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Figure 4: Comparison between the dynamics under Euclidean and cosine asymmetric losses for
different initializations in a network with M = 2 output neurons. (a) Observed dynamics of the
eigenvalues in the two-neuron toy network under three different initializations. Both eigenvalues
always converge to 1 regardless of the initialization. (b) Same as (a), but for the cosine distance.
Under different initializations, the two eigenvalues converge to arbitrary, but equal, values.
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Figure 5: Same as Fig. 2 but with a ReLU nonlinearity on the embeddings. We observe learning
dynamics qualitatively similar to the linear network.
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B Proofs

Lemma 1. (Euclidean and cosine losses in the eigenspace of the predictor) Let Wp be a linear
predictor according to DirectPred with eigenvalues \,,, and z the representations expressed in the
predictor’s eigenbasis, the asymmetric losses L and L can be expressed as:

M
£ = 13" s - SGED)E W

M

.y Am2SG(22)
IDEM ) [ISG(z™))|

@

m

Proof. Under DirectPred, the predictor is a symmetric matrix with eigendecomposition Wp =
UDU. Since U is an orthogonal matrix, we also have UU T = I so that we can simplify the losses
as follows:

£ = L[wpzM — SG(2?))?
= uDUT M —SGUUT2?)|?
= 3Dz —sG(z®)|?

M
=3 [zl —SG(ER)

(Wpz®) " SG(2®)
IWezO[[[SG(z@))]
(zTUDUT SG(2)
~ [UDUT=O[[SGUUT2®))]
(2(1))TD SG(2(2))
ID2V)IsG ()|

__i Am2i) SG(2)

1DV IsG(2®))]

L:

b

m

where we used the fact that U is orthogonal and therefore does not change the Euclidean norm.

207 % = U z is the representation rotated into the eigenbasis. O
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Lemma 2. (General learning dynamics of representations) Assuming that a given loss L is optimized
by gradient descent on the parameters of a neural network with the empirical NTK © and learning
rate ), then the representations z evolve according to the dynamics:

dz

T —n(:)t(:c,X)Vzﬁ , 6)

Proof. Let 0 be the parameters of the neural network. Then we obtain the representational dynamics
using the chain rule in the continuous-time gradient-flow setting [1]:

Az _ g do
a7 a
= Vg2 (*UVQE)

= Vg% (*HVQZ%TV2£>
= —1O4(z, X)V ;L

Note, that structurally these dynamics are the same as the embedding space dynamics [1, 2] but
merely expressed in the predictor eigen basis. O

We proceed by proving the following Lemma which will we will use in our proofs of Theorems 1
and 2.

Lemma 3. The NTK for a linear network is invariant under orthogonal transformations of the
network output.

Proof. We first note that for a linear network, the parameters 6 are just the feedforward weights .
Therefore, for any orthogonal transformation U of the network output:

2=U"flx)=U We
= Vo2 =Vwz=Vy (U Wz)=2z' aU", (18)

where ® is the Kronecker product resulting from the fact that every input vector component appears
in the update once for each output component.

We now study O, (X, X), the transformed empirical NTK (cf. Lemma 2). The (M x M) diagonal

blocks in the full (M|D| x M|D|) empirical NTK ©,(X, X) correspond to single samples and the
off-diagonal blocks are cross-terms between samples, where |D| denotes the size of the training
dataset and M the dimension of the outputs. We can develop a generic expression for each (M x M)

block (:)t(:ci, x;) corresponding to the interactions between samples ¢ and j as:

O, ;) = Vwz Vs,
— (& @UT) (2] UT)"
=(z{ @U") (z; ® V)
= (z/z;) @ (U'D)
(:c x,; )®IM

= (& ;) Iu. (19)

where we have used the fact that (A® B)" = AT ® B" and (A® B)(C ® D) = AC ® BD. Here,
I is the identity matrix of size M. Noting that Eq. (19) is unchanged when U is just the identity
matrix completes the proof. O
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Theorem 1. (Representational dynamics under £°"¢) For a linear network with i.i.d Gaussian
inputs learning with L°°, the representational dynamics of each mode m independently follows the
gradient of the loss —V 3 L. More specifically, the dynamics uncouple and follow a system of M
independent differential equations:

dZ(l f 8£cuc 2
m,t ) -
Zm ,t
which, after taking the expectation over augmentations, becomes:
dz, N
T;;ht = 'r/Am,t (1 - A'm,t) Zm,t - (9)

Proof. For a linear network with weights W € RM*¥~ we have from Lemma 3 that the empirical
NTK O(X, X) in the orthogonal eigenbasis is equal to the empirical NTK ©(X, X) in the original
basis. Furthermore from the proof for the lemma (see Eq. (19) above), each (M x M) block of the
full (M|D| x M|D|) empirical NTK is given by:

Oy (xy, ;) = (z z;) In. (20)

where I, € RMXM g the identity. Eq. (20) gives the total effective interaction between the samples
1 and j from the dataset. For high-dimensional inputs & drawn from an i.i.d standard Gaussian
distribution, we have :J:Z-Ta:j ~ 0;; by the central limit theorem. Therefore, in the special case of
a linear network with Gaussian i.i.d inputs, the representational dynamics (Lemma 2) simplify as

follows:

dz!! .
= —0O(xi, x;)Vs, L — 1 Z O (i, x;)Vsz, L
i
=-nN (a}ij) Vg,iﬁ - UZ (:BTZCJ) ngl:
J#i
= -V, L . 21

While the assumption of Gaussian i.i.d inputs is quite restrictive, we offer a generalizing interpretation
here. Specifically, the above argument also holds when the inputs @ are not all mutually orthogonal,
but fall into P orthogonal clusters in the input dataset. Then, we would have x| x j = Op,=p; Where
p; is the “label" of the cluster corresponding to sample <. If P; is the number of all the samples with

2D
the same label p;, then Eq. (21) would simply be scaled to give d - = —nPiVs, L.

For brevity, we proceed with the simplest case Eq. (21) in which every input is orthogonal. For £"¢,
the representational gradient V3, £ is then given by:

V. gowe - (th(t) py 3) D,

Noting that Dy is just a diagonal matrix containing the eigenvalues \,, ; and dropping the sample
subscript ¢ for notational ease, we obtain for the m-th component of V3, £L"¢:

oLeuc a (2
82m,t = ATTL,t()\"L,tZ'y(n’)t - Z'y(n?t)

Substituting this result in Eq. (21) gives us Eq. (8), the expression we were looking for. Finally,

introducing 2, ¢ = E[Z,, 51 .| = E[Z,, 2(2) ’t] as the expectation over augmentations, we find that each
eigenmode evolves 1ndependently in expectatlon value as:

B ds,, R
B[] - S -, (22 - 1)

—77>\mt(1_/\ )Zrnt
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Theorem 2. (Representational dynamics under £) For a linear network with i.i.d Gaussian inputs
trained with L, the dynamics follow a system of M coupled differential equations:

azy) A (12
m' _ m S0252) _y 50)50;2)
ar _”||Dz<1>“3||2<2>||1§“ (P22 = AP 057) (10)
m

and, in the regime where eigenvalues are of comparable magnitude, the expected update over
augmentations is well approximated by:

dz,, 22 Zm,
'znAde{ m } { } Mk O = Am) (1)
dt | Dz]|3 12|l 2

k#m

Proof. We can retrace the steps from the proof for Theorem 1 until Eq. (21):

dzt
dt
V3, L is a vector of dimension M. Ignoring the subscripts ¢ and ¢ for simplicity, and focusing on the
m-th component of V3, L, we get:

=-nVs L

E__i Am 24 SG(252))
1Dz IsG(2®))|

m

(2 A(1) (2
N oL _ Am 282 n >k )\;Cz,(g zk) 2 ()
025 D22 (DR

Am 2(1)122(2) 5(1 2(1) (2)
=—— "™ __ |||Dz A )\mzm) A2y 2
1Dz )32 [” H zk: e
A
. WP HE S P WO ) SVt
||D2(1)H3||2(2)|| K HE P

7n (1) 24 (2 1) () (2)

k#m
azyw o
a ”azgp
(1) 25(2) _ 5(1) 2(1) 5 (2)
||Dz(1)||3| (2)” Z Ak (Ak m A Zm Zk: ) )

k#m

1) 5(2)

and 2, carry the same sign, and

the net sign of both terms inside the parenthesis is fully determined by v, = Slgn(zfn)) Hence, we

may write:

proving Eq. (10). Assuming sufficiently small augmentations, 2,

aziy DAY, 9
m m’Im (2) 1) 12(2) )
dt HD2(1)||3H2(2)H ];75 : (Ak( ) |Z7n | A /\k‘|zm sz ||Z ‘

It is useful to separate out -, in this manner because every other term in the expression is now
non-negative. Then sign(v,, - ) = sign(%,, - 4= tells us whether %,,, tends to increase or decrease

in magnitude, as we have argued in the main text

Asymptotic analysis. To get a handle on how the different eigenvalues influence each other, we
consider two important limiting cases. First, we consider the asymptotic regime dominated by one
eigenvalue, and show that it tends towards a more symmetric solution in which the gap between
different eigenvalues decreases. Second, we derive asymptotic expressions for the near-uniform
regime in which all eigenvalues are comparable in size and show that this solution tends toward the
uniform solution (cf. Eq. (11)).
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477 To facilitate our analysis, we define each mode’s relative contribution y,, = |‘ZI"‘

H and evaluate

478 Eq. (10) taking the expectation value over augmentations:

dé(l) (2(1))22(2)
E| =2 | =npA\n NoE|—Sk 2 A A\L-E
l ar | = 2 B s '

2055 D
& 1Dz |27
= 3 (08 [l e[ ] e ] 2 [])
2 EEHRE EEEREE]
— At 3 (A% [xk [l } -E[xm]—AmAk-E[xmxk 21 } -E[Xk]>.
BEE REE

k#m
(22)

N>

479 In the second equality we used the fact that the expectation value taken over augmentations is
480 conditioned on the input sample, which makes them conditionally independent.

481 One dominant eigenvalue. First, we consider the low-rank regime in which one eigenvalue
4g2  dominates. Without loss of generality, we assume A; > A Vk # 1. We then have:

X1~ 1
xe~€e (0<e<l) V k#1
483 Plugging these values into Eq. (22) gives the following dynamics for the dominant eigenmode:

2|

= 3 (42 [ |2 gl | =1a)

k£l
2112 2112
) vr w2 ] iy [ 2
”A”lz(“e [|D%3 S T HE
P
St ] PRSI

k1

484 These updates are always opposite in sign to the representation component, which corresponds to
485 decaying dynamics for the leading eigenmode because 1 < dzl < 0.

486 For all other modes we have:

dém#l 2 2 ||2||2 2 ||A||2
Earm Y (NEE | B[]~ Aphe® E |2 E
dt 1 ke{ 1}< K | Dz g K | D3 g

+ P AmYm (A - E “2”2, "Ele] — Anie-E “2”2, -E[1]
|1DZ|]? Dz
I12]?
= NAmYme - E BEE Ar(Ar = 23 Mk = Am)
ke{ml}

2]
X NAmYmAie - E IPEE (A —Am)

487 so that v, <5 dz’" > 0, i.e, the updates have the same sign as the representation component, which

488 corresponds to growth dynamics. In other words: The dominant eigenvalue “pulls all the other
489 eigenvalues up,” a form of implicit cooperation between the eigenmodes. We also note that the
490 non-dominant eigenmodes increase at a rate proportional to €, whereas the dominant eigenmode
a9t decreases at a slower rate proportional to €2. Thus, for sensible initializations with at least one
492 large and many small eigenvalues, the modes will tend toward an equilibrium at some non-zero
493 intermediate value, without a dominant mode. Next we study this other limiting case in which all
494 eigenvalues are of similar size.
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Near-uniform regime. To study the dynamics in a near-uniform regime, we note that all x,,, are
of order O(1) in 2,,, whereas the eigenvalues ), are of order O(%2). In this setting, the effect of
the eigenvalue terms )\, on the dynamics is stronger than the ., terms which are bounded between
0 and 1. With a sufficiently high-dimensional representation, all x,,, terms will be centered around
1/+/M. Based on these observations, we may make the simplifying assumption that the contributions
are all approximately equal, i.e, x; = x for all 7. Substituting this value in Eq (22) gives:

2 12 }
I1Dz]]?

dZ7ﬂ

dt

BN D = Am) (23)

= NAmYm - E |:X
k#m

Finally, substituting for x, which by assumption are all approximately equal:

and absorbing back the sign from +,,, we obtain the approximate dynamics in Eq (11):

%AJAE% E > A g = Am)
TS I ETE Zo

Zm
I1Z]

19



s« C  Derivation of idealized learning dynamics for different loss variations

505 C.1 Removing the stop-grad from the Euclidean loss £°"¢

s06 Omitting the stop-grad operator from L£°"¢ gives:
euc 1 (1) (2)2
noSG = §||WPZ -2
| M
=52 Al = 2P

507 Tracing the steps to prove Theorem 1 and assuming Gaussian i.i.d inputs for a linear network, we
508  write:

euc euc euc
6 noSG __ 0 noSG 8‘cnoSG

0Zm 2l 0zl
- (Amz,(,? - 253)) A — ()\mé(l) - 2(2>)

m m

= (A2 —22) (- )

dz DLe
m _— _nFE noSG
= dt U { 0%m ]
= =1 (AmELED] ~ EEDT) (o — 1)
=-n(l- )‘m)2 Zm

so9  which results in decaying representations and thus collapse.

sto  C.2 Removing the stop-grad from the Cosine loss £

511 Following the same arguments as above, omitting the stop-grad operator from L gives:

, (sz<1>)TZ(2>
R APl PO
ILnosc —Am 2512 5(2 5(1) 5(1) 5(2) 2 5(1)\3 5(2) 5(2) 5(1)
= = = - - Z ()\k(zk )zr(n)—)\m)\szn)zk 27+ A Am(2) —)\kzr(n)zk 2y )
Pm D2V o,

-\ .
b (G - AR
1D 3122 ) )

512 so that, when taking the expectation value over augmentations, the dynamics follow:

dZA:nL a‘CnOSG
= — E _—
= | 7

- > E E[xm] — A - E E
77)\m’>/m Ak (Ak |:Xk ||D2||3 [X’rn] A'rrL XmXk ||D2||3 [Xk]

k#m

Bk | 121 A
+ DA Ym Ak (A AE [x - -E —E Xk | - Elxmxkl2
2 1oz E BEE R

k#m

> 12 H3 L] IZ1 ] w2 s




513 In the asymptotic regime with dominant eigenvalue A;, we get the dynamics:

ds R o [ 1122
a = M ( K [||Dz||3 N PEE

k#m

121 | [ L] g [l
2 (uamete [IID K S ETI R [ EE
L] )
—E -El||z
|| B Al
N

)\2 A2 E ||‘ZH3
+77 171 1° |D ||3
2113
o [ LA ]
B pap ||z||
i ; P
ar ”Am”mkg{zlf’“(“ 2] ~= e

122 122
AmYm A1 | A1eE - — Am€eE -
FAm ( [|Dz||3 IREE
1

2113
z
+ NAmYm E hy ()\m)\kegE |:||% |||
kg{m,1}

EEHRIE]
EE 17 o[ I A
+ 1022 Y (Afné”E [ S| E|——| — €E | E[|2
10z E oz EUAN

I2]® 1
~ nAm’Y’m)\2 -E |: ~ -E ~ 5
|1DZ|? 2]

514 Thus, all eigenmodes diverge because v, <5 dZ’" > 0.

| -E21)

-] o)

515 Similarly, we find divergent dynamics when starting in the near-uniform regime:

dz,,

5112

BRSNSl L

5= AmY [x BEE [X]kz;n/\k(/\k Am)
2] 1 2
+77/\me [Xg — | - E | — A
PEERIE] ; ¢

RN E )
“"W’”E[X ||Dz||3] {2 ZA ’

st6  selecting the terms with the highest power in the eigenvalues.

517 Thus, omission of stop-grad precludes successful representation learning for both the Euclidean and
518 the cosine loss, but due to different mechanisms. Euclidean loss yields collapse, whereas the Cosine
519 loss succumbs to run-away activity.

520 C.3 Removing the predictor from the Euclidean loss £°"¢

521 To analyze the representational dynamics in the absence of the predictor network, we consider

522 ‘Clrellé(lj:’red
euc 1
obred = 5121 = 5GP
1 M
=5 D 1En = SGED)?
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The dynamics resulting from this loss function are a special case of the dynamics derived in Theorem 1
with all the eigenvalues equal to one (A; = 1). In particular Eq. (8) becomes:

e e O
= e = (0, - 50,
mt

which evaluates to O under expectation over augmentations. Hence there is no learning without the
predictor.

C.4 Isotropic losses for equalized convergence rates

In Expressions (9) and (11) we see that the overall learning dynamics have a quadratic dependence
on the eigenvalues with a root near collapsed solutions, which causes these modes to learn slower.
We reasoned that this anisotropy could be detrimental for learning. To address this issue, we sought
to derive alternative loss functions that encourage isotropic learning dynamics for all modes.

C.4.1 Euclidean IsoLoss.

We start by deriving an IsoLoss function for the Euclidean case £°“¢. To avoid the unwanted quadratic
dependence, we first note that we would like to arrive at the following expression for the dynamics:

dz,,
4. 1- >\m Am
g - ) Zm
By recalling the Euclidean loss and corresponding dynamics:
dzn, .
ﬁe“ZIZIA SGEE = = = A (L= An) 2

we note that the leading )\m term has no influence on the overall sign of the dynamics, and is
introduced by the second step in the chain rule:

85(1) oz — 5@y, ‘9(
0%m azm

Based on this realization we see that this second step needs to be modified. To that end, we start with
the desired derivative:

)()\ (1) _ 2(2))

0L . . 9 5
o= Az — 22y e (21 — 52
0Zm 0Zm

and see that several loss functions are possible. The one we have reported in Eq. (15) we derived by
applying an appropriate stop-grad while integrating:

‘9855:%0 (50 4 a2 — 5@ 5. afa(l)(g(l) _ 50
Zm Zm

to give:
M
LR =3 ) 18R = SGER +20) — Azl

Another alternative loss with the same desired isotropic learning dynamics, but using a different
placement of the stop-gradient operators, is given by:

Lo = EM: SG (Am2d) - 22) - (20 - SG(22))

C.4.2 Cosine Similarity IsoLoss.

Since most practical SSL approaches rely on cosine similarity, which suffers from a similar anisotropy
of the learning dynamics, we sought to find IsoLosses in this setting. With the same goal as above,
we would like to arrive at the dynamics:
N (2
dZm Zy(n) Zk Akzk Zk? (2) Y 2(1)

= "lzm,

=g, -
at "oz 02D
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starting from the cosine loss and corresponding dynamics:

mZ'rn SG( )
24)
Z IDZOSGE®)]
~(2 2
LB _ A i S M5 A2 50 (25)
T Rl T N PERI PN

The IsoLoss in this case can be derived by noting how )\, arises in each of the two terms in Eq. (25),
and engineering an alternative loss function corresponding to each term separately.

(2))

In the first term, A, arises from the partial derivative of the numerator \,, zm) SG(z in the original

loss (Eq. (24)). This can be remediated by using 2,(71 ) SG(;?,%)) as the numerator instead.

In the second term in Eq. (25), A2, arises from the partial derivative of || D2V || = /30 k()\kéf(i)ﬁ in

the denominator. We can reduce A2, to A,,, by instead taking the partial derivative of || D'/2zV| =
Se )2,

Putting these insights together, we arrive at the desired partial derivative:

Lo ~1 oz A AT 1aAn(ER)?
ozl |D2W))2®) 825,} HDZ ||3Hz(2)|| 2 9sly
I S CL M A VIS Sl e V) ol
(2 AR 8z§i> D22 2 gz ’

and the integrated IsoLoss in eigenspace:

5(2) 1 (Di(l))sz(Q)
Liso = — 2(1) TSG Z— +-SG D1/22(1) 2
» =0 IDVIz®) ) 27 D32 @) | |

Rotating all terms back to the original space gives the desired IsoLoss for Cosine similarity as reported
(Eq. (17)):

(2) 1 (W ~(1) )Tz (2
(4T . 2 p 1/2_(1))2
Lio = (1) SG(||WPz(1>|||z<2>||)*2SG<||sz<1>||3||z(2>||)W |
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D Experimental details

Self-supervised pretraining. We used the CIFAR-10, CIFAR-100 [3], STL-10 [4], and TinyIma-
geNet [5] datasets for self-supervised learning with a ResNet-18 [6] encoder and the SimCLR set of
transformations [7]. We also adopted several modifications of ResNet-18 and the augmentation set
which have been proposed to deal with the low resolution of the images in these datasets [7]. The
ResNet modifications comprise using 3 x 3 convolutional kernels instead of 7 x 7 kernels and skip-
ping the first max-pooling operation. The modifications to the standard SimCLR augmentations are
excluding the blur transformation and using a weaker color jitter strength of 0.5. The configurations
we used for each dataset are summarized in Table 3. We used BatchNorm in the backbone and the
projector MLP in the hidden layer for all methods. For BYOL, we included BatchNorm also in the
hidden layer of the predictor MLP.

As stated in the main text, we used SGD with learning rate 0.1, momentum 0.9 and weight decay
4 x 10~*. Furthermore, we used a warmup period of 10 epochs for the learning rate followed by
a cosine decay schedule and a batch size of 512. For the EMA, we started with 7,5 = 0.996 and
increased Tgma to 1 with a cosine schedule exactly following the configuration reported in [8]. For
DirectPred, we used o« = 0.5, 7 = 0.3 for the moving average estimate of the correlation matrix
updated at every step, and clipped the eigenvalues of the correlation matrix at 106.

Table 3:

CIFAR-10 CIFAR-100 STL-10  TinylmageNet

Resolution 32 x 32 32 x 32 96 x 96 64 x 64
Kernel size 3x3 3 x3 TxT7 3 x3
First max-pool No No Yes Yes
Blur No No Yes No
Color jitter 0.5 0.5 1.0 0.5

Linear evaluation protocol. We reported the held-out classification accuracy on the test sets for
CIFAR-10/100 and STL-10, and the validation set for TinyImageNet, after training the linear classifier
on frozen features for all labeled examples available in each training set.
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