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A.1 Proof of Proposition[i]

We first introduce some notation and preliminary results. Proposition T]considers a group Sy, (from
an initial set of K + 1 groups So, ..., Sk) which is split into two non-empty, disjoint subgroups,
S}, and S}/. We denote their cardinalities as s; = |\S)| (forl = 0,..., K), s}, = |S;|, and s} = |S}/|,
such that s, = s}, + s}. Let U(s) be the expected utility function defined in Proposition[1} which
depends only on the dataset size s. We define an auxiliary function A(z) for any € N (where z
will typically represent the sum of cardinalities of other groups in a coalition):

A(x):=U(z+s),)+ Uz +s})) —U(x) — U(x + s}, + s).

The proof of Proposition [[]will rely on the following technical lemmas. Their proofs, which build
upon the prudence condition (3), are deferred to Appendix[A.T.1]
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Lemma 2. [Prudence Implication for First Differences] Suppose the expected utility function Ul(s)
satisfies the prudence condition (3). Let AU (t) := U(t + 1) — U (t) for t > 0. Then, for any integer
x > 0 and positive integers a,b € N_, it holds that

AU(z) + AU(z +a+b) > AU(x + a) + AU (z + b).
(This property indicates that the first-order difference AU (x) is a strictly convex function.)

Lemma 3. [Strict Monotonicity of A(x)] If U(s) satisfies the prudence condition (3)) (which implies
Lemma , then A(x) is a strictly decreasing function of x. That is, for any xo > x1 > 0, we have
A(.’El) > A(l’g)

Lemma 4. [Sum Symmetrization Identity] Let [n] := {1,...,n} be the set of player indices, and let

f: 2" — R be a function that assigns a real value to each subset of [n]. Then, for any integer m
such that 0 < m < |n/2], the following identity holds:

>+ >, f(I):( Z > M+ raud).

IC[n] 1C[n] IC[n] JC[n\I
[ I|l=m [I|=n—m \I| |J|_n 2m

We now proceed to prove Proposition|[I]

Proof of Proposition[l] Let Ng = {0, ..., K} be the set of indices for the initial K + 1 groups

rcvoy D!
U (Z si +sk> —U (Z slﬂ RENG)
lelr* lel*
|T*[=m*

S0, - -+, Sk. The Group Shapley Value for Sk can be re-expressed in terms of U, as follows:
K
1 1
K41 Z ( K ) Z
After splitting .Sy, into S}, and S}/, we have K + 2 groups. Let N’ = (No \ {k}) U {k, K"} be the
set of indices for these K + 2 groups, where k&’ and k" index S}, and .S} respectively. The GSVs for

I*|/(K — |I*)) —
E[GSV(Sp)] = > M (Z 81 —l—sk) -U (Z sl>
ler* ler*
m*=0 \m*) [*CNo\{k}
S, and S}/ are:

INK+1-—|I)) _
E[GSV(Sp)] = Y | |((K+2 7)) <Zsl+sk> —U(ZSZN
ICN\{k'} lel el
K+l 1 B B
Y by T fo(mees) ().
m*=0 m* / [*CN'\{k'} ler~ ler=
[ |=m"
INK+1—- I | = -
EGSV(S{)] = D, | H(KH), L U<Zsz+sz> U(Zszﬂ
ICN/\{k"} ’ lel lel
K41 1 ) )
_ZK+2(K+1) Z U(Z&-ﬁ-S%)—U(Zg)].
m [*gN’\{k”} lel* lel*
|7 [=m~

Let Iy = Ny \ {k} be the set of K "other" groups. To analyze E[GSV(S})] + E[GSV(S}/)], we
examine the terms associated with each I* C I. Let m* := |I*|. For a given I'*, its coalition can be
joined by S, alone, S}/ alone, or by S; and .S}’ in either order. Collecting the marginal contributions
for S,’C and S ,’€’ across these scenarios for a fixed I*, we obtain:

1 _ _ _
3 2{ es (ZS[+8k> (Zsl>+U<Zsl+sg>U<Zsl>]
+ 2) ler ler ler lel
“RIi <Zsl+sk+s§€> —U(Zsl—&—sg) +U<Zsl+s§€+sg> —U(Zsl—i—s;c
(m +1) lel* lel* lel~ lel*
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Summing over all I* C I, the total expected value is:
E[GSV(S},)] + E[GSV(S})]

St (T ) o) (o) o (2

I*Clo | 1]
1 _ _ _ _
+ 'y U(Zsl—&—sg—i—s;c) —U<Zsl+s;€'> +U<Zsl+s;€+s%) —U(Zsl—l—s;) }
(\I*I—H) lel* ler* ler= ler

Let sp« = Zle 1+ 1. The above form can be simplified into:

E[GSV(S},)] + E[GSV(S})]

1 1 — - 2

= Z K_|_2{K+1[U(SI*+S;€)+U(81*+s;€/)_2U(81*)]
I+Clo (\I*\)
1

+@ [2U (sg+ + sk) — U(sr + s3) — U(sp» + s3] } .
[T*]+1

For E[GSV(S)] in Eq. , using the identity ﬁﬁ = % ((KL) + (Klﬂ)>, we have:

x < RASAN
1 1 _ _
E[GSV(Sy)] = ————— [U(s1+ + si) — U(s1+)]
1+Clo K+1 (|£\)
1 1 1 _ _
= + [U(S[* +Sk)—U(8]*)] .
= e o )

Then, the difference in the expected GSVs is:
E[GSV(S},)] + E[GSV(S})] — E[GSV(Sk)]

1 1 _ _ _ _ _
— { yau [U(sr+ + s3) + U(spe + sy) — 20U (sg=) — U(sp + s) + U(sr+)]

I*§10K+2 (\I*\)
1 ] 7 [ 7 - _
gy [20(s1+ + sk) = Ulsr- + sy) = Usg + s3,) = U(sg + sp) + U(sz*)]}
(r+751)
1 1 1
- - A(S[*).
< @y )

We further group the terms with the same cardinality m* = |I*|, which ranges from 0 to K. For
each m*, there are ( f) such coalitions 7*. This yields:

E[GSV(S})] + E[GSV(Sy)] — E[GSV(Sk)]
:; K <K> ( 1 _ 1 ) ZI*I‘I*\:m* A(S[*)
K+2m*20 m* (KH) (K+1) (K)

m* m*+1 m*

o 1 K % Zl*:\]*\:m* A(SI*)
BT D Rk v e

@)

where the last step uses the fact () ((Klﬂ) — (K1+1 )) T
m*+1

m*

To determine the sign of the RHS of (2)), we define an auxiliary function

K-

()

A(sy+)



for all I* C I,. We have

B(GSV(S))] + EIGSV(S))] - EIGSV(Su)] = erprsg O 900 O
I*Cly

We can rewrite the sum ) . - Io g(I*) by pairing up terms corresponding to coalitions of sizes m*
and K — m*, foreachm* =0,..., [(K —1)/2]. We have

[(K-1)/2]
Ser= S | S o+ Y )
I*Clp m*=0 I*ClIo J*ClIo

|I*|=m* |J*|=K —m*

(If K is even, the middle term where m* = K/2 has K — 2m* = 0, so g(I*) = 0 for |I*| = K/2.)
Applying Lemmad]to each parenthesized pair of sums:

Y9I+ Y g = = S S g+ gt uL).

I*Clo J*CI, m* ["Cly  L"CIp\I*
|I*|=m* |J*|=K —m* u| m* |L*|=K —2m*

Substituting g(I*) = K(_ETSL* A(sy+) and noting that [I* U L*| = K — m*, we have g(I* U L*) =

%TA(S[*UL*) = —(K(_ﬁ*";*)A(sl*UL*). Thus, the term [g(I*) + g(I* U L*)] becomes

K(—I%gl* [A(s;+) — A(sr-uz-)). So. E[GSV(S,)] + E[GSV(S!)] — E[GSV(Sy)] is

m*

1 L(K-1)/2]

(K + 1)(K +2)

(K_lm* Koo s~ S [AGsr) -~ Alsreor)].

m* ) (m*) I*Cly L*CIp\I"
|I*|=m* |L*|=K —2m*

m*=0

For m* < K /2, we have:

: K—2m* : . e
1. The coefficient ErD R+ () () is strictly positive.

2. The set L* is non-empty (since K — 2m* > 0). Assuming at least some s; > 0 for! € L*, we
have sy« > Sy+.

3. By Lemma[3] we have A(s;+) > A(speur+).

Combining these observations shows E[GSV(S},)] + E[GSV(S}))] > E[GSV(S})] and completes
the proof of Proposition [T}

m*

O

A.1.1 Technical lemmas used in the proof of Proposition|I]

Lemma 2. [Prudence Implication for First Differences] Suppose the expected utility function U (s)
satisfies the prudence condition (3). Let AU (t) := U(t + 1) — U(t) for t > 0. Then, for any integer
x > 0 and positive integers a,b € N_, it holds that

AU(z) + AU(z + a+b) > AU(x + a) + AU (z + b).

(This property indicates that the first-order difference AU (x) is a strictly convex function.)

Proof of Lemma[2} Define the second-order difference as AU (t) := AU(t + 1) — AU(2). The
prudence condition on U (s) is given by @): A3U (z) := U(2+3)—3U (v+2)+3U (v+1)-U (x) >
for any valid x. We can express A3U (z) as follows:
AU(z) = (U(x+3)—U(x+2) —20@x+2)—U(x+1) + (Ulx+1) - U(z))
= AU(x +2) —2AU(x + 1) + AU(z)
=AU(z+1) - A%U().



Since A3U(z) > 0, we have A2U (x + 1) > A%U(z). As this holds for any valid z, it implies that
the function A?U (¢) is strictly increasing in t.

We want to prove that for any integer « > 0 and positive integers a,b € N :
AU(z) + AU(z +a +b) > AU(z + a) + AU (z + b).

This inequality can be rearranged to:

AU(z+a+b) — AU(z +a) > AU(x +b) — AU (). 4)
The left-hand side (LHS) of (@) can be written as a sum of second-order differences:
b—1
AU(z 4+ a+b) — AU(z + a) :Z(AU(x+a+j+1) —AU(z 4+ a+j))
j=0
b—1
=Y AU(x+a+j).
j=0
Similarly, the right-hand side (RHS) of @) is:
b—1
AU(z+b)—AU(z) =) (AU(x+j+1) — AU(z + )
j=0
b—1
= AU (z + 5).
j=0

Since a € N4, we have a > 1. Therefore, for each j € {0,...,b — 1}, the argument  + a + j is
strictly greater than x + j. Because A2U (t) is a strictly increasing function of ¢, it follows that for
each term in the summations:

A*U(z +a+j) > A?U(x + j).
Summing these strict inequalities from j = 0 to b — 1 (since b € N, there is at least one term in the
sum):

b—1 b—1
ZAQU(x+a+j) > ZAZU($+j).
=0 =0

This directly implies that the LHS of @) is strictly greater than its RHS:
AU(z+a+b) — AU(z +a) > AU(x + b) — AU (x).
Rearranging this yields the desired result:
AU(z) + AU(x + a+b) > AU(x + a) + AU (z + b).
This completes the proof. O

Lemma 3. [Strict Monotonicity of A(x)] If U(s) satisfies the prudence condition @) (which implies
Lemma , then A(x) is a strictly decreasing function of x. That is, for any xo > x1 > 0, we have
A(ml) > A(.’E2>

Proof of Lemma[3] We want to show that A(x) is a strictly decreasing function of z. This is
equivalent to proving that A(z) — A(z + 1) > 0 for any = > 0 (assuming z and x + 1 lead to valid
arguments for U as per the lemma statement).

Let the first-order difference of U be defined as AU(¢) := U(t + 1) — U(t), for t > 0, ensuring all
arguments to U are valid. Recall the definition of A(z):

Al@)=U(x+s,) +U(x+sY) —U(z) — Uz + s}, + s7).
Then, the difference A(z) — A(z + 1) is:
Alx) — Az +1)
=[U(@+sp)+U@+sy) —Ux) — Uz + s, + s7)]
—[Ux+1+s)+U@+1+s)) - Ulx+1)—U(x+1+s,+sp)].



We regroup the terms and leverage the definition of AU (¢), this becomes:
Az) = Az +1) = AU(z) + AU (z + sj, + sp,) — [AU(z + s3,) + AU(z + s))] -

Since Sj, and S}/ are non-empty, s}, and s}, are positive integers (i.e., a,b € N1). By Lemmal we
have:

AU(z) + AU (x + s, + s}) > AU(x + s},) + AU (x + s}).
Therefore, ~ ~ ~ ~
AU(z) + AU(z + sp, + s3) — [AU(z + s),) + AU(z + sp,)| > 0.
This implies A(z) — A(z + 1) > 0, so A(z) > A(x + 1). Since this holds for any valid = > 0,

A(x) is a strictly decreasing function of x. Consequently, for any zo > x1 > 0, we have A(z1) >

Lemma 4. [Sum Symmetrization Identity] Let [n] := {1,...,n} be the set of player indices, and let

f: 2" — R be a function that assigns a real value to each subset of [n]. Then, for any integer m
such that 0 < m < |n/2], the following identity holds:

S+ Y f(I)=( Z > O+ faug).

1C[n) 1C[n] m ) IC[n] JC[n\I
[ I|=m [I|=n—m \I| |J|—n 2m

Proof of Lemmad} We start by analyzing the right-hand side (RHS) of the proposed identity:

RHS:( )Z S D+ fUaUg).
m ) ICn] JC[r\I

|I|= m\J\ n—2m

We can split the sum inside the square brackets into two parts:

wis- o [YY we Y Y s
( m IC[n] JC[R\I IC[n] JC[n\I
[I|l=m |J|=n—2m |[I|=m |J|=n—2m

Let’s analyze the first double summation: ) ;cin) > scimpz f(f). For any fixed subset I such
|I|= m |J|=n—2m

that |I| = m, the term f(I) is constant with respect to the inner sum over .J. The number of ways to

choose a subset J C [n] \ I with |.J| = n — 2m is given by ("), Since |[n] \ I| = n — m, this

countis ("7," ). Using the identity ( ) = (kf ), we have (" ") = (( o )) =("").

n—2m n—m)—(n—2m m

So, for each fixed I with |I| = m, f(I) appears (" ") times. Thus, the first double summation is:

ﬁ%ﬁi (")

Now, let’s analyze the second double summation: ;¢ > scmpg ST UJ). Let K = TUJ.
[Il=m  |J|=n—2m
Since INJ =0, |I| = m, and |J| = n — 2m, it follows that |K| = m + (n — 2m) = n — m.
We want to count how many times a specific subset K C [n] with |K| = n — m appears as I U J
in this summation. For a fixed K (where |K| = n — m), we need to find an I C K such that
|I| = m. Once such an I is chosen, .J is uniquely determined as J = K \ I. The size of this J will
be |[K\I| = (n—m)—m=mn—2m. Also, J C [n]\ I is satisfied. The number of ways to choose
such a subset I C K with |I| =m is ('Ifll) ("7"). So, for each fixed K with |K| = n — m, the

term f(K) appears ( ) times. Thus, the second double summation is:

|KK§% (” ;m) 1K),



(Renaming the dummy variable K to I for consistency with the LHS):

.I’E%’”m ("),

Substituting these back into the expression for the RHS:

1 n — —
RHS = 1 | 3 ( m)f(1)+ ) (” m)f(f)
() g N ™ icm N "
I=m | T|=n—m
=Y [+ Y fu
IC| n] IC[n]
|[I|= [ I|=n—m

This is exactly the left-hand side (LHS) of the identity stated in the lemma. The condition 0 <
m < |n/2] ensures that n — 2m > 0 (so |.J| is a valid size) and m < n —m (so (") is well-
defined and typically non-zero, unless n — m < m which is prevented by m < n/2. If m = n/2,
(") = (") = 1). This completes the proof. O

m

A.2 Proof of Theorem[T]

Proof of Theorem[l} Let [n] = {1,...,n} be the set of indices for the data points. The utility
function U is defined on subsets of [n], and II is a partition of [n]. The proof consists of two parts:
sufficiency and uniqueness.

Sufficiency. We verify that the proposed valuation vy p () = ;< 4 SV (7) satisfies all five axioms
from Definition[2] For any S; € II:

1. Null player: If every subset S’ C S; satisfies U(S” U S’) = U(S”) for all S” C [n]\ 5,
then as a special case, for every element k& € S;, it holds that U(S” U {k}) = U(S’ ) for all
S” C [n] \ {k}. By the definition of individual Shapley value, we have SV (k) = 0. Thus,

vu.pn(S;) = >kes,; SV(k) =0.

2. Symmetry: Let S, .55 be the said sets and o be the said mapping between them, all as described
in the axiom. For every individual k& € S;, we take S’ = {k}. By the axiom, for all S
[n)\{k, o(k)},itholds that U (S"U{k}) = U(S"U{o(k)}). Thenitis easy to verify that SV(k:) =
SV(o(k)). Therefore, vy p1(S1) = Y res, SV(K) = X opes, SV(a(k)) = > 1cs, SV =
vy p,1(S2).

3. Linearity: For utility functions Uy, Us and scalars «y, s, the individual Shapley value is
linear: SV, v, +a,0, (k) = a1 SVy, (k) + a2 SVy, (k). Summing over k € S; preserves
this linearity: VQIUNLO[ZUQ’D’H(S]') = ZkESj SVQIU1+Q2U2(]€) = o ZkESJ S\/U1 (k) +
a2 Y res, SVu, (k) = crvu, pn(S;) + azvy, pu(S)).

4. Efficiency: For any partition IT = {Si,...,Sy} of [n], the axiom implies that
Zﬁl vupu(S;) = Zj\il Zkesj SV(k) = > jepm SV(k). By the efficiency property of
the individual Shapley value, we have 3, .., SV (k) = U([n]).

5. Faithfulness: The proposed valuation vy p 1 (S) = ), 4 SV(i) depends only on the group
S itself (and U, D), not on the specific partition II that S belongs to. Thus, if Sy € II; N IIs,

then vy p 1, (S0) = > icq, SV(i) and vy p11,(So) = D e, SV(@). These are equal, so the
Faithfulness axiom is satisfied.

All axioms are satisfied.

Uniqueness. Let l/U pn be any group-level data valuation method satisfying Axioms 1-5 from
Definition[2] We have the following progressive arguments.

1. Consider the partition IT* = {{k} }1c[n], Where each group is a singleton. When Axioms 1-4 (null
player, symmetry, linearity, and efficiency) are applied to the groups {k} € IT*, they correspond



to the standard axioms for individual player valuations. The Shapley value SV (k) is the unique
valuation satisfying these axioms for individual players. Thus, for any k& € [n], we must have

VI/J.,D,H*({]{:}) = SV(k).
2. For any non-empty subset S C [n], consider the specific partition IIs = {S} U {{j}}je[n)\s- For

any singleton group {j} where j € [n] \ S, note that {j} € IIg and also {j} € II*. By Axiom 5
(faithfulness):

V{J,D,Hs({j}) = V{J,D,H*({j})'
Using the result from step 1, v, p, 11- ({j}) = SV(4). So, for j € [n] \ S:
V/U,D,Hs({j}) =SV(j).
Now, apply Axiom 4 (efficiency) to the partition IIg:
V{J,D,HS(S) + Z V(/J,D,Hs({j}) =U([n]).
J€MNS
Substituting v7; p 7, ({7}) = SV(j) for j € [n] \ S:
vy p.as(S) + Z SV(j) = U([n]).
jeln]\s
By the efficiency of individual Shapley values, U([n]) = 3_j.c(,; SV (k). Therefore:

Vopms(S) = Y SV(k)— > SV(j) =) SV(i.

ke(n] JENI\S €S

3. Now, consider any arbitrary partition IT of [n] such that S € II. Since S € IT and S € IIg, by

Axiom 5 (faithfulness):

VIIJ,D,H(S) = V{J,D,HS(S)'
Substituting the result from step 2:
V{J,D,H(S) = Z SV(i).
€S

Since this holds for any valuation ¢’ satisfying the axioms and for any S € II, the valuation method
is unique and given by the sum of individual Shapley values. O

A.3 Proof of Lemmal[ll

Proof of Lemmall] By definition, FGSV(So) = >, ¢ SV (i). Using the standard definition of the
individual Shapley value SV (i) from (I):

[S[H(n —|S] = 1! .
FGSV(So) =) > - U(sufi}) - U(s)]- &)
1€S0 SC[n]\{}
The definition (3) shows that FGSV(Sy) is a linear combination of the utility values U(.S) for
S C [n]. We now determine the coefficient C'(.S) for a specific subset S with cardinality s = |S|. A
term U (.S) appears positively in the sum for SV (3) if i € Sy N S, and negatively if i € Sy \ S. The

(571);(!7175)1 and SI(”ZLT*DI. Summing over ¢ € Sy, the coefficient

respective Shapley weights are
C(S) is therefore:
s—1l(n—s)! sl(n—s—1)!
C(s) = |son §) E =t g\ gettn—s DY
n! n!
Let s; = |So N S|. Then |Sy \ S| = sp — s1. Substituting s = |S| and simplifying the factorials (for
0<s<n)

C(S) = 51 (s — l)T!L(!n -8 (s0 — 81)3!(71 _nf —1)!
_ sl(n—s)! [31 50 —sl]
n! s n—s
_ 1 [sl(n —8)— (80— sl)s} _sin—sos 1
") s(n—s) s(n—s) (1)



This coefficient depends only on s = |S| and s; = |Sy N S|. We rewrite FGSV(Sy) =
> scn C(S)U(S) by grouping terms with the same s and s1. We handle the edge cases s = 0

(S = @) and s = n (S = [n]) separately. For S = @& (s = 0), s; = 0, the coefficient is

C(2) = —sg/n. For S = [n] (s = n), s1 = so, the coefficient is C([n]) = so/n. So we can write:
FGSV(Ss) = O () + C@U @)+ 3 Y €S
= e
= 2 U([n) Z 2 (Sllisﬁ)s (i)> u(s),
s=1 SC[n] s
|S|=s

where s1 = |S N Sp| within the inner sum. Now, we focus on handling

—Sos 1
T zz( — (,L>>U(S).
s=1 5C[n] s
|S|=s
By grouping the inner sum by the value of s; = |.S N Sp| for each fixed size s, we have:
s=1 s;=max{0,s+s0—n} s(n—s) (3) 5:S|= '
s1=max{0,s+so—n ‘SO.SMZSSI

. . . _. U(S
Using the definition (25 s, so,n) = ZS"S"S"STLSPJ;” &) (from (@), we have:

)
- E B ).

s=1 s;

(D).
O

Recognizing the hypergeometric probability Py, 3G (n,sq,5)(S1 = 51) =

n—1
T = ézzl ;P(sl = Sl)TWM (%;Sasoan)

ity n 550 s1
— ZESINHg(n,so,s) m (31 - 7) 1 (?, S,So,n)
s=1

n—1

=Y T(s)

where 7T (s) matches the definition (8). Combining the parts, we get FGSV(Sy) =
2 [U(n) -U@)]+ >0, ! T (s), proving the lemma. 0

A.4 Proof of Theorem

Before presenting the proof of Theorem [2] we establish two lemmas that demonstrate how As-
sumption [2| implies a smoothness condition on the function p(-). The first lemma shows that this
assumption yields a bound on the second-order finite difference of p.

Lemma 5. Under Assumption [2} the following second-order difference bound holds for
12 (%7 5, 50, n)

1 -1 C
() <30 () e (2 )| S0
S S S§+'u




The proof of Lemma [5]is in Appendix [A.4.1]

Next, we show that this second-order difference bound implies a first-order approximation error
bound — a discrete analogue of Taylor’s theorem. To formalize this, we define the following continuity-
extended versions of a discrete function and its first-order derivative.

Definition 1 (Continuity-extended function). Let fs(z) be a function defined on rational points of

the form x = °L for integers s1 € {0,1,...,s}. The continuity-extended function f,(z) is defined
as the linear interpolation:

Fulz) = {(sx— Lsz]) - fs (LS%JH) + (|sz] +1—s2) - fs (%) . zel0,1),
fs(D), r=1.

Intuitively, fg linearly interpolates fs between adjacent grid points. Notice that fq is indeed smooth

in between, thus f/ is well-defined there. When taking the derivative of f; w.r.t. x, notice that
| sx] is constant between grid points, thus differentiate to zero. This naturally leads to the following
definition.

Definition 2 (Continuity-extended first-order derivative). Let fs(x) be as above. The continuity-
extended first-order derivative f!(x) is defined as:

o= 1 (S5 (). e

S

Lemma 6. Let {fs(2)}32, be a sequence of functions defined on rational points x = =L with
s1 €40,1,...,s}. Suppose f(x) satisfies the discrete second-order difference bound:

G R G L

S 3%""”’

for constants C > 0 and v > 0. Then for all sy,x with 0 < >, x < 1, the following first-order
approximation holds:

51

£ (32) = Rl — Tty (2 )| s osh (2 -a) ®)

To intuitively understand Lemma 6] notice that by definition, we have

£ (3) = F@) = @) (2 =) =0, fora € [s1/s,(s1+1)/9) ©)

Then in view of (7)), it is not difficult to understand that the error bound on the RHS of (8) is the
consequence of bounding telescoping sums that eventually reduces the problem to the case of (9)),
summing up the approximation errors along the way.

The formal proof of Lemma[6]is in Appendix [A.4.1]

We now proceed to prove Theorem 2]

Proof of Theorem 2] The core idea is to approximate the function p(=x; s, s0,m) inside the expecta-

tion defining 7 (s) using a first-order Taylor-like expansion around the mean proportion cjg = sg/n.
The validity of this expansion relies on the smoothness properties derived from Assumption [2]

Let ps(z) := pu(x; s, so, n) denote the function p for fixed s, sg, n, where = $1/s is the proportion
of intersection. By Lemma [5] Assumption [2]ensures that 1, satisfies the second-order difference
bound given in (€). We can then apply Lemma [6] (First-Order Approximation Bound) with f, — 1,
the evaluation point zy = s1/s, and the expansion point z = «, and get the following approximation
for p:

S ~ ~ S S
M(il;sasoan) :M(a0;87807n>+,u/ (Oé();S,SO,’I’L)' (71_0‘0) +R(*1;S780,7’L>,
S S S
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where 11 and pi’ are the continuity-extended function and its first-order difference defined in Defini-
tions[T]and 2] respectively. The remainder term R satisfies the bound from Lemma 6] (Eq. (8)):

S 1 S 2 3
‘R (—1;5,50,71)‘ <(C'sz7v (—1 - ao) = C's727Y (51 — sap)?,
s s
with C depending on the constant C' from Assumption

Now, we substitute this expansion of y into the definition of 7 (s) (Eq. (B)):

n

S
T(s) = E81~Hg(n,80,8) [ (81— sag) pt (?17 S, S0, n)]

n S S1

m(sl — sag) (ﬂ(ao;s,so,n) + i’ (ao; 5, 50,1) (?1 — ao) + R (8;5750771))} .

Using the linearity of expectation, we decompose 7 () into three terms:

s(n — s)

:E81|:

s(n—s)

Term I

+ 1’ (03 8,50, n) - Es, L(nn_s) (81 — sao) (8;1 - 0‘0)}

T(6) = i 50, By | (51 - sau)]

Term II
S1
(s1 —sag) R (?, s, so,n)} )

Term III

Analysis of Term I: The random variable s; follows the Hypergeometric distribution HG(n, so, s),
which has mean E[s1] = ssg/n = say. Therefore, E[s; — sag] = 0, which implies Term I = 0.

Analysis of Term II: The expectation in Term II involves the second central moment (variance) of
S1:

E,, [(sl ~ sap) (%1 - ao)} = E., [i(sl - Esl)ﬂ - éVar(sl).

The variance of HG(n, so, s) is Var(s1) = sag(1 — o) 2= . Substituting this into Term II:

n 1
Term II = 1’ (av; - — - — Var(s
B (aos s, 50,1) Sn—s) s ar(sy)

-~ n n—s
= . . 1—
‘LL (Oéo,s,so,n) 82(77, _ S) (sao( O‘O) >

n—1
nag(l — ap)

— 7 . .
=H (Oéo,S,So,n) s(n—l)

Now, substitute the definition of i’ from Deﬁnitionevaluated atxz = ap = so/n. Let 87 = [sap].
Then:

~ sT+1 8T ]
M/(a0;8780an)28|:u( 1t ;s,so,n) _M<1§57307n>} :SAM (1587807’”)'
S S S

Substituting this into the expression for Term II yields:

* 1— *
Term II = (SA/J (sl;s,so,n>) . nao(l — ao) S ap(1 — ap)Ap (Slgs,so,n) .

s s(n—1) n—1 s

11



Analysis of Term III (Remainder Term): We bound the absolute value using the bound on | R| from
Lemma

n s
|Term 11| = |Es, L(ns) (s1 —sag) R (?1, s, so,n)} ‘
< LIEsl {|sl —Esq] - ‘R (S—l;s,so,n)u
s(n—s) s
n —2—v
S mEsl |:|51 — ESl‘ . CS 3 (3]_ — E81)2:|
nC 3
= mEsl USl - E31| ] .
Using Cauchy-Schwarz (E[|X[?] < /E[X2]E[X?] where X = s; — Es;), and the fact that
Var(sl) ) (ao(l — )M) and KurtOSiS(Sl) = O(m) = O(m) for

1 <s<n—1, weyields:

Es, [Is1 —Es1|°] S V/Es, [|81 —Es1]?] - Es, [[s1 — Esa[]
< v/Var(sy) - (Kurtosis(s1) + 3)(Var(sy))2

< a1 — ao) (5;(:_?)3/2«

Substituting this into the bound for | Term III|:

3/2
n s(n—s)
< _
|Term 1| < (s ap(1 — ap) ( — )

— 5)L/2

o
=0 (n — 1a0(1 —ap)s (1+v))

So, Term III contributes the O(s~(1+%)) error term, scaled by factors related to cg and n/(n — 1).

< nap(1 — ap) sTiTv

Conclusion: Combining Terms =0, Term II, and the bound on Term III gives:

T(s) p— lao(l — ag)Ap ( :8,80,M > + 0 (nT_L
i ;S, 80,1 > +O( 1+U))] )

where the constant factor in the O(+) term depends on C, C’, v, but not on s and . This proves The-
orem 2l O

*

ao(l—ao) [Au <

n —

A.4.1 Technical lemmas used in the proof of Theorem 2]

Lemma 5. Under Assumption the following second-order difference bound holds for
1 (58, 50,m

1 -1 C
‘u (Sﬁ;s,sm> — 2 (Zis.s0m )+u($1 ;8,80,n>‘ <S5 ©
S S S§+1)

Proof of Lemmald] The core idea is to relate the second-order difference of 1 (which is an average
of U values) to the average of the second-order difference quantity from Assumption 2] Specifically,
we consider the stability term A(S’, z1, 21, 22, 25) = U(S' U {z1,21}) — U(S" U {2}, 25}) —
U(S" U {z1,20}) + U(S" U {22, 25}), which is bounded by C|S’|~(/>t%) by Assumption[2} We
will construct a sum, M(s1, s2), by averaging A(S’, z1, 21, z2, 25) over appropriate base sets S’
and points 21, 2] € So, 22,25 ¢ Sp. We then show that this average value, M(s1, s2) properly

12



normalized, exactly equals the second-order finite difference of p stated in the lemma. The bound on
w’s second difference then follows from the bound on A.

Let so = s — s1. We define the sum M(s1, $2) over all possible configurations:

M(sq1,82) = Z Z Z Z A(S] U SL, 21,21, 22, 25), (10)

5/CSo  S4CSS  z1,2,€50\S] z2,25E€5E\Sh
[Syl=s1—1|Sh|=s2—1  z1#2] zoFzh
where the sum is defined for s; > 1, so > 1 and requires |Sp \ S1| > 2 (e, s0— (51 —-1) > 2 =
s1<sp—1and |S§\ S5 >2(@e,(n—50) —(s2—1) >2 = s3<m—s0—1).
Our goal now is to demonstrate that this aggregated sum M(s1, $2), when properly normalized,

equals the second-order finite difference of the average utility function u. Specifically, we aim to
prove the following identity:

M(s1, 1 1
(8132):/’[’<31—~_;3sz7”) _Q:U (ﬁ;s,so,n) +M<31 ;3750771)3 (11)
Nterms S S B}

where Niorms is the total number of A(-) terms summed in the definition of M(s1, s2) (Eq. (I0)).
We establish this identity through the following combinatorial analysis.

Firstly, when the A(-) terms are expanded, M(s1, $2) becomes a sum of individual U(S) terms.
Each such set S has size s = s1 + s3. Furthermore, based on the structure of A(S’, 21, 21, 22, 23),
the number of elements from Sy in any S appearing with a non-zero coefficient must be s; + 1, s1,
or s; — 1. Let A denote the collection of all sets S C [n] such that [S| = s and [S N Sp| = s7.
Due to the symmetric construction of M(s1, s2), all U(S) terms for S within the same collection
As; s appear with the same net coefficient in the expansion of M(s1, $2).

Secondly, we determine these net coefficients. Let C(s}, s) be the coefficient for any U (S) where
S € Ay, 5. A detailed combinatorial count, considering the base sets S = S U S5 and the ordered
pairs (21, 21) and (29, z5) involved in the definition of M (s1, $2), yields the following coefficients:

* Forsets S € A, 11 s (meaning |[SNSp| = s1+1 and thus [SNS§| = s—(s1+1) = s2—1,
where so = s — s1): These utility terms U (.S) arise solely from the +U (S’ U {z1, 21 })
component in the expansion of A(S’, zq, 21, 22, 2},) within the sum M (s1, s2) defined in
(T0). For a fixed S = S7 U Sy in this collection (with |S7| = s1 + 1 and |Sa| = s2 — 1), the
number of ways to form S via (S’, 21, 21, 22, 24 ) requires choosing ordered pairs (z1, 27) €
S1, (z2,24) € S§ \ Sa. The resulting coefficient is:

C(s1+1,8)=(s1+1)s1 x (n—59 — 82+ 1)(n— sg — $2).

* For S € Ay, s (which corresponds to s5 = s3): Terms arise from —U(S" U {z1, z2}) and
—U(S" U {21, #,}) in the expansion of A(S’, z1, 21, z2, 25). For a fixed S = S; U Sy
(with |S1| = s1, |S2| = s2), the number of ways to form it via (S’, 21, 21, 22, 25) requires
choosing S1 = S\ {#z1}, S2 = S5\ {22}, 21 € Sp \ 51, 74 € S§ \ S5. Then the resulting
coeffcient is:

C(Sl, S) = sl(n — S0 — 82) X (S() — 81)82.

* For S € A,,_1  (which corresponds to s, = s + 1): The term arises only from +U (S’ U
{#2, 25 }). With similar argument for A, +1 5, the resulting coefficient is:

C(s1—1,8) =(so—s1+1)(so—s1) X (s — 81+ 1)(s — s1).

Thirdly, we determine the total number of A(-) terms in the sum M sy, s2). The number of ways to
choose the base set S' = S7US) (with |S]| = s1—1, 55| = sa—1)is Ng = (31831) (’;;_sf) For each
S’, the number of ordered pairs (z1, 2{) with 21 # 2] from Sg \ S7 is N,1 = P(sg —s1 +1,2) =
(so — s1 + 1)(so — s1). The number of ordered pairs (z2,25) with z # 2 from S§ \ S5 is
N.o=P(n—sy—s2+1,2) =(n—sg— s2+ 1)(n — so — s2). Therefore, the total number of
terms is:

S n—s
Nierms = Ng' X N,1 X N,o = (S 0 1) (8 i)(80—81+1)(30—81)(n—80—52+1)(71—80—82)-
1= 2 =
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Gathering these observations, the crucial step relies on the fact that the derived coefficients C'(-)
and the normalization Nie.ms, When combined with the number of sets in each collection |A3/1 73\ =

- ‘50) simplify exactly as follows:

'Sl S§—S
M(s1,82)  C(s1+1,s) Z -1,s)
- U(S) + Yo UuS)+——= > U
Nterms Nterms SEASI-H,S Nterms SE.ASI . Nterrns SEASI—LS
1. ZSGASH-LS U(S) 9. ZSGAsl s (S) +1 ZSEAsl—l,s U(S)

|~’481+1 S| - ‘-A8175| . “Asl_175|

1 1
— (SlJr;s,sO, ) —2u( 5, 50,1 )+u (Sl ;s,so,n>. (12)
S S

This establishes the identity (TT)) relating the average A value to the second difference of .
Now, we bound the absolute value of the left-hand side of (6)). We have

1
‘RHS Of@| Nt Z A(SI,Zl,Z/hZQ,Zé)
erms

’ ’ !’
S’,21,21,22,25

1
< A S/7 /’ ’ ’ Bv Tri el it
= Nierms Z | ( #1521, 22 22)| (By Triangle Inequality)

’ ’ ’
S’,z1,2 22,25

/ ! !
< max |A(S, 21, 21, 22, 29)| -
S7,21,21,22,24

By Assumption|[2] for any base set S’ (of size s — 2) and points 21, 2, 22, 25:
IA(S', 21, 2}, 20, 24)| < C|8"|7C/2HY) = O(s — 2)~B/24v),
Therefore,
IRHS of (T)| < C(s — 2)~G3/2+v),
For s > 2, (s—2)~(3/24v) i5 of the order O (s~ (3/2+v)). We can absorb the constant factor difference
between (s — 2)~* and s~ into a modified constant C (or C"), yielding the desired bound:

81+]._ 81_]‘. C/
,u< 5 ,s,so,n>—2ﬂ( 35,50, >+M( 5 ’3’807n>‘<53/2+v'

This completes the proof. O
Lemma 6. Let {f.(2)}32, be a sequence of functions defined on rational points x = *L with
s1 €{0,1,...,s}. Suppose fs(x) satisfies the discrete second-order difference bound:
1 —1 C
fs<81+ )—2fs(51)+f5(51 ) < — 1<s <s—1, )
s S g2tV

for constants C > 0 and v > 0. Then for all sy,x with 0 < >, x < 1, the following first-order
approximation holds:

£ () - R - i) (- a)| s et (2 -a) ®)

S S

Proof of Lemmal6] Let fv (y) be the continuity-extended first-order difference as defined in Def-

1n1t10n For any integer ¢ such that 0 < ¢ < s, f/ (L) = s[fs (L) = fs ()]. The discrete
second-order difference bound (7) states that for 1 < ¢ <s—1:

t+1 -1 C
f8(+>—2fs( )+fs< - )’g s
S2
Consider the difference of fs at consecutive grid points ¢/sand (t — 1)/sfor 1 <t < s:
~ [t ~ (t—1 t+1 t 4 t—1
2= () =2 C)) o[ () -+ (57)]
s s s s s
t+1 t t—1
fs()_2fs(s)+fs< s )’
gs-.i: C. (This holds for 1 <t < s —1).

3%""” 5%"'”

=S
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This implies a Lipschitz-like condition for fz between grid points. For any two grid points z, = a/s
and x, = b/s (assume a < b without loss of generality):

Flen) - Futea)| = Z(f () -2 ()
b—1

C

So, for any two grid points z; = i/s,z; = j/s, |f;’(x1) - ﬂ(a:j)| < —+]i — j|- Since f;’(x) is
52

piecewise constant between grid points (equal to f(| sz /s)), for a general z € [0,1) and a grid
point t/s:

f(i) —f(“f)’s sivlt—tsmﬂ- (13)

We want to bound . .

fs (32) = Fol@) = fl(x) - (2 —x) ‘ Consider the case 2 > z. The term

fs (%) — fs(m) can be written as a sum of first differences plus a boundary term:

002 (B e (1) () (- (1)

- t:Z:J (fs <t+81> s (i)) - <(8$ — [sz]) (fs (LS:CJSH> — s (LS:J ))) (by definition of f,)
= > =) - ST — | ST —f Lsxj
—it_wfs(z) (o= sa 17 (1)
1 s1—1 5 (t . _le"’, |sz]
—St_§+lfs(s)+<t J+1-sif (1)
:é Sil ﬂ<z>+(LSIJ+1sz)if§(m) (by definition of f7)
t=|sz+1

The expression to bound is:

L (3) = F@) - ) - (2 - =)

S

(S () Q)] ()R- (22

t=[sz]
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Therefore:

s1—1
| X SR (Y) s fiw - (2 -0) R
t=|sxz|+1 5 s s
s1—1
- X SR (2 e
t=|sxz|+1
s1—1 1 -, n s1—1 1 -,
t=|sxz|+1 t=|sz|+1
1 s1—1 N N
A E 60
t=|sz|+1
s1—1

<

2.

t=[sz]

i (4)-fw)|

Using the Lipschitz-like property from (T3):

(]

£ () = R - Py ()| < ¥ Lt

1
s4+v
t=|sz|+1

O i sl

3
34w
§2 t=|sz|+1

IN

1
+v

2
_ S1

"(5-e)
S

The case s; < sz follows similarly. O

AN

Nl ke

(51 — sx)?

S

<s

A.5 Proof of Theorem

Algorithm employs a threshold, s, to choose between two methods for estimating 7 (s):

» For s < 5, compute 7A'(s) by directly approximating its definition formula (§), where each
term is estimated by subsampling according to its average form, as in (T0).

* For s > 5, compute 7A‘(s) using the fast approximation formula (9)), as per Theorem the
Ay term in this formula can be efficiently approximated by the paired Monte Carlo estimator
elaborated in (TT).

To analyze the overall error and derive the computational complexity, we first establish Lemma [7}
This lemma bounds the total approximation error | Tsum — Tsum| by combining concentration bounds
for the Monte Carlo estimators fi,,,, and Ay, with the approximation error from Theorem

Lemma 7. (Error Bound for '?;um) Let Toum = Zz;f T(s) and ﬁum = Z:L:_ll 7\'(5) be the
estimate computed by Algorithm[I|using threshold 5 and sample sizes my, ms. Under Assumptions|]]
and and assuming that the utility function U is B(s)-deletion stable, , for any 6 € (0,1), with
probability at least 1 — §:

|7\;um - 7;um| E, §H % + 010(1 - 040) % 2[3(8) + Oé()(l — 010)0(571)).
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Building on this error bound, Lemma establishes the computational cost for achieving an (e, §)-
approximation of the sum 7gyy,.

Lemma 8. (Computational Cost for (e, ?) -Approximation of Taum) To achieve an (e,9)-
approximation of Tgum = Z::_ll T (s) (i.e., ensuring |7;um — Tsum| < € with probability at least
1 — 6) using Algorithm|I| with parameters my, ma, § chosen optimally based on Lemmal7} the total
number of utility function evaluations is:

2
0 67#10g(n/5)+n 1+ e 2(ap(l — ap)) (Zﬂ > log(n/9d)

With the computational cost for approximating Tsum = Y, 11 T (s) established in Lemma E we are
now equipped to prove our main complexity result for estimating FGSV (S). Theorem [3[specifies
this complexity under the condition that the deletion stability parameter 3(s) decays as O(1/s).

Proof of Theorem 5] By Lemma [I|in the main paper, we have FGSV(Sy) = Gy + Tsum. Where
Go = 2[U([n]) — U(2)] and Teum = Zg;ll T (s). The first term G requires only two utility
evaluations. We thus focus on the computational complexity in approximating the second term
Tum- To analyze this term, we plug the theorem’s assumption that 3(s) = O(1/s) into Lemma 3]
Specifically, this assumption implies that 37~ 8(s) = S>7_1 O(1/s) = O(logn). Therefore, from
Lemmal[7] we have

g frostnso) o s/

IFGSV(S,) — FGSV(S0)| < log n + ap(1 — )5,

Also, the number of utility evaluations, as in the displayed formula in Lemma 8] becomes:

Neval = O (e— (n/8) +n [1 + € 2(ao(1 — ap))?(log n)> 1og(n/5)]) .

While treating €, 6, and v as constants, the second term, which is O (n [1 + (a0 (1 — ap))?(log n)?]),
dominates the first term (which has a lower power of n). Thus, under the condltlon B(s) =0(1/s),
the total number of utility evaluations simplifies to O (n [1 + (g (1 — ap))?(logn)?]).

O

A.5.1 Technical lemmas used in the proof of Theorem 3]

Lemma 7. (Error Bound for Sum) Let Toum = Z:fll T(s) and 7 Z:fll T (s) be the
estimate computed by Algorithm[I|using threshold § and sample sizes m1, mo. Under Assumptions|]]
and 2| and assuming that the utility function U is (3(s)-deletion stable, , for any 6 € (0,1), with
probability at least 1 — §:

mi

n—1
|7\;um - 7;um| S S M + aO(l - Oéo) w Z 5(8) + Oéo(l — ao)O(E_“).

Proof of Lemmal7] The total approximation error is bounded using the triangle inequality:

T — Toum] < 3" [T(5) — T()| = 3 17() — T(s) + 5 Ts) — T(s)].
s=1 s=1 S=§

Esman Earge

We first establish concentration bounds for our Monte Carlo estimators. Under Assumption [T
|U(S)| < C. For fiy,, (Eq. (T0)), which averages m; terms U(SU)) bounded in [-C, C] (range 2C),
Hoeffding’s inequality implies that for any specific 1(*2; s, 59,n) and any é; > 0, with probability
atleast 1 — d1:

‘,U/ml ( 1 :s 50,n) _M(%3573()>n>‘ < C\/210g(2/51) = \/log(l/&). (14)

mi mi
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For A,umz (Eq. (TT)), it averages terms U (SU) U {z(J)} U(SWu {z }) By Deﬁnition these
terms are bounded in [—/(s), 5(s)], for any specific Au( ; 8, $0,n) and dy > 0, with probability at

least 1 — da:
‘AT% (Sl; s, so,n) Ap ( ;5 50,1 )‘ < B(s)y | 2BWL/%2) (15)
S

ma2

Bounding F, .11 (Error for s < 5): Foreach s < 5, the estimate 7 (s) is computed using fi,,,, within
the definition of 7 (s) in (8). This definition involves a sum over approximately O(s) different values
of 51, each requiring an estimate /i, (%L; s, so, 7). The coefficient multiplying each u(%L; s, s0,7)
term (coeff (s, s1) = ﬁ(sl — sayp)) is O( ), as established by analyzing its equlvalent forms:

(8—1 —ao) and Form 2: n (ao _ Sz 81) .
s s

Form 1:

n—s
When s < n/2, Form 1 is bounded by 2 - 1 = 2, since n/(n — s) < 2 and |*> — ag| < 1. When
s > n/2, Form 2 is bounded by 2 - 1 = 2, since n/s < 2 and [ag — *2=2*| can also be shown to be
at most 1 under the valid range of s;. Thus, the coefficient is O(1).

The error |7A'( ) — T (s)| for a given s arises from propagating the errors from the O(s) individual
Iim, estimations. The total number of distinct u(— s, 809, n) terms that need to be estimated across

all s < 518 Nemail_ests = EZ:} O(s) = O(5%). To ensure all these Ngyq11 ests €stimations
are accurate simultaneously with high probability, we apply a union bound. We set the failure
probability for each individual fi,,, estimation in (I4) to 61 = 6/(2Ngmaii_ests)- Consequently, with

probability at least 1 — /2, each |, —p| S \/log small_ests/9)/m1. The error for a single T( )
is bounded by Z P(s1 = s1)|coeff(s, s1)||tim, — 1| < O(1 \/log small ests/5)/m1, since
>, P(s1 = s1) = 1 and coefficients are O(1). Summing these errors over s = 1,...,5 — 1, we
yield that with probability 1 — §/2,

5—1
- 10 small_ests 5 log (52 5
Eapall = Z 1T(s) — T(s)] < ZO \/ g(Nsmati_ests/9) \/ gi;/

For conciseness in the final error bound of the lemma, we replace log(52/§) with the potentially
looser but simpler log(n/d), yielding: Esman < 54/log(n/d)/mg.

Bounding Ej,.c (Error for s > 3): For s > 5, ’?(s) is computed using the approximation from
Proposition (Eq. ©)) with Ay, . The error has two parts:

1T(s) — T(s)| < w (@ (Tsson) Au( s som ))‘

+ Wo(s—uw))’
5 0[0(1 — Olo) &J’mg (S;, 8,80,n> Aﬂ (8 18,80, )‘ + Olo(l — ()40)0(5_(1+v)).

Let Nigrge_ests = m — 8 + 1 &= n. Using a union bound for the &an estimates (setting do =
3/(2N1arge_ests)), with probability at least 1 — §/2:

Bige = Z 7(5) = TG

lo Nareess(s C - v
o(1 — ao) ZB \/g lnig t/)—l—ao(l—ao);sO(s (1+v)y
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where the last inequality uses the fact 32"} s~ (1+v) = O(57) for v > 0.

Total Error: Combining Egman and Eiarge, With overall probability at least 1 — ¢ (by union bound
on the two failure probabilities §/2):

n—1
|ﬁum - 7;um| 5 S M + 0[0(1 - aO) % 25(8) + Olo(l — aO)O(E_U).

my
This completes the proof. O

Lemma 8. (Computational Cost for (e,0) Approxtmatton of Teum) To achieve an (e, d)-

approximation of Teum = Z:;ll T (s) (i.e., ensuring |’7;um — Tsum| < € with probability at least
1 — &) using Algorithm[l} with parameters my,msz, § chosen optimally based on Lemmal[]] the total
number of utility function evaluations is:

n—1

2
o™ log(n/8) +n |1+ e ?(ag(l — ap))? <Z 5(5)> log(n/9)

5=5
Proof. The total number of utility evaluations Neyw. in Algorithm [I] is approximately
O (s my + (n— s)mg) which can be simplified to O (s my + nmg) as 5§ < n.

To achieve the target error |’7;um — Tsum| < € with probability at least 1 — 0, we refer to the error
bound in Lemma 7}

~ 1 ) 1 0)
o = Toum| %51/ 25D g1 — ) [0 ZB )+ 001~ a0)05™).
Term C
Term A Term B

We set parameters such that each dominant error component contributing to the bound in Lemmal 7]
is O(€). This involves balancing Term A, Term B, and Term C. The choices for m1, ms, and § that
achieve this balance and ensure the total error is O(e) are:

my = max{ 1, € 2(ap(l — ag))? (Z ﬁ(s)) log(n/d)

Substituting these choices of my, mo, and 5 into the expression for Ney, = O(§2m1 + nma), we
yield

2
Neya = O e log(n/d) + max { ne 2 (ap(1 — o)) (Z B(s > log(n/d) ,

4t
=0 e

2
(n/8) +n |1+ e %(ap(l - ap)) (ZB > log(n/d)]| |,

which completes the proof. O
A.6  Proof of Proposition 2]

LetS = {2 }5_, C Z° denote the base training set, and let 21, 2], 2, 2, € Z be four additional data
points. We construct four augmented training data sequences, where the i-th element of a sequence
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(4:k)

2(7:) is denoted z;”" and defined as follows:

z;s, 1 <1 <5, zf, 1 <1 <5,
L) T (1.2) _ 1
) = 1, t1=s8+1, Z; =<2z, t=s8+1,

2y, 1=842, 29, 1=8+2,

zf, 1 <4< s, z;-s, 1< <5,
2,1 ) 2,2 )
zi(’): by i=s+1, zl(’): zh, i=s+1,

L, 1=s4+2 72, 1=s5+2.

By construction, the first s entries (the base set S) are shared across all four sequences. The differences
between the sequences are confined to the (s + 1)-th and (s + 2)-th positions. Specifically:

* For the (s + 1)-th position: ZS_P = Sj)(_ z1), and ziﬁ) = zﬁ_?(: zh).

* For the (s + 2)-th position: zELQ = zgi;)( 2}), and zgﬁ) = zgig)(: 22).
We introduce the notation for the SGD trajectories under the same random seed. Fixing a random

seed implies a shared sequence of mini-batch index sets (11, ..., IT) for training. The corresponding
SGD trajectories are denoted wﬁj k) (J, k € {1,2}), representing the model parameters after t SGD

steps. Specifically, they can be represented as:

11) wt((ll,.. ’28,1))’

12) wt((m’“ ’Zg,z))’

2 D _ o, (zf 1) . 72}?,1)) ’ (16)
w£2’2) = Wy (zf’Q), cee, zf’z)) .

Here, wy(+) is a function that takes a sequence of mini-batch data points as inputs and outputs a

parameter vector; z(J = {zfj K ier } denotes a mini-batch constructed from the data sequence
2(:%) ysing the index set I. The arguments zf,z ) in Eq. (I6) thus represent the specific mini-batches
used at each step 7 € [1, ¢]. The variations among these trajectories arise only from the different data
points at indices s + 1 and s + 2 within their respective sequences. This setup focuses on analyzing

how these specific data perturbations affect the SGD iterations.

In this section, for clarity in tracking the dependence on the number of training steps 7', we use
U(+; T) to denote the expected utility after 7' SGD steps, as opposed to U (-) used in the main text.

To demonstrate the second-order stability of the utility function U (+; T'), as stated in Proposition
our approach relies on key intermediate results that connect utility differences to parameter stability.
Lemma @l below establishes this crucial link.

Lemma9. Let S € Z° be a base dataset, and z1, 2}, 22, 25 € Z be additional data points. Recall
that U(X; T) denotes the expected utility of a model trained on dataset X for T SGD iterations.
Then, under Assumption@ we have:

[USU{21,2115T) —US U{z1,22};T) —USU{21, 251 T) + U(S U {22, 25}; T)|

. 2
<SEq .1 (1,1) *w(Tl’Q) (2 1) +w(22 H n max Er, .10 (j1,k1) wgz,;@) ’ ,
Ji,k1,42,k2€{1,2}
where w(]’ ) denotes the final SGD iterate trained using the shared mini-batch sequence (I, ..., Ir)

on the data sequence z*) defined in Eq. (16).

Remark 1. The utility terms U(S U {-,-}; T) on the left-hand side of the inequality in Lemma[9are,
by definition, expectations over independent SGD runs (i.e., each utility term averages over its own
random mini-batch selections). In contrast, the parameter differences on the right-hand side are
for iterates w%’k) that are explicitly trained using a common, shared sequence of mini-batch draws
(I1,...,Ir). This formulation is key, as it leverages the shared randomness for a tighter analysis of

parameter stability.
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Having established the connection between the utility’s stability and the SGD iterates via Lemma [0}
the next crucial step is to quantify the magnitude of these iterate differences. Specifically, the two
terms on the right-hand side of the inequality in Lemma [9}—the expected Lo-norm of the second-

(1,1) (1,2)
T T Wp —

order parameter difference, Er,  r.|lw wé? R wé? 2) ||, and the maximum expected

. . 2
(g1:k1) (42,k2)
W —wyp —need to

squared Lo-norm of pairwise parameter differences, maxEr, . 7,

be controlled. The following two lemmas provide the necessary explicit upper bounds for these
quantities.

= 3

2 2
Ly (2 (20 (2,2>H< 24pL 1 267\ oes 8L ey
e R O AN CE R A PR e

Lemma 10. Under Assumption and choosing step size oy < <, we have:

Er,..n

Lemma 11. Under Assumption if the learning rate satisfies oy < 5, then for any j1, k1, jo, ko €

{1,2}:
2 2
2< ﬁt%ﬁ (1_|_2C>_

(J1.k1) w(jz,kz)
¢ T s+2 (s4+2)B2 m

Wy

En,. .1
Equipped with these results, we are ready to prove Proposition 2]

Proof of Proposition[J] By Lemma|I0]and Lemma|[IT] we have

2c8 22¢f T<B loeT
wy a2 e @)l « TP e 08
EBr, e jjwp”™ —wp™ —wp™ +wp H§ 2 T em s2
] ] T2c5 02T205
E (J1,k1) _ (j2,k2) <
eI [T wr ~og2 sm

Using the substitutions ¢ < s, m < s72, and T' < s, we compute

TQCB

T1

X

1 1 _
=P (2¢BlogT) = =P (285~ - T3logs) ,

52
02T2CB

1 _
sm = gl+27mi+72 " eXp <258 e 73 log S) )

clogT -T® s~ .13logs
= - ex

~

P (ﬁs‘” - 13 log s) .

52 52

Using the fact that exp(ys~ ™ log s) = 1 4 o(1) for any v, 7y > 0, we conclude:

max Ept wi ) — it < Siz + 7S1+21n+72'
Since v = 271 + 72 — 3, then
Finally, applying Lemma 9] yields the desired second-order stability bound. O

A.6.1 Preliminary first-order stability results and proof of Lemma [T1]

To build towards the proof of Lemma[I0} we first analyze first-order algorithmic stability. This serves
to introduce key proof techniques in a simplified setting and provides intermediate results that are
essential for the subsequent second-order analysis. The ideas presented here are closely aligned with
those in Hardt et al. [3]].
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Consider a base dataset S = {z°}3_;, C Z°. We introduce two additional, distinct data points
Za, 2p € Z. We then define two augmented data sequences, 2(@) and 2 each of length s + 1:

Jo _ [ 1siss, o _ [ 1<i<s,
Za, 1=8-+1, ¢ zp, 1=s+1.

These sequences z(* and z(?) differ only in their (s + 1)-th element. Let w( “) and wgb) denote the

iterates produced by SGD after ¢ steps when trained on their respective data sequences, using a shared

sequence of mini-batch indices (Iy, ..., I;). Consistent with Eq. (]EI), these are:
wﬁ‘” = wy (25‘11)7 .. z}‘:)) ,
W = (0, 20).

We now state two standard first-order stability results concerning such iterates.

Lemma 12. Under Assumption if the learning rate satisfies oy < 5, then for iterates w( ) and
wgb) (trained on data sequences =\ and =) of effective size N = s —|— 1 that differ by one point):

. oL
Er, 1 [w® (b)H < 2L s

—w; || < AN

Lemma 13. Under Assumption if the learning rate satisfies oy < 3, then for iterates wt( ) and

wgb) (trained on data sequences =\ and =) of effective size N = s —|— 1 that differ by one point):

2
(@) _ y® 28 (1 2c
Wi H ey <N62 o)

Note: In the context of these lemmas, IV represents the total number of data points in the sequences

being compared. When applying these to the iterates w(J k)

length s + 2), N will correspond to s + 2.

(which are trained on data sequences of

These foundational first-order stability results, particularly Lemma T3] allow us to derive Lemma [TT]
We restate Lemma|[TT]for clarity before its proof.

Lemma 11. Under AssumpttonEl if the learning rate satisfies oy < §, then for any ji, k1, j2, ko €

{1,2}:
2 2
2 _ 1612 o L, 2
s+ 2 (s+2)82 m

Proof of Lemmal(I1] The data sequences 2k1) and 2(72:F2) (each of size N = s + 2) differ at most
at two positions (index s + 1 and s + 2). We can introduce an intermediate iterate, ng Lhk2) Using
the triangle inequality and the property ||z + y||* < 2(||z||* + ||y||*):

(41.k1) (J2,k2)

E117~~~71t Wy — Wy

wt(JlJfl) _ (]27k2) (nglak’l) _ ngl»kz)) + (wt(]hkz) _ w£32,k2))H

y

involves iterates from data sequences z(-*1) and z(1-52)  These

=E;n, .1,

Efl ----- Iy

2 {Eh,m,h

; - 2
The term ngh’kl) _ wt(m,k:z)

. . 2
k ,k
(J1,k1) _ wé]l 2)

Lk ok
w! (J1,k2) _wgh 2)

wy

+E[1’~~,It

sequences share the same first s 4 1 points (namely, 2, . .., 25, SH) and differ only at the (s+2)-th

position. This is a one-point difference in data sequences of effective size N = s + 2. Similarly,

: 2
k k . . , .
(ok2) _ t(J k211" involves iterates from data sequences z(1%2) and z(2:k2) | These

the term Hw

sequences share the first s points (27, .. ., z5) and the (s + 2)-th point (zglfg) ), differing only at the
(s + 1)-th position. This is also a one-point difference in data sequences of effective size N = s + 2.
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Therefore, applying Lemma|[I3]to each of these one-point difference terms (with N = s + 2 as the
effective dataset size) yields:

i ; 2 4L 1 2c2
E (k1) _ o Gk2)||” 12¢8
Ty || We Wi T s+2 (s +2)32 * m )’
; ; 2 47 1 2¢2
E (J1.k2) _  (J2,k2) < 128 )
Iy,... 1y wt wt — s+ 2 (S + 2)62 + m

Substituting these into the inequality:

; ; 2 8L2 1 2¢?
E (J1,k1) ) (J2,k2) <92%9 28 sc
Ity ||We Wy S 24XaX s+ 2 (s +2)32 + m
2 2
CI6L% (1 2
s+2 (s+2)82 m
This completes the proof. O

We now turn to the second-order behavior of stochastic gradient methods. Analyzing this provides
a more refined understanding of how small perturbations to the training dataset influence the final
learned parameters. The analysis relies on the higher-order smoothness properties of the loss function
¢(w; z) as detailed in Assumption [3| particularly the Lipschitz continuity of its Hessian (second
derivative with respect to w). The following lemma, which is a consequence of this Lipschitz Hessian
property, serves as a key technical tool for bounding second-order differences of gradients.

Lemma 14. Under Assumption 3| the loss function {(w; z) satisfies the following second-order
approximation bound for all w,h € R® and z € Z:

| Vuwb(w + h; 2) = Vi l(w; 2) = V2 L(w; 2)h|| < p||h]|>,

With this tool, we now begin the proof of Lemma[I0] which bounds the expected Lo-norm of the
second-order difference of the SGD iterates. We restate Lemma [I0] for clarity before its proof.

Lemma 10. Under Assumption and choosing step size oy < 5, we have:

)

E117--~71t

2 2
Ly _ (1,2 (2,1) (2,2) H < 24pL 1 2c* 4208 8cL 48 1op
wy Wy wy + wy = (S n 2)6 (S T 2)52 + m + 7(8 n 2)2 ogt.

Proof of LemmalI0] From the SGD update rule, the difference between the second-order differences
of the iterates at step ¢ and ¢ — 1 can be bounded:

1,1 1,2 2.1 2,2 1,1 1,2 2.1 2.2
Hwt( ) wg - w§ ) +w§ )H - wag—l) - wE—l) w§ 1) ‘*‘@—RH

= ?nz {V g(wﬁli 721(1 1))_vw£(wt(l f), Z(l 2)) Vwﬁ(wlg2 i), 1(2 1))+v g(wt2 f)’zz@ 2))]

i€l

Let’s define the term inside the norm on the right-hand side, representing the sum of gradient
differences for a given mini-batch I;:

A(t—1,5) := Vo l(w"D; 20D = v, 0w 20D) v (w22 4V oD 222,

’L ’L
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Taking the expectation with respect to the mini-batch sequences I, . .

(2,1
Wy_q

., I+, we have:
—En, .5 Ly w§1 f) wt 1
(2,1) + w(2 2) m Hw(l 1) wgl f)

1)

)

Er,..1, w(l’l) — w(1,2) (2 n w(z 2)‘
=Ej, . {Elt [Hw(l 1) t(1,2) —
g
<]EI17-~», {E[f ZA t*]. i
1€It
<En,..1_ { Er, | Y A
mn icl,
5+2
=K, ., { HA (t—1,9)] - }P’(Zj c It)}
542
:s+2§:Eh »»»»» r, [AG = 1,9

In the last step, P(i € ;) =

Now, we analyze the bounds for E;, 7, , [|A(t — 1,1)].

515 because I; is sampled uniformly from the s + 2 points.

(2 2)H

0ot

7

Case 1: 7 < s. For these points, zi(l’l) = zi(m) = zl@’l) = zi(m) = zZS Applying Lemma(which
relies on the Lipschitz Hessian property):
JA( =10l < | V2D 2) [~ @D = o)) = (@ = wD) + @2 - wD)|
Y w1+ pllwy w1 4 pllw® —wit
< Blwity) —wit? —wy )
S +p||w<"‘1 — |
+ 20 (P = w P + D - wiD)) .

Taking the expectation and applying Lemma|[I3|for the squared difference terms:

. 1,1 1,2 2,1 (2,2)
Eryrey 1AGE =L < 8- By s gy =) — w2y 4w
1,2 1,1 (2,1 1,1
0 Ery s o) = oV 1P 4 B ey —wy)?
2 (Bat 02D D B D~ D2)
<B-Eni 1||w‘1 V- ot —w) 4w
4L? 1 2c2
6p ——(t—1)2F [ ——— 4+ == ).
+op s+2( ) <(s+2)52+m>
Case 2: i = s + 1. Here, z£+1) = zgﬁ)( z1) and z(ii) = zgj)(— zh).
At =15+ 1) = || (b5 20) = Val(w{ED; 21)) = (Tub(wDs ) = ValwDs )|
vaé wyi 21) — Vwé(wt(lf 121 H + HVU,E wt(2 i),z2 Vwé(wt(2 f),z2) ‘
1,1 1,2) 2,1 2,2
< Bllwity — w4 Bl —wi?).
Taking expectation and using Lemma [T2] (first-order stability for one-point difference):
Ery,ory AAE =L+ 1} < B Eryry oy = oY)+ 8- Er oy — w27
2L 2L
<B- t—1D)P B (t 1)
A TP L
< itcﬂ.
s+2
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A similar bound holds for i = s + 2.

Substituting these bounds into Eq. (I7): The sum over i = 1,...,s + 2 has s terms from Case 1 and
2 terms from Case 2.
Er g [l — w(? _ @D +w(2,2)H CEpg oD — @D @D )H
2
S (1 1) (2 2) 24pL 2¢8 1 2c
< E .. t i
< 20 8B ] 1+ 255t (oo o
o -2 | 4L AL s
s+2|s+2
< B, g, wt) —witP —wY +wPP| (since s/(s +2) < 1)
24pL? 4.4 ( 1 2c2> 8L .4
+ oy = + + oy ——5t".
s+2 \(s+2)82 (5 +2)2

Using oy < ¢/t:
(1,1 w§1,2) _ wt(z,l) i w§2’2) H

Wy

]Ellwuylt

cB (1,1 1,2 2,1) (2,2
< (14 D) Banca ) = D = w4022

2 2
L€ [24,0L 120 ( 1 n 20) n 8L tcﬂ}
t ( m

s+2 s+ 2)52 (s +2)2
B (1,1 1,2 2,1 2,2
< exp < ]EIL - 1||wt ) wt( 1) ’LUE 1) wwg—l)H
24cpL? 1 9 8cL
i cf—1 4 71506 1
s+2 ((s+2)62 ) (s+2)2

Unrolling this recurrence from ¢y = 1 to ¢:
R R C O S CEL) H

t t
24CpL2 1 202 2¢8—1 8cL cB—1 Cﬁ
< to t -
‘Z{sw ((s+2)/32+ “Grmet ] 1L ew (3

=to+

t

t
N 24CpL2 1 2¢ 2 2¢8—1 8cL cf—1 CB
—Z[sm <(s+2)52+ )t tarart e 2 %)

=to+1

Using the approximation Zzztoﬂ + ~ log(t/to):

wt(1,1) _ wgl,z) _ w(z 1) i w(z 2) H

24cpL? 1 22\ 9ep_1 8¢l opq] [\
< to t _
tz_:l{sw <s+2)ﬁ2+ +(s+2)20 to

_ 24ch2tCB 1 Z tcﬂ 1 SCLt b i t71
5492 (5+262 +2)2 :10 .

Using Zi(ﬁl P e for ¢f > 0, and Zt i to -~ logt:

E, .1, t(1,1) _ wt(l,z) _ wgz,l) n wt(2,2)H

24cpLPteP 1 2¢2\ t9 8cLth
< +— ] —=+ 1
s+2 (s+2)82 m ) ¢ (s+2)?

24pL> 1 2¢2\ 8cL
= — |t ch 7tcﬂl t.
5+ 2)8 (<s+ 25 " ) Teroz B

This completes the proof.

ogt
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A.6.2 Technical lemmas used in the proof of Proposition 2]

Lemma9. Let S € Z° be a base dataset, and z1, 2}, z2, 25 € Z be additional data points. Recall
that U(X; T) denotes the expected utility of a model trained on dataset X for T SGD iterations.
Then, under Assumption 3} we have:

[USU{z1,211T) —U(S U{z1,22};T) —USU{21, 251 T) + U(SU {22, 25}; T)|

4 . 2
1,1 1,2 2,1 2,2 K K
SEn, 1 (1) _ wéﬂ ) _ wga ) +w§~ )H + max Ern, .1r wg,fl v _ wéfz 2) ,
Ji,k1,52,k2€{1,2}
where wg,f ) denotes the final SGD iterate trained using the shared mini-batch sequence (I, . .., Ir)

on the data sequence z\9"*) defined in Eq. (T6).

Proof of Lemma(9] Let S be the base dataset. We expand the expression using the definition of
U(S;T) = E[u(wr)] where the expectation is over the choice of mini-batches I, ..., I:

USU{z1, 201 T) = U(S U {21,221 T) = U(S U {21, 251 1) + U(S U {22, 2} T
- ‘EI““ Ir [u(wg 1))} “Enm {u(wg,z))} —EBn,rr [u(wg? 1))} +Ern,.1r {u(w(ﬁ’”)”
i ety a1t

u(wg}’l)) - u(wgpw)) - u(wg’l)) + u(wé?Q))’ . (by Jensen’s inequality)

We now expand the differences of u using a Taylor expansion. For u(w4) — u(wg), by Taylor’s
theorem with remainder: u(wa) — u(wp) = (Vou(wp),ws — wp) + R4, p, where the remainder
Ry, p satisfies |[R4 p| < Cyllwa — wpl? if Vou is C,,-Lipschitz (from Assurnpt10n' using C,, for
this constant). Thus, this remainder is O(||wa — wg]|?).

So, we have:
u(f ) —uwi?) = (Vou(i?),wf V) —wi?) + 0 (it — w22,
u(@f) —u(@?) = (Vou(wd?),wf —wd?) +0 (i - wf?)2).
Then, the term inside the expectation is:
w(wi ™) = u(wh ) - (u(wi) - u(w?))
<V u( (1, 2)),w(1’1) _wgrl,z > <V u( 22)) wgpz A1) £F2,2)>

+0 (i - $72>||2) +0 (Ilof —wi)?).

The sum of the O(+) terms is O <||w(T1’1) - ||2 + ||w (2.1) w¥’2)||2).
We manipulate the inner product terms:

(Vou( ), wf Y w2y = (Vou?), wi? - wi?)
<V u( (1, 2)),w(T D w(Tl’Q) — w(Tz’l) —|—w(Tz’2)>
<V9u( 1, 2)) Vgu(wg?’z)),w(;’l) — w¥’2)> )
For the second term in this sum, using Cauchy-Schwarz and the C,,-Lipschitz continuity of Vyu:
[(Tou(?) - Tou(wE?), wE? - wf2?)

< [[Voutult®) - Touqu) |- [ - w2

w<Tl,2) _ w(Tw)H ) ngg,n _ wggz)” .
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Using the inequality ab < % (a* + b%), this is bounded by:

C, 2 2
%o (bt~ w2+ s ).

This term is also of the order O (Hw(Tw) - w;“) %+ ||w§?’1) - w&?z) ||2)
Combining all terms, the absolute value ’u(w(Tl’l)) — u(w(Tl’g)) - u(w(TQ’l)) + u(w(Tz’Q))‘ is bounded
by:
(Tl ), 0 — 0 — ) )
1,1 1,2 2,1 2,2) 1,2 2,2
+0 (lof ™ —wf DI + D — w2 4 i — wf2)2).
Let C}jv, be the bound on [|Vyu(-)|| from Assumptionﬁ 3| Then the first term is bounded by:

1,2 2,1
Clivul o7 — w4+ wf H

1,1)
wy T —w

The sum of O(-) terms involves various pairwise squared differences. Each such term is of the form

|\w¥1’k1) (”’k2)||2 The sum is thus O (maxj1 K11joka Hw(h’kl) gQ’kZ)HQ).
Taking the expectation over I, ..., I:
[USU{z1,215T) —U(S U{z1,22};T) —U(SU{2], 2515 T) + U(S U {22, 25}; )|
< Cyvu Byt [Hw R R |
+ 0 (jl;k17]¥32§€{1,2} En, . .1r {nghk‘l) _ wgzkz) 2}) )
This completes the proof. O

Lemma 12. Under Assumption if the learning rate satisfies oy < %, then for iterates wt( ) and

wgb) (trained on data sequences 2\ and z(*) of effective size N = s + 1 that differ by one point):

a 2L
wg ) —w,gb)H < =P,

Ellv--wlt — ﬁN

Proof of LemmalI2] Let w(a) and w,gb) be the iterates at step ¢ when training on data sequences
2() and z(%) respectively. These sequences are of length N = s + 1 and differ only at the N-th
position (i.e., zj(\',l) = 2, and z(b) = 2z, while zj(-a) = z](b) for j < N). The SGD update implies

w§“) _wgi) - %Zjebv Z(wt 157 ](a))-

The difference in iterates is:

a b a [e% (, (6 b
ng)—wg)H: wﬁ)l th ﬂwt 1,J ) — ( — tZV Kwt 1,]())

JEL JEI

b at b b
= @l —w?) = 237 (Vulw:2) = Vabw?:2"))

jel;

< wa (b “+at ZHV Zwt iz j ) \v4 g(wt 1z J . (by triangle inequality)

Let B,_y = |w'®, — w!”),||. Consider the termHVU,ﬂ w2 J(a)) Vol(w?; 2" zj H for j € 1.

Case 1: The data point z; is common to both sequences. If z]( 9 = zj(-b) = z; (i.e., j < N or the point

at index j in the sequences is from the common part S), then by 3-smoothness of ¢ (Assumption 3):

HV £ wt 1,2]) A\ f(wt 15 % H < ﬂHw(a) wt((i)lu = BE;_1.
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Case 2: The data point z; is the one that differs. If zj(.a) = z, and zj(.b) = zp (i.e., j = N, the differing

(s + 1)-th point), then by Lipschitz assumption in Assumption[3] ||V,,¢(w, z)| is bounded by L, so
that,

+ HV Ui 20) = Vil(wi?; Zb)H

[Vt 20) = Vutw; 20)|| < || Vul(@)i20) = Tubw?,; 20)

+ IVl 2a) | + [Vl (w0l 2)]))

<BHwt 1‘sz 1

< BE,_; +2L.

Then the sum 3, ;. HV é(wf 132 j ) v E(wt 12 J( ))H can be bounded: It consists of (m —

I(N € 1)) terms of Case 1 and [(IV € I;;) terms of Case 2. Sum < (m—I(N € I))SE;—1 +1I(N €
It)(ﬁEt—l + 2L) = mﬁEt_l + QLH(N € It) So

Hwﬁa) - wﬁ”)H < B+ %(mﬁEt_l Y2L-I(N € 1)

QOétL

=1+aB)Ei1 + -I(N € I)

(b QCVtL
o+t

— (14 wp) Hw(‘” (N € L,).

This recurrence relation for the norm (holdmg for each realization of I;) leads to:
t

a 20, L
Hwt( ) H <y EeZyNer,) [[ @+ab). (18)
to=1 t'=to+1
Taking expectation over the mini-batch choices I1, . .., I;, and substituting o < §:
t
a b 2&,5 L
Eng — )H < TOJE[H(N € 1y,)] H (1+avp)
to=1 t'=to+1

t

2cL
<ZL P(NelL,) [] (1+Ct,ﬁ>.
= tom t=to+1

Since the mini-batch I, of size m is sampled uniformly from the N = s + 1 data points, P(N €

Ito):%—m.

. 2L, . N
E Hw( ) _ b)H < ¢ m - exp <CB Z ) (using 1 + z < %)
0

tom s+1 t= t0+1
%L <~ 1 t ’
< — 1 — i 1/k ~1
<o tz:l & exp (cﬁ og <t0>> (usmg Z /k og(b/a))
t

k=a+1
2L 1 (t)cﬂ
TsH 1t b

Using the bound >";_, % %) < % fory > 0 (here vy = ¢B, n =t, k = ty):

—w® H o 2cL tcﬁ 2L .4
S s+1 B (s +1)8
This completes the proof. O

Lemma 13. Under Assumption if the learning rate satisfies oy < 5, then for iterates wt( ) and

E Hwt(a)

wt(b) (trained on data sequences z'» and z®) of eﬁ’ectlve size N = s —|— 1 that differ by one point):

2
wga b)H tg(.ﬁ ( 1 n 2c )

]EII;~-~7It NﬂQ
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Proof of Lemmal(I3] Let N = s + 1 be the effective size of the data sequences 2(9) and 2, From
Equation (I8) in the proof of Lemma [TI2] we have the bound for each realization of mini-batch

choices:
t

t
. 20, L
Hwt”—w,ﬁb)HgXt = %H(Ne[to) [T @+a).

to=1 t'=to+1

2
We want to bound E nga) - wt(b)‘ . Since Hwﬁa) - wt(b)H > 0, if ng — w! H < X, then

2 2
Hw(a) ,Eb)H < X?. Thus, E Hwta) - wt(b)H < E[X?]. Using the property E[X?] = (E[X/])? +
Var[X:]:

2
E Hw§“> —w® H < (E[X4))? + Var [X/]

t t 2
=(E > 2etyvern,) [] (1+W>D

to=1 t'=to+1
' 20y L ¢
1
+Var | > == I(N € 1) II (1+at/ﬁ)1 :
to=1 t'=tg+1

Let Yy, = 2(17‘7;) (N € L) [T, (1 + a,yﬁ). Since the random variables I(N € I,) are
independent across different time steps ¢ (as mini-batches I, are sampled independently), the terms
Y}, are independent. Thus, the variance of the sum is the sum of variances:

t t
3| = 3 Var ().
to=1 to=1
Let K, = Za;r? Hi’:to 41(1 + ap ). This term is deterministic once « values are fixed. Let
Py = P(N € I,) = % = 4. Then Var(Y;,) = Var(K,I(N € I,)) = K} Var(I(N ¢

L)) = K7 pto (1 — pr,) < K7 pt,. Using this observation for the variance term and the bound from
Lemma. 12| for the (E[X;])? term:

2 t 2
]EHwt( _wt(b)H <<(siL1)5tCB> +Z <2a;;L I1 (1+Oét//8)> Srf:l

to=1 t'=to+1

2
412 5 40212 m i
_ cp t
S Gy +Z mT 511 [I (+aup)

to=1 t'=to+1

t t

2
4172 4c2L? cp
L _— -
SGro T Z_ t3m(s + 1) (t,_ﬂj"p < t ))

4172 4c2L?
< t2CB 2
~ (s+1)2p2 +Zt0m +1) eXp( cb Z >

t’*t0+1
o AL oy 4P ‘1 ( t )265
= (s+1)242 m(s+1) = 2 \ to .

Using the bound Zk 1 k2+w <(1+ —) for v > 0 (here, k = tg, v = 2¢f):

412 4cL? 1
]E H (a) (b) H < tQCB 1 tQCﬁ
. ~ (s+1)252 * m(s+1) + 14 2¢p

AL2 L. 1 2c>
< = +—
s+1 (s+1)p%2 m
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Replacing s 4+ 1 with IV (the effective dataset size as per the lemma statement):
a) (b) 2 4L2 2¢ 1 202
Bl ol < T (5m )
This completes the proof. O

Lemma 14. Under Assumption 3| the loss function {(w; z) satisfies the following second-order
approximation bound for all w,h € R and z € Z:

[Val(w + h; 2) = Vi b(w; z) = Vi, l(w; 2)h|| < p||h|>.

Proof of Lemma(I4] Define the function ¢(t) := V,£(w + th; z) for t € [0,1]. Then, the function
# : [0,1] — R< is continuously differentiable. By the mean-value-type expansion result of McLeod
[[L1], we can write:

d
B(1) = ¢(0) + Y M (tr),
k=1

for some ¢;, € (0, 1), non-negative weights A;, > 0 such that Zzzl A =1

The derivative ¢/ (t) is 4V ,,0(w + th; z) = V2 {(w + th; z)h. Substituting the definitions of ¢(0),
@(1), and ¢'(ty,) into the expansion, we get:
d
Vuwl(w+ h;z) = Vi l(w; z) = Z A (V2 L(w + tih; z)h)
k=1

d
— (Z )\kViE(w + tih; z)) h.

k=1
To isolate the term V2 ¢(w; 2)h, we add and subtract it:

d
Vol(w + h; 2) — Vi b(w; 2) = V2 0(w; 2)h + (Z Ak (V20w + th; 2) — V2 0(w; z)]> h.
k=1
Rearranging the terms, we have:

d
Vil(w + h; 2) = Vil(w; 2) — Vo l(w; 2)h =Y A [VEL(w + tyh; 2) — Vi l(w; 2)] .
k=1
Taking norms on both sides and applying the triangle inequality for sums, followed by the properties
of matrix norms:

[Vwl(w + h; 2) = Vi l(w; z) — Vi l(w; 2)h|| <

d
Z Ak [Vo 0w + tyh; 2) — Vo l(w; z)] h
k=1
d

< Z)\k V2 0(w + tih; 2) — Vi, l(w; z)|| - |||
k=1
By the assumption of Lipschitz continuity of the Hessian of ¢ with constant p in Assumption 3}
[V b(w + tih; 2) = Vi b(w; 2)|| < pll(w + txh) — wl| = pty||].
Substituting this into the inequality:
d

[V wblw + hs 2) = Vipl(w; z) = Vi, (w; 2)h]| < 7 A - (ptel|Al]) - |11
k=1

d
= pllRl* Y Nt
k=1

Since t;, € (0,1), we have t;, < 1. Also, A\, > 0 and 22:1 A, = 1. Therefore, Eizl Motr <
S ¢_ A -1 = 1. Thus,

[ Vwl(w + h; 2) = Vi l(w; z) — Vi l(w; 2)h|| < pllh]*.
This completes the proof. O
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A.7 Proof of Proposition |3| (algorithmic stability of Influence Function (IF))

The proof of Proposition [3] uses some familiar techniques from the standard IF theory, but also

features our original analysis. We first define an auxiliary parameter vector 0s. This vector is the
minimizer of the empirical loss over S but with its denominator scaled as if two additional points
were present in the averaging, which provides a good anchor point that facilitates a cleaner Taylor

expansion form for Osyy., 2,1}

_ . A
s := argmem{ Z€ 0; 2) 2|9||§} .

ZGS

Next, we present two technical lemmas, based on which, the validity of Proposition E] would become
clear. The proofs of these technical lemmas are relegated Appendix

Lemma 15 (Expansion of parameter difference via IF). Suppose the loss function £(0; z) is convex in
0, three times continuously differentiable with respect to 0, and its first-, second-, and third-order
derivatives with respect to 0 are uniformly bounded for all z € Z. For any dataset S € Z° (where

s = |S|) and any two data points 21, z; € 2, let sy, .,y be the parameter vector minimizing the
regularized loss on S U {z1, 22} as per (13). Then we have

1. ||§Su{z1,z2} - §s|| =O0(s71).
2. asu{zl,zz} - 55 = —HQ:SI {v9£(§s;zl)+v9£(§s;22)} s—&-% + O(s72), where Hgs —
(er% Y.es Vol(Os: Z)> + AL

Lemma 16 (Expansion of utility). Suppose the performance metric u(0) is once continuously
differentiable and its gradient Vgu(0) is L, -Lipschitz continuous and bounded. Then, for any
parameter vectors 0 o and 0, we have

U(GA) — U(QB) = <V9u(93),0,4 — 93) + O (||9A — 03”2) .

Proof of Proposition3] Let Ay = U(SU{21,21}) —U(SU{z1, 22}) —U(SU {21, 23}) + U(SU
{#2,24}). Recall U(X) = u(fx). We use Lemmal|l6|to expand each U(S U {a, b}) around u(fs):
U(S U{a,b}) —u(ls) = (Vou(bs), Osuiany — bs) + Olfsuiany — Os|®)-

Let 68, = @Ma,b} — fs. Lernma implies that ||6t§ab||2 = O(s72). It also states that the

first-order component of §6, is:

A0 g 5. 7o L
00, = —H; [vgz(as,a) + Vol(Bsib)] -

Thus, 664, = 5@2? + O(s™2). Substituting this into the expansion of U(S U {a, b}) — u(fs) yields
U(S U {a,b}) = u(Bs) + (Veu(Bs),605)) + (Vou(fs), O(s2)) + O(s72).

Since Vyu(fs) is bounded, the term (Vyu(fs), O(s~2)) is also O(s~2). Therefore, U(SU{a, b}) =
u(Bs) + (Vou(Bs), 68,,) +O(s7).

Now, we substitute this expansion into the expression of Ay and obtain
Av = (ul@s) + (Tou(@s), 60°1,)) ~ (uls) + (Tou(ds), 5eM>)
— (u@s) + (Vou(Bs),00.)),) ) + (u(Bs) + (Vou(@s), 601),)) + > 0(s72)

The u(fs) terms cancel. The sum of the four O(s~2) remainder terms is still O(s~2). The sum of
the first-order inner product terms is:

Vou(Bs), 60", — 601 — 60, + 601, ).
D 2225
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Let h, = —H%H;V@f(és; ). Then 65&3 = h, + hp. The sum of influence terms becomes:
S

(Vou(0s), (hzy + hay) = (hay + hay) = (hag + hig) + (hay + hay))
= (Vou(0s), hay +hay — hay = hay — oy — oy + ey + hy)
= (Vou(fs),0) = 0.

Thus, the first-order influence terms cancel out completely. The remaining terms are all O(s~2). The
proof of Proposition [3|is complete. O

A.7.1 Lemmas used in the proof of Proposition 3]

Lemma 15 (Expansion of parameter difference via IF). Suppose the loss function (0; z) is convex in
0, three times continuously differentiable with respect to 0, and its first-, second-, and third-order
derivatives with respect to 6 are uniformly bounded for all z € Z. For any dataset S € Z° (where
s =|8|) and any two data points z1, zo € Z, let ésu{zm} be the parameter vector minimizing the
regularized loss on S U {z1, 22} as per (13). Then we have

L 1050z 20y — Osl = O(s1).
2. é\gu{zl’zﬂ — 55 = _H§;1 [V@f(§5;21)+V9£(§3;Z2)} HLQ + 0(8_2), where Hgs =
(55 S Vitllisi ) + AL

Proof of Lemmal[I3] For 6, € [0 define the perturbed objective function:

s 2b
Lopert (0, 6ya) := LZ@(& )+ Ovar [0(0; 21) + £(6; 20)] + 3||9||2
pert (U, 0val) = s+ 2 . 4 val 721 ;22 D) 25

and its minimizer 5(5%1) = arg ming Lyert (6, 0va1). By construction, 55 = 5(0) The parameter

o~

vector fsuyz, ,z,} Minimizes ﬁ > reSulz,zy L5 2) + 210(|3. This corresponds to 9(%) Thus,
O5Ufz1,20) — Os = 0(515) — 6(0).

~ ~

The first-order condition for 6(dya1) is F'(6(dva1)s dva1) = 0, where

0L er 1
PO, 6m) = —55= = 75

> Vol 2) + Sva [Val(0; 21) + Val(0; 22)] + A0 = 0.
zeS

Given the smoothness conditions on ¢ (convexity, continuous third derivatives, bounded derivatives),

~

the Higher-Order Implicit Function Theorem (e.g., Zorich [[18]) ensures that 6(0y.1) is twice continu-

~

ously differentiable with respect to dy,) around dy,; = 0. Differentiating F'(0(0ya1), dva) = 0 W.r.t.
Oyal gives

OF 9§ OF _,
tolv} a(sval a(sval e
Let
OF 1 5 0 q
H(éval) — % _ m ;vgﬁ(e(éval)’ Z) + (Sval[vgg( (5val); Zl) + vze( (§val); 22)] + )\IJ
and OF
g5 = VolB(6u); 21) + Vol (B(Suar); 2)-
So, ~
90(5,a1) T q

S5 = ~H ()™ [VolB(em): 21) + Vol(B(6em): 22)]

Due to convexity of /, Vgé = 0,50 H(dya1) = M. With A > 0, H(dya1) is positive definite and its
inverse is bounded. Uniform boundedness of V¢ implies %ﬁl) is uniformly bounded. Similarly,
uniform boundedness of up to third-order derivatives of ¢ ensures 623 égva‘) is uniformly bounded.

val
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By Taylor’s theorem with Lagrange remainder, for some £ € [0

~( 1 ~ 90(0)
0 <s + 2) —000) = Ddyal

1
 +v2)

11 20(0u)
o s+2 2 0482

val

'<si2)2'

Noting 5(0) —fsand H(0) = H 7 (as defined in the lemma statement), we have:

val= val=

0 0. -1 0.- 0.- 1 1
65U{Zl,z2} — 93 = _Hgs [VGE(G‘S»ZI) +v0€(98722)} s+ 2 +0 (5+2)2 :

This establishes part (2) of the lemma with the corrected negative sign. Part (1), gsu{zl o} — 55 I =
O(s™1), follows because the first term is O(s~!) (since Hgl and gradients are bounded) and
S

dominates the O(s~?) remainder for large s. O

Lemma 16 (Expansion of utility). Suppose the performance metric u(0) is once continuously
differentiable and its gradient Vgu(0) is L.,-Lipschitz continuous and bounded. Then, for any
parameter vectors 0 o and 0, we have

U(GA) — u(GB) = <V9u(93),9,4 — 93) + O (||9A — 93”2) .

Proof of Lemma[I6] By Taylor’s theorem (or the Mean Value Theorem for vector functions), since u
is once continuously differentiable, for some £ on the line segment connecting 64 and 6p:

u(04) —u(lp) = (Vou(§), 04 — 0p)
= <V@U(93),9A — 93> + <V9u(§) — V@U(@B),QA — 93>.

The second term can be bounded using the Cauchy-Schwarz inequality and the L, -Lipschitz continu-
ity of Vou:

[(Vou(€) — Vou(fp),04 — 0p)| < [[Vou(§) — Vou(0p)|l2 - 04 — Ol
< Lyll§ = Opll2 - 104 — 052

Since ¢ lies on the line segment between 64 and 0, we have ||{ — 0p||2 < |04 — 05]|2. Therefore,
the absolute value of the second term is bounded by L, |64 — 63]|3, which is O(||04 — 05|?). This
establishes the result. O

B Experimental Details

This appendix outlines the implementation details for all experiments in the main paper. To evaluate
the effectiveness, efficiency, and robustness of FGSV, four experimental settings were employed.
These consist of: (i) a synthetic data example in the introduction to illustrate the shell company
attack (Section[I)); (ii) a benchmark comparison on the SOU cooperative game (Section[d.1)); (iii)
an application to copyright attribution using a generative Al model with FlickrLogo-27 Dataset
(Section[d.2); and (iv) an application to explainable AI using the Diabetes dataset (Section .3).

All experiments were conducted on the Unity high-performance computing cluster, provided by the
College of Arts and Sciences at The Ohio State University. The copyright attribution experiment
(Section d.2)) was executed on a GPU node equipped with an NVIDIA V100 GPU, 32GB VRAM,
whereas all other experiments were conducted on CPU nodes featuring Intel Xeon E5-2699 v4
processors and 256 GB RAM. The code and instructions to reproduce the experiments are provided
in the supplementary material and available at https://github.com/KiljaeL/Faithful GSV.

B.1 Motivational Example (Section[I)

A synthetic setting is constructed to illustrate the shell company attack and its effect on group-
level data valuation. We generate synthetic data for binary classification from a Gaussian mixture.
Specifically, given a class label y; € {0, 1}, each sample x; € R? is drawn from N (u1, I5) if y; = 0,
and from N (g, I5) if y; = 1, where p; = [—3,0]" and pp = [3,0] 7. The class label is sampled
independently with equal probability p = 0.5. An additional n = 200 samples are independently
generated from the same distribution for testing.
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The training data is partitioned into two equal-sized groups of 100 samples each. To simulate the
shell company attack, the second group is further subdivided evenly into 2, 3, or 4 subgroups. This
results in a total of & € {2, 3,4, 5} disjoint groups: the first group consistently contains 100 samples,
while the remaining k& — 1 groups are allocated approximately 100/(k — 1) samples each, with any
remainder distributed to maintain balance (e.g., 33, 33, and 34 when k = 4).

For each subset .S of the training data, a logistic regression classifier is trained. The utility function U
is defined as its classification accuracy on a held-out test set. If S contains only a single class, the
utility is set to a constant value of 1/2, corresponding to the expected accuracy of a random classifier.

While the experiment is qualitative and does not include confidence intervals, repeated runs with
different random seeds produced consistent trends. FGSV is estimated using Algorithm [I] with
threshold parameter 5 = 20 and Monte Carlo sample sizes m; = mq = 2000.

B.2 Comparison with benchmark methods (Section [4.1)

For all methods compared here, we adjust their configurations, such that the total number of utility
evaluations is aligned to the fixed number of 20,000. Note that since FGSV estimates the value for
one group at a time, for fairness, the total budget is equally divided among the four groups, with
5,000 utility evaluations allocated per group. For FGSV, we set the threshold parameter to 5 = 10
and choose m; = my such that the total number of utility function calls sums to 20,000. Below,
we describe the setup and computational structure of each method in detail, largely based on the
implementation and descriptions from [9].

* Permutation estimator [1)4].
The permutation estimator computes Shapley values by averaging marginal contribution
across random permutations. At each iteration, it draws a permutation 7 uniformly at
random from all possible orderings of the n elements and computes a Monte Carlo estimate
based on the following alternative representation of the individual Shapley value:

SV(i) = Ex [U(Sx,i U{i}) = U(Sxi)],

where S ; denotes the set of indices that appear before 7 in permutation 7. The final estimate
is obtained by averaging the marginal contributions over 7" sampled permutations:

T

& . 1 )

Vperm (i) = 7 2 [U(Sri U) = USri)]

t=1

where 7; denotes the ¢-th sample of random permutation. To simultaneously estimate SV (7)
for all data points ¢ € [n] per permutation, this method requires n+ 1 utility evaluations — one
for the empty set U (&), and one each within incremental updates, U ({m(1),...,m(j)}) for
7 =1,...,n. Therefore, we set T' = (233_010] to maintain the total utility evaluation budget.

For the last sampled permutation, the estimator stopped when the number of evaluations
reached exactly 20,000.
* Group Testing estimator [7,[15].
This estimator computes pairwise differences of Shapley values rather than individual values.
At each step, it draws a random size of subset s € [n] with p(s) % + n_i 7 and draws
a random subset S; C [n + 1] of size s, where (n + 1)-th element represents a dummy
player, i.e., a player whose contribution is always zero and serves as a reference for baseline
utility. In particular, for a given number of utility evaluations, 7', a matrix B € RT*(+1) jg
constructed, where the (¢, 4)-th entry is given by:

{U(St \{n+1}) ifies,,

0 otherwise.

By =

We set T = 20000. Then, the Shapley value is approximated by

—~  Z
SV(i) = T

t

(Bt,i - Bt7n+1) )

T
=1

where By ; denotes the utility observed at iteration ¢ when playeri € Sy, and Z = >_"_, p(s)
is a normalization constant.

34



¢ Complement Contribution estimator [17].
The complement estimator approximates Shapley values by leveraging the symmetry be-
tween a subset and its complement. In particular, it relies on another equivalent representa-
tion of the Shapley value:

SV(i) = - 3 USU{i}) = U(ln]\ (SU{i}))

n—1 :
" sclnlviy (Ts/)

This expression enables the estimator to reuse utility evaluations for both .S and its comple-
ment [n] \ S. At each iteration, it samples a subset size s € [n] uniformly and then uniformly
samples a subset S C [n] of size s. Then, the final estimator is:

SV (i) = 71122

where v, = U(S,) — U([n] \ S;) and T; ; is the number of such samples satisfying one of
the two conditions. In our experiment, we set 7' = 20000/2 = 10000 so that each iteration,
which requires two utility evaluations, results in exactly 20,000 total evaluations.

¢ One-for-All estimator [9]].

The ine—for—All estimator is based on the following alternative formulation of the Shapley
valuef’

T

S [0 10 € S |Si| = 8) — 1 & Siu|Se] = n — )},

t=1

1

> (Bscinl,si=s.icsU(S)] — Escu,sj=s—1igs[U(S)]) ,

s=1

SV(i) =

S|

This formulation allows each sampled subset to contribute to the estimates of all players,
enabling efficient sample reuse. First, it deterministically allocates 2n + 2 utility evaluations
for subset sizes s € {0,1,n — 1,n}, and uses them to compute the corresponding expec-
tations exactly. Then, for the remaining possible subset sizes {2, ...,n — 2}, it samples s
with a predefined sampling probability ¢(s), and then samples a subset S; C [n] of size s
uniformly at random. The final estimation is:

Vaw(i) = (U (nl) - U(@))

+ﬁ oo U - Y. U

i€s,|S|=n—1 i¢5S,|S|=1
1 n—2 1 T 1 T
+ - ; (Té,“s ;U(St) I(|Sy = s, € Sp) — ™ ;U(St) (|Se] = s, ¢ St)> ,

where T}", and T?y denote the number of Monte Carlo samples of size s in which i is

included and excluded, respectively. In our experiment, we used ¢(s) o« ————, which
p y p q(s) Ven—s)

is proved to be the optimal sampling distribution for Shapley value estimation. Next, after
allocating 2n + 2 evaluations deterministically for subset sizes s € {0,1,n — 1,n}, the
remaining evaluations are used for Monte Carlo sampling. That is, we set 7' = 20000 —
(2n + 2) for sampling subset sizes s € {2,...,n — 2}.

¢ KernelSHAP [10].

The Shapley value can be characterized as the solution to the following constrained opti-
mization problem:

SV = arg;ré%% > ws (U(S) ~-U(2) - Z@) , subjectto Y ¢ =U([n])-U(2),
=1

@CSC[n] i€S

3While the One-for-All estimator can estimate a variety of values (e.g., Banzhaf [14]], Beta-Shapley [8]]), we
focus on its use for Shapley value estimation.
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where wg ﬁ is the kernel weight assigned to each subset S. Based on this formu-

[S]—1
lation, KernelSHAP constructs a sample-based approximation of the objective and solves
the resulting weighted least squares problem to obtain an estimate of the Shapley value.
In particular, at each iteratlon it samples a subset size s € {1 ..,n — 1} according to

the distribution p(s) m, and then draws a subset S; C [n] of size s uniformly at

random. Each subset is encoded as a binary indicator vector 1g € {0, 1}", and the following
quantities are updated:

T
~ 1
Z 15,15, b= ; (U(S:) —U(2)) - 1s,-
The Kernel SHAP estimator is obtained in closed form as:

Y o ( 1TA-p—
&V, 41 (b_1 A% U([n])+U(@)_1>7

1TA-11

where 1 € R"™ denotes the vector with all-one entries. We set 7" = 20000 in our implemen-
tation of KerneISHAP.

Unbiased KernelSHAP [2].

The Unbiased KernelSHAP estimator is a variant of KerneISHAP that utilizes the fact that

the exact gram matrix, A = E[1g 1g], admits a closed-form expression under the same

distribution wg o< (n%z) Instead of estimating A empirically from samples, this estimator
|S|—1

directly computes A, where its (7, j)-entry is defined as:

1 ifi = j,

Ay = PO}y flf

"(” Dyes) ==

otherwise.

Unbiased KerneISHAP replaces the empirical matrix A in KernelSHAP with its closed-form
expectation A:

~ ~ 1TA % - U(n) + U(2)
-1
SVus = 4 (b— RVE 1.

In our implementation, we set 1" = 20000.

LeverageSHAP [12].

LeverageSHAP is another variant of KernelSHAP designed to reduce the variance of the
estimator and improve computational efficiency. Unlike KernelSHAP, which samples
subset sizes s € {1,...,n — 1} with the weighting p(s) S(n 5y» LeverageSHAP draws

s uniformly (i.e., p(s) « 1) and compensates for the mismatch via a correction factor
w(s) = y/s(n — s). Also, it adopts paired sampling, which also includes complement

S =S¢ in the sample pool when each subset .S; is sampled. Based on these modification,
it computes the following quantities:

T
1 T T
A= =3 w(si) {115, + 15,13 }
t=1
T

-~ 1 _
= ?Z (1S:) {(U(Se) = U(@)) - 1s, + (U(S:) = U(@)) - 15, } .
The final LeverageSHAP estimator is then computed by:

SVi = A~ <3_ 1TA'—U([n) + U(2) 1) |

1TA-11

For LeverageSHAP, we set 7' = 20000,/2 = 10000 since each iteration requires two utility
evaluations due to the use of paired sampling.
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Although all methods use the same total number of utility evaluations (20,000), their actual runtimes
differ substantially, as shown in the second row of Figure 2} These discrepancies are attributable to
several algorithmic and implementation-specific factors, including computational complexity and
sampling distribution over subset sizes.

First, Group Testing requires the construction of a utility matrix B € R”*("*+1) Maintaining this
large matrix introduces relatively high memory usage and per-iteration computational overhead, as
each utility evaluation must be copied into multiple locations with structural indexing. In contrast,
other estimators maintain only low-dimensional accumulators or regression statistics, which impose
negligible memory cost.

Second, the cost of evaluating U(S) varies dramatically with the size of the subset,
Consequently, the subset size sampling distribution requlred by each method significantly impacts
speed. Among the benchmarks, Group Testing: p(s) oc L + One-for-All: g(s) ﬁ

and both KernelSHAP and Unbiased KernelSHAP: p(s) m They all employ non-uniform

subset size distributions that tend to oversample either very small or very large subsets. This matters
significantly in the SOU game, where evaluating U (S) requires checking whether .A; C S holds for
all j € [d]. Flgurelempmcally demonstrates the near-exponentlal growth in computatlon time for
evaluating U (S) as a function of subset size s, across varying values of n € {64,128,256}. This
occurs because the time required for set inclusion checks (e.g., issubset () in Python) increases
rapidly with subset size. As a result, estimators that disproportionately sample such extreme subset
sizes tend to exhibit higher average computation time per evaluation compared to those that sample
subset sizes uniformly (e.g., Permutation, Complement Contribution, LeverageSHAP). Thus,
sampling behavior—not just the number of evaluations—directly impacts computational efficiency.
On the other hand, FGSV does not sample subset sizes s, but instead performs estimation through
an explicit loop over all possible values of s. As shown in Algorithm 2] when s < 5, it evaluates
the utility function over all grid points s; € [max{0,s + so — n}, min{s, so}]. For s > 3, the
approximation is performed using only two representative values of s, thereby significantly reducing
the number of required evaluations. This thresholding mechanism ensures that, under a fixed budget
of utility calls, FGSV concentrates more computation on smaller subset sizes, leading to lower overall
runtime.

)

n— s+1 ;

n==64 n=128 n=256
0.0025
0.125 -
T 0.0020 U 0.015 o)
O 7] v 0.1004
£ 2 Q2
0.00151
(] (0] ] L 0.0751
E g0 £
= 0.0010 = F 0.050 1
o 2 0.005 o
> > >
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Figure 5: Empirical average runtime (in seconds) of U(.S) evaluation as a function of subset size
s = |S|. Each curve represents the mean over 50 randomly sampled subsets of size s; shaded areas
indicate +1 standard deviation.

Third, KernelSHAP and its variants—Unbiased KernelSHAP and LeverageSHAP—require solv-
ing a constrained least squares problem involving dense matrix inversions and multiplications. These
linear algebra operations, performed either during or after sampling, dominate the overall computa-
tional cost, making these methods significantly slower than alternatives that rely solely on running
averages or marginal contribution estimates.

B.3 Faithful copyright attribution in generative AI (Section[4.2)

We evaluate SRS and FSRS in the context of group-level copyright attribution for generative models,
using a logo generation task based on Stable Diffusion. To facilitate comparison, we mostly followed
the experimental setup in [16]]. Nonetheless, for clarity and completeness, we summarize the relevant
details below.
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To construct the experiment, we select four logo classes (Google, Sprite, Vodafone, and Starbucks)
for evaluation, and use the remaining 23 brands to initialize a baseline model via fine-tuning of Stable
Diffusion v1.4 [[13]]. We then assess the impact of fine-tuning with each of the four excluded brands
by measuring how their inclusion alters the generation behavior of the model.

Fine-tuning is performed using Low-Rank Adaptation (LoRA) [6l], a technique that inserts trainable
low-rank matrices into the attention layers of the diffusion model. The rank r and scaling factor « are
both set to 8, and fine-tuning is only applied to the attention layers of the UNet module, while all
other weights of the Stable Diffusion model are kept frozen. This configuration ensures efficient and
stable adaptation to the small-scale dataset, in line with standard LoRA usageﬂ

We use a learning rate of 0.0001, a batch size of 4, and train for 10 epochs. After fine-tuning, we
generate Nyic = 20 images for each of the four selected brands using the prompt “A logo by
[brand name].” Image generation is performed with 25 denoising steps and classifier-free guidance
(scale 7.5), implemented using the DDPMScheduler.

Following the formulation of [[16], we define the utility function as the log-likelihood of generated
images. For a given length of the denoising steps T', let (2, . .., 21, xo) denote the reverse trajectory
defined by the diffusion scheduler, where 7 ~ N'(0, I) is the initial latent noise, and zg = T (gen) is
the final generated image. The likelihood of & (ge,) under model parameters 6 is defined as:

Po(T(gen)) = Po(w0) = By, [po(wo | 71)],

by the Markov property of the diffusion process. The conditional distribution pg(zo | 1) is Gaussian,
given by

1 , o
po(zo | 1) ~ N (3?0; NG (xgj) — VI = a2y, 1)) ,Off) ;

where €y(x,t) denotes the predicted noise at step ¢, and v, 0% are scheduler-specific constants.
Based on these formulation, the likelihood of Z(en) can be approximated as

LS 1 : :
Z N (aco; — (xgj) — V1= 041/6\9(335]), 1)) ,af]) ,

Nuc = Vaa
where a:ij ) for j = 1,..., Nyc is sampled by reversing the diffusion process from a standard

. . j) iid
Gaussian noise vector ng) N, 1).

In our setting, the model is initialized from a pretrained checkpoint based on the remaining 23
brands, which stabilizes the fine-tuning process even when the input subset is small. This design
parallels the data augmentation strategy described in Section where non-informative examples
are added to ensure that the utility function remains well-defined. Ultimately, the resulting setup can
be conceptually viewed as one where the utility function consistently receives a sufficiently large
dataset as input. Hence, the computation procedure can be understood as effectively a special case of
Algorithm 2] with the difference that our computation injects informative, rather than non-informative,
data points. As a result, when theoretically understanding the performance of our method here, we
resort to Theorem 2] thinking that s is lower-bounded.

Finally, we used m = 2 for this approximation. This choice was primarily informed by practical
constraints: the computation for a single sample, including both fine-tuning and utility evaluation,
takes nearly 30 hours given the limited hardware resources available to us. On the other hand,
however, we observed that the FSRS estimates well-illustrates the faithfulness property of FGSV—
the preservation of group-level value under further partitioning—even within each single experiment.
As shown in Figure 3] which displays the result from a single experiment, the FSRS values remained
stable before and after splitting the Google and Sprite brands. This suggests that the empirical
evidence is clear even with a small m. To understand this phenomenon, we attribute such empirical
stability to the fact that the diffusion model here was initialized by a pretrained baseline model. The
baseline model was trained by on big data with very significant computing resources, which tends to
yield rather stable initializations. Consequently, fine-tuning outcomes across random seeds tend to
inherit some stability and would not vary wildly.

*https://huggingface.co/blog/lora
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B.4 Faithful explainable AI (Section[4.3)

We evaluated FGSV and GSV on the Diabetes dataset [3], which includes 442 samples with 10
demographic and health-related features. The dataset is preprocessed by centering and standardizing
the response variable and splitting the dataset into 350 training and 92 test samples using a fixed
random seed.

For the base model, we use ridge regression with regularization strength o = 0.01. The utility U (.5)
is defined as the negative mean squared error (MSE) on the test set; for empty subsets S, the utility
is defined as the negative variance of the test labels, which corresponds to a baseline predictor that
always outputs the test mean. FGSV is estimated using Algorithm 2] with parameters 5 = 35 and
my = mg = 1000, while GSV is computed exactly. Each setting is repeated for 30 times using
independent Monte Carlo replications.
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C Approximation algorithm with non-informative data augmentation

We present the approximation algorithm with non-informative data augmentation in Algorithm 2]

Algorithm 2 Approximate FGSV with non-informative data augmentation for small input sizes

Require: Dataset D, group Sy, size threshold B, subsample size m, non-informative distribution
Pnull'
1: Initialize n < |D|, so + |Sol, ap < so/n.-
2: Initialize total sum for correction terms 7A;um 0.
3: fors=1ton—1do
4:  Set s} < |sap]. {Expected intersection size for current s}
5 Initialize sum of utility differences Say < 0.
6. forj=1tomdo
7 Sample a base tuple (S, 21, 22) i.i.d. from B o+ = {(S,21,22) : S € D,|S| = 5,[SN
Sol = 81,21 € S\ S, 22 € S§\ S}, where Sp = {#; : i € Sp}.

8: if s < B then Ny

9: Sample augmentation set Sy = {21, . . ., 25_, } where z; i1 ol
10: U, <—U(SU{Z1}USnu11).

11: Uy %U(SU{ZQ}USHHH).

12: else

13: Uy <« USU{z}).

14: Uy U(S @] {2’2})

15: end if

16: SAu < Say + (Ul - Ug).

17:  end for

18:  Ap (%;5,50,n> — %SAU.

19: T(s) rap(l —ag) - An (%, s, so,n).

20: Toum ¢ Toum + 7 (5).
21: end for

22: Go + 2 [U([n]) —U(2)].
23: return Gy + ﬁum.

To theoretically justify Algorithm 2] we first define a padded utility function

r7 _ IE[(](Susnu )L ‘S| < B,
vis) = {U(S), i S| > B,

B-|S
where Sy ~ Pnun‘ !

Under the assumption that U satisfies Assumptions |1/ and [2] and is O(1/s)-deletion-stable for

|S| > B, one can verify that U retains these properties for all S. Applying Algorithmto U with the
parameter choices

s=e v oy = e 25 log(n/d),
Mg X max {1, e ?(ao(l — ao))2 log® (n/é)} ,

yields an (e, §)-approximation of FEK/(SO) that requires
O (n-max {1,a0(1 — ag))*(logn)*})

utility evaluations, matching the bounds in the original Theorem 3]
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