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Abstract

Mixture-of-experts networks (MoEs) have demonstrated remarkable efficiency in1

modern deep learning. Despite their empirical success, the theoretical foundations2

underlying their ability to model complex tasks remain poorly understood. In this3

work, we conduct a systematic study of the expressive power of MoEs in modeling4

complex tasks with two common structural priors: low-dimensionality and sparsity.5

For shallow MoEs, we prove that they can efficiently approximate functions sup-6

ported on low-dimensional manifolds, overcoming the curse of dimensionality. For7

deep MoEs, we show that O(L)-layer MoEs with E experts per layer can approxi-8

mate piecewise functions comprising EL pieces with compositional sparsity, i.e.,9

they can exhibit an exponential number of structured tasks. Our analysis reveals the10

roles of critical architectural components and hyperparameters in MoEs, including11

the gating mechanism, expert networks, the number of experts, and the number of12

layers, and offers natural suggestions for MoE variants.13

1 Introduction14

Mixture-of-experts (MoE) models (Jacobs et al., 1991; Jordan and Jacobs, 1994) have recently15

achieved significant success in deep learning, particularly as a core architectural component of16

modern large language models (LLMs) (Abdin et al., 2024; Yang et al., 2024b; Liu et al., 2024; Cai17

et al., 2025). These models have demonstrated strong capabilities across a wide range of complex and18

diverse tasks, including mathematical reasoning, logical inference, language understanding, and code19

generation. Despite their empirical success, the theoretical foundations underlying MoEs remain20

poorly understood, especially in their capacity to efficiently model complex tasks.21

In both machine learning and applied mathematics, it is widely recognized that although real-world22

tasks may appear complex, they often exhibit latent structures. Two prominent structural priors are:23

(1) low-dimensional structure: high-dimensional data typically lies on a manifold of much lower24

intrinsic dimension; (2) sparse structure: meaningful signals tend to admit sparse representations in25

suitable bases or dictionaries. These structural priors have motivated numerous influential algorithms,26

including dimensionality reduction (Tenenbaum et al., 2000), sparse regression via Lasso (Tibshirani,27

1996), compressed sensing (Donoho, 2006), and neural network pruning and compression techniques.28

In this work, we investigate the expressive power of MoE networks for modeling complex tasks that29

exhibit either low-dimensional or sparse structure. Our contributions are summarized as follows:30

• Shallow MoE networks. We prove that shallow MoE networks can efficiently approximate31

functions supported on low-dimensional manifold. Theoretically, this task reduces to a collection32

of simpler approximation subproblems localized on low-dimensional subregions, along with33

an assignment problem that maps each input to the appropriate region. We show that shallow34

MoE networks naturally implement this procedure, thereby avoiding the curse of dimensionality.35
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Our analysis reveal the complementary roles of the two core components in MoE: expert36

networks approximate localized subfunctions, while the gating mechanism ensures correct37

input-to-expert assignment. Additionally, the analysis offers practical suggestions on MoE38

variants, such as the nonlinear gating, alternating MoE architectures with equivalent expressivity,39

and low-dimensional expert networks with auto-encoding.40

• Deep MoE networks. We formalize complex tasks as piecewise functions, and focus on a41

broad class of structured tasks exhibiting compositional sparsity: where each subtask depends42

on only a small subset of input coordinates, and the overall task is a hierarchial composition43

of these subtasks. We demonstrates that a depth-O(L) MoE network with E expert per layers44

can efficiently approximate piecewise functions with EL distinct pieces, i.e, it can exhibit an45

exponential number of structured tasks. Moreover, our analysis elucidates the distinct roles of46

network depth L (which enables hierarchical composition) and expert count E (which enables47

subtask specialization).48

• Unified insight. Our theoretical results reveal that MoE networks can effectively discover the49

underlying structure priors in the complex tasks (such as low-dimensionality or sparsity), and50

subsequently decompose them into simpler subproblems, each solved by specialized experts.51

2 Related Works52

Theoretical understanding of MoE. Chen et al. (2022) analyzed the training dynamics of shallow53

MoE networks with softmax gating on clustered datasets, emphasizing the importance of expert54

nonlinearity and data structure. (Baykal et al., 2022) showed that sparsely activated networks can55

achieve approximation performance comparable to dense networks, and offered a computationally56

efficient alternative. Dikkala et al. (2023) examined the impact of learnable routing mechanisms57

in MoEs, establishing their benefits. Li et al. (2024) investigated MoE in continual learning, using58

overparameterized linear regression to show their adaptability across tasks. A comprehensive survey59

of recent theoretical advances is presented in Mu and Lin (2025). In contrast to these prior works, we60

focus on the expressive power of both shallow and deep MoE networks for broad classes of structured61

functions.62

Low-dimensional structure. The manifold hypothesis posits that high-dimensional data in real world63

(e.g., images, speech, and text) typically lies on a manifold of much lower intrinsic dimensionality64

than the ambient space. This perspective motivates various algorithmic approaches: (i) Dimensionality65

reduction techniques (Tenenbaum et al., 2000; Roweis and Saul, 2000; Belkin and Niyogi, 2003),66

which aim to uncover and utilize such low-dimensional structures. (ii) Representation learning67

methods like Autoencoders and Variational Autoencoders (Hinton and Salakhutdinov, 2006; Kingma68

et al., 2013), which seek compact and informative representations aligned with low-dimensional69

manifold.70

Sparse structure. It is widely believed that meaningful signals often admit sparse representations71

in appropriate bases or dictionaries. This principle underpins many influential algorithms, such as72

Lasso (Tibshirani, 1996), Compressed Sensing (Donoho, 2006; Candès and Wakin, 2008), and Sparse73

Coding (Olshausen and Field, 1996; Elad and Aharon, 2006), which have been widely applied across74

domains.75

From a theoretical standpoint, the prevalence of sparsity and low-dimensionality has inspired recent76

studies on the expressive power of deep networks under structural assumptions. For example, Mhaskar77

and Poggio (2016); Poggio (2023) analyzed dense neural networks approximating functions with78

compositional sparsity, demonstrating how sparsity mitigates the curse of dimensionality (Bellman,79

1966; Bach, 2017). Wang and E (2024) studied the expressivity of Transformer models (Vaswani80

et al., 2017) for modeling long but sparse memories, showing the model’s capacity to overcome the81

curse of memory. Shaham et al. (2018); Chen et al. (2019) examined the approximation power of82

dense networks for functions supported on low-dimensional manifolds. In contrast to these works, we83

investigates the expressive power of MoE networks in approximating complex functions exhibiting84

either sparse or low-dimensional structure.85

3 Preliminaries86
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Figure 1: Illustration of an MoE layer.

Basic notations. Let f : Ω → R be a continuous func-87

tion defined on a compact set Ω. Its L∞ norm is defined as88

∥f∥L∞
:= supx∈Ω |f(x)|. We use standard asymptotic89

notations O(·),Ω(·),Θ(·) to hide the constants indepen-90

dent of the primary problem size (typically denoted by m),91

and the notations Õ(·), Ω̃(·), Θ̃(·) further hide logarithmic92

factors. For a positive integer n, let [n] = {1, · · · , n}. For93

a, b ∈ R, define a ∧ b = min{a, b} and a ∨ b = max{a, b}.94

3.1 MoE networks95

MoE components. An MoE layer consists of two primary components:96

• Expert networks: A collection of E expert networks, each implemented as a dense feedforward97

ReLU neural network: f (1), · · · , f (E) : Rdin → Rdout .98

• Gating network: A gating function g : Rdin → RE . In most existing MoE models (Fedus99

et al., 2022; Du et al., 2022; Yang et al., 2024a), g is linear due to its simplicity and empirical100

effectiveness: g(x) = WRx, where WR ∈ RE×din .101

MoE operation. Given an input x ∈ Rdin , an MoE layer performs the following operations, as102

illustrated in Figure 1:103

• Expert selection. The gating network computes routing scores g(x) ∈ RE , and selects the
top-K experts with the highest scores:

K := arg TopK(g(x)),

where arg TopK(z) returns the indices of the K largest entries of z.104

• Expert computation and aggregation. Each selected expert k ∈ K computes its output
f (k)(x). The final output is a weighted combination:

y =
∑
k∈K

αk(x)f
(k)(x),

where the weight are defined via αk(x) =
exp(gk(x))∑

j∈K exp(gj(x))
.105

Notably, only K expert networks are activated per input. Without loss of generality, we focus106

throughout this paper on the case K = 1, as the extension to arbitrary K ⩽ E is straightforward.107

Hypothesis class HL,E
l,m . We define HL,E

l,m as the class of depth-L neural networks composed of108

stacked L MoE layers:109

h(L) ◦ h(L−1) ◦ · · · ◦ h(1), (1)
where each h(ℓ) is an MoE layer consisting of a linear gating network g(ℓ) and E expert networks110

f (ℓ,e) (e ∈ [E]), each being an l-layer, m-width dense ReLU neural network.111

3.2 Classical approximation results112

Approximation error notation. Let EFFN
l,m (f) denote the L∞ approximation error of a target function113

f : Ω → R using l-layer, m-width dense ReLU neural networks.114

CK space. Let D,K ∈ N, and Ω ⊂ RD be compact. The space CK(Ω) consists of all functions f115

such that116

∥f∥CK(Ω) = max
0⩽∥α∥1⩽K

∥Dαf∥L∞(Ω) <∞ (2)

where Dαf denotes the partial derivatives of order α = (α1, · · · , αD) ∈ ZD
+ . The space of117

smooth functions is defined as C∞(Ω) =
⋂

K∈N CK(Ω). Additionally, the smoothness exponent of118

f : Ω → R is defined as119

κ(f) := sup{K ∈ N : f ∈ CK(Ω)}. (3)

The following result summarizes the classical approximation rate of two-layer ReLU networks for120

CK functions (Mao and Zhou, 2023; Yang and Zhou, 2024):121
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Theorem 3.1. Let D,K ∈ N, and Ω ⊂ RD be compact. For any f ∈ CK(Ω) and m ∈ N, there exits122

a two-layer ReLU neural network fm with m hidden neurons such that123

EFFN
2,m (f) ⩽ ∥f − fm∥L∞(Ω) ⩽

{
O
(
m−K

D

)
, if K < D+3

2 ,

Õ
(
m− 1

2

)
, otherwise.

When the smoothness of the target function is relatively low, i.e., K ≪ D, the approximation rate124

O
(
m−K

D

)
reveals that two-layer networks suffer from the curse of dimensionality (CoD).125

4 Theory for Shallow MoE Networks126

In this section, we study the efficiency of shallow MoE networks in approximating functions supported127

on a low-dimensional manifold M.128

4.1 Manifold in Euclidean Space129

Figure 2: A d-dimensional manifold
M in RD .

Let M be a d-dimensional smooth manifold embedded in RD.130

We begin by reviewing several standard definitions.131

Definition 4.1 (Chart and Atlas).132

• A chart for M is a pair (U, ϕ) such that U ⊂ M is open133

and ϕ : U → Rd, where ϕ is a homeomorphism (i.e.,134

bijective, ϕ and ϕ−1 are both continuous). U is called a135

coordinate neighborhood, and ϕ is the associated coordi-136

nate map.137

• An atlas of M is a collection {(Uα, ϕα)}α∈A of charts138

such that ∪α∈AUα = M.139

An atlas {(Uα, ϕα)}α∈A is called smooth if for any overlapping charts (Uα, ϕα) and (Uα′ , ϕα′), the140

transition maps ϕα ◦ ϕ−1
α′ and ϕα′ ◦ ϕ−1

α are smooth functions.141

Definition 4.2 (Smooth manifold). The manifold M is called smooth if it has a smooth altas.142

We now introduce the partition of unity, which can divide the manifold into regular subregions.143

Definition 4.3 (Partition of unity). Let {Uα}α∈A be an open cover of M. A partition of unity of144

M w.r.t this cover is a family of nonnegative smooth functions ρα : M → [0, 1] for α ∈ A such that:145

• (i) for all α ∈ A, ρα has compact support and supp(ρα) ⊂ Uα;146

• (ii) for every x ∈ M, only finitely many ρα(x) are nonzero;147

• (iii) for all x ∈ M,
∑

α∈A ρα(x) = 1.148

Theorem 4.4 (Existence of a partition of unity). Let {Uα}α∈A be an open cover of a smooth manifold149

M. Then there exists a partition of unity {ρα}α∈A of M w.r.t. {Uα}α∈A.150

We next define the smoothness of a function defined on a manifold.151

Definition 4.5 (Function on the manifold). Let a function f : M → R, and {(Uα, ϕα)}α∈A be152

a smooth atlas of M. Its smoothness κ(f) is defined by κ(f) := infα∈A κ(f ◦ ϕ−1
α ), where the153

smoothness of each f ◦ ϕ−1
α is defined as Equation (3).154

In this paper, we focus on smooth compact manifolds. Due to the compactness of M, its atlas155

consists of a finite collection of charts, denoted by {(Ui, ϕi)}i∈[E]. Additionally, we can let ϕi(Ui) ⊂156

[0, 1]d. By Theorem 4.4, there exists a corresponding partition of unity {ρi}i∈[E].157

For compact manifolds, the atlas often exhibit strong regularity, as shown below.158

Example 4.6 (Compact manifold without boundary). Let M is a smooth, compact manifold without159

boundary. Then there exists a smooth atlas {(Ui, ϕi)}i∈[E] such that each map ϕi : Ui → [0, 1]d is a160

linear function. Thus, each ϕi satisfies κ(ϕi) = ∞ (when viewed as a function in RD).161
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Motivated by this example, we define a broad class of regular manifolds:162

Definition 4.7 (Regular manifold). A compact manifold M is called regular, if each map ϕα has the163

smoothness κ(ϕα) > D+3
2 .164

4.2 Theoretical results and insights165

Theorem 4.8 (main result). Let M be a compact, d-dimensional smooth regular manifold in RD.166

Let the target function f : M → R. Then for any m ⩾ Ω
(
E2
)
, there exists a depth-2 MoE network167

Ψ ∈ H2,E
3,m, with E experts per layer, each being is a 3-layer m-width dense networks, such that:168

∥f −Ψ∥L∞(M) ⩽ max
i∈[E]

EFFN
3,m

(
f |Ui

)
⩽max

i∈[E]
EFFN
2,m

(
f |Ui

◦ ϕ−1
i

)︸ ︷︷ ︸
approximate a low-dimensional function

+max
i∈[E]

EFFN
2,m

(
ϕi
)︸ ︷︷ ︸

approximate a high-order smooth map

∥∥f |Ui
◦ ϕ−1

i

∥∥
C1([0,1]d)

⩽max
i∈[E]

Õ
(
m−

κ(f|Ui
)

d ∧ 1
2

)
.

Theorem 4.8 demonstrates that depth-2 MoE networks can efficiently approximate functions supported169

on low-dimensional manifolds. The total approximation error decomposes into two components:170

(i) approximation of low-dimensional target functions f |Ui ◦ ϕ−1
i ’s; (ii) approximation of smooth171

coordinate maps ϕi’s. Both subproblems are significantly simpler than approximating the original172

high-dimensional function directly, enabling MoE networks to overcome the curse of dimensionality.173

Table 1: Comparison of approximation rates between shallow MoE and shallow dense networks. For
MoE, m is the width of each expert networks; for dense networks, m is the width of the hidden layer.

Shallow MoE networks (Theorem 4.8) Shallow dense networks (Theorem 3.1)

max
i∈[E]

Õ
(
m−

κ(f|Ui
)

d ∧ 1
2

)
Õ
(
m−κ(f)

D ∧ 1
2

)
Improved efficiency over dense networks. Table 1 highlights the superior approximation efficiency174

of MoEs. In the regime where the target f has limited smoothness, i.e., κ(f) ≪ D, dense networks175

suffer from the curse of dimensionality, as the approximation rate κ(f)/D deteriorates with ambient176

dimension D. In contrast, MoE networks achieve rates governed by the intrinsic dimension d≪ D177

and local smoothness κ(f |Ui) ⩾ κ(f), thereby substantially improving approximation efficiency and178

achieving faster approximation rate: κ(f |Ui
◦ϕ−1

i )

d ∧ 1
2 ≫ κ(f)

D .179

Key insight. The proof of Theorem 4.8 (deferred to Appendix A) reveals several insights into the180

mechanisms of MoE networks:181

MoE networks achieve efficient approximation by decomposing a complex approximation problem182

into multiple localized approximation subproblems, as well as a simple assignment task.183

Recall that a depth-2 MoE (Eq. (1)) comprises expert networks and a gating mechanism. Their184

distinct roles are as follows:185

• Expert networks (f (2,i) in Layer 2): these components efficiently approximate the d-186

dimensional local target function f |Ui
◦ ϕ−1

i and the smooth chart map ϕi. They directly187

influence the overall approximation error and benefit from increased width m.188

• Routing mechanism (Layer 1 and gating in Layer 2): these components work together to189

exactly assign each input to its correct expert f (2,i). The first MoE layer h(1) behaves like190

a dense model, approximating the smooth partition functions ρi’s. Then the Layer-2 gating191

network g(2) selects the expert corresponding to the region Ui such that x ∈ Ui. This exact192

assignment is nontrivival, please refer to the proof for details.193

Corollary 4.9 (special case, mainfolds without boundary). Let M be a compact, d-dimensional194

smooth manifold in RD, without boundary (Example 4.6). Let the target function f : M → R. Then195
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for any m ⩾ Ω
(
E2
)
, there exists a depth-2 MoE network Ψ ∈ H2,E

2,m, with E experts per layer, each196

a 2-layer m-width dense network, such that:197

∥f −Ψ∥L∞(M) ⩽ max
i∈[E]

EFFN
2,m

(
f |Ui

◦ ϕ−1
i

)︸ ︷︷ ︸
approximate a low-dimensional function

⩽ max
i∈[E]

Õ
(
m−

κ(f|Ui
)

d ∧ 1
2

)
.

Compared to Theorem 4.8, Corollary 4.9 applies to a more structured setting in which the local198

coordinate maps ϕi are linear and thus thus do not require approximation. This eliminates the second199

term in the error bound, and reduces each expert to a 2-layer dense network.200

Comparison with prior works Shaham et al. (2018); Chen et al. (2019). These works show that dense201

networks can also efficiently approximate functions on low-dimensional manifolds. However, their202

analyses require additional regularity assumptions on manifolds, which enables explicit constructions203

of coordinate charts and partition functions. In contrast, our Theorem 4.8 does not require such204

explicit formulations, applying to a broader class of smooth regular manifolds. More importantly,205

MoEs offer a fundamental computational advantage: while dense networks activate all parameters206

for every input, MoEs selectively activate only a single expert per input. To achieve a comparable207

approximation accuracy, the number of activated parameters in dense networks is roughly E times208

greater than that in MoEs, as dense networks must simultaneously approximate all E subproblems.209

4.3 Practical Suggestions210

Beyond theoretical guarantees, our analysis also offers several practical suggestions into the design211

of MoE architectures.212

Incorporating nonlinearity into gating is critical. Our theoretical results indicate that accurate213

input-to-expert assignment requires approximating the partition functions ρi, which are generally214

nonlinear. Since standard gating function is linear and lacks the capacity to model nonlinear ρi,215

an additional MoE (or dense) layer is needed prior to gating to approximate ρi. A more direct216

and potentially more efficient alternative is to incorporate nonlinearity directly into the gating217

network, eliminating the need for a preceding MoE layer. This observation is consistent with recent218

empirical findings (Akbarian et al., 2024; Le et al., 2024), which demonstrate that nonlinear gating219

functions improve MoE performance.220

Alternating MoE architectures with equivalent expressive power. In our construction, the first221

MoE layer actually serves as a standard dense layer with width Ω(E2) to approximate the partition222

functions ρi. This insight motivates alternative architectures with comparable expressive power: (i)223

MoE-dense alternating networks. A natural variant consists of alternating dense and MoE layers, e.g.,224

hmoe ◦ hdense. This design extends naturally to deeper architectures. This design has been adopted in225

practice by GShard (Lepikhin et al., 2020) and GLAM (Du et al., 2022). (ii) Shared + routed experts226

per MoE layer. Another common MoE variant incorporates one shared expert alongside E routed227

experts. This structure is empirically adopted in modern MoE architectures such as Qwen2 (Yang228

et al., 2024b) and DeepSeek (Liu et al., 2024).229

Low-dimensional expert networks via autoencoding. Our analysis also suggests a more structured230

and interpretable design for expert networks in MoE. Typically, each expert is implemented as a dense231

network with input dimension D and width O(D), resulting in O(D2) parameters. However, our232

theory motivates replacing each expert f (2l,i) with a composition flow◦Enc, where: Enc : RD → Rd233

is an encoder approximating the smooth coordinate chart ϕ : Ui → [0, 1]d, flow : Rd → R is a234

low-dimensional dense network approximating fl,i◦ϕ−1. This design reduces the number of trainable235

parameters in each expert to #(Enc) + O(d2), which is significantly smaller than O(D2) when236

d ≪ D. Moreover, this decomposition aligns with the manifold structure of the target function,237

improving interpretability. To support encoder learning, one can incorporate a standard reconstruction238

loss Ex∥Dec(Enc(x))−x∥22 using a decoder Dec. We leave empirical validation of this theoretically239

motivated architecture for future work.240

5 Theory for Multi-layer MoE Networks241

Piecewise functions as multiple tasks. Modern LLMs are capable of performing a wide range of242

tasks, such as mathematics, logical reasoning, language understanding, and code generation. From243
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a mathematical perspective, each task can be viewed as a function defined on a task-specific input244

domain. In practice, these tasks often differ, which are supported on distinct regions Ω1, · · · ,ΩN ,245

with distinct corresponding tasks fi : Ωi → R. Therefore, performing N tasks can be naturally246

modeled as approximating a piecewise function: f(x) = fi(x), if x ∈ Ωi, i ∈ [N ]. While each fi247

may be high-order smooth within its region Ωi, the global function f may exhibit only low-order248

smoothness at the interfaces between adjacent regions.249

Key question. Theorem 4.8 shows that a depth-2 MoE network with E experts per layer can250

efficiently approximate a piecewise function f comprising E pieces (f |Ui , i ∈ [E]) (each handled by251

a different expert). A natural question then arises for deep MoE networks:252

How many distinct pieces can be efficiently modeled by a deep MoE network?253

A naive limitation. As illustrated above, it is intuitive to associate each expert with a distinct task.254

A depth-L MoE with E experts per layer contains O(LE) experts in total, implying a capacity to255

model at most O(LE) distinct regions if each expert is used independently.256

Overview of our result: beyond the naive limitation. Surprisingly, this limitation can be overcome257

when the target function exhibits compositional sparsity. We will show that:258

Depth-O(L) MoE networks with E experts per layer can efficiently approximate a piecewise259

function comprising EL pieces, provided the function satisfies a compositional sparsity structure.260

This demonstrates that MoE networks can model an exponential number of structured tasks (far261

surpassing the native limitation O(LE)) by exploiting structured sparsity in the function.262

5.1 Piecewise function with compositional sparsity263

Warm-up: Piecewise function on EL unit cubes with compositional sparsity. Let the domain be264

M = [0, E]L, naturally partitioned into EL unit cubes. Consider the following target function:265

f(x) = (f1,i1(x1), f2,i2(x2), · · · , fL,iL(xL)),

where il ∈ {j ∈ [E] : xl ∈ [j − 1, j]}, ∀l ∈ [L].
(4)

Figure 3: Illustration of Eq. (4): a piece-
wise function f with compositional sparsity
on 32 = 9 unit cubes. The function f(x) =
f1,i1(x1)f2,i2(x2) is composed from 6 sub-
functions: f1,i(z) = i(i − 1 − z)(z − i)
and f2,i(z) = i(i − 1 − z)2(z − i)2 on
z ∈ [i − 1, i] for i ∈ [3]. Although f is
smooth within each region, it is only 0-order
continuous on [0, 3]× [0, 3].

Here, each subfunction (subtask) fl,i is defined on the266

interval Ul,i = [i− 1, i], and f is defined piecewise over267

EL regions: Ui1 × · · · × UiL , where il ∈ [E], l ∈ [L]).268

The function f in Eq. (4) exhibits both:269

• Sparsity: each subfucntion fl,i depends only on the270

coordinate xl, not on the full input x.271

• Compositionality: the function f is a hierarchical272

composition of L selective subfunctions.273

Notably, although there are only LE subfunctions, their274

composition yields EL distinct functions across the do-275

main.276

Product manifold. We now extend the above formula-277

tion to on general manifolds. Consider a product manifold278

M = M1 ×M2 × · · · ×ML, where each Ml is a com-279

pact dl-dimensional manifold in RD, and
∑L

l=1 dl ⩽ D.280

Each input x ∈ M can be written as x = (x1, · · · ,xL)281

with xl ∈ Ml.282

By compactness, each submanifold Ml admits a finite smooth atlas {(Ul,i, ϕl,i)}i∈[El] and an283

associated partition of unity {ρli}i∈[El] (by Theorem 4.4). Without loss of generality, we can let284

E1 = · · · = EL, denoted by E.285
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General form: piecewise function on product manifold with compositional sparsity. Consider286

the target function class admit the form1:287

f(x) = fout(f1,i1(x1), f2,i2(x2), · · · , fL,iL(xL)), where
il ∈ {j ∈ [E] : xl ∈ Ul,j}, ∀l ∈ [L].

(5)

Here, each subfunction (subtask) fl,i is defined on the local subregion Ul,i ⊂ Ml, and fout composes288

their outputs. This extends Eq. (4) from Euclidean coordinates xl ∈ [0, E] to manifold-based289

coordinates xl ∈ Ml. Since fout can typically be approximated by a dense neural network, we290

assume fout = id (the identity map) for simplicity.291

We now illustrate this formulation with a concrete example.292

Table 2: Semantic interpretation of subregions in Example 5.1
M1: Math domain M2: Language domain
U1,1: Geometry U2,1: English
U1,2: Algebra U2,2: French
U1,3: Analysis U2,3: German

Example 5.1. Let M = M1 ×M2, where each Ml is partitioned into three subregions: M1 =293

U1,1 ∪ U1,2 ∪ U1,3, M2 = U2,1 ∪ U2,2 ∪ U2,3, with the interpretations given in Table 2. Each294

subfunction f1,i solves the a specific type of math problem (e.g., geometry), while each f2,i handles295

text comprehension in a specific language (e.g., English). The full function f defined via Eq. (5)296

encodes 3× 3 = 9 compositional tasks of the form:297

“Understand and solve the [language type] [math type] problem it”.298

For example, if x1 ∈ U1,1 and x2 ∈ U2,1, then f corresponds to the task “understand and solve the299

English geometry problem”.300

5.2 Theoretical results and insights301

We now present our main theoretical result regarding the expressive power of deep MoE networks for302

approximating piecewise functions with compositional sparsity.303

Theorem 5.2 (main result). Let the target function f be of the form (5), which comprises EL pieces.304

Then there exists a depth-2L MoE network Ψ ∈ H2L,E
3,m with m ⩾ Ω

(
E2
)
, such that:305

∥f −Ψ∥L∞(M) ⩽ max
l∈[L]

max
i∈[E]

EFFN
3,m

(
fl,i
)

⩽max
l∈[L]

max
i∈[E]

EFFN
2,m

(
fl,i ◦ ϕ−1

l,i

)︸ ︷︷ ︸
approximate a low-dimensional function

+max
l∈[L]

max
i∈[El]

EFFN
2,m

(
ϕl,i
)︸ ︷︷ ︸

approximate a smooth map

∥∥∥fl,i ◦ ϕ−1
l,i

∥∥∥
C1([0,1]r)

⩽max
l∈[L]

max
i∈[E]

Õ
(
m

−
κ(fl,i)

dl
∧ 1

2

)
.

Theorem 5.2 establishes that a depth-2L MoE network with E experts per layer can efficiently306

approximate a piecewise function with EL pieces, provided the function exhibits compositional307

sparsity. The approximation error consists of two components: (i) approximation of local low-308

dimensional subfunctions fl,i ◦ϕ−1
l,i ; (ii) approximation of smooth coordinate maps ϕl,i. The resulting309

approximation rate is maxl∈[L] maxi∈[E] Õ
(
m

−
κ(fl,i)

dl
∧ 1

2

)
, which avoids the curse of dimenisonality.310

In the special case L = 1, this result recovers Theorem 5.2.311

Key insight. The proof (deferred to Appendix B) reveals the following intuitions:312

Each pair of MoE layers implements E subtasks,313

and a depth-2L architecture enables hierarchical composition of EL tasks.314

1To ensure f is well-defined on overlapping charts, we assume fl,i(xl) = fl,j(xl), ∀xl ∈ Ui ∩ Uj , i ̸= j.
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• For each l ∈ [L], the (2l − 1)-st and 2l-th layers approximate the E subfunctions fl,i,(i ∈ [E])315

defined on the manifold charts Ul,i ∈ Mi and assign xl to their correct experts, following the316

same mechanism as in Theorem 4.8.317

• Stacking L such MoE blocks composes these representations hierarchically, approximating the318

final function (f1,i1(x1), · · · , f1,iL(xL)).319

Illustration via Example 5.1. In Example 5.1 with L = 2 and E = 3 (3 subregions for each of math320

and language). Theorem 5.2 shows that a depth-4 MoE network with 3 experts per layer can express321

all 3× 3 = 9 tasks of the form “understand and solve the [language type] [math type] problem”.322

Concretely,323

• Experts in Layer 2 (math) implement f2,i for i = 1, 2, 3, corresponding to “solving geometry/324

algebra/analysis problems”, respectively..325

• Experts in Layer 4 (language) implement f4,i for i = 1, 2, 3, corresponding to “understanding326

English/French/German”, respectively.327

• Layer 1 and the gating in Layer 2 together perform routing for x1; Layer 3 and the gating in328

Layer 4 together perform routing for x2.329

Theorem 5.3 (warmup case). Let the target function f be of the form (4). Then there exists a330

depth-2L MoE network Ψ ∈ H2L,E
2,m with m ⩾ Ω(E), such that:331

∥f −Ψ∥L∞(M) ⩽ max
l∈[L]

max
i∈[E]

EFFN
2,m

(
fl,i
)︸ ︷︷ ︸

approximate a 1-dimensional function

⩽ max
l∈[L]

max
i∈[E]

O
(
m−κ(fl,i)∧ 1

2

)
.

Compared to Theorem 5.2, this result requires only: (i) shallower expert networks (2-layer instead332

of 3-layer), (ii) smaller expert width (m ⩾ Ω(E) instead of Ω(E2)) due to the simple geometry333

(Euclidean cubes).334

Although each subfunction may have high-order smoothness (κ(fl,i) ≫ 1), the composite function f335

can exhibit only low-order smoothness (e.g., κ(f) = 0, 1) due to low-order regularity at the interfaces336

between adjacent regions. As a result, directly approximating the global function f is inefficient. A337

natural and efficient approach is to decompose the approximation problem into localized subproblems,338

each defined on a simple subregion with high regularity. Our constructive MoE networks can provably339

achieve this approach.340

6 Conclusion and Future Work341

In this work, we provide a theoretical study of the expressive power of MoE networks for modeling342

structured complex tasks. For shallow MoE networks, we show that they can efficiently approximate343

functions supported on low-dimensional manifolds, overcoming the curse of dimensionality. For deep344

MoE networks, we establish that, when the target exhibits a compositional sparsity structure, they345

can approximate piecewise functions consisting of exponentially many distinct pieces, effectively346

modeling an exponential number of tasks.347

Beyond compositional sparsity. Our analysis focuses on compositional sparsity, a structure that348

is both theoretically rich and practically relevant. However, real-world problems may involve other349

forms of sparsity, such as group sparsity, graph sparsity, or temporal sparsity. Characterizing the350

expressive power of deep MoE networks under these alternative structures is an important direction351

for future work.352

Training dynamics analysis. While our study addresses the approximation capabilities of MoE353

networks, a critical open question is whether such expressive solutions can be found via training354

algorithms such as stochastic gradient descent. Analyzing the training dynamics of MoE networks is355

considerably more challenging than in dense architectures, due to auxiliary load-balancing objectives356

and the use of non-differentiable Top-K routing.357
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A Proofs in Section 4450

A.1 Further Introduction to Manifolds.451

Compact smooth manifolds M ⊂ RD are known to have strong regularity properties.452

We begin by introducing the definition of the reach, a geometric quantity affected by two factors: the453

curvature of the manifold and the width of the narrowest bottleneck-like structure of M.454

Definition A.1 (reach). Let A(M) := {z ∈ RD : ∃p ̸= q ∈ M, ∥p − z∥2 = ∥q − z∥2 =455

inf
y∈M

∥y− z∥2} be the set of points that have at least two nearest neighbors on M. Then the reach of456

M is defined as τM := inf
z∈M,y∈A(M)

∥y − z∥2.457

The following lemma has established that a compact smooth manifold has positive reach.458

Lemma A.2 (Federer (1959)). Let M be a compact smooth manifold in RD. Then it has positive459

reach, i.e., τM > 0.460

If M has the reach greater than τ > 0, then intuitively, one can roll freely a ball of radius τ around it.461

This ensures the existence of a well-structured atlas (Chen et al., 2019):462

Highly regular atlas of compact smooth manifold M. Let r > 0 and consider the open cover463

{B(x; r)}x∈M of M, where B(x; r) denotes the ℓ2 Euclidean ball of radius r centered at x. Since464

M is compact, there exists a finite subcover such that M ⊂ ∪i∈[E]B(ci; r), where ci ∈ M. Now465

we pick the radius r < τM/2 such that466

Ui = M∩ B(ci; r)

is diffeomorphic to a ball in Rd (Niyogi et al., 2008). We denote the tangent space at ci as467

Tci
(M) = span(vi,1, · · · ,vi,d), where {vi,1, · · · ,vi,d} are orthonormal basis. Define the matrix468

Vi = [vi,1, · · · ,vi,d] ∈ RD×d and construct the chart map as:469

ϕi(x) = bi(V
⊤
i (x− ci) + si) ∈ [0, 1]d, ∀x ∈ Ui,

where bi ∈ (0, 1] is a scaling factor and si is a translation vector chosen such that ϕi(x) ∈ [0, 1]d.470

Then {(Ui, ϕi)}i∈[E] is a smooth atlas on M. We call it highly regular, since (i) each Ui is diffeo-471

morphic to a ball in Rd; (ii) each chart map ϕi is a linear function, implying infinite smoothness.472

A.2 Proof of Theorem 4.8473

For simplicity, we use the notation ∥·∥ to denote the L∞ norm in the proof.474

Routing mechanism (Layer 1 and gating in Layer 2).475

Proof sketch: These components work together to exactly assign each input x to its correct expert476

f (2,i). Specifically, the first MoE layer h(1) behaves like a dense model, approximating the smooth477

partition functions ρi’s. Then the Layer-2 gating network g(2) selects the expert corresponding to the478

region Ui such that x ∈ Ui.479

By Theorem 3.1, there exists E two-layer networks τi (i ∈ [E]), with width mi ⩾ Ω(E2), such that:480

∥ρi − τi∥ ⩽
1

4E
, ∀i ∈ [E].

Let τ be the concatenated two-layer network of the E two-layer networks, i.e., τ(x) =481

(τ1(x), · · · , τE(x))⊤, then it satisfies:482 ∥∥(ρ1, · · · , ρE)⊤ − τ
∥∥ ⩽

1

4E
. (6)

In Layer 1, each expert network f (1,i) : RD → RD+E shares the same form:483

f (1,i)(x) =

(
x

τ(x)

)
.
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The weight matrix W
(1)
R of the gating network g(1) : RD → RE can be any constant, such as 0. In484

fact, Layer 1 behaves as a standard dense network computing τ .485

For the gating network g(2) in Layer 2, we define its weight matrix as:486

W
(2)
R =

(
0E×D, IE×E

)
∈ RE×(D+E).

Now we check the routing mechanism: given an input x ∈ M, Layer 1 outputs487

h(1)(x) =

(
x

τ(x)

)
∈ RD+E .

Then the gating output of the Layer 2 is488

g(2)(h(1)(x)) = W
(2)
R h(1)(x) = τ(x) ∈ RE .

Then it will assign x to the ix-th expert network in Layer 2, where489

ix := argmax
i∈[E]

g
(2)
i (x) = argmax

i∈[E]

τi(x).

Since
∑

i∈[E] ρi(x) = 1 and ρi ⩾ 0,∀i ∈ [E], we must have maxi∈[E] ρi(x) ⩾
1
E . Using (6), we490

further have:491

τix(x) = max
i∈[E]

τi(x) ⩾ max
i∈[E]

ρi(x)−
1

4E
=

3

4E
,

which implies492

ρix(x) ⩾ τix(x)−
1

4E
⩾

3

4E
− 1

4E
=

1

2E
> 0.

Thus,493

x ∈ Uix . (7)

This establishes exact assignment of x to its correct region.494

Expert networks (Layer 2).495

Proof sketch: Each expert network f (2,i) in Layer 2 is responsible for approximating the d-496

dimensional local target functions f |Ui
◦ ϕ−1

i and the smooth chart maps ϕi.497

By Theorem 3.1, there exist two-layer dense networks gi and ψi, with width m, such that498 ∥∥f |Ui ◦ ϕ−1
i − gi

∥∥ ⩽ Õ
(
max

{
m−

κ(f|Ui
◦ϕ−1

i
)

d ,m−1/2

})
⩽ Õ

(
m−

κ(f|Ui
◦ϕ−1

i
)

d ∧ 1
2

)
;

∥ϕi − ψi∥ ⩽ Õ
(
m−1/2

)
.

Let the expert network f (2,i) : RD+E → R as499

f (2,i)(h(1)(x)) := gi ◦ ψi(h
(1)
1:E(x)) = gi ◦ ψi(x),

which is a three-layer dense network and satisfies:500

sup
x∈Ui

∣∣∣f |Ui(x)− f (2,i)(h(1)(x))
∣∣∣ = sup

x

∣∣f |Ui ◦ ϕ−1
i ◦ ϕi(x)− gi ◦ ψi(x)

∣∣
=
∥∥f |Ui

◦ ϕ−1
i ◦ ϕi − f |Ui

◦ ϕ−1
i ◦ ψi + f |Ui

◦ ϕ−1
i ◦ ψi − gi ◦ ψi

∥∥
⩽
∥∥f |Ui

◦ ϕ−1
i ◦ ϕi − f |Ui

◦ ϕ−1
i ◦ ψi

∥∥+ ∥∥f |Ui
◦ ϕ−1

i ◦ ψi − gi ◦ ψi

∥∥
⩽
∥∥f |Ui

◦ ϕ−1
i

∥∥ ∥ϕi − ψi∥+
∥∥f |Ui

◦ ϕ−1
i − gi

∥∥
⩽Õ

(
m−

κ(f|Ui
◦ϕ−1

i
)

d ∧ 1
2

)
= Õ

(
m−

κ(f|Ui
)

d ∧ 1
2

)
.

(8)
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The final estimate.501

Given an input x ∈ M, the routing mechanism assigns it to the correct expert network f (2,ix), which502

satisfies x ∈ Uix (7). Consequently, the approximation error holds:503

|f(x)− f (2,ix)(h(1)(x))| =
∣∣∣f |Uix

(x)− f (2,ix)(h(1)(x))
∣∣∣

(8)
⩽Õ

(
m−

κ(f|Uix
)

d ∧ 1
2

)
⩽ max

i∈[E]
Õ
(
m−

κ(f|Ui
)

d ∧ 1
2

)
.

Since x is arbitrary, this concludes the proof.504

A.3 Proof of Corollary 4.9505

The proof follows exactly the same structure as Theorem 4.8, except for a simplification in the step506

concerning the Expert networks (Layer 2). We illustrate only the modified part below.507

Expert networks (Layer 2).508

Compared to Section A.2, the key simplification is that the chart maps ϕi are linear (see Example 4.6).509

Thus, we do not need to approximate them with neural networks. We only need to approximate the510

composition f |Ui
◦ ϕ−1

i using a two-layer network.511

By Theorem 3.1, there exists a two-layer dense networks gi, with width m, such that512 ∥∥f |Ui
◦ ϕ−1

i − gi
∥∥ ⩽ Õ

(
max

{
m−

κ(f|Ui
◦ϕ−1

i
)

d ,m−1/2

})
⩽ Õ

(
m−

κ(f|Ui
◦ϕ−1

i
)

d ∧ 1
2

)
.

Let the expert network f (2,i) : RD+E → R as513

f (2,i)(h(1)(x)) := gi ◦ ϕi(h(1)1:E(x)) = gi ◦ ϕi(x),

which is a two-layer dense network since ϕi is linear and gi is two-layer. It satisfies:514

sup
x∈Ui

∣∣∣f |Ui
(x)− f (2,i)(h(1)(x))

∣∣∣ = sup
x

∣∣f |Ui
◦ ϕ−1

i ◦ ϕi(x)− gi ◦ ϕi(x)
∣∣

=
∥∥f |Ui ◦ ϕ−1

i ◦ ϕi − gi ◦ ϕi
∥∥ ⩽

∥∥f |Ui ◦ ϕ−1
i − gi

∥∥
⩽Õ

(
m−

κ(f|Ui
◦ϕ−1

i
)

d ∧ 1
2

)
= Õ

(
m−

κ(f|Ui
)

d ∧ 1
2

)
.

(9)

B Proofs in Section 5515

B.1 Proof of Theorem 5.2516

The key idea is that for each l ∈ [L], Layers 2l − 1 and 2l jointly approximate the subfunction517

fl,il(xl), where il ∈ {j ∈ [E] : xl ∈ Ul,j}.

The overall network composition then constructs the full function f from these subcomponents, as518

defined in Equation (5).519

Embedding. To facilitate layerwise operations, we first embed the input x = (x⊤
1 , · · · ,x⊤

L )
⊤ ∈520

RLD into an extended space:521

x(0) = (x⊤
1 , · · · ,x⊤

L ,0
⊤
L )

⊤ ∈ RLD+L,

where the final L entries are used to store the subfunctions approximated in subsequent layers. And522

we denote523

D̃ := LD + L.

For simplicity, we denote the output of 2l-th layer (l ∈ [L]) be x(2l) ∈ RD̃.524
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Each two-layer MoE block operates similarly to the shallow case studied in Section A.2, and thus the525

core proof strategy carries over. For completeness and clarity, we present the full proof below.526

l-th routing mechanism (Layer 2l − 1 and gating in Layer 2l).527

Proof sketch: These components work together to exactly assign xl to its correct expert f (2l,i).528

Specifically, the first MoE layer h(2l−1) behaves like a dense model, approximating the smooth529

partition functions ρl,i’s. Then the Layer-2 gating network g(2l) selects the expert corresponding to530

the region Ui such that xl ∈ Ul,i.531

By Theorem 3.1, there exists E two-layer networks τl,i (i ∈ [E]), with width ml,i ⩾ Ω(E2), such532

that:533

∥ρl,i − τl,i∥ ⩽
1

4E
, ∀i ∈ [E].

Let τ (l) be the concatenated two-layer network of the E two-layer networks, i.e., τ (l)(xl) =534

(τl,i(xl), · · · , τl,E(xl))
⊤, then it satisfies:535 ∥∥∥(ρl,1, · · · , ρl,E)⊤ − τ (l)

∥∥∥ ⩽
1

4E
. (10)

In Layer 2l − 1, each expert network f (2l−1,i) : RD̃ → RD̃+E shares the same form:536

f (2l−1,i)(x(2l−2)) =

(
x(2l−2)

τ (l)(xl)

)
.

The weight matrix W
(2l−1)
R of the gating network g(2l−1) : RD̃ → RE can be any constant, such as537

0. In fact, Layer 2l − 1 behaves as a standard dense network computing τ (l)(xl).538

For the gating network g(2l) in Layer 2l, we define its weight matrix as:539

W
(2l)
R =

(
0E×D̃, IE×E

)
∈ RE×(D̃+E).

Now we check the routing mechanism: given an input x = (x1, · · · ,xL) ∈ M, where xl ∈ Ml,540

Layer 2l − 1 outputs541

x(2l−1) = h(2l−1)(x(2l−2)) =

(
x(2l−2)

τ (l)(xl)

)
∈ RD̃+E .

Then the gating output of the Layer 2l is542

g(2l)(x(2l−1)) = W
(2l)
R h(2l−1)(xl) = τ (l)(xl) ∈ RE .

Then it will assign xl to the ixl
-th expert network in Layer 2, where543

ixl
:= argmax

i∈[E]

g
(2l)
i (xl) = argmax

i∈[E]

τl,i(xl).

Since
∑

i∈[E] ρl,i(xl) = 1 and ρl,i ⩾ 0,∀i ∈ [E], we must have maxi∈[E] ρl,i(xl) ⩾ 1
E . Using (10),544

we further have:545

τixl
(xl) = max

i∈[E]
τl,i(xl) ⩾ max

i∈[E]
ρl,i(xl)−

1

4E
=

3

4E
,

which implies546

ρixl
(xl) ⩾ τixl

(xl)−
1

4E
⩾

3

4E
− 1

4E
=

1

2E
> 0.

Thus,547

xl ∈ Uixl
. (11)

This establishes exact assignment of xl to its correct region.548
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l-th expert networks (Layer 2l).549

Proof sketch: Each expert network f (2l,i) in Layer 2 is responsible for approximating the d-550

dimensional local target functions fl,i ◦ ϕ−1
l,i and the smooth chart maps ϕl,i.551

By Theorem 3.1, there exist two-layer dense networks gl,i and ψl,i, with width m, such that552 ∥∥∥fl,i ◦ ϕ−1
l,i − gl,i

∥∥∥ ⩽ Õ

(
max

{
m

−
κ(fl,i◦ϕ

−1
l,i

)

dl ,m−1/2

})
⩽ Õ

(
m

−
κ(fl,i◦ϕ

−1
l,i

)

dl
∧ 1

2

)
;

∥ϕl,i − ψl,i∥ ⩽ Õ
(
m−1/2

)
.

Let the expert network f (2l,i) : RD̃+E → RD̃ as553

f (2l,i)(x(2l−1)) :=


x

0l−1

gl,i ◦ ψl,i(x
(2l−1)
1+(l−1)E: lE)

0E−l

 =

 x
0l−1

gl,i ◦ ψl,i(xl)
0E−l

 ,

which is a three-layer dense network and satisfies:554

sup
xl∈Ul,i

∣∣∣fl,i(xl)− f
(2l,i)

D̃+l
(x(2l−1))

∣∣∣ = sup
xl∈Ul,i

∣∣∣fl,i ◦ ϕ−1
l,i ◦ ϕl,i(xl)− gl,i ◦ ψl,i(xl)

∣∣∣
=
∥∥∥fl,i ◦ ϕ−1

l,i ◦ ϕl,i − fl,i ◦ ϕ−1
l,i ◦ ψl,i + fl,i ◦ ϕ−1

l,i ◦ ψl,i − gl,i ◦ ψl,i

∥∥∥
⩽
∥∥∥fl,i ◦ ϕ−1

l,i ◦ ϕl,i − fl,i ◦ ϕ−1
l,i ◦ ψl,i

∥∥∥+ ∥∥∥fl,i ◦ ϕ−1
l,i ◦ ψl,i − gl,i ◦ ψl,i

∥∥∥
⩽
∥∥∥fl,i ◦ ϕ−1

l,i

∥∥∥ ∥ϕl,i − ψl,i∥+
∥∥∥fl,i ◦ ϕ−1

l,i − gl,i

∥∥∥
⩽Õ

(
m

−
κ(fl,i◦ϕ

−1
l,i

)

dl
∧ 1

2

)
= Õ

(
m

−
κ(fl,i)

dl
∧ 1

2

)
.

(12)

The final estimate.555

From the above construction, the output of the 2L-th layer takes the form:556

x(2L) =


x

g1,i ◦ ψ1,ix1
(x1)

...
gL,i ◦ ψL,ixL

(xL)

 ∈ RLD+L.

We decode this vector by applying a linear projection that extracts the last L components, yielding:557

Ψ(x) := (0L×LD, IL×L)x
(2L) =

 g1,i ◦ ψ1,ix1
(x1)

...
gL,i ◦ ψL,ixL

(xL)

 ∈ RL.

Now consider an input x = (x1, · · · ,xL) ∈ M. For each l ∈ [L], the l-th routing mechanism558

assigns it to the correct expert network f (2l,ixl
), which satisfies xl ∈ Uixl

(11). Consequently, the559

approximation error holds:560

∥f(x)−Ψ(x)∥ = max
l∈[L]

∣∣∣fl,ixl
(xl)− gl,ixl

◦ ψl,ixl
(xl)

∣∣∣
(12)
⩽ max

l∈[L]
Õ
(
m

−
κ(fl,ixl

)

dl
∧ 1

2

)
⩽ max

l∈[L]
max
i∈[E]

Õ
(
m

−
κ(fl,i)

dl
∧ 1

2

)
.

Since x is arbitrary, this concludes the proof.561
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B.2 Proof of Theorem 5.3562

The proof follows the same structure as Theorem 5.2, except for a simplification in the construction563

of the routing mechanism. For completeness and clarity, we provide the full proof below.564

The key idea is that for each l ∈ [L], Layers 2l − 1 and 2l jointly approximate the subfunction565

fl,il(xl), where il ∈ {j ∈ [E] : xl ∈ Ul,j = [j − 1, j]}.

The overall network composition then constructs the full function f from these subcomponents.566

For simplicity, we denote the output of 2l-th layer (l ∈ [L]) be x(2l) ∈ RL.567

l-th routing mechanism (Layer 2l − 1 and gating in Layer 2l).568

Proof sketch: These components work together to exactly assign xl to its correct expert f (2l,i).569

Specifically, the first MoE layer h(2l−1) behaves like a dense model, serving as an indicator function.570

Then the Layer-2 gating network g(2l) selects the expert corresponding to the region Ui such that571

xl ∈ Ul,i.572

Consider the specific indicator function comprising 3 ReLU neurons:573

τl,i(xl) := ReLU(xl − (i− 1)) + ReLU(xl − i)− 2ReLU(xl − (i− 1/2)), i ∈ [E].

which satisfies:574

τl,i(xl)

{
> 0 if xl ∈ (i− 1, i)

0 else
. (13)

Let τ (l) be the concatenated two-layer network of the E two-layer networks, i.e., τ (l)(xl) =575

(τl,i(xl), · · · , τl,E(xl))
⊤. Note that the width of τ (l) is only 3E.576

In Layer 2l − 1, each expert network f (2l−1,i) : RL → RL+E shares the same form:577

f (2l−1,i)(x(2l−2)) =

(
x(2l−2)

τ (l)(xl)

)
.

The weight matrix W
(2l−1)
R of the gating network g(2l−1) : RL → RE can be any constant, such as578

0. In fact, Layer 2l − 1 behaves as a standard dense network computing τ (l)(xl).579

For the gating network g(2l) in Layer 2l, we define its weight matrix as:580

W
(2l)
R =

(
0E×L, IE×E

)
∈ RE×(L+E).

Now we check the routing mechanism: given an input x = (x1, · · · , xL) ∈ [0, E]L, where xl ∈581

[0, E], Layer 2l − 1 outputs582

x(2l−1) = h(2l−1)(x(2l−2)) =

(
x(2l−2)

τ (l)(xl)

)
∈ RL+E .

Then the gating output of the Layer 2l is583

g(2l)(x(2l−1)) = W
(2l)
R h(2l−1)(xl) = τ (l)(xl) ∈ RE .

Then it will assign xl to the ixl
-th expert network in Layer 2, where584

ixl
:= argmax

i∈[E]

g
(2l)
i (xl) = argmax

i∈[E]

τl,i(xl).

From the property (13), we have:585

xl ∈ Uixl
. (14)

This establishes exact assignment of xl to its correct region.586

l-th expert networks (Layer 2l).587
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Proof sketch: Each expert network f (2l,i) in Layer 2 is responsible for approximating the 1-588

dimensional local target functions fl,i.589

By Theorem 3.1, there exist two-layer dense networks gl,i, with width m, such that590

∥fl,i − gl,i∥ ⩽ Õ
(
max

{
m−κ(fl,i),m−1/2

})
⩽ Õ

(
m−κ(fl,i)∧ 1

2

)
.

Let the expert network f (2l,i) : RL+E → RL as591

f (2l,i)(x(2l−1)) =

x
(2l−1)
1:l−1
gl,i(xl)

x
(2l−1)
l+1:E

 ,

which is a three-layer dense network and satisfies:592

sup
xl∈Ul,i

∣∣∣fl,i(xl)− f
(2l,i)
l (x(2l−1))

∣∣∣ = sup
xl∈Ul,i

|fl,i(xl)− gl,i(xl)|

⩽ ∥fl,i − gl,i∥ ⩽ Õ
(
m−κ(fl,i◦ϕ−1

l,i )∧
1
2

)
= Õ

(
m−κ(fl,i)∧ 1

2

)
.

(15)

The final estimate.593

From the above construction, the output of the 2L-th layer takes the form:594

Ψ(x) := x(2L) =

 g1,ix1
(x1)

...
gL,ixL

(xL)

 ∈ RL.

Now consider an input x = (x1, · · · , xL) ∈ [0, E]L. For each l ∈ [L], the l-th routing mechanism595

assigns it to the correct expert network f (2l,ixl
), which satisfies xl ∈ Uixl

(14). Consequently, the596

approximation error holds:597

∥f(x)−Ψ(x)∥ = max
l∈[L]

∣∣∣fl,ixl
(xl)− gl,ixl

(xl)
∣∣∣

(15)
⩽ max

l∈[L]
Õ
(
m−κ(fl,ixl

)∧ 1
2

)
⩽ max

l∈[L]
max
i∈[E]

Õ
(
m−κ(fl,i)∧ 1

2

)
.

Since x is arbitrary, this concludes the proof.598
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submissions via structured templates. This includes details about training, license,866

limitations, etc.867

• The paper should discuss whether and how consent was obtained from people whose868

asset is used.869

• At submission time, remember to anonymize your assets (if applicable). You can either870

create an anonymized URL or include an anonymized zip file.871

14. Crowdsourcing and research with human subjects872

Question: For crowdsourcing experiments and research with human subjects, does the paper873

include the full text of instructions given to participants and screenshots, if applicable, as874

well as details about compensation (if any)?875

Answer: [NA]876

Justification: [NA]877

Guidelines:878

• The answer NA means that the paper does not involve crowdsourcing nor research with879

human subjects.880

• Including this information in the supplemental material is fine, but if the main contribu-881

tion of the paper involves human subjects, then as much detail as possible should be882

included in the main paper.883

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,884

or other labor should be paid at least the minimum wage in the country of the data885

collector.886

15. Institutional review board (IRB) approvals or equivalent for research with human887

subjects888

Question: Does the paper describe potential risks incurred by study participants, whether889

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)890

approvals (or an equivalent approval/review based on the requirements of your country or891

institution) were obtained?892

Answer: [NA]893

Justification: [NA]894

Guidelines:895

• The answer NA means that the paper does not involve crowdsourcing nor research with896

human subjects.897

• Depending on the country in which research is conducted, IRB approval (or equivalent)898

may be required for any human subjects research. If you obtained IRB approval, you899

should clearly state this in the paper.900

• We recognize that the procedures for this may vary significantly between institutions901

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the902

guidelines for their institution.903

• For initial submissions, do not include any information that would break anonymity (if904

applicable), such as the institution conducting the review.905

16. Declaration of LLM usage906

Question: Does the paper describe the usage of LLMs if it is an important, original, or907

non-standard component of the core methods in this research? Note that if the LLM is used908

only for writing, editing, or formatting purposes and does not impact the core methodology,909

scientific rigorousness, or originality of the research, declaration is not required.910

Answer: [NA]911
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Justification: This paper does not use LLMs as an important, original, or non-standard912

component of its core methods. LLM is used only for writing, editing, or formatting913

purposes.914

Guidelines:915

• The answer NA means that the core method development in this research does not916

involve LLMs as any important, original, or non-standard components.917

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)918

for what should or should not be described.919
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