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A Notations23

Table 1: Notation Table.

Notation Description
M A Riemannian manifold
g The Riemannian metric
x A point on Riemannian manifold or a vector

volM The volume form onM∫
M · volM(y) The Riemannian integral w.r.t. variable y

∆g The Laplace-Beltrami operator onM w.r.t. g
grad The Riemannian gradient
div The Riemannian divergence
λi, ψi The i-th eigenvalue and eigenfunction of the Laplace-Beltrami operator
∂t The parital derivative w.r.t. t

u(t,x) The solution of the heat equation
H(t,x,y) The heat kernel

λ The spectral gap of a closed manifold
λD The spectral gap of a compact manifold with Dirichlet boundary
λN The spectral gap of a compact manifold with Neumann boundary

G = (V, E) A graph with node set V and edge set E
X The feature matrix
L The normalized graph Laplacian
A The graph adjacency matrix
ϕ A MLP
φ The initial value or function of the heat equation

u, v, vi, vj A node in graph
`, i, j, k,m The lower index

I The identity matrix
S The (n− 1)-dimensional submanifold ofM

Area The volume ofM restrict to the (n− 1)-dimensional submanifold S
vol The volume ofM
hM The Cheeger’s constant ofM
ξ A small value variable

δf [φ]
δφ The variational derivative of f w.r.t. φ

Dir[f ] The Dirichlet energy of function f
∂
∂n The outward normal derivative
α, β The coefficients of the Robin condition
ε(·) The radius function
Bε(r) The closed ball with radius ε(r)
S The interior node set of graph G
∂S The boundary node set of graph G
D The diagonal matrix for the Jacobi method
V The lower diagonal matrix for the Jacobi method
U The upper diagonal matrix for the Jacobi method

Γ∂S The source term of nonhomogeneous Robin condition for boundary nodes
FS The steady state of heat equation for interior nodes
Γ The concatenate for FS and Γ∂S

Mathematical Background. (M, g) denotes a n-dimensional manifold endowed with the Rie-24

mannian metric g.1 The volume form is written as volM =
√
|det g|dx1 ∧ · · · ∧ dxn, where25

x ∈ Rn denotes local coordinates and x is the element of x. A Hilbert (function) space26

L2(M) = {f ∈ C∞(M)|
∫
M f volM} consists of smooth L2 integrable functions on M. Let27

∆gf = div(grad f) be the Laplace-Beltrami operator onM w.r.t. g. ∆g on a closed manifold has28

discrete eigenvalues λ, and its eigenfunctions ψ form a basis of L2(M).29

1Throughout this paper, the terminology of manifold M refers to a closed Riemannian manifold (compact
and without boundary) unless otherwise specified.
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B Theorems, Proofs and Derivations30

B.1 Proofs of Theorem 4.231

Theorem 4.2 (Spectral Gap and Gradient Vanishing). Suppose t ∈ [t`, t`+1] with 1 < ` <= K,32

the upper bound of the functional derivative δu`[φ]
δφ(y) (t,x) is determined by the heat kernel H(t,x,y)33

and the model constant Cmodel,34

δu`[φ]

δφ(y)
(t,x) ≤ Cmodel ·H(t,x,y) = Cmodel ·

∑
i=0

e−λitψi(x)ψi(y).

35

Proof. The algebraic operations are omitted for clarity2, and the key steps of the derivation are shown36

as follows,37

δu`[φ]

δφ(y)
(t, x) =

∫
M

δu`[φ`]

δφ`(z`)
(t, x)

δφ`[φ]

δφ(y)
volM(z`)

=

∫
M

δu`[φ`]

δφ`(z`)
(t, x)

δGθ` [u`−1]

δu`−1(t`, z`)

δu`−1[φ]

δφ(y)
(t`, z`) volM(z`)

=

∫
M`

δu`[φ`]

δφ`(z`)
(t, x)

δGθ` [u`−1]

δu`−1(t`, z`)

[
`−1∏
i=2

δui[ϕi]

δϕi(zi)
(ti+1, zi+1)

δGθi [ui]

δui−1(ti, zi)

]
δu1[φ1]

δφ1(z1)
(t2, z2)

δφ1[φ]

δφ(y)
(z2)volMl(×`i=1zi)

=

∫
Ml

H(t− t`, x, z`)

[
`−1∏
i=2

H(ti+1 − ti, zi+1, zi)

]
H(t2 − t1, z2, y)[∏̀

i=2

δGθi [ui−1]

δui−1(ti, zi)

]
volM`(×`i=2zi)

≤ H(t, x, y)

∫
M`

[∏̀
i=2

δGθi [ui−1]

δui−1(ti, zi)

]
volM`(×`i=2zi)

≤ CmodelH(t, x, y) (1)

SinceM is compact, by the eigen-decomposition w.r.t H(t, x, y), we have38

δul[φ]

δφ(y)
(t, x) ≤ CmodelH(t, x, y) = Cmodel ·

∞∑
i=0

e−λitψi(x)ψi(y) (2)

39

B.2 Proofs of Theorem 4.340

Theorem 4.3 (Spectral Gap and Dirichlet Energy). Suppose t ∈ [t`, t`+1] with 1 < ` ≤ K, and41

the initial state u`(t`,x) = φ`(x) has an eigenvalue decomposition such that φ` =
∑∞
i=1 c`,iψi, the42

Dirichlet energy Dir[u`(t, ·)] = 1
2

∫
M |gradu`(t,x)|2 volM decays exponentially w.r.t. to t as43

Dir[u`(t, ·)] ≤
1

2
wmodel

 ∞∑
i=1

c2iλie
−2λit +

∞∑
i=1,{jk 6=i}

c2j2λie
−2[λi(t−t`)+

∑`
k=2 λjk (tk−tk−1)]

 .

where ψi denotes eigenfunctions and the c`,i are the corresponding coefficients.44

2Throughout the proofs in Part B, we demonstrate the derivation with the scalar x, and the same structure
holds for the vector x.
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Proof. Suppose φ`(x)
∑
i=1 c`,iψi(x), where c`,i = 〈φ`, ψi〉, we have45

u`(t, x) =

∫
M
H(t− t`, x, y)φ`(y) volM(y)

=

∫
M

∑
i,j

e−λi(t−t`)ψi(x)ψi(y)c`,jφj(y) volM(y)

=
∑
i,j

e−λi(t−t`)ψi(x)c`,j

∫
M
ψi(y)ψj(y) volM(y)

=

∞∑
i=1

e−λi(t−t`)c`,iψi(x) (3)

The Riemannian gradient of u`(t, ·) is46

gradx u`(t, x) =

∞∑
i=1

e−λi(t−t`)c`,i gradx ψi (4)

Then, the Dirichlet energy of u`(t, ·) will be47

Dir [ul(t)] =
1

2

∫
M
|∇u`(t, x)|2 volM

=
1

2

∫
M
〈∇u`,∇u`〉g volM

=
1

2

∑
i,j

e−(λi+λj)(t−t`)c`,ic`,j

∫
M
〈∇xψi,∇xψj〉 volM

= −1

2

∑
i,j

e−(λi+λj)(t−t`)c`,ic`,j

∫
M
ψi∆0ψj volM

=
1

2

∑
i,j

λjc`,ic`,je
−(λi+λj)(t−t`)

∫
M
ψiψj volM

=
1

2

∑
i

c`,i
2λie

−2λi(t−t`) (5)

since φ` = Gθ` [u`−1(t`, x)], the projection coefficient on ψi is48

|c`i | = |
∫
M
Gθ` [u`−1(t`, x)]ψi volM|

≤ ‖Gθ`‖‖u`−1(t`)‖‖ψi‖
= ‖Gθ`‖|u`−1(t`)‖

From Eq. (3), we have49

‖u`−1(t`)‖2 =

∫
M

∑
i,j

c`−1,ic`−1,je
−(λi+λj)(t`−t`−1)ψi(x)ψj(x) volM

=
∑
j

c2`−1,j · e−2λj(t`−t`−1)

50

⇒ c2`i ≤ ‖Gθi‖
2
∑
j

c2`−1,je
−2λj(t`−t`−1) (6)

Substituting into Eq. (5), we have51

Dir [u`(t)] =
1

2

∞∑
i=1

c`,i
2λie

−2λi(t−t`) (7)

≤ 1

2
‖Gθ`‖2

∑
i,j

c2`−1,jλie
−2λi(t−t`)−2λj(t`−t`−1) (8)
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By induction, we have52

Dir [u`(t)] ≤
1

2

[∏̀
k=1

‖Gθk‖2
] ∑
i,j2...j`

c2j2λie
−2[λi(t−t`)+

∑`
k=2 λjk (tk−tk−1)] (9)

=
1

2
wmodel

∑
i

ci
2λie

−2λit +
∑
i,j2 6=i···
j` 6=i

c2j2λie
−2λi(t−t`)+

∑`
k=2 λjk (tk−tk−1)

 (10)

(11)
where cj2 = 〈φ, ψj2〉.53

B.3 Proofs of Theorem 5.154

Theorem 5.1 (Oversquashing under Boundary Conditions). Given the boundary of a submani-55

fold S written as ∂S = {0, L} × ∂Bε(s), we have the following claims hold:56

• For ε(s) = ε0, if the Dirichlet condition is applied, the decay of heat kernel is determined57

by e−(ε
−2
0 t), while it is determined by e−(L

−2t) under Neumann condition.58

• For ε(s) = ε0 cosh a(s− L
2 ), the decay of heat kernel under both the Dirichlet and Neu-59

mann conditions is related to e−(ε0 cosh aL2 )
−2

.60

For both cases, the decay under Robin condition is upper bounded by the Dirichlet condition and61

lower bounded by the Neumann condition.62

Proof. Consider S =
⋃
s∈[0,L]{s} × Bε(s), where ε(r) : [0, L] → (0, δ) with δ ∈ (0, 1). Denote63

the Laplace-Beltrami operator on [0, L] and Bε(s) are ∆R and ∆Bε,s. Since ∆S = ∆R ⊗ IBε,s +64

I[0,L] ⊗∆Bε,s , for eigenfunction ψR of ∆R and ψBε,s for ∆Bε,s ,65

∆S(ψRm ⊗ ψ
Bε,s
` ) = ∆Rψ

R
m ⊗ ψ

Bε,s
` + ψRm ⊗∆Bε,sψ

Bε,s
`

= (µRm + µ
Bε,s
` )ψRm ⊗ ψ

Bε,s
` (12)

The first case Now, we consider that ε(s) = ε0, where ε0 ∈ (0, δ) is a constant. First, we solve66

the eigenvalue problem onR = [0, L] with boundary condition:67

On the Dirichlet boundary condition, the eigenvalue problem equation is68 
d2

dx2ψ
R = −µRψR, x ∈ (0, L)

ψR(0) = ψR(L) = 0 x ∈ {0, L}
(13)

69

⇒ µRm =
(mπ
L

)2
, ψRm(x) = sin

(mπ
L
x
)

(14)

On the Neumann boundary condition, the eigenvalue problem equation is70 
d2

dx2ψ
R = −µRψR, x ∈ (0, L)

d
dxψ

R|x=0= − d
dxψ

R|x=L= 0 x ∈ {0, L}
(15)

71

⇒ µRm =
(mπ
L

)2
, ψRm(x) = cos

(mπ
L
x
)

(16)

For the eigenvalue problem in Bε(s), the sectional surface is a closed ball with radius ε0. The72

Laplace-Beltrami operator ∆B,ε0 = 1
ε20

∆B,1, where ∆B,1 is the Laplace-Beltrami operator on the73

unit ball, under the polar coordinate (r, θ), r ∈ [0, 1], θ ∈ Sn−1,74

∆B,1 =
1

rn−1
∂

∂r

(
rn−1

∂

∂r

)
+

1

r2
∆Sn−1 (17)
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Using separate variable method, let ψB1 = R(r)Θ(θ), the eigenvalue problem equation is:75

1

rn−1
d

dr

(
rn−1

dR

dr

)
θ +

R

r2
∆Sn−1Θ = −µB,1RΘ (18)

Dividing Θ and let Θ(θ) = Yk(θ), where Yk(θ) is the spherical harmonics such that76

∆Sn−1Yk = −k(k + n− 2)Yk (19)

Denote λθk = k(k + n− 2), we have77

r2
dR2

dr2
+ (n− 1)r

dR

dr
+ (µB,1r2 − λθ)R = 0 (20)

Let R(r) = r−
n−2
2 w(r), then78

r2
d2w

dr2
+ r

dw

dr
+ (µB,1r2 − (k +

n− 2

2
)2)w = 0 (21)

Set z =
√
µB,∞r, we have the Bessel’s different equation:79

z2
d2w

dz2
+ z

dw

dz
+ (z2 − (k +

n− 2

2
)2)w = 0 (22)

Thus, R(r) = r−
n−2
2 Jν

√
µB,1r, where ν = k + n−2

2 is the order of the Bessel function Jν .80

For the Dirichlet boundary condition, it satisfies81

R(1) = 0⇒ µ` = j2ν,`, (23)

where jν,` is the `-th zeros of Jν . The eigenfunction and eigenvalues of Bε0 is:82

µ
Bε0
` =

(
jν,`
ε0

)2

, ψ
Bε0
`,k = r−

n−2
2 Jν

(
jν,`
ε0
r

)
Yk(θ) (24)

For the Neumann boundary condition, it satisfies83

R′(1) = 0⇒ µB,1` = j′
2
ν,`, (25)

where j′ν,` is the `-th zeros of the derivative of jν . The eigenfunction and eigenvalues of Bε0 is:84

µ
Bε0
` =

(
j′ν,`
ε0

)2

, ψ
Bε0
`,k = r−

n−2
2 Jν

(
j′ν,`
ε0
r

)
Yk(θ) (26)

Above all, the eigenvalues of S = [0, L]× Bε0 are85

λDm,` =
(mπ
L

)2
+

(
jν,`
ε0

)2

(27)

λNm,` =
(mπ
L

)2
+

(
j′ν,`
ε0

)2

(28)

Since for the Dirichlet boundary condition, the spectral gap is λD =
(
π
L

)2
+
(
jν,1
ε0

)2
, the decay of86

e−λ
D

= e
−( πL )

2−
(
jν,1
ε0

)2

is determined by e−ε0
−2

, for the Neumann boundary condition, the spectral87

gap is λN =
(
π
L

)2
+
(
j′0,0
ε0

)2
=
(
π
L

)2
, the decay of e−λ

N

is determined by e−L
−2

.88

The second case Consider the radius function ε(s) = ε0
(ea(s−

L
2

)+e−a(s−
L
2

))
2 = ε0 cosh a(s− L

2 )89

for a > 0, s ∈ [0, L]. Since the radius of B depends on the variable in R, we can not overlay the90

solution on each component to get the eigenvalues. But the separate variable is still working. Let91

l = s− L
2 , the Laplacian-Beltrami operator on S is92

∆S =
∂2

∂l2
+

1

ε0 cosh2 al
∆B,1 (29)
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Thus, let ψS = X(l)Y (r, θ), the eigenvalue equation is:93

d2X

dl2
Y +

1

ε20 cosh2(al)
X∆B,1Y = −λSXY (30)

Dividing XY , we have94

1

X

d2X

dl2
+

1

ε20 cosh2(al)

∆B,1Y

Y
= −λS (31)

Set Y to be the eigenfunction of ∆B,1 as in the first case, we have95

d2X

dl2
+

(
λS − µB,1

ε20 cosh2(al)

)
X = 0 (32)

Take z = tanh al,96

d

dl
=

a

cosh2(al)

d

dz
= a(1− z2)

d

dz

d2

dl2
= a2(1− z2)2

d2

dz2
− 2a2z(1− z2)

d

dz
97

⇒ a2(1− z2)2
d2x

dz2
− 2a2z(1− z2)

dx

dz
+

(
λS − µB,1(1− z2)

ε20

)
X = 0

⇒ (1− z2)
d2X

dz2
− 2z

dX

dz
+

(
λS

a2(1− z2)
− µB,1

a2ε20

)
X = 0, (33)

which is the associated Legendre differential equation:98

(1− z2)
d2X

dz2
− 2z

dX

dz
+

[
`(`+ 1)− m2

1− z2

]
X = 0 (34)

with `(`+ 1) = − µB,1

a2ε02 , m2 = −λ
S

a2 , where `,m are the degree and order of the associated Legendre99

polynomial, respectively.100

We obtain the solution101

X(z) = C1P
m
` (z) + C2Q

m
` (z)

⇒ X(l) = C1P
m
` (tanh(al)) + C2Q

m
` (tanh(al)) (35)

wherePm` is the associated Legendre polynomials, Qm` is Legendre function of the second kind.102

Therefore, for the Dirichlet boundary condition,103

X(0)Y (ε0 cosh a
L

2
, θ) = X(L)Y (ε0 cosh a

L

2
, θ) = 0 (36)

We find that the spectral gap λD mainly relates to
(

jν,1
ε0 cosh aL2

)2
, since ε0 � L, we have104

λD ∼

(
jν,1

ε0 cosh aL2

)2

(37)

for the Neumann boundary condition,105

X ′(0)Y (ε0 cosh a
L

2
, θ) +X(0)Y ′(ε0 cosh a

L

2
, θ) = 0

X ′(L)Y (ε0 cosh a
L

2
, θ) +X(L)Y ′(ε0 cosh a

L

2
, θ) = 0, (38)

the spectral gap λN mainly relates to
(

jν,0
ε0 cosh aL2

)2
+
(

j′0,0
ε0 cosh aL2

)2
, meaning that106

⇒ λN ∼

(
jν,0

ε0 cosh aL2

)2

(39)

107
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B.4 Proofs of Corollary 5.2108

Corollary 5.2 (Adaptivity of Robin Condition). For ε(s) : [0, L]→ (0, δ) and L� δ for a small109

δ > 0, the spectral gaps λD, λN , λ of the Dirichlet condition, Neumann condition, and no boundary110

have the following order:111

• For ε(s) = ε0, λD ≥ λ ≥ λN .112

• For ε(s) = ε0 cosh a(s− L
2 ), if L is fixed, then λD ≥ λN ≥ λ; if ε0 is fixed, then113

λ ≥ λD ≥ λN114

Proof. From Cheeger and Buser’s inequality (Theorem ??), if the manifold is closed, the spectral115

gap of its Laplace-Beltrami operator λ ∼ inf εn−1 when taking S as a submanifold embedded in a116

closed manifold.117

For ε(s) = ε0, since ε0 is small, ε−20 will be large, and εn−10 will be small, thus we have the order118

λD ≥ λ ≥ λN

For ε(s) = ε0 cosh a(s− L
2 ), from the proofs of Theorem ??, since jν,1 > jν,0, we have λD > λN .119

If L is fixed, since ε−20 will be large, λD ≥ λN ≥ λ; if ε0 is fixed, since L� ε0, cosh−2 aL2 will be120

much more smaller than εn−10 , then λ ≥ λD ≥ λN121

B.5 Proofs of Lemma 5.3122

Lemma 5.3 (Oversmoothing under Source Terms). For the nonhomogeneous heat equation123

∂tu(t,x) = ∆gu(t,x) + f(t,x) with a source term f(t,x) =
∑
iBi(t)ψi(x) and initial condition124

u(0,x) = φ(x) at t = 0, regardless of the existence of boundary condition, there exist some125

parameters {αi > 2, βi > 0} satisfying the convergence condition such that126

dBi
dt

= (1− αi + λi(βi + t))(βi + t)−αi , Bi(0) = 0.

Then, the Dirichlet energy will decay polynomially w.r.t time t as127

Dir[ut] =
∑

i=1

1

2− αi
(βi + t)2−αi −

∑
i=1

(1 +
λiβi

2− αi
)β1−αi
i .

128

Proof. Consider the nonhomogeneous heat equation:129 {
∂tu(t, x) = ∆u(t, x) + f(t, x), x ∈ intM, t > 0
h(x) = 0, x ∈ ∂M, t > 0
u(0, x) = φ(x), x ∈M, t = 0

(40)

The solution is130

u(t, x) =

∫ t

0

∫
M
H(t− s, x, y)f(s, y) volM(y)ds+

∫
M
H(t, x, y)φ(y) volM(y) (41)

Let f(t, x) =
∑
i βi(t)ψi(x), βi(t) = 〈ft, ψi〉, φ(x) =

∑
i ciψi(x), and ci = 〈φ, ψi〉. Define131

u1(t, x) :=

∫ t

0

∫
M
H(t− s, x, y)f(s, y) volM(y)ds (42)

u2(t, x) :=

∫
M
H(t, x, y)φ(y) volM(y) (43)

8



Then132

u1(t, x) =

∫ t

0

∫
M

[ ∞∑
i=0

e−λi(t−s)ψi(x)ψi(y)

]∑
j

βj(s)ψj(y)

 volM(y)ds

=

∫ t

0

∞∑
i=0

e−λi(t−s)βi(s)ψi(x)ds

=

∞∑
i=0

e−λit
∫ t

0

eλisβi(s)dsψi(x) (44)

133

u2(t, x) =

∞∑
i=0

e−λitciψi(x)

∫
M
ψi(y)ψi(y) volM(y)

=

∞∑
i=0

cie
−λitψi(x) (45)

(46)

For Dirichlet energy, we have134

Dir[ut] =
1

2

∫
M
‖gradut‖2 volM = Dir[u1t ] + Dir[u2t ] +

∫
M
〈gradu1t , gradu2t 〉g volM (47)

For each item, apply the divergence theorem or Green’s first identity,135

Dir[u1t ] = −1

2

∫
M
u1t∆gu

1
t volM =

1

2

∞∑
i=1

1

λi

[
Bi(t)−Bi(0)e−λit − e−λit

∫ t

0

eλis
dBi
ds

ds

]
(48)

136

Dir[u2t ] = −1

2

∫
M
u2t∆u

2
t volM =

∞∑
i=1

c2iλie
−λit (49)

137 ∫
M
〈gradu1t , gradu2t 〉 d volM = −

∫
M
u2t∆gu

1
t volM

=

∞∑
i=1

cie
−λit

[
βi(t)− βi(0)e−λit − e−λit

∫ t

0

eλis
dβi
ds

ds

]
(50)

If Bi(t) satisfies138 {
Bi(0) = 0
dBi
dt = (1− ai + λi(bi + t))(bi + t)−ai

(51)

for 0 < bi < 1, ai > 2, i.e.,139

Bi(t) =
λi(bi + t)2−ai

2− ai
+ (bi + t)1−ai −

(
1 +

λibi
2− ai

)
b1−aii (52)

Then,140

E[u1t ] =

∞∑
i=1

1

λi

[
Bi(t)− e−λit

∫ t

0

eλis
dBi
ds

ds

]

=

∞∑
i=1

1

2− ai
(bi + t)2−ai −

(
1 +

λibi
2− ai

)
b1−aii (53)

So the decay of the Dirichlet energy is mainly determined by141

∞∑
i=1

1

2− ai
(bi + t)2−ai

which is polynomially decreasing.142
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B.6 Proofs of Theorem 5.4143

Theorem 5.4 (Equivalence). For the homogeneous heat equation ∂tu(t,x) = ∆gu(t,x),x ∈144

intM with a nonhomogeneous boundary condition of h(x) = γ(t,x),x ∈ ∂M and initial condition145

u(0,x) = φ(x), t = 0, there exists a function w(t,x) : M→ R such that h ◦ w = γ in ∂M. By146

v = u− w, Eq. (??) is equivalent to the nonhomogeneous heat equation satisfying Lemma ??:147 {
∂tv(t,x) = ∆gv(t,x) + Γ(w), x ∈ intM, t > 0
h(x) = 0, x ∈ ∂M, t > 0,
v(0,x) = φ(x)− w(0,x), x ∈M, t = 0 (The initial condition),

where Γ(w) = ∆gw(t,x)− ∂tw(t,x).148

Proof. Introducing an auxiliary function v = u− w such that h ◦ w = 0 in ∂M. Then,149 {
∆gv = ∆gu−∆gw
∂tv = ∂tu− ∂tw

150

⇒ ∂tv(t, x) = ∆gv(t, x) + ∆gw(t, x)− ∂tw(t, x) (54)

Given the linearity of all three types of boundary condition, we define151

Γ(w) = ∆gw(t, x)− ∂tw(t, x) (55)

which satisfies the condition in Lemma ?? on intM.152

The equation can be converted into the form in Lemma ??,153 {
∂tv(t, x) = ∆gv(t, x) + Γ(w), x ∈ intM, t > 0
v(0, x) = φ(x)− w(0, x), x ∈M, t = 0
h(x) = 0, x ∈ ∂M, t > 0

(56)

154

B.7 Proofs of Lemma 6.2155

Lemma 6.2 (Solution to Heat Equation System). Let D, U and V denote the diagonal, upper156

and lower matrix of L, respectively. Accordingly to the Jacobi method, the matrix form for the k-th157

iteration is derived as follows,158

diag(αi) =α(X(k); θα),diag(βi) = β(X(k); θβ),Γ = γ(X(k); θγ), (57)

X(k+1) = D−1(V + U)X(k) + D−1Γ. (58)

Let Ii := I(i ∈ S) be an indicator, d̂i = di(1− Ii) + (2Ii − 1)
∑
j∼i Ij , and pi = βi

αi
.159

[(D−1U)X(k)]i = Ii√
d̂i

∑
j∼i

1√
d̂j
x
(k)
j , [(D−1V)X(k)]i = pi+(1−pi)Ii√

d̂i

∑
j∼i

Ij√
d̂j
x
(k)
j . (59)

160

Proof. Merging the boundary condition and the steady solution, we have161 [
LS,S LS,∂S

diag(βi)L∂S,S diag(αi)I∂S,∂S

] [
XS

X∂S

]
=

[
FS
Γ∂S

]
= Γ (60)

Now, we use the Jacobi method to solve this nonlinear equation. The diagonal matrix is162

D =

[
IS,S 0S,∂S
0∂S,S diag(αi)I∂S,∂S

]
(61)

The lower diagonal and upper diagonal matrices are163

V =

[
Âlow
S,S 0S,∂S

−diag(βi)L∂S,S 0∂S,∂S

]
,U =

[
Âup
S,S −LS,∂S

0∂S,S 0∂S,∂S

]
(62)
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For the k-th iteration,164

diag(αki ) = α(Xk; θk), diag(βki ) = β(Xk;ωk),Γ = γ(Xk; ηk) (63)
165

Xk+1 = D−1(V + U)Xk + D−1Γ (64)

The (i, j)-entry of D−1V is166

(D−1V)ij =


1√
dSi d

S
j

, i ∼ j, i ∈ S, j ∈ S
0 , i ∼ j, i ∈ ∂S, j ∈ ∂S

βi
αi
√
d∂Si dSj

, i ∼ j, i ∈ ∂S, j ∈ S
0 , else

(65)

The (i, j)-entry of D−1U is167

(D−1U)ij =


1√
dSi d

S
j

, i ∼ j, i ∈ S, j ∈ S
0 , i ∼ j, i ∈ ∂S, j ∈ ∂S

1√
dSi d

∂S
j

, i ∼ j, i ∈ S, j ∈ ∂S
0 , else

(66)

168

B.8 Proofs of Theorem 6.3169

Before proof, we first begin with the following lemma.170

Lemma B.1 ([10]). For the matrix function [T(X)]ij := Tij(xi). If the spectral radius ρ[T(X)] < 1,171

then172

∞∑
k=0

T(X)k = (I−T(X))
−1 (67)

Theorem 6.3 (Distance Independence). Given two nodes vi and vj with distance K, the measure173

of information transport174 ∥∥∥∥∥∂x(K)
i

∂xj

∥∥∥∥∥ ≤ CK
(∑K

k=0

[
D−1 (V + U)

]k)
ij

where CK is a constant related to the GBN layer. As K →∞,
∣∣∣∂xKi∂xj

∣∣∣ is independent of the distance175

K.176

Proof. We give the proof under the scalar-valued case, the vector-valued case can be proved similarly.177

Denote Tij =
[
D−1 (V + U)

]
ij

and bi =
(
D−1Γ

)
i
, then Eq. (??) can be represented element-wise178

as179

x
(k+1)
i = σ

∑
j∼i

Tijϕ
(k+1)

(
x
(k)
j

)+ bi

(
x
(k)
i

)
(68)

for k ≥ 0. Now we prove the conclusion180 ∣∣∣∣∣∂x(k)i

∂xj

∣∣∣∣∣ ≤ Ck(δij + Tij +

k∑
m=2

∑
jm,...,j2

TijmTjmjm−1 . . . Tj2j) (69)

by induction. For k = 1, we have181

x
(1)
i = σ

∑
j∼i

Tijϕ
(1) (xj)

+ bi (xi) (70)
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The Jacobian is182

∣∣∣∣∣∂x(1)i∂xj
∣∣∣∣∣ =

∣∣∣∣σ′ · (∂Tij∂xi

∂xi
∂xj

ϕ(1)(xj) + Tijϕ
′(1)(xj)

)
+
∂bi
∂xi

∂xi
∂xj

∣∣∣∣
=

∣∣∣∣σ′ · (∂Tij∂xi
ϕ(1)(xj)δij + Tijϕ

′(1)(xj)

)
+
∂bi
∂xi

δij

∣∣∣∣
≤
∣∣∣∣σ′ · ∂Tij∂xi

ϕ(1)(xj) +
∂bi
∂xi

∣∣∣∣ δij +
∣∣∣σ′ · ϕ′(1)(xj)∣∣∣Tij

≤ C1(δij + Tij), (71)

where C1 = max
(

sup
∣∣∣σ′ · ∂Tij∂xi

ϕ(1)(xj) + ∂bi
∂xi

∣∣∣ , sup
∣∣σ′ · ϕ′(1)(xj)∣∣).183

Suppose Eq. (69) holds for k = K, i.e.,184

∣∣∣∣∣∂x(K)
i

∂xj

∣∣∣∣∣ ≤ CK(δij + Tij +

K∑
m=2

∑
jm,...,j2

TijmTjmjm−1
. . . Tj2j) (72)

Then, for k = K + 1, by the chain rule, we have185

∣∣∣∣∣∂x(K+1)
i

∂xj

∣∣∣∣∣ =

∣∣∣∣∣∣
∑
jK+1

∂x
(K+1)
i

∂x
(K)
jK+1

∂x
(K)
jK+1

∂xj

∣∣∣∣∣∣ ≤
∑
jK+1

∣∣∣∣∣∂x(K+1)
i

∂x
(K)
jK+1

∣∣∣∣∣
∣∣∣∣∣∂x

(K)
jK+1

∂xj

∣∣∣∣∣ (73)

186

∣∣∣∣∣∂x(K+1)
i

∂x
(K)
jK+1

∣∣∣∣∣ =

∣∣∣∣∣σ′·
(
∂TijK+1

∂x
(K)
i

∂x
(K)
i

∂x
(K)
jK+1

ϕ(K+1)(x
(K)
jK+1

) + TijK+1
ϕ′(K+1)(x

(K)
jK+1

)

)
+

∂bi

∂x
(K)
i

∂x
(K)
i

∂x
(K)
jK+1

∣∣∣∣∣
=

∣∣∣∣∣σ′ ·
(
∂TijK+1

∂x
(K)
i

ϕ(K+1)(x
(K)
jK+1

)δijK+1
+ TijK+1

ϕ′(K+1)(x
(K)
jK+1

)

)
+

∂bi

∂x
(K)
i

δijK+1

∣∣∣∣∣
≤

∣∣∣∣∣σ′ · ∂TijK+1

∂x
(K)
i

ϕ(K+1)(x
(K)
jK+1

) +
∂bi

∂x
(K)
i

∣∣∣∣∣ δijK+1
+
∣∣∣σ′ · ϕ′(K+1)(x

(K)
jK+1

)
∣∣∣TijK+1

≤ CK+1,K(δijK+1
+ TijK+1

), (74)

where CK+1,K = max

(
sup

∣∣∣∣σ′ · ∂TijK+1

∂x
(K)
i

ϕ(K+1)(x
(K)
jK+1

) + ∂bi
∂x

(K)
i

∣∣∣∣ , sup
∣∣∣σ′ · ϕ′(K+1)(x

(K)
jK+1

)
∣∣∣).187

∣∣∣∣∣∂x
(K)
jK+1

∂xj

∣∣∣∣∣ ≤ CK(δjK+1j + TjK+1j +

k∑
m=2

∑
jm,...,j2

TjK+1jmTjmjm−1
. . . Tj2j) (75)
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Substituting into Eq. (73),188 ∣∣∣∣∣∂x(K+1)
i

∂xj

∣∣∣∣∣ ≤ CKCK+1,K

δijK+1

δjK+1j + TjK+1j +

K∑
m=2

∑
jm,...,j2

TjK+1jmTjmjm−1
. . . Tj2j


+ CKCK+1,K

TijK+1

δjK+1j + TjK+1j +

K∑
m=2

∑
jm,...,j2

TjK+1jmTjmjm−1
. . . Tj2j


= CKCK+1,K(δij + 2Tij +

K∑
m=2

∑
jm,...,j2

TijmTjmjm−1 . . . Tj2j

+
∑
jK+1

TijK+1
TjK+1j +

K+1∑
m=2

∑
jm,...,j2

TijmTjmjm−1 . . . Tj2j)

= CKCK+1,K(δij + 2Tij + 3
∑
j2

Tij2Tj2j

+ 2

K∑
m=3

∑
jm,...,j2

TijmTjmjm−1
. . . Tj2j +

∑
jK+1,...j2

TijmTjmjm−1
. . . Tj2j)

=≤ 9CKCK+1,K(δij + Tij +

K+1∑
m=2

∑
jm,...,j2

TijmTjmjm−1
. . . Tj2j). (76)

Let CK+1 = 9CKCK+1,K , we finish the induction.189

Since |α(xi)β(xi)
− α(xi)

β(xi)
| ≤ |xi − xj | is a contraction, and the Laplacian L is normalized, ρ(T) < 1.190

From Lemma B.1, as K →∞,191

lim
K→∞

∣∣∣∣∣∂x(K)
i

∂xj

∣∣∣∣∣ =
[
(I−T)

−1
]
ij
, (77)

where T = D−1 (V + U).192

B.9 Derivation of GBN formalism193

Set Robin condition coefficients αi = α(xi), βi = β(xi), γi = γ(xi), then Robin condition becomes194

αixi + βi
∑

j∼i,j∈S
(xi − xj) = γi (78)

for each vi ∈ ∂S.195

Let the normalized graph Laplacian be reordered to a block matrix196

L =

[
LS,S LS,∂S
L∂S,S L∂S,∂S

]
. (79)

Then the Robin condition can be converted into matrix form:197

diag(αi)X∂S + diag(βi)L∂S,SXS = Γ∂S (80)

Consider the steady solution of the nonhomogeneous heat equation. We have198

LS,SXS + LS,∂SX∂S = FS , (81)

which is the form of Poisson’s equation. Merging the above equations, we have199 [
LS,S LS,∂S

diag(βi)L∂S,S diag(αi)I∂S,S

] [
XS

X∂S

]
=

[
FS
Γ∂S

]
= Γ (82)
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Now we use the Jacobi method to solve this nonlinear equation. The diagonal matrix is200

D =

[
IS,S 0S,∂S
0∂S,S diag(αi)I∂S,S

]
(83)

The lower diagonal and upper diagonal matrices are201

V =

[
Âlow
S,S 0S,∂S

−diag(βi)L∂S,S 0∂S,S

]
(84)

U =

[
Âup
S,S −LS,∂S

0∂S,S 0∂S,S

]
(85)

for the k-th iteration,202

diag(αi) = α(X(k); θk) (86)

diag(βi) = β(X(k);ωk) (87)

Γ = γ(X(k); ηk) (88)

X(k+1) = D−1(V + U)X(k) + D−1Γ (89)

The (i, j)-entry of D−1V is203

(D−1V)ij =


1√
dSi d

S
j

, i ∼ j, i ∈ S, j ∈ S
0 , i ∼ j, i ∈ ∂S, j ∈ ∂S

βi
αi
√
d∂Si dSj

, i ∼ j, i ∈ ∂S, j ∈ S
0 , else

(90)

The (i, j)-entry of D−1U is204

(D−1U)ij =


1√
dSi d

S
j

, i ∼ j, i ∈ S, j ∈ S
0 , i ∼ j, i ∈ ∂S, j ∈ ∂S

1√
dSi d

∂S
j

, i ∼ j, i ∈ S, j ∈ ∂S
0 , else

(91)

To give a unified formula, we define the indicator Ii := I(i ∈ S), then we define205

d̂i =
∑
j∼i

IiIj + (1− Ii)(1− Ij) = di(1− Ii) + (2Ii − 1)
∑
j∼i

Ij (92)

Then,206

[(D−1U)X(k)]i =
Ii√
d̂i

∑
j∼i

1√
d̂j

x
(k)
j (93)

[(D−1V)X(k)]i =
pi + (1− pi)Ii√

d̂i

∑
j∼i

Ij√
d̂j

x
(k)
j , (94)

where pi = βi
αi

. Since [D−1Γ]i = Γi/αi, we can replace it with the new variable Γi/αi = γi.207

Finally we get208

x
(k+1)
i =

Ii√
d̂i

∑
j∼i

1√
d̂j

x
(k)
j +

pi + (1− pi)Ii√
d̂i

∑
j∼i

Ij√
d̂j

x
(k)
j + γi (95)
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C Algorithm209

Algorithm 1 Graph Boundary conditioned message passing Neural network (GBN)
Input: Graph G(V, E ,A), Objective function J , Number of layers K, The activation function σ.

MLPs with learnable parameters α(·; θα), β(·; θβ), γ(·; θγ), ς(·, η), ϕ(·, ωk).
Output: Node representations X(K), Model parameters.

1: while not converge do
2: Input initial value X(0) = ϕ(X, ω0);
3: Compute soft weights for being boundary node by Ii = ς(xi, η);
4: for each layer k = 1 to K do
5: Compute coefficients αi = α(x

(k−1)
i ; θα), βi = β(x

(k−1)
i ; θβ), γi = γ(x

(k−1)
i ; θγ);

6: Update node representations X(k) by Eq. (??);
7: end for
8: Compute the objective function J (X(K),Y);
9: Train model parameters by Adam optimizer;

10: end while

Computational Complexity Computing boundary condition coefficients costs O(|V|d), where d210

is the hidden layer dimension. The matrix multiplication is implemented as neighborhood aggregation211

of complexity O(|E|). The overall complexity of a K-layer GBN is yielded as O(K(|V|+ |E|)).212

D Datasets and Baselines213

D.1 Datasets214

We evaluate our method on a range of benchmark datasets spanning diverse domains and structural215

characteristic. Summary statistics are shown in Table 2.216

WikiCS A citation graph of Wikipedia articles on Computer Science. Nodes are articles with217

averaged word embeddings as features; edges represent hyperlinks. The goal is to classify articles218

into 10 subfields.219

Amazon-Computers A product co-purchase graph focused on the “Computers” category from220

Amazon. Nodes represent products, edges indicate co-purchases, and features are bag-of-words from221

reviews. The task is product category classification.222

Coauthor-CS A co-authorship network from Microsoft Academic Graph. Nodes are authors,223

edges indicate collaborations, and features are derived from publication texts. The objective is to224

classify authors into research fields.225

Texas A WebKB dataset based on webpages from the University of Texas. Nodes are webpages,226

edges are hyperlinks, and features come from bag-of-words. The task is to classify webpages into227

categories like faculty, course, or student.228

Wisconsin Similar to Texas, but based on webpages from the University of Wisconsin. Nodes are229

webpages, edges are hyperlinks, and features use bag-of-words. It is commonly used for evaluating230

models under small-scale settings.231

Roman-Empire A word-level dependency graph from the “Roman Empire” Wikipedia article.232

Nodes are words; edges connect sequential or syntactically related words. The task is to predict the233

syntactic role of each word in context. The graph exhibits strong heterophily.234

Amazon-Ratings A bipartite graph of users and products from Amazon reviews. Edges represent235

ratings, with weights as scores. Node features are extracted from review texts. The task is to predict236

product categories or user preferences.237

D.2 Baselines238

• GCN [8] employs neighborhood aggregation within the spectral domain.239
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Table 2: Dataset statistics. The reported number of edges refers to directed edges; for undirected
graphs, this count is twice the actual number of edges.

Dataset Nodes Edges Average
Degree

Node
Features Classes Metric

WikiCS 11,701 431,726 36.90 300 10 Accuracy
Amazon-Computers 13,381 491,722 35.76 767 10 Accuracy
Coauthor CS 18,333 163,788 8.93 6,805 15 Accuracy

Texas 183 650 3.55 1,703 5 Accuracy
Wisconsin 251 1030 4.10 1,703 5 Accuracy
Roman-Empire 22,662 65,854 2.91 300 18 Accuracy
Amazon-Ratings 24,492 186100 7.60 300 5 Accuracy

• GAT [15] incorporates the attention mechanism into graph-based learning to dynamically240

weigh neighbor nodes.241

• GIN [18] enhances graph learning by leveraging MLPs to achieve maximum discriminative242

power, mimicking the Weisfeiler-Lehman graph isomorphism test process.243

• DR [5] applies Delaunay triangulation to the node features to rewire the graph, creating a new244

topology that alters the structural properties to mitigate over-squashing and over-smoothing245

in graph neural networks.246

• GIN+graphv2 [12] involves processing graph pairs using Graph Isomorphism Networks247

(GIN) without normalization, focusing on node and graph classification tasks. This approach248

applies GIN in a batch setting to evaluate performance on various graph datasets.249

• UniFilter [6] combines low-pass and high-pass filters within each layer and adaptively250

integrates their embeddings. It also trains a coefficient matrix to measure node correlations251

for global aggregation.252

• ProxyGap [7] uses spectral graph pruning to eliminate edges causing over-squashing and253

over-smoothing, adjusting the graph structure for enhanced neural network performance.254

• Borf [9] applies Ollivier-Ricci curvature to identify and mitigate over-smoothing and over-255

squashing in graph neural networks by analyzing and rewriting the graph edges based on256

curvature values.257

• G2-GCN [11]introduces gradient gating to dynamically adjust the contribution of each258

node’s gradient during training, allowing different parts of the graph to learn at varying259

speeds.260

• GREAD [2] models graph neural networks using a reaction-diffusion process, where node261

features evolve through diffusion and reaction steps to capture complex graph structures and262

dynamics.263

• SWAN [4] examines oversquashing in graph neural networks through the lens of dynamical264

systems, analyzing how information flow and node interactions affect the network’s ability265

to propagate information effectively.266

• CoBFormer [17] addresses the over-globalizing problem in graph transformers by selec-267

tively focusing on local structures and reducing the emphasis on global information, thereby268

improving the model’s ability to capture fine-grained details.269

• VCR-Graphormer [3] introduces virtual connections to enable mini-batch processing in270

graph transformers, allowing for efficient training on large graphs by simulating connections271

that facilitate information exchange between nodes.272

• Spexphormer [13] proposes a technique to make graph transformers sparser by selec-273

tively retaining important connections and pruning less significant ones, aiming to improve274

computational efficiency without losing essential information.275

• HGCN [1] generalizes GAT in the Lorentz model of hyperbolic space in which the graph276

convolution is conducted in the tangent space. ‘277
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(a) Line (b) Ring (c) Crossed-Ring

Figure 1: In all three graphs—Line, Ring, and Crossed-Ring—the source node “S” and target node
“T” are placed five hops apart.

• Graph-mamba [16] focuses on long-range graph sequence modeling by employing selec-278

tive state spaces to capture distant dependencies and interactions within graph sequences,279

enhancing the model’s ability to handle complex temporal dynamics.280

• MPNN+VN [14] investigates the impact of virtual nodes on oversquashing and node het-281

erogeneity in graph neural networks, analyzing how virtual nodes can alter information flow282

and representation learning.283

E Implementation Notes284

E.1 Graph transfer285

We construct graph transfer datasets inspired by (Gravina et al. 2025), focusing on three types of286

graph structures: Line, Ring, and Crossed-Ring. Each graph within a task shares the same topology287

but differs in node features. Specifically, we initialize node features by sampling from a uniform288

distribution in the interval [0, 1). The source node is initialized with a value of 1, while the target289

nodes are assigned a value of 0. The objective is to transfer information from the source node to the290

target node, without considering the intermediate nodes. Each graph topology introduces distinct291

structural properties:292

• Line: A simple path graph of length n, where the source and target nodes are placed at293

opposite ends, resulting in a shortest path of length n.294

• Ring: Cycles of size n, where the source and target nodes are placed at a distance of bn/2c295

from each other.296

• Crossed-Ring: Cycles with additional "cross" edges between intermediate nodes. These297

edges do not reduce the shortest path between source and target, which remains bn/2c.298

Figure 1 illustrates each graph structure with a source–target distance of n = 5. In our experiments,299

we consider distances n ∈ {3, 5, 10, 50}, and use message passing neural networks (MPNNs) with300

depth equal to n. Unless stated otherwise, input dimension is set to 1 (regression tasks), hidden301

dimension to 64, and training is run for 2000 epochs. We apply node masking during training and302

testing to compute loss solely based on the source and the target node. We generate 1000 graphs for303

training, 100 for validation, and 100 for testing. Final performance is reported as the mean squared304

error over the test set. The architectural details and hyperparameters of our model are summarized in305

Table 3.306

Table 3: Hyperparameter settings for graph transfer task.

Dataset hid_dim Activation dropout norm lr w_decay

Line 64 Tanh 0 BatchNorm 1e-3 0
Ring 64 Tanh 0 BatchNorm 1e-3 0

Crossed-Ring 64 Tanh 0 BatchNorm 1e-3 0
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E.2 Hyperparameter settings307

We conduct node classification experiments using a 2-layer GBN network, all the datasets are308

available as PyTorch Geometric datasets. All datasets are split into 50% training, 25% validation,309

and 25% testing. We report the final test accuracy as the average over 10 random data splits. The310

same experimental setup is applied across baseline methods. For experiments on heterogeneous311

graphs, we utilize a 5-layer model. The architectural details and hyperparameters are summarized in312

Table 4. Learning rates are set to 3e-5, with a dropout rate to 0.3, 0.2, 0.1 and a hidden dimension313

size of 512. LayerNorm is used to facilitate deeper models. All experiments are implemented using314

PyTorch Geometric library. The hardware is NVIDIA GeForce RTX 4090 GPU 24GB memory,315

and Intel Xeon Platinum 8352V CPU with 120GB RAM. Our code is publicly available at https:316

//anonymous.4open.science/r/GBN-E854:

Table 4: Hyperparameter settings for node classification task.

Dataset n_layers hid_dim Activation dropout norm lr w_decay

Texas 5 512 GELU 0.3 LayerNorm 1e-4 0
Wisconsin 5 512 GELU 0.7 LayerNorm 1e-3 0

Amazon-Ratings 5 512 GELU 0.15 BatchNorm 3e-4 0
Roman-Empire 5 512 GELU 0.15 LayerNorm 3e-4 0
Coauthor-CS 3 512 GELU 0.2 LayerNorm 3e-5 0

AmazonComputers 3 512 GELU 0.2 LayerNorm 3e-5 0
WikiCS 3 512 GELU 0.2 LayerNorm 3e-5 0

317
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