hg—1(V22:))?’
For smooth activation functions errors will quickly go down as ¢ increases by Theorem 2. We use this
method to compute approximate (non-sketched) kernels for general activation functions in Figure 3
and Figure 4. It is implemented as stax_extensions.ElementwiseNumerical in our code.

weights [55] w; = See Appendix E for the derivation of the quadrature formula.

4 Approximating Neural Kernels via Sketching

Although using our Theorem 1, Theorem 2, and Theorem 3, one can analytically compute NTK for
general activation functions, computing all entries in the NTK kernel matrix requires massive amount
of resources, i.e., 2(n%(d + Lqg?)) runtime and £2(n?) memory for datasets with n points in R?. This
becomes even more expensive for CNTK, where its runtime can be Q((nd;d2)?(c + Lq?))? for n of
images with size d; X do X c¢. To avoid quadratic complexities, we adopt a fast and efficient feature
map construction via randomized sketching [41] for both NTK and NNGP, i.e.,

0 (a,y) ~ (¥ (@), 0P (W), K (y) ~ (6P (@),61 () - (16)

The previous approach was only applicable for the ReLU activation but we establish more general
scheme based on our new results for dual kernel approximation.

2This is assuming Hermite expansion degree ¢, when exact expression is known ¢ is constant.


https://github.com/neurips2022sub/ntk_activations/blob/19f27a9f3fbdb61d868847ef3513511e2e0eb609/ntk_activations/stax_extensions.py#L515
https://github.com/neurips2022sub/ntk_activations
https://github.com/neurips2022sub/ntk_activations/blob/19f27a9f3fbdb61d868847ef3513511e2e0eb609/ntk_activations/stax_extensions.py#L628
https://github.com/neurips2022sub/ntk_activations

Algorithm 1 Subspace Embedding of Homogeneous NNGP and NTK

1: input: z € R?, depth L, sketching dimension m, polynomial &(t) = >-7_ a;t/ with a; € Ry

2: calculate the polynomial P(5) () = z°L(t) = Z?io b;tJ with coefficients b; € R

3: calculate the polynomial R (t) = S r_ &k (t) - [T, 7 o RO (1) = >0 cjt! with coeffi-
cients ¢; € R and degree p = ¢°@D)

4: for¢ =0,...,p, let Q* € R™*d" pe g degree-/ POLYSKETCH (See Appendix A)

®f
5: forevery £ =0,...,p, uf < Q° (L)

[E

6: construct ¢(X) (z) « ||z, - ?io Vobjud and B (z) ||, - B, /U
7: return ¢") (z) (NNGP embedding), /(%) (z) (NTK embedding)

Subspace embedding for homogeneous dual kernels. We provide a subspace embedding for
NNGP and NTK matrices with near input-sparsity runtime and near-optimal target dimension which
applies to any homogeneous dual activation functions with rapidly convergent Taylor expansion.
More specifically, we call a dual kernel K, homogeneous if there exists a positive definite dot-product
kernel function & : [—1,1] — [—1, 1] such that,

(z,y) )
o VERCR)ERY 17
(@, y) = ||lz|l, lylls f<~'<||a:|2||1/2 o

For such homogeneous dual kernels, the NTK and NNGP take a similar homogeneous form. In fact,
one can show by induction that when the dual kernel is in form of Equation (17), the depth-L NNGP
function defined in Equation (3) is equal to the following for any positive integer L,

K (,9) = ally Iyl - #° (W) as)
29l "\ T, T

where x°L denoted the L-fold composition of function x. Furthermore, if x has a derivative &’ :
[-1,1] — [—1, 1], using Theorem 3, there exists a depth-L NTK for this dual kernel, equal to

; (19)

L L-1
O (z,y) = llzll, lyll, - Y w°"(t) - [T & 0w (1)
h=0 i=h

__(=y)
ol P PY P

where we use the convention that k°°(t) = t. Therefore, if () can be tightly approximated by a
low-degree polynomial, then the NNGP and NTK functions can also be tightly approximated by low-
degree polynomials. Thus, by applying POLYSKETCH, which is a norm-preserving dimensionality
reduction that can be applied to the tensor product of multiple vectors very quickly [56], to the
polynomial approximations to these kernels, we can spectrally approximate the NNGP and NTK
kernel matrices. For details on POLYSKETCH see Appendix A. We provide the details of this
procedure in Algorithm 1 and prove the correctness and runtime of our procedure in Theorem 4.

Theorem 4 (Homogeneous NTK Embedding). Suppose that the dual kernel K, is homogeneous
as per Equation (17). Also suppose K(t) is a degree-q polynomial with non-negative coefficients

that satisfies (1) maxye|_1,1 [F(t) — k(t)| < m and maxc|_1 1 |k (t) — k' (t)] < m, (2)

and maxp <1 [R'(t+7) =& (t)] <

poly(n)

~ ~ 1 1
maxy| <14 e [R(E+7) — RO < o poly(n)
Sorany |y] < m Then for any integer L > 1, any e, A\ > m, and any dataset X € R
with || X || p < poly (n), if Knge € R™*™ is the depth-L NTK kernel matrix on this dataset, there

exists m = O (M poly (qL, log n)) such that the output ") (X)) € R™*" of Algorithm 1

ntk)
satisfies with probajaility at least 1 — m

(1—¢) (Knex + M) 2 9E(X) TpE (X)) + AL, < (1+e) (K + ML) . (20)
Moreover, the runtime of Algorithm 1 is O (poly (¢*,logn) - e72 - (sx(Kyuk) - 7+ nnz(X))).
We prove this theorem in Appendix C. As an example, let us apply Theorem 4 on the normal-

ized Gaussian kernel K¢ defined in Equation (13), which is homogeneous. The dot-product fac-
tor corresponding to this dual kernel is x(t) = exp(t — 1). The truncated Taylor series of this
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Figure 1: Relative errors of dual kernel approximations via the truncated Hermite expansion and
Monte Carlo estimation under synthetic dataset with n = 1,000, d = 256.

function is K(t) = 327, ;—JJ, If ¢ = Q(logn) then it can be verified that the polynomial ()
satisfies the preconditions of Theorem 4. Therefore, one can invoke Algorithm 1 to get a sub-
space embedding for the NTK kernel matrix corresponding to the normalized Gaussian dual kernel

Kgin O (5*2 - ($x(Kytk) - n + nnz(X)) - poly (logL n)) time and with a target dimension of

m = O (5’2 - sx(Kntk) - poly (logL n)) For any constant number of layers, L, this runtime

and target dimension is is optimal up to poly (logn) factors. The implementation of our sketching
algorithm is available at https://github.com/insuhan/ntk_activations.

S Experiments

In this section, we perform experiments with the proposed neural kernels based on our dual kernel
approximation. All experiments run using a single A100 GPU machine.

Kernel approximation. We first benchmark our algorithm to approximate the dual kernel ma-
trix. We use ReLU, Abs (i.e., o(t) = |¢t|), sin, Gaussian, erf and GeLU activations and ap-
proximate them by their Hermite expansion where degree changes from ¢ = 1 to 20. We ran-
domly generate n = 1,000 of 256-dimensional inputs where each entry is i.i.d. drawn from
N(0,1/4/256). We also compare our approach to the Monte Carlo estimation of dual kernel,
ie, Ko(z,y) = L 3" o((w;, z))o((w;,y)) where {w;}, are i.i.d. standard Gaussian vectors.
In Figure 1, we plot relative errors of the Frobenius norm of kernel approximations in terms of
wall-clock times (top) and polynomial degree (bottom). We run 10 independent trials and evaluate
the average approxmation errors. We observe that our approximation with Hermite expansion outper-
forms the Monte Carlo method for all activations we used. In particular, sin and Gaussian are well
approximated because they are smooth and norms of their derivatives are bounded with respect to the
normal measure.

Performance on CIFAR-10 classification.

We also benchmark the proposed CNTK ap- Myrtle5 CNTK Features Dual Activation Functions
proximating via sketching algorithm. We per- 80 :
form CIFAR-10 classification [57] by solving
the ridge regression problem. The image classes
are converted into 10-dimensional one-hot vec-
tors and inputs are pre-processed with regular-
ized ZCA [54, 58]. We report the best test ac-
curacy among 20 choices of ridge parameters S L -1.0-06-02 02 06 10
in {10710+35% | 4 = 0,1,...,19}. We extract

CNTK features of a 5-layer convolutional neural
network (known as Myrtle5 [54]) without pool-
ing by setting degree ¢ = 8 and explore feature dimension m = {2° ... 2%} and homogeneous
dual kernels including ReLU, ABReLU activations as well as deep normalized Gaussian kernels
with 2 scaling factors. See Appendix G for more details. In Figure 2, the test accuracy of neural
kernels (left) and the corresponding their dual activations (right) are plotted. The dual activation of

Figure 2: Test accuracy of CIFAR-10


https://github.com/insuhan/ntk_activations

ABReLU is very similar to the normalized Gaussian without scaling and their test performances are
also comparable. We observe that the scaled normalized Gaussian shows the best performance which
achieves 78.13% while the ReLU CNTK features [41] shows 75.56% with the same runtime. This
is because the coefficients decay of the normalized Gaussian is faster than that of the ReLLU, which
leads to a lower approximation error of sketching algorithm. We also perform comparison among
different activation functions in neural kernels in Appendix E.

Speedup. We observe that the exact CNTK of Myrtle-5 constructs a kernel matrix of size 60,000 x
60,000 and achieves 86-87% test accuracy. However, this requires approximately 151 GPU hours.
Under the same setting, our CNTK features for the normalized Gaussian kernel take about 1.4 GPU
hours, i.e. a 106 x speedup. If we use less training data to construct 20,000 x 20,000 kernel matrix,
the accuracy is about 77% accuracy and the runtime is 16.8 GPU hours in which our approximation
is still 12x faster without loss of accuracy. We believe such acceleration through our methods open
the door to using neural kernels in a wide range of research domains.

6 Discussion

In this work, we introduced methods to efficiently compute neural kernels for general activations.
As activation functions play an important role in modern neural network architectures, we hope our
work could empower researchers to explore properties of activations in a more principled way. We
are excited with sketching method’s compute efficiency by orders of magnitude on highly performant
neural kernels to open up applications in dataset distillation [29] or uncertainty critical problems [59]
such as autonomous driving, healthcare and science.

Acknowledgements

Amir Zandieh was supported by the Swiss NSF grant No. P2ELP2_195140. Insu Han and Amin
Karbasi acknowledge funding in direct support of this work from NSF (IIS-1845032), ONR (N00014-
19-1-2406), and the Al Institute for Learning-Enabled Optimization at Scale (TILOS). We thank
Timothy Nguyen and Jeffrey Pennington for discussions and feedback on the project.

References

[1] Radford M. Neal. Priors for infinite networks. University of Toronto, 1994.

[2] Jachoon Lee, Yasaman Bahri, Roman Novak, Samuel S Schoenholz, Jeffrey Pennington,
and Jascha Sohl-Dickstein. Deep Neural Networks as Gaussian Processes. In International
Conference on Learning Representations (ICLR), 2018.

[3] Alexander G. de G. Matthews, Jiri Hron, Mark Rowland, Richard E. Turner, and Zoubin
Ghahramani. Gaussian Process Behaviour in Wide Deep Neural Networks. In International
Conference on Learning Representations (ICLR), 2018.

[4] Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and
generalization in neural networks. In Neural Information Processing Systems (NeurIPS), 2018.

[5] Jaehoon Lee, Lechao Xiao, Samuel Schoenholz, Yasaman Bahri, Roman Novak, Jascha Sohl-
Dickstein, and Jeffrey Pennington. Wide neural networks of any depth evolve as linear models
under gradient descent. In Neural Information Processing Systems (NeurIPS), 2019.

[6] Lechao Xiao. Eigenspace restructuring: a principle of space and frequency in neural networks.
In Conference on Learning Theory (COLT), 2022.

[7] Roman Novak, Lechao Xiao, Jachoon Lee, Yasaman Bahri, Greg Yang, Jiri Hron, Daniel A.
Abolafia, Jeffrey Pennington, and Jascha Sohl-Dickstein. Bayesian Deep Convolutional Net-
works with Many Channels are Gaussian Processes. In International Conference on Learning
Representations (ICLR), 2019.

10


https://www.cs.toronto.edu/~radford/ftp/pin.pdf
https://arxiv.org/pdf/1711.00165.pdf
https://arxiv.org/pdf/1804.11271.pdf
https://arxiv.org/pdf/1806.07572.pdf
https://arxiv.org/pdf/1806.07572.pdf
https://arxiv.org/abs/1902.06720
https://arxiv.org/abs/1902.06720
https://proceedings.mlr.press/v178/xiao22a/xiao22a.pdf
https://arxiv.org/pdf/1810.05148.pdf
https://arxiv.org/pdf/1810.05148.pdf

[8] Adria Garriga-Alonso, Laurence Aitchison, and Carl Edward Rasmussen. Deep convolutional

networks as shallow Gaussian processes. In International Conference on Learning Representa-
tions (ICLR), 2019.

[9] Sanjeev Arora, Simon S Du, Wei Hu, Zhiyuan Li, Russ R Salakhutdinov, and Ruosong Wang.
On exact computation with an infinitely wide neural net. In Neural Information Processing
Systems (NeurIPS), 2019.

[10] Jiri Hron, Yasaman Bahri, Jascha Sohl-Dickstein, and Roman Novak. Infinite attention: NNGP
and NTK for deep attention networks. In International Conference on Machine Learning
(ICML), 2020.

[11] Simon S Du, Kangcheng Hou, Russ R Salakhutdinov, Barnabas Poczos, Ruosong Wang, and
Keyulu Xu. Graph Neural Tangent Kernel: Fusing Graph Neural Networks with Graph Kernels.
In Neural Information Processing Systems (NeurIPS). 2019.

[12] Greg Yang. Scaling Limits of Wide Neural Networks with Weight Sharing: Gaussian Process
Behavior, Gradient Independence, and Neural Tangent Kernel Derivation. arXiv preprint
arXiv:1902.04760, 2019.

[13] Sanjeev Arora, Nadav Cohen, and Elad Hazan. On the optimization of deep networks: Implicit

acceleration by overparameterization. In International Conference on Machine Learning
(ICML), 2018.

[14] Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. A convergence theory for deep learning via
over-parameterization. In International Conference on Machine Learning (ICML), 2019.

[15] Mert Pilanci and Tolga Ergen. Neural networks are convex regularizers: Exact polynomial-time
convex optimization formulations for two-layer networks. In International Conference on
Machine Learning (ICML), 2020.

[16] Lechao Xiao, Jeffrey Pennington, and Samuel Schoenholz. Disentangling trainability and
generalization in deep neural networks. In International Conference on Machine Learning
(ICML), 2020.

[17] Behnam Neyshabur, Zhiyuan Li, Srinadh Bhojanapalli, Yann LeCun, and Nathan Srebro. The
role of over-parametrization in generalization of neural networks. In International Conference
on Learning Representations (ICLR), 2019.

[18] Sanjeev Arora, Simon Du, Wei Hu, Zhiyuan Li, and Ruosong Wang. Fine-grained analysis of op-
timization and generalization for overparameterized two-layer neural networks. In International
Conference on Machine Learning (ICML), 2019.

[19] Yuan Cao and Quanquan Gu. Generalization bounds of stochastic gradient descent for wide
and deep neural networks. In Neural Information Processing Systems (NeurlPS), 2019.

[20] Colin Wei, Jason D Lee, Qiang Liu, and Tengyu Ma. Regularization matters: Generalization
and optimization of neural nets vs their induced kernel. Neural Information Processing Systems

(NeurIPS), 2019.

[21] Wei Hu, Zhiyuan Li, and Dingli Yu. Simple and effective regularization methods for training on
noisily labeled data with generalization guarantee. In International Conference on Learning
Representations (ICLR), 2020.

[22] Arthur Jacot, Berfin Simsek, Francesco Spadaro, Clément Hongler, and Franck Gabriel. Implicit
regularization of random feature models. In International Conference on Machine Learning
(ICML), 2020.

[23] Elvis Dohmatob. Fundamental tradeoffs between memorization and robustness in random
features and neural tangent regimes. arXiv preprint arXiv:2106.02630, 2021.

[24] Hamed Hassani and Adel Javanmard. The curse of overparametrization in adversarial train-
ing: Precise analysis of robust generalization for random features regression. arXiv preprint
arXiv:2201.05149, 2022.

11


https://arxiv.org/pdf/1808.05587.pdf
https://arxiv.org/pdf/1808.05587.pdf
https://arxiv.org/pdf/1904.11955.pdf
https://arxiv.org/pdf/2006.10540.pdf
https://arxiv.org/pdf/2006.10540.pdf
https://arxiv.org/pdf/1905.13192.pdf
https://arxiv.org/pdf/1902.04760.pdf
https://arxiv.org/pdf/1902.04760.pdf
https://arxiv.org/pdf/1802.06509.pdf
https://arxiv.org/pdf/1802.06509.pdf
http://proceedings.mlr.press/v97/allen-zhu19a/allen-zhu19a.pdf
http://proceedings.mlr.press/v97/allen-zhu19a/allen-zhu19a.pdf
https://arxiv.org/pdf/2002.10553.pdf
https://arxiv.org/pdf/2002.10553.pdf
https://arxiv.org/pdf/1912.13053.pdf
https://arxiv.org/pdf/1912.13053.pdf
https://openreview.net/pdf?id=BygfghAcYX
https://openreview.net/pdf?id=BygfghAcYX
http://proceedings.mlr.press/v97/arora19a/arora19a.pdf
http://proceedings.mlr.press/v97/arora19a/arora19a.pdf
https://arxiv.org/pdf/1905.13210.pdf
https://arxiv.org/pdf/1905.13210.pdf
https://arxiv.org/pdf/1810.05369.pdf
https://arxiv.org/pdf/1810.05369.pdf
https://arxiv.org/pdf/1905.11368.pdf
https://arxiv.org/pdf/1905.11368.pdf
https://arxiv.org/pdf/2002.08404.pdf
https://arxiv.org/pdf/2002.08404.pdf
https://arxiv.org/pdf/2106.02630.pdf
https://arxiv.org/pdf/2106.02630.pdf
https://arxiv.org/pdf/2201.05149.pdf
https://arxiv.org/pdf/2201.05149.pdf

[25] Sanjeev Arora, Simon S Du, Zhiyuan Li, Ruslan Salakhutdinov, Ruosong Wang, and Dingli
Yu. Harnessing the Power of Infinitely Wide Deep Nets on Small-data Tasks. In International
Conference on Learning Representations (ICLR), 2019.

[26] Daniel S Park, Jachoon Lee, Daiyi Peng, Yuan Cao, and Jascha Sohl-Dickstein. Towards
nngp-guided neural architecture search. arXiv preprint arXiv:2011.06006, 2020.

[27] Wuyang Chen, Xinyu Gong, and Zhangyang Wang. Neural Architecture Search on ImageNet
in Four GPU Hours: A Theoretically Inspired Perspective. In International Conference on
Learning Representations (ICLR), 2021.

[28] Timothy Nguyen, Zhourong Chen, and Jachoon Lee. Dataset Meta-Learning from Kernel
Ridge-Regression. In International Conference on Learning Representations (ICLR), 2021.

[29] Timothy Nguyen, Roman Novak, Lechao Xiao, and Jachoon Lee. Dataset distillation with
infinitely wide convolutional networks. In Neural Information Processing Systems (NeurlPS),
2021.

[30] Baihe Huang, Xiaoxiao Li, Zhao Song, and Xin Yang. Fl-ntk: A neural tangent kernel-based
framework for federated learning analysis. In International Conference on Machine Learning
(ICML), 2021.

[31] Yufan Zhou, Zhenyi Wang, Jiayi Xian, Changyou Chen, and Jinhui Xu. Meta-learning with
neural tangent kernels. International Conference on Learning Representations (ICLR), 2021.

[32] Chia-Hung Yuan and Shan-Hung Wu. Neural tangent generalization attacks. In International
Conference on Machine Learning (ICML), 2021.

[33] Dan Hendrycks and Kevin Gimpel. Gaussian error linear units (gelus). arXiv preprint
arXiv:1606.08415, 2016.

[34] Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. Bert: Pre-training of deep
bidirectional transformers for language understanding. In Conference of the North American
Association for Computational Linguistics (NAACL), 2018.

[35] Alec Radford, Jeffrey Wu, Rewon Child, David Luan, Dario Amodei, and Ilya Sutskever.
Language models are unsupervised multitask learners. OpenAl Blog, 1(8):9, 2019.

[36] Tom B Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, et al. Language models are
few-shot learners. In Neural Information Processing Systems (NeurIPS), 2020.

[37] Vincent Sitzmann, Julien Martel, Alexander Bergman, David Lindell, and Gordon Wetzstein. Im-
plicit neural representations with periodic activation functions. Neural Information Processing
Systems (NeurlPS), 2020.

[38] Matthew Tancik, Pratul Srinivasan, Ben Mildenhall, Sara Fridovich-Keil, Nithin Raghavan,
Utkarsh Singhal, Ravi Ramamoorthi, Jonathan Barron, and Ren Ng. Fourier features let
networks learn high frequency functions in low dimensional domains. Neural Information
Processing Systems (NeurlPS), 2020.

[39] Cihang Xie, Mingxing Tan, Boqing Gong, Alan Yuille, and Quoc V Le. Smooth adversarial
training. arXiv preprint arXiv:2006.14536, 2020.

[40] Roman Novak, Jascha Sohl-Dickstein, and Samuel S. Schoenholz. Fast Finite Width Neural
Tangent Kernel. In International Conference on Machine Learning, 2022. URL https:
//github.com/google/neural-tangents.

[41] Amir Zandieh, Insu Han, Haim Avron, Neta Shoham, Chaewon Kim, and Jinwoo Shin. Scaling

Neural Tangent Kernels via Sketching and Random Features. In Neural Information Processing
Systems (NeurIPS), 2021.

12


https://arxiv.org/pdf/1910.01663.pdf
https://arxiv.org/pdf/2011.06006.pdf
https://arxiv.org/pdf/2011.06006.pdf
https://arxiv.org/pdf/2102.11535.pdf
https://arxiv.org/pdf/2102.11535.pdf
https://arxiv.org/pdf/2011.00050.pdf
https://arxiv.org/pdf/2011.00050.pdf
https://arxiv.org/pdf/2107.13034.pdf
https://arxiv.org/pdf/2107.13034.pdf
https://arxiv.org/pdf/2105.05001.pdf
https://arxiv.org/pdf/2105.05001.pdf
https://arxiv.org/pdf/2102.03909.pdf
https://arxiv.org/pdf/2102.03909.pdf
http://proceedings.mlr.press/v139/yuan21b/yuan21b.pdf
https://arxiv.org/pdf/1606.08415.pdf
https://arxiv.org/pdf/1810.04805.pdf
https://arxiv.org/pdf/1810.04805.pdf
https://d4mucfpksywv.cloudfront.net/better-language-models/language_models_are_unsupervised_multitask_learners.pdf
https://arxiv.org/pdf/2005.14165.pdf
https://arxiv.org/pdf/2005.14165.pdf
https://arxiv.org/pdf/2006.09661.pdf
https://arxiv.org/pdf/2006.09661.pdf
https://arxiv.org/pdf/2006.10739.pdf
https://arxiv.org/pdf/2006.10739.pdf
https://arxiv.org/pdf/2006.14536.pdf
https://arxiv.org/pdf/2006.14536.pdf
https://arxiv.org/abs/2206.08720
https://arxiv.org/abs/2206.08720
https://github.com/google/neural-tangents
https://github.com/google/neural-tangents
https://openreview.net/forum?id=vIRFiA658rh
https://openreview.net/forum?id=vIRFiA658rh

[42] Roman Novak, Lechao Xiao, Jiri Hron, Jachoon Lee, Alexander A. Alemi, Jascha Sohl-
Dickstein, and Samuel S. Schoenholz. Neural Tangents: Fast and Easy Infinite Neural Networks
in Python. In International Conference on Learning Representations (ICLR), 2020. URL
https://github.com/google/neural -tangents.

[43] Christopher Williams. Computing with infinite networks. In Neural Information Processing
Systems (NeurIPS), 1996.

[44] Youngmin Cho and Lawrence Saul. Kernel methods for deep learning. In Neural Information
Processing Systems (NeurlPS), 2009.

[45] Ali Rahimi and Benjamin Recht. Random Features for Large-Scale Kernel Machines. In Neural
Information Processing Systems (NeurIPS), 2009.

[46] Amit Daniely, Roy Frostig, and Yoram Singer. Toward deeper understanding of neural networks:
The power of initialization and a dual view on expressivity. In Neural Information Processing
Systems (NeurIPS), 2016.

[47] Cosme Louart, Zhenyu Liao, Romain Couillet, et al. A random matrix approach to neural
networks. The Annals of Applied Probability, 2018.

[48] Russell Tsuchida, Tim Pearce, Chris van der Heide, Fred Roosta, and Marcus Gallagher.
Avoiding Kernel Fixed Points: Computing with ELU and GELU Infinite Networks. Conference
on Artificial Intelligence (AAAI), 2021.

[49] James B Simon, Sajant Anand, and Michael R DeWeese. Reverse Engineering the Neural
Tangent Kernel. arXiv preprint arXiv:2106.03186, 2021.

[50] Russell Tsuchida, Fred Roosta, and Marcus Gallagher. Invariance of weight distributions in
rectified MLPs. In International Conference on Learning Representations (ICLR), 2018.

[51] Russell Tsuchida, Fred Roosta, and Marcus Gallagher. Richer priors for infinitely wide multi-
layer perceptrons. arXiv preprint arXiv:1911.12927,2019.

[52] Julien Mairal, Piotr Koniusz, Zaid Harchaoui, and Cordelia Schmid. Convolutional kernel
networks. In Neural Information Processing Systems (NeurIPS), 2014.

[53] Tim Pearce, Russell Tsuchida, Mohamed Zaki, Alexandra Brintrup, and Andy Neely. Expressive
priors in Bayesian neural networks: Kernel combinations and periodic functions. In Conference
on Uncertainty in Artificial Intelligence (UAI), 2020.

[54] Vaishaal Shankar, Alex Fang, Wenshuo Guo, Sara Fridovich-Keil, Jonathan Ragan-Kelley,
Ludwig Schmidt, and Benjamin Recht. Neural kernels without tangents. In International
Conference on Machine Learning (ICML), 2020.

[55] Milton Abramowitz, Irene A Stegun, and Robert H Romer. Handbook of mathematical functions
with formulas, graphs, and mathematical tables, 1988.

[56] Thomas D Ahle, Michael Kapralov, Jakob BT Knudsen, Rasmus Pagh, Ameya Velingker,
David P Woodruff, and Amir Zandieh. Oblivious sketching of high-degree polynomial kernels.
In Symposium on Discrete Algorithms (SODA), 2020.

[57] Alex Krizhevsky. Learning multiple layers of features from tiny images. 2009.

[58] Jaehoon Lee, Samuel Schoenholz, Jeffrey Pennington, Ben Adlam, Lechao Xiao, Roman Novak,
and Jascha Sohl-Dickstein. Finite versus infinite neural networks: an empirical study. Neural
Information Processing Systems (NeurIPS), 2020.

[59] Ben Adlam, Jachoon Lee, Lechao Xiao, Jeffrey Pennington, and Jasper Snoek. Exploring the
Uncertainty Properties of Neural Networks’ Implicit Priors in the Infinite-Width Limit. In
International Conference on Learning Representations (ICLR), 2021.

[60] Ryan O’Donnell. Analysis of boolean functions. Cambridge University Press, 2014.

13


https://arxiv.org/pdf/1912.02803.pdf
https://arxiv.org/pdf/1912.02803.pdf
https://github.com/google/neural-tangents
https://proceedings.neurips.cc/paper/1996/file/ae5e3ce40e0404a45ecacaaf05e5f735-Paper.pdf
https://cseweb.ucsd.edu/~saul/papers/nips09_kernel.pdf
https://people.eecs.berkeley.edu/~brecht/papers/07.rah.rec.nips.pdf
https://arxiv.org/pdf/1602.05897.pdf
https://arxiv.org/pdf/1602.05897.pdf
https://arxiv.org/pdf/1702.05419.pdf
https://arxiv.org/pdf/1702.05419.pdf
https://arxiv.org/pdf/2002.08517.pdf
https://arxiv.org/pdf/2106.03186.pdf
https://arxiv.org/pdf/2106.03186.pdf
https://arxiv.org/pdf/1711.09090.pdf
https://arxiv.org/pdf/1711.09090.pdf
https://arxiv.org/pdf/1911.12927.pdf
https://arxiv.org/pdf/1911.12927.pdf
https://arxiv.org/pdf/1406.3332.pdf
https://arxiv.org/pdf/1406.3332.pdf
https://arxiv.org/pdf/1905.06076.pdf
https://arxiv.org/pdf/1905.06076.pdf
http://proceedings.mlr.press/v119/shankar20a/shankar20a.pdf
https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf
https://personal.math.ubc.ca/~cbm/aands/abramowitz_and_stegun.pdf
https://arxiv.org/pdf/1909.01410.pdf
https://www.cs.toronto.edu/~kriz/cifar.html
https://arxiv.org/pdf/2007.15801.pdf
https://arxiv.org/pdf/2010.07355.pdf
https://arxiv.org/pdf/2010.07355.pdf
https://arxiv.org/pdf/2105.10386.pdf

[61] Shuhuang Xiang. Asymptotics on Laguerre or Hermite polynomial expansions and their
applications in Gauss quadrature. Journal of Mathematical Analysis and Applications, 2012.

[62] Achim Klenke. Probability theory: a comprehensive course. Springer Science & Business
Media, 2013.

[63] Gene H Golub and John H Welsch. Calculation of Gauss quadrature rules. Mathematics of
computation, 1969.

[64] Pauli Virtanen, Ralf Gommers, Travis E. Oliphant, Matt Haberland, Tyler Reddy, David
Cournapeau, Evgeni Burovski, Pearu Peterson, Warren Weckesser, Jonathan Bright, Stéfan J.
van der Walt, Matthew Brett, Joshua Wilson, K. Jarrod Millman, Nikolay Mayorov, Andrew
R. J. Nelson, Eric Jones, Robert Kern, Eric Larson, C J Carey, Ilhan Polat, Yu Feng, Eric W.
Moore, Jake VanderPlas, Denis Laxalde, Josef Perktold, Robert Cimrman, Ian Henriksen, E. A.
Quintero, Charles R. Harris, Anne M. Archibald, Antonio H. Ribeiro, Fabian Pedregosa, Paul
van Mulbregt, and SciPy 1.0 Contributors. SciPy 1.0: Fundamental Algorithms for Scientific
Computing in Python. Nature Methods, 17:261-272, 2020. doi: 10.1038/541592-019-0686-2.

[65] Peter Jiackel. A note on multivariate Gauss-Hermite quadrature. London: ABN-Amro. Re, 2005.

[66] Andrew L Maas, Awni Y Hannun, Andrew Y Ng, et al. Rectifier nonlinearities improve neural
network acoustic models. In International Conference on Learning Representations (ICLR),
2013.

[67] Ben Adlam, Jake Levinson, and Jeffrey Pennington. A random matrix perspective on mixtures
of nonlinearities in high dimensions. In Conference on Artificial Intelligence and Statistics
(AISTATS), 2022.

[68] Zhenzhong Lan, Mingda Chen, Sebastian Goodman, Kevin Gimpel, Piyush Sharma, and
Radu Soricut. Albert: A lite bert for self-supervised learning of language representations.
International Conference on Learning Representations (ICLR), 2020.

[69] Yinhan Liu, Myle Ott, Naman Goyal, Jingfei Du, Mandar Joshi, Danqi Chen, Omer Levy, Mike
Lewis, Luke Zettlemoyer, and Veselin Stoyanov. Roberta: A robustly optimized bert pretraining
approach. arXiv preprint arXiv:1907.11692, 2019.

[70] Djork-Arné Clevert, Thomas Unterthiner, and Sepp Hochreiter. Fast and accurate deep net-
work learning by exponential linear units (elus). In International Conference on Learning
Representations (ICLR), 2016.

14


https://reader.elsevier.com/reader/sd/pii/S0022247X12002600?token=97932C7A988518C97B458585BEF0EED5E22A87FF429E404FA55CA1F17A601C720335CA2FE840D7F4C1BCC4B0B9DAABF5&originRegion=us-east-1&originCreation=20220426144952
https://reader.elsevier.com/reader/sd/pii/S0022247X12002600?token=97932C7A988518C97B458585BEF0EED5E22A87FF429E404FA55CA1F17A601C720335CA2FE840D7F4C1BCC4B0B9DAABF5&originRegion=us-east-1&originCreation=20220426144952
https://antivirus.uclv.edu.cu/update/libros/Mathematics%20and%20Statistics/Probability%20Theory%20-%20Achim%20Klenke%2C%202nd%20ed.%202014%20-%20978-1-4471-5361-0.pdf
https://www.ams.org/journals/mcom/1969-23-106/S0025-5718-69-99647-1/S0025-5718-69-99647-1.pdf
http://www.jaeckel.org/ANoteOnMultivariateGaussHermiteQuadrature.pdf
https://ai.stanford.edu/~amaas/papers/relu_hybrid_icml2013_final.pdf
https://ai.stanford.edu/~amaas/papers/relu_hybrid_icml2013_final.pdf
https://arxiv.org/pdf/1912.00827.pdf
https://arxiv.org/pdf/1912.00827.pdf
https://arxiv.org/pdf/1909.11942.pdf
https://arxiv.org/pdf/1907.11692.pdf
https://arxiv.org/pdf/1907.11692.pdf
https://arxiv.org/pdf/1511.07289.pdf
https://arxiv.org/pdf/1511.07289.pdf

Checklist

1. For all authors...
(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]

(b) Did you describe the limitations of your work?
(c) Did you discuss any potential negative societal impacts of your work?
(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...
(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes] All detailed proofs in
the paper are provided in supplement.
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes]

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes]

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes]

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes]
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes]
(b) Did you mention the license of the assets? [Yes]

(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]
We provide anonymous code of some of our implementation.

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A|

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]

15



A Sketching Preliminaries

The POLYSKETCH algorithm is a norm-preserving dimensionality reduction that can be applied to
the tensor product of multiple vectors very quickly [56], i.e., for any vy, ..., v, € R?, there exists a

randomized mapping Q7 : R% — R™ which satisfies that

[QF (11 @ -~ @up)ly = [lvr @ -+ @y,
with high probability and Q? (v1 ® - - - ® vp,) can be computed very fast. Here, sketching dimension
m is a trade-off parameter between runtime and accuracy. Algorithm 2 describes the pseudo-code of

POLYSKETCH and Theorem 5 summarizes Theorems 1.2 and 1.3 of [56] which guarantees spectral
approximation of output of POLYSKETCH.

Algorithm 2 POLYSKETCH [56]

1: input: x € R, degree g, sketch dimension m, SRHT instances {S? : RYT — Rm}gzl and
{S1:R™ - R™|j=1,...,2M00d~ i =1 [log,q]}

let § + 20824l
for every j = 1,...,q,lety? — S?-J:
forevery j = q+1,...,q, lety) < S? - e; where e; € R? is the first column vector of I

for i=1,...,log,q
for j=1,...,q/2° _ .
compute 3} < S% - (y;;—ll ® y;;‘l)

e
return z = gy, %>

® v HE RN

Algorithm 3 Subsampled Randomized Hadamard Transform (SRHT)

input: » € R?, dimension m, random signs s € {+1, —1}¢, random indices b € {1,...,d}™
lety < [x181, 2282, ..., Td8d]

compute z + FFT(y)

return \/% .

bl

Theorem 5 (POLYSKETCH). For every ime(!gers p,d > 1 and every £,5 > 0, there exists a dis-
tribution on random matrices QP € R™*% | called degree p POLYSKETCH such that (1) for

some m = O (&log® L) and any y € R, Pr[||QPyl3 e A xe)|yll3] > 1 — & ) for
any © € R, the total time to compute QPx®P is O (pm logm + % log% nnz(x)); ) for
any collection of vectors vi,...,v, € RY, the time to compute QP (v; ® --- ® vp) is bounded
by O (pm logm + #d log %) ; (4) for any X > 0 and any matrix A € R %" where the statistical

4
dimension of AT A is sy, there exists some m = O (ps% log® E%) such that,

Pr((1-e)(ATA+AIL,) =2 (QPA)T(QPA) + M, = (1+¢) (ATA+AL,)] >1-6. (21

B Proofs

B.1 Properties of Hermite Polynomials

We first introduce that Hermite polynomials can be used as the random feature of monomial kernels
for inputs on the unit sphere, which will be used in our analysis.

Proposition 1. For z,y € S, it holds that

E  [he((w,2)) han((w,9))] = 0@, 9)" - Liemm). (22)
’wNN(07Id)
Proof of Proposition 1: Let ¢ := (w,z),b := (w,y) then Ey[a] = E[b] = 0 and Cov(a,b) =
E[ab] = (x,y). Hence, we have that

o L (e ((w, ) B ((w, 9))] = o) [he(@) T (b)) (23)
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where

2
(z,y)  llyl; )
We introduce Proposition 11.31 in O’Donnell [60]:
E  [he(a) hm(b)] = £ (2, 9)" - 1(£ = m). (25)
(a,b)~N(0,%)
This completes the proof of Proposition 1. O

B.2 Proof of Theorem 1

Theorem 1. For a polynomial 5(t) = Zg:o a;td, the dual kernel of 5(+), as per Definition 1, is

q

Y/
= s alllzlly) r2(lully) (<y>) ©

=0 ‘x”2 ||y||2

L J L(€+2L)

H0||j2\f 0,2) < 00 and ||a - 5“% 0,s2) < € for some e > 0 and v > 1, then for every x,y € R such
that ||nc||2 Nyl € (0, 7] thefollowmg holds

where 15 4(t) 1= t214. Moreover, if an activation function o : R — R satisfies

2
v e (603 0,0 + 1)

|Ko'<xay) - Kg(aj?y)' <
5 N[yl

(10)

Proof of Theorem 1: Due to homogeneity of the inner-product, we can write

Zal w, z)" Zal ||x2< ||j||2> . (26)

Note that monomial ¢* of degree i > 0 can be explicitly written in the Hermite basis as t* =
ZZ:O i ehe(t) where

i
— Z,' if 1 — £ is even,
pie =1 27 - (FHt-a 27)

0 if 7 — ¢ is odd.

Plugging this into Equation (26) and re-arranging terms, we obtain that

g)(Zal”””“””?) (v ) @8)

Applying Equation (28) to the definition of the dual kernel Kz (x,y) given in Equation (5) and taking
the expectation over w gives

Kz (x,y) E  [o((w,2)) o((w,y))]

w~N(0,14)
q q q q
7 1 w,xr w,y
zz( ) > st ot ) e (22 3, (1)
(=0 m=0 \i=¢ j=m
i

(i i it ||x||§> Jiaj Him Iyl | E [he <<”“; x>> o (<w’y>>}

1Yl

q
£=0 m=0

- i 1 7 <(E,y> ‘
Zaim,enan > ajpiellyly | O ——E— ) (29)
j=¢

i=t 2l 1l

\\
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where Equation (29) follows from Proposition 1. Now using Equation (27), we have

q 254 ]
i agiok - (0 + 2k)! 042k
> aipielly= > W||x||2+ :
i=2 k=0 o
Therefore, we obtain that
q [ 454 ] . [ 45 ] . ¢
apt2i (€ + 21)! 24t apro(0425)1  ojpe ( (z,y) )
Kz(z,y) = — |z /ALY Il )
=2\ 2 S T X S s )

We finish off the proof of Theorem 1 by bounding the error | K, (z,y) — Kz (z,y)|. We use Equa-
tion (5) along with the assumption that both x, y # 0 to write,

Ko (z,y) = K5(2,9)| = |Elo({w, 2)) - o ({w, y)) = o({w, 2)) - 5(<w,y>)}‘

<

E[(oe((w,z)) — o((w, z))) '0(<w,y>)]’ (30)

w

+ B l(otlu) = 50w 54w ) 61

where the inequality above follows from the triangle inequality. Now we bound each of Equation (30)
and Equation (31) separately. First let us bound Equation (30) using Cauchy—Schwarz inequality as
follows,

E{(o((w.)) = ({20 - o((w )] < 4B [l (w.2)) - 30w ) ] - Blo(w. )

w

:\/ E [\a(a)—a(a)ﬂ- E  [0(8)?
an N (0, |z]|2) BN (0, llyl13)

Ean(002) |l7(@) = 5(@)]

llly /v BN (0,llyI12)

[0(8)?]

E-V 14
=  E  [0(B)
zlly  [lylly B~ar(0.02)

where the first line follows from the Cauchy—Schwarz inequality and the third line above follows from
the assumption that ||z||, , ||y||, # 0 and the last line follows from the precondition of Theorem 1.

%], (32)

Similarly, we can bound Equation (31), as follows,

E[(e((w,y)) = a((w,y))) -5(<w7w>)]‘

w

< e 0w ) = 5w )] & [5G )P]

w

) \/%N(]E,mné) Da(a) B E(a)lﬂ pNR “EWH?]

Ean0.2) ||7(@) = 5] |
lylly /v BN (0,]|]3)

(5]

. 2 2 9 ~ _ 2
Iyl BNNJE,HZ@[ 0(8) +215(8) - o(8)]

[ 2 14
<i/7mw 7= E
lylly  [zlly s~ar0,02)
e (e +EgonoulloB)])
P [E41PS

210(8) +215(8) - o(8)]

(33)

)
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where the fourth line above follows from the assumption that ||z ||, , [ly||, # O, the fifth line above
follows from the AM-GM inequality along with the the preconditions of Theorem 1, and the last
equality above follows from the preconditions of Theorem 1.

Now by plugging Equation (32) and Equation (33) back into Equation (30) and Equation (31) we find

that,
e-v2 Egon(0,2) [0(8)?] 2e
(Ko (2,y) — Kz(z,y)| < ’ L+ /24
2z - Myl Es~n(0,02) [0(8)?]
B R SV Ca Gl B __
1l - Iyl Es~n(02) [0(B)?]
2
= 6 E  [0(8)? +4€>.
lllly - lylly  \ p~n(o.02)
This completes the proof of Theorem 1. O

Examples for Taylor expansion Observe that o(t) = sin(t) is analytic and has a Taylor expansion
+2i -1

(=
(€+21)’

0o £042i—1
(1)

roe(t) = 1(Lis odd) - Y

with coefficients agyo; = - 1(¢ is odd). By invoking Theorem | we have,

0+20) , —)= e
(0 + 2i)! zg.u.\}atulzwl“’dd)'(\)/ﬁ'e TGV

i=0
Therefore,
12113 113 2641 I=13+1v13
Kn(zy) = S e 9 o2 % = TEYE (). (39)
=0
.. . =3 +1yi3
Similarly, we can derive that Kos(z,y) = = cosh({x,y)) that corresponds to Table 1.

B.3 Proof of Theorem 2

Theorem 2. Given o : R — R, suppose that there exists an integer k > 2 and some v > 1 such that
foreveryi=0,... k o is absolutely continuous and lim;_, + o e‘§a(i)(ut) = 0 and moreover
|\U||/2\f(07112) < oo and ||o®) sz\f(O,u?) < o0. Consider the Hermite expansion coefficients {c;} j>o of
function o(vt) and denote & (t) := > 1_ cjh;(t/v). Givenz,y € R with ||z, , [ly]l, € (0,],

it Ha(k)HN(o,uz) max (||‘7||N(0,u2) v ||U(k)HN(o,u2)>

Vil ylly - & - g~

where K, (-,-) and Kz(-,-) are dual kernels corresponding to o(-) and 5(-) in Definition I, respec-
tively. Moreover, for the ReLU activation o(t) = max(t,0), it holds that

|Kg($,y)—Kg($,y)| < (11)

206

Ko (z,y) — K5(z,y)| < |
q Il [1yll

(12)

In order to prove this theorem we first need to establish the following bound on the decay rate of the
Hermite expansion coefficients of smooth functions,

Lemma 1. Suppose that there exists an integer k > 0 such that for every i = 0,...,k, o@(t)
2 .

are absolutely continuous in R and limy_, 1o e~ 7o (t) = 0. Assume that ||0‘||J2\/ < oo and

‘O'(k ) H < o0. Let {cj} o be the Hermite expansion coefficients of this function such that

H ] 0 cih H =0. Then, for any integer j > k:

‘ w| VU=R!
o <], YT
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The proof of Lemma 1 is provided in Appendix B.4.

Proof of Theorem 2: First, because of the precondition of Theorem 2 about ||a||J2\,(07V2) =
Eten(0,02) [|J(t)|2] = Etn(0,1) {IO’(Z/t)F} < o0, the function o(vt) is an L? function with
respect to the normal measure A/(0, 1) on the real line. Therefore, because the Hermite polynomials
{h;}32 provide an orthogonal basis for L function with respect to normal measure (0, 1), o (vt)
converges to its Hermite expansion, i.e., Eiar(0,1) “a(z/t) — Z;’io cihj(t) ﬂ = (. We obtain an

error bound on the dual kernel by invoking Theorem 1. To do so, we need to first upper bound
Etn (0,02) [|a(t) — 5(15)\2] , as follows

E |l -50F]= B [lott)-50nl]

t~N(0,02) t~N(0,1)

(oo}

= >l B[0P

Pt t~N(0,1)

(oo}

= > gl 4, (37)

J=q+1
where the second line above follows from the fact that h;’s are orthogonal with respect to the normal
measure N (0, 1). The third line follows from the fact that ||h; ”/2\/ = jl

We now proceed to upper bound the term in Equation (37), using the bound on the Hermite
expansion coefficients we proved in Lemma 1. We apply this lemma to the function o(vt)
whose Hermite expansion coefficients are {c;}2,. By precondition of Theorem 2 we have

Jo® 3 = Evenious) [|o® (0)]°] < oo. This implies that,
dk

k 2
E R
t~N(0,1) || dtF

2 2
d
=% E ’ o(vt ’ =2k, Ha(k)H < o0
] t~A(0,1) | | d(vt)* 1) N(0v2)

2 . . . .
Furthermore, the precondition of Theorem 2 about lim; 4, e~ % 0¥ (vt) = 0 implies the following,

o(vt)

. _ 2 dl i . _t? i

t_l}ﬂ)oe T @a(ut) =v ~t£imooe T WO’(Vt) =

Therefore, the preconditions of Lemma 1 are satisfied and by invoking this lemma we have the
following inequality for any integer j > k,

lcj] <

dk (yt)r] V=R — k. Hg(k)HN(Oﬂﬂ) (]]'—k)'

E - .
t~N(0,1) [ dtk J!

Plugging the above inequality into Equation (36) into Equation (37), gives

£ [lo)-30F] = Y I

t~N(0,02) j=q+1
SV%'HU(MHQ ) Z (J*k')'
N(0,v2) it j'
2
B v ||U(k)HN(o,V2) . 1
k—1 ql¢—1)--(g—k+2)
v o®]]
N(0,v2)
< (33)
k- gF—1
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V2k~HO'

w2
— N ¢4 find that

Thus we can now invoke Theorem 1 with ¢ = T

‘Ka(xa y) - K;(l‘,y)l
e-v?

<y
2 [[yll

(611302, + 42)

2 2 2
V2 6llo]? vk - ||o ) HN(o’ﬂ) ) 2k . Ho—(k)||N(O7y2)
= TETEETETE 2 — =
lzll2 lyll N(0%) k- gkt k- gt
2 2 2
LG [ PYTE. gl sl P D ) sl
A ERTE NOw) gt e
k k) |12
- Iolvioum #* RN (il Ll POV
= Szl v? T =
]l [yl N+ N@Ow2) \ k- gkt k- gkt

V}c+1 Ha.(k)H
N(0,v2) < k (k) 6 2
< max ( [|o]| g2y » ¥ H” . §
H'T”2||y||2 0% N(0,v2) kj-qk 1 k.qk 1

5 k+1 Ho'(k)H_/\/'(O,VQ) max (||a||N(0’V2) Uk ||o.(k) ||N(o,y2)>
\/||17H2||yH2-k.qk—1 .

Now we prove the second statement of the theorem about the ReLU activation o (t) = max(t,0). It
is easy to check that for this function

2

2 o]
2 2 v 9o 2
o = E o(t = — e Tdt = —. 39
ooy = B, (o0 = 2= | 4 (9)

Furthermore for any j > 0, the Hermite coefficients of o(vt) are

1 e 2 t
¢ = / max(vt,0) - h;(t) - e~ 2 dt t-h;(t)-e”7dt

v oo
V27! V2! /0

Using integration-by-parts and the fact that 4 (t) = jh;_1(t) for all j > 1, we get that

/0 thy(t) e Tt = (o) (—e %)

+/ h;-(t)-e_gdt
0 0

S .2
:hj(0)+/ Ri(t) - e T dt

0

o 2
:hj(0)+j/ hy 1 (t) e~ Tdt

0

= (_1)% : (.7 - 1)” : ]l{j iseven} +.7 ' (_1)%_1 : (] - 3)” : ]l{] is even}
= (_1)%_1 : (] - 3)” : l{j iseven}-

Therefore,
[e%s) ] . 2
_ | ((G =3 2
E |lot)—c@)| = 2 V2mj = 2. = . (40)
t~N(0,02) [ } j_zq;_l J j:zq;_l V2mj! V27 (q )
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By invoking Theorem 1, using Equation (39) and Equation (40), we have

€2

Ko (@,y) — Ka(@,9)| <\ [ 7
iz [yl

(61302 +4¢)

v2

N %
Ver(gtl) T <3V2 +4>
[l [lyll, V2r(g+1)

< 206
“\ @+ D)zl [[yll

This completes the proof of Theorem 2. O

B.4 Proof of Lemma 1

Lemma 1. Suppose that there exists an integer k > 0 such that for every i = 0,...,k, o (t)
2 .
are absolutely continuous in R and limy_,+o e~ 7@ (t) = 0. Assume that ||a||if < oo and

2 . . . , .
||0(’“)HN < oo. Let {c; };?‘;0 be the Hermite expansion coefficients of this function such that

Ha — Z;io cjh; HN = 0. Then, for any integer j > k:

G—h!

N 4! (36)

el <[]

Proof of Lemma 1: The proof can be obtained by slightly modifying Theorem 3.1 in [61]. The

precondition ||‘7||12\f = EtA(0,1) Ua(t)ﬂ < oo implies that o is an L2-function with respect to

2
measure ¢~ > on real line. Because Hermite polynomials {/; }32 form an orthogonal basis for the

Hilbert space of L2-functions with respect to normal measure A(0, 1), o(t) converges to its Hermite
expansion, i.e., Z;'io c;jh;(t). The j-th coefficient in this expansion is

1 o 2
o= [mg(t).hj(t).e > dt, @1)

Using the Rodrigues’ expression of Hermite polynomials in Equation (1) and integration-by-parts,
we have,

/OO o(t)hy(t)e= T dt = (—1)] /m o (t) L;l;e-‘;} dt

di—1 2 oo di—1 2
= (—1)] (t) |:dt].1€_ :| +( l)J_l/OOO'(l)(t) |:dtj1€_:| dt
= o) hj_i(t) e~ 7 +/ oD (D)h_y (e T dt, (42)

where the last line above follows from the Rodrigues’ expression of degree j — 1 Hermite polynomial
in Equation (1). Therefore, using 22.14.17 in [55]°, the first term in Equation (42) is 0 and by

.
3Equation 22.14.17 in [55] was |H,(£)| < aoe T 2% /71 where ao ~ 1.086435 and H,(-) is physicist’s
. 2
Hermite polynomial. Using H;(t) = 2% h;(v/2t) gives that |e~ T h; (t)] < aov/7T.
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applying the above repeatedly we have

‘/_O; o(t) - h;(t) - e‘fdt‘ = /OO oW (t) - hy_y(t) - e—fdt‘

— 00

- /m A0 hy-aft) e ]

\// o0 (1) =% dt - / ()2 =5 dt
:\/g.Hch)HN. G — k) (43)

where the second last inequality comes from Cauchy-Schwarz inequality and the last one holds from

IA

that B¢ ar(0,1) {|hz (t) |2} = /! and the assumption. This completes the proof of Lemma 1. O

B.5 Proof of Theorem 3

Theorem 3. Given a differentiable activation function o : R — R which satisfies |o(t)| <

2 2
C1exp (ﬁ) o'(t)] < Cyexp (dﬁ)
v > 1 and constants Cy, Ca, the following holds for any x,y € R? with ||z||,, lyll, € (0,v] and
[z, 9) | < llll; lyll,:

UHif(o,,ﬂ) < oo and ||0"||J2\/(0,l,2) < oo for some

L

Ko () =
e, Tull, @

ko (Il 5 l[yll2 ) : (14)

(z,y)
=t —
Hszny”z

Addltlonally, if Lk, (.- ¢) is continuous at ¢ = *1 then Equation (14) holds for x,y such that
e = el

Note that our assumption on o can be weakened to be: there exists € > 0 and constants C; and Cy
such that

|0 ()] < CyeC2lt, (44)
Proof of Theorem 3: Recall that the dual activation is defined as

ky(a,b,c) := (u,v)NE}\f(o,A) [o(u)o(v)]. 45)

where for a,b € R>g and ¢ € [—1, 1]

a?  abe a 0 a 0 T
A= -
’ [abc b2 } [bc bv1 — 02} {bc bv1 — 02]

Using a whitening transformation, we introduce the standard i.i.d. Gaussian random variables

wy, wy ~ N(0, 1) that satisfy
ul _|a 0 w1y
v| |be bV1—c?| |wa|’

Thus, by denoting w = [Zj , the dual activation can be written as

ko(a,b,c) = NH%O . [ (awy) - o(bcwy + by 1 — c2ws) ] . (46)

Using Equation (46), we can calculate %ka (+, -, ¢) if the derivative can be interchangeable with the
expectation. To this end, we use the “measure theory” statement of Leibniz integral rule.
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Lemma 2 (Measure theory statement of Leibniz integral rule, Theorem 6.28 of [62]). Let  be a
probability distribution with support ), let I C R be a nontrivial open interval, also let f : QxI — R
be a map with the following properties:

1. Forany x € I, Ey~pul|f(w, 2)|] < oo
2. For almost all w € Q, the map x — f(w, x) is differentiable with derivative %f(w7 x).

3. There isamap h : Q — R such that Ew~p[|h(w)]] < 00 and | 2 f(-,z)| < h.

Then, for any x € I, Ew~p Ha%f(w,x)u < o0 and the function F : © — Ey~ulf(w,z)] is
differentiable with derivative F'(x) = Ey~p [%f(w, z)].

To invoke Lemma 2 on the above expression of the dual kernel, we let I be the open interval
(—1+¢,1—¢) for an arbitrarily small ¢ > 0 and f : R? x I — R be the function defined as f (w, ¢) :=
o(awy) - o(bcwy + bv/'1 — c?w,) for some fixed values of a,b. With these notations in place, we
proceed to check if the preconditions of Lemma 2 are satisfied. To verify the first precondition, we
need to show that for any ¢ € I, Eyon(0,1,) [|o(awr) - o(bew; + by/T — cws)|] < oo. We find
that,

wNNIFfo,Iz) Ho(awl) <o (bewy + b1 — cng)H < \/E [|a(aw1)\2} IE Uo (bcw1 +bv1-— CZUJQ> ﬂ
- \/ E flo@nf]- g o tor].

(47)

where the first line above follows from Cauchy—Schwarz inequality. The second line above follows
from the fact that wy and wo are independent copies of the normal random variable A/(0, 1), thus

the random variable bcw; + bv/1 — c2wy is indeed by for a normal v ~ N(0,1). Now using the
preconditions of Theorem 3, for any a,b € (0, v] we have

2 v 2 2 v 2
E {oaw }Sfo L2y < 00, and E [ob }g—a L2y < 00.
B [lotamn)P] < Dot - (2 COOT [
(48)
Also in case a = 0 or b = 0 we have E, ~Ar(0,1) “cf(awl)ﬂ = |o(0)|* < oo, therefore, above
inequalities along with Equation (47) proves the first precondition of Lemma 2 for any a, b € [0, v/].

To verify that the second precondition of Lemma 2 holds, we show that for almost all wy,ws € R
the map ¢ — o(awy) - o(bcwy + bV/1 — c?ws) is differentiable. This holds true because of the
assumption of Theorem 3 on about the activation o (-) being differentiable. The derivative of this map

is in fact b
o(awr) - o’ (bewy + b1 — c2ws) - (bw1 — hu@) )

Finally, we check the third precondition of Lemma 2. Since |c| < 1, there is an & > 0 such that
ce(—14¢,1—¢€). We have,

o(aw) - o’ (bewy + b1 — wy) - (bwl — bc2w2> ’

1—c¢

b
< ‘a(awl) o’ (bewy +b\/1 — 02’LU2)‘ . (b|w1| + €|w2>

a?w? + (bewy + V1 — c2wq)? b
Lt 11111/2 2" (b|w1| + |w2|>

2 b2 2 b2 2 b
< CuCyenp (LEEEREE T ()4 2y )

S 0102 exp (

4.102

2 2
< C1Cpexp (“’1“”2) : (bwl + fj|w2|) =: h(w), (49)
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where the second inequality follows from the preconditions of Theorem 3 about the upper bounds on

o(-) and o’ (-), the third one follows from (cw; ++v/1 — c2w3)? < w?+w3, and the fourth one follows
from a, b < v. Now it is easy to check that this upper bound function satisfies E.,~ar(0,1.)[| 2 (w)]] <
0.

Therefore, we can invoke Lemma 2 to calculate the derivative of the dual kernel &, (a, b, ¢) with
respect to c as follows,

2Ic(,(a,b7 ¢) = 0 {a(awl) o (bcwy + b1 — cng)}

= = E
Oc 0c w~N(0,I,)

—u [6(39 (U(“wl) - o (bewy + bmwﬂ)}

w C

=FE [a(awl) o’ (bcw1 + b\/ﬁwg) . bwl] (50

— IE {U(awl) .o’ (bcw1 +bv1— 6211/2) \/fing} . (51)

Next we compute Equations (50) and (51) by using Stein’s lemma,
Lemma 3 (Stein’s Lemma). For a differentiable function ¢ : R — R with By nr(0,1) [|¢'(2)]] < oo,

[bx)z] = E [¢@)].

E
~N(0,1) ~A(0,1)

Applying Stein’s Lemma to Equation (50) gives,

E [a(awl) .o’ (bcw1 +byV1— c2w2> ~bw1]

=abE [a’(awl) s (bcw1 + b1 — CQWQ):| + bR {U(awl) o (bcuu +bV1— CQU)Q):I .
(52)
Applying Stein’s Lemma to Equation (51) gives,

b
—E [U(awl) .o’ (bcw1 + b1 — 02w2> Jli;c?w%

= szcIE [a(awl) o (bcw1 + waQH . (53)

Here we show that the term b?c B, [a(awl) ot (bcw1 +bv1— c2w2)} in Equations (52) and (53)
has a bounded value as follows,

e [olau) o (beun -+ 0/T= ) || < i wg ot & |[o (bew +07/T=Eun)
=17l [E [l B [l 00P]

y~N(0,1)

where the first line above follows from Cauchy—Schwarz inequality. The second line above follows
from the fact that wy and wo are independent copies of the normal random variable A/(0, 1), thus

the random variable bcw; + bv/'1 — c2wy is indeed by for a normal v ~ A/(0, 1). Therefore, in order
for the expectation b?c Ky, [o(awy) - 0" (bewy + bv/1 — c?ws)] to make sense, it is enough to have
b? Euw, {|U(aw1)|2] < oo and b* E,, [|a” (by)|?

with respect to swapping a and b, in the sense that &, (a, b, ¢) = k4 (b, a, ¢). Thus, we can without loss

} < 00. Note that the dual activation is symmetric

of generality assume that b < a. With this assumption b2 E,, [|a(aw1)\2} < a?Eu, [|a(aw1)|2} :
Now, by recalling Equation (48), we have a®E,, [|0(aw1)\2} < av - ||or||j2\[(O ,2) < oo and

B E, [lo” 6m)°] < bv - 0”300, < oo
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Summing Equations (52) and (53) and dividing the sum by ab give that

1 8 ko(a,b,c) = E [U’(awl) o’ (bcwl + b1 — cng)} ) (54)

ab dc w~N(0,12)

Finally, plugging in the values a = ||z, ,b = ||y||, and ¢ = I <H I >H such that a,b < vand |¢| < 1
and using Equation (6) result in Equation (14).

Now suppose that the map ¢ — (;90 ko (-, c) is continuous at ¢ = £1. Since we consider that o/ ()
exists, o’(+) is continuous almost everywhere. Using these properties, we claim that the right-hand
side in Equation (54) is continuous in ¢ because for every ¢’ € [—1, 1] it holds that

lim E [ "(awn) - o (bcwl +by/1— c2w2>}

c—c! w~N(0,12)

- E {U’(awl) - lim o’ (bcwl +bV1— 02w2>] : (55)
)

w~ N (0,15 c—c!

The above equality holds from the dominated convergence theorem (see Corollary 6.26 in [62]) with
the dominated function obtained as

1_ 2
‘ "(awy) - o (bcwl + bmm)’ < C1Cy exp (a w? + (bew; + bV — 2ws) )

4.1
(a® + b*)w? + bzw§>

S 0102 exp ( 112

witwi)
< C1Cyexp ( 505 ) = h'(w) (56)
where the first inequality follows from the preconditions of Theorem 3 and the second one follows
from (cw; + V1 — 62w2)2 < w% + w%, and the third one follows from a,b < v. And it is easy to
check that E,,Ar(0,1,)[| 2/ (w)|] < co. Hence both sides of Equation (54) are continuous at ¢ = +1
and taking lim._, 11 in both sides of Equation (54) gives that Equation (14) holds for x, y such that
|(z,y)| = ||x|| |yll5- This concludes the proof of Theorem 3. O

Examples. For o(t) = sin(t), the corresponding dual kernel is known to be

a2 2 abc _ —abc
Esin(a,b,c) = e~ = 26 57
Applying Theorem 3 to kgjy,
1 Okgn a4 ebe 4 g—abe
aboc ¢ T2 %)
which is equivalent to k.os(a, b, ¢) (see Table 2 for detailed derivations).
For o(t) = erf(t), the corresponding dual kernel is known as
2 2ab
kert(a,b,c) = =sin~! e . (59)
m V(1 +2a?)(1 + 2b2)
Again, applying Theorem 3 to ke, provides that
1 Oket 2 1 1 2ab
a-b Oc Ta-b b 2 /(1+2a2)(1+2b?)
1= ( (1+2a2)(1+2b2)>
4 1
=— : (60)

T /(1 + 2a2)(1 + 20%) — 4a2b22

One can check that this matches the dual kernel of (erf(t))’ = 2=~ from Table 2.

2
v
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In addition, Theorem 3 holds for the ReLLU activation because

1 OkgeLu 1 9 <ab\/1 -2+ (m— cos_l(c))c) 7w —cos !(c) 61)
2m B 27

ab 00  a-bdc

which is equivalent to the dual kernel of ReLU’(t) = Step(t).

This theorem is used in Elementwise in our codebase to automatically derive the NTK given only
the NNGP function.

C Proof of Theorem 4

Theorem 4 (Homogeneous NTK Embedding). Suppose that the dual kernel K, is homogeneous
as per Equation (17). Also suppose K(t) is a degree-q polynomial with non-negative coefficients
that satisfies (1) mj‘Xte[fl,l} |Ij(t) - m(t)\lg m and maxyec|_1 1] L,{/(t) - /g’(t~)\ < m,lﬂ)
max| <yt [R(E+7) —KO)] < 5oy and maxjy<ip o [R(E+7) =K (O] < 5oy
Sorany |v| < m. Then for any integer L > 1, any e, A > m, and any dataset X € R¥*"
with || X || < poly (n), if Knu € R™*™ is the depth-L NTK kernel matrix on this dataset, there
existsm = O (w - poly (¢, log n)) such that the output )" (X)) € R™*" of Algorithm 1
satisfies with probability at least 1 —

_ 1
poly(n)

(1 —¢) (Kuu + ML) < (X)) ToE(X) + AL, < (1 +€) (Knee + M) . (20)
Moreover, the runtime of Algorithm 1 is O (poly (¢*,logn) - e72 - (sx(Kyuk) - 7+ nnz(X))).

Proof of Theorem 4: We start the proof by showing that the polynomial R(*)(t) defined as
L L—1
ROt) = "w"(t) - [[ 7 o7 (t)
h=0 i=h
tightly approximates the following function at every point ¢t € [—1, 1]

L L—-1
TE () =" k() - [] & 0 (t)
h=0 i=h

Specifically, we prove that

1
T () = RE (1)) £ ———. 62
tem[—affl]’ ) O] Sty (n) ©2
In order to prove Equation (62), we first show that for every h = 0, 1,2, ... L the following holds
1
oh ~oh
t) — ) < ——.
vl () — R 0] < poly (n)
The proof of the above is by induction on h. For h = 0 by convention x°"(t) =
k°M(t) = t, which proves the base of induction. For the inductive step suppose that

max,e(_1,1] | 7H(t) — BOhL(E)] < 5oiygny holds for some /i > 1. Using this inductive hy-

pothesis along with preconditions of Theorem 4, for any ¢ € [—1, 1] we can write,

EM(t) — kM ()| < |ROM(t) — R o kT )| + R o kMTH(E) — K1)
1 ~ h—1 h
< ——— + |Ror®1t) — k(1)
poly (n) | ) |
1
~ poly (n)’
where the first line above follows from triangle inequality. The second line above follows from

precondition (2) of the theorem. The third line follows from precondition (1) of the theorem.

Therefore maxe[_1 17 [k (t) — F"(t)| < ooy forany A =0,1,... L.
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Moreover, by preconditions of the theorem, we can show in a similar fashion that
max;e(_1,1) |k 0 K°"TH(t) — B o BOMTL(t)| < m. These inequalities are sufficient to prove
Equation (62).

Now, let us define the kernel (:)L(,L) as

0 (z,y) := ||zl |lyll, - R (M>

The depth-L NTK kernel, as we showed in Equation (19), is

0 (z,y) = |lall, Iyl - T (M) .
2 19l ENEE

Using Equation (62), for any z, y € R?, we have,

0 y) ~ 82, y)| < [NVl

poly (n)
For any dataset X = [z1, o, .. :cn] € R we let Kntk € R™*"™ be the kernel matrix corre-
sponding to the kernel function 6( and X, ie., [Kntk] =0 (x;, ;) to have that
HKntk_gntk S HKntk_ﬁntk ‘
op F
2
1 X ||
~ poly (n)
1 EA
- <«
~ poly(n) — 3

where the third line above follows from the assumption of the theorem about || X || . < poly (n) and
E,A > m. Therefore, in order to prove the desired subspace embedding guarantee of Theorem 4,

it suffices to prove that with probability at least 1 — m, the following holds

(1—6/2)( ntk+A1)jw“)(X)Tw(L)(X)HIn (1+e/2)( ntkﬂz)

From now on we focus on proving the above inequality. If we let R(X)(¢) = P o cit? be the
polynomial defined in line 3 of Algorithm | then we have that

p
Kuc=D Y ¢ (Y®) v® | D= Zc (Y®D) YD
7=0
where
D = diag ([[lz1]ly, - - [enll)]) € R, Y:{ S | e RO
1l lzally

Note that each of the term (Y ®/ D) Y®/ D = D(Y®7)TY ®i D is a positive definite Gram matrix.
Also, from the fact that coefficients c; are positive and by Courant-Fischer’s min-max theorem, the

statistical dimension of the Gram matrix c; - (Y®j D) " Y®iD for every 7 > 0 is upper bounded

by the statistical dimension of the kernel matrix K;x. More specifically, for any ¢ > 0 and every
7 =0,1,...p, we have

sul(es- (YD) YD) <5, (Ko )

Now let p := p—j‘_l and note that from the definition of statistical dimension it follows that

Sy (Kntk) < (p+ 1)sy (fntk). The sketch matrix )7 defined in line 4 of the algorithm has
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m = Q (e 25\ (Kux) - poly (¢%,logn)) = Q (25, (Kuwx) - poly (¢~,logn)) rows. Therefore,

by Theorem 5, the following holds for every j = 0, 1, ... p with probability at least 1 — m,

¢; - DY®)TY® D +ul,

o ¢ DY®)TY®D 4 ul,
1+¢/3 -

D(QY®) Q'Y® Dipul, < —
— &

By union bound over p+1 = O(g%) = o(poly (n)) events, the above inequality holds simultaneously
for all 5 with high probability in n. Thus, by summing up the above inequality over all j and using
the fact that ¢ = 75 we find that,

Kntk + )\In o i 1 iN T i i K}tk + )\In
Stk T AL DI (QIY®) QIY®ID) 4 AL, x —2k T
11¢/3 —]Z_;)(Cf (@Y¥) @ )*’\"— 1—¢/3

This proves the theorem because the output of the algorithm satisfies (") (X)T(F)(X) =
Z?:o ¢; DI (QIY®I )T Q'Y ®IDJ. The runtime bound follows immediately from Theorem 5.

D Convolutional Neural Tangent Kernel

In this section, we design and analyze an efficient oblivious sketch for the Convolutional Neural
Tangent Kernel (CNTK), which is the kernel function corresponding to a CNN with infinite number
of channels. Arora et al. [9] gave dynamic programming (DP) based solutions for computing two
variants of CNTK; one is the vanilla version which performs no pooling, and the other performs
Global Average Pooling (GAP) on its top layer. For conciseness, we focus mainly on the CNTK with
GAP, which also exhibits superior empirical performance [9]. However, we remark that the vanilla
CNTK has a very similar structure and hence our techniques can be applied to it, as well.

We start by restating the DP approach proposed in [9] for computing the L-layered CNTK with an
arbitrary activation function o, convolutional filters of size ¢ X ¢ and GAP. Consider two input images
y, z € R41*d2%¢ where ¢ is the number of channels (c = 3 for the standard color image).

1. Forevery i,i' € [d1] and j,j’ € [da], define
FEJ)VJ’ (y, 2 Zywl Zit ' s (63)

(0) o
Kz] i’g" y’ : Z Z ita,j+b,i’ +a,j’ +b(y7 )

ai_il bi_i

2. Forevery h € [L], every i,7’ € [d1] and 7, j’ € [d2], define

h 1
Fz(‘,j),i',j'(y’z) = E [o(u)o(v)],
q (n)
(u, v>~N( AP (@)
-t o=t (64)
(h) (h)
Kijin.i (Y, 2) = Z Z Fz+a,y+bz "ta,j’ (Y 2)s
a=—45t b=—931

where the covariance matrix is

h—1 h—
Kz(j i’ 3’ (yvy) Kz(j ' ;/(yv )

AP () = € R¥2, (65)
Bl =D =1
7,_]7,’7’(’2 y) Z]’L](Z’Z)
3. Forevery h € [L], every i,i’ € [d1] and j, j’ € [d2], define

1
E s 0= 5 5 PO (66)
(w,0)~N (0,47, -/ (y:2)

i,4,1" .7

29



4. Let IO (,y) := 0 and for every h € [L — 1], every 4,4’ € [d1] and 7, j € [da], define

g—1 g—1
2 2

LD a)i= 3 3 [V 0102+ 1.2)]

—_g9=1lp__gq=1
a=—"5= b=—"3

ita,j+b,i'+a,j +b

(67)
and also II(F) (y, 2) := IV (y, 2) © T (g, 2).
5. The final CNTK expressions is defined as:

(L) 1
®cntk(y7 ) . @ : Z Z szz’ 7 y7 ) (68)

i,i' €[d1] 4,5’ €[d2]

The above procedure for exact computation of the depth-L CNTK value GEEt)k (y, z) takes
Q ((d1d2)*(c + L)) runtime, which is extremely slow particularly due to its quadratic dependence
on the number of pixels of input images dyds. Fortunately, we are able to show that the CNTK
for homogeneous dual kernels, as per Equation (17), is a highly structured object that can be fully
characterized in terms of tensoring and composition of the dot-product factor of dual kernels, and
exploiting this special structure is key in designing efficient sketching methods for the CNTK.

D.1 CNTK for Homogeneous Dual Kernels

In this section we show that the CNTK function corresponding to any homogeneous dual kernel, i.e.,

Ko(z,y) = |z|ly |ylly - & (m) for some & : [—1,1] — [—1, 1], takes a simple form which

enables us to devise efficient sketching algorithms for the CNTK. Unlike the fully-connected NTK,
the CNTK is not a simple dot-product kernel function. The key reason being that CNTK works
by partitioning its input images into patches and locally transforming the patches at each layer, as
opposed to the NTK which operates on the entire input vectors. The depth-L. CNTK corresponding
to homogeneous dual kernels can be fully characterized in terms of tensoring and composition of the
dot-product kernel « and its derivative /.

Definition 2 (CNTK for Homogeneous Dual Kernels). For every positive integers g, L, the L-layered
CNTK for a homogeneous dual kernel, as per Equation (17), and convolutional filter size of ¢ x ¢ is
defined as follows

1. For z € R%*d2%¢ every i € [dy] and j € [da] let Ni(g.)(x) =q* > |wiy
h > 1, recursively define,

2
, and for every

qg—1
2 2
My . L Z Z
Ni,j (fL') T ? . 1+a ]+b (69)

2. Forevery h € [h], every i,i’ € [di1] and j, j’ € [d2], define

N () - N (2) c
(h) L \/ 2] .5’ (0) o
Fz g, J’(ya Z) T qQ "R (A) ’ Fz N 72) - Zyi,j»l ! Z'L-/7j/7l (70)

r-y (y,2).

qg—1
— 2
where A = /N(h)(y) N(h) (2) Za_,q 1 Zb:,q 1~ i+a,j+b,i'4a,j’'+b

3. Forevery h € [L], every i,i’ € [dy] and 4, j' € [d2], define
S (h 1
F;j),i',j’(@/’z) = prl K (A). (71)

4. Let 1) (y, z) := 0 and for every h € [L — 1], every i,i’ € [d1] and j, j’ € [do], define

g—1

2
o™, (g, 2) = {H(h—n ) OTM(y 2) +T® Z} 7
i) = > > (y,2) (y,2) 8| I

(72)

S
|
[
)
I
|
-
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Furthermore, define
I (y, 2) = TE D (y,2) 0 TE (g, 2). (73)

5. The final CNTK expressions for ReLU activation is:

(L) (L)
ecntk( : d2d2 Z Z sz i’,j’ ) (74)

1,1’ €[dy] 7,5’ €[d2]

We now describes some of the basic properties of the functions T (y, 2), '™ (y, z), and TI" (y, 2)
defined in Equation (70), in the following lemma,

Lemma 4 (Properties of I'(") (y, z), W) (y, ), and TI™ (y, 2)). Suppose that the dot-product kernel
#(+) in Equation (17) and its derivative satisfy k(1) = x'(1) = 1. For every images y, z € Rhxd2xe
every integer h > 0 and every i,i' € [d1] and j,j' € [da] the following properties are satisfied
by functions T) f(h), ™" and NM defined in Equation (70), Equation (71), Equation (72) and
Equation (73), and Equation (69) of Definition 2:

N ()N, (=
< \/ () ,() and

q2

h
Fz(‘ J)lj (¥, 2)

(h) (h) (h)
Hl] i J/(y, ) \/H i,y ,](y,y) . Hi/,j’,i/,j’(’z?’z)'

F(h) (y,2)| < % and

1. Cauchy-Schwarz: i,4,i "

( )

2. Norm value: T\") (y,y) = > 0, and T\") (y,y) = q% > 0, and ng)lj(y,y) =

1,5,8, 1,5,8,7
h-N"D(y)  ifh <L
_ L . .
LU NPy ifh=1L

The properties stated in the above lemma can be straightforwardly proved using induction.

D.2 CNTK Sketch for Homogeneous Dual Kernels

Our sketching method relies on approximating the dot-product kernel function «(+) and its derivative
k' (+) with low-degree polynomials via Taylor expansion, and then applying POLYSKETCH to the
resulting polynomial kernels. Our sketch computes the features for each pixel of the input image, by
tensor product of the sketches for function (-) at consecutive layers, which in turn can be sketched
efficiently by POLYSKETCH. Additionally, the features of pixels that lie in the same patch get locally
combined at each layer via direct sum operation. This precisely corresponds to the convolution
operation in neural networks. We start by presenting our CNTK Sketch algorithm in Algorithm 4 and
prove the correctness and runtime of our procedure in Theorem 6.

Theorem 6 (Correctness and Runtime of Algorithm 4). Suppose that the dual kernel K, is ho-

mogeneous as per Equation (17) also assume that k(1) = k'(1) = 1. Fix some ¢ > 0 and
L € Z+ and suppose that k(t) and ' (t) are degree -p polynomials with non-negative coefficients
that satisfies (1) max,e[—1,1) |[K(t) — K(t)| = ( ) and maxe_1,17 |F' () — K'(t)] = O (%) (2)

max<i1+o() |F(t +7) — k()] < O(y) and maxjy<ito) [ (t+7) — K ()] < O(y) for any
|v] < O(e). If m = Q (%f -log® n) andm’ = (g—j -log® n) then for any y, z € R4>d2X¢ the
output of Algorithm 4 satisfies

1

L L L L L

P ||( 200 BEL) - 08 2)| > ¢ Vo) 0 2)| < L.
Furthermore, for every image v € R¥*xd2xc \I/((:ﬁt)k(x) e R™ can be computed in time

O (Lmelogm . d1d2).

Proof. The correctness proof is by induction on the value of h = 0,1,2,... L. More formally,
consider the following invariants for every iteration » = 0, 1,2, ... L of the algorithm:
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Algorithm 4 CNTK Sketch for Homogeneous Dual Kernels

1: input: image x € R%*42%¢ depth L, filter size g, sketching dimensions m, m’, polynomials
R(t) = >¥_ga;t) and F'(t) = Zp,ob it/ with aj, b; € Ry

: forevery i € [d], j € [d2], and h = 0,1,2,... L compute N( )(a:) as per Equation (69)

2

3: forevery i € [dy], j € [d2], initialize ¢§7 )( ) < x; ;. and 1/)(0)( )< 0

4: for h=1to Ldo

5. Forl=0,...,p,let Q°be a degree-/ POLYSKETCH with target dimension m and for every
i € [d1], § € [d2] compute

o a=1 a1
(h h (h—1
o (7105 R 1) R Ep—— o @ 69 Ditaii (@)
N e
/N
6: forevery i € [dy], j € [d2] construct qi)( (g V@) ( 0 \/> ”7 ( )
7. foreveryi € [di], j € [da] construct gb(” (z ) — Dl \/? : ZLM( )
8:  Let Q2 be a degree-2 POLYSKETCH with target dimension m/
9: if h = L then
10: for every i € [d1], j € [d2] compute
(h)
@ @ [ ( 1+a J+b( ) ® ¢1+a J+b( )) @ ¢1+a j+b( ):|
a=—271 p=—
11:  else
12: for every i € [dy] and j € [d2] compute
L) L-1)
o (@) @ ea Q* (v ihs(@) @ 35 1uul@))

a=—15 1 p=—

13: return \I!((:nt)k( ,2) =

Tl Dicldy] 2jelda) ¥

L (@)

%,

P;(h) : Simultaneously for all 7,7 € [d;] and 7, j" € [d2]:
(650 () T8 2| < (4 1) - 5 VN (y;; N e)
T e P e R )
I e PR )
P2(h) : Simultaneously for all ¢,4" € [d;] and j, j’ € [da]:
()0 )) ~1, )] < T fﬂ \/Ni}:l) ff;(’hﬂ(z) et
£ I .\/Nm. () - NS".(2) ifh=1L
(only forh < L) : (h)(y)Hz ~, (y,y)‘ < 1% : Lh2 . " (y),
(only forh < L) : i )Hz — thg v (2,2)] < % : Lh+1 N(ZH)( ).
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We prove that probabilities Pr[P; (0)] and Pr[P>(0)|P;(0)] are both greater than 1 — Addi-

poly(n)
tionally, for every h = 1,2, ... L, we prove that the conditional probabilities Pr[P; (h)|P1(h — 1)]
and Pr[Py(h)|P2(h—1), Py (h), P1(h—1)] are greater than 1 — . These invariants immediately

give the correctness proof.

1
poly(n)

The base of induction corresponds to » = 0. By line 3 of the algorithm, qﬁg?j)(y) = y;. and
dJS))j,(z) = zy j.., therefore, by using Equation (70), it triVially holds that Pr[P;(0)] = 1 >
1- m. Moreover, by line 3, we have that ¢§f})( ) = 0and ¢L, ., (z) = 0, thus, by Equation (72),

it trivially holds that Pr[P,(0)| P, (0)] =1 > 1 — . This completes the base of induction.

poly(n)

We now proceed to prove the inductive step. By assuming the inductive hypothesis for h — 1, we
prove that statements P;(h) and P (h) hold. More precisely, first we condition on the statement
Py (h — 1) being true for some h > 1, and then prove that P;(h) holds with probability at least

1- pobl,(n) Next we show that conditioned on statements P(h — 1), P (h), Py (h — 1) being true,

P, (h) holds with probability at least 1 — W This will complete the induction.

First, by conditioning on the inductive hypothesis P;(h — 1) and using the definition of ,u( )( -)in

2,

line 5 of the algorithm and applying Cauchy—Schwarz inequality and invoking Lemma 4 we ﬁnd that,

h 1)
a,fq 12 2 f1 1 z+a,j+bz+aj +b(y’ )

(1 ) 1l (2)) -

h
YNy ) N (2)
(h—1) (h 1)
Zai——1 Z 3 \/N ':ayj-&-b(y " HVilta,g +b( 2) h-e
’ 2
\/N(h) Z(/h /(Z) 60L

affi

V/ ]Vgg& ) " 60L2

h—1 h—1
\/Zalz ’ ; z(+aj)+b( / Z 2 —1 Z 2 _ 49— 1Nz(+a])+b( )/q2 h-e

9

I Sore
(75)

where the last line follows from Equation (69).

p p
Furthermore, if we let the collection of vectors {Z (};)g(y) }e and { f};)z(z)} be defined as per
=0

line 5 of the algorithm, then by Theorem 5 and union bound, the followmg mequahtles hold with
probability at least 1 — poly(n) , simultaneously forall £ = 0,1,2,...p,all4,i" € [di] and j,j’ € [da]:

4
It It h h h h
(28w 20 02) = (B )l () | <0 (5) | w )H \u£j<>2
h 2 11 . 20
ol g ol
24

(h)
2040 H =10 ’“ﬂﬂiz)z

Therefore, by Cauchy—Schwarz inequality, we find that with probability at least 1 — the

following holds simultaneously for all 4,4’ € [d;] and j, j’ € [da]:

1
poly(n)’

NG WING ()

1]

(o0 o15) - (o)) <0 (5) 5 o

q2

N(h) z Ni(/h?-/(z) ~ h
where B = m-\/m(m&f(y)na) R (It (2)13).
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By conditioning on the inductive hypothesis P; (h — 1) and using Lemma 4 we have,

Therefore, the precondition of the theorem implies that ’E (Hugiz)(y) ||§) - E(l)‘ < h- 5= and

2 €

60L2"

—1‘<h-

e
<hGopa 2 “

h h 2
Uz(’,j)(y)HQ uE/,}(Z)HQ - 1' <h-

‘% <||,uf/hz,(z)\|§> - ’/%(1)‘ < h - 57z Consequently, because #(1) < 1.01x(1) = 1.01, we find that

h h
B E Ni(,j)(y)Nl-(,J)-,(z)
- 10 q? '

By plugging this into Equation (77) we find that the following holds simultaneously for all 4,7’ € [d;]

and all j, j’ € [da], with probability at least 1 — m,
NG N ) N )N (2)
(h) (h) “J i’ (h) (h) € i,j i 5!
<@J@%@ﬁ&d>— 7 «m]@)m](@» SO(?)' e ~
(78)
. (h—1)
We recall that A := \/W Za__q N Z T P Fz+a,]+b i+, +b (v, 2) and
NN (2)
(h) _ i i
Loy ,2) = e K(A).

Note that by Lemma 4 and Equation (69), —1 < A < 1. Hence, using the precondition of the theorem
and Equation (75) to find that,

(h) (h) ~ £
({5 W)l 20)) =R )] < - 60L?"
By incorporating the above inequality into Equation (78) using triangle inequality we find that,
with probability at least 1 — the following holds simultaneously for all ,4" € [d;] and all

j?j/ € [dQ]:

1
poly(n)”>

h h h h
NI )N, (2) ) L. ) NI NG, (2)

(60 w), 62 (2)) - R W) 2 (0(5) + g -

q
(79)

Additionally, since —1 < A < 1, using the preconditions of the theorem we can conclude that

|% (A) — k(A)| < =7=. By combining the above inequality with Equation (79) via triangle inequality

and using the fact that, by Equation (70), we get the following inequality, with probability at least
1

" poly(n)
h h
e VNG OND()
60L2 q? '

(6w, 0" (2)) =T 1 (9:2)

<(h+1)-

Similarly, we can prove that with probability at least 1 — m the following hold, simultaneously
forall i,7" € [d1] and 7, " € [da],

2w ( )‘<(h+1)5 Ni(,’]l')(y)

4,5,4,J 6072 ’ q2 )
6™ ( 2 _ < (h+1)e Nz(’ )/( )
Z' / i 5 i ]/(Z Z) S 60L2 q2 .

This is sufficient to prove the inductive step for statement P (h), i.e., Pr[Pi(h)|Pi(h — 1)] >
1

" poly(n)”
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Now we prove the inductive step for statement P5(h). That is, we prove that conditioned on
Py(h—1),Py(h),and P;(h — 1), Py(h) holds with probability at least 1 — m. First note that
using the definition of gbghj) (y), d)f,h ;, (z) in line 7 of the algorithm and Equation (76),we find that with

m, the following holds simultaneously for all 4,3’ € [d1] and j, j’ € [da]:

‘{éE,’})(y),&fﬁi/(z)} - ® (e )>)‘ <0(5)B, (80)

probability at least 1 —

where B := L \/gl (||M£};) (y)||§) R (Huf,h;,(z)ng) By conditioning on the inductive hypothesis

2
[ wl|, -1 ()] - ’
oz Therefore, the precondition of the theorem implies that |’ (H MEZ)( )||2) k(1 )‘ < hsyrz

2
K (||u£,hg,(z)||§> - T{’(l)‘ < h - 557z Consequently, because £'(1) < 1.01x/(1) = 1.01, we
find that

<h

Py(h — 1) and using Lemma 4 we have, < h- gz and

b

~ 111
B< ——.
~ 1042

By plugging this into Equation (80) we get the following, with probability at least 1 — O (%),

(000.00.0) - 7 (o)) <o(m). e

Furthermore, we can use the precondition of the theorem to find that Equation (75) implies the
following,

R (0wl () ~7 ()] < 25

By incorporating the above inequality into Equation (81) using triangle inequality, we find that,

with probability at least 1 — m the following holds simultaneously for all ¢,¢" € [d;] and all
j,j/ € [dZ]:
OIS L, £ h e
‘<¢m( ), ¢z/ o (2 )> (IQ'K(A)‘§0<q2L2>+(I2'20L2' (82)
Since —1 < A < 1, we can use the precondition of the theorem to conclude [’ (A) — #' (A)] < 7=
By combining this inequality with Equation (82) via triangle inequality and using the fact that
Fy;)l,]/ (y,2) = q% - k'(A), we get the following bound simultaneously for all i, € [d;] and all

j,4" € [da], with probability at least 1 — 7})01;@):
1 e
7 . (83)

7 (h) 7 (h) (h)
’<¢i,j (y)7¢i’,j’(z)> Fljl/ ’(y, )’ S q ST

Similarly we can prove that with probability at least 1 —
forall i,i" € [d1] and all 5,5 € [da],

poly Soly(n)? the following hold simultaneously

s (h h 1 e s (h 2 h 1
W -1, y>| 25D and“ S, -t < 5 @9

We will use Equation (83) and Equation (84) to prove the inductive step for P»(h).

Next, we consider two cases for the value of h. When h < L, the vectors 1/}1(7};) (y), ¢Z(,h 3», (z) are
defined in line 10 and when h = L, these vectors are defined differently in line 12. First we consider

h—1 (h h—1 2 (h
thi case of h < L. If we le’t fij = wl(] )( ) ® ¢§ ])( ) and g,/ ]/ = z/;( )( ) ® gi)f,’i,(z) and
nz(d (y) = (QQ . f”) & ¢1(‘,j)( ) and 771( i (z ) (Q2 9ir j ) @ (bzl /( ), then by Theorem 5 and

union bound, with probability at least 1 — W(n)’ we have the followmg inequalities simultaneously
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forall i,7" € [d1] and 7, ' € [da]:
h h h €
(0" @), nif (= >> = s girar) = (85 w), 605()| £ 0 (2) - Wiala lgw

[ <y>H2 el Hj (35
& B,
2

h h h h .
Now we bound the term ‘<n£7j) (y),nl(,g,(z)> — (fijr9ir57) — <q§§’j) (y), ¢£,;,(z)>‘ using Equa-
tion (85), Equation (84), and Lemma 4 along with inductive hypotheses P»(h — 1). With probability
atleast 1 — m the following holds simultaneously for all ¢,i’ € [d;] and all j, j’ € [da]:

_10

H — 10 ||gll7]/||2

h h
\<nff< )} (2)) = Figsgingr) = (0l (), 00, ()
h (h h—
) (,] z,lj) y) : Fz(',j),i,j(yv ) HE N 11)/ ]’(Z?Z) Fg’ g J’(Z Z)

n

<0(;

( ) NB ) - N (2)
q2

b

where the last line above follows from Lemma 4 together with the fact that I‘f 1)7 Wy =

I‘Z(-,}f},)i,,j, (2,2) = q—Q. By combining the above with inductive hypotheses P; (h), Po(h—1) and Equa-
tion (83) via triangle inequality and invoking Lemma 4 we get that the following holds simultaneously
forall 4,4' € [d1] and all j, j' € [da], with probability at least 1 — m,

h h h—1 h
(08 )0l @) = ) - B0 0,2) = T8, (w,2)]
(h -1y LLloey, 1 e
q> 8L q> 8L

& h h
10 L1 Ni(»j)(y)'Ni(u;’(z)(
(h+1)-e VNGO -NGE ( h ) RAORIO

h
FE j)z’ ]’(y7 )

h—1
H'(sz/z’(y’ )‘

_|_

60L2 7 I P
) ()

e (h—1? yNiy ) N2 h—1 ¢ D) D)
<z : 1+ = = NP (@) NP,
=10 L+t e ( +8L)+ 2 8L ig W) - Ny (2)

h
(e ek N @) - N (2)
60L2 L PE

e n2—n2 NG -NL()
=10 L+1 e '
By plugglng the above bound into the definition of in line 10 of the algorithm usmg tr1angle inequality
and using Equation (72) we get the following with probability at least 1 —

oly( )
(v ), 00 () — 1, j,<y,z>\
a=1 h h
< £ h? — h7/2 . i Z \/Nl(+21]+b ) (/—i?aj +b( z)
— 10 L+1 1, e q>
a=—"5 =773
N (86)
e h?-— h/Q z—ifa,]-i-b(y) N; +aJ +b( 2)
10 ILx1 Z Z ' Z Z
+ 1 1 1 1 q
a=—q b__q a__q b__q
e R (h+1) (h+1)
<. Y N N
—1OL+1\/’3 (W) Noryr ™ (2).
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Similarly, we can prove that with probability at least 1 —
forall i,i" € [di] and all j, j' € [dz],

m the following hold simultaneously

) L V()
vy ’“’J(yy)‘_lo L+1 %

h
Z) 9 - HE/,;‘/J/J’/(Z, Z)

This is sufficient to prove the inductive step for statement P (h), in the case of h < L, i.e.,
Pr[Py(h)|Py(h — 1), Pi(h), Pr(h = 1)] > 1 — o

Now we prove the inductive step for P»(h) in the case of h = L. Similar to before, if we let
fig =0 ) © 607 (y) and gir = 75 (2) @ 607, (2), then by (12), we have ¢ (y) =
(Q?- f;;) and wl(,L]),(z) (Q2 girj»). Thus by Theorem 5 and union bound, we find that, with

probability at least 1 — oi(n)’ the following inequality holds simultaneously for all 4,4’ € [d;] and
j?.j/ € [d2]:

(6B @), 080@)) = Figsg0a)| £ O (3) - Wil ool -

Therefore, using (84) and Lemma 4 along with inductive hypotheses P> (L — 1), with probability at
least 1 — ., the following holds simultaneously for all 4,4’ € [d1] and j, j' € [da],

W?( () — (Fopeger)
L—-1 - (L
( ) \/H”U Fgﬂ)lj(y’y)'Hz(’,j’,i)’,j’(zaz)'Fz(",J)",i’,jf(ZaZ)
\/N(L 7(/[})/ (Z)

By combining the above with inductive hypotheses P; (L), Po(L — 1) and Equation (83) via triangle

inequality and invoking Lemma 4 and also using the definition of TT(X) (y, z) given in Equation (73),
we get that the following holds, simultaneously for all 4,3’ € [d;] and j, ' € [ds], with probability at

1
least 1 — W(n),

(e B @)l )) -1, (w,2)
L — 2
< <. ( 41) . \/Ni(,?) (y) 'Ni(’%g)’(z) . (

I 1 e 1 e L-1
B >’ bEar) e )

— 10 L+1 q q
L
RUER) \/NZ f 0.(2) \/NZ N (2)
G0L7
(L) @)

: %N NE ) e D D
<. 1+ =)+ /NDy) . N,
=10 L—|—1 (+8L)+8 \/w(y) v (?)

L
N (L+1)-€+ \/N N(f 1)
60L2
L L
_et-) ¢ Niﬂw )
- 10 q? '

This proves the inductive step for statement P2 (h), in the case of h = L, i.e., Pr[Py(L)|Py(L —
1),P(L),P(L—-1)] >1-— m. The induction is complete and hence the correctness of

Algorithm 4 is proved by union bounding over all h =0, 1,2, ... L.

The runtime of the algorithm immediately follows by invoking Theorem 5 because computing vector
AR

i d, ,(x) forevery i, j,£ and h = 1,2, ... L dominates the runtime of this algorithm. O
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Figure 3: Relative errors of dual kernel approximation via the Hermite polynomial approximation
under synthetic dataset with (left) n = 1,000,d = 256 FCl1, (right) n = 10,d = 32 x 32 x 3
Myrtle-5.

As an example, let us invoke Algorithm 4 and Theorem 6 on the CNTK with GAP corresponding
to the normalized Gaussian dual kernel K¢, defined per Equation (13). Note that the dot-product

factor corresponding to this dual kernel is () = exp(t — 1). The truncated Taylor series of

this function is K(t) = ?:0 et—;, and the truncated Taylor series expansion of the derivative of

this function is ®'(t) = ?:0 :—JJ, If p = Q(logn) then it can be verified that polynomials
k(t), ' (t) satisfy the preconditions of Theorem 6. Therefore, by Theorem 6, we can sketch the
CNTK kernel using O (% - dyds - poly (log n)) running time. Also the target dimension of the
sketchis m’ = O 5—22 log® n) So the runtime of our Algorithm 4 is only linear in the number of

image pixels d;jd2, which is in stark contrast to quadratic scaling of the exact CNTK computation
[9]. In fact, using our CNTK sketching method, the kernel regression can be solved approximately in

time O (L - dids - n poly (log n) + m'2 - n) -0 ((L cdydo + L—) -n - poly (1ogn)), which

is significantly faster than the exact kernel regression which takes 2 (L(d1 ds - n)2) when the number
of pixels d;ds or the training set size n are large.

E Gauss-Hermite Quadrature Derivation

Here we provide more details on Section 3.3. Utilizing the whitening transformation of covariance
A used in the proof of Theorem 3 in Appendix B.5 the dual activation function can be expressed as

ko (a,b,c) := (u,v)NIJE\/(o,A) [o(u)o(v)] (87)
- [a(aa) o (bea + by/1 — c25)} (88)

(0, 3)~N(0,12)
= % //dadﬂe’aée’g [a(aa) ~o(bca+byV/'1 — 025)} (89)
%//dadﬁe’O‘Ze’ﬁ2 [U(\/iaa) -0 (V2bca + V2b\/1 — 026)] (90)

Q

% i iwiwa‘ {U(\/ia%) o (V2bex; + \/ibm%-)} : 1)

i=1 j=1

Here (x;,w;), correspond to roots of g-th degree (Physicist’s) Hermite polynomial H,(z) and
associated weights [55]

207 gty g7
E (Hyr (@) Plhgr(V2m0)? ©2)

P =

where the conversion between physicist’s to probabilist’s convention H,, (x) = 2% h, (v/2z). The
roots are obtained by Golub-Welsch algorithm [63] and can be found in scientific computing package
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Figure 4: Classification performance on a CIFAR-10 subset of various architectures. We compare
performance of various activation functions in neural kernels. * denotes that Hermite-quadrature was
used to numerically compute the dual activation functions. The slopes of ABReLU are chosen to

match the Normalized Gaussian.

such as Scipy [64]’s scipy.special.roots_hermite function. For alternative parameterization
for multivariate Gauss-Hermite quadrature, refer to notes by Jickel [65].

For activation function where exact dual activation is known, one can measure the error from the

quadrture. In Figure 3, we compute errors for ReLU, Abs (i.e., o(t) = |t]), sin, Gaussian, erf and

GeLU activations. For non-smooth activation (ReLU, Abs), approximation error decays as power-
law like where as for smooth activation the error decays exponentially as one increases Hermite

polynomial degree q.

We utilize this method as well as our expanded dual activation Table | to compare performance of
various activation functions on CIFAR-10 dataset. In Figure 4, we study three architectures; 1 hidden

layer fully connected network (FC1, equivalent to pure dual activation kernel), 8 layer convolutional
network with vectorization (CV8), and MyrtleS network. We compared classification performance on
subset of CIFAR-10. In each plot activation function is sorted by NTK’s classification performance.
One notable observation is that normalized Gaussian shows consistently best performance across
architecture. Also note that smooth activations computed with Gauss-Hermite quadrature (denoted by
*) shows almost identical performance when analytic form is available (e.g. GeLU, Erf, RBF(1/2)).
Notable outlier is FC1 NTK with ReL.U, however we expect that non-smooth activation may be
approximated poorly. It’s also interesting to observer sigmoid-like activations (Sigmoid, Tanh, Erf)
performs poorly across the board whereas RelLU-like activations (Normalized Gaussian, ABReL.U,

ReLU, GeLU, RBF) are among high performant group.

This is implemented as ElementwiseNumerical in our code.

F Table of dual activation functions

We describe dual kernel functions of several activations and their derivatives in Table 2. One
can generalize duel kernels of affine transformations of these activations. Specifically, if (t) =

A - o(Bt) + C for some A, B,C € R then

ks(a,b,c) = A% ko (Ba, Bb,c) + C* + AC J\IfE [o(Bat) + o(Bbt)] 93)
t~N(0,1)
which follows from that

kz(a,b,c) = E [A%0(Bu)o(Bv) + C* + AC (0(Bu) + o(Bv))]
(u,0)~N(0,Aq b,c)

= A? E [0(Bu)o(Bv)] + C* + AC E [c(Bu) + o(Bv)]
(u,0)~N(0,Aq b,c) (u,0)~N(0,Aqb,c)

= A% k,(Ba, Bb,c) + C* + AC ( E [o(Bu]+ E [J(BU)])
u~N(0,a?) u~N(0,b2)

:A2-kJ(Ba,Bb,c)+C2+AC< E [o(Bat)|+ E [J(Bbt)]). (94)
t~N(0,1) t~N(0,1)

Below we provide detailed expressions of omitted dual kernel formulations in the table.
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Activation o(t) Dual kernel &, (a, b, ¢) ks(a,b,c) Implemented as
Rectified N o
alzr]lomials - 1y>oy <’12b72 Jn (cos™(c)) %Jn,l (cos™(c)) RectifiedMonomial
E&I]JU max(t, 0) B (V1= + (7 —cos~Hc))e) £ (m—cos™i(c)) ReLU
ABReLU Amax(t,0) ab(B—A)* (VI=c?+(r—cos"! (¢))c) .
[42, 50, 51] +Bmax(t,0) + ABabe Appendix F.2 ABReLU
(L2 2 02 2

sin(t) e sinh(abc) et cosh(abe)
Sinusoidal 02402 a24b? .
[37, 38] cos(t) e cosh(abe) et sinh(abc) Sin

Asin(Bt + C') Equation (111) Equation (112)
Error function 2 =1 2abc 4 1
[5, 43] erf(t) w St (1/(1+2a2)(1+2b2) 7 /(1+2a2)(1+2b2)—4(abc)? Ert
Gaussian A2 1 4A%abe :
[43] exp(—At*) V/2Aa? 1) (24 +1)— (2 Aabo)? (@A EA+1)—(GAaon)??  Caussian
][:j‘x()}?osnzeintlal exp(At) exp (A; (a®+ 6%+ 2¢zbc)> A? exp (ATQ (a® + 0%+ 2abc)) Exp
E&%U L (1 + erf (ﬁ)) Equation (125) Appendix F.6 Gelu
Gabor exp(—t?) sin(t) Equation (137) Appendix F.8 Gabor
Polynomial Z]. cjtd Theorem 1 Theorem 1 Polynomial
ggﬁgﬁ;ﬁg 4] Unknown abexp(c—1) exp(c—1) ExpNormalized
ng V2sin (\/2At + %) exp (7A (a2 + b2 — 2abc)) 2A exp (7A (a2 + b2 — 2abc)) Rbf

F.1 Rectified monomials

Table 2: Dual kernels of activation and its derivative for various functions.

Cho and Saul [44] proposed closed-form expressions of dual kernel functions for rectified activations,
ie,o(t) =t" Ly forn >0, as

where for § = cos~!(c) € [0, 7]

Tn(0) = (=1)" (sin §) "+ (

Forn =0and 1

J0(6) =T — 9,

ko (a,b,c) =

1

Applying Theorem 3 provides that

kor(a,b,c) =

n?(ab)"~1
21

sin 6 90

"(m—0
sinf /-
J1(0) =sinf + (7 — 0) cos 6.

+ Jp—1 (cos™(c)) .

(95)

(96)

o7

(98)

These are implemented in our code as RectifiedMonomial (with a special case of Sign for

convenience).

F.2 ABReLU, Leaky ReLLU, Abs

ABReLU activation function is given by

o(t) = Amin(¢,0) + Bmax(t,0),
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The dual kernel functions can be obtained by extension of [44] which is worked out in [50, 51]

A2
ko(a,b,c) = ab <<BZA)J1 (cos™(c)) + ABC) (100)
T
_ (B — A)2 2 _ -1
=ab <2ﬂ_ ( 1—¢2+4 (m —cos (c))c)) + ABc (101)
and
B — A)?
kg (a,b,c) = (27)J0(COS_1(C) + AB (102)
e
B — A)?
= % (m —cos™'(c)) + AB. (103)
A special case of ABReL.U covers leaky ReLU [66] (B = 1), that is,
o(t) = Amin(t, 0) + max(t,0), (104)

and the corresponding dual kernel functions are

ko (a,b,c) = ab <(127:4)2J1 (cos™!(e)) + Ac> , (105)
and
ko (a,b,c) = %Jo (cos™(c)) + A. (106)
Another special case is the absolute value function (Abs) (A = —1, B = 1), that is,
a(t) = It (107)
and the corresponding dual kernel functions are
ky(a,b,c) = ab <72TJ1 (cos™(c)) — c) (108)
and
kor(a,b,c) =1 — %cos_l(c) ) (109)

These are respectively implemented as ABRelu, LeakyRelu, and Abs in [42].

F.3 Sinusoidal and RBF

A generalized sinusoidal activation is given by

o(t) = Asin(Bt + C). (110)
The corresponding dual kernels are
A2 2002452
ks(a,b,c) = - e~ E(ape) (eabCB2 — cos(QC)e_abCBz) (111)
A2B? 20242
ar(a,b0) = - o— ot (e“”ch T cos(zc)e—“chz) . (112)
Note that the generalized sinusoidal activation with a = V2,b=+/2A, and c = % gives that
ks(a,b,c) = exp (—A (a2 + b2 — 2abc)) , (113)
kor(a,b,c) = 2A exp (—A (a2 +b% — Zabc)) , (114)
which corresponds to (translation invariant) the Gaussian RBF kernel:
hrar (2, ) = exp (~dA o~ y|*) - 115)

for some z,y € RY.

Moreover, one could consider mixture of activation functions as discussed in Louart et al. [47], Adlam
et al. [67] of 50% cos and 50% sin which also leads to stationary kernel

1 1
Ecos +sin(a, b, ¢) = 3 e)<p(—§(cL2 + b* — 2abc)). (116)

In order to obtain stationary kernel with respect to inputs, one only needs to insert these transformation
at the first layer of the network as highlighted in implicit neural representation (e.g. NeRF) [37, 38].

These are implemented in our code as Sin, Cos, and Rbf.
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F.4 Error function

The error function is given by

2 [t
o(t) = —/ e " dx. (117)
VT Jo
Following [43] and applying Theorem 3, we get
2 2ab
ko(a,b,c) = = sin* ave , (118)
™ (I+a?)(14b2)
4 1
ko (a,b,c) = (119)

7 /(1 + 2a2)(1 + 2b%) — 4(abc)?’

An affine transformation of the error function could behave similar to sigmoid activation function
with range (0, 1), that is,

1 X
sigmoid-like =35 f( ) 1) 120
Tsigmoid-ike () = 3 (er 2.4020563531719796 ) © (20

The corresponding dual kernels can be obtained by applying affine transformation to that of error
function as discussed in Equation (93). The error function is implemented in [42] as Erf, and we
release Sigmoid_like in our code.

F.5 Gaussian function

Consider Gaussian function
o(t) = exp(—At?).

One can obtain k, [43],

ks(a,b,c) = L (121)
V(2402 + 1)(2462 + 1) — (2Aabc)?
and using Theorem 3 obtain
4A?
ko (a,b,c) = abe (122)

((2Aa2 + 1)(246% + 1) — (24abc)?)*?
Note that Gaussian function itself can be obtained as derivative of Affine Erf thus could use Theorem 3
with Affine Erf. This function is implemented as Gaussian in our code.

F.6 GeLU
The Gaussian Error Linear Unit (GeLLU) [33] is defined as

t 2
co-ifooe()) -t

where erf(-) is the Gauss error function. For efficiency, sometimes approximate formulation

F(t) = % (1 + tanh (\/Z(t + 0.044715t3)>> , (124)

is used. We note that GeLU activation function is becoming popular in recent language models such
as BERT [34], ALBERT [68], RoBERTa [69] and GPT [35, 36]. The corresponding dual kernel is
studied in Tsuchida et al. [48]:

abe  a2b?

A4+ 14a%+b%+a?b?(1 — 2
kgeLu(a,b,c) = - ( ( )

(1+a2)(1+b2)y/1+ a2 + b2+ a2b%(1 — 2)
c 1 abc

+ — tan . 125
ab <\/1+a2+b2+a2b2(1—02)>> (129
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Using Theorem 3, we have

1 (2—a??) abe(l+a®)(1+b%) + (a?b? — 1) (abe)?
kgerus(a,b,c) = - +
4 2m(1+a?)(1+b2) (1 + a? + b2 + a2b2(1 — ¢2))3/2

4+ tant abc
2m V1+ a2 +b2+ a2b%(1 — c2)
abc 1

21 T+ a2 + b2 + a2b2(1 — &) (126)
This is implemented in our code as Gelu.
F.7 Monomials
Consider monomials
on(t)=t", neN. 127

The dual activation function is given in terms of Hypergeometric function o F;. For even power
n €27

7(2@1))"(1—02)"/2 n+1\° nn+l 1
kﬂn(aabac)* T r 2 2F1 *5,7,5,027_1 (128)

For odd power n € 2Z + 1

n—1

n(ap\ntl (1 _ -2\ 22 (n n ,
kgn(a,b,c):z (ab)"* (1 —¢?) F<2“)F(2)<2C22F1<1 nn 1 ¢ )

m(n+1)c 2

3 22 e
1 nn 1 1 nn 1
+a(21<2 2’2+’2’c2—1) 21(2 35 T 2’c2—1>)>’
(129)

The first five ks are

koo (a,b,c) =1, (130)
ko, (a,b,c) = abe, (131)
ko, (a,b,c) = a®b* (2¢2 + 1), (132)
ko, (a,b,c) = 3a®b3c (2¢* + 3) , (133)
ko, (a,b,c) = 3a*b*(8c* 4 24¢% + 3), (134)
ko, (a,b,c) = 15a°b°¢(8c* + 40c? + 15). (135)
Note that dual activation functions of monomials are also obtained from Theorem 1 by choosing
cn = 1,641 = --- = co = 0. Moreover, obtaining k, is simple either by o,,(t)" = nt" 1! or
applying Theorem 3 to above expressions on k.
These are implemented in our code as Monomial.
F.8 Gabor
Let us consider a simple version of localized oscillatory activation function given by
OGabor(t) = exp(—t2) sin(t) . (136)

The dual actiavtion of Gabor function can be expressed as

o —4a’b%c?+2abc+4ab+a+b 2abc o
eXp( —sa?br 1 8abtaatdvrz ) \ P \ “aazreridabroatzort ) — 1 (137)

kgabor(a,b,c) =
Gabor (4,5, ¢) /—4a2b2c® + a(4b +2) + 2b + 1
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and that of derivative of Gabor function can be obtained using Theorem 3 as

—4a2%b%c? + 2abc + 4ab + a + b>

Faor (a,b,¢) = exp (_ —8a2b2¢ + ab + 4a + 4b + 2

x [<4abc (~4a2V%c? + abe + 3b + 2) + 2a (8ab%e + Gabe + 26+ 1) + 26+ 1) x

2abc
dabe (4a®b*c? + abe — 3b — 2
XeXp(4a2b202+4ab+2a+2b+1>+ abe (4076 + abe )+

5/2

+2a (—8ab*c — 6abc +2b + 1) +2b + 1 (138)

/ (—4a®b*c® + a(4b+2) +2b + 1)

This is implemented in our code as Gabor.

F9 ELU
For Exponential Linear Unit (ELU) [70]
o(t) = step(t)t + step(—t)(e’ —1).
The k4 (a, b, ¢) is computed in Tsuchida et al. [48] and we refer to the original paper for the expression.

Note that k.- for ELU has not been computed but Theorem 3 allows to simply obtain it using
expression in Tsuchida et al. [48].

G Additional Experiment: Kernel Informed Activation

We explore an activation informed by the normalized Gaussian kernel that achieves the best perfor-
mance among neural kernels [54]. Although the exact activation is unknown, one can conduct a
reverse engineering to find a proper activation whose dual kernel is known and close to the normalized
Gaussian. In particular, we focus on the ABReLLU activation and recall that its dual kernel is

(B-AP (VI-¢+ (r—cos™He))c) ABC>

kABReLU (aa ba C) =ab ( o
for some A, B € R. Observe that kprery is also homogeneous as like the normalized Gaussian, i.e.,
ko(a,b,c) = ab - ky(c) for ¢ € [—1, 1]. We find two slope variables A, B by fitting «, at extreme
points, i.e., kapreru(¢) = exp(c — 1) for ¢ = £1. This turns into a quadratic equation and gives us

ABReLU(t) = —0.096 min(¢, 0) 4+ 1.411 max(¢, 0)

which is illustrated in Figure 2 (left). We train a 5-layer ConvNet (known as Myrtle-5 [54]) of 128
width for CIFAR-10 classification. Similar to the CNTK experiment in Section 5, we convert image
classes into 10-dimensional one-hot vectors and pre-process CIFAR-10 images with regularized
ZCA [54, 58]. We use the SGD optimizer with initial learning rate 0.1, Nesterov momentum with
factor 0.9 and ¢4 regularizer 0.0005. The batch size is set to 64. The network is trained by minimizing
the mean-squared-error (MSE) loss and we report the best test accuracy for 200 epochs. Interestingly,
the ABReLU can achieve the highest test accuracy compared to ReLU, GeLU, Erf and parameterized
ReLU (PReLU) activations. This supports a connection between infinite width neural kernels and
finite width networks in aspect of activation.
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Figure 5: Kernel informed ABReLU (left) and test accuracy of finite-width Myrtle5 networks with
various activations (right).
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