Supplementary materials for:
Distribution-free inference for regression: discrete,
continuous, and in between

Yonghoon Lee Rina Foygel Barber
Department of Statistics Department of Statistics
University of Chicago University of Chicago
Chicago, IL 60637 Chicago, IL 60637
yhoony31@uchicago.edu rina@uchicago.edu

B Additional details for proof of Theorem I

B.1 Details for (6)
To compare P and P,, we can equivalently characterize these distributions as follows:

e Draw X ~ Px.

* Conditional on X, draw Z | X € X,,, ~ Bernoulli(0.5) (for the distribution P, or for the
distribution P, if m = 1),or Z | X € X,,, ~ Bernoulli(0.5 + a,,¢) (for the distribution P,
ifm > 2).

* Conditional on X, Z draw Y as

Y|X:x,Z:z~P}Z,|X:w.

Define P as the distribution over (X, Y, Z) induced by P, and P, as the distribution over (X, Y, Z)
induced by P,. Then the marginal distribution of (X,Y") under P and under P, is given by P and by
P,, respectively.

Now consider comparing two distributions on triples (X1, Z1,Y1),..., (Xn, Zn, Yn). We will
compare P versus the mixture distribution Pp;x defined as follows:

iid

* Draw A1, Ag, ... ~ Unif{£1}.

« Conditional on Ay, Ao, ..., draw (X1,Y1,Z1), ..., (Xp, Y, Zn) 'S Py

Since in our characterization above, the distribution of Y7, ..., Y,, conditional on X1, ..., X, and on
Z1, ..., Zy is the same for both, the only difference lies in the conditional distribution of 71, ..., Z,
given X1, ..., X,,. Therefore, we can apply Lemma[2|with ¢; = 0 and e, = €3 = - - - = € to obtain

drv (pmimpn) <2n /Z etp?,.
m>2

Now let Ppix be the marginal distribution of (X1,Y7), ..., (X,,Y,) under Prix. Noting that P" is
the marginal distribution of (X1,Y?), ..., (X,,Y,) under P", we therefore have

dry (Pix, P*) < drv (pmi)upn) <2n | > €2,
m>2
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C Proof of Theorem 2]

First, define p,,, = Pp, {X = z(m) } The following lemma establishes some results on its support,
expected value, and concentration properties of Z:

Lemma C.1. For Z and N>, defined as in @) and (@), the following holds:

3

Var (Z | X1,..., Xn) < Noo + 2E[Z | X1, ..., Xn].

In particular, the first part of the lemma will allow us to use E [Z] to bound the error in y—here the
calculations are similar to those in|Chan et al.|[2014]] for the setting of testing discrete distributions.
Recalling the definition of M (Px) given in (2), define

2M*(Px) +n
A=y ————_ .\ JE[Z].
n(n —1) 1]
We have
M§X) (m) (m) M;(ZPX)P (@) — pp(z™))| ST,
pm|p(z™) — pp (™| = = — /24 npm
m=1 m=1 2+npm
M,’Y‘(Px) 5 M_’;(Px)
(p(xm) — pp(xm))2
< m 2
= Z 2+ npm, mZ::l + Npm
E[Z]
2M* (P,
nin—1) 7(Px)+n

where the next-to-last step holds by the following identity:

n n(n—l)p2
Lemma C.2. Foralln > landp € [0,1], np—1+ (1 —p)™ > STy

Next, we will use Lemma to relate A and A. By Chebyshev’s inequality, conditional on
X1,...,X,, with probability at least 1 — 6/4 we have

Var (Z | X1,..., X N- 2E[Z | Xq,..., X,
zzE[lel,...,Xn]—\/ ar |5/1£1 : n)ZIE[ZXl,...,Xn]—\/ >2+ [5/|4 b K]

which can be relaxed to

E(Z] X1.....Xa] < 27 + 4,/ N2a /6 4 8/

Marginalizing over X7, ..., X,,, this bound holds with probability at least 1 — §/4. Moreover, again
applying Chebyshev’s inequality, with probability at least 1 — §/4 we have

Var (E[Z | Xy,..., Xx])
574 - e

E[le,...,xn]zlE[Z]—\/

which can be relaxed to
E[Z] <2E[Z| Xy,...,X,] +8/6.



Combining our bounds, then, we have E [Z] < 4Z + 8,/N>2/d + 24/§ with probability at least
1 - 6/2. Since P {J\?V > M: (PX)} > 1 — §/2 by Hoeffding’s inequality, this implies that

P{EgA}zl—é.

Now we verify the coverage properties of 6‘n We have

P{1p(Xat1) € Ca(Xarn) } = P{lnp(Xat1) = p(Xos)| > (0= 3 - 7) 'R}
<P{A <A} + P{lup(Xon) = p(Xns1)l > (@ =0 =) A}
<P{B <Al 4B Ko ¢ (o0, a5}

M (Px)
+ 3 P{Xa =2, e (Xain) = p(Xin)l > (0= —7)7'A}
m=1

<54+ P{Xni1 =2, |up(Xn1) = pl(Xns1)| > (@ =5 —7)'A}

m=1
M} (Px)

<d+v+ ZX pml {‘W(Jc(m)) - M(l‘(m))) > (a—0-— 7)_1A}
m=1

—

S (Px m m
S e e (™) — ()]
(a=d6—7)"'A

<d+v+

Y F P
SN CET R N

which verifies the desired coverage guarantee.

D Proof of Theorem

First, we have ]\77 < M almost surely by our assumption on Px. Next we need to bound E [Z].
We have

E[Z_]<E[(Z-E[Z]|X4,...,X,])_] since this conditional expectation is nonnegative
<VE[(Z-E[Z|Xy,...,X,])?]
=VEE[(Z-E[Z|X1,....Xu))? | X1,..., X,]]

= \/E Var (Z | X1,...,X,)]

< E[Ns2 +2E(Z | X..... X,]] by Lemma[CT

E [N>2] +2E [Z].
We then have
EZL)=E[Z]|+E[Z_] <E[Z]+4/2E[Z] + E[N>2] < 1.5E [Z] + 1 + {/E [N>2].

Next we need a lemma:

LemmaD.1. Foralln > 1andp € [0,1], np — 14 (1 —p)"* < 1"2




Combined with the calculation of E [Z] in Lemma|[C.1] we have

- n2p?
E[Z] < Z(H(I(m)) — pup(zM)? . —m

o L+npm
M 2
-n/M
< (™) (myyy2, /M
_mz::lpm (w(@™) = pp @)
2
nn 2
T Br [(np(X) — (X))
2
nn
< .
= (CITM) M + nn7
since we have assumed that Py is supported on {z("), ... 2(*)} and that Pp,. {X = x(m)} <n/M

for all m, where we must have > 1. Furthermore, we have

E[N>g] = ZP{nm>2}<ZE

M
= n-Ppy {X = x(m)} -1+ (1 —Ppy {X = x(m)}) as calculated as in the proof of Lemma [C.1]
m=1
M
<Y nen/M—1+(1-n/M)
m=1
o~ 7 n/M)?
< by Lemma
< mZ:l vl
o
- M+nn

We also have N>; < M almost surely, and so combining these two bounds, E[NZQ] <
mm{” , M'}. Combining everything, then,

2

2 nm [ n°n?
E[Z,] < 1.5(err,)” - M+ om + 1+ /min , M 5.

Plugging these calculations into the definition of 3, we obtain

,/m : \/4Z++8\/N>2/5+24/6
<E l,/m - \/4Z++8./N22/6+24/5
< 1/% : \/41}3 (Z4] + 8y/E [Nss] /6 + 24/5

m' 1 <1.5(erru)2 : M"fnn 14 min{"jwnz,M}) +8\/min{’;;,M}.1/5+24/5

2M +n nm? n?n
S\/n(n—l) \/6(6H“)2.M—|—77n+ 4(1 + 2/V6) mm{ M} 4+424/6

We can assume that M < n? and n > 2 (as otherwise, the upper bound would be trivial, since we

must have Leb(C,,(X,,41)) < 1 by construction). If M > n, then Q(J\g *f) < ST and the above




simplifies to

and since we assume M < n2, we therefore have
—~ M
E [A} < 6y/7 - erry + ( 6(4+ 24/8) + \/24n(1 + 2/\/5)> 7= (D.2)

If instead M < n, then S(Jf{f{”) < & and the above bound on E [ﬁ} simplifies to

E [ﬁ} <6-erm, + ﬁ [\/4(1 +2/VEWM + \/4+24/5} ,

which again yields the same bound (D.2)) since M > 1 and n > 1. Finally, by definition of 5n (Xnt1)s
we have 5

E [Leb(@n(XnH))} <E m a—6—7

which completes the proof for ¢ chosen appropriately as a function of «, d, 7, 7.

E Proofs of lemmas

E.1 Proof of Lemmalll

Let zeq be the median of Q. Define
d< = ]P)Q {X < ‘Tmed}, q> = IEJJQ {X > xmed}y
and note that g<, ¢~ € [0,0.5]. For X ~ @, let Q< be the distribution of X conditional on X < Zpeq
and let ()~ be the distribution of X conditional on X > xeq4. Then we can write
Q=0< Qc+ (1 —qg<c —G>) Oy + ¢ - Q>,

where §; denotes the point mass distribution at t. Now define

Qo =2¢< - Q< + (1 — 2g<) - bz,
and

Q1=2¢> Q>+ (1 —2¢5) * Oy-
Then clearly @ = 0.5Q) + 0.5Q;. Next let 119, 111 be the means of these two distributions, satisfying
% =y where y is the mean of @, and let o3, o7 be the variances of these two distributions. By
the law of total variance, we have

0% = Var (0.58,,, + 0.56,,) + E [0.55(,8 + 0.5505}

_ 2
- w +0.502 + 0.502.

Next, Qg is a distribution supported on [0, Zmeq] With mean g, so its variance is bounded as
2
05 < 10(Tmed — Ho),
where the maximum is attained if all the mass is placed on the endpoints 0 or Zyeq. Similarly, @ is a
distribution supported on [Zyed, 1] with mean 1, so its variance is bounded as
2
o7 < (1= p1) (k1 — PTmea)-
Using the fact that % = u, we can simplify to

o + 07 < p1o(Tmea — po) + (1 — p11) (11 — Tinea)

= .UJ(xmed - ,LLO) + (1 - ,U)(Nl - zmed) - 0.5(}1,1 - :uo)z'
Therefore, we have
2
o2 = w +0.502 + 0.50% < 0.50(Zmea — o) + 0.5(1 — 12)(11 — Tmea)
=0.5(2 — 1)Zmeqa — 0.5pp0 + 0.5(1 — w)pr = 0.5(2 — 1)(2mea — 1) + 0.25(11 — f10)-
Next, |2 — 1] < 1 since p € [0,1], and |2med — 1| < 0.5|p1 — pol since pg < Tmea < p1 and
totis — 4. Therefore, 02 < 0.5(p1 — o), proving the lemma.



E.2 Proof of Lemmalfl

First we need a supporting lemma.
Lemma E.1. For any N > 1 and any € € [0,0.5],

dxL (0.5 - Binom(N, 0.5 + €) + 0.5 - Binom(N, 0.5 — ¢) || Binom(N, 0.5)) < SN(N — 1),

Proof of Lemmal|E.1} Let f; be the probability mass function of the Binom(2V, 0.5) distribution, and
let f1 be the probability mass function of the mixture 0.5-Binom(V, 0.5+¢€)+0.5-Binom(N, 0.5—¢).
Then we would like to bound dky ( f1]| fo). We calculate the ratio

filk)  05-()(05+€F(0.5—e)¥F4+05-(1)(0.5— 0.5+ )Nk
folk) — (1) (05)N

(1 +20)F (1 —2e)NF 4 (1 —2€)%(1 4 2¢)VF

N 2

Therefore, it holds that

e | (250)]

(L2020 1200 2e>N_Xﬂ

=E inom
Binom(,0.5) 5

{(1 +26)2X (1 — 26)2V 72X 4 (1 — 26)2X (1 4 2€)2N2X 1 2(1 — 462)N}
4

= IEBinom(N,Oﬁ)

2X 2X
(1= 20" B | (£55) | + (14 20" Bumcvasy | (455) | +201 - 46

1
2N 1+42¢ 2X N 2N 1—2¢ 2X o 2\N
(1 - 26) IEBern(O.S) (1—25) + (1 + 26) ]EBem(O.S) <ﬁ) + 2(1 —4e )
- 4
2 N 2 N
(1—2¢)2N {0.5 (%) v 0.5} + (1 +2€)2N [0 5 (H;) + 0.5} 4 2(1 - 42)N
- 4
[0.5(1 +26)2 +0.5(1 — 2602 + [0.5(1 — 26)% + 0.5(1 +2¢)2] " 4 2(1 — 4e2)N
B 4
(144N + (1 4N
B 2
=1+) (;;) (4¢2)2F
E>1
N(N=1)...(N =2k +2)(N =2k +1), 50
=1+ (4€%)
]; (2k)!
k 2\ 2k
<1+Z Qkk' (4e )
k>1

< 6864N(N—1).

Applying Jensen’s inequality, we then have

a1l = 326 () - Efl[log@?i)]<10g(Efl{§;E§§D

X 4 B
= log (EBinom(N,O.S) [ 2 (X) ]) SN 1)) =8IN(N —1).




Now we turn to the proof of Lemma|2| Let p,,, = P{X € A,,,} foreachm = 1,2,.... Define a
distribution Pjon (W, Z) € N x {0,1} as:

Draw W ~ i DmOm, and draw Z ~ Bernoulli(0.5), independently from W.
m=1
and for any signs aq, as, - - - € {£1}, define a distribution P, on (W, Z) € N x {0, 1} as:
Draw W ~ i PmOm, and conditional on W, draw Z|W = m ~ Bernoulli(0.5 + a,, - €,).
m=1
Then define P} = (P})" and define P} as the following mixture distribution.

iid

* Draw Ay, Ag,... ~ Unif{£1}.

* Conditional on Ay, Ay, ..., draw (W1, 21),...,(Wy, Z,) ~ S P.

Note that (X1, 21)y .oy ( Xy Zn) ~ Py can be drawn by first drawing Wi, Z1)y .y W, Z’E) ~
P} and then drawing X;|W; ~ Px|xex,, foreach i. Similarly, (X1,21),...,(Xn, Zp) ~ Py is
equivalent to first drawing (Wi, Z1), ..., (Wy, Z,) ~ P} and then drawing X;|W; ~ Px|xexw,
for each i. This implies dry (P1||Py) < drv(P}||F}).

Now we can calculate the probability mass function of ]56 as
P(g((whzl)a RS (wn7 Zn)) = H (p’wl ! 05) )
i=1

and for P} as

n
Pi((wr, 21, (wn, 2n) = B umitre1y H (Pu; - (0.5 + Au,em)™ - (0.5 — Au,€m)' ™)
=1

Defining summary statistics

n n
N :Z]l{wi:m} andkmzz:]l{wi =m,z =1},
i=1 i=1
we can rewrite the above as
pé((wl’ Zl)a wn7 Zn H pnm . 5n'rn’

and

P{((wl, 21)y -« s (Wny zn)) =B e H prm (0.5 + Amem) (0.5 — Apen)"™ —km

m=1

ﬁ oL Z (0.5 + amem)’€m - (0.5 — amem)"m_km

amE{:I:l}



‘We then calculate

kL (P{||Pg) = Ep,

_E., |1og | A Zame{il}(o 5+ Amem) 5 - (0.5 — apep )N Em
K [T o - (05)Y
_ i £, |log 7 2anef+13(05+ A€ ) K - (0.5 — @€y ) V™
m=1 " (0.5)Nm
0 = 0.5 4+ apmem)Em - (0.5 — apepy, ) NmEm
= Z Es |E5 |log Za”’eﬁl}( Em) ( mém) Npl |
ATH (0.5)Nm
m=1
where .
Z]l{W—m} ande_Z]l{W m,Z; =1},
i=1
Next, we calculate the conditional expectation in the last expression above. If IV,,, = 0 then trivially

it is equal to log(1) = 0. If N,,, > 1, then under 151’, we can see that
K., | Ny, ~ 0.5 - Binom(N,,,0.5 + €,,) + 0.5 - Binom(N,,,0.5 — €,,),
and therefore,

(AT 05 F e (05— amen) ) |
& (0.5)Nm m

Ez,

m?

= dy (0.5~Binom(Nm, 0.5-€11)+0.5-Binom(N,,,, 0.5—¢,,) || Binom(N,,,, 0.5)) < 8Ny (Npp—1)él
where the last step applies Lemmal[E.T] Therefore,

e (P{11Pg) < ) Epy [8Nm (N — ey ]
m=1
=8 emEp [No — N
m=1
=8 Z el ((npm (1 = pm) + n2p%1) — NP,
m=1

n(n—1) Zempm,

since N,, ~ Binom(n,p,,) by definition. Applying Pinsker’s inequality and dry(P;||Py) <
drv(P]||P}) completes the proof.

E.3 Proof of Lemmal[C.1]

Define
A (nm - 1) : ((gm - ’u(l‘(m)))Q - n;zlsgn)v Nim > 27
" 0, Ny = 0or 1.
Then Z = > °_, Z,,. Now we calculate the conditional mean and variance. Conditional on
Xi,..., X, §Jm and s2, are the sample mean and sample variance of n,, i.i.d. draws from a

distribution with mean ;. p (x(m)) and variance o2 (2(™)), supported on [0, 1], where we let o2 (2(™))

be the variance of the distribution of Y| X = 2("™) under the joint distribution P. For any m with
Ny > 2, we therefore have

E G | X1, Xn] = pp(@™), Var (G | Xi1,..., Xp) = nlob(@™) = E [n;'s2, | X1,..., X,



and so

E [(gm — ,u(ac(m)))2 — n;llsfn ‘ Xq,... ,Xn}
=n,'op (@) + (up (™) — p@™))? = nlop (@) = (up (™) — ™).

Next, we have (nq,...,ny) ~ Multinom(n, p), which implies that marginally n,,, ~ Binom(n, p,,)
and so

E[(nm —1)4] = E[ng — 1+ 1{n, = 0}] = npp — 1+ (1 —pn)".

Combining these calculations completes the proof for the expected value E [Z] and conditional
expected value E[Z | X1,...,X,].

Next, we calculate conditional and marginal variance. We have
Var ((§n = pla™))? = nlsh, | X, Xo)

= Var (g — (@) = ny, )82, = (up(a™) = p(a))? | X, Xa)

where the last step holds since (a + b + ¢)? < 4a? + 2b? + 4¢? for any a, b, c. Now we bound each
term separately. First, we have

| ((0n ~nra™) | 51, ]

1
— > E
m 11,%2,13,14 S.t.
Xiy =Xy =Xy =X, =2(™

4
H(Ylk - MP(x(M))) ' X17 s ’Xn‘|
k=1

= % {nm -E {(Y - ,up(x(m)))‘l ’ X = x(m)} + 3 (1 — 1) - E {(y _ ,up(x(m)))2 ’ ¥ — m(m)r]

n
1 m m
<or [nm-a;(x< )+ 31t (11 — 1) - (03(2¢ >))2]
1 . Lo 3+ 1
< % [nm‘g‘f‘?’nm(nm_l)'(z) } = 16n§n )

where the second step holds by counting tuples (i1, 2, i3, 74) where either all four indices are equal,
or there are two pairs of equal indices (since otherwise, the expected value of the product is zero).
Next,

B | (200 - pla™))ar (™)~ (™))

Xl,...,Xn}

= 4(up (@) = p(@)E [ G — pp (@) | X, X
= 4(up(@) = (™)) -l (@)
<! (e (20 = p(a™))?,



Nom

Finally, since s,zn < holds deterministically,

4(nm—1)
E[(ns2)" | Xu, o Xa] <mp2e s B[ | X, X
m “m ? ’ — m 4(nm _ 1) m I 9
_ 2 Tim 2 ((m)y <« 1
" =1y TP S
Combining everything, then,
Var ((gm ~ (™)~ pls? ‘ Xy, .. ,Xn)
3nm +1 1 1
<gq. .M 249 (m)y _ (M2 4 4.
<4 TR 2 a0 — a4 g,
and so for n,, > 2,
Var (Z, | X1,...,Xn)
3ng, + 1

1
< (nm — 1) [4 + 20 m, (pp () — p(2™))? + 4

1603, 167 (R — 1)
<142 — 1) - (up(@™) = w(@™)2 =05+ 2E[Z,, | X1,...,X0].

If instead n,, = 0 or n,, = 1 then Z,, = 0 by definition, and so Var(Z,, | X1,...,X,) = 0.
Therefore, in all cases, we have

Var (Zy | X1,y Xn) < 1{nm > 2} + 2B [Zn | X1, ..., X,].

It is also clear that, conditional on X1, ..., X, the Z,,’s are independent, and so

[ee]
Var (Z | X1,...,Xp) = > Var(Zp | X1,...,X,) < Noo + 2B [Z | Xy,..., X].
m=1

Finally, we need to bound Var (E [Z | X,..., X,,]). First, we have

Var (E [Zyn | X1, .., Xa]) = Var (= 1)1) - (up (™) — p(@™))*
< Var (g = 1)4) - (np (™) = p(a™))?,

and we can calculate
Var ((nm —1)4)

= Var (n,, + 1 {n,,, = 0})

= Var (n,,) + Var (1 {n,, = 0}) 4+ 2Cov (ns,, 1 {n,,, = 0})

= Var (n,,) + Var (1 {n,, = 0}) — 2E [n,,,] E [1 {n,,, = 0}] since n, - 1 {n,, = 0} = 0 almost surely
= P (1 = pm) + (1= pm)™ (1 = (1 = pm)™) = 20 (1 — pm)™.
Therefore,

2 [(nyy — 1)1] — Var (n, — 1)1)

=2np,m — 2+ 2(1 *pm)n - npm(l *pm) - (1 *pm)n(l - (1 *pm)n) + anm(l *pm)n

=P (1 +pm) + (1 = pn)" (L4 2npp + (1 — pp)"™) — 2

>0,

where the last step holds since, defining f(t) = nt(1+¢) + (1 —¢)" (1 + 2nt + (1 — ¢)"), we can
see that f(0) = 2 and f/(¢) > 0 forall t € [0, 1]. This verifies that

Var (B (Z | X1, Xo]) < Var (= 1)) - (™) = pu(a™))?
< 2B (i — 1)4] - (pp(a™) = p(a™))? = 2E [Z,,].
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Next, for any m # m/,
Cov(E[Zm | X1, -, Xn, E[Zm | X1, ..., X0])
= Cov ((nm = D)y (s = 1)4) - (p (™) = u(2™))? - (up (™)) = p(z™)))?
<0.
For the last step, we use the fact that Cov ((n,, — 1)+, (nm — 1)4) < 0, which holds since, condi-

tional on n,,, we have n,,,» ~ Binom (n — N 1{’;’

and so the distribution of n,,, is stochasti-

bl
m

cally smaller whenever n,, is larger. Therefore,

Var (E[Z | X1,..., X)) < f:Var(E[zmml,...,Xn]) < izm:[zm] = 9E [Z].

m=1

E.4 Proofs of Lemma and Lemma [D.1]

Replacing p with 1 — s, equivalently, we need to show that, for all s € [0, 1],

— 1)1 = 2 2 1— 2
nn D=8 )
2+n(l-ys) 14+n(1-s)
After simplifying, this is equivalent to proving that
—35)? — _
n(l—s)*+2n(l —s) NN n(l—s) 7
24+ n(l—s) - “14+n(l-s)
which we can further simplify to
n(l—s)+2n n

A S I | n=1 7
24+ n(l-—s) — et “1+n(l-ys)

by dividing by 1 — s (note that this division can be performed whenever s < 1, while if s = 1, then
the desired inequalities hold trivially).

(E.2)

Now we address the two desired inequalities separately. For the left-hand inequality in (E.2), define
h(s)=2+n(1—5))-(s+8*+--+8"" ) =ns+2(s+5>+---+5"1) —ns"
We calculate h(1) = 2(n — 1), and for any s € [0, 1],

n—1 n—1
R(s)=n+ E 2is'™t —n?s" 7t >4 g 2is" "t —p2snt
i=1 i=1

n—1
=n+s"""! <Z 2i — n2> =n—ns""1>0,
i=1
where the first inequality holds since s*~! > s"~! foralli = 1,...,n — 1, and the second inequality
holds since s"~! < 1. Therefore, h(s) < h(1) = 2(n — 1) forall s € [0, 1], and so

1454451 = (I+s+-+s"1 (2+n(-5)

2+n(l-ys)
2+ n(l—s)+h(s) < 24n(l—-5)+2n—-1) n(l-s)+2n
B 24+n(l—s) - 24+n(l—s) 24 n(l-s)’

as desired.

To verify the right-hand inequality in (E.2)), we have
w1 (L4st+- 45" - (140l —s))

Lhst s 1+n(l-2s)
m+D(1+s+-+s"H—n(s+s2+--+3")

B 1+n(l-2s)
n+(1+s+--+5"1) —ns"
B 1+ n(1l—s)
>
“1+n(l-s)

where the last step holds since, for s € [0, 1], we have s* > s™ forall i = 0,1,...,n — 1.
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