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A Additional Analysis

Before presenting the main results, we introduce some necessary background on the delay compensated
gradients.

A.1 Connection Between PC Steps

As discussed above, PC-ASGD relies upon the two steps to determine the updates for each agent at every
time step, as displayed in Fig. @. We first turn to the clipping step (line 7 of Algorithm ) where all stale

Predicting Step Clipping Step

Figure 7: Predicting-Clipping Steps: in the predicting step, blue lines indicate no delay transmission; green
lines represent delayed transmission that requires gradient prediction to reduce the stale effect; in the clipping
step, the agent selectively drops the delayed information while only receiving information without delay.

information is dropped, which is equivalent to ‘clipping’ the original graph to become a smaller scale graph.
Therefore, between the predicting step and the clipping step, we can observe two static graphs switching
alternatively. This also suggests that element values of the mixing matrix W in the clipping step are different
from those in the predicting step. In the predicting step (line 6 of Algorithm ), the agent still requires all the
information from its neighbors while asking for gradient prediction from the unreliable neighbors. However,
the update is determined by the combination of these two steps in Algorithm 0, which relies on the 6 value
to balance the tradeoff. For simplicity, we set the initialization of each agent 0.

We now turn to the practical variant of PC-ASGD in Algorithm B in the Appendix. The condition (line 9)
adopted for PC-ASGD is based on the approximate cosine value of the angle between g;(z}) and A, (or
Aciip). When the angle between gi(x}) and Apre (0or Agp) is smaller, leading to a larger cosine value, the
corresponding step should be chosen as it enables a larger descent amount along with the direction of g;(z%).
Hence, with a sequence of graphs and the properly set condition, these two alternating steps are connected
to each other, allowing for convergence.

A.2 Delay compensated gradient

We detail how to arrive at Eq. B. Specifically, given the outdated weights of agent k, ¥ _, due to the delay
equal to 7, by induction, we can obtain for agent k
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As we mentioned in the main contents, the term (zj__ . — zi__) is from agent i due to the outdated
information of agent k, which intuitively illustrates that the compensation is driven by the agent ¢ when
agent k is in its neighborhood and deemed an unreliable one.

A.3 Compact Form of PC Steps

We next briefly discuss how to arrive at the compact form of the predicting and clipping steps for the analysis.
For the convenience of analysis, we set the current time step as ¢ + 7 such that line 6 in Algorithm 1 shifts
7 time steps ahead. Let us start with the predicting step and discuss its associated term JER Wi T, +
D okeRre wisz+7, where for the time being, it essentially holds that zf, := z}. Note that R includes
the agents ¢ itself. Although unreliable neighbors are outdated, in the context, the update for agent 4 still
requires such outdated information, which suggests that the whole graph applies. Additionally, the consensus
is performed in parallel with the local computation, so this term boils down to a similar term in the existing
consensus-based optimization algorithms in the literature. Thus, one can convert the current consensus term
for weights to Zp wipxt, ., p € V. To show the evolution of predicting gradient over the past steps ranging

from 0 to 7 — 1, we use g (zF) to represent.

Hence, the update law for the predicting step can be rewritten as:

T7—1

. , de.
Thprr = O wiptly, = n(ge(@iy) + > wie Y gi" () (20)
P keERe® r=0

One may argue that for those outdated agent k € R¢, they have no information ahead of time ¢, which is
T time steps back from the current time. As the graph is undirected and connected, the time scale will not
change the connections among agents. Also, for agent 4, it receives always information from other agents,
either the current or the outdated to update its weights. Thus, we have,

xl, =j,jER
o, ={ g PSR 1)

Since the term ), . wik ZZ;S ggc’r(xf ) applies to unreliable neighbors only, for the convenience of analysis,

we expand it to the whole graph. It means that we establish an expanded graph to cover all of agents by
setting some elements in the mixing matrix W’ € R¥*N equal to 0, but keeping the same connections as in
W. Then Eq. 20 can be modified as

T—1

) ) de.
Tipry1 = Z Wipty . — 1(ge(Tyyr) + Z wéq 9" (@) (22)
p q r=0
where

w

, {wzk if q=kkeRe (23)

iq 0 if qeR
Thus, we know via the above setting that W' is at least a row stochastic matrix. We rewrite the update law
into a compact form such that

T—1

Xppri1 = Wxipr —n(g(xer) + > W'g™" (x1)). (24)
r=0

where W = W ® I q and W' = W’ ® I xq. Similarly, we rewrite the clipping steps in a vector form as
follows:

X1 = Wxepr — 18(Xesr) (25)
where W = W ® I;yq. We are now ready to give the generalized step

T—1

Xetri1 = WiprXipr = 0(8(Xetr) +0er > W% (x1)), (26)
r=0
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where Wy, is denoted as 0,1, W + (1 — 9t+T)V~V throughout the rest of the analysis. Though the original
graphs corresponding to the predicting and clipping steps are static, the equivalent graph W, has become
time-varying due to the time-varying 6 value.

A.4 Approximate Hessian Matrix

Based on the update law, we know that the key part of PC-ASGD is the delay compensated gradients using
Taylor expansion and Hessian approximation. Therefore, the Taylor expansion of the stochastic gradient
g(x:+-) at x; can be written as follows:

g(xitr) = 8(x¢t) + Vg(xe) (Xtpr — X¢) + O((Xp4r — x¢)?)1, (27)

OF

where Vg denotes the matrix with the element Vg;; = 575

forall i,j € V.

In most asynchronous SGD works, they used the zero-order item in Taylor expansion as its approximation
to g(x¢+-) by ignoring the higher order term. Following from Zheng et al] (2017), we have

g(xt+r) = g(xe) + Ve(xe) (Xesr — 1), (28)

Directly adopting the above equation would be difficult in practice since Vg(x;) is generically computationally
intractable when the model is very large, such as deep neural networks. To make the delay compensated
gradients in PC-ASGD technically feasible, we apply approximation techniques for the Hessian matrix. We
first use O(x¢) to denote the outer product matrix of the gradient at xy, i.e.,

0 0
T&F&t))(a?

t

O(x¢) = ( F(Xt))T (29)

When the objective functions take the form of the cross-entropy loss or negative log-likelihood, the outer
product of the gradient is an asymptotically unbiased estimation of the Hessian, according to the two
equivalent methods to calculate the Fisher information matrix Friedman et all (2001). That is,

e =E[|O() — Hxy)[] =0, t—=0 (30)

where H(x;) is the Hessian matrix of F' at point x;.

The above equivalence relies on assumptions that the underlying distribution equals the model distribution
with parameter x* and that the training model x; asymptotically converges to the (globally or locally)
optimal model x*. According to the universal approximation theorem for DNN and some recent results on
the optimality of the local optimal, such assumptions are technically reasonable. As the above equivalence
was only developed by the negative log-likelihood form, that may not be applicable when we use PC-ASGD
for the mean square error form, such as some time-series predictions with LSTM networks. Therefore, we
introduce one assumption on the top of such an equivalence as follows,

E[O(xt) — H(x/)[[] <€ Je>0 (31)

which primarily eliminates the computational complexity when directly calculating H(x;). Another concern
would be the large variance probably caused by O(x;), though it is an unbiased estimation of H(x;). Similar
to Zheng et al] (2017), we introduce a new approximator \O(x;) = A(%F(xt))(%F(xt))T. The authors
in Zheng et all] (2007) have proved that AO(x;) is able to lead to smaller variance during training. Thus we

refer interested readers to [Zheng et all (2007) for more details.

To reduce the storage of the approximator AO(x;), one widely-used diagonalization trick is adopted Becker
8 Lecun (I989). Hence, in the update law for PC-ASGD, we can see in the delay compensated gradient
involving Ag(x:) ® Ag(x:). By denoting the diagonalized approximator as Diag(AO(x;)), the following
relationship is obtained:

Diag(AO(x¢)) = Ag(x¢) © Ag(x) (32)
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However, for analysis, when we apply diagonalization to H(x;), it could cause diagonalization error such
that we assume that the error is upper bounded by a constant ep > 0, i.e.,

| Diag(H (x:)) — H(x)[| < ep (33)

B Additional Proof

For completeness, when presenting proof, we re-present statements for all lemmas and theorems.

Lemma 3: The iterates generated by PC-ASGD satisfy V¢ > 0, and 7 > 2:

t+7—1 t+7—1t+7—1 t+7—1t+7—1
Xt+r = H Wt-‘rT 1—-vX0 — 7] Z H Wt—&-‘r-‘rs Ug Xs -1 Z H 06+1Wt+T+é v Z W g Xs-‘rl
s=0 wv=s+1 s=t wv=s+1
(34)
Proof. Based on the vector form of the update law, we obtain
T—2
_ ! de,r
Xipr = Wipr1Xepr—1 = N(8Xesr—1) + Orr—1 Y W (xy)) (35)
r=0

With the above equation, it can be observed that x;, is a function with respect to x;, which contains all of
agents. This suggests that by x;, there were no delay compensated gradients, while after x;,1, the unreliable
neighbors need the delay compensated gradients due to delay. Hence, applying the above equation from 0
to t + 7 — 1 yields the desired result. O

Bounded (stochastic) gradient assumption: As E[||g(x)[|?] < G? and E[g(x)] = VF(x), one can get
that [VF(x)| = |E[gx)]]l < E[lgx)|] = v (Ellg)I)? < VE[lgx)I?] =

Lemma 1: Let Assumptions 2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0, such that

g (x)]| < B, ¥t >0 and 0<r<7—1, (36)
Then for all € V and t > 0, I > 0, we have

G+ (r—-1)Bb,,

T, (37)

Elll2} — yill] <

where 0,, = maX{HéH}s‘*‘T Lo, = max{fsez + (1 — 05)éz 226_1 < 1, where es := e3(W) < 1 and é3 :=
SQ(W) < 1.

Proof. Since

; 1
1287 = Yerr | < xerr = YL = (x4 — N]-Txt-‘rTlH
L . (38)
= Ixerr — 11 Xegr | = (1 = 117 )%,
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where 1 is the column vector with entries all being 1. According to Assumption 2, we have %11TW = %11?
Hence, by induction, setting xg = 0, and Lemma 3, the following relationship can be obtained

1Xt4r — Year 1|

t+7—1 t+7—1 1 t+7—1 t+7—1 T—2
:77” Z ( H Wt+7'+s—'u_N11T)g( + Z H Wt+‘r+5 [N —— 11T s—HZW/ dCT( t)”
s=0 wv=s+1 s=t wv=s+1 r=0
t+7—1 t4+7-—1 t+7—1 t4+7-—1 1 T—2
< Z I TT Wesreoo = 107 Hg0e)l 1 30 1 T Wersoo — 107 80 S /g™ (x|
s=0 v=s+1 s=t v=s+1 r=0
t+7—1 t+7—1
<nG Y ST 4 Y ST 0 (r - 1)B
s=0 s=t
5 _5t+'r 1
<77G7+77(771)Be 27%
1—09
G+(7—1)B€m
=1 s,

(39)
The second inequality follows from the Triangle inequality and Cauthy-Schwartz inequality and the third
inequality follows from Assumption B and that the matrix %IIT is the projection of W onto the eigenspace
associated with the eigenvalue equal to 1. The last inequality follows from the property of geometric sequence.
The proof is completed by replacing ¢ + 7 with ¢ on the left hand side. O

To prove the main results, we present several auxiliary lemmas first. We define

0" (x)) = 3" ki) + Hx)(Vesr — )
T—1 = (40)
VF (%) =Y VF(Xe1r) + E[H (X)) (Vigr — %y)]
r=0

which are the incrementally delay compensated gradient and its expectation, respectively. It can be ob-
served that G"(x;) is the unbiased estimator of V.F"(x;). It should be noted that H(x;) = Vg(x;).
Let viy, = Wiy Xepr. We next present a lemma to upper bound ||[VF(vii,) — VF""(x;)|, where
VFM(%0) = VE(Xppr) + E[H (%) (Vesrr — %))

Lemma 4: Let Assumptions 1,2 and 3 hold. Assume that VF(x;) is &,-smooth. For ¢ > 0, the iterates
generated by PC-ASGD satisfy the following relationship, when r > 1

Em 9,2G+ (r—1)B0,

IVE(Vigr) = VI (x4)]| < 22207 ( )2 (41)
2 1—46o
when r = 0, we have
G+ (r—1)Bb,,
IVE(v) = VFG)| < 2y, ZLEHT=DE0m) (42)
Proof. By the smoothness condition for VF(x), we have
h,r gﬂ 2 fﬂ 2 43
IVE(Vitr) = VI (x4) < 5 [Virr —x¢]|" < 5 ([t — x| (43)
Let Ay = X¢qr — %x¢. Thus, based on Lemma 1, we have
t+r—1 t+r—1t+r—1 t+r—1t+r—1
Xt+r — H WtJrr 1—vXt — 77 Z H Wt+r+s vg Xs _7] Z H Wt+s+r v ZeerlW/ Xerl 7‘)
s=t wv=s+1 s=t wv=s+1
(44)
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Hence, we can obtain

t+r—1 t+r—1t+r—1 t+r—1t+r—1 r—2
HAH-THQZ ”( H Wt+r—1—v_l)xt_77 Z H Wt+r+s—vg(XS)_ Z H Wit str— UZQS-&-IW gdcz(x +1— T)||2
v=t s=t wv=s+1 s=t wv=s+1
(45)
Due to xg = 0 and no delay compensated gradients before time step ¢, we can obtain
[
t+r—1t+r—1 t+r—1t+r—1
—H_n Z H Wt+r+s 'Ug Xs -"n Z H Wt+s+r vzeerlW gdcz Xs+1 T +nZHWt+s vg Xs H2
s=0 wv=s+1 s=t wv=s+1 s=0v=s
t+r 1t+r—1 t+r—1t+r—1
Z H Wt+r+s vg Xs H + || Z H Wt+s+r vzes+1W/ dcz Xs+1 r || + ||ZHWt+s vg Xs H)
s=0 wv=s+1 s=t wv=s+1 s=0v=s
t+7" 1 t4+r—1 t+r—1 t+r—1
Z l H Witrys—o8(xs)|l + Z | H Witstr— UZQS-&-IW gdcz(XS-H —r ||+ZHHWt+s v8 XS)H)
s=0 v=s+1 s=t v=s+1 s=0 wv=s
t+r—1t+r—1 t+r—1t+r—1
Z H Witris—ollllg(xs)| + Z H Wetsir— v||HZ‘98+1ngCZ (Xst1-r)]l
s=0 wv=s+1 s=t wv=s+1
+ Z H [Wrts—olllg(xs)])?
s=0v=s
2G 1
<n? ——B(r—1)8,,)*
772(2G—|— O (1 — l)B)2
- 1—6,
(46)

The first inequality follows from the Triangle inequality. The second inequality follows from the Jensen
inequality. The third inequality follows from the Cauthy-Schwartz inequality and the submultiplicative
matrix norm applied to stochastic matrices. The fourth inequality follows from the Assumption B and
bounded gradient. We have observed that this holds when r > 1. While r = 0 enables ||V F(v,y,.) —F""(x;)||
to degenerate to |[VF(v;) — VF(x;)| based on the definition of F”(x;). Using the smoothness condition of
F(x), we can immediately obtain

G+ (r—1)Bb,

IVE(ve) = VEx:)[| < 29mn
1— 09

(47)

The proof is completed. O

Lemma 5: Let Assumptions 1, 2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0 such that

g (x)| < B, Vt>0 and 0<r <7 -1, (48)

Then for the iterates generated by PC-ASGD, dn > 0, they satisfy

||E gh Xt ZW/ dcr

K

—1

2G - 1)B6o,,
<Y Ot ep et (1= NG T DB
— 02

r=1
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Proof. Based on the definition of EG"(x;), we have

T—1 T—1 T—1
IE[G" (x+)] Z W'g®" (x,)|| = |[E[ Z 8(xe4r) + Z H(x¢) (Xt — x¢)] — Z W' (x)
r=0 r=0 r=0

:HE[gh,r:O(Xt)] _ W/gdc = O(Xt) + E[gh,r:l(xt)] _ W/gdc,rzl(xt) N E[gh,r:r—l(xt” _ W/gdc,r:T—l(Xt)H

<IEIG™=0 ()] = W'g™ =0 (xe) | + IEIG"™" =" ()] = W™ (xe) | + - + [EIG"77 (x0)] = W™~ (1) |

(50)
The last inequality follows from the Triangle inequality. Now let us discuss |[EG"" (x;) — W/g?" (x;)|. The
following analysis is for cases where r > 1. We give a brief analysis for the case in which r = 0 subsequently.

IE[G" (x:)] = W'g" (x4
=[Elg(xt1r) + H(xt) (X1 — %)W [g(%1) + Ag(%1) © g(%1) © (Xpgr — X4 )]
= VE(xtpr) = Wg(xe) + [H(x:) = AW'g(x:) © g(x2)| (Xeqr — %1
<|IVF(xt4r) — W’ g(xo)[| + I[H () — AW g(xt) © g(xe)] (1 — x1) ||
<[IVE&etr) = Wglxe) | + [I[H (xe) — AW 'g(x:) © g(xe) + 8(xt) © g(xt) — g(xt) © g(x¢)

— Diag(H (x¢)) + Diag(H (x¢))](Xt+r — %¢) ||

<IVE(xp1r) = W) + %0 — x| (AW g(x1) © g(x0) — &(x4) © g(x1)) + (g(x1) © 8(x2)
— Diag(H(xt))) + (Diag(H (x¢)) — H(x¢))||

SIVE(Xptr) = Wa(x) | + %4 — xe[(IAW g(x0) © g(x10) — 8(x0) © g(xe) || + llg(xe) © g(x1)
— Diag(H(x¢))|| + || Diag(H (x¢)) — H(x¢)]|)

The third inequality follows from Cauthy-Schwarz inequality while the last one follows from the Triangle
inequality. It should be noted that when we combine H (x¢)(x¢1, — x;) and AW/'g(x;) © g(x¢) © (Xpar — X¢),
we follow the update law. Since in a rigorously mathematical sense, g(x;) ® g(x;) should be g(x;)g(x;)?.
However, for reducing the computational complexity when implementing the algorithm, as discussed above,
we have made the approximation and diagonalization trick. Hence, we assume that H(x;) — AW'g(x:) ©g(x¢)

can hold for simplicity and convenience.

Then we discuss E[||VF (x¢+r) — Wg(xe)]]]-

E[IVE(x¢1r) = Wg(x)ll] < E[|VF (xe4r) — g(x:)ll]
—E[|VF(x¢4r) — VF(xt) + VEF(x:) — g(x¢)|]

<E[|VE(xt1r) = VEx)] + E[|VF(x:) — g(x)][]
llxesr — el + VEVEer) — g0xe) 12 (51)
2G + (r — 1)B6,,
< 2= SRV — g T
2G + (r — 1)Bb,,
<
_’YW’LTI 1 (52 + g
Hence, we have
T—1
o 2G + (r — 1)B6o,, 2G + (r — 1)B6,,
EIG" (0] — 3 W'g?e” ()| < 22T DB 062 ey 4 2T DB
1-— 52 1- 52
o (52)
2G - 1)B6,,
= ep et (1= Ny DB
— 02
The above relationship is obtained for cases where r > 1. There still is r = 0 left. For » = 0,
IVE(x:) = W'g(xs)|| <o (53)
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Thus, combining each upper bound for ||E[G"" (x;)] — W'g?" (x;)||, we can obtain

T—1 T—1
2G + (r — 1)BbO,,
IEIG" ()] — 32 W/E™ el € 30+ e e+ (1~ 062 =B oy
r=0 r=1 1- 62
which completes the proof. O

Lemma 6: Let Assumptions 1, 2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0 such that

||gdc’r(Xt)H <B, Vt>0and 0<r<71-—1, (55)

Then for the iterates generated by PC-ASGD, 3n > 0, they satisfy
G+ (r—1)Bb,,

F(xi1r) 2 F(vigr) — 2Gn 1.3 (56)
— 02
Proof. Due to the convexity, we have
F(Xt4r) > F(Vigr) + VE(Vigr) (Xegr — Vigr)
2 F(Viyr) = IVF(Viar) [ Verr — Xepr ||
> F(Viyr) = Gl[Vigr — Xeiq||
> F(Vigr) = GlVigr = Year L+ Yy L — Xpp7 || (57)
> F(Vitr) = G([[Verr = Year 1| + Y01 — Xep 7 [])
—1)BbY,,
> F(vier) — 2G1 G+(r—1)Bn
1— 09
The second inequality follows from the Cauthy-Schwarz inequality. The proof is completed. O

Theorem M: Let Assumptions 1,2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0 such that

g (x)| < B, Vt>0 and 0<r<7—1, (58)

and that VF(x;) is &,-smooth for all ¢ > 0. Then for the iterates generated by PC-ASGD, when 0 < n < ZM
and the objective satisfies the PL condition, they satisfy

Q Q

_ * < _ t—1 _ *
ElF(x:) = F*] < (1= 2un7)"" (F(x1) — F 2#777) + St (59)
773§ GT71
Q =2(1 = 2unT)GnCy + == > Cr + 20° Gy Cy
r=t 1 (60)
+Gnro+ 0’ Gym +ep +e+ (1= N)G?) Y Cr +nG? + 9y, GrCy
r=1
and,
G+ (1 —1)Bb,,
C1= 1— 6,
c - 2G + (r —1)Bb,, (61)
1— 6
_ 2G4+ (1 —1)Bo,,
Ca= 1— 6 ’

ep > 0 and € > 0 are upper bounds for the approximation errors of the Hessian matrix.
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Proof. According to the smoothness condition of F(x). We have
Tm

ElF(Xp4r1) = F(x)] S E[F(Verr) = PO+ E(VE(Viar), (Keprn = Virr )] + E[%e4 741 — Virr|]
(62)
Based on the update law, we can obtain
E[F (Xt4741) — F(x")]
T—1
<E[F(viyr) = F*] = nE(VF(Viir), 8(Xe17))] = nE[(VF (viyr), Y Wgh" (x))]
r=0
Y]’ -
+ 5 Elllgxer) + > Wger(x,)|?]
r=0
* (63)
<SE[F(vitr) = F] = nE[(VF(Vitr), 8(Xe47))] = NELVEF (Vitr), TVE (Vi )]
T—1 T—1
+ NE[(VF (Vigr), TVE(Visr) = 3 VE(Visr)] + 0E(VF (Vigr), Y VF (Vi) — F'(x¢))]
r=0 r=0
T7—1 5 772 T7—1
PRIV F(vis), BIO" — 30 W )] + T2 B r) + 3 W ()]
r=0 r=0
We next investigate each term on the right hand side. Based on Lemma 6, we can obtain
G+ (r—1)Bb,,
F(xp1r) 2 F(Vigr) — QGU% (64)
such that o 1\Bo
F(xuer) = F* > F(viy,) — F* — 26y St 7= DB (65)

1—4

For the term —nE[(VF(viir),g(Xi++))], we can quickly get that is is bounded above by nG? due to the
Cauthy-Schwarz inequality. Then for term —nE[(VF(vii,), TV E(viy,))], one can get the following relation-
ship due to the PL condition.

—NE[(VF(Viyr), TVE(Viyr))] < =20mp(F(viqr) — F7) (66)
Combining F(viy,) — F*, we have
(1 =207p)(F(Vigr) — F7)

T— 67
< (1= 2 ) [(F(xpss) — F*) + 26 ST = DB (67)

1— 99 ]

Based on Lemma 4, we have known that

m 2.2G+ (r —1)BO,,
[VE(veer) — VM ()| < S 26T = DB (63)
— 02
for » > 1, while for » = 0, it can be obtained that
G+ (r—-1)Bb,,
IVF(v) = VE )] < 2y &= 20, (69)
Since . )
ME[(VEF(Verr), Y VE Vi) = F ()] < nEIIVE el S VE(vesr) = F ()]
r=0 r=0 (70)
T—1
SE[VFVer) | Y IVEVerr) = F* ()]
r=0
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The first inequality follows from Cauthy-Schwarz inequality and the second one follows from Triangle in-
equality. Hence, we can have

= 3mG G+ (r—1)Bb,,
NE[VE(Veir), S VF(Vigr) — F'(x))] < G SNG4 Bl — 1)) + 272G ST = DB
= 2(1 —49) = 1—49
(71)
According to Lemma 4, the following relationship can be obtained,
T—1 772G 7—1
E[(VE (Vi ), E[G"(x:)] — Z Wgder(x,))] < ﬁ(’ym +ep+et (1—-NG?) Z[2G + (r — 1)BOy) + Gnro
r=0 -2 r=1
(72)

The last term is nE[(VE (Viqr), TVEF (Vigr) — Z:;é VF(vitr))], which can be rewritten such that

T—1
ME(VF(Veir), TVF(Viir) = Y VF(vig,))]

r=0 (73)
SHE(|VF(vVerr)[IVF (Veqr) = VE(ve) + -+ VE(Vigr) = VE(Vigr-1)]]]

SE(IVEC e IVEVesr) = VEE| + -+ IVE (Vi) = VE(ir)]

Using the smoothness condition, we then can bound the term by deriving the following relationship with
Lemma 1 and Lemma 3,

2G+ (r —1)Bb,,
1—46

WE(VF(vi4:), 7V F(virs) = 3 VEWee))] < PamGr (74)
r=0

We combine the upper bounds of each term on the right hand side to produce the following relationship.

« N G+ (r—1)Bb,,
BIF(xtir41) — FOC)) < (1= 20m) (F ) = F*) + 201 = 2 Gy ST =)0
3 T—1
n gmG o 2 G+(7_1)Bgm 2
+ 31— 3) 7q=1[2G + (r = 1)BO,,] + 20°* G 14, + Gnro +nG
2 T7—1
-G R B ) 2G + (r —1)B6b,,
+ g, (m Tep tet (1 A)G);[2G+(r DBOw] + 1 9mGT——— &
(75)
We now know that
E[F(xt1) — F*] < (1 = 2n7p)E[F(x;) — F*] + @, (76)
subtracting the constant % from both sides, one obtains
. Q . Q
ElF(xt+1) = F*] = 5 < (1 = 2nun)E[F (x¢) - F']+ Q@ —
W 2pTn (77)
1 e @
= (1~ 20m) (E[F () ~ F] = 5. 2)

Observe that the above inequality is a contraction inequality since 0 < 2nur < 1 due to 0 < n < i The
result thus follows by applying the inequality repeatedly through iteration ¢ € N. O

Another scenario that could be of interest is the strongly convex objective. As Theorem M has shown with a
properly set constant step size, PC-ASGD is able to converge to the neighborhood of the optimal solution
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with a linear rate. This also applies to the strongly convex objective in which the strong convexity implies
the PL condition, while the constants are subject to changes. We now proceed to give the proof for the
generally convex case.

Theorem B: Let Assumptions 1, 2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0 such that for all 7" > 1

g% (x,)| < B, Vt>0 and 0<r <r71—1, (78)
and there exists C > 0,
Efllxe —x*[]] < C, (79)

where x* € argminF'(x). Then for the iterations generated by PC-ASGD, there exists 0 < n < ﬁ, such
that 2 4
x; —x*
BlP(xr) - 7 < P2 2 (50)
where A = 101202 +100202+200* G2 C3+50202,72 B>+ 20C0,, 7 B+2Gn>C1 (20 +1), Oy = SHI=DE0 52

* * S T
Ellg(x*) — VF(x*)|?, %7 == 7 32—y X

Proof. According to the compact update law, we have

T—1
[Xpsrt1 — X*|° = [WitrXesr — 0(8(Xt4r) + Orir Z W'g® (%)) — x| (81)
r=0
As viyr = Wi r Xy, we can obtain
r—1
[Xetrt1 — X*HQ = [[Vesr — X*||2 = 20(Virr — X", 8(Xt4r) + Orgr Z W/gdc’r(xt»
= (82)
02 g(Xerr) + Opr D W' (x4)]%.
r=0

For convenience, we define that Tty = g(X¢4r) + Otir Z:;é W'g?e" (x;). Hence, the above equation can be
rewritten as

[%e4ri1 = X2 = [[Vegr = |2+ 07T ||
+20(X" = Vigr, 8(Vetr)) + 20(X" = Vigr, 8(Xe4r) — 8(Vitr))
T—1 (83)
+20(x" = Viir, Oy r Z W/gdc’r (xt))-
r=0
Taking expectation on both sides leads to the following relationship:
E[l[%¢+r+1 = X||°] < Elllx4r — x*[1°] + nE[||Ter ][]
+ 2nE[(x" — Vipr, VF(Viyr))] + 20E[(X" = Vigr, VE(X1r) — VF(Vigr))] (84)
T—1
+ 20E[(X* = Viir, Oppr Z W'g?e" (x;))].
r=0

The inequality holds due to the basic property for the projection Sundhar Ram ef all (2000). For the last two
terms on the right hand side of the above inequality, we can leverage Cauchy-Schwartz inequality to obtain
the upper bounds. For 2nE[(x* —v;y,, VF(vii,))], we will use Lemma 2 to reformulate. We next investigate
n?°E[||T4.|%]. Before that, we introduce a theoretical fact for the generally convex smooth functions.

Variance transfer: gradient noise (Lemma 4.20) in Garrigos & Gower (2023). If F' is smooth and convex,

then for all x we have that
Ellg(®)[1?] < 4ym(F(x) — F*) + 202, (85)
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where g(x) is the stochastic gradient, o2 is the variance of stochastic gradient at x*. Rewrite ||Isy.|? =

|g(Xetr) + VE(Xepr) = VF(Xepr) + 8(Vigr) = 8(Verr) + VE(Verr) = VE(Verr) +0i 7 30— Wge" (x4)]2.
We then have the following relationship:

Ell[xt4r+1 — x*[*] < Elllxesr — x*[°] + 50°E[||g(Verr)|1] + 50°El||lg(xt4+) — VF (x¢47)[|°]
+ 50°Elllg(vier) — VF (Vi) |P] + 50°E[|VF (X4+) — VF(viir) ]

T—1
+ 5E[[10:17 ) Wg (x0)[*] + 20E[F* — F(viy,)]
r=0
T—1
+ 20E[|x" = Verr [ VE(x47) = VE Vi) ]+ 20E[[x" = verr |16+ Y W'g" (x0)|l]
r=0

(86)

The last inequality holds due to the basic inequality || ZZV:I a;|? <N ZZ\LI lla;||?, the convexity property,
and Cauchy-Schwartz inequality. By substituting Eq. B3 into Eq. BA, the following relationship can be
obtained

Elllxt4r+1 — x*|?] < Ell[xetr — x*[I?] + 200"y E[F (Viqr) — F*] 4 10n°02
+ 50°E[||g(xt4r) — VF (x¢4) %]
+ 50°Ellg(vier) — VE (Vi) |P] + 50°E[|VF (Xt 47) — VF(viir) |’

7—1
+ 50 E[[|6r- Y W87 (x0)|°] + 20E[F* — F(visr)]

r=0
7—1
+ 29E[|[x" = Vi [[[VE(147) = VE(vigr) ] 4 20E[[[x" = Ve |[[|6i4- Y W' (x,)]]
r=0

< Eflxesr — x|1°] + 20(107mn — DE[F (x¢47) — F*] + 107°07
+10n%0? + 20n*G?C? 4 5020, 12 B* 4 2nC(2GnCy + 0,,7B).
(87)
The second inequality follows from Assumption 3, Eq. B4 and bounds for the predicted gradients. With
mathematical manipulation, the above inequality can be written as
20(1 = 109 E[F (Verr) = F*] < E[[Xe4r = x* 2] = E[l[ %4711 — x||%]
+ 100202 4+ 100202 + 200* G2C} + 50202, 72 B* + 2nC(2GnCy + 0,,7B)
(88)
Due to n < #ﬂ/m, 1 —107,,m > 1 such that nE[F(v,1,) — F*] < 2n(1 — 107,,0)E[F (vi4,) — F*]. Dividing
both sides of Eq. B8 by 7 yields the following

* 1 * *
E[F(Vitr) = F*] < —(B[l|%e4r —X*|°] = E[Xe4741 — x*[|?])
. ! (89)
+ 5(107]203 +10n%0? 4 20n*'G*C? + 510, 12 B? + 2nC(2GnC, + 0,,7B)).

Similar to Lemma 6, we can obtain that F(vy.) > F(x¢q1r) — 2Gn%

obtained that F(vii,) — F* > F(x¢q,) — F* — QGU%- With this, the following relationship can
be obtained

. Then it is immediately

1 A

E[F(x47) — F7] < W(E[HXH-T =% ?] = Elllxeqr1 = x7°]) + e (90)

where A = 100202+ 100?02 + 20n*G?C? + 51262,72 B2 + 2nC0,,, 7 B + 2Gn*C1 (2C + 1). Recursively summing
over t from 1 to T and replacing t + 7 with ¢ grants us the following relationship
B

;E[F(Xt) -] < T (91)
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Dividing both sides by T in the last relationship attains the following

liE[F(x)—F*]<M+é (92)
T t - T A
Using that F' is convex with Jensen inequality gives the desirable result. O

In the sequel, we provide the details for the smooth nonconvex functions.

Theorem B: Let Assumptions 1,2 and 3 hold. Assume that the delay compensated gradients are uniformly
bounded, i.e., there exists a scalar B > 0 such that

g% (x)|| < B, Vt>0and 0<r<71—1, (93)

and that
E[llg(x)|I”] < M. (94)

Then for the iterates generated by PC-ASGD, there exists 0 < n < %, such that for all T'> 1,

T
_2AP(x)-F) R
— F( —_ 95
TZ:: [IVF(x:)]] Tn +77’ (95)
where ) )
WM
R = 2G1°Cy + % + % 4107 B + 20* (7B + G)C.

Proof. According to the smoothness condition of F(x), we have

F(Xirt1) = F(vigr)

SVF(Viir )y X1 = Virr) + 2 4 X1 — Virr |

2
T—1 T]Q’Y T—1
=(VF(virr), —n()_ W' (xs) + g(xe1+))) + TWH > Wgtr - g(xey)|?
r=0 r=0
T—1 7727 T—1
=(VF(Viyr) = VF(X¢4r) + VE(Xt47), 1 Z W'g" (x;) + g(x14-))) + TmH Z W'g™" + g(xp47)|?
r=0 r=0
T—1 T—1
—(VF(Xti7), > W™ (x¢) + 8(%t47)) + n{(VF(Viyr) = VF(xi17), Y W% (x1) + g(x44+)))
r=0 r=0
772’_}/ T—1
t =l Z W'g" + g(xu4r)|?
r=0
n T—1 T—1
- §[||VF(Xt+T)||2 DY W (xh) + g(xei) 1P = IVF(x14-) — O Wg (x1) + g(x01+)|I°)
r=0 r=0
T—1 "727 T—1
NVF(Xpi7) = VE(Vige), > W87 (%) + g(xe4-)) + TmH > Wgler + g(xey)|?
r=0 r=0
T—1 T—1
=- *HVF(XHT)W - *|| > W™ (xy) + g(xea)|” + (HVF(XH-T) gk I” + 1) Wg (%) |12
r=0 r=0
T—1 T—1
— 2AVF(x14-) — 8(Xt17), Y WY (x1))) + n{VF(Xp17) = VE(Virr), Y Wg™" (%) + g(x11+))
r=0 r=0
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2 7—1
+5 Z W™ + g(xesr)
r=

T—1
77 Pym c,r 77 77 c,T
== *HVF(XHT)HQ (* =D W () + g () [P GIVE (erer) = glxen)[1* + 51 D W™ ()
r=1

2
r=0
7—1 7—1
—(VF(Xi17) = 8(Xe17), D W'Y (%)) + n(VF(X147) = VE(Virr), > W™ (%) + g(x14-))
r=1 r=0
n 77 Tm er( 7Y
== VPP + (T2 - D) ZW’ e e)lI2 + (F2 = D)llgxir)
Ym N = U RS
(B = Dy glirn), S0 W'g™™ (x0) + DIV (i) — gxesn) I + 21> W'ge ()]
r=0 r=1
7—1 T—1
—(VF(Xe17) = 8(Xetr), D W'Y (%)) + (VF(X147) = VF(Virs), > W™ (%) + g(x14-))
r=1 r=0
n 77 ’Ym er( 0> Ym
<- 5HVF(Xt+r)H2 5 H ZW’ e (x) |12 + +(5— - *)Hg(XHT)IIQ
n ~ T—1 n T—1
+(5— - *)Ilg(Xm 11>~ W ()| + *||VF(Xt+‘r) — g(xe4r)|* + 2l > Wgtr ()|
r=0 r=1
T—1 T7—1
+ | VE(y-) = gD Wg (xo) | + nll VE (xe1r) = VEVer) 1D Wg™7 (%) + g1+
r=1 r=0

The first inequality follows from the smooth property of the objective. The last inequality follows from
Cauthy-Schwarz inequality. The left hand side of the above inequality can be rewritten:

F(Xtr41) = F(Xt47) + F(X4r) = F(Visr)
Taking expectations for both sides, with the last inequality, we have

E[F (xt4r41) = F(xt47)]

T—1

77 77 77” 77 c,r 77 ’Ym - 7]
<E[F(Viyr) = F(xp47)] — §E[IIVF(Xt+T)IIQ] —5—El > Wigter (x| + fﬂf[llg(xﬂr)llrﬂ
r=0
02 Ym — 1 - n P
+ #E[Ilg(&w)lll\ > Wigtr(x)] + SEMVE(xer) = g(xer)[°] + Pl > Wiger(xy)]?]
r=0 r=1
T—1 T—1
+ MRV (x14-) — gXepr) 11 Y W' (x0)|] + nB|VF (X147) = VE Va1 Y W (x4) + g(xe1+)]
r=1 r=0
! d 2 PYm— N 2
SGE[|[Vigr — Xegr ] = [\IVF(Xt+T)|| ] + TZE [IW7g™" (x) "] + ——5—Elllg(xe+o)I°]
02 Ym — 1 - n D
+ #E[Ilg(Xw)llH > wWigter (x| + SEMVE(xer) = g(xer)[°] + Pl > Wigtr(xy)]?]
r=0 r=1
T—1 T—1
+ DR[|V (x14-) — g(Xepr) 11 Y W' (x0)|] + nE|VF (X147) = VE (Va1 Y W™ (x4) + g(xe1+)]
r=1 r=0
202~ M 2 G G —1)B6,,
<~ LBV F s+ T2 1 e (7B + 6 ) EEO
m — 02

(96)
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The last inequality follows from the smoothness condition of F'(x) and the bounded gradient, respectively,
as well as < % Hence, by replacing t + 7 with ¢, one can obtain
E[F(Xt+1) — F(X

)] < —JE[|[VF(x)|?) + R (97)

where R indicates the constant term on the right hand side of the inequality. As we assume that F(x) is
bounded from below, applying the last inequality from 1 to T, one can get

T
F* — F(x1) < E[F(x141)] - gz IVF(x)|]?] + TR (98)
which results in -
2[(F(x1) — F*)+ TR
SOV FG)|? < A ) T (99)
t=1 N
Dividing both sides by T, the desirable results are obtained. O

C Detailed Settings of Deep Learning Models

Model Settings For the PreResNet110 (model 1), DenseNet (model 2), ResNet20 (model 3) and Efficient-
Net (model 4), models’ architectures are shown in He et all (2016H), Huang et al] (2017), He et all (20162
and Tan & T.d (P019) respectively. The batch size is selected as 128. After hyperparameter searching in
(0.1,0.01,0.001), the learning rate is set as 0.01 for the first 160 epochs and changed to 0.001. The decays
are applied in epochs (80, 120,160, 200). The approximation coefficient A is set as 1. A = 0.001 is first tried
as suggested by DC-ASGD [Zheng et all (2017) and the results show that the predicting step doesn’t affect
the training process. By considering the upper bound of 1, a set of values (0.001,0.1,1) are tried, and A = 1
is applied according to the performance.

Hardware environment. Our experiments are implemented and evaluated at GTX-1080 ti with Intel
Xenon 2.55GHz processor with 32GB RAM.

Table 5: Performance comparison in TinylmageNet and Time Series dataset

Model & dataset Prell0 DesNet EfficientNet LSTM
ode atase TinyImageNet | TinylmageNet | TinylmageNet | Wind Turbine Data
PC-ASGD (Ours) 58.0+14 61.4+0.7 74.8+£0.9 71.2+0.5
- D_ASGI?, . 52.1£0.3 57.5+0.2 70.4+0.5 66.2 +£0.1
Lian_ef all (2017)
. DC'_SSE;fi_ - 55.1£0.8 58.5+1.4 73.2+1.2 61.4+1.1
Rigazzi (2019)
D-ASGD W}JE}} }S 53.2+0.9 58.1+1.2 73.4+0.7 69.2 +£0.2
Du_ef all (2020)
_ Adaptive Braking | o0 o 4 o 60.24 1.1 67.34+1.5 66.5+ 1.2
Venigalla et all (2020)
Table 6: Performance evaluation of ResNet20 on CIFAR-10
20 agents
PC-ASGD P-ASGD C-ASGD Baseline
Model & dataset acc. (%) o.p. (%) acc. (%) o.p. (%) acc.(%) o.p. (%) acc. (%)

ResNet 20, CIFAR-10 84.9+0.6 2.4+0.7 82.9+£0.7 0.4+0.8 83.8+0.8 1.3+£0.9 825+0.1

acc.—accuracy, o.p.—outperformed comparing to baseline.
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D More Empirical Results with different datasets

We also adopt our numerical studies on TinylmageNet [Le & Yang (2018) and Wind turbine data set Lii
ef_all (2004). For TinylmageNet, we adopt PreResNet110 He et all (2016H), DenseNet Huang et all (2017),
and EfficientNet Tan & Ld (20019). For the wind turbine data set, we use LSTM® in Leief all (2019) to
classify the fault in the wind turbine.

Results in Tab. B shows the effectiveness of our proposed methods in different models, datasets, and even
different tasks (time series classification). It further demonstrates the generality of our proposed framework.

We also supplement the experiment with ResNet20 on CIFAR-10 to ablate the functions of the P-step and
C-step in Tab. B. The quantitative results are consistent with Tab. B, showing the benefits of our PC steps
design.

3 Actually, we use SGD-based optimizer for better analysis instead of Adam in Leief-all (2019), hence we do not achieve the
best results in Ceiefall (201T9). But our framework shows the best performances among other framework handling delay.
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