A Different views on fixed prior variances

Suppose we aim to update variational posterior g(,) = d(pp) (MAP estimate) by optimizing the
following ELBO lower bounding log p(D, )

1

L‘(uq,crg,,up,cr;) = ﬁdata(#qa(’g) - 5[
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we note that only the second and third term on RHS depends on p,,. Differentiating w.r.t. p,, gives:

9 Pq — Bp  Hp _ Qg — Ofip — YL
—L(pg, 02, py,02) =42 _°_ T4 P L2 (12)
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Setting the above equation to zero gives ji, = ﬁjﬂ g Next we calculate the coordinate ascend
update:

1
a/tqﬁ(ﬂqa ‘72; Hp, Ug) = auqﬁdata(HQ7J§) - ;(Uq - Up)‘/tp:ﬁw#q =

Laata(tg,02) — muq. (13)

Hence coordinate ascend with MAP learning gives the same update as applying VI to learn q(s,).
However, MAP learning neglects the constants allowing to learn ;¢4 by optimizing ELBO.

B Derivations

We first present detailed derivation for the bound in Eq. (9).

Step I: Recall that we assume fixed prior variances and the following priors p(W|pu,,)
N(W|p,,71), p(p,) = N(p,]0, a1), and posteriors (W, 02) = N (W |y, 03), q(p,) =
N (,up|m7 3). Since both prior and posterior follow mean-field assumption, we present derivations
for an individual coordinate and add them up at the end.

Step I1: To derive ® in Eq. @ we first calculate KL divergence between posterior and prior over fi,,:

1rm? +
Dict (al o)) = [P~ tog g+ 1ogar 1], (14)
We have that Dy, [q,p] = H[g,p] — H[g]. So E,logp = —H]q,p] = —Dxk1lg,p] — Hlg]. For

q(w|pg,02) = N(wlpg, 02), we have H[g] = 5 log o2 + log v/2e, so first term in Eq. (6) is:

Eq(wmq,ﬂg) Ing(wLupv 0—12)) =

1102 + - 2 1 1
Q[MJrlogfylogagl] — 5 logog — 5 log2me = 3
1102+ - 2

7§[M+10g7+10g27r671:|~ (16)

Hence substituting into the definition of @ (y14,02, q(11p,02)):

D(11q:05,4(1ps 95)) = Eg(u, .02) []Eq(wwq,ag) logp(w\ﬂpvo’,%)} — D (q(pap, o) p(1ap)p(02)),
a7
results in the expression:

Lrog + (g — ip)? 1 m?
@:—]Eq(#)f{w—l—logv—i—log%re—l}—f[m——i—é—i-loga—logﬁ—l}:
P2 0 2l « o
1 o3 + (g — pip)? m? B
—i[Eq(M)%—i—logv—i-log%re—i—?—&-a—i—loga—logﬁ—ﬂ. (18)
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This expression has to be maximized w.r.t. m and 3 to derive ¢* which is used to form ®*. However,
using Eq. (7) gives the maximizer without needing to optimize for m:

log (1) oc \Pa 1) My olig —pnp)® ity
) -

2y 2c 2ary 2ary
2
app + ap — 2o0qippg +ypp (a4 7)(pp — k) + (o= G ke - (19
2ary B 2ary B
(p — ﬁﬂqy + (= ﬁ)ﬂg
5 —. (20)
aty
This is Gaussian distribution, so ¢*(1tp) = N (11| 555 1g, 575 )-
Step III: We integrate ¢*(u,,) in the derived expression for ®:
(g = 11p)?
BNy 8 gy 225) N 1)
2., 2
Hg T 1y — 2Hpfiq
T v (22)
o+ (G md)? + 3 — 255 (e — g5 + o
Y v
222 o 5 o
(at+v)2 " _ 2#3 ' (24)
¥ at+y  (a+7) a+y
Substituting ¢*(41,,) back into ® and plugging in optimal m and 3 gives:
1 g 2 o g
b=—— + — + log~y + log 2me+
2l a5y T agy Ty TS
(GHr)* | o ay
+ +log o — log —-2] = (25)
« « o+
I a+y 5, 0
e + —+4logy+1-1o + log 2me — 2| = 26
2t T Hloen 8oy e ] (26)
L7 2 %0 log —— +1log 2 1} 7)
- - — +logy —lo og2ne —1| =
2ot~y 878 T 0 s
1 [Queght? + 02
-5 »M +logy — log ey + log 2me — 1} ) (28)
Step IV: The full expression for the bound £}, becomes (we add H][q])
1 Creghe 4+ 00 4
Liatalpy 03) = 5 2 | =24+ logy ~log ey —logof — 1] (29)

We now consider the derivation of the bound £}, in Eq. (10). These calculations are similar in spirit

to well-known derivations for conjugate priors in Bayesian hierarchical models.
Step I: We employ priors p(w) = N (w|uy, %) p(p|Tp) = N (10, %) and p(7,) = G(1p|a, B)
and posteriors g(w) = N (w|uq, 02), q(pp|mp) = N (1), q(1p) = G(1p).
Step II: We again use E, log p = —H|[q, p] = —Dxk1[q, p] — H][g] to derive:
Eq(wlpig.o2) log p(wlisp, 0p) =
1 03 + (pp — /‘q)Q)

-3 = +log o, +log2me — 1| = (30)
Tp, o 9 1 1
_E(Jq—i—(up—uq) )+§log7-p—log\/27re+§. (31)
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We first find the posterior for conditional distribution f,|7,. We have that log p(up|7,)

We substitute into Eq. (7) to derive:
* Tp( 2 N 2
log g (Np‘Tp) S _E(Jq + (Np - Nq) ) — gtTpﬂp =

T
— 2(02 + pp + 12— 2pgpp + tpg) £

2
_Tp 2 + S

B Hp ™ TpHqlyp D) Tplby =

(1417
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(L4867, 5 2 1
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B (kp — (1_’_t).uq,up) log (Hp|1+tﬂq (1+t)7'p)

2
if'rp,uz7

(32)
(33)
(34)
(35)

(36)

We now calculate the posterior for 7,,. We derive ¢*(7,) by marginalizing p,, from the joint density

q*(Tp, itp). We have that log p(7,,) o (a — 1)log 7, — 57, and log p(p,) ox f%trpug +

The density ¢*(7,, 1) satisfies (by again substituting into Eq. ):
log ¢" (7, p1p)

2

T, T,
— (05 +2B) + alogry, — (b + (p — 1)?).

To marginalize /1, we need to integrate out exp[— 2 (tu2 + (up — 1g)?)]:

r T
/eXp(*gp(tuf, + (pp — 11q)*))dpp = /eXp(*g”(tuf, 1+ = 2pptig))dpty =

/exp( Z((1+ )y + pj —21+tupuq))du =

/eXp(—T”(lQ+ ‘) (5 + 1 i FHa = 2 Heka) )iy =
/e’(p(fp(lzﬂ)(“’2”+ (1it>2”§721it”p“q (1Jit)2ﬂ3+ 1—1|—t )iy =
/exp(—T”(l;r Y, - : ituqf - (lit)ng G it)ui)dﬂp =
/eXp(—T’)(lQ+ ‘) (kp = 1 i Zhq)” + T; i )u2 - %”uﬁ)dup =
/exp(j’”(g+ J (kp — 1ituq)2 - T”( i )uq)du =

t ) V2T
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T, 1 1 1
- —p(ag + (p — ,uq)2) + 3 log 7, — itTpug + 5 log 7, + (o — 1) log T, — BTy S

%log Tp-

(37

(38)
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(40)

(41)

(42)

(43)

(44)

(45)
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So after integrating out p,, we derive (by substituting —ﬁ usz + log \/% into the joint
Tp

density we obtain:

% T t 1
log ¢* (1) —Ep(ag +28) + alog 7, — mugrp — §log7-p =
log ¢* (1) x —2(02 +28) + (a— 1)logﬁ' — #MQT
P 24 P 2(1+t) a’p
N 1
log ¢*(7p) ox D) (U +28 + m#q) + (o — g)long
I 2.
oclogGla+ 7B+ ( Tarphd)
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Hence the ¢* are ¢* (1p|7,) = N (135 41q, (rr57;) and 67 (1) = Gl + 5, 8+ 5(05 + gy ia))-

Step III: We follow by forming the expression for ®* and marginalizing out prior parameters. First,
to form ®*, we need to calculate KL divergence between derived ¢* and corresponding priors. We
now calculate KL divergence D 1,(q* (14| 7)| [N (1110, 7))

! ! >|N<up|o,;p>> -

D

1 1 9 1 tT
— |t —log—2 1 51
2{%(ﬂ+0“%+(1+ﬂn> Cn+om, } Gh
1 1 9 t t
— |t -1 —1| = 52
2{n%r+wﬂ%+(1+ﬂ 1t } (52)
1 ) t t
- -1 -1
2&1+tﬁ”ﬂﬁ+(1+ﬂ 1t } (>3)
and recall the formula KL between Gamma distributions
Drr(G(w|oy, Bp)||G(z|ay, By)) = (ap — ag)p(ay) — log T'(ay, )+
+logT'(aq) + aq(log By —log By) + o Ba — Py (54)

By
where 1 denotes digamma function and I' denotes gamma function. Substituting posterior g(ag |oe +
1.8+ ﬁuﬁ + 302) and prior G(o2|av, 3) into the above equation gives:

1 t 1
Dri(G(03la-+ 5.8+ g + 3oRlIG o, ) =
1 1 1 t 1
= 5z/)(a + 5) —logI'(a + 5) +logT'(a) + alog[B + e p2 + 502]
1
Calogpe @t (55)

t 2 1 _92
B+ sarpts + 295
Hence, to simplify ®* we need to integrate the expectations in the expression:

. 1
o ZEwwwEwwm{—5(@@3+U@—uﬂ%—J%Nb+bg%w—1)

1 1 1
—DKL(N(Mpll +tﬂqv 1 _’_t)Tp)”N(Npm’ a))

i 1
st t 2o)IGGle ). (56)

We divide the above expression and first integrate out ¢*(u,,) denoting it as .

1
—DKL(g(Tp|Oé + 5,,8 +

1
* = Ege (4, { —5 (Tp(ag + (up — uq)z) — log 7, + log 2me — 1)

1 1 1
~Die Wil o (g, IV 10,500 = 57

1
Egr (uy) = 5( p(0§ + (pp — ,uq)z) —log 7, + log 2me — 1)

1r ¢ , ¢
- —1 f@. 58
2h1+tﬁn“q+(1+ﬂ Bl (>8)
We have that
Eg () (b = 11g)* = B () i + 1 — 2iqhy = (59)
2
2 2 2 _
1+ 1)2H + 1+0)m, T He T M (60)
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Sl 2020, = 1)
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— 62
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So by substituting into the definition of * we have:

1

2 1
*:—§(TP(U§+ ( 2

—1 log2me — 1) — 63
1+t)2uq+(1+t)7p) og 7, + log 2me ) (63)

T log —— —1] =
ola+o2™ e T vy Brye 1T
2

o, o 9 1 1
—_ - 21 = —log V2me—
2 O T et gy T8 g Tl Viame
1t 1t 1 t 1
log —— + = 64
2(1+1)2 ol ~ (1+t)+20g1+t+2 ©4)
:—T(2+7 2) —log V2me + logT +llogi+1.
9 e Tt P14t 2
(65)

We next need to integrate « w.r.t. ¢*(7,) to derive ®*. We use the fact that for Gamma distribution

G(z|a, B) we have that Elog X = ¢)(«v) — log 3, where 1 denotes digamma function and EX = 3.
So we have that:
oHrl
E *(Tp)Tp = (66)
! B+ 508+ tHm3)
1 t
Eq*(rp)10g7p2¢(a+§)—10g [5+ (0] +m 2)] (67)
We now integrate out approximate posterior ¢*(7,):
E,., x=E (62 4 ——pu2) —log V2me + - 10 S AL (68)
* = * _— — T - —_— - —
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1 1 1 1 t 1
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We next form ¢*:
* 1
" =By (r) * —Drr(G(mpla + 5 LB 50 +t)uq+20q)llg(7p\a #)) = (70)
a+ 3 ) t t
- (oq + u)**log[lﬂ pe + 50g] —log Vor
a1 0 ot
+11 Loyl +w(+) [1w(+1) 1 F(+1)+1 I'(a)
2 B 11t aTY) T ey sty st
t 1 (a+3)B
+ alog[8 + p2 + 0] — alog B + 2 —a}: (71)
20+)77 271 ﬁ+2(1+t)'uq+ 3%
o+ ) ) 1 P
=— (o7 + pe +28) — (a+ <) log[B + e+ o]+
2(ﬁ+72(1t+t)'ug+%03) 1+t 2 21 +¢)H'a ™ 2%
1
—log (o + )+logF( )] — alogB— a| —log V27 +10g1+t 5= (72)
1 t 1 I'(a+2)
_ ) — 1 24 “opp 27 1
(a+2) (v + )0g[ﬂ+2(1+t)ﬂq+20q}+ o) +alogB+«
1
—logv2 1 7
0§ viame + log 1—|—t 2’ (73)
where in the main text we use 6 = l%-t
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Step IV: We form the penalty in bound £, (1, ag) as:

muv

1 opZy 1 1
Z [— (o + 5) log[8 + Tq + 50’2@] t3 logo? ;+ log
d

Do+ %)

(o) + alog S+ logd|. (74)

C Experimental setup

Here we list all hyperparameters used in Section[d] We begin by vectorized MNIST experiment. For

experiment batch size 1Ir epochs initlogvar ayeq o B 6  testsamples
MLP MNIST 256 0001 1000 -7 0.05 05001 0.1 2> 2000
LeNet 512 0.001 800 -7 0.025 0.5 0.01 0.1 77— 500
LeNet (CIFAR10/100, SVHN) 512 0.001 800 -7 0.2 0500105 5~ 500
CNN large 512 0.001 800 -7 0.025 0.5 0.01 0.5 & 500
CNN large (STL10) 512 0.001 800 -7 0.2 0.5 0.01 03 Ni: 500

Table 4: Hyperparameters used in our experiments.

LeNet and MNIST experiments, we do not use data augmentation. For larger CNN experiments,
we use standard simple data augmenntation: padding in reflect mode with 4 (STL10 12) pixels and
random cropping to initial size and random horizontal flip (exIcluding SVHN) with probability 0.5.
For MNIST 1 epoch takes 1.2 sec, for LeNet 2.5 sec and for ResNet (CIFAR10) 1 epoch takes 12 sec.

D Additional experimental results

First we report results on UCI data sets as described in the main text but for 1 hidden layer BNN.
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Figure 7: Comparison of collapsed bounds with other algorithms on UCI data sets (top) for 1 hidden
layer BNN.

The collapsed bounds perform overall very well. They are outperformed by MC dropout on boston
and wine, but MC dropout fails terribly on other data sets (we do not tune p per data set, but use
one setting we of p working well for all data sets). We next report additional statistics for CNN
experiments: test ECE score and test NLL on missclassified examples in the table below. We find
that the collapsed bounds als perform well in these metrics, especially in ECE score.

We report the same statistics for large CNN experiment and additionally include final data terms
from ELBO as they allow us to see if an algorithm is under-fitting/over-fitting. We again observe the
collapsed bounds are performing well in terms of ECE score and, they have data terms which are
relatively close to test NLLs reported in the main text (the gap between train NLL and test NLL is
overall small and visibly smaller than for other algorithms).
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test NLL miss . /ECE ] MNIST K-MNIST F-MNIST SVHN CIFARI10

CM-MF-VI 1.63+0.09 2.68£0.09 2.05+0.10 2.91+0.06 2.27£0.01
CMV-MF-VI 1.86 +£0.09 2.85+£0.13 2.09+0.03 2.77+0.02 2.24+£0.05
CV-MF-VI 1.82£0.07 2.75£0.09 1.92+£0.02 2.66+0.02 2.17 £+ 0.02
ME-VI 1.69+0.01 2.19+£0.01 1.84+0.05 2.54+0.03 2.09 £ 0.02
MC dropout 1.74£0.05 249£0.07 1.71£0.02 2.14£0.00 1.91£0.01
MAP 237+£0.10 3.16£0.10 2.04+£0.03 5.63+£0.33 2.90+0.21
CM-MF-VI 0.00 £0.00 0.01 £0.00 0.01 £0.00 0.02+£0.00 0.02+£0.00
CMV-MF-VI 0.00 £0.00 0.01+0.00 0.01 £0.00 0.01 £0.00 0.01 £0.00
CV-MF-VI 0.01 £0.00 0.01 £0.00 0.01 £0.00 0.02+£0.00 0.01 £0.00
MEF-VI 0.02+0.00 0.04 +0.00 0.03+£0.00 0.03+£0.00 0.04+£0.01
MC dropout 0.01 £0.00 0.02+0.00 0.03+0.00 0.10£0.00 0.12+0.01
MAP 0.00 £ 0.00 0.03+£0.00 0.01£0.00 0.07£0.00 0.12+£0.02

Table 5: Image classification with LeNet CNN comparison of test ECE and test NLL on missclassified
examples.

model dataset CMV-MF-VI CM-MF-VI MF-VI MC dropout MAP

RESNET18 STL10 1.91£0.02 191£0.01 1.85+£0.01 3.61+0.04 5.47+£0.12
SVHN 244 +£0.03 2.55+£0.01 2.29+0.02 2.34£0.03 7.02+0.19

CIFAR100 2.86=+0.01 3.25£0.03 3.11+£0.01 3.19+0.01 8.78=£0.07

CIFAR10 1.94+£0.02 2.09+0.01 1.95+£0.02 1.97+0.01 5.92+0.13

SHUFFLENET STL10 1.89+£0.02 1.87£0.01 1.81+£0.01 1.90+0.00 4.10£0.11
SVHN 2.15+£0.02 2.21+0.01 2.224+0.01 1.99+£0.00 3.39+£0.05

CIFAR100 3.14£0.02 3.23+0.03 3.19+£0.02 3.56 £0.01 6.95+0.05

CIFAR10 1.97+£0.02 1.97+0.02 1.98+£0.02 1.90£0.01 3.64=£0.05

ALEXNET STL10 1.84£0.00 1.86£0.01 1.92+0.03 2.30+0.18 4.85+1.00
SVHN 2.19+£0.01 2.27+0.03 2.10+£0.01 2.02+£0.02 6.83£0.38

CIFAR100 3.20£0.01 3.28£0.03 3.52+£0.02 3.26 £0.02 11.64+0.21

CIFAR10 1.91+£0.01 197+0.01 1.96£0.01 1.90£0.01 6.74=+0.06

RESNET18 STL10 1.07£0.01 1.12+£0.02 1.66£0.01 0.07£0.00 0.03+0.00
SVHN 0.19£0.00 0.13+0.00 0.34+£0.00 0.20£0.00 0.01 £0.00

CIFAR100 1.41£0.01 0.724£0.01 2.44+0.02 0.99 £0.00 0.04+£0.00

CIFAR10 0.43£0.00 0.28+0.00 0.81£0.01 0.39£0.00 0.03£0.00

SHUFFLENET STL10 1.02+£0.02 1.06£0.02 1.75£0.07 1.34£0.01 0.24+0.00
SVHN 0.37£0.00 0.36+0.00 0.42+£0.01 1.47+0.01 0.16 £0.00

CIFAR100 2.03£0.01 1.66=+0.04 2.40£0.03 3.30£0.01 0.33+0.01

CIFAR10 0.72+£0.00 0.71+0.01 0.81£0.01 1.41£0.00 0.25=£0.01

ALEXNET STL10 1.65+£0.05 1.60£0.03 1.98£0.02 0.59=£0.16 0.19+0.11
SVHN 0.42£0.00 0.34+0.01 0.70£0.00 0.53£0.01 0.06 £0.01

CIFAR100 2.42=£0.03 2.19+0.10 3.16£0.04 1.98+0.03 0.20+0.01

CIFAR10 0.82+£0.01 0.724+0.03 1.35+£0.00 0.74£0.03 0.06 £ 0.00

RESNET18 STL10 0.07£0.01 0.07+0.00 0.04+£0.00 0.15+0.01 0.22£0.00
SVHN 0.03£0.00 0.0240.00 0.04+£0.00 0.04£0.00 0.04=£0.00

CIFAR100 0.06 £0.00 0.024+0.00 0.08£0.01 0.04+0.00 0.35=+0.00

CIFAR10 0.04£0.00 0.0240.00 0.06 £0.01 0.04 £0.00 0.11+0.00

SHUFFLENET STL10 0.07£0.01 0.09+0.00 0.04+£0.01 0.07£0.01 0.25£0.01
SVHN 0.04 £0.01 0.04+£0.00 0.04+£0.00 0.31+0.01 0.03£0.00

CIFAR100 0.04£0.00 0.02+0.00 0.05+0.00 0.11£0.00 0.39=£0.01

CIFAR10 0.03+£0.00 0.03+0.00 0.04+£0.00 0.13£0.00 0.15£0.01

ALEXNET STL10 0.11£0.02 0.09+0.02 0.03+£0.01 0.05+0.04 0.22£0.03
SVHN 0.06 £0.00 0.05+0.01 0.11+£0.00 0.11£0.01 0.07£0.01

CIFAR100 0.08£0.01 0.08+£0.00 0.07+£0.01 0.09£+0.00 0.46 £+ 0.00

CIFAR10 0.07£0.00 0.06+0.01 0.09+£0.00 0.09£0.00 0.19£0.01

Table 6: Test NLL on missclassified examples (top), data terms (middle) and test ECE score (bottom).
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E Over-pruning

Here we provide more details on over-pruning in BNNs. First we consider a simple 1D regression
task with 2 hidden layer BNN with a changing number of hidden units (size) with heteroscedastic
Gaussian observation model. We plot contributions to predictions from 5 active units, remaining units
(inactive) and predictions made by BNN (full pred). We observe that inactive units only contribute to
homoscedastic predictive variance which grows with the size of the network. An increasing number
of inactive weights introduce excessive noise to predictions, causing under-fitting when the size of
the network grows further. These figures are in line with observations made in Figure
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Figure 8: Over-pruning for 1D regression with 2 hidden layer BNN and fanh activations.

Relation to heuristics. To resolve under-fitting of mean-field BNNs, previous work has re-weighted

terms arising from the KL divergence between the approximate posterior to improve the performance

of variational BNNSs. A generic expression to learn a variational posterior assuming prior A/(0, O'g].)
can be expressed as:

2 2 T[ R 2, k2 o

‘Cheuristic(uqu O'q) = /idataﬁdata (Nlp O'q) -1 [ﬁaq + ﬁuq

P P
note that it is merely a heuristic and optimizing L},¢yristic Might not minimize a metric between
approximate posterior (W |p,, o2) and true posterior p(W|D). Standard MF-VI corresponds to

Setting Kyqta = K1 = ko = k3 = kg = 1. Posterior tempering [70] sets Kgatqa = kK1 = ko = K3 = %
and k4 = 1. KL down-weighting sets Kgqqtq = 1, K1 = kK2 = kK3 = k4 = 3. These approaches do
not break the dependency x2 = x; which we find to be inducing under-fitting. We have found one
attempt to break the dependency ko = k1 [43]], but this was derived as a heuristic and resolving

under-fitting has not been attributed to this change.

K K
—73 log 0'34-?4 log 0'12, , (75
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