A Algorithms

The single-agent version of ICQ is shown in Algorithm[I] Its multi-agent version counterpart (ICQ-
MA) is shown in Algorithm 2]

Algorithm 1: Implicit Constraint Q-Learning in Single-Agent Tasks.

Input: Offline buffer 5, target network update rate d.

Initialize critic network Q™ (-; ¢) and actor network 7 (-; @) with random parameters.
Initialize target networks: ¢’ = ¢, 8’ = 6.

fort =1to T do

Sample trajectories from B.

Train policy according to 7, (0) = E..5 {—% log(w(a | 7;0))exp (W)} .
Train critic according to

Y 2
To(@) =Bt 1+ vz ep (A5E) Qi) - Q i)

if t mod d = 0 then
| Update target networks: ¢’ = ¢, 0’ = 0.
end

end

Algorithm 2: Implicit Constraint Q-Learning in Multi-Agent Tasks.

Input: Offline buffer 5, target network update rate d.

Initialize critic networks Q*(; ¢;), actor networks 7’ (+; #;) and Mixer network M (-;)) with
random parameters.

Initialize target networks: ¢’ = ¢, 0’ = 6, ¢ = ).

fort =1to 7T do

Sample trajectories from B.

Train individual policy according to

Tn(0) =, Eri ing [—ﬁ log(m(a’ | 7;0;)) exp (%)}
Train critic according to Jo (¢, ¥) =
2
ex éQ Te41,ae41;0 9
Es |:Zt>0(’y)\)t |:’I"t + p( ZETtii§¢'y+wl') )) Q(Tt+17 Qt41; ¢/7 ’(//) - Q(Tta Qt; ¢7 w):|:| :
if t mod d = 0 then

| Update target networks: ¢’ = ¢, 6’ = 0, ¢’ = ).
end

end

15



B Detailed Proof

B.1 Proof of Theorem 1]
Theorem 1. Given a deterministic MDP, the propagation of €y, to €s is proportional to || P [|co:

ol L

lebllo
- (-lrnl)

Proof. Based on the Remark 1 in BCQ [16], the exact form of eppp (7, @) is:

empp(7,a) = Qhy(7,a) — QB (T,a)

- Z(PM(TI | 7,a) — Pg(7" | 7,a)) (r(T,a,T’) —|—727r(a’ | T/)Qg(’]'/,a/)>

2y

lesllo <

+ Py (7| 7y a)'yZW(a' | 7")empp (T, ad’),

a’l

(22)
where Pg = % and N is the number of times the tuple (7,a,7’) is observed in B. If

>z N(7,a,7) =0, then Pg(7init | 7,a) = 1. Since the considered MDP is deterministic, we have
Py (" | 7,a) — Ps(7" | 7,a) = 0 for P] and P[,. For notational simplicity, the error generated by
Py (r" | 7,a) — Pg(7" | 7,a) in PT and PJ, is attributed to €, as they have the same dimension.
Then, based on the extrapolation error decomposition assumption, we rewrite Equation 22]in the

matrix form: )
€s| _ P, sTs P, sT,ru €s 0
[eu_ = {Pgs Pr | lea| T len]| (23)
The result indicates that the error is the solution of a linear program with [0, ep]” as the reward
function. Thus, we solve this linear program and arrive at

6] o1 [0]  [I—~Pr,  —P7 17'T0] 4 Bl 'Jo
ol I I M e I A RS e R P R

With the block matrix inverse formula, we have

{A B]l A4 A'B(D-CA'B)T'CA™! —A'B(D-CA'B)” -
¢ D]~ —(D-cA'B)"'cA? (D-cAB)™
Since (D — C’A’lB)f1 is just the lower right block of (I — vP™) ™", we have
PSR | _pm—1 1
[o=cazn)| <7 <= @)
Thus, we obtain
|-atB(D-caB)”!| <fa| I-Bll.|[(0-camB)”|
(o) (o)
7 147 o =Bl
5 =) el 7
ol
(1-7 (1—7H )
Plugging the result into Equation [25] we finish our proof at
_ ¥
lesle < [-a7 B (DA B) | el < 1Bl o e
°° (1=9) (1—7|| )
O
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B.2 Proof of Theorem 2|

The proof of our Theorem 2 is based on the Theorem 3 in [46]]. The main difference is that we
consider a behavior policy to regularize the softmax operation. All the actions considered in the
analysis are batch-constrained, thus p(a | 7) > 0, V7, a in the proof.

Lemma 1. By assuming fX(Q(7,))Q(r,) as target value of the Implicit Constraint Q-learning opera-

tor, we have VQ» maXg~nB Q(Tv (l)_fg(Q(’ﬂ ))Q(Ta) < (|AT|_1) max{ +1)c+1a H_ZCQQZ;;E )}

where Qmax = ?‘2’1;‘ represents the maximum Q-value in Q-iteration with TCQ.

Proof. The target value operation of Implicit Constraint Q-learning is defined as:

T
[Nl eXP(§7'1),M2€XP(l 2); - s AL |9XP( TIA, \)]
Z‘z ;llh eXp( )

We first sort the sequence {Q(7, a;)} such that Q(7,apy) > -+ > Q(7, a4, ). Then, VQ and V7,
we have that the distance between optimal ()-value and Implicit Constraint ()-value is:

Igljé(Q(Tv a) = fa(Q(r,) | u(:|7)Q(r,)
Si2t plagy | 7) exp [i (7 )] @ (- agg)
S g | 7) exp [ Q (r,ap)] (30)
A gy [ 7)exp [3Q (7, am)] (@ (r.am) - Q (raw)]
S pla | T exp [2Q (T’am)]
Let 6;(1) = Q (7, apy) — Q (7, aj). The distance in the Equationcan be rewritten as:

S e | ) exp [2Q (rai)] [Q (T apy) — Q (7, ap)]
Y23 wlag | 7)exp [2Q (7, ap)]
5;
(1)

fa( | 1) = : 29)

= Q(T7 a‘[l]) -

l
a

i agy | ) exp [ 6()] ()

G31)
ElAllu( | T)exp [=58i(7)]

_ S g | 7y exp [~ 26:(7)] 4i(7)
plapy | 7) + le 5‘ w(ap | 7)exp [—=16;(7)]

First note that for any two non-negative sequences {x;} and {y; },

Zi €Ty T
< .
1+ziyi—zi T+ (32)

We have the following conclusion by applying the Equation [32]to Equation 31}

|A-|

X2 plag | T)exp [-gai(D]dir) 5~ o [ e [-50 (D] 8.7
plapy | ) + 125 wlagy | 1) exp [~ L6i(r)] ~ S5 mlapy | ) + plag) | ) exp [~ 56i(7)]
|A-

ag | 7)0:(7)
Z ag | 7) +M( 1| 7)exp [£6:(7)]
& (7)
; ( 1]]43 exp [i&l(Tﬂ
A

Z —I-C'exp 5( )

=2
(33)
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where C' = inf.,.es ianSiS\ATI wagy|7)

ulapglr)
If 6;(7) > 1, we have
51’ (7-)1 < 61' (T) - < 2Qmax —. (34)
14+ Cexp[26;(r)] ~ 1+Cexp (%) = 14+ Cexp(L)
else 0 < 6;(1) < 1:
57,(7—) o ]. < ]_
I+ Cop[20n)]  EC110+055a(mnC+-- (E+not1
By combining these two cases with Equation [33] we complete the proof. O

Theorem 2. Let ﬁ’éQQo denote that the operator Ticq are iteratively applied over an initial state-
action value function Qq for k times. Then, we have ¥(7, a), limsupy,_, .. 'EléQQO(T, a) < Q*(t,a),

CN ; * 7(|A| _ 1) { 1 2Cgmax }

lim inf T;% T,a) > T,4) — —————= max , , (36

il Tioq@o(ma) 2 @(re) = =3 Trnc+1 1+ Cep(D) ) O
where | Al is the action space, |A| is the action space for state T, C £ infcginfaci<|a.| ZEZ[[IHZZ

and p(ap) | ) denotes the probability of choosing the expert action according to behavioral policy
. Moreover; the upper bound ofﬂchQg - ﬂ’éQQO decays exponentially fast in terms of c.

Proof. We first conjecture that
k .
TEoqQo(T,a) — TieqQo(r,a) <> 47¢, (37)
j=1

where ¢ = sup, max, [max,p Q(7,a) — f (Q(r,)) Q(r,)] denotes the supremum of the differ-
ence between the BCQ and ICQ operators, over all (Q-functions that occur during Q)-iteration, and
state 7. Equation [37]is proven using induction as follows:

* When ¢ = 1, we start from the definitions for Tgcq and 7Ticq, and proceed as
TacaQu(r, @) = TicaQo(r,a) =7 Y_ P(r' | m.a) [max Qo(r',a) = £1 (Qo(r')) Qu(',)]

<Y P(F | a) =G
’ (38)

* Suppose the conjecture holds when i = 1, i.e., T3 Qo (7, a) — TioqQo(T, a) < 22:1 V¢,
then

,EéjCLlQQO(Tv a’) - 7?53@0 (7—7 a) = 7—BCQ7;?l>CQQ0 (7—7 a) - IEELQIQO(Ta a)

!
< Tseq |TicqQo(r,a) + Z’YjC — TidoQo(7, )

j=1

l
=Y ¥+ (Tsoq — Ticq) TicqQo(T @)
j=1
I+1

l
<Y AT+ =D A
j=1 j=1
(39)
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By using the fact that limy_, 7]3’“CQQ0(T, a) and applying Lemma [1| to bound ¢, we have
Y(r,a), limsupy,_, o ﬂéQQO(T, a) < Q*(r,a) and liminfy_, ﬂ’éQQO(T, a) > Q*(r,a) —
(A=) max{( L 2Qmax 1 Based on the Equation we can bound Equation

(1—7) 141)C+17 1+Cexp(2)
as:

M=) sn bl

. 40
1—x p 1+ Cexp [é&Z(T)] “0)

7§€CQQ0(77 a) - 7I](€3QQ0 (T7 a) <

From the definition of §;(7), we have 6 4_|(7) > 64, |-1(T) > - -+ > d2(7) > 0. Furthermore, there
must exist an index i* < |A.| such that §; > 0,Vi* < i < |A,|. Therefore, we can proceed from
Equation 0] as
|A] |A]
(1 =% Z (1) _ (1= ) Z 3i(7)
1-— v i—a 1+ Cexp [ééz(’r)} 1-— Y = 1+ Cexp [é(si(q—)}
gy A 4 TN |
< (1 —7") Z 51(?) < (1 —9") Z 51(17') (41)
1- Y G—i* Cexp [557(7—)} 1- Y i=i* CeXp [551* (T)}
|Al
(1 -7%) 1 5i(7)
= ——0jx )
T exp | —— (1) Z; c
which implies an exponential convergence rate in terms of a. O

B.3 Proof of Remark[3.2]

We analyze the MMDP experimental result in Section |3.2] from the perspective of the concentrability
coefficient C'(IT), which illustrates the degree to which states and actions are out of distribution. In
the MMDP case, we theoretically prove C(IT?) satisfies: C(IT') < C(I1%) < --- < C(II"*), where
IT? denotes the set of joint policies including i agents. As illustrated in the above conclusion, the
increase in the number of agents makes the distribution shift issue more severe in the MMDP case.

Remark 1. Let o(s) denote the marginal distribution over S, pg indicate the initial state distribution,
and 11 represent the set of joint policies including i agents. Assume there exist coefficients c(k)
satisfying poP™ P™2...P™(s) < c(k)o(s). We define the concentrability coefficient C(II) =
(1 — )23 5, kv*te(k), which illustrates the degree to which states and actions are out of

distribution. Due to the limited datasets, the number of seen state-action pairs m is fixed. Then,
C(II") is monotonically increasing with the number of agents

c(Im) < c(I1?) < --- < C(I") (42)
Proof. We first note that c(k) > W and c(k) determines the value of C(IT%). To
compare C(IT*), we just need to compare c(k) at iteration k. For clarity of analysis, we assume each
state-action pair is visited only once, and individual policy is random 7* (A |s) = % In the MMDP
case, the transition matrix P™ is stable for the number of agents:

2 2
For this reason, pgP™ P™2...P™k(s) does not change with the number of agents. As g(s) =

1[s=s,a= . . .
Yoao(sa)=>", ZZ/;EZ 1{;;::&;] , we can calculate o(s) by counting state-action pairs in D

as follows m
o(s) = ontl (44)
The gradient of o(s) is:
,( m \  —m-2""1In2
o(s)' = <2n+1> (2n+1)2 435)

Therefore, (k) is monotonically increasing with the number of agents and C(IT') < C(I1?) < -+ <
c(mm). O
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B.4 Proof of Remark[2]
Remark 2. For the optimization problem

Tyt = arg max B r(|r @™ (r,a)] st Drw(rllwlrl <e Y wlalr) =1, (46
u(alr) exp(LQ™k (1,a))
> s u(alr) exp(2Q ™k (1,0))

the optimal policy is 7}, (a | T) =

Proof. First, note the objective is a linear function of the decision variables 7. All constraints are
convex functions. Thus Equation [46]is a convex optimization problem. The Lagrangian equation is

£(7,0) = Eann[Q7 (,0)] + a (¢ — Dicr, (1) [7]) + A (1 =D lal T>> L@

a

where o > 0 denotes the Lagrangian coefficient. Differentiate 7 to get the following formula

Lo (om0 e

Setting g—ﬁ to zero, then:

I (49)
a a pla | T)
m(a|T) ~ exp (ka(T,a _1- )\)
pla | )
Q"™ (7, a) A
= = DR 2
| 7) = (e | ryexp (L0 A
Due to the second constraint in Equation[46] the policy is a probability distribution. Therefore, we
adopt Z to normalize the result by moving the constant p(a | 7) exp(—1 — 2) to Z:
. _ 1 Q" (7, a)
(ol 7) = gt | e (F)), (50)
where Z(7) = >, (@ | 7) exp (1 Q™ (7,a)) is the normalizing partition function. O

B.5 Proof of Theorem[3

Theorem 3. Assuming the joint action-value function is linearly decomposed, we can decompose the
multi-agent joint-policy under implicit constraint as follows

1 o
T = argmaxZETL winB {Zl( o) log(m'(a’ | 7%)) exp (

i, «

O

where Z' (%) =3, M(&i | 7" exp (2w’ (7)Q' (7%, @")) is the normalizing partition function.

Proof. Let Jr denote the joint-policy loss. According to the assumption, J is written:

Tn = Erans [Z(lT)logw(av»exp (torra)]

s (S ) (1 (St )|

(52)

= ]E‘r',a1 ..... an~B
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The loss function 7 is equivalent to the following form by relocating the sum operator:

T Z:E‘r,al,..-,a"’\'B {_Z(lr) log((a’ | 7%)) exp (Zz w'(T)Q (", a') + b(T))]

(07

w'(T)Q' (7, ai))

«

= El E.’.7a17.")anNB[—7ZElT) log(wi(ai | Ti))exp (
o wl (T)Q (9, a7) + b(T
exp (Zm (T)Q7 (7, a’) + b( )>}

«

= ;Er,aiNBEa#iNB[—Z(lT) log(r(a’ | 7)) exp (W)
exp (Z#i w (1)@ (77, a’) + b(T) >}

(67

=S s [ i sl (el | 7)) ex (W)Q())] |

(67

St S (@ | ) exp (L' (1)Q1(r,a)) exp (1(5, 4 0/ (1)@ (+7,0) + b(r)) )

“= Earsins |05 (& (3,07 (M)QI(r,a) +b(r)) )|
N Yaper 1@ | 7w | 1) exp (Lo (r)Q(r, )
Sar (@ | 79 exp (L (X2 0 (1)QI(r9,a9) + b(r)) )

exp é ij )QI (77, a7) + b(T)

J#i
= 3@ | Y exp (—w (M)Qi () ).
= p'(a* | ") exp 5
&i
(54)
O
C Additional Results
C.1 Additional Ablation Results in StarCraft II
— ICQ-MA ICQ-MA (w/o decom) === ICQ-MA (one step) === ICQ-MA (Tree Backup)
10m vs 11m 00 3s.vs 3z 2s3z
2 18
14 17.5 16 ‘\J"“M\w"wﬂ
12 15.0 Y 1
Su Si2 A S| |
03 '-‘E 10.0 % T/
& & &
5.0 6
| -
5 |
) 0.0 2
0 10 20 30 10 0 10 20 30 10 0 10 20 30 10
Thousand Episodes Thousand Episodes Thousand Episodes

Figure 6: Module ablation study in additional StarCraft IT environments.

C.2 Additional Results in MMDP

Due to the space limits, we put the complete results in MMDP in Figure[7} BCQ gradually diverges
as the number of agents increases, while ICQ has accurate estimates.
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Z’z —— BCQ (2 agents)

40 Vi —— BCQ (3 agents)

2 g 9 —— BCQ (4 agents)

i 1= —— BCQ (5 agents)
= 20 1= —+— True Value

E 7 E 1 — 1CQ (2 agents)

i A i} —— 1CQ (3 agents)

0 ‘( L —— ICQ (4 agents)

0.0 05 10 15 20 0.0 0’5 10 15 2.0 — 1CQ (5 agents)
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Figure 7: Additional results in MMDP.

Additional Results in D4RL
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Figure 8: The performance on D4RL tasks with different implementation of ICQ.
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Figure 9: Ablation study on MMM map.
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D Experimental Details

D.1 Implementation details of ICQ

We provide the two implementation options of our methods regards whether learning p to calculate p.

Learning an auxiliary behavior model /i. We first consider to learn the behavior policy /i using
conditional variational auto-encoder as BCQ. Next, we will sample actions n times (n = 100 in our
experiment) from [ to calculate Z(7) on each value update:

oy O exp(tz)
Z(7) Ea~p exp(@)

If /i = p, this method is favored as it provides an accurate approximation. However, since it may
introduce unseen pairs sampled from the learned behavior model, it is against the principle of our
analysis. Nevertheless, we believe it is still a better choice compared with BCQ. If there is any unseen
pair 7, @ with large extrapolation error sampled from fi, e.g, Qp(7,a) > Qu (T, a), we will have
p(1,a) < p(t,a), which means the unsafe estimation is truncated and the resulting target (-value
tends to be conservative.

(55)

Approximate with softmax operation over a mini-batch. We have the following measure to
approximately calculate p without , which reduces the computational complexity:

(S (Sra))

exp
Z(7)

exp

p(T7 a) = ~ Q(r',a')y’ (56)
Z(‘r’,a’)Nmini—balCh eXp( a )
where Z*(7%) is approximated by softmax operation over mini-batch samples. The benefit of the
softmax operation is that it does not include any unseen pairs, which is consistent with our theoretical
analysis. However, the price is that the softmax operation ignores the difference of states over a
mini-batch, which introduces an additional bias. However, we find it does not harm the performance
a lot in practice. There are also some previous works using softmax to deal with the partition
function, such as AWAC [29]]) and VMPO [45]], which has been confirmed to promote performance

improvement.

Considering the concise form of the softmax operation, we prefer the the second version in the
multi-agent tasks. We conduct ablation studies of these two measures on D4RL to demonstrate their
superior performance (see Figure [§).

D.2 Baselines Details

BCQ-MA is trained by minimizing the following loss:

2
jC];CQ(¢’ w) = ]ETNB7O'N# l<r<T’ a’) + VIES]X Qﬂ(Tlv a[]]7 ¢/a w/) - QW(T7 a; ¢7 1/1>> ‘| (57)

all — ali) 4 ¢(r, ali)

where Q™ (7, a) = w'(T)Q* (7%, a’) + b(7) and £(7, alll) denotes the perturbation model, which
atUGi (7t
unfamiliar action and £°(7%, a»17!) will mask a*7! in maximizing Q?-value operation.

is decomposed as £*(7%, abl]). If < ¢ in agent 4, a*V! is considered an

CQL-MA is trained by minimizing the following loss:

TS (6, 9) = VB, g

Z log Z exp(w'(T)Q' (7%, a") + b(T)) — Earp(alr) (@7 (T, a)]]

1
+ iETNB,aN/.L(alT) [(yCQL - Qﬂ-(Tv a’))Q}

Tx0) = Bt i [~ log(r'(a | 760))Q" (', a")]
Z (58)
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where we adopt the decomposed policy gradient to train 7r, and y“?! is calculated based on n-step

off-policy estimation (e.g., Tree Backup algorithm). Besides, w' (1) = w'(7;%), b(T) = b(7;%)
and Q™ (7,a) = Q7 (T, a; ¢, v).

BC-MA only optimize 7 by minimizing the following loss:

jfc(e) = ZETi7aiNB[— log(ﬂi(ai | Ti; 92))] (59)

E Multi-Agent Offline Dataset Based on StarCraft I1

We divide maps in StarCraft II into three classifications based on difficulty (see Table[2). We divide
behavior policies into three classifications based on the episode returns (see Table [3)).

Table 2: Classification of maps in the dataset.

Difficulties Maps
Easy MMM, 2s_vs_3z, 3s_vs_3z, 3s5z, 2s3z, so_many_baneling
Hard 10m_vs_11m, 2¢c_vs_64zg

Super Hard MMM2, 27m_vs_30m

Table 3: Classification of behavior policies in the dataset.

Level  Episode Returns

Good 15 ~ 20
Medium 10 ~ 15
Poor 0~10

E.1 Hyper-parameters

Hyper-parameters in multi-agent tasks are respectively presented in Table 4} Please refer to our
official code for the hyper-parameter in single-agent tasks.

Table 4: Multi-agent hyper-parameters sheet

Hyper-parameter Value

Shared
Policy network learning rate 5 x 10~*
Value network learning rate ~ 10~*

Optimizer Adam

Discount factor 0.99

Parameters update rate d 600

Gradient clipping 20

Mixer network dimension 32

RNN hidden dimension 64

Activation function ReLU

Batch size 16

Replay buffer size 1.2 x 104
Others

Lagrangian coefficient o 1000 or 100

A 0.8

QL 2.0

¢ 0.3
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