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A.1 Proof of Proposition 1

We first introduce some notation and preliminary results. Proposition 1 considers a group Sk (from
an initial set of K + 1 groups S0, . . . , SK) which is split into two non-empty, disjoint subgroups,
S′
k and S′′

k . We denote their cardinalities as sl = |Sl| (for l = 0, . . . ,K), s′k = |S′
k|, and s′′k = |S′′

k |,
such that sk = s′k + s′′k . Let Ū(s) be the expected utility function defined in Proposition 1, which
depends only on the dataset size s. We define an auxiliary function ∆(x) for any x ∈ N (where x
will typically represent the sum of cardinalities of other groups in a coalition):

∆(x) := Ū(x+ s′k) + Ū(x+ s′′k)− Ū(x)− Ū(x+ s′k + s′′k).

The proof of Proposition 1 will rely on the following technical lemmas. Their proofs, which build
upon the prudence condition (3), are deferred to Appendix A.1.1.
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Lemma 2. [Prudence Implication for First Differences] Suppose the expected utility function Ū(s)
satisfies the prudence condition (3). Let ∆Ū(t) := Ū(t+ 1)− Ū(t) for t ≥ 0. Then, for any integer
x ≥ 0 and positive integers a, b ∈ N+, it holds that

∆Ū(x) + ∆Ū(x+ a+ b) > ∆Ū(x+ a) + ∆Ū(x+ b).

(This property indicates that the first-order difference ∆Ū(x) is a strictly convex function.)

Lemma 3. [Strict Monotonicity of ∆(x)] If Ū(s) satisfies the prudence condition (3) (which implies
Lemma 2), then ∆(x) is a strictly decreasing function of x. That is, for any x2 > x1 ≥ 0, we have
∆(x1) > ∆(x2).

Lemma 4. [Sum Symmetrization Identity] Let [n] := {1, . . . , n} be the set of player indices, and let
f : 2[n] → R be a function that assigns a real value to each subset of [n]. Then, for any integer m
such that 0 ≤ m ≤ ⌊n/2⌋, the following identity holds:∑

I⊆[n]
|I|=m

f(I) +
∑
I⊆[n]

|I|=n−m

f(I) =
1(

n−m
m

) ∑
I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

[f(I) + f(I ∪ J)] .

We now proceed to prove Proposition 1.

Proof of Proposition 1. Let N0 = {0, . . . ,K} be the set of indices for the initial K + 1 groups
S0, . . . , SK . The Group Shapley Value for Sk can be re-expressed in terms of Ū , as follows:

E[GSV(Sk)] =
∑

I∗⊆N0\{k}

|I∗|!(K − |I∗|)!
(K + 1)!

[
Ū

(∑
l∈I∗

sl + sk

)
− Ū

(∑
l∈I∗

sl

)]

=
1

K + 1

K∑
m∗=0

1(
K
m∗

) ∑
I∗⊆N0\{k}
|I∗|=m∗

[
Ū

(∑
l∈I∗

sl + sk

)
− Ū

(∑
l∈I∗

sl

)]
. (1)

After splitting Sk into S′
k and S′′

k , we have K + 2 groups. Let N ′ = (N0 \ {k}) ∪ {k′, k′′} be the
set of indices for these K + 2 groups, where k′ and k′′ index S′

k and S′′
k respectively. The GSVs for

S′
k and S′′

k are:

E[GSV(S′
k)] =

∑
I⊆N ′\{k′}

|I|!(K + 1− |I|)!
(K + 2)!

[
Ū

(∑
l∈I

sl + s′k

)
− Ū

(∑
l∈I

sl

)]

=

K+1∑
m∗=0

1

K + 2

1(
K+1
m∗

) ∑
I∗⊆N ′\{k′}
|I∗|=m∗

[
Ū

(∑
l∈I∗

sl + s′k

)
− Ū

(∑
l∈I∗

sl

)]
,

E[GSV(S′′
k )] =

∑
I⊆N ′\{k′′}

|I|!(K + 1− |I|)!
(K + 2)!

[
Ū

(∑
l∈I

sl + s′′k

)
− Ū

(∑
l∈I

sl

)]

=

K+1∑
m∗=0

1

K + 2

1(
K+1
m∗

) ∑
I∗⊆N ′\{k′′}

|I∗|=m∗

[
Ū

(∑
l∈I∗

sl + s′′k

)
− Ū

(∑
l∈I∗

sl

)]
.

Let I0 = N0 \ {k} be the set of K "other" groups. To analyze E[GSV(S′
k)] + E[GSV(S′′

k )], we
examine the terms associated with each I∗ ⊆ I0. Let m∗ := |I∗|. For a given I∗, its coalition can be
joined by S′

k alone, S′′
k alone, or by S′

k and S′′
k in either order. Collecting the marginal contributions

for S′
k and S′′

k across these scenarios for a fixed I∗, we obtain:

1

K + 2

{
1(

K+1
m∗

) [Ū (∑
l∈I∗

sl + s′k

)
− Ū

(∑
l∈I∗

sl

)
+ Ū

(∑
l∈I∗

sl + s′′k

)
− Ū

(∑
l∈I∗

sl

)]

+
1(

K+1
m∗+1

) [Ū (∑
l∈I∗

sl + s′′k + s′k

)
− Ū

(∑
l∈I∗

sl + s′′k

)
+ Ū

(∑
l∈I∗

sl + s′k + s′′k

)
− Ū

(∑
l∈I∗

sl + s′k

)]}
.
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Summing over all I∗ ⊆ I0, the total expected value is:

E[GSV(S′
k)] + E[GSV(S′′

k )]

=
∑

I∗⊆I0

1

K + 2

{
1(

K+1
|I∗|
) [Ū (∑

l∈I∗

sl + s′k

)
− Ū

(∑
l∈I∗

sl

)
+ Ū

(∑
l∈I∗

sl + s′′k

)
− Ū

(∑
l∈I∗

sl

)]

+
1(

K+1
|I∗|+1

) [Ū (∑
l∈I∗

sl + s′′k + s′k

)
− Ū

(∑
l∈I∗

sl + s′′k

)
+ Ū

(∑
l∈I∗

sl + s′k + s′′k

)
− Ū

(∑
l∈I∗

sl + s′k

)]}
.

Let sI∗ =
∑

l∈I∗ sl. The above form can be simplified into:

E[GSV(S′
k)] + E[GSV(S′′

k )]

=
∑

I∗⊆I0

1

K + 2

{
1(

K+1
|I∗|
) [Ū(sI∗ + s′k) + Ū(sI∗ + s′′k)− 2Ū(sI∗)

]
+

1(
K+1
|I∗|+1

) [2Ū(sI∗ + sk)− Ū(sI∗ + s′′k)− Ū(sI∗ + s′k)
]}

.

For E[GSV(Sk)] in Eq. (1), using the identity 1
K+1

1

( K
m∗)

= 1
K+2

(
1

(K+1
m∗ )

+ 1

( K+1
m∗+1)

)
, we have:

E[GSV(Sk)] =
∑

I∗⊆I0

1

K + 1

1(
K
|I∗|
) [Ū(sI∗ + sk)− Ū(sI∗)

]
=
∑

I∗⊆I0

1

K + 2

(
1(

K+1
|I∗|
) + 1(

K+1
|I∗|+1

)) [Ū(sI∗ + sk)− Ū(sI∗)
]
.

Then, the difference in the expected GSVs is:

E[GSV(S′
k)] + E[GSV(S′′

k )]− E[GSV(Sk)]

=
∑

I∗⊆I0

1

K + 2

{
1(

K+1
|I∗|
) [Ū(sI∗ + s′k) + Ū(sI∗ + s′′k)− 2Ū(sI∗)− Ū(sI∗ + sk) + Ū(sI∗)

]
+

1(
K+1
|I∗|+1

) [2Ū(sI∗ + sk)− Ū(sI∗ + s′′k)− Ū(sI∗ + s′k)− Ū(sI∗ + sk) + Ū(sI∗)
]}

=
∑

I∗⊆I0

1

K + 2

(
1(

K+1
m∗

) − 1(
K+1
m∗+1

))∆(sI∗).

We further group the terms with the same cardinality m∗ = |I∗|, which ranges from 0 to K. For
each m∗, there are

(
K
m∗

)
such coalitions I∗. This yields:

E[GSV(S′
k)] + E[GSV(S′′

k )]− E[GSV(Sk)]

=
1

K + 2

K∑
m∗=0

(
K

m∗

)(
1(

K+1
m∗

) − 1(
K+1
m∗+1

)) ∑I∗:|I∗|=m∗ ∆(sI∗)(
K
m∗

)
=

1

(K + 1)(K + 2)

K∑
m∗=0

(K − 2m∗)

∑
I∗:|I∗|=m∗ ∆(sI∗)(

K
m∗

) , (2)

where the last step uses the fact
(
K
m∗

)(
1

(K+1
m∗ )
− 1

( K+1
m∗+1)

)
= K−2m∗

K+1 .

To determine the sign of the RHS of (2), we define an auxiliary function

g(I∗) :=
K − 2|I∗|(

K
|I∗|
) ∆(sI∗)
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for all I∗ ⊆ I0. We have

E[GSV(S′
k)] + E[GSV(S′′

k )]− E[GSV(Sk)] =
1

(K + 1)(K + 2)

∑
I∗⊆I0

g(I∗). (3)

We can rewrite the sum
∑

I∗⊆I0
g(I∗) by pairing up terms corresponding to coalitions of sizes m∗

and K −m∗, for each m∗ = 0, . . . , ⌊(K − 1)/2⌋. We have

∑
I∗⊆I0

g(I∗) =

⌊(K−1)/2⌋∑
m∗=0

 ∑
I∗⊆I0

|I∗|=m∗

g(I∗) +
∑

J∗⊆I0
|J∗|=K−m∗

g(J∗)

 .

(If K is even, the middle term where m∗ = K/2 has K − 2m∗ = 0, so g(I∗) = 0 for |I∗| = K/2.)
Applying Lemma 4 to each parenthesized pair of sums:∑

I∗⊆I0
|I∗|=m∗

g(I∗) +
∑

J∗⊆I0
|J∗|=K−m∗

g(J∗) =
1(

K−m∗

m∗

) ∑
I∗⊆I0

|I∗|=m∗

∑
L∗⊆I0\I∗

|L∗|=K−2m∗

[g(I∗) + g(I∗ ∪ L∗)] .

Substituting g(I∗) = K−2m∗

( K
m∗)

∆(sI∗) and noting that |I∗ ∪ L∗| = K −m∗, we have g(I∗ ∪ L∗) =

K−2(K−m∗)

( K
K−m∗)

∆(sI∗∪L∗) = − (K−2m∗)

( K
m∗)

∆(sI∗∪L∗). Thus, the term [g(I∗) + g(I∗ ∪ L∗)] becomes
K−2m∗

( K
m∗)

[∆(sI∗)−∆(sI∗∪L∗)]. So, E[GSV(S′
k)] + E[GSV(S′′

k )]− E[GSV(Sk)] is:

1

(K + 1)(K + 2)

⌊(K−1)/2⌋∑
m∗=0

1(
K−m∗

m∗

)K − 2m∗(
K
m∗

) ∑
I∗⊆I0

|I∗|=m∗

∑
L∗⊆I0\I∗

|L∗|=K−2m∗

[∆(sI∗)−∆(sI∗∪L∗)] .

For m∗ < K/2, we have:

1. The coefficient K−2m∗

(K+1)(K+2)(K−m∗
m∗ )( K

m∗)
is strictly positive.

2. The set L∗ is non-empty (since K − 2m∗ > 0). Assuming at least some sl > 0 for l ∈ L∗, we
have sI∗∪L∗ > sI∗ .

3. By Lemma 3, we have ∆(sI∗) > ∆(sI∗∪L∗).

Combining these observations shows E[GSV(S′
k)] + E[GSV(S′′

k )] > E[GSV(Sk)] and completes
the proof of Proposition 1.

A.1.1 Technical lemmas used in the proof of Proposition 1

Lemma 2. [Prudence Implication for First Differences] Suppose the expected utility function Ū(s)
satisfies the prudence condition (3). Let ∆Ū(t) := Ū(t+ 1)− Ū(t) for t ≥ 0. Then, for any integer
x ≥ 0 and positive integers a, b ∈ N+, it holds that

∆Ū(x) + ∆Ū(x+ a+ b) > ∆Ū(x+ a) + ∆Ū(x+ b).

(This property indicates that the first-order difference ∆Ū(x) is a strictly convex function.)

Proof of Lemma 2. Define the second-order difference as ∆2Ū(t) := ∆Ū(t + 1) − ∆Ū(t). The
prudence condition on Ū(s) is given by (3): ∆3Ū(x) := Ū(x+3)−3Ū(x+2)+3Ū(x+1)−Ū(x) > 0
for any valid x. We can express ∆3Ū(x) as follows:

∆3Ū(x) =
(
Ū(x+ 3)− Ū(x+ 2)

)
− 2

(
Ū(x+ 2)− Ū(x+ 1)

)
+
(
Ū(x+ 1)− Ū(x)

)
= ∆Ū(x+ 2)− 2∆Ū(x+ 1) + ∆Ū(x)

= ∆2Ū(x+ 1)−∆2Ū(x).
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Since ∆3Ū(x) > 0, we have ∆2Ū(x+ 1) > ∆2Ū(x). As this holds for any valid x, it implies that
the function ∆2Ū(t) is strictly increasing in t.

We want to prove that for any integer x ≥ 0 and positive integers a, b ∈ N+:

∆Ū(x) + ∆Ū(x+ a+ b) > ∆Ū(x+ a) + ∆Ū(x+ b).

This inequality can be rearranged to:

∆Ū(x+ a+ b)−∆Ū(x+ a) > ∆Ū(x+ b)−∆Ū(x). (4)

The left-hand side (LHS) of (4) can be written as a sum of second-order differences:

∆Ū(x+ a+ b)−∆Ū(x+ a) =

b−1∑
j=0

(
∆Ū(x+ a+ j + 1)−∆Ū(x+ a+ j)

)
=

b−1∑
j=0

∆2Ū(x+ a+ j).

Similarly, the right-hand side (RHS) of (4) is:

∆Ū(x+ b)−∆Ū(x) =
b−1∑
j=0

(
∆Ū(x+ j + 1)−∆Ū(x+ j)

)
=

b−1∑
j=0

∆2Ū(x+ j).

Since a ∈ N+, we have a ≥ 1. Therefore, for each j ∈ {0, . . . , b− 1}, the argument x+ a+ j is
strictly greater than x+ j. Because ∆2Ū(t) is a strictly increasing function of t, it follows that for
each term in the summations:

∆2Ū(x+ a+ j) > ∆2Ū(x+ j).

Summing these strict inequalities from j = 0 to b− 1 (since b ∈ N+, there is at least one term in the
sum):

b−1∑
j=0

∆2Ū(x+ a+ j) >

b−1∑
j=0

∆2Ū(x+ j).

This directly implies that the LHS of (4) is strictly greater than its RHS:

∆Ū(x+ a+ b)−∆Ū(x+ a) > ∆Ū(x+ b)−∆Ū(x).

Rearranging this yields the desired result:

∆Ū(x) + ∆Ū(x+ a+ b) > ∆Ū(x+ a) + ∆Ū(x+ b).

This completes the proof.

Lemma 3. [Strict Monotonicity of ∆(x)] If Ū(s) satisfies the prudence condition (3) (which implies
Lemma 2), then ∆(x) is a strictly decreasing function of x. That is, for any x2 > x1 ≥ 0, we have
∆(x1) > ∆(x2).

Proof of Lemma 3. We want to show that ∆(x) is a strictly decreasing function of x. This is
equivalent to proving that ∆(x)−∆(x+ 1) > 0 for any x ≥ 0 (assuming x and x+ 1 lead to valid
arguments for Ū as per the lemma statement).

Let the first-order difference of Ū be defined as ∆Ū(t) := Ū(t+ 1)− Ū(t), for t ≥ 0, ensuring all
arguments to Ū are valid. Recall the definition of ∆(x):

∆(x) = Ū(x+ s′k) + Ū(x+ s′′k)− Ū(x)− Ū(x+ s′k + s′′k).

Then, the difference ∆(x)−∆(x+ 1) is:

∆(x)−∆(x+ 1)

=
[
Ū(x+ s′k) + Ū(x+ s′′k)− Ū(x)− Ū(x+ s′k + s′′k)

]
−
[
Ū(x+ 1 + s′k) + Ū(x+ 1 + s′′k)− Ū(x+ 1)− Ū(x+ 1 + s′k + s′′k)

]
.
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We regroup the terms and leverage the definition of ∆Ū(t), this becomes:

∆(x)−∆(x+ 1) = ∆Ū(x) + ∆Ū(x+ s′k + s′′k)−
[
∆Ū(x+ s′k) + ∆Ū(x+ s′′k)

]
.

Since S′
k and S′′

k are non-empty, s′k and s′′k are positive integers (i.e., a, b ∈ N+). By Lemma 2, we
have:

∆Ū(x) + ∆Ū(x+ s′k + s′′k) > ∆Ū(x+ s′k) + ∆Ū(x+ s′′k).

Therefore,
∆Ū(x) + ∆Ū(x+ s′k + s′′k)−

[
∆Ū(x+ s′k) + ∆Ū(x+ s′′k)

]
> 0.

This implies ∆(x) −∆(x + 1) > 0, so ∆(x) > ∆(x + 1). Since this holds for any valid x ≥ 0,
∆(x) is a strictly decreasing function of x. Consequently, for any x2 > x1 ≥ 0, we have ∆(x1) >
∆(x2).

Lemma 4. [Sum Symmetrization Identity] Let [n] := {1, . . . , n} be the set of player indices, and let
f : 2[n] → R be a function that assigns a real value to each subset of [n]. Then, for any integer m
such that 0 ≤ m ≤ ⌊n/2⌋, the following identity holds:∑

I⊆[n]
|I|=m

f(I) +
∑
I⊆[n]

|I|=n−m

f(I) =
1(

n−m
m

) ∑
I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

[f(I) + f(I ∪ J)] .

Proof of Lemma 4. We start by analyzing the right-hand side (RHS) of the proposed identity:

RHS =
1(

n−m
m

) ∑
I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

[f(I) + f(I ∪ J)] .

We can split the sum inside the square brackets into two parts:

RHS =
1(

n−m
m

)
 ∑

I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

f(I) +
∑
I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

f(I ∪ J)

 .

Let’s analyze the first double summation:
∑

I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

f(I). For any fixed subset I such

that |I| = m, the term f(I) is constant with respect to the inner sum over J . The number of ways to
choose a subset J ⊆ [n] \ I with |J | = n− 2m is given by

(|[n]\I|
n−2m

)
. Since |[n] \ I| = n−m, this

count is
(
n−m
n−2m

)
. Using the identity

(
k
r

)
=
(

k
k−r

)
, we have

(
n−m
n−2m

)
=
(

n−m
(n−m)−(n−2m)

)
=
(
n−m
m

)
.

So, for each fixed I with |I| = m, f(I) appears
(
n−m
m

)
times. Thus, the first double summation is:∑

I⊆[n]
|I|=m

(
n−m

m

)
f(I).

Now, let’s analyze the second double summation:
∑

I⊆[n]
|I|=m

∑
J⊆[n]\I

|J|=n−2m

f(I ∪ J). Let K = I ∪ J .

Since I ∩ J = ∅, |I| = m, and |J | = n − 2m, it follows that |K| = m + (n − 2m) = n − m.
We want to count how many times a specific subset K ⊆ [n] with |K| = n −m appears as I ∪ J
in this summation. For a fixed K (where |K| = n − m), we need to find an I ⊆ K such that
|I| = m. Once such an I is chosen, J is uniquely determined as J = K \ I . The size of this J will
be |K \ I| = (n−m)−m = n− 2m. Also, J ⊆ [n] \ I is satisfied. The number of ways to choose
such a subset I ⊆ K with |I| = m is

(|K|
m

)
=
(
n−m
m

)
. So, for each fixed K with |K| = n−m, the

term f(K) appears
(
n−m
m

)
times. Thus, the second double summation is:∑

K⊆[n]
|K|=n−m

(
n−m

m

)
f(K).
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(Renaming the dummy variable K to I for consistency with the LHS):∑
I⊆[n]

|I|=n−m

(
n−m

m

)
f(I).

Substituting these back into the expression for the RHS:

RHS =
1(

n−m
m

)
 ∑

I⊆[n]
|I|=m

(
n−m

m

)
f(I) +

∑
I⊆[n]

|I|=n−m

(
n−m

m

)
f(I)


=
∑
I⊆[n]
|I|=m

f(I) +
∑
I⊆[n]

|I|=n−m

f(I).

This is exactly the left-hand side (LHS) of the identity stated in the lemma. The condition 0 ≤
m ≤ ⌊n/2⌋ ensures that n − 2m ≥ 0 (so |J | is a valid size) and m ≤ n −m (so

(
n−m
m

)
is well-

defined and typically non-zero, unless n −m < m which is prevented by m ≤ n/2. If m = n/2,(
n−m
m

)
=
(
m
m

)
= 1). This completes the proof.

A.2 Proof of Theorem 1

Proof of Theorem 1. Let [n] = {1, . . . , n} be the set of indices for the data points. The utility
function U is defined on subsets of [n], and Π is a partition of [n]. The proof consists of two parts:
sufficiency and uniqueness.

Sufficiency. We verify that the proposed valuation νU,D,Π(S) =
∑

i∈S SV(i) satisfies all five axioms
from Definition 2. For any Sj ∈ Π:

1. Null player: If every subset S′ ⊆ Sj satisfies U(S′′ ∪ S′) = U(S′′) for all S′′ ⊆ [n] \ S′,
then as a special case, for every element k ∈ Sj , it holds that U(S′′ ∪ {k}) = U(S′′) for all
S′′ ⊆ [n] \ {k}. By the definition of individual Shapley value, we have SV(k) = 0. Thus,
νU,D,Π(Sj) =

∑
k∈Sj

SV(k) = 0.

2. Symmetry: Let S1, S2 be the said sets and σ be the said mapping between them, all as described
in the axiom. For every individual k ∈ S1, we take S′ = {k}. By the axiom, for all S′′ ⊂
[n]\{k, σ(k)}, it holds that U(S′′∪{k}) = U(S′′∪{σ(k)}). Then it is easy to verify that SV(k) =
SV(σ(k)). Therefore, νU,D,Π(S1) =

∑
k∈S1

SV(k) =
∑

k∈S1
SV(σ(k)) =

∑
l∈S2

SV(l) =

νU,D,Π(S2).

3. Linearity: For utility functions U1, U2 and scalars α1, α2, the individual Shapley value is
linear: SVα1U1+α2U2(k) = α1 SVU1(k) + α2 SVU2(k). Summing over k ∈ Sj preserves
this linearity: να1U1+α2U2,D,Π(Sj) =

∑
k∈Sj

SVα1U1+α2U2(k) = α1

∑
k∈Sj

SVU1(k) +

α2

∑
k∈Sj

SVU2(k) = α1νU1,D,Π(Sj) + α2νU2,D,Π(Sj).

4. Efficiency: For any partition Π = {S1, . . . , SM} of [n], the axiom implies that∑M
j=1 νU,D,Π(Sj) =

∑M
j=1

∑
k∈Sj

SV(k) =
∑

k∈[n] SV(k). By the efficiency property of
the individual Shapley value, we have

∑
k∈[n] SV(k) = U([n]).

5. Faithfulness: The proposed valuation νU,D,Π(S) =
∑

i∈S SV(i) depends only on the group
S itself (and U,D), not on the specific partition Π that S belongs to. Thus, if S0 ∈ Π1 ∩ Π2,
then νU,D,Π1(S0) =

∑
i∈S0

SV(i) and νU,D,Π2(S0) =
∑

i∈S0
SV(i). These are equal, so the

Faithfulness axiom is satisfied.

All axioms are satisfied.

Uniqueness. Let ν′U,D,Π be any group-level data valuation method satisfying Axioms 1-5 from
Definition 2. We have the following progressive arguments.

1. Consider the partition Π∗ = {{k}}k∈[n], where each group is a singleton. When Axioms 1-4 (null
player, symmetry, linearity, and efficiency) are applied to the groups {k} ∈ Π∗, they correspond
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to the standard axioms for individual player valuations. The Shapley value SV(k) is the unique
valuation satisfying these axioms for individual players. Thus, for any k ∈ [n], we must have
ν′U,D,Π∗({k}) = SV(k).

2. For any non-empty subset S ⊆ [n], consider the specific partition ΠS = {S} ∪ {{j}}j∈[n]\S . For
any singleton group {j} where j ∈ [n] \ S, note that {j} ∈ ΠS and also {j} ∈ Π∗. By Axiom 5
(faithfulness):

ν′U,D,ΠS
({j}) = ν′U,D,Π∗({j}).

Using the result from step 1, ν′U,D,Π∗({j}) = SV(j). So, for j ∈ [n] \ S:

ν′U,D,ΠS
({j}) = SV(j).

Now, apply Axiom 4 (efficiency) to the partition ΠS :

ν′U,D,ΠS
(S) +

∑
j∈[n]\S

ν′U,D,ΠS
({j}) = U([n]).

Substituting ν′U,D,ΠS
({j}) = SV(j) for j ∈ [n] \ S:

ν′U,D,ΠS
(S) +

∑
j∈[n]\S

SV(j) = U([n]).

By the efficiency of individual Shapley values, U([n]) =
∑

k∈[n] SV(k). Therefore:

ν′U,D,ΠS
(S) =

∑
k∈[n]

SV(k)−
∑

j∈[n]\S

SV(j) =
∑
i∈S

SV(i).

3. Now, consider any arbitrary partition Π of [n] such that S ∈ Π. Since S ∈ Π and S ∈ ΠS , by
Axiom 5 (faithfulness):

ν′U,D,Π(S) = ν′U,D,ΠS
(S).

Substituting the result from step 2:

ν′U,D,Π(S) =
∑
i∈S

SV(i).

Since this holds for any valuation ν′ satisfying the axioms and for any S ∈ Π, the valuation method
is unique and given by the sum of individual Shapley values.

A.3 Proof of Lemma 1

Proof of Lemma 1. By definition, FGSV(S0) =
∑

i∈S0
SV (i). Using the standard definition of the

individual Shapley value SV (i) from (1):

FGSV(S0) =
∑
i∈S0

∑
S⊆[n]\{i}

|S|!(n− |S| − 1)!

n!
[U(S ∪ {i})− U(S)] . (5)

The definition (5) shows that FGSV(S0) is a linear combination of the utility values U(S) for
S ⊆ [n]. We now determine the coefficient C(S) for a specific subset S with cardinality s = |S|. A
term U(S) appears positively in the sum for SV (i) if i ∈ S0 ∩ S, and negatively if i ∈ S0 \ S. The
respective Shapley weights are (s−1)!(n−s)!

n! and s!(n−s−1)!
n! . Summing over i ∈ S0, the coefficient

C(S) is therefore:

C(S) = |S0 ∩ S| (s− 1)!(n− s)!

n!
− |S0 \ S|

s!(n− s− 1)!

n!
.

Let s1 = |S0 ∩ S|. Then |S0 \ S| = s0 − s1. Substituting s = |S| and simplifying the factorials (for
0 < s < n):

C(S) = s1
(s− 1)!(n− s)!

n!
− (s0 − s1)

s!(n− s− 1)!

n!

=
s!(n− s)!

n!

[
s1
s
− s0 − s1

n− s

]
=

1(
n
s

) [s1(n− s)− (s0 − s1)s

s(n− s)

]
=

s1n− s0s

s(n− s)

1(
n
s

) .
8



This coefficient depends only on s = |S| and s1 = |S0 ∩ S|. We rewrite FGSV(S0) =∑
S⊆[n] C(S)U(S) by grouping terms with the same s and s1. We handle the edge cases s = 0

(S = ∅) and s = n (S = [n]) separately. For S = ∅ (s = 0), s1 = 0, the coefficient is
C(∅) = −s0/n. For S = [n] (s = n), s1 = s0, the coefficient is C([n]) = s0/n. So we can write:

FGSV(S0) = C([n])U([n]) + C(∅)U(∅) +

n−1∑
s=1

∑
S⊆[n]
|S|=s

C(S)U(S)

=
s0
n

[U([n])− U(∅)] +

n−1∑
s=1

∑
S⊆[n]
|S|=s

(
s1n− s0s

s(n− s)

1(
n
s

))U(S),

where s1 = |S ∩ S0| within the inner sum. Now, we focus on handling

T :=

n−1∑
s=1

∑
S⊆[n]
|S|=s

(
s1n− s0s

s(n− s)

1(
n
s

))U(S).

By grouping the inner sum by the value of s1 = |S ∩ S0| for each fixed size s, we have:

T =

n−1∑
s=1

min{s,s0}∑
s1=max{0,s+s0−n}

(
s1n− s0s

s(n− s)

1(
n
s

)) ∑
S:|S|=s

|S∩S0|=s1

U(S).

Using the definition µ
(
s1
s ; s, s0, n

)
=

∑
S:|S|=s,|S∩S0|=s1

U(S)

(s0s1)(
n−s0
s−s1

)
(from (6)), we have:

T =

n−1∑
s=1

∑
s1

s1n− s0s

s(n− s)

(
s0
s1

)(
n−s0
s−s1

)(
n
s

) µ
(s1
s
; s, s0, n

)
.

Recognizing the hypergeometric probability Ps1∼HG(n,s0,s)(s1 = s1) =
(s0s1)(

n−s0
s−s1

)
(ns)

:

T =

n−1∑
s=1

∑
s1

P(s1 = s1)
n(s1 − ss0/n)

s(n− s)
µ
(s1
s
; s, s0, n

)
=

n−1∑
s=1

Es1∼HG(n,s0,s)

[
n

s(n− s)

(
s1 −

ss0
n

)
µ
(s1
s
; s, s0, n

)]

=

n−1∑
s=1

T (s),

where T (s) matches the definition (8). Combining the parts, we get FGSV(S0) =
s0
n [U([n])− U(∅)] +

∑n−1
s=1 T (s), proving the lemma.

A.4 Proof of Theorem 2

Before presenting the proof of Theorem 2, we establish two lemmas that demonstrate how As-
sumption 2 implies a smoothness condition on the function µ(·). The first lemma shows that this
assumption yields a bound on the second-order finite difference of µ.
Lemma 5. Under Assumption 2, the following second-order difference bound holds for
µ
(
s1
s ; s, s0, n

)
:∣∣∣∣µ(s1 + 1

s
; s, s0, n

)
− 2µ

(s1
s
; s, s0, n

)
+ µ

(
s1 − 1

s
; s, s0, n

)∣∣∣∣ ≤ C

s
3
2+υ

. (6)
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The proof of Lemma 5 is in Appendix A.4.1.

Next, we show that this second-order difference bound implies a first-order approximation error
bound – a discrete analogue of Taylor’s theorem. To formalize this, we define the following continuity-
extended versions of a discrete function and its first-order derivative.

Definition 1 (Continuity-extended function). Let fs(x) be a function defined on rational points of
the form x = s1

s for integers s1 ∈ {0, 1, . . . , s}. The continuity-extended function f̃s(x) is defined
as the linear interpolation:

f̃s(x) =

{
(sx− ⌊sx⌋) · fs

(
⌊sx⌋+1

s

)
+ (⌊sx⌋+ 1− sx) · fs

(
⌊sx⌋
s

)
, x ∈ [0, 1),

fs(1), x = 1.

Intuitively, f̃s linearly interpolates fs between adjacent grid points. Notice that f̃s is indeed smooth
in between, thus f̃ ′

s is well-defined there. When taking the derivative of f̃s w.r.t. x, notice that
⌊sx⌋ is constant between grid points, thus differentiate to zero. This naturally leads to the following
definition.

Definition 2 (Continuity-extended first-order derivative). Let fs(x) be as above. The continuity-
extended first-order derivative f̃ ′

s(x) is defined as:

f̃ ′
s(x) = s ·

[
fs

(
⌊sx⌋+ 1

s

)
− fs

(
⌊sx⌋
s

)]
, x ∈ (0, 1).

Lemma 6. Let {fs(x)}∞s=1 be a sequence of functions defined on rational points x = s1
s with

s1 ∈ {0, 1, . . . , s}. Suppose fs(x) satisfies the discrete second-order difference bound:∣∣∣∣fs(s1 + 1

s

)
− 2fs

(s1
s

)
+ fs

(
s1 − 1

s

)∣∣∣∣ ≤ C

s
3
2+υ

, 1 ≤ s1 < s− 1, (7)

for constants C > 0 and υ > 0. Then for all s1, x with 0 < s1
s , x < 1, the following first-order

approximation holds:∣∣∣fs (s1
s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)∣∣∣ ≤ Cs

1
2−υ

(s1
s
− x
)2

. (8)

To intuitively understand Lemma 6, notice that by definition, we have

fs

(s1
s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)
= 0, for x ∈ [s1/s, (s1 + 1)/s). (9)

Then in view of (7), it is not difficult to understand that the error bound on the RHS of (8) is the
consequence of bounding telescoping sums that eventually reduces the problem to the case of (9),
summing up the approximation errors along the way.

The formal proof of Lemma 6 is in Appendix A.4.1.

We now proceed to prove Theorem 2.

Proof of Theorem 2. The core idea is to approximate the function µ(s1

s ; s, s0, n) inside the expecta-
tion defining T (s) using a first-order Taylor-like expansion around the mean proportion α0 = s0/n.
The validity of this expansion relies on the smoothness properties derived from Assumption 2.

Let µs(x) := µ(x; s, s0, n) denote the function µ for fixed s, s0, n, where x = s1/s is the proportion
of intersection. By Lemma 5, Assumption 2 ensures that µs satisfies the second-order difference
bound given in (6). We can then apply Lemma 6 (First-Order Approximation Bound) with fs → µs,
the evaluation point x0 = s1/s, and the expansion point x = α0, and get the following approximation
for µ:

µ
(s1
s
; s, s0, n

)
= µ̃ (α0; s, s0, n) + µ̃′ (α0; s, s0, n) ·

(s1
s
− α0

)
+R

(s1
s
; s, s0, n

)
,
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where µ̃ and µ̃′ are the continuity-extended function and its first-order difference defined in Defini-
tions 1 and 2, respectively. The remainder term R satisfies the bound from Lemma 6 (Eq. (8)):∣∣∣R(s1

s
; s, s0, n

)∣∣∣ ≤ C ′s
1
2−υ

(s1
s
− α0

)2
= C ′s−

3
2−υ(s1 − sα0)

2,

with C ′ depending on the constant C from Assumption 2.

Now, we substitute this expansion of µ into the definition of T (s) (Eq. (8)):

T (s) = Es1∼HG(n,s0,s)

[
n

s(n− s)
(s1 − sα0)µ

(s1
s
; s, s0, n

)]
= Es1

[
n

s(n− s)
(s1 − sα0)

(
µ̃(α0; s, s0, n) + µ̃′(α0; s, s0, n)

(s1
s
− α0

)
+R

(s1
s
; s, s0, n

))]
.

Using the linearity of expectation, we decompose T (s) into three terms:

T (s) = µ̃ (α0; s, s0, n)Es1

[
n

s(n− s)
(s1 − sα0)

]
︸ ︷︷ ︸

Term I

+ µ̃′ (α0; s, s0, n) · Es1

[
n

s(n− s)
(s1 − sα0)

(s1
s
− α0

)]
︸ ︷︷ ︸

Term II

+ Es1

[
n

s(n− s)
(s1 − sα0)R

(s1
s
; s, s0, n

)]
︸ ︷︷ ︸

Term III

.

Analysis of Term I: The random variable s1 follows the Hypergeometric distributionHG(n, s0, s),
which has mean E[s1] = ss0/n = sα0. Therefore, E[s1 − sα0] = 0, which implies Term I = 0.

Analysis of Term II: The expectation in Term II involves the second central moment (variance) of
s1:

Es1

[
(s1 − sα0)

(s1
s
− α0

)]
= Es1

[
1

s
(s1 − Es1)2

]
=

1

s
Var(s1).

The variance ofHG(n, s0, s) is Var(s1) = sα0(1− α0)
n−s
n−1 . Substituting this into Term II:

Term II = µ̃′ (α0; s, s0, n) ·
n

s(n− s)
· 1
s
Var(s1)

= µ̃′ (α0; s, s0, n) ·
n

s2(n− s)
·
(
sα0(1− α0)

n− s

n− 1

)
= µ̃′ (α0; s, s0, n) ·

nα0(1− α0)

s(n− 1)
.

Now, substitute the definition of µ̃′ from Definition 2 evaluated at x = α0 = s0/n. Let s∗1 = ⌊sα0⌋.
Then:

µ̃′ (α0; s, s0, n) = s

[
µ

(
s∗1 + 1

s
; s, s0, n

)
− µ

(
s∗1
s
; s, s0, n

)]
= s∆µ

(
s∗1
s
; s, s0, n

)
.

Substituting this into the expression for Term II yields:

Term II =
(
s∆µ

(
s∗1
s
; s, s0, n

))
· nα0(1− α0)

s(n− 1)
=

n

n− 1
α0(1− α0)∆µ

(
s∗1
s
; s, s0, n

)
.
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Analysis of Term III (Remainder Term): We bound the absolute value using the bound on |R| from
Lemma 6:

|Term III| =
∣∣∣∣Es1

[
n

s(n− s)
(s1 − sα0)R

(s1
s
; s, s0, n

)]∣∣∣∣
≤ n

s(n− s)
Es1

[
|s1 − Es1| ·

∣∣∣R(s1
s
; s, s0, n

)∣∣∣]
≤ n

s(n− s)
Es1

[
|s1 − Es1| · Cs−

3
2−υ(s1 − Es1)2

]
=

nC

s5/2+υ(n− s)
Es1

[
|s1 − Es1|3

]
.

Using Cauchy-Schwarz (E[|X|3] ≤
√
E[X2]E[X4] where X = s1 − Es1), and the fact that

Var(s1) = O
(
α0(1− α0)

s(n−s)
n

)
and Kurtosis(s1) = O( n

s(n−s)α0(1−α0)
) = O( 1

α0(1−α0)
) for

1 ≤ s ≤ n− 1, we yields:

Es1

[
|s1 − Es1|3

]
≲
√
Es1 [|s1 − Es1|2] · Es1 [|s1 − Es1|4]

≲
√

Var(s1) · (Kurtosis(s1) + 3)(Var(s1))2

≲ α0(1− α0)

(
s(n− s)

n− 1

)3/2

.

Substituting this into the bound for |Term III|:

|Term III| ≲ n

s5/2+υ(n− s)
α0(1− α0)

(
s(n− s)

n− 1

)3/2

≲ nα0(1− α0)
(n− s)1/2

(n− 1)3/2
s−1−υ

= O

(
n

n− 1
α0(1− α0)s

−(1+υ)

)
.

So, Term III contributes the O(s−(1+υ)) error term, scaled by factors related to α0 and n/(n− 1).

Conclusion: Combining Terms I=0, Term II, and the bound on Term III gives:

T (s) = n

n− 1
α0(1− α0)∆µ

(
s∗1
s
; s, s0, n

)
+O

(
n

n− 1
α0(1− α0)s

−(1+υ)

)
=

n

n− 1
α0(1− α0)

[
∆µ

(
s∗1
s
; s, s0, n

)
+O

(
s−(1+υ)

)]
,

where the constant factor in the O(·) term depends on C,C ′, υ, but not on s and α0. This proves The-
orem 2.

A.4.1 Technical lemmas used in the proof of Theorem 2

Lemma 5. Under Assumption 2, the following second-order difference bound holds for
µ
(
s1
s ; s, s0, n

)
:∣∣∣∣µ(s1 + 1

s
; s, s0, n

)
− 2µ

(s1
s
; s, s0, n

)
+ µ

(
s1 − 1

s
; s, s0, n

)∣∣∣∣ ≤ C

s
3
2+υ

. (6)

Proof of Lemma 5. The core idea is to relate the second-order difference of µ (which is an average
of U values) to the average of the second-order difference quantity from Assumption 2. Specifically,
we consider the stability term ∆(S′, z1, z

′
1, z2, z

′
2) := U(S′ ∪ {z1, z′1}) − U(S′ ∪ {z′1, z′2}) −

U(S′ ∪ {z1, z2}) + U(S′ ∪ {z2, z′2}), which is bounded by C|S′|−(3/2+υ) by Assumption 2. We
will construct a sum, M(s1, s2), by averaging ∆(S′, z1, z

′
1, z2, z

′
2) over appropriate base sets S′

and points z1, z
′
1 ∈ S0, z2, z′2 /∈ S0. We then show that this average value, M(s1, s2) properly
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normalized, exactly equals the second-order finite difference of µ stated in the lemma. The bound on
µ’s second difference then follows from the bound on ∆.

Let s2 = s− s1. We define the sumM(s1, s2) over all possible configurations:

M(s1, s2) :=
∑

S′
1⊆S0

|S′
1|=s1−1

∑
S′
2⊆Sc

0

|S′
2|=s2−1

∑
z1,z

′
1∈S0\S′

1

z1 ̸=z′
1

∑
z2,z

′
2∈Sc

0\S
′
2

z2 ̸=z′
2

∆(S′
1 ∪ S′

2, z1, z
′
1, z2, z

′
2), (10)

where the sum is defined for s1 ≥ 1, s2 ≥ 1 and requires |S0 \ S′
1| ≥ 2 (i.e., s0 − (s1 − 1) ≥ 2 =⇒

s1 ≤ s0 − 1) and |Sc
0 \ S′

2| ≥ 2 (i.e., (n− s0)− (s2 − 1) ≥ 2 =⇒ s2 ≤ n− s0 − 1).

Our goal now is to demonstrate that this aggregated sum M(s1, s2), when properly normalized,
equals the second-order finite difference of the average utility function µ. Specifically, we aim to
prove the following identity:

M(s1, s2)

Nterms
= µ

(
s1 + 1

s
; s, s0, n

)
− 2µ

(s1
s
; s, s0, n

)
+ µ

(
s1 − 1

s
; s, s0, n

)
, (11)

where Nterms is the total number of ∆(·) terms summed in the definition ofM(s1, s2) (Eq. (10)).
We establish this identity through the following combinatorial analysis.

Firstly, when the ∆(·) terms are expanded, M(s1, s2) becomes a sum of individual U(S) terms.
Each such set S has size s = s1 + s2. Furthermore, based on the structure of ∆(S′, z1, z

′
1, z2, z

′
2),

the number of elements from S0 in any S appearing with a non-zero coefficient must be s1 + 1, s1,
or s1 − 1. Let As′1,s

denote the collection of all sets S ⊆ [n] such that |S| = s and |S ∩ S0| = s′1.
Due to the symmetric construction ofM(s1, s2), all U(S) terms for S within the same collection
As′1,s

appear with the same net coefficient in the expansion ofM(s1, s2).

Secondly, we determine these net coefficients. Let C(s′1, s) be the coefficient for any U(S) where
S ∈ As′1,s

. A detailed combinatorial count, considering the base sets S′ = S′
1 ∪ S′

2 and the ordered
pairs (z1, z′1) and (z2, z

′
2) involved in the definition ofM(s1, s2), yields the following coefficients:

• For sets S ∈ As1+1,s (meaning |S∩S0| = s1+1 and thus |S∩Sc
0| = s−(s1+1) = s2−1,

where s2 = s − s1): These utility terms U(S) arise solely from the +U(S′ ∪ {z1, z′1})
component in the expansion of ∆(S′, z1, z

′
1, z2, z

′
2) within the sumM(s1, s2) defined in

(10). For a fixed S = S1 ∪ S2 in this collection (with |S1| = s1 + 1 and |S2| = s2 − 1), the
number of ways to form S via (S′, z1, z

′
1, z2, z

′
2) requires choosing ordered pairs (z1, z′1) ∈

S1, (z2, z′2) ∈ Sc
0 \ S2. The resulting coefficient is:

C(s1 + 1, s) = (s1 + 1)s1 × (n− s0 − s2 + 1)(n− s0 − s2).

• For S ∈ As1,s (which corresponds to s′2 = s2): Terms arise from −U(S′ ∪ {z1, z2}) and
−U(S′ ∪ {z′1, z′2}) in the expansion of ∆(S′, z1, z

′
1, z2, z

′
2). For a fixed S = S1 ∪ S2

(with |S1| = s1, |S2| = s2), the number of ways to form it via (S′, z1, z
′
1, z2, z

′
2) requires

choosing S1 = S′
1 \ {z1}, S2 = S′

2 \ {z2}, z′1 ∈ S0 \ S′
1, z′2 ∈ Sc

0 \ S′
2. Then the resulting

coeffcient is:
C(s1, s) = s1(n− s0 − s2)× (s0 − s1)s2.

• For S ∈ As1−1,s (which corresponds to s′2 = s2 + 1): The term arises only from +U(S′ ∪
{z2, z′2}). With similar argument for As1+1,s, the resulting coefficient is:

C(s1 − 1, s) = (s0 − s1 + 1)(s0 − s1)× (s− s1 + 1)(s− s1).

Thirdly, we determine the total number of ∆(·) terms in the sumM(s1, s2). The number of ways to
choose the base set S′ = S′

1∪S′
2 (with |S′

1| = s1−1, |S′
2| = s2−1) is NS′ =

(
s0

s1−1

)(
n−s0
s2−1

)
. For each

S′, the number of ordered pairs (z1, z′1) with z1 ̸= z′1 from S0 \ S′
1 is Nz1 = P (s0 − s1 + 1, 2) =

(s0 − s1 + 1)(s0 − s1). The number of ordered pairs (z2, z
′
2) with z2 ̸= z′2 from Sc

0 \ S′
2 is

Nz2 = P (n − s0 − s2 + 1, 2) = (n − s0 − s2 + 1)(n − s0 − s2). Therefore, the total number of
terms is:

Nterms = NS′×Nz1×Nz2 =

(
s0

s1 − 1

)(
n− s0
s2 − 1

)
(s0−s1+1)(s0−s1)(n−s0−s2+1)(n−s0−s2).
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Gathering these observations, the crucial step relies on the fact that the derived coefficients C(·)
and the normalization Nterms, when combined with the number of sets in each collection |As′1,s

| =(
s0
s′1

)(
n−s0
s−s′1

)
, simplify exactly as follows:

M(s1, s2)

Nterms
=

C(s1 + 1, s)

Nterms

∑
S∈As1+1,s

U(S) +
C(s1, s)

Nterms

∑
S∈As1,s

U(S) +
C(s1 − 1, s)

Nterms

∑
S∈As1−1,s

U(S)

= +1 ·
∑

S∈As1+1,s
U(S)

|As1+1,s|
− 2 ·

∑
S∈As1,s

U(S)

|As1,s|
+ 1 ·

∑
S∈As1−1,s

U(S)

|As1−1,s|

= µ

(
s1 + 1

s
; s, s0, n

)
− 2µ

(s1
s
; s, s0, n

)
+ µ

(
s1 − 1

s
; s, s0, n

)
. (12)

This establishes the identity (11) relating the average ∆ value to the second difference of µ.

Now, we bound the absolute value of the left-hand side of (6). We have

|RHS of (12)| =

∣∣∣∣∣∣ 1

Nterms

∑
S′,z1,z′

1,z2,z
′
2

∆(S′, z1, z
′
1, z2, z

′
2)

∣∣∣∣∣∣
≤ 1

Nterms

∑
S′,z1,z′

1,z2,z
′
2

|∆(S′, z1, z
′
1, z2, z

′
2)| (By Triangle Inequality)

≤ max
S′,z1,z′

1,z2,z
′
2

|∆(S′, z1, z
′
1, z2, z

′
2)| .

By Assumption 2, for any base set S′ (of size s− 2) and points z1, z′1, z2, z
′
2:

|∆(S′, z1, z
′
1, z2, z

′
2)| ≤ C|S′|−(3/2+υ) = C(s− 2)−(3/2+υ).

Therefore,
|RHS of (12)| ≤ C(s− 2)−(3/2+υ).

For s ≥ 2, (s−2)−(3/2+υ) is of the order O(s−(3/2+υ)). We can absorb the constant factor difference
between (s− 2)−k and s−k into a modified constant C (or C ′), yielding the desired bound:∣∣∣∣µ(s1 + 1

s
; s, s0, n

)
− 2µ

(s1
s
; s, s0, n

)
+ µ

(
s1 − 1

s
; s, s0, n

)∣∣∣∣ ≤ C ′

s3/2+υ
.

This completes the proof.

Lemma 6. Let {fs(x)}∞s=1 be a sequence of functions defined on rational points x = s1
s with

s1 ∈ {0, 1, . . . , s}. Suppose fs(x) satisfies the discrete second-order difference bound:∣∣∣∣fs(s1 + 1

s

)
− 2fs

(s1
s

)
+ fs

(
s1 − 1

s

)∣∣∣∣ ≤ C

s
3
2+υ

, 1 ≤ s1 < s− 1, (7)

for constants C > 0 and υ > 0. Then for all s1, x with 0 < s1
s , x < 1, the following first-order

approximation holds:∣∣∣fs (s1
s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)∣∣∣ ≤ Cs

1
2−υ

(s1
s
− x
)2

. (8)

Proof of Lemma 6. Let f̃ ′
s(y) be the continuity-extended first-order difference as defined in Def-

inition 2. For any integer t such that 0 ≤ t < s, f̃ ′
s(

t
s ) = s

[
fs
(
t+1
s

)
− fs

(
t
s

)]
. The discrete

second-order difference bound (7) states that for 1 ≤ t ≤ s− 1:∣∣∣∣fs( t+ 1

s

)
− 2fs

(
t

s

)
+ fs

(
t− 1

s

)∣∣∣∣ ≤ C

s
3
2+υ

.

Consider the difference of f̃ ′
s at consecutive grid points t/s and (t− 1)/s for 1 ≤ t < s:∣∣∣∣f̃ ′

s

(
t

s

)
− f̃ ′

s

(
t− 1

s

)∣∣∣∣ = ∣∣∣∣s [fs( t+ 1

s

)
− fs

(
t

s

)]
− s

[
fs

(
t

s

)
− fs

(
t− 1

s

)]∣∣∣∣
= s

∣∣∣∣fs( t+ 1

s

)
− 2fs

(
t

s

)
+ fs

(
t− 1

s

)∣∣∣∣
≤ s · C

s
3
2+υ

=
C

s
1
2+υ

. (This holds for 1 ≤ t ≤ s− 1).
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This implies a Lipschitz-like condition for f̃ ′
s between grid points. For any two grid points xa = a/s

and xb = b/s (assume a < b without loss of generality):

∣∣∣f̃ ′
s(xb)− f̃ ′

s(xa)
∣∣∣ =

∣∣∣∣∣∣
b−1∑
j=a

(
f̃ ′
s

(
j + 1

s

)
− f̃ ′

s

(
j

s

))∣∣∣∣∣∣
≤

b−1∑
j=a

∣∣∣∣f̃ ′
s

(
j + 1

s

)
− f̃ ′

s

(
j

s

)∣∣∣∣ ≤ b−1∑
j=a

C

s
1
2+υ

= (b− a)
C

s
1
2+υ

.

So, for any two grid points xi = i/s, xj = j/s, |f̃ ′
s(xi) − f̃ ′

s(xj)| ≤ C

s
1
2
+υ
|i − j|. Since f̃ ′

s(x) is

piecewise constant between grid points (equal to f̃ ′
s(⌊sx⌋/s)), for a general x ∈ [0, 1) and a grid

point t/s:

∣∣∣∣f̃ ′
s

(
t

s

)
− f̃ ′

s(x)

∣∣∣∣ = ∣∣∣∣f̃ ′
s

(
t

s

)
− f̃ ′

s

(
⌊sx⌋
s

)∣∣∣∣ ≤ C

s
1
2+υ
|t− ⌊sx⌋|. (13)

We want to bound
∣∣∣fs ( s1s )− f̃s(x)− f̃ ′

s(x) ·
(
s1
s − x

)∣∣∣. Consider the case s1
s > x. The term

fs
(
s1
s

)
− f̃s(x) can be written as a sum of first differences plus a boundary term:

fs

(s1
s

)
− f̃s(x)

=

(
fs

(s1
s

)
− fs

(
s1 − 1

s

)
+ · · ·+ fs

(
⌊sx⌋+ 1

s

)
− fs

(
⌊sx⌋
s

))
−
(
f̃s(x)− fs

(
⌊sx⌋
s

))
=

s1−1∑
t=⌊sx⌋

(
fs

(
t+ 1

s

)
− fs

(
t

s

))
−
(
(sx− ⌊sx⌋)

(
fs

(
⌊sx⌋+ 1

s

)
− fs

(
⌊sx⌋
s

)))
(by definition of f̃s)

=
1

s

s1−1∑
t=⌊sx⌋

f̃ ′
s

(
t

s

)
− (sx− ⌊sx⌋)1

s
f̃ ′
s

(
⌊sx⌋
s

)

=
1

s

s1−1∑
t=⌊sx⌋+1

f̃ ′
s

(
t

s

)
+ (⌊sx⌋+ 1− sx)

1

s
f̃ ′
s

(
⌊sx⌋
s

)

=
1

s

s1−1∑
t=⌊sx⌋+1

f̃ ′
s

(
t

s

)
+ (⌊sx⌋+ 1− sx)

1

s
f̃ ′
s (x) (by definition of f̃ ′

s)

The expression to bound is:

fs

(s1
s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)

=

 s1−1∑
t=⌈sx⌉

[
fs

(
t+ 1

s

)
− fs

(
t

s

)]
+ fs

(
⌈sx⌉
s

)− f̃s(x)− f̃ ′
s(x)

(s1
s
− x
)
.
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Therefore: ∣∣∣fs (s1
s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)∣∣∣

=

∣∣∣∣∣∣
s1−1∑

t=⌊sx⌋+1

1

s
f̃ ′
s

(
t

s

)
+ (⌊sx⌋+ 1− sx)

1

s
f̃ ′
s (x)−

(s1
s
− x
)
· f̃ ′

s(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
s1−1∑

t=⌊sx⌋+1

1

s
f̃ ′
s

(
t

s

)
−
(
s1
s
− ⌊sx⌋+ 1

s

)
· f̃ ′

s(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
s1−1∑

t=⌊sx⌋+1

1

s
f̃ ′
s

(
t

s

)
−

s1−1∑
t=⌊sx⌋+1

1

s
f̃ ′
s(x)

∣∣∣∣∣∣
=

1

s

∣∣∣∣∣∣
s1−1∑

t=⌊sx⌋+1

(
f̃ ′
s

(
t

s

)
− f̃ ′

s(x)

)∣∣∣∣∣∣
≤ 1

s

s1−1∑
t=⌈sx⌉

∣∣∣∣f̃ ′
s

(
t

s

)
− f̃ ′

s(x)

∣∣∣∣ .
Using the Lipschitz-like property from (13):∣∣∣fs (s1

s

)
− f̃s(x)− f̃ ′

s(x) ·
(s1
s
− x
)∣∣∣ ≤ 1

s

s1−1∑
t=⌊sx⌋+1

C

s
1
2+υ
|t− ⌊sx⌋|

≤ C

s
3
2+υ

s1−1∑
t=⌊sx⌋+1

|t− ⌊sx⌋|

≲
1

s
3
2+υ

(s1 − sx)2

≲ s
1
2−υ

(s1
s
− x
)2

.

The case s1 < sx follows similarly.

A.5 Proof of Theorem 3

Algorithm 1 employs a threshold, s̄, to choose between two methods for estimating T (s):

• For s < s̄, compute T̂ (s) by directly approximating its definition formula (8), where each µ
term is estimated by subsampling according to its average form, as in (10).

• For s ≥ s̄, compute T̂ (s) using the fast approximation formula (9), as per Theorem 2; the
∆µ term in this formula can be efficiently approximated by the paired Monte Carlo estimator
elaborated in (11).

To analyze the overall error and derive the computational complexity, we first establish Lemma 7.
This lemma bounds the total approximation error |T̂sum − Tsum| by combining concentration bounds
for the Monte Carlo estimators µ̂m1

and ∆̂µm2
with the approximation error from Theorem 2.

Lemma 7. (Error Bound for T̂sum) Let Tsum =
∑n−1

s=1 T (s) and T̂sum =
∑n−1

s=1 T̂ (s) be the
estimate computed by Algorithm 1 using threshold s̄ and sample sizes m1,m2. Under Assumptions 1
and 2, and assuming that the utility function U is β(s)-deletion stable, , for any δ ∈ (0, 1), with
probability at least 1− δ:

|T̂sum − Tsum| ≲ s̄

√
log(n/δ)

m1
+ α0(1− α0)

√
log(n/δ)

m2

n−1∑
s=s̄

β(s) + α0(1− α0)O(s̄−υ).
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Building on this error bound, Lemma 8 establishes the computational cost for achieving an (ϵ, δ)-
approximation of the sum Tsum.
Lemma 8. (Computational Cost for (ϵ, δ)-Approximation of Tsum) To achieve an (ϵ, δ)-
approximation of Tsum =

∑n−1
s=1 T (s) (i.e., ensuring |T̂sum − Tsum| ≤ ϵ with probability at least

1− δ) using Algorithm 1, with parameters m1,m2, s̄ chosen optimally based on Lemma 7, the total
number of utility function evaluations is:

O

ϵ−
4+2υ

υ log(n/δ) + n

1 + ϵ−2(α0(1− α0))
2

(
n−1∑
s=s̄

β(s)

)2

log(n/δ)

 .

With the computational cost for approximating Tsum =
∑n−1

s=1 T (s) established in Lemma 8, we are
now equipped to prove our main complexity result for estimating FGSV(S0). Theorem 3 specifies
this complexity under the condition that the deletion stability parameter β(s) decays as O(1/s).

Proof of Theorem 3. By Lemma 1 in the main paper, we have FGSV(S0) = G0 + Tsum, where
G0 = s0

n [U([n]) − U(∅)] and Tsum =
∑n−1

s=1 T (s). The first term G0 requires only two utility
evaluations. We thus focus on the computational complexity in approximating the second term
Tsum. To analyze this term, we plug the theorem’s assumption that β(s) = O(1/s) into Lemma 8.
Specifically, this assumption implies that

∑n−1
s=s̄ β(s) =

∑n−1
s=s̄ O(1/s) = O(log n). Therefore, from

Lemma 7, we have∣∣F̂GSV(S0)− FGSV(S0)
∣∣ ≲ s̄

√
log(n/δ)

m1
+ α0(1− α0)

√
log(n/δ)

m2
log n+ α0(1− α0)s̄

−υ.

Also, the number of utility evaluations, as in the displayed formula in Lemma 8, becomes:

Neval = O
(
ϵ−

4+2υ
υ log(n/δ) + n

[
1 + ϵ−2(α0(1− α0))

2(log n)2 log(n/δ)
])

.

While treating ϵ, δ, and υ as constants, the second term, which is O
(
n
[
1 + (α0(1− α0))

2(log n)3
])

,
dominates the first term (which has a lower power of n). Thus, under the condition β(s) = O(1/s),
the total number of utility evaluations simplifies to O

(
n
[
1 + (α0(1− α0))

2(log n)3
])

.

A.5.1 Technical lemmas used in the proof of Theorem 3

Lemma 7. (Error Bound for T̂sum) Let Tsum =
∑n−1

s=1 T (s) and T̂sum =
∑n−1

s=1 T̂ (s) be the
estimate computed by Algorithm 1 using threshold s̄ and sample sizes m1,m2. Under Assumptions 1
and 2, and assuming that the utility function U is β(s)-deletion stable, , for any δ ∈ (0, 1), with
probability at least 1− δ:

|T̂sum − Tsum| ≲ s̄

√
log(n/δ)

m1
+ α0(1− α0)

√
log(n/δ)

m2

n−1∑
s=s̄

β(s) + α0(1− α0)O(s̄−υ).

Proof of Lemma 7. The total approximation error is bounded using the triangle inequality:

|T̂sum − Tsum| ≤
n−1∑
s=1

|T̂ (s)− T (s)| =
s̄−1∑
s=1

|T̂ (s)− T (s)|︸ ︷︷ ︸
Esmall

+

n−1∑
s=s̄

|T̂ (s)− T (s)|︸ ︷︷ ︸
Elarge

.

We first establish concentration bounds for our Monte Carlo estimators. Under Assumption 1,
|U(S)| ≤ C. For µ̂m1

(Eq. (10)), which averages m1 terms U(S(j)) bounded in [−C,C] (range 2C),
Hoeffding’s inequality implies that for any specific µ( s1s ; s, s0, n) and any δ1 > 0, with probability
at least 1− δ1:∣∣∣µ̂m1

(s1
s
; s, s0, n

)
− µ

(s1
s
; s, s0, n

)∣∣∣ ≤ C

√
2 log(2/δ1)

m1
≍

√
log(1/δ1)

m1
. (14)
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For ∆̂µm2
(Eq. (11)), it averages terms U(S(j) ∪ {i(j)1 })− U(S(j) ∪ {i(j)2 }). By Definition 4, these

terms are bounded in [−β(s), β(s)], for any specific ∆µ(
s∗1
s ; s, s0, n) and δ2 > 0, with probability at

least 1− δ2: ∣∣∣∣∆̂µm2

(
s∗1
s
; s, s0, n

)
−∆µ

(
s∗1
s
; s, s0, n

)∣∣∣∣ ≲ β(s)

√
log(1/δ2)

m2
. (15)

Bounding Esmall (Error for s < s̄): For each s < s̄, the estimate T̂ (s) is computed using µ̂m1
within

the definition of T (s) in (8). This definition involves a sum over approximately O(s) different values
of s1, each requiring an estimate µ̂m1

( s1s ; s, s0, n). The coefficient multiplying each µ( s1s ; s, s0, n)
term (coeff(s, s1) = n

s(n−s) (s1 − sα0)) is O(1), as established by analyzing its equivalent forms:

Form 1:
n

n− s

(s1
s
− α0

)
and Form 2:

n

s

(
α0 −

s0 − s1
n− s

)
.

When s ≤ n/2, Form 1 is bounded by 2 · 1 = 2, since n/(n − s) ≤ 2 and | s1s − α0| ≤ 1. When
s > n/2, Form 2 is bounded by 2 · 1 = 2, since n/s < 2 and |α0 − s0−s1

n−s | can also be shown to be
at most 1 under the valid range of s1. Thus, the coefficient is O(1).

The error |T̂ (s)− T (s)| for a given s arises from propagating the errors from the O(s) individual
µ̂m1 estimations. The total number of distinct µ( s1s ; s, s0, n) terms that need to be estimated across
all s < s̄ is Nsmall_ests =

∑s̄−1
s=1 O(s) = O(s̄2). To ensure all these Nsmall_ests estimations

are accurate simultaneously with high probability, we apply a union bound. We set the failure
probability for each individual µ̂m1

estimation in (14) to δ1 = δ/(2Nsmall_ests). Consequently, with
probability at least 1−δ/2, each |µ̂m1−µ| ≲

√
log(Nsmall_ests/δ)/m1. The error for a single T̂ (s)

is bounded by
∑

s1
P(s1 = s1)|coeff(s, s1)||µ̂m1 − µ| ≲ O(1)

√
log(Nsmall_ests/δ)/m1, since∑

s1
P(s1 = s1) = 1 and coefficients are O(1). Summing these errors over s = 1, . . . , s̄ − 1, we

yield that with probability 1− δ/2,

Esmall =

s̄−1∑
s=1

|T̂ (s)− T (s)| ≲
s̄−1∑
s=1

O(1)

√
log(Nsmall_ests/δ)

m1
≲ s̄

√
log(s̄2/δ)

m1
.

For conciseness in the final error bound of the lemma, we replace log(s̄2/δ) with the potentially
looser but simpler log(n/δ), yielding: Esmall ≲ s̄

√
log(n/δ)/m1.

Bounding Elarge (Error for s ≥ s̄): For s ≥ s̄, T̂ (s) is computed using the approximation from
Proposition 2 (Eq. (9)) with ∆̂µm2

. The error has two parts:

|T̂ (s)− T (s)| ≤
∣∣∣∣nα0(1− α0)

n− 1

(
∆̂µm2

(
s∗1
s
; s, s0, n

)
−∆µ

(
s∗1
s
; s, s0, n

))∣∣∣∣
+

∣∣∣∣nα0(1− α0)

n− 1
O(s−(1+υ))

∣∣∣∣
≲ α0(1− α0)

∣∣∣∣∆̂µm2

(
s∗1
s
; s, s0, n

)
−∆µ

(
s∗1
s
; s, s0, n

)∣∣∣∣+ α0(1− α0)O(s−(1+υ)).

Let Nlarge_ests = n − s̄ + 1 ≈ n. Using a union bound for the ∆̂µm2
estimates (setting δ2 =

δ/(2Nlarge_ests)), with probability at least 1− δ/2:

Elarge =

n−1∑
s=s̄

|T̂ (s)− T (s)|

≲ α0(1− α0)

n−1∑
s=s̄

β(s)

√
log(Nlarge_ests/δ)

m2
+ α0(1− α0)

n−1∑
s=s̄

O(s−(1+υ))

≲ α0(1− α0)

√
log(n/δ)

m2

n−1∑
s=s̄

β(s) + α0(1− α0)O(s̄−υ),
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where the last inequality uses the fact
∑n−1

s=s̄ s−(1+υ) = O(s̄−υ) for υ > 0.

Total Error: Combining Esmall and Elarge, with overall probability at least 1− δ (by union bound
on the two failure probabilities δ/2):

|T̂sum − Tsum| ≲ s̄

√
log(n/δ)

m1
+ α0(1− α0)

√
log(n/δ)

m2

n−1∑
s=s̄

β(s) + α0(1− α0)O(s̄−υ).

This completes the proof.

Lemma 8. (Computational Cost for (ϵ, δ)-Approximation of Tsum) To achieve an (ϵ, δ)-
approximation of Tsum =

∑n−1
s=1 T (s) (i.e., ensuring |T̂sum − Tsum| ≤ ϵ with probability at least

1− δ) using Algorithm 1, with parameters m1,m2, s̄ chosen optimally based on Lemma 7, the total
number of utility function evaluations is:

O

ϵ−
4+2υ

υ log(n/δ) + n

1 + ϵ−2(α0(1− α0))
2

(
n−1∑
s=s̄

β(s)

)2

log(n/δ)

 .

Proof. The total number of utility evaluations Neval in Algorithm 1 is approximately
O
(
s̄2m1 + (n− s̄)m2

)
, which can be simplified to O

(
s̄2m1 + nm2

)
as s̄ ≤ n.

To achieve the target error |T̂sum − Tsum| ≤ ϵ with probability at least 1 − δ, we refer to the error
bound in Lemma 7:

|T̂sum − Tsum| ≲ s̄

√
log(n/δ)

m1︸ ︷︷ ︸
Term A

+α0(1− α0)

√
log(n/δ)

m2

n−1∑
s=s̄

β(s)︸ ︷︷ ︸
Term B

+α0(1− α0)O(s̄−υ)︸ ︷︷ ︸
Term C

.

We set parameters such that each dominant error component contributing to the bound in Lemma 7
is O(ϵ). This involves balancing Term A, Term B, and Term C. The choices for m1,m2, and s̄ that
achieve this balance and ensure the total error is O(ϵ) are:

s̄ ≍ ϵ−
1
υ ,

m1 ≍ ϵ−
2+2υ

υ log(n/δ),

m2 ≍ max

1 , ϵ−2(α0(1− α0))
2

(
n−1∑
s=s̄

β(s)

)2

log(n/δ)

 .

Substituting these choices of m1,m2, and s̄ into the expression for Neval = O(s̄2m1 + nm2), we
yield

Neval = O

ϵ−
4+2υ

υ log(n/δ) + max

nϵ−2(α0(1− α0))
2

(
n−1∑
s=s̄

β(s)

)2

log(n/δ) , n




= O

ϵ−
4+2υ

υ log(n/δ) + n

1 + ϵ−2(α0(1− α0))
2

(
n−1∑
s=s̄

β(s)

)2

log(n/δ)

 ,

which completes the proof.

A.6 Proof of Proposition 2

Let S = {zSi }si=1 ⊂ Zs denote the base training set, and let z1, z′1, z2, z
′
2 ∈ Z be four additional data

points. We construct four augmented training data sequences, where the i-th element of a sequence
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z(j,k) is denoted z
(j,k)
i and defined as follows:

z
(1,1)
i =


zSi , 1 ≤ i ≤ s,

z1, i = s+ 1,

z′1, i = s+ 2,

z
(1,2)
i =


zSi , 1 ≤ i ≤ s,

z1, i = s+ 1,

z2, i = s+ 2,

z
(2,1)
i =


zSi , 1 ≤ i ≤ s,

z′2, i = s+ 1,

z′1, i = s+ 2,

z
(2,2)
i =


zSi , 1 ≤ i ≤ s,

z′2, i = s+ 1,

z2, i = s+ 2.

By construction, the first s entries (the base set S) are shared across all four sequences. The differences
between the sequences are confined to the (s+ 1)-th and (s+ 2)-th positions. Specifically:

• For the (s+ 1)-th position: z(1,1)s+1 = z
(1,2)
s+1 (= z1), and z

(2,1)
s+1 = z

(2,2)
s+1 (= z′2).

• For the (s+ 2)-th position: z(1,1)s+2 = z
(2,1)
s+2 (= z′1), and z

(1,2)
s+2 = z

(2,2)
s+2 (= z2).

We introduce the notation for the SGD trajectories under the same random seed. Fixing a random
seed implies a shared sequence of mini-batch index sets (I1, . . . , IT ) for training. The corresponding
SGD trajectories are denoted w

(j,k)
t (j, k ∈ {1, 2}), representing the model parameters after t SGD

steps. Specifically, they can be represented as:

w
(1,1)
t = wt

(
z
(1,1)
I1

, . . . , z
(1,1)
It

)
,

w
(1,2)
t = wt

(
z
(1,2)
I1

, . . . , z
(1,2)
It

)
,

w
(2,1)
t = wt

(
z
(2,1)
I1

, . . . , z
(2,1)
It

)
,

w
(2,2)
t = wt

(
z
(2,2)
I1

, . . . , z
(2,2)
It

)
.

(16)

Here, wt(·) is a function that takes a sequence of mini-batch data points as inputs and outputs a
parameter vector; z(j,k)I = {z(j,k)i : i ∈ I} denotes a mini-batch constructed from the data sequence
z(j,k) using the index set I . The arguments z(j,k)Iτ

in Eq. (16) thus represent the specific mini-batches
used at each step τ ∈ [1, t]. The variations among these trajectories arise only from the different data
points at indices s+ 1 and s+ 2 within their respective sequences. This setup focuses on analyzing
how these specific data perturbations affect the SGD iterations.

In this section, for clarity in tracking the dependence on the number of training steps T , we use
U(·;T ) to denote the expected utility after T SGD steps, as opposed to U(·) used in the main text.

To demonstrate the second-order stability of the utility function U(·;T ), as stated in Proposition 2,
our approach relies on key intermediate results that connect utility differences to parameter stability.
Lemma 9 below establishes this crucial link.
Lemma 9. Let S ∈ Zs be a base dataset, and z1, z

′
1, z2, z

′
2 ∈ Z be additional data points. Recall

that U(X ;T ) denotes the expected utility of a model trained on dataset X for T SGD iterations.
Then, under Assumption 3, we have:

|U(S ∪ {z1, z′1};T )− U(S ∪ {z1, z2};T )− U(S ∪ {z′1, z′2};T ) + U(S ∪ {z2, z′2};T )|

≲ EI1,...,IT

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥+ max
j1,k1,j2,k2∈{1,2}

EI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥2 ,
where w(j,k)

T denotes the final SGD iterate trained using the shared mini-batch sequence (I1, . . . , IT )
on the data sequence z(j,k) defined in Eq. (16).
Remark 1. The utility terms U(S ∪ {·, ·};T ) on the left-hand side of the inequality in Lemma 9 are,
by definition, expectations over independent SGD runs (i.e., each utility term averages over its own
random mini-batch selections). In contrast, the parameter differences on the right-hand side are
for iterates w(j,k)

T that are explicitly trained using a common, shared sequence of mini-batch draws
(I1, . . . , IT ). This formulation is key, as it leverages the shared randomness for a tighter analysis of
parameter stability.
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Having established the connection between the utility’s stability and the SGD iterates via Lemma 9,
the next crucial step is to quantify the magnitude of these iterate differences. Specifically, the two
terms on the right-hand side of the inequality in Lemma 9—the expected L2-norm of the second-
order parameter difference, EI1,...,IT ∥w

(1,1)
T −w

(1,2)
T −w

(2,1)
T +w

(2,2)
T ∥, and the maximum expected

squared L2-norm of pairwise parameter differences, maxEI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥2—need to
be controlled. The following two lemmas provide the necessary explicit upper bounds for these
quantities.

Lemma 10. Under Assumption 3, and choosing step size αt ≤ c
t , we have:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥ ≤ 24ρL2

(s+ 2)β

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ +

8cL

(s+ 2)2
tcβ log t.

Lemma 11. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for any j1, k1, j2, k2 ∈

{1, 2}:

EI1,...,It

∥∥∥w(j1,k1)
t − w

(j2,k2)
t

∥∥∥2 ≤ 16L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
.

Equipped with these results, we are ready to prove Proposition 2.

Proof of Proposition 2. By Lemma 10 and Lemma 11, we have

EI1,...,IT

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥ ≲
T 2cβ

s2
+

c2T 2cβ

sm
+

cT cβ log T

s2
,

max
j1,k1,j2,k2

EI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥ ≲
T 2cβ

s2
+

c2T 2cβ

sm

Using the substitutions c ≍ s−τ1 , m ≍ sτ2 , and T ≍ sτ3 , we compute

T 2cβ

s2
≍ 1

s2
· exp (2cβ log T ) =

1

s2
· exp

(
2βs−τ1 · τ3 log s

)
,

c2T 2cβ

sm
≍ 1

s1+2τ1+τ2
· exp

(
2βs−τ1 · τ3 log s

)
,

c log T · T cβ

s2
≍ s−τ1 · τ3 log s

s2
· exp

(
βs−τ1 · τ3 log s

)
.

Using the fact that exp(γs−τ1 log s) = 1 + o(1) for any γ, τ1 > 0, we conclude:

EI1,...,IT

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥ ≲
1

s2
+

1

s1+2τ1+τ2
,

max
j1,k1,j2,k2

EI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥ ≲
1

s2
+

1

s1+2τ1+τ2
.

Since υ = 2τ1 + τ2 − 1
2 , then

EI1,...,IT

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥ ≲
1

s
3
2+min{ 1

2 ,υ}
,

max
j1,k1,j2,k2

EI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥ ≲
1

s
3
2+min{ 1

2 ,υ}
.

Finally, applying Lemma 9 yields the desired second-order stability bound.

A.6.1 Preliminary first-order stability results and proof of Lemma 11

To build towards the proof of Lemma 10, we first analyze first-order algorithmic stability. This serves
to introduce key proof techniques in a simplified setting and provides intermediate results that are
essential for the subsequent second-order analysis. The ideas presented here are closely aligned with
those in Hardt et al. [5].
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Consider a base dataset S = {zSi }si=1 ⊂ Zs. We introduce two additional, distinct data points
za, zb ∈ Z . We then define two augmented data sequences, z(a) and z(b), each of length s+ 1:

z
(a)
i =

{
zSi , 1 ≤ i ≤ s,

za, i = s+ 1,
z
(b)
i =

{
zSi , 1 ≤ i ≤ s,

zb, i = s+ 1.

These sequences z(a) and z(b) differ only in their (s+ 1)-th element. Let w(a)
t and w

(b)
t denote the

iterates produced by SGD after t steps when trained on their respective data sequences, using a shared
sequence of mini-batch indices (I1, . . . , It). Consistent with Eq. (16), these are:

w
(a)
t = wt

(
z
(a)
I1

, . . . , z
(a)
It

)
,

w
(b)
t = wt

(
z
(b)
I1

, . . . , z
(b)
It

)
.

We now state two standard first-order stability results concerning such iterates.

Lemma 12. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for iterates w(a)

t and
w

(b)
t (trained on data sequences z(a) and z(b) of effective size N = s+ 1 that differ by one point):

EI1,...,It

∥∥∥w(a)
t − w

(b)
t

∥∥∥ ≤ 2L

βN
tcβ .

Lemma 13. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for iterates w(a)

t and
w

(b)
t (trained on data sequences z(a) and z(b) of effective size N = s+ 1 that differ by one point):

EI1,...,It

∥∥∥w(a)
t − w

(b)
t

∥∥∥2 ≤ 4L2

N
t2cβ

(
1

Nβ2
+

2c2

m

)
.

Note: In the context of these lemmas, N represents the total number of data points in the sequences
being compared. When applying these to the iterates w(j,k)

t (which are trained on data sequences of
length s+ 2), N will correspond to s+ 2.

These foundational first-order stability results, particularly Lemma 13, allow us to derive Lemma 11.
We restate Lemma 11 for clarity before its proof.

Lemma 11. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for any j1, k1, j2, k2 ∈

{1, 2}:

EI1,...,It

∥∥∥w(j1,k1)
t − w

(j2,k2)
t

∥∥∥2 ≤ 16L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
.

Proof of Lemma 11. The data sequences z(j1,k1) and z(j2,k2) (each of size N = s+ 2) differ at most
at two positions (index s+ 1 and s+ 2). We can introduce an intermediate iterate, w(j1,k2)

t . Using
the triangle inequality and the property ∥x+ y∥2 ≤ 2(∥x∥2 + ∥y∥2):

EI1,...,It

∥∥∥w(j1,k1)
t − w

(j2,k2)
t

∥∥∥2 = EI1,...,It

∥∥∥(w(j1,k1)
t − w

(j1,k2)
t ) + (w

(j1,k2)
t − w

(j2,k2)
t )

∥∥∥2
≤ 2

{
EI1,...,It

∥∥∥w(j1,k1)
t − w

(j1,k2)
t

∥∥∥2 + EI1,...,It

∥∥∥w(j1,k2)
t − w

(j2,k2)
t

∥∥∥2} .

The term
∥∥∥w(j1,k1)

t − w
(j1,k2)
t

∥∥∥2 involves iterates from data sequences z(j1,k1) and z(j1,k2). These

sequences share the same first s+1 points (namely, zS1 , . . . , z
S
s , z

(j1)
s+1) and differ only at the (s+2)-th

position. This is a one-point difference in data sequences of effective size N = s + 2. Similarly,

the term
∥∥∥w(j1,k2)

t − w
(j2,k2)
t

∥∥∥2 involves iterates from data sequences z(j1,k2) and z(j2,k2). These

sequences share the first s points (zS1 , . . . , z
S
s ) and the (s+ 2)-th point (z(k2)

s+2 ), differing only at the
(s+ 1)-th position. This is also a one-point difference in data sequences of effective size N = s+ 2.
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Therefore, applying Lemma 13 to each of these one-point difference terms (with N = s+ 2 as the
effective dataset size) yields:

EI1,...,It

∥∥∥w(j1,k1)
t − w

(j1,k2)
t

∥∥∥2 ≤ 4L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
,

EI1,...,It

∥∥∥w(j1,k2)
t − w

(j2,k2)
t

∥∥∥2 ≤ 4L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
.

Substituting these into the inequality:

EI1,...,It

∥∥∥w(j1,k1)
t − w

(j2,k2)
t

∥∥∥2 ≤ 2× 2×
{

8L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)}
=

16L2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
.

This completes the proof.

We now turn to the second-order behavior of stochastic gradient methods. Analyzing this provides
a more refined understanding of how small perturbations to the training dataset influence the final
learned parameters. The analysis relies on the higher-order smoothness properties of the loss function
ℓ(w; z) as detailed in Assumption 3, particularly the Lipschitz continuity of its Hessian (second
derivative with respect to w). The following lemma, which is a consequence of this Lipschitz Hessian
property, serves as a key technical tool for bounding second-order differences of gradients.

Lemma 14. Under Assumption 3, the loss function ℓ(w; z) satisfies the following second-order
approximation bound for all w, h ∈ Rd and z ∈ Z:∥∥∇wℓ(w + h; z)−∇wℓ(w; z)−∇2

wℓ(w; z)h
∥∥ ≤ ρ∥h∥2.

With this tool, we now begin the proof of Lemma 10, which bounds the expected L2-norm of the
second-order difference of the SGD iterates. We restate Lemma 10 for clarity before its proof.

Lemma 10. Under Assumption 3, and choosing step size αt ≤ c
t , we have:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥ ≤ 24ρL2

(s+ 2)β

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ +

8cL

(s+ 2)2
tcβ log t.

Proof of Lemma 10. From the SGD update rule, the difference between the second-order differences
of the iterates at step t and t− 1 can be bounded:∥∥∥w(1,1)

t − w
(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥− ∥∥∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1

∥∥∥
≤

∥∥∥∥∥αt

m

∑
i∈It

[
∇wℓ(w

(1,1)
t−1 ; z

(1,1)
i )−∇wℓ(w

(1,2)
t−1 ; z

(1,2)
i )−∇wℓ(w

(2,1)
t−1 ; z

(2,1)
i ) +∇wℓ(w

(2,2)
t−1 ; z

(2,2)
i )

]∥∥∥∥∥ .
Let’s define the term inside the norm on the right-hand side, representing the sum of gradient
differences for a given mini-batch It:

∆(t−1, i) := ∇wℓ(w
(1,1)
t−1 ; z

(1,1)
i )−∇wℓ(w

(1,2)
t−1 ; z

(1,2)
i )−∇wℓ(w

(2,1)
t−1 ; z

(2,1)
i )+∇wℓ(w

(2,2)
t−1 ; z

(2,2)
i ).
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Taking the expectation with respect to the mini-batch sequences I1, . . . , It, we have:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥− EI1,...,It−1

∥∥∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1

∥∥∥
= EI1,...,It−1

{
EIt

[∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥]− ∥∥∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1

∥∥∥}
≤ EI1,...,It−1

{
EIt

[∥∥∥∥∥αt

m

∑
i∈It

∆(t− 1, i)

∥∥∥∥∥
]}

≤ EI1,...,It−1

{
αt

m
EIt

[∑
i∈It

∥∆(t− 1, i)∥

]}

= EI1,...,It−1

{
αt

m

s+2∑
i=1

∥∆(t− 1, i)∥ · P(zj ∈ It)

}

=
αt

s+ 2

s+2∑
i=1

EI1,...,It−1
∥∆(t− 1, i)∥ (17)

In the last step, P(i ∈ It) =
m
s+2 because It is sampled uniformly from the s+ 2 points.

Now, we analyze the bounds for EI1,...,It−1
∥∆(t− 1, i)∥.

Case 1: i ≤ s. For these points, z(1,1)i = z
(1,2)
i = z

(2,1)
i = z

(2,2)
i = zSi . Applying Lemma 14 (which

relies on the Lipschitz Hessian property):

∥∆(t− 1, i)∥ ≤
∥∥∥∇2

wℓ(w
(1,1)
t−1 ; zSi )

[
−(w(1,2)

t−1 − w
(1,1)
t−1 )− (w

(2,1)
t−1 − w

(1,1)
t−1 ) + (w

(2,2)
t−1 − w

(1,1)
t−1 )

]∥∥∥
+ ρ∥w(1,2)

t−1 − w
(1,1)
t−1 ∥2 + ρ∥w(2,1)

t−1 − w
(1,1)
t−1 ∥2 + ρ∥w(2,2)

t−1 − w
(1,1)
t−1 ∥2

≤ β∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥

+ ρ∥w(1,2)
t−1 − w

(1,1)
t−1 ∥2 + ρ∥w(2,1)

t−1 − w
(1,1)
t−1 ∥2

+ 2ρ
(
∥w(2,2)

t−1 − w
(1,2)
t−1 ∥2 + ∥w

(1,2)
t−1 − w

(1,1)
t−1 ∥2

)
.

Taking the expectation and applying Lemma 13 for the squared difference terms:

EI1,...,It−1
∥∆(t− 1, i)∥ ≤ β · EI1,...,It−1

∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥

+ ρ · EI1,...,It−1∥w
(1,2)
t−1 − w

(1,1)
t−1 ∥2 + ρ · EI1,...,It−1∥w

(2,1)
t−1 − w

(1,1)
t−1 ∥2

+ 2ρ
(
EI1,...,It−1∥w

(2,2)
t−1 − w

(1,2)
t−1 ∥2 + EI1,...,It−1∥w

(1,2)
t−1 − w

(1,1)
t−1 ∥2

)
≤ β · EI1,...,It−1

∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥

+ 6ρ · 4L2

s+ 2
(t− 1)2cβ

(
1

(s+ 2)β2
+

2c2

m

)
.

Case 2: i = s+ 1. Here, z(1,1)s+1 = z
(1,2)
s+1 (= z1) and z

(2,1)
s+1 = z

(2,2)
s+1 (= z′2).

∆(t− 1, s+ 1) =
∥∥∥(∇wℓ(w

(1,1)
t−1 ; z1)−∇wℓ(w

(1,2)
t−1 ; z1))− (∇wℓ(w

(2,1)
t−1 ; z′2)−∇wℓ(w

(2,2)
t−1 ; z′2))

∥∥∥
≤
∥∥∥∇wℓ(w

(1,1)
t−1 ; z1)−∇wℓ(w

(1,2)
t−1 ; z1)

∥∥∥+ ∥∥∥∇wℓ(w
(2,1)
t−1 ; z′2)−∇wℓ(w

(2,2)
t−1 ; z′2)

∥∥∥
≤ β∥w(1,1)

t−1 − w
(1,2)
t−1 ∥+ β∥w(2,1)

t−1 − w
(2,2)
t−1 ∥.

Taking expectation and using Lemma 12 (first-order stability for one-point difference):

EI1,...,It−1
{∆(t− 1, s+ 1)} ≤ β · EI1,...,It−1

∥w(1,1)
t−1 − w

(1,2)
t−1 ∥+ β · EI1,...,It−1

∥w(2,1)
t−1 − w

(2,2)
t−1 ∥

≤ β · 2L

β(s+ 2)
(t− 1)cβ + β · 2L

β(s+ 2)
(t− 1)cβ

≤ 4L

s+ 2
tcβ .
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A similar bound holds for i = s+ 2.

Substituting these bounds into Eq. (17): The sum over i = 1, . . . , s+ 2 has s terms from Case 1 and
2 terms from Case 2.

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥− EI1,...,It−1

∥∥∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1

∥∥∥
≤ αts

s+ 2

[
βEI1,...,It−1∥w

(1,1)
t−1 − · · ·+ w

(2,2)
t−1 ∥+

24ρL2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)]
+

αt · 2
s+ 2

[
4L

s+ 2
tcβ
]

≤ αtβEI1,...,It−1
∥w(1,1)

t−1 − w
(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥ (since s/(s+ 2) < 1)

+ αt
24ρL2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
+ αt

8L

(s+ 2)2
tcβ .

Using αt ≤ c/t:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥
≤
(
1 +

cβ

t

)
EI1,...,It−1

∥w(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥

+
c

t

[
24ρL2

s+ 2
t2cβ

(
1

(s+ 2)β2
+

2c2

m

)
+

8L

(s+ 2)2
tcβ
]

≤ exp

(
cβ

t

)
EI1,...,It−1∥w

(1,1)
t−1 − w

(1,2)
t−1 − w

(2,1)
t−1 + w

(2,2)
t−1 ∥

+
24cρL2

s+ 2

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ−1 +

8cL

(s+ 2)2
tcβ−1.

Unrolling this recurrence from t0 = 1 to t:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥
≤

t∑
t0=1

[
24cρL2

s+ 2

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ−1
0 +

8cL

(s+ 2)2
tcβ−1
0

] t∏
k=t0+1

exp

(
cβ

k

)

=

t∑
t0=1

[
24cρL2

s+ 2

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ−1
0 +

8cL

(s+ 2)2
tcβ−1
0

]
exp

(
t∑

k=t0+1

cβ

k

)
.

Using the approximation
∑t

k=t0+1
1
k ≈ log(t/t0):

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥
≤

t∑
t0=1

[
24cρL2

s+ 2

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ−1
0 +

8cL

(s+ 2)2
tcβ−1
0

](
t

t0

)cβ

=
24cρL2tcβ

s+ 2

(
1

(s+ 2)β2
+

2c2

m

) t∑
t0=1

tcβ−1
0 +

8cLtcβ

(s+ 2)2

t∑
t0=1

t−1
0 .

Using
∑t

t0=1 t
cβ−1
0 ≈ tcβ

cβ for cβ > 0, and
∑t

t0=1 t
−1
0 ≈ log t:

EI1,...,It

∥∥∥w(1,1)
t − w

(1,2)
t − w

(2,1)
t + w

(2,2)
t

∥∥∥
≤ 24cρL2tcβ

s+ 2

(
1

(s+ 2)β2
+

2c2

m

)
tcβ

cβ
+

8cLtcβ

(s+ 2)2
log t

=
24ρL2

(s+ 2)β

(
1

(s+ 2)β2
+

2c2

m

)
t2cβ +

8cL

(s+ 2)2
tcβ log t.

This completes the proof.
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A.6.2 Technical lemmas used in the proof of Proposition 2

Lemma 9. Let S ∈ Zs be a base dataset, and z1, z
′
1, z2, z

′
2 ∈ Z be additional data points. Recall

that U(X ;T ) denotes the expected utility of a model trained on dataset X for T SGD iterations.
Then, under Assumption 3, we have:

|U(S ∪ {z1, z′1};T )− U(S ∪ {z1, z2};T )− U(S ∪ {z′1, z′2};T ) + U(S ∪ {z2, z′2};T )|

≲ EI1,...,IT

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥+ max
j1,k1,j2,k2∈{1,2}

EI1,...,IT

∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥2 ,
where w(j,k)

T denotes the final SGD iterate trained using the shared mini-batch sequence (I1, . . . , IT )
on the data sequence z(j,k) defined in Eq. (16).

Proof of Lemma 9. Let S be the base dataset. We expand the expression using the definition of
U(S;T ) = E[u(wT )] where the expectation is over the choice of mini-batches I1, . . . , IT :

|U(S ∪ {z1, z′1};T )− U(S ∪ {z1, z2};T )− U(S ∪ {z′1, z′2};T ) + U(S ∪ {z2, z′2};T )|

=
∣∣∣EI1,...,IT

[
u(w

(1,1)
T )

]
− EI1,...,IT

[
u(w

(1,2)
T )

]
− EI1,...,IT

[
u(w

(2,1)
T )

]
+ EI1,...,IT

[
u(w

(2,2)
T )

]∣∣∣
=
∣∣∣EI1,...,IT

[
u(w

(1,1)
T )− u(w

(1,2)
T )− u(w

(2,1)
T ) + u(w

(2,2)
T )

]∣∣∣
≤ EI1,...,IT

∣∣∣u(w(1,1)
T )− u(w

(1,2)
T )− u(w

(2,1)
T ) + u(w

(2,2)
T )

∣∣∣ . (by Jensen’s inequality)

We now expand the differences of u using a Taylor expansion. For u(wA) − u(wB), by Taylor’s
theorem with remainder: u(wA)− u(wB) = ⟨∇θu(wB), wA − wB⟩+RA,B , where the remainder
RA,B satisfies |RA,B | ≤ Cu∥wA − wB∥2 if∇θu is Cu-Lipschitz (from Assumption 3, using Cu for
this constant). Thus, this remainder is O(∥wA − wB∥2).
So, we have:

u(w
(1,1)
T )− u(w

(1,2)
T ) =

〈
∇θu(w

(1,2)
T ), w

(1,1)
T − w

(1,2)
T

〉
+O

(
∥w(1,1)

T − w
(1,2)
T ∥2

)
,

u(w
(2,1)
T )− u(w

(2,2)
T ) =

〈
∇θu(w

(2,2)
T ), w

(2,1)
T − w

(2,2)
T

〉
+O

(
∥w(2,1)

T − w
(2,2)
T ∥2

)
.

Then, the term inside the expectation is:

u(w
(1,1)
T )− u(w

(1,2)
T )− (u(w

(2,1)
T )− u(w

(2,2)
T ))

=
〈
∇θu(w

(1,2)
T ), w

(1,1)
T − w

(1,2)
T

〉
−
〈
∇θu(w

(2,2)
T ), w

(2,1)
T − w

(2,2)
T

〉
+O

(
∥w(1,1)

T − w
(1,2)
T ∥2

)
+O

(
∥w(2,1)

T − w
(2,2)
T ∥2

)
.

The sum of the O(·) terms is O
(
∥w(1,1)

T − w
(1,2)
T ∥2 + ∥w(2,1)

T − w
(2,2)
T ∥2

)
.

We manipulate the inner product terms:〈
∇θu(w

(1,2)
T ), w

(1,1)
T − w

(1,2)
T

〉
−
〈
∇θu(w

(2,2)
T ), w

(2,1)
T − w

(2,2)
T

〉
=
〈
∇θu(w

(1,2)
T ), w

(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

〉
+
〈
∇θu(w

(1,2)
T )−∇θu(w

(2,2)
T ), w

(2,1)
T − w

(2,2)
T

〉
.

For the second term in this sum, using Cauchy-Schwarz and the Cu-Lipschitz continuity of∇θu:∣∣∣〈∇θu(w
(1,2)
T )−∇θu(w

(2,2)
T ), w

(2,1)
T − w

(2,2)
T

〉∣∣∣
≤
∥∥∥∇θu(w

(1,2)
T )−∇θu(w

(2,2)
T )

∥∥∥ · ∥∥∥w(2,1)
T − w

(2,2)
T

∥∥∥
≤ Cu

∥∥∥w(1,2)
T − w

(2,2)
T

∥∥∥ · ∥∥∥w(2,1)
T − w

(2,2)
T

∥∥∥ .
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Using the inequality ab ≤ 1
2 (a

2 + b2), this is bounded by:

Cu

2

(∥∥∥w(1,2)
T − w

(2,2)
T

∥∥∥2 + ∥∥∥w(2,1)
T − w

(2,2)
T

∥∥∥2) .

This term is also of the order O
(
∥w(1,2)

T − w
(2,2)
T ∥2 + ∥w(2,1)

T − w
(2,2)
T ∥2

)
.

Combining all terms, the absolute value
∣∣∣u(w(1,1)

T )− u(w
(1,2)
T )− u(w

(2,1)
T ) + u(w

(2,2)
T )

∣∣∣ is bounded
by: ∣∣∣〈∇θu(w

(1,2)
T ), w

(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

〉∣∣∣
+O

(
∥w(1,1)

T − w
(1,2)
T ∥2 + ∥w(2,1)

T − w
(2,2)
T ∥2 + ∥w(1,2)

T − w
(2,2)
T ∥2

)
.

Let C∥∇u∥ be the bound on ∥∇θu(·)∥ from Assumption 3. Then the first term is bounded by:

C∥∇u∥

∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥ .
The sum of O(·) terms involves various pairwise squared differences. Each such term is of the form
∥w(j1,k1)

T − w
(j2,k2)
T ∥2. The sum is thus O

(
maxj1,k1,j2,k2 ∥w

(j1,k1)
T − w

(j2,k2)
T ∥2

)
.

Taking the expectation over I1, . . . , IT :

|U(S ∪ {z1, z′1};T )− U(S ∪ {z1, z2};T )− U(S ∪ {z′1, z′2};T ) + U(S ∪ {z2, z′2};T )|

≤ C∥∇u∥EI1,...,IT

[∥∥∥w(1,1)
T − w

(1,2)
T − w

(2,1)
T + w

(2,2)
T

∥∥∥]
+O

(
max

j1,k1,j2,k2∈{1,2}
EI1,...,IT

[∥∥∥w(j1,k1)
T − w

(j2,k2)
T

∥∥∥2]) .

This completes the proof.

Lemma 12. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for iterates w(a)

t and
w

(b)
t (trained on data sequences z(a) and z(b) of effective size N = s+ 1 that differ by one point):

EI1,...,It

∥∥∥w(a)
t − w

(b)
t

∥∥∥ ≤ 2L

βN
tcβ .

Proof of Lemma 12. Let w(a)
t and w

(b)
t be the iterates at step t when training on data sequences

z(a) and z(b) respectively. These sequences are of length N = s + 1 and differ only at the N -th
position (i.e., z(a)N = za and z

(b)
N = zb, while z

(a)
j = z

(b)
j for j < N ). The SGD update implies

w
(a)
t = w

(a)
t−1 − αt

m

∑
j∈It
∇wℓ(w

(a)
t−1; z

(a)
j ).

The difference in iterates is:∥∥∥w(a)
t − w

(b)
t

∥∥∥ =

∥∥∥∥∥∥
w(a)

t−1 −
αt

m

∑
j∈It

∇wℓ(w
(a)
t−1; z

(a)
j )

−
w(b)

t−1 −
αt

m

∑
j∈It

∇wℓ(w
(b)
t−1; z

(b)
j )

∥∥∥∥∥∥
=

∥∥∥∥∥∥(w(a)
t−1 − w

(b)
t−1)−

αt

m

∑
j∈It

(
∇wℓ(w

(a)
t−1; z

(a)
j )−∇wℓ(w

(b)
t−1; z

(b)
j )
)∥∥∥∥∥∥

≤
∥∥∥w(a)

t−1 − w
(b)
t−1

∥∥∥+ αt

m

∑
j∈It

∥∥∥∇wℓ(w
(a)
t−1; z

(a)
j )−∇wℓ(w

(b)
t−1; z

(b)
j )
∥∥∥ . (by triangle inequality)

Let Et−1 = ∥w(a)
t−1 − w

(b)
t−1∥. Consider the term

∥∥∥∇wℓ(w
(a)
t−1; z

(a)
j )−∇wℓ(w

(b)
t−1; z

(b)
j )
∥∥∥ for j ∈ It.

Case 1: The data point zj is common to both sequences. If z(a)j = z
(b)
j = zj (i.e., j < N or the point

at index j in the sequences is from the common part S), then by β-smoothness of ℓ (Assumption 3):∥∥∥∇wℓ(w
(a)
t−1; zj)−∇wℓ(w

(b)
t−1; zj)

∥∥∥ ≤ β
∥∥∥w(a)

t−1 − w
(b)
t−1

∥∥∥ = βEt−1.
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Case 2: The data point zj is the one that differs. If z(a)j = za and z
(b)
j = zb (i.e., j = N , the differing

(s+ 1)-th point), then by Lipschitz assumption in Assumption 3, ∥∇wℓ(w, z)∥ is bounded by L, so
that,∥∥∥∇wℓ(w

(a)
t−1; za)−∇wℓ(w

(b)
t−1; zb)

∥∥∥ ≤ ∥∥∥∇wℓ(w
(a)
t−1; za)−∇wℓ(w

(b)
t−1; za)

∥∥∥
+
∥∥∥∇wℓ(w

(b)
t−1; za)−∇wℓ(w

(b)
t−1; zb)

∥∥∥
≤ β

∥∥∥w(a)
t−1 − w

(b)
t−1

∥∥∥+ (∥∇wℓ(w
(b)
t−1; za)∥+ ∥∇wℓ(w

(b)
t−1; zb)∥)

≤ βEt−1 + 2L.

Then the sum
∑

j∈It

∥∥∥∇wℓ(w
(a)
t−1; z

(a)
j )−∇wℓ(w

(b)
t−1; z

(b)
j )
∥∥∥ can be bounded: It consists of (m −

I(N ∈ It)) terms of Case 1 and I(N ∈ It) terms of Case 2. Sum≤ (m− I(N ∈ It))βEt−1+ I(N ∈
It)(βEt−1 + 2L) = mβEt−1 + 2LI(N ∈ It). So,∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ Et−1 +
αt

m
(mβEt−1 + 2L · I(N ∈ It))

= (1 + αtβ)Et−1 +
2αtL

m
· I(N ∈ It)

= (1 + αtβ)
∥∥∥w(a)

t−1 − w
(b)
t−1

∥∥∥+ 2αtL

m
· I(N ∈ It).

This recurrence relation for the norm (holding for each realization of It) leads to:∥∥∥w(a)
t − w

(b)
t

∥∥∥ ≤ t∑
t0=1

2αt0L

m
I(N ∈ It0)

t∏
t′=t0+1

(1 + αt′β). (18)

Taking expectation over the mini-batch choices I1, . . . , It, and substituting αt ≤ c
t :

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ t∑
t0=1

2αt0L

m
E[I(N ∈ It0)]

t∏
t′=t0+1

(1 + αt′β)

≤
t∑

t0=1

2cL

t0m
· P(N ∈ It0)

t∏
t′=t0+1

(
1 +

cβ

t′

)
.

Since the mini-batch It0 of size m is sampled uniformly from the N = s + 1 data points, P(N ∈
It0) =

m
N = m

s+1 .

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ t∑
t0=1

2cL

t0m
· m

s+ 1
· exp

(
cβ

t∑
t′=t0+1

1

t′

)
(using 1 + x ≤ ex)

≤ 2cL

s+ 1

t∑
t0=1

1

t0
exp

(
cβ log

(
t

t0

)) (
using

b∑
k=a+1

1/k ≈ log(b/a)

)

=
2cL

s+ 1

t∑
t0=1

1

t0

(
t

t0

)cβ

.

Using the bound
∑n

k=1
1
k

(
n
k

)γ ≤ nγ

γ for γ > 0 (here γ = cβ, n = t, k = t0):

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ 2cL

s+ 1
· t

cβ

cβ
=

2L

(s+ 1)β
tcβ .

This completes the proof.

Lemma 13. Under Assumption 3, if the learning rate satisfies αt ≤ c
t , then for iterates w(a)

t and
w

(b)
t (trained on data sequences z(a) and z(b) of effective size N = s+ 1 that differ by one point):

EI1,...,It

∥∥∥w(a)
t − w

(b)
t

∥∥∥2 ≤ 4L2

N
t2cβ

(
1

Nβ2
+

2c2

m

)
.
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Proof of Lemma 13. Let N = s+ 1 be the effective size of the data sequences z(a) and z(b). From
Equation (18) in the proof of Lemma 12, we have the bound for each realization of mini-batch
choices: ∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ Xt :=

t∑
t0=1

2αt0L

m
I(N ∈ It0)

t∏
t′=t0+1

(1 + αt′β).

We want to bound E
∥∥∥w(a)

t − w
(b)
t

∥∥∥2. Since
∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≥ 0, if
∥∥∥w(a)

t − w
(b)
t

∥∥∥ ≤ Xt, then∥∥∥w(a)
t − w

(b)
t

∥∥∥2 ≤ X2
t . Thus, E

∥∥∥w(a)
t − w

(b)
t

∥∥∥2 ≤ E[X2
t ]. Using the property E[X2

t ] = (E[Xt])
2 +

Var[Xt]:

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥2 ≤ (E[Xt])
2
+Var [Xt]

=

(
E

[
t∑

t0=1

2αt0L

m
I(N ∈ It0)

t∏
t′=t0+1

(1 + αt′β)

])2

+Var

[
t∑

t0=1

2αt0L

m
I(N ∈ It0)

t∏
t′=t0+1

(1 + αt′β)

]
.

Let Yt0 =
2αt0L

m I(N ∈ It0)
∏t

t′=t0+1(1 + αt′β). Since the random variables I(N ∈ It0) are
independent across different time steps t0 (as mini-batches It0 are sampled independently), the terms
Yt0 are independent. Thus, the variance of the sum is the sum of variances:

Var

[
t∑

t0=1

Yt0

]
=

t∑
t0=1

Var (Yt0) .

Let Kt0 =
2αt0L

m

∏t
t′=t0+1(1 + αt′β). This term is deterministic once α values are fixed. Let

pt0 = P(N ∈ It0) = m
N = m

s+1 . Then Var(Yt0) = Var(Kt0I(N ∈ It0)) = K2
t0 Var(I(N ∈

It0)) = K2
t0pt0(1− pt0) ≤ K2

t0pt0 . Using this observation for the variance term and the bound from
Lemma 12 for the (E[Xt])

2 term:

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥2 ≤ ( 2L

(s+ 1)β
tcβ
)2

+

t∑
t0=1

(
2αt0L

m

t∏
t′=t0+1

(1 + αt′β)

)2
m

s+ 1

=
4L2

(s+ 1)2β2
t2cβ +

t∑
t0=1

4α2
t0L

2

m2
· m

s+ 1

(
t∏

t′=t0+1

(1 + αt′β)

)2

≤ 4L2

(s+ 1)2β2
t2cβ +

t∑
t0=1

4c2L2

t20m(s+ 1)

(
t∏

t′=t0+1

exp

(
cβ

t′

))2

≤ 4L2

(s+ 1)2β2
t2cβ +

t∑
t0=1

4c2L2

t20m(s+ 1)
exp

(
2cβ

t∑
t′=t0+1

1

t′

)

≤ 4L2

(s+ 1)2β2
t2cβ +

4c2L2

m(s+ 1)

t∑
t0=1

1

t20

(
t

t0

)2cβ

.

Using the bound
∑∞

k=1
1

k2+γ ≤ (1 + 1
1+γ ) for γ ≥ 0 (here, k = t0, γ = 2cβ):

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥2 ≤ 4L2

(s+ 1)2β2
t2cβ +

4c2L2

m(s+ 1)

(
1 +

1

1 + 2cβ

)
t2cβ

≤ 4L2

s+ 1
t2cβ

(
1

(s+ 1)β2
+

2c2

m

)
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Replacing s+ 1 with N (the effective dataset size as per the lemma statement):

E
∥∥∥w(a)

t − w
(b)
t

∥∥∥2 ≤ 4L2

N
t2cβ

(
1

Nβ2
+

2c2

m

)
.

This completes the proof.

Lemma 14. Under Assumption 3, the loss function ℓ(w; z) satisfies the following second-order
approximation bound for all w, h ∈ Rd and z ∈ Z:∥∥∇wℓ(w + h; z)−∇wℓ(w; z)−∇2

wℓ(w; z)h
∥∥ ≤ ρ∥h∥2.

Proof of Lemma 14. Define the function ϕ(t) := ∇wℓ(w + th; z) for t ∈ [0, 1]. Then, the function
ϕ : [0, 1]→ Rd is continuously differentiable. By the mean-value-type expansion result of McLeod
[11], we can write:

ϕ(1) = ϕ(0) +

d∑
k=1

λkϕ
′(tk),

for some tk ∈ (0, 1), non-negative weights λk ≥ 0 such that
∑d

k=1 λk = 1.

The derivative ϕ′(t) is d
dt∇wℓ(w + th; z) = ∇2

wℓ(w + th; z)h. Substituting the definitions of ϕ(0),
ϕ(1), and ϕ′(tk) into the expansion, we get:

∇wℓ(w + h; z)−∇wℓ(w; z) =

d∑
k=1

λk

(
∇2

wℓ(w + tkh; z)h
)

=

(
d∑

k=1

λk∇2
wℓ(w + tkh; z)

)
h.

To isolate the term∇2
wℓ(w; z)h, we add and subtract it:

∇wℓ(w + h; z)−∇wℓ(w; z) = ∇2
wℓ(w; z)h+

(
d∑

k=1

λk

[
∇2

wℓ(w + tkh; z)−∇2
wℓ(w; z)

])
h.

Rearranging the terms, we have:

∇wℓ(w + h; z)−∇wℓ(w; z)−∇2
wℓ(w; z)h =

d∑
k=1

λk

[
∇2

wℓ(w + tkh; z)−∇2
wℓ(w; z)

]
h.

Taking norms on both sides and applying the triangle inequality for sums, followed by the properties
of matrix norms:∥∥∇wℓ(w + h; z)−∇wℓ(w; z)−∇2

wℓ(w; z)h
∥∥ ≤ ∥∥∥∥∥

d∑
k=1

λk

[
∇2

wℓ(w + tkh; z)−∇2
wℓ(w; z)

]
h

∥∥∥∥∥
≤

d∑
k=1

λk

∥∥∇2
wℓ(w + tkh; z)−∇2

wℓ(w; z)
∥∥ · ∥h∥.

By the assumption of Lipschitz continuity of the Hessian of ℓ with constant ρ in Assumption 3:∥∥∇2
wℓ(w + tkh; z)−∇2

wℓ(w; z)
∥∥ ≤ ρ∥(w + tkh)− w∥ = ρtk∥h∥.

Substituting this into the inequality:∥∥∇wℓ(w + h; z)−∇wℓ(w; z)−∇2
wℓ(w; z)h

∥∥ ≤ d∑
k=1

λk · (ρtk∥h∥) · ∥h∥

= ρ∥h∥2
d∑

k=1

λktk.

Since tk ∈ (0, 1), we have tk ≤ 1. Also, λk ≥ 0 and
∑d

k=1 λk = 1. Therefore,
∑d

k=1 λktk ≤∑d
k=1 λk · 1 = 1. Thus,∥∥∇wℓ(w + h; z)−∇wℓ(w; z)−∇2

wℓ(w; z)h
∥∥ ≤ ρ∥h∥2.

This completes the proof.
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A.7 Proof of Proposition 3 (algorithmic stability of Influence Function (IF))

The proof of Proposition 3 uses some familiar techniques from the standard IF theory, but also
features our original analysis. We first define an auxiliary parameter vector θ̃S . This vector is the
minimizer of the empirical loss over S but with its denominator scaled as if two additional points
were present in the averaging, which provides a good anchor point that facilitates a cleaner Taylor
expansion form for θ̂S∪{z1,z2}.

θ̃S := argmin
θ

{
1

s+ 2

∑
z∈S

ℓ(θ; z) +
λ

2
∥θ∥22

}
.

Next, we present two technical lemmas, based on which, the validity of Proposition 3 would become
clear. The proofs of these technical lemmas are relegated Appendix A.7.1.

Lemma 15 (Expansion of parameter difference via IF). Suppose the loss function ℓ(θ; z) is convex in
θ, three times continuously differentiable with respect to θ, and its first-, second-, and third-order
derivatives with respect to θ are uniformly bounded for all z ∈ Z . For any dataset S ∈ Zs (where
s = |S|) and any two data points z1, z2 ∈ Z , let θ̂S∪{z1,z2} be the parameter vector minimizing the
regularized loss on S ∪ {z1, z2} as per (13). Then we have

1. ∥θ̂S∪{z1,z2} − θ̃S∥ = O(s−1).

2. θ̂S∪{z1,z2} − θ̃S = −H−1

θ̃S

[
∇θℓ(θ̃S ; z1) +∇θℓ(θ̃S ; z2)

]
1

s+2 + O(s−2), where Hθ̃S
:=(

1
s+2

∑
z∈S ∇2

θℓ(θ̃S ; z)
)
+ λI .

Lemma 16 (Expansion of utility). Suppose the performance metric u(θ) is once continuously
differentiable and its gradient ∇θu(θ) is Lu-Lipschitz continuous and bounded. Then, for any
parameter vectors θA and θB , we have

u(θA)− u(θB) = ⟨∇θu(θB), θA − θB⟩+O
(
∥θA − θB∥2

)
.

Proof of Proposition 3. Let ∆U = U(S ∪ {z1, z′1})−U(S ∪ {z1, z2})−U(S ∪ {z′1, z′2})+U(S ∪
{z2, z′2}). Recall U(X ) = u(θ̂X ). We use Lemma 16 to expand each U(S ∪ {a, b}) around u(θ̃S):

U(S ∪ {a, b})− u(θ̃S) = ⟨∇θu(θ̃S), θ̂S∪{a,b} − θ̃S⟩+O(∥θ̂S∪{a,b} − θ̃S∥2).

Let δθ̂ab := θ̂S∪{a,b} − θ̃S . Lemma 15 implies that ∥δθ̂ab∥2 = O(s−2). It also states that the
first-order component of δθ̂ab is:

δθ̂
(1)
ab := −H−1

θ̃S

[
∇θℓ(θ̃S ; a) +∇θℓ(θ̃S ; b)

] 1

s+ 2
.

Thus, δθ̂ab = δθ̂
(1)
ab +O(s−2). Substituting this into the expansion of U(S ∪ {a, b})− u(θ̃S) yields

U(S ∪ {a, b}) = u(θ̃S) + ⟨∇θu(θ̃S), δθ̂
(1)
ab ⟩+ ⟨∇θu(θ̃S), O(s−2)⟩+O(s−2).

Since∇θu(θ̃S) is bounded, the term ⟨∇θu(θ̃S), O(s−2)⟩ is also O(s−2). Therefore, U(S∪{a, b}) =
u(θ̃S) + ⟨∇θu(θ̃S), δθ̂

(1)
ab ⟩+O(s−2).

Now, we substitute this expansion into the expression of ∆U and obtain

∆U =
(
u(θ̃S) + ⟨∇θu(θ̃S), δθ̂

(1)
z1z′

1
⟩
)
−
(
u(θ̃S) + ⟨∇θu(θ̃S), δθ̂

(1)
z1z2⟩

)
−
(
u(θ̃S) + ⟨∇θu(θ̃S), δθ̂

(1)
z′
1z

′
2
⟩
)
+
(
u(θ̃S) + ⟨∇θu(θ̃S), δθ̂

(1)
z2z′

2
⟩
)
+
∑

O(s−2).

The u(θ̃S) terms cancel. The sum of the four O(s−2) remainder terms is still O(s−2). The sum of
the first-order inner product terms is:

⟨∇θu(θ̃S), δθ̂
(1)
z1z′

1
− δθ̂(1)z1z2 − δθ̂

(1)
z′
1z

′
2
+ δθ̂

(1)
z2z′

2
⟩.
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Let hx = − 1
s+2H

−1

θ̃S
∇θℓ(θ̃S ;x). Then δθ̂

(1)
ab = ha + hb. The sum of influence terms becomes:

⟨∇θu(θ̃S), (hz1 + hz′
1
)− (hz1 + hz2)− (hz′

1
+ hz′

2
) + (hz2 + hz′

2
)⟩

= ⟨∇θu(θ̃S), hz1 + hz′
1
− hz1 − hz2 − hz′

1
− hz′

2
+ hz2 + hz′

2
⟩

= ⟨∇θu(θ̃S),0⟩ = 0.

Thus, the first-order influence terms cancel out completely. The remaining terms are all O(s−2). The
proof of Proposition 3 is complete.

A.7.1 Lemmas used in the proof of Proposition 3

Lemma 15 (Expansion of parameter difference via IF). Suppose the loss function ℓ(θ; z) is convex in
θ, three times continuously differentiable with respect to θ, and its first-, second-, and third-order
derivatives with respect to θ are uniformly bounded for all z ∈ Z . For any dataset S ∈ Zs (where
s = |S|) and any two data points z1, z2 ∈ Z , let θ̂S∪{z1,z2} be the parameter vector minimizing the
regularized loss on S ∪ {z1, z2} as per (13). Then we have

1. ∥θ̂S∪{z1,z2} − θ̃S∥ = O(s−1).

2. θ̂S∪{z1,z2} − θ̃S = −H−1

θ̃S

[
∇θℓ(θ̃S ; z1) +∇θℓ(θ̃S ; z2)

]
1

s+2 + O(s−2), where Hθ̃S
:=(

1
s+2

∑
z∈S ∇2

θℓ(θ̃S ; z)
)
+ λI .

Proof of Lemma 15. For δval ∈ [0, 1
s+2 ], define the perturbed objective function:

Lpert(θ, δval) :=
1

s+ 2

∑
z∈S

ℓ(θ; z) + δval [ℓ(θ; z1) + ℓ(θ; z2)] +
λ

2
∥θ∥22,

and its minimizer θ̂(δval) := argminθ Lpert(θ, δval). By construction, θ̃S = θ̂(0). The parameter
vector θ̂S∪{z1,z2} minimizes 1

s+2

∑
z∈S∪{z1,z2} ℓ(θ; z) +

λ
2 ∥θ∥

2
2. This corresponds to θ̂( 1

s+2 ). Thus,

θ̂S∪{z1,z2} − θ̃S = θ̂( 1
s+2 )− θ̂(0).

The first-order condition for θ̂(δval) is F (θ̂(δval), δval) = 0, where

F (θ, δval) :=
∂Lpert

∂θ
=

1

s+ 2

∑
z∈S
∇θℓ(θ; z) + δval [∇θℓ(θ; z1) +∇θℓ(θ; z2)] + λθ = 0.

Given the smoothness conditions on ℓ (convexity, continuous third derivatives, bounded derivatives),
the Higher-Order Implicit Function Theorem (e.g., Zorich [18]) ensures that θ̂(δval) is twice continu-
ously differentiable with respect to δval around δval = 0. Differentiating F (θ̂(δval), δval) = 0 w.r.t.
δval gives

∂F

∂θ

∂θ̂

∂δval
+

∂F

∂δval
= 0.

Let

H(δval) :=
∂F

∂θ
=

1

s+ 2

∑
z∈S
∇2

θℓ(θ̂(δval); z) + δval[∇2
θℓ(θ̂(δval); z1) +∇2

θℓ(θ̂(δval); z2)] + λI,

and
∂F

∂δval
= ∇θℓ(θ̂(δval); z1) +∇θℓ(θ̂(δval); z2).

So,
∂θ̂(δval)

∂δval
= −H(δval)

−1
[
∇θℓ(θ̂(δval); z1) +∇θℓ(θ̂(δval); z2)

]
.

Due to convexity of ℓ, ∇2
θℓ ⪰ 0, so H(δval) ⪰ λI . With λ > 0, H(δval) is positive definite and its

inverse is bounded. Uniform boundedness of∇θℓ implies ∂θ̂(δval)
∂δval

is uniformly bounded. Similarly,

uniform boundedness of up to third-order derivatives of ℓ ensures ∂2θ̂(δval)
∂δ2val

is uniformly bounded.
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By Taylor’s theorem with Lagrange remainder, for some ξ ∈ [0, 1
s+2 ]:

θ̂

(
1

s+ 2

)
− θ̂(0) =

∂θ̂(δval)

∂δval

∣∣∣∣∣
δval=0

· 1

s+ 2
+

1

2

∂2θ̂(δval)

∂δ2val

∣∣∣∣∣
δval=ξ

·
(

1

s+ 2

)2

.

Noting θ̂(0) = θ̃S and H(0) = Hθ̃S
(as defined in the lemma statement), we have:

θ̂S∪{z1,z2} − θ̃S = −H−1

θ̃S

[
∇θℓ(θ̃S ; z1) +∇θℓ(θ̃S ; z2)

] 1

s+ 2
+O

(
1

(s+ 2)2

)
.

This establishes part (2) of the lemma with the corrected negative sign. Part (1), ∥θ̂S∪{z1,z2}− θ̃S∥ =
O(s−1), follows because the first term is O(s−1) (since H−1

θ̃S
and gradients are bounded) and

dominates the O(s−2) remainder for large s.

Lemma 16 (Expansion of utility). Suppose the performance metric u(θ) is once continuously
differentiable and its gradient ∇θu(θ) is Lu-Lipschitz continuous and bounded. Then, for any
parameter vectors θA and θB , we have

u(θA)− u(θB) = ⟨∇θu(θB), θA − θB⟩+O
(
∥θA − θB∥2

)
.

Proof of Lemma 16. By Taylor’s theorem (or the Mean Value Theorem for vector functions), since u
is once continuously differentiable, for some ξ on the line segment connecting θA and θB :

u(θA)− u(θB) = ⟨∇θu(ξ), θA − θB⟩
= ⟨∇θu(θB), θA − θB⟩+ ⟨∇θu(ξ)−∇θu(θB), θA − θB⟩.

The second term can be bounded using the Cauchy-Schwarz inequality and the Lu-Lipschitz continu-
ity of∇θu:

|⟨∇θu(ξ)−∇θu(θB), θA − θB⟩| ≤ ∥∇θu(ξ)−∇θu(θB)∥2 · ∥θA − θB∥2
≤ Lu∥ξ − θB∥2 · ∥θA − θB∥2.

Since ξ lies on the line segment between θA and θB , we have ∥ξ − θB∥2 ≤ ∥θA − θB∥2. Therefore,
the absolute value of the second term is bounded by Lu∥θA − θB∥22, which is O(∥θA − θB∥2). This
establishes the result.

B Experimental Details

This appendix outlines the implementation details for all experiments in the main paper. To evaluate
the effectiveness, efficiency, and robustness of FGSV, four experimental settings were employed.
These consist of: (i) a synthetic data example in the introduction to illustrate the shell company
attack (Section 1); (ii) a benchmark comparison on the SOU cooperative game (Section 4.1); (iii)
an application to copyright attribution using a generative AI model with FlickrLogo-27 Dataset
(Section 4.2); and (iv) an application to explainable AI using the Diabetes dataset (Section 4.3).

All experiments were conducted on the Unity high-performance computing cluster, provided by the
College of Arts and Sciences at The Ohio State University. The copyright attribution experiment
(Section 4.2) was executed on a GPU node equipped with an NVIDIA V100 GPU, 32GB VRAM,
whereas all other experiments were conducted on CPU nodes featuring Intel Xeon E5-2699 v4
processors and 256 GB RAM. The code and instructions to reproduce the experiments are provided
in the supplementary material and available at https://github.com/KiljaeL/Faithful_GSV.

B.1 Motivational Example (Section 1)

A synthetic setting is constructed to illustrate the shell company attack and its effect on group-
level data valuation. We generate synthetic data for binary classification from a Gaussian mixture.
Specifically, given a class label yi ∈ {0, 1}, each sample xi ∈ R2 is drawn from N (µ1, I2) if yi = 0,
and from N (µ2, I2) if yi = 1, where µ1 = [−3, 0]⊤ and µ2 = [3, 0]⊤. The class label is sampled
independently with equal probability p = 0.5. An additional n = 200 samples are independently
generated from the same distribution for testing.
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The training data is partitioned into two equal-sized groups of 100 samples each. To simulate the
shell company attack, the second group is further subdivided evenly into 2, 3, or 4 subgroups. This
results in a total of k ∈ {2, 3, 4, 5} disjoint groups: the first group consistently contains 100 samples,
while the remaining k − 1 groups are allocated approximately 100/(k − 1) samples each, with any
remainder distributed to maintain balance (e.g., 33, 33, and 34 when k = 4).

For each subset S of the training data, a logistic regression classifier is trained. The utility function U
is defined as its classification accuracy on a held-out test set. If S contains only a single class, the
utility is set to a constant value of 1/2, corresponding to the expected accuracy of a random classifier.

While the experiment is qualitative and does not include confidence intervals, repeated runs with
different random seeds produced consistent trends. FGSV is estimated using Algorithm 1 with
threshold parameter s̄ = 20 and Monte Carlo sample sizes m1 = m2 = 2000.

B.2 Comparison with benchmark methods (Section 4.1)

For all methods compared here, we adjust their configurations, such that the total number of utility
evaluations is aligned to the fixed number of 20,000. Note that since FGSV estimates the value for
one group at a time, for fairness, the total budget is equally divided among the four groups, with
5,000 utility evaluations allocated per group. For FGSV, we set the threshold parameter to s̄ = 10
and choose m1 = m2 such that the total number of utility function calls sums to 20,000. Below,
we describe the setup and computational structure of each method in detail, largely based on the
implementation and descriptions from [9].

• Permutation estimator [1, 4].
The permutation estimator computes Shapley values by averaging marginal contribution
across random permutations. At each iteration, it draws a permutation π uniformly at
random from all possible orderings of the n elements and computes a Monte Carlo estimate
based on the following alternative representation of the individual Shapley value:

SV(i) = Eπ [U(Sπ,i ∪ {i})− U(Sπ,i)] ,

where Sπ,i denotes the set of indices that appear before i in permutation π. The final estimate
is obtained by averaging the marginal contributions over T sampled permutations:

ŜVperm(i) =
1

T

T∑
t=1

[U(Sπt,i ∪ i)− U(Sπt,i)] ,

where πt denotes the t-th sample of random permutation. To simultaneously estimate SV(i)
for all data points i ∈ [n] per permutation, this method requires n+1 utility evaluations – one
for the empty set U(∅), and one each within incremental updates, U({π(1), . . . , π(j)}) for
j = 1, . . . , n. Therefore, we set T = ⌈ 20000n+1 ⌉ to maintain the total utility evaluation budget.
For the last sampled permutation, the estimator stopped when the number of evaluations
reached exactly 20,000.

• Group Testing estimator [7, 15].
This estimator computes pairwise differences of Shapley values rather than individual values.
At each step, it draws a random size of subset s ∈ [n] with p(s) ∝ 1

s + 1
n−s+1 , and draws

a random subset St ⊆ [n + 1] of size s, where (n + 1)-th element represents a dummy
player, i.e., a player whose contribution is always zero and serves as a reference for baseline
utility. In particular, for a given number of utility evaluations, T , a matrix B ∈ RT×(n+1) is
constructed, where the (t, i)-th entry is given by:

Bt,i =

{
U(St \ {n+ 1}) if i ∈ St,

0 otherwise.

We set T = 20000. Then, the Shapley value is approximated by

ŜVgt(i) =
Z

T

T∑
t=1

(Bt,i −Bt,n+1) ,

where Bt,i denotes the utility observed at iteration t when player i ∈ St, and Z =
∑n

s=1 p(s)
is a normalization constant.
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• Complement Contribution estimator [17].
The complement estimator approximates Shapley values by leveraging the symmetry be-
tween a subset and its complement. In particular, it relies on another equivalent representa-
tion of the Shapley value:

SV(i) =
1

n

∑
S⊆[n]\{i}

U(S ∪ {i})− U([n] \ (S ∪ {i}))(
n−1
|S|
) .

This expression enables the estimator to reuse utility evaluations for both S and its comple-
ment [n]\S. At each iteration, it samples a subset size s ∈ [n] uniformly and then uniformly
samples a subset S ⊆ [n] of size s. Then, the final estimator is:

ŜVcc(i) =
1

n

n∑
s=1

1

Ti,s

T∑
t=1

[vt {I(i ∈ St, |St| = s)− I(i /∈ St, |St| = n− s)}] ,

where vt = U(St)− U([n] \ St) and Ti,s is the number of such samples satisfying one of
the two conditions. In our experiment, we set T = 20000/2 = 10000 so that each iteration,
which requires two utility evaluations, results in exactly 20,000 total evaluations.

• One-for-All estimator [9].
The One-for-All estimator is based on the following alternative formulation of the Shapley
value3:

SV(i) =
1

n

n∑
s=1

(
ES⊆[n],|S|=s,i∈S [U(S)]− ES⊆[n],|S|=s−1,i/∈S [U(S)]

)
,

This formulation allows each sampled subset to contribute to the estimates of all players,
enabling efficient sample reuse. First, it deterministically allocates 2n+2 utility evaluations
for subset sizes s ∈ {0, 1, n − 1, n}, and uses them to compute the corresponding expec-
tations exactly. Then, for the remaining possible subset sizes {2, . . . , n− 2}, it samples s
with a predefined sampling probability q(s), and then samples a subset St ⊆ [n] of size s
uniformly at random. The final estimation is:

ŜVofa(i) =
1

n
(U([n])− U(∅))

+
1

n(n− 1)

 ∑
i∈S,|S|=n−1

U(S)−
∑

i/∈S,|S|=1

U(S)


+

1

n

n−2∑
s=2

(
1

T in
i,s

T∑
t=1

U(St) · I(|St| = s, i ∈ St)−
1

T out
i,s

T∑
t=1

U(St) · I(|St| = s, i /∈ St)

)
,

where T in
i,s and T out

i,s denote the number of Monte Carlo samples of size s in which i is
included and excluded, respectively. In our experiment, we used q(s) ∝ 1√

s(n−s)
, which

is proved to be the optimal sampling distribution for Shapley value estimation. Next, after
allocating 2n + 2 evaluations deterministically for subset sizes s ∈ {0, 1, n − 1, n}, the
remaining evaluations are used for Monte Carlo sampling. That is, we set T = 20000 −
(2n+ 2) for sampling subset sizes s ∈ {2, . . . , n− 2}.

• KernelSHAP [10].
The Shapley value can be characterized as the solution to the following constrained opti-
mization problem:

SV = arg min
ϕ∈Rn

∑
∅⊊S⊊[n]

wS

(
U(S)− U(∅)−

∑
i∈S

ϕi

)2

, subject to
n∑

i=1

ϕi = U([n])−U(∅),

3While the One-for-All estimator can estimate a variety of values (e.g., Banzhaf [14], Beta-Shapley [8]), we
focus on its use for Shapley value estimation.
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where wS ∝ 1

( n−2
|S|−1)

is the kernel weight assigned to each subset S. Based on this formu-

lation, KernelSHAP constructs a sample-based approximation of the objective and solves
the resulting weighted least squares problem to obtain an estimate of the Shapley value.
In particular, at each iteration, it samples a subset size s ∈ {1, . . . , n − 1} according to
the distribution p(s) ∝ 1

s(n−s) , and then draws a subset St ⊆ [n] of size s uniformly at
random. Each subset is encoded as a binary indicator vector 1S ∈ {0, 1}n, and the following
quantities are updated:

Â =
1

T

T∑
t=1

1St1
⊤
St
, b̂ =

1

T

T∑
t=1

(U(St)− U(∅)) · 1St .

The KernelSHAP estimator is obtained in closed form as:

ŜVks = Â−1

(
b̂− 1⊤Â−1b̂− U([n]) + U(∅)

1⊤Â−11
· 1

)
,

where 1 ∈ Rn denotes the vector with all-one entries. We set T = 20000 in our implemen-
tation of KernelSHAP.

• Unbiased KernelSHAP [2].
The Unbiased KernelSHAP estimator is a variant of KernelSHAP that utilizes the fact that
the exact gram matrix, A = E[1S1

⊤
S ], admits a closed-form expression under the same

distribution wS ∝ 1

( n−2
|S|−1)

. Instead of estimating A empirically from samples, this estimator

directly computes A, where its (i, j)-entry is defined as:

Aij =


1
2 if i = j,

1
n(n−1)

∑n−1
s=2

s−1
n−s∑n−1

s=1
1

s(n−s)

otherwise.

Unbiased KernelSHAP replaces the empirical matrix Â in KernelSHAP with its closed-form
expectation A:

ŜVuks = A−1

(
b̂− 1⊤A−1b̂− U([n]) + U(∅)

1⊤A−11
· 1

)
.

In our implementation, we set T = 20000.
• LeverageSHAP [12].

LeverageSHAP is another variant of KernelSHAP designed to reduce the variance of the
estimator and improve computational efficiency. Unlike KernelSHAP, which samples
subset sizes s ∈ {1, . . . , n− 1} with the weighting p(s) ∝ 1

s(n−s) , LeverageSHAP draws
s uniformly (i.e., p(s) ∝ 1) and compensates for the mismatch via a correction factor
w(s) =

√
s(n− s). Also, it adopts paired sampling, which also includes complement

S̄t = Sc
t in the sample pool when each subset St is sampled. Based on these modification,

it computes the following quantities:

Ã =
1

2T

T∑
t=1

w(|St|)
{
1St

1⊤
St

+ 1S̄t
1⊤
S̄t

}
b̃ =

1

2T

T∑
t=1

w(|St|)
{
(U(St)− U(∅)) · 1St

+
(
U(S̄t)− U(∅)

)
· 1S̄t

}
.

The final LeverageSHAP estimator is then computed by:

ŜVls = Ã−1

(
b̃− 1⊤Ã−1b̃− U([n]) + U(∅)

1⊤Ã−11
· 1

)
.

For LeverageSHAP, we set T = 20000/2 = 10000 since each iteration requires two utility
evaluations due to the use of paired sampling.

36



Although all methods use the same total number of utility evaluations (20,000), their actual runtimes
differ substantially, as shown in the second row of Figure 2. These discrepancies are attributable to
several algorithmic and implementation-specific factors, including computational complexity and
sampling distribution over subset sizes.

First, Group Testing requires the construction of a utility matrix B ∈ RT×(n+1). Maintaining this
large matrix introduces relatively high memory usage and per-iteration computational overhead, as
each utility evaluation must be copied into multiple locations with structural indexing. In contrast,
other estimators maintain only low-dimensional accumulators or regression statistics, which impose
negligible memory cost.

Second, the cost of evaluating U(S) varies dramatically with the size of the subset, |S| = s.
Consequently, the subset size sampling distribution required by each method significantly impacts
speed. Among the benchmarks, Group Testing: p(s) ∝ 1

s + 1
n−s+1 ; One-for-All: q(s) ∝ 1√

s(n−s)
;

and both KernelSHAP and Unbiased KernelSHAP: p(s) ∝ 1
s(n−s) . They all employ non-uniform

subset size distributions that tend to oversample either very small or very large subsets. This matters
significantly in the SOU game, where evaluating U(S) requires checking whether Aj ⊆ S holds for
all j ∈ [d]. Figure 5 empirically demonstrates the near-exponential growth in computation time for
evaluating U(S) as a function of subset size s, across varying values of n ∈ {64, 128, 256}. This
occurs because the time required for set inclusion checks (e.g., issubset() in Python) increases
rapidly with subset size. As a result, estimators that disproportionately sample such extreme subset
sizes tend to exhibit higher average computation time per evaluation compared to those that sample
subset sizes uniformly (e.g., Permutation, Complement Contribution, LeverageSHAP). Thus,
sampling behavior—not just the number of evaluations—directly impacts computational efficiency.
On the other hand, FGSV does not sample subset sizes s, but instead performs estimation through
an explicit loop over all possible values of s. As shown in Algorithm 2, when s < s̄, it evaluates
the utility function over all grid points s1 ∈ [max{0, s + s0 − n},min{s, s0}]. For s ≥ s̄, the
approximation is performed using only two representative values of s1, thereby significantly reducing
the number of required evaluations. This thresholding mechanism ensures that, under a fixed budget
of utility calls, FGSV concentrates more computation on smaller subset sizes, leading to lower overall
runtime.

Figure 5: Empirical average runtime (in seconds) of U(S) evaluation as a function of subset size
s = |S|. Each curve represents the mean over 50 randomly sampled subsets of size s; shaded areas
indicate ±1 standard deviation.

Third, KernelSHAP and its variants—Unbiased KernelSHAP and LeverageSHAP—require solv-
ing a constrained least squares problem involving dense matrix inversions and multiplications. These
linear algebra operations, performed either during or after sampling, dominate the overall computa-
tional cost, making these methods significantly slower than alternatives that rely solely on running
averages or marginal contribution estimates.

B.3 Faithful copyright attribution in generative AI (Section 4.2)

We evaluate SRS and FSRS in the context of group-level copyright attribution for generative models,
using a logo generation task based on Stable Diffusion. To facilitate comparison, we mostly followed
the experimental setup in [16]. Nonetheless, for clarity and completeness, we summarize the relevant
details below.
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To construct the experiment, we select four logo classes (Google, Sprite, Vodafone, and Starbucks)
for evaluation, and use the remaining 23 brands to initialize a baseline model via fine-tuning of Stable
Diffusion v1.4 [13]. We then assess the impact of fine-tuning with each of the four excluded brands
by measuring how their inclusion alters the generation behavior of the model.

Fine-tuning is performed using Low-Rank Adaptation (LoRA) [6], a technique that inserts trainable
low-rank matrices into the attention layers of the diffusion model. The rank r and scaling factor α are
both set to 8, and fine-tuning is only applied to the attention layers of the UNet module, while all
other weights of the Stable Diffusion model are kept frozen. This configuration ensures efficient and
stable adaptation to the small-scale dataset, in line with standard LoRA usage.4

We use a learning rate of 0.0001, a batch size of 4, and train for 10 epochs. After fine-tuning, we
generate NMC = 20 images for each of the four selected brands using the prompt “A logo by
[brand name].” Image generation is performed with 25 denoising steps and classifier-free guidance
(scale 7.5), implemented using the DDPMScheduler.

Following the formulation of [16], we define the utility function as the log-likelihood of generated
images. For a given length of the denoising steps T , let (xT , . . . , x1, x0) denote the reverse trajectory
defined by the diffusion scheduler, where xT ∼ N (0, I) is the initial latent noise, and x0 = x(gen) is
the final generated image. The likelihood of x(gen) under model parameters θ is defined as:

pθ(x(gen)) = pθ(x0) = Ex1 [pθ(x0 | x1)] ,

by the Markov property of the diffusion process. The conditional distribution pθ(x0 | x1) is Gaussian,
given by

pθ(x0 | x1) ∼ N
(
x0;

1
√
α1

(
x
(j)
1 −

√
1− α1 ϵ̂θ(x

(j)
1 , 1)

)
, σ2

1I

)
,

where ϵ̂θ(xt, t) denotes the predicted noise at step t, and α1, σ
2
1 are scheduler-specific constants.

Based on these formulation, the likelihood of x(gen) can be approximated as

1

NMC

NMC∑
j=1

N
(
x0;

1
√
α1

(
x
(j)
1 −

√
1− α1ϵ̂θ(x

(j)
1 , 1)

)
, σ2

1I

)
,

where x
(j)
1 for j = 1, . . . , NMC is sampled by reversing the diffusion process from a standard

Gaussian noise vector x(j)
T

iid∼ N (0, I).

In our setting, the model is initialized from a pretrained checkpoint based on the remaining 23
brands, which stabilizes the fine-tuning process even when the input subset is small. This design
parallels the data augmentation strategy described in Section 3.4, where non-informative examples
are added to ensure that the utility function remains well-defined. Ultimately, the resulting setup can
be conceptually viewed as one where the utility function consistently receives a sufficiently large
dataset as input. Hence, the computation procedure can be understood as effectively a special case of
Algorithm 2, with the difference that our computation injects informative, rather than non-informative,
data points. As a result, when theoretically understanding the performance of our method here, we
resort to Theorem 2, thinking that s is lower-bounded.

Finally, we used m = 2 for this approximation. This choice was primarily informed by practical
constraints: the computation for a single sample, including both fine-tuning and utility evaluation,
takes nearly 30 hours given the limited hardware resources available to us. On the other hand,
however, we observed that the FSRS estimates well-illustrates the faithfulness property of FGSV—
the preservation of group-level value under further partitioning—even within each single experiment.
As shown in Figure 3, which displays the result from a single experiment, the FSRS values remained
stable before and after splitting the Google and Sprite brands. This suggests that the empirical
evidence is clear even with a small m. To understand this phenomenon, we attribute such empirical
stability to the fact that the diffusion model here was initialized by a pretrained baseline model. The
baseline model was trained by on big data with very significant computing resources, which tends to
yield rather stable initializations. Consequently, fine-tuning outcomes across random seeds tend to
inherit some stability and would not vary wildly.

4https://huggingface.co/blog/lora
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B.4 Faithful explainable AI (Section 4.3)

We evaluated FGSV and GSV on the Diabetes dataset [3], which includes 442 samples with 10
demographic and health-related features. The dataset is preprocessed by centering and standardizing
the response variable and splitting the dataset into 350 training and 92 test samples using a fixed
random seed.

For the base model, we use ridge regression with regularization strength α = 0.01. The utility U(S)
is defined as the negative mean squared error (MSE) on the test set; for empty subsets S, the utility
is defined as the negative variance of the test labels, which corresponds to a baseline predictor that
always outputs the test mean. FGSV is estimated using Algorithm 2 with parameters s̄ = 35 and
m1 = m2 = 1000, while GSV is computed exactly. Each setting is repeated for 30 times using
independent Monte Carlo replications.

39



C Approximation algorithm with non-informative data augmentation

We present the approximation algorithm with non-informative data augmentation in Algorithm 2.

Algorithm 2 Approximate FGSV with non-informative data augmentation for small input sizes
Require: Dataset D, group S0, size threshold B, subsample size m, non-informative distribution
Pnull.

1: Initialize n← |D|, s0 ← |S0|, α0 ← s0/n.
2: Initialize total sum for correction terms T̂sum ← 0.
3: for s = 1 to n− 1 do
4: Set s∗1 ← ⌊sα0⌋. {Expected intersection size for current s}
5: Initialize sum of utility differences S∆U ← 0.
6: for j = 1 to m do
7: Sample a base tuple (S, z1, z2) i.i.d. from Bs,s∗1

= {(S, z1, z2) : S ⊆ D, |S| = s, |S ∩
S0| = s1, z1 ∈ S0 \ S, z2 ∈ Sc0 \ S}, where S0 = {zi : i ∈ S0}.

8: if s < B then
9: Sample augmentation set Snull = {z′1, . . . , z′B−s} where z′l

i.i.d.∼ Pnull.
10: U1 ← U(S ∪ {z1} ∪ Snull).
11: U2 ← U(S ∪ {z2} ∪ Snull).
12: else
13: U1 ← U(S ∪ {z1}).
14: U2 ← U(S ∪ {z2}).
15: end if
16: S∆U ← S∆U + (U1 − U2).
17: end for
18: ∆̂µ

(
s∗1
s ; s, s0, n

)
← 1

mS∆U .

19: T̂ (s)← n
n−1α0(1− α0) · ∆̂µ

(
s∗1
s ; s, s0, n

)
.

20: T̂sum ← T̂sum + T̂ (s).
21: end for
22: G0 ← s0

n [U([n])− U(∅)].
23: return G0 + T̂sum.

To theoretically justify Algorithm 2, we first define a padded utility function

Ũ(S) =

{
E
[
U(S ∪ Snull)

]
, |S| < B,

U(S), |S| ≥ B,

where Snull ∼ PB−|S|
null .

Under the assumption that U satisfies Assumptions 1 and 2 and is O(1/s)-deletion-stable for
|S| ≥ B, one can verify that Ũ retains these properties for all S. Applying Algorithm 2 to Ũ with the
parameter choices

s̄ ≍ ϵ−1/υ, m1 ≍ ϵ−
2(2+υ)

υ log
(
n/δ

)
,

m2 ≍ max
{
1, ϵ−2

(
α0(1− α0)

)2
log3

(
n/δ

)}
,

yields an (ϵ, δ)-approximation of F̃GSV(S0) that requires

O
(
n ·max

{
1, α0(1− α0))

2(log n)3
})

utility evaluations, matching the bounds in the original Theorem 3.
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