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Abstract

Mixture-of-experts networks (MoEs) have demonstrated remarkable efficiency in
modern deep learning. Despite their empirical success, the theoretical foundations
underlying their ability to model complex tasks remain poorly understood. In this
work, we conduct a systematic study of the expressive power of MoEs in modeling
complex tasks with two common structural priors: low-dimensionality and sparsity.
For shallow MoEs, we prove that they can efficiently approximate functions sup-
ported on low-dimensional manifolds, overcoming the curse of dimensionality. For
deep MoEs, we show that O(L)-layer MoEs with E experts per layer can approxi-
mate piecewise functions comprising £ pieces with compositional sparsity, i.e.,
they can exhibit an exponential number of structured tasks. Our analysis reveals the
roles of critical architectural components and hyperparameters in MoEs, including
the gating mechanism, expert networks, the number of experts, and the number of
layers, and offers natural suggestions for MoE variants.

1 Introduction

Mixture-of-experts (MoE) models (Jacobs et al., 1991; Jordan and Jacobs, 1994) have recently
achieved significant success in deep learning, particularly as a core architectural component of
modern large language models (LLMs) (Abdin et al., 2024; Yang et al., 2024b; Liu et al., 2024; Cai
et al., 2025). These models have demonstrated strong capabilities across a wide range of complex and
diverse tasks, including mathematical reasoning, logical inference, language understanding, and code
generation. Despite their empirical success, the theoretical foundations underlying MoEs remain
poorly understood, especially in their capacity to efficiently model complex tasks.

In both machine learning and applied mathematics, it is widely recognized that although real-world
tasks may appear complex, they often exhibit latent structures. Two prominent structural priors are:
(1) low-dimensional structure: high-dimensional data typically lies on a manifold of much lower
intrinsic dimension; (2) sparse structure: meaningful signals tend to admit sparse representations in
suitable bases or dictionaries. These structural priors have motivated numerous influential algorithms,
including dimensionality reduction (Tenenbaum et al., 2000), sparse regression via Lasso (Tibshirani,
1996), compressed sensing (Donoho, 2006), and neural network pruning and compression techniques.

In this work, we investigate the expressive power of MoE networks for modeling complex tasks that
exhibit either low-dimensional or sparse structure. Qur contributions are summarized as follows:

» Shallow MoE networks. We prove that shallow MoE networks can efficiently approximate
functions supported on low-dimensional manifold. Theoretically, this task reduces to a collection
of simpler approximation subproblems localized on low-dimensional subregions, along with
an assignment problem that maps each input to the appropriate region. We show that shallow
MoE networks naturally implement this procedure, thereby avoiding the curse of dimensionality.
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Our analysis reveal the complementary roles of the two core components in MoE: expert
networks approximate localized subfunctions, while the gating mechanism ensures correct
input-to-expert assignment. Additionally, the analysis offers practical suggestions on MoE
variants, such as the nonlinear gating, alternating MoE architectures with equivalent expressivity,
and low-dimensional expert networks with auto-encoding.

Deep MoE networks. We formalize complex tasks as piecewise functions, and focus on a
broad class of structured tasks exhibiting compositional sparsity: where each subtask depends
on only a small subset of input coordinates, and the overall task is a hierarchial composition
of these subtasks. We demonstrates that a depth-O(L) MoE network with E expert per layers
can efficiently approximate piecewise functions with £ distinct pieces, i.e, it can exhibit an
exponential number of structured tasks. Moreover, our analysis elucidates the distinct roles of
network depth L (which enables hierarchical composition) and expert count £ (which enables
subtask specialization).

Unified insight. Our theoretical results reveal that MoE networks can effectively discover the
underlying structure priors in the complex tasks (such as low-dimensionality or sparsity), and
subsequently decompose them into simpler subproblems, each solved by specialized experts.

2 Related Works

Theoretical understanding of MoE. Chen et al. (2022) analyzed the training dynamics of shallow
MOoE networks with softmax gating on clustered datasets, emphasizing the importance of expert
nonlinearity and data structure. (Baykal et al., 2022) showed that sparsely activated networks can
achieve approximation performance comparable to dense networks, and offered a computationally
efficient alternative. Dikkala et al. (2023) examined the impact of learnable routing mechanisms
in MoEs, establishing their benefits. Li et al. (2024) investigated MoE in continual learning, using
overparameterized linear regression to show their adaptability across tasks. A comprehensive survey
of recent theoretical advances is presented in Mu and Lin (2025). In contrast to these prior works, we
focus on the expressive power of both shallow and deep MoE networks for broad classes of structured
functions.

Low-dimensional structure. The manifold hypothesis posits that high-dimensional data in real world
(e.g., images, speech, and text) typically lies on a manifold of much lower intrinsic dimensionality
than the ambient space. This perspective motivates various algorithmic approaches: (i) Dimensionality
reduction techniques (Tenenbaum et al., 2000; Roweis and Saul, 2000; Belkin and Niyogi, 2003),
which aim to uncover and utilize such low-dimensional structures. (ii) Representation learning
methods like Autoencoders and Variational Autoencoders (Hinton and Salakhutdinov, 2006; Kingma
et al., 2013), which seek compact and informative representations aligned with low-dimensional
manifold.

Sparse structure. It is widely believed that meaningful signals often admit sparse representations
in appropriate bases or dictionaries. This principle underpins many influential algorithms, such as
Lasso (Tibshirani, 1996), Compressed Sensing (Donoho, 2006; Candes and Wakin, 2008), and Sparse
Coding (Olshausen and Field, 1996; Elad and Aharon, 2006), which have been widely applied across
domains.

From a theoretical standpoint, the prevalence of sparsity and low-dimensionality has inspired recent
studies on the expressive power of deep networks under structural assumptions. For example, Mhaskar
and Poggio (2016); Poggio (2023) analyzed dense neural networks approximating functions with
compositional sparsity, demonstrating how sparsity mitigates the curse of dimensionality (Bellman,
1966; Bach, 2017). Wang and E (2024) studied the expressivity of Transformer models (Vaswani
et al., 2017) for modeling long but sparse memories, showing the model’s capacity to overcome the
curse of memory. Shaham et al. (2018); Chen et al. (2019) examined the approximation power of
dense networks for functions supported on low-dimensional manifolds. In contrast to these works, we
investigates the expressive power of MoE networks in approximating complex functions exhibiting
either sparse or low-dimensional structure.

3 Preliminaries
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Basic notations. Let f : 2 — R be a continuous func-
tion defined on a compact set €2. Its L., norm is defined as Gating

[ £l = supgeq |f(x)|. We use standard asymptotic !7 o
notations O(-), Q(+), ©(+) to hide the constants indepen-
dent of the primary problem size (typically denoted by m),
and the notations O(-), Q(-), ©(-) further hide loganthmm
factors. For a positive integer n, let [n] = {1,--- ,n}. For

a,b € R, define a A b = min{a, b} and a Vb = max{a b}. Figure 1: Ilustration of an MoE layer.

3.1 MoE networks
MOoE components. An MoE layer consists of two primary components:

* Expert networks: A collection of E expert networks, each implemented as a dense feedforward
ReLU neural network: f(1) ... f(E) : Rdn 5 Reou,

+ Gating network: A gating function g : R% — R¥. In most existing MoE models (Fedus
et al., 2022; Du et al., 2022; Yang et al., 2024a), g is linear due to its simplicity and empirical
effectiveness: g(x) = Wgx, where Wi € REXdin,

MOoE operation. Given an input € R%, an MoE layer performs the following operations, as
illustrated in Figure 1:

* Expert selection. The gating network computes routing scores g(x) € R, and selects the
top-K experts with the highest scores:

K := arg TopK(g(z)),
where arg TopK(z) returns the indices of the K largest entries of z.

¢ Expert computation and aggregation. Each selected expert & € K computes its output
f%) (). The final output is a weighted combination:

y=> a(x)fH (=),
ke

where the weight are defined via o (z) = %.
jexk j

Notably, only K expert networks are activated per input. Without loss of generality, we focus
throughout this paper on the case K = 1, as the extension to arbitrary K < FE is straightforward.

Hypothesis class 7—[ . We define 7—[ B as the class of depth-L neural networks composed of
stacked L MoE layers

A o b= 6. .. 6 h(l)7 1)
where each h(9) is an MoE layer consisting of a linear gating network ¢'©) and F expert networks
&) (e € [E)), each being an [-layer, m-width dense ReLU neural network.

3.2 Classical approximation results

Approximation error notation. Let £F'N( f) denote the L>° approximation error of a target function
f+ Q — R using [-layer, m-width dense ReLU neural networks.

CK space. Let D, K € N, and 2 C R be compact. The space C¥ (2) consists of all functions f

such that
D“ 2
||f||cK( 0<” H1<KH fHL (Q) ()

where D® f denotes the partial derivatives of order « = (a1, - ,ap) € Zf . The space of
smooth functions is defined as C*° () = (o C* (€2). Additionally, the smoothness exponent of

f:Q — Ris defined as
k(f) :=sup{K € N: f € C¥(Q)}. 3)

The following result summarizes the classical approximation rate of two-layer ReLU networks for
C¥ functions (Mao and Zhou, 2023; Yang and Zhou, 2024):



122
123

124
125

126

127
128

129

130
131

132

133
134
135
136
137

138
139

140
141

142

143

144
145

146

147

148

149
150

151

152
153
154

156
157

158

159
160

161

Theorem 3.1. Let D, K € N, and 2 C RP be compact. For any f € C¥(Q) and m € N, there exits
a two-layer ReLU neural network f,, with m hidden neurons such that

O m_% , IfK < M,
EFEN(FY < If — Fullioy < { O(m™2), K<

O (m_ 3 ) ,  otherwise.

When the smoothness of the target function is relatively low, i.e., K < D, the approximation rate
@) (m_ %) reveals that two-layer networks suffer from the curse of dimensionality (CoD).

4 Theory for Shallow MoE Networks

In this section, we study the efficiency of shallow MoE networks in approximating functions supported
on a low-dimensional manifold M.

4.1 Manifold in Euclidean Space

Let M be a d-dimensional smooth manifold embedded in R”.
We begin by reviewing several standard definitions.

McRP
Definition 4.1 (Chart and Atlas). ' Uy
* A chart for M is a pair (U, ¢) such that U C M is open b o
and ¢ : U — R, where ¢ is a homeomorphism (i.e., R R
bijective, ¢ and ¢! are both continuous). U is called a ’ é1(1h) ’ ¢2(U2)
coordinate neighborhood, and ¢ is the associated coordi-
nate map.

Figure 2: A d-dimensional manifold
* An atlas of M is a collection {(Uy, ¢o)}aca of charts M in RP.
such that Uy AU, = M.

An atlas {(Uy, do) }aca is called smooth if for any overlapping charts (U, ¢o) and (Uyr, ¢or), the
transition maps ¢,, o qﬁ;,l and ¢, o ¢! are smooth functions.

Definition 4.2 (Smooth manifold). The manifold M is called smooth if it has a smooth altas.

We now introduce the partition of unity, which can divide the manifold into regular subregions.

Definition 4.3 (Partition of unity). Let {Uy, }ac.4 be an open cover of M. A partition of unity of
M w.r.t this cover is a family of nonnegative smooth functions p,, : M — [0, 1] for & € A such that:

e (i) forall a € A, p, has compact support and supp(p.) C Ua;
* (ii) for every & € M, only finitely many p,,(x) are nonzero;

o (iii) forallx € M, Y . 4 pal(x) = 1.

Theorem 4.4 (Existence of a partition of unity). Let {U, }oc.a be an open cover of a smooth manifold
M. Then there exists a partition of unity {pa }aca of M w.rt. {Uy}aca.

‘We next define the smoothness of a function defined on a manifold.

Definition 4.5 (Function on the manifold). Let a function f : M — R, and {(Uy, ¢a)}aca be
a smooth atlas of M. Its smoothness x(f) is defined by x(f) := infaea x(f o ¢, 1), where the
smoothness of each f o ¢! is defined as Equation (3).

In this paper, we focus on smooth compact manifolds. Due to the compactness of M, its atlas
consists of a finite collection of charts, denoted by {(Us, ¢:) }ic[z). Additionally, we can let ¢;(U;) C

[0, 1]%. By Theorem 4.4, there exists a corresponding partition of unity {p; }.c(g]-
For compact manifolds, the atlas often exhibit strong regularity, as shown below.

Example 4.6 (Compact manifold without boundary). Let M is a smooth, compact manifold without
boundary. Then there exists a smooth atlas { (U, ¢;) }ie[z] such that each map ¢; : U; — [0, 1]4isa

linear function. Thus, each ¢; satisfies x(¢;) = oo (when viewed as a function in RD).
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Motivated by this example, we define a broad class of regular manifolds:

Definition 4.7 (Regular manifold). A compact manifold M is called regular, if each map ¢, has the
smoothness (¢ ) > 2F2

4.2 Theoretical results and insights

Theorem 4.8 (main result). Let M be a compact, d-dimensional smooth regular manifold in RP.
Let the target function f : M — R. Then for any m > Q(Ez), there exists a depth-2 MoE network

v e Hgi with E experts per layer, each being is a 3-layer m-width dense networks, such that:

If =¥l m) < maX53m (flv,)

€[E]
FFN FFN -1

< max flu, o7 -+ max & 0] flu, o @;

i€[E] ( ‘ ) i€[E] \‘,(—ll || ‘ i i Hcl([o’l]d)

approximate a low-dimensional function approximate a high-order smooth map
~ w(f \ U7 ) AL

< max (’)( ) .

1€[E]

Theorem 4.8 demonstrates that depth-2 MoE networks can efficiently approximate functions supported
on low-dimensional manifolds. The total approximation error decomposes into two components:
~1°s; (i) approximation of smooth
coordinate maps ¢;’s. Both subproblems are significantly simpler than approximating the original
high-dimensional function directly, enabling MoE networks to overcome the curse of dimensionality.

Table 1: Comparison of approximation rates between shallow MoE and shallow dense networks. For
MoE, m is the width of each expert networks; for dense networks, m is the width of the hidden layer.

Shallow MoE networks (Theorem 4.8) | Shallow dense networks (Theorem 3.1)
- =TT, 1 ~ m(H) AL
maXO(m_ a AE) O (m_TAf)

i€[E]

Improved efficiency over dense networks. Table 1 highlights the superior approximation efficiency
of MoEs. In the regime where the target f has limited smoothness, i.e., x(f) < D, dense networks
suffer from the curse of dimensionality, as the approximation rate x(f)/D deteriorates with ambient
dimension D. In contrast, MoE networks achieve rates governed by the intrinsic dimension d < D
and local smoothness «(f|y,) = k(f), thereby substantially improving approximation efficiency and

—1
achieving faster approximation rate: M A % > %.

Key insight. The proof of Theorem 4.8 (deferred to Appendix A) reveals several insights into the
mechanisms of MoE networks:

MoE networks achieve efficient approximation by decomposing a complex approximation problem
into multiple localized approximation subproblems, as well as a simple assignment task.

Recall that a depth-2 MoE (Eq. (1)) comprises expert networks and a gating mechanism. Their
distinct roles are as follows:

 Expert networks (f(>%) in Layer 2): these components efficiently approximate the d-
dimensional local target function f|y, o ¢;1 and the smooth chart map ¢;. They directly
influence the overall approximation error and benefit from increased width m.

* Routing mechanism (Layer 1 and gating in Layer 2): these components work together to
exactly assign each input to its correct expert f(*%). The first MoE layer (") behaves like
a dense model, approximating the smooth partition functions p;’s. Then the Layer-2 gating
network ¢(?) selects the expert corresponding to the region U; such that & € U;. This exact
assignment is nontrivival, please refer to the proof for details.

Corollary 4.9 (special case, mainfolds without boundary). Let M be a compact, d-dimensional
smooth manifold in RP, without boundary (Example 4.6). Let the target function f : M — R. Then
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for any m > Q(E2), there exists a depth-2 MoE network ¥ € Hg,}i with E experts per layer, each
a 2-layer m-width dense network, such that:

. s _sUlup)
v, °¢; ") < max (’)(m a 5).
2

cE]

If = ¥llLm) < e ESFN(F

approximate a low-dimensional function

Compared to Theorem 4.8, Corollary 4.9 applies to a more structured setting in which the local
coordinate maps ¢; are linear and thus thus do not require approximation. This eliminates the second
term in the error bound, and reduces each expert to a 2-layer dense network.

Comparison with prior works Shaham et al. (2018); Chen et al. (2019). These works show that dense
networks can also efficiently approximate functions on low-dimensional manifolds. However, their
analyses require additional regularity assumptions on manifolds, which enables explicit constructions
of coordinate charts and partition functions. In contrast, our Theorem 4.8 does not require such
explicit formulations, applying to a broader class of smooth regular manifolds. More importantly,
MoE:s offer a fundamental computational advantage: while dense networks activate all parameters
for every input, MoEs selectively activate only a single expert per input. To achieve a comparable
approximation accuracy, the number of activated parameters in dense networks is roughly F times
greater than that in MoEs, as dense networks must simultaneously approximate all £ subproblems.

4.3 Practical Suggestions

Beyond theoretical guarantees, our analysis also offers several practical suggestions into the design
of MoE architectures.

Incorporating nonlinearity into gating is critical. Our theoretical results indicate that accurate
input-to-expert assignment requires approximating the partition functions p;, which are generally
nonlinear. Since standard gating function is linear and lacks the capacity to model nonlinear p;,
an additional MoE (or dense) layer is needed prior to gating to approximate p;. A more direct
and potentially more efficient alternative is to incorporate nonlinearity directly into the gating
network, eliminating the need for a preceding MoE layer. This observation is consistent with recent
empirical findings (Akbarian et al., 2024; Le et al., 2024), which demonstrate that nonlinear gating
functions improve MoE performance.

Alternating MoE architectures with equivalent expressive power. In our construction, the first
MOoE layer actually serves as a standard dense layer with width Q( E?) to approximate the partition
functions p;. This insight motivates alternative architectures with comparable expressive power: (i)
MokE-dense alternating networks. A natural variant consists of alternating dense and MoE layers, e.g.,
hmoe o pdense This design extends naturally to deeper architectures. This design has been adopted in
practice by GShard (Lepikhin et al., 2020) and GLAM (Du et al., 2022). (ii) Shared + routed experts
per MoE layer. Another common MoE variant incorporates one shared expert alongside E routed
experts. This structure is empirically adopted in modern MoE architectures such as Qwen2 (Yang
et al., 2024b) and DeepSeek (Liu et al., 2024).

Low-dimensional expert networks via autoencoding. Our analysis also suggests a more structured
and interpretable design for expert networks in MoE. Typically, each expert is implemented as a dense
network with input dimension D and width O(D), resulting in O(D?) parameters. However, our
theory motivates replacing each expert f(2:%) with a composition fiow 0 Enc, where: Enc : RP — R¢
is an encoder approximating the smooth coordinate chart ¢ : U; — [0, 1]d, Slow : R¢ 5 Risa
low-dimensional dense network approximating f; ;0¢ . This design reduces the number of trainable
parameters in each expert to #(Enc) + O(d?), which is significantly smaller than O(D?) when
d < D. Moreover, this decomposition aligns with the manifold structure of the target function,
improving interpretability. To support encoder learning, one can incorporate a standard reconstruction
loss E||Dec(Enc(z)) — |3 using a decoder Dec. We leave empirical validation of this theoretically
motivated architecture for future work.

S Theory for Multi-layer MoE Networks

Piecewise functions as multiple tasks. Modern LLMs are capable of performing a wide range of
tasks, such as mathematics, logical reasoning, language understanding, and code generation. From
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a mathematical perspective, each task can be viewed as a function defined on a task-specific input
domain. In practice, these tasks often differ, which are supported on distinct regions 24, - - - , Qp,
with distinct corresponding tasks f; : £; — R. Therefore, performing N tasks can be naturally
modeled as approximating a piecewise function: f(x) = f;(x), if & € ;,7 € [N]. While each f;
may be high-order smooth within its region €2;, the global function f may exhibit only low-order
smoothness at the interfaces between adjacent regions.

Key question. Theorem 4.8 shows that a depth-2 MoE network with E experts per layer can
efficiently approximate a piecewise function f comprising F pieces (f|y,, ¢ € [E]) (each handled by
a different expert). A natural question then arises for deep MoE networks:

How many distinct pieces can be efficiently modeled by a deep MoE network?

A naive limitation. As illustrated above, it is intuitive to associate each expert with a distinct task.
A depth-L MoE with E experts per layer contains O(LFE) experts in total, implying a capacity to
model at most O(LE) distinct regions if each expert is used independently.

Overview of our result: beyond the naive limitation. Surprisingly, this limitation can be overcome
when the target function exhibits compositional sparsity. We will show that:

Depth-O(L) MoE networks with E experts per layer can efficiently approximate a piecewise
function comprising E¥ pieces, provided the function satisfies a compositional sparsity structure.

This demonstrates that MoE networks can model an exponential number of structured tasks (far
surpassing the native limitation O(LE)) by exploiting structured sparsity in the function.

5.1 Piecewise function with compositional sparsity

Warm-up: Piecewise function on E” unit cubes with compositional sparsity. Let the domain be
M = [0, E]F, naturally partitioned into E'X unit cubes. Consider the following target function:

f@) = (fri(21), fain(x2), -+, frio(xL)), @)
where i, € {j € [F] iz € [j — 1,7]}, VL € [L].

Here, each subfunction (subtask) f;; is defined on the
interval U ; = [i — 1,14], and f is defined piecewise over
EL regions: U;, x -+ x U;,, where i; € [E],l € [L]).

The function f in Eq. (4) exhibits both:
* Sparsity: each subfucntion f; ; depends only on the
coordinate x;, not on the full input .

¢ Compositionality: the function f is a hierarchical
composition of L selective subfunctions.

. . Figure 3: Illustration of Eq. (4): a piece-
Notably, although there are only LE subfunctions, their .o o # with compositional sparsity

composition yields E distinct functions across the do- on 32 = 9 unit cubes. The function f(x) =

main. f1,i1 (1) f2,45 (x2) is composed from 6 sub-
functions: f1,:(z) = i(i — 1 — 2)(z — 1)
and fa:(z) = i(i — 1 — 2)%(z — i)* on
z € [i — 1,i] fori € [3]. Although f is
smooth within each region, it is only 0-order
continuous on [0, 3] x [0, 3].

Product manifold. We now extend the above formula-
tion to on general manifolds. Consider a product manifold
M= M; x My x--- x My, where each M, is a com-
pact d;-dimensional manifold in R”, and 3"/, d; < D.
Each input & € M can be written as © = (21, , )
with x; € M;.

By compactness, each submanifold M; admits a finite smooth atlas {(Uy,;, ¢1,i) }ic[r,) and an

associated partition of unity {py, };c(g,) (by Theorem 4.4). Without loss of generality, we can let
Ey =...= Ej,denoted by E.
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General form: piecewise function on product manifold with compositional sparsity. Consider
the target function class admit the form':

f(@) = four(fri (@1), fo,in(22), -, fr,i, (L)), where
]

ie{jelE]: @ ey} Ve[l )

Here, each subfunction (subtask) f; ; is defined on the local subregion U; ; C M, and f, composes
their outputs. This extends Eq. (4) from Euclidean coordinates x; € [0, E] to manifold-based
coordinates &; € M. Since f,y; can typically be approximated by a dense neural network, we
assume fo,t = id (the identity map) for simplicity.

We now illustrate this formulation with a concrete example.

Table 2: Semantic interpretation of subregions in Example 5.1

M: Math domain | Ms: Language domain
Ui 1: Geometry Us1: English
Ui 2: Algebra Us2: French
Ui 3: Analysis Us 3: German

Example 5.1. Let M = M; x M, where each M; is partitioned into three subregions: M; =
Ui UU 2 UU 3, My = Uzq UUs U U, s, with the interpretations given in Table 2. Each
subfunction fii solves the a spe01ﬁc type of math problem (e.g., geometry), while each f, ; handles
text comprehensmn in a specific language (e.g., English). The full function f defined via Eq. (5)
encodes 3 x 3 = 9 compositional tasks of the form:

“Understand and solve the [language type] [math type] problem it”.

For example, if 1 € U; ;1 and 22 € Us 1, then f corresponds to the task “understand and solve the
English geometry problem”.

5.2 Theoretical results and insights
We now present our main theoretical result regarding the expressive power of deep MoE networks for
approximating piecewise functions with compositional sparsity.

Theorem 5.2 (main result). Let the target function f be of the form (5), which comprises E¥ pieces.

Then there exists a depth-2L MoE network U € HngE withm > Q) (EQ), such that:

If = Wllz.o(a) < max max E7F(f1,0)

le[L] i€[E)]
-1
< max max EFEN(f 0 ¢ + max max ng Hf o ¢k
X L 2, L, X 1 i z 1,3
1€[L] ie[E] m ( i) 1€[L] i€[E)) _,_, L ler(o,m)
approximate a low-dimensional function approximate a smooth map

- _'i(fl,q)/\l
gmaxmaxO(m 4 2),
le[L] i€[E)]

Theorem 5.2 establishes that a depth-2L MoE network with E experts per layer can efficiently
approximate a piecewise function with £ pieces, provided the function exhibits compositional
sparsity. The approximation error consists of two components: (i) approximation of local low-
dimensional subfunctions f; ; o qbl_il; (ii) approximation of smooth coordinate maps ¢; ;. The resulting
4 —_ ﬁ(fl’i) = . . . . .
approximation rate is max;c(r) max;e(g) O(m % 2 |, which avoids the curse of dimenisonality.

In the special case L = 1, this result recovers Theorem 5.2.

Key insight. The proof (deferred to Appendix B) reveals the following intuitions:

Each pair of MoE layers implements E subtasks,
and a depth-2L architecture enables hierarchical composition of E* tasks.

'To ensure f is well-defined on overlapping charts, we assume f; ;(x;) = f1.;(21), YV, € U N Ui # j.
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 Foreach! € [L], the (2] — 1)-st and 2[-th layers approximate the E subfunctions f; ;,(i € [E])
defined on the manifold charts U; ; € M; and assign x; to their correct experts, following the
same mechanism as in Theorem 4.8.

» Stacking L such MoE blocks composes these representations hierarchically, approximating the
final function (f15, (®1), -+, f1,i. (zL)).

Illustration via Example 5.1. In Example 5.1 with L = 2 and E' = 3 (3 subregions for each of math
and language). Theorem 5.2 shows that a depth-4 MoE network with 3 experts per layer can express
all 3 x 3 = 9 tasks of the form “understand and solve the [language type] [math type] problem”.
Concretely,

» Experts in Layer 2 (math) implement f, ; for i = 1, 2, 3, corresponding to “solving geometry/
algebra/analysis problems”, respectively..

» Experts in Layer 4 (language) implement fy ; for : = 1,2, 3, corresponding to “understanding
English/French/German”, respectively.

» Layer 1 and the gating in Layer 2 together perform routing for «;; Layer 3 and the gating in
Layer 4 together perform routing for xs.

Theorem 5.3 (warmup case). Let the target function f be of the form (4). Then there exists a
depth-2L MoE network ¥ € ”HngE withm = Q(E), such that:

— < EEN(fa) < O(mr ),
1f =¥z Mo max o (f1.0) max max O (m

approximate a 1-dimensional function

Compared to Theorem 5.2, this result requires only: (i) shallower expert networks (2-layer instead
of 3-layer), (ii) smaller expert width (m > Q(FE) instead of Q(FE?)) due to the simple geometry
(Euclidean cubes).

Although each subfunction may have high-order smoothness («(f;,;) > 1), the composite function f
can exhibit only low-order smoothness (e.g., x(f) = 0, 1) due to low-order regularity at the interfaces
between adjacent regions. As a result, directly approximating the global function f is inefficient. A
natural and efficient approach is to decompose the approximation problem into localized subproblems,
each defined on a simple subregion with high regularity. Our constructive MoE networks can provably
achieve this approach.

6 Conclusion and Future Work

In this work, we provide a theoretical study of the expressive power of MoE networks for modeling
structured complex tasks. For shallow MoE networks, we show that they can efficiently approximate
functions supported on low-dimensional manifolds, overcoming the curse of dimensionality. For deep
MOoE networks, we establish that, when the target exhibits a compositional sparsity structure, they
can approximate piecewise functions consisting of exponentially many distinct pieces, effectively
modeling an exponential number of tasks.

Beyond compositional sparsity. Our analysis focuses on compositional sparsity, a structure that
is both theoretically rich and practically relevant. However, real-world problems may involve other
forms of sparsity, such as group sparsity, graph sparsity, or temporal sparsity. Characterizing the
expressive power of deep MoE networks under these alternative structures is an important direction
for future work.

Training dynamics analysis. While our study addresses the approximation capabilities of MoE
networks, a critical open question is whether such expressive solutions can be found via training
algorithms such as stochastic gradient descent. Analyzing the training dynamics of MoE networks is
considerably more challenging than in dense architectures, due to auxiliary load-balancing objectives
and the use of non-differentiable Top- K routing.



358

359
360
361

362
363

365

366
367
368

369
370

371

372
373
374

375

377
378
379

380
381

382
383
384

385
386

387
388
389
390

391
392

393
394

395
396
397

398
399

401

402
403

References

Marah Abdin, Jyoti Aneja, Hany Awadalla, Ahmed Awadallah, Ammar Ahmad Awan, Nguyen Bach,
Amit Bahree, Arash Bakhtiari, Jianmin Bao, Harkirat Behl, et al. Phi-3 technical report: A highly
capable language model locally on your phone. arXiv preprint arXiv:2404.14219, 2024. 1

Pedram Akbarian, Huy Nguyen, Xing Han, and Nhat Ho. Quadratic gating functions in mixture of
experts: A statistical insight. arXiv preprint arXiv:2410.11222,2024. 6

Francis Bach. Breaking the curse of dimensionality with convex neural networks. The Journal of
Machine Learning Research, 18(1):629—-681, 2017. 2

Cenk Baykal, Nishanth Dikkala, Rina Panigrahy, Cyrus Rashtchian, and Xin Wang. A theoretical
view on sparsely activated networks. Advances in Neural Information Processing Systems, 35:
30071-30084, 2022. 2

Mikhail Belkin and Partha Niyogi. Laplacian eigenmaps for dimensionality reduction and data
representation. Neural computation, 15(6):1373-1396, 2003. 2

Richard Bellman. Dynamic programming. Science, 153(3731):34-37, 1966. 2

Weilin Cai, Juyong Jiang, Fan Wang, Jing Tang, Sunghun Kim, and Jiayi Huang. A survey on mixture
of experts in large language models. IEEE Transactions on Knowledge and Data Engineering,
2025. 1

Emmanuel J Candes and Michael B Wakin. An introduction to compressive sampling. IEEFE signal
processing magazine, 25(2):21-30, 2008. 2

Minshuo Chen, Haoming Jiang, Wenjing Liao, and Tuo Zhao. Efficient approximation of deep relu
networks for functions on low dimensional manifolds. Advances in neural information processing
systems, 32, 2019. 2,6, 12

Zixiang Chen, Yihe Deng, Yue Wu, Quanquan Gu, and Yuanzhi Li. Towards understanding mixture
of experts in deep learning. arXiv preprint arXiv:2208.02813, 2022. 2

Nishanth Dikkala, Nikhil Ghosh, Raghu Meka, Rina Panigrahy, Nikhil Vyas, and Xin Wang. On the
benefits of learning to route in mixture-of-experts models. In Proceedings of the 2023 Conference
on Empirical Methods in Natural Language Processing, pages 9376-9396, 2023. 2

David L Donoho. Compressed sensing. IEEE Transactions on information theory, 52(4):1289-1306,
2006. 1,2

Nan Du, Yanping Huang, Andrew M Dai, Simon Tong, Dmitry Lepikhin, Yuanzhong Xu, Maxim
Krikun, Yanqi Zhou, Adams Wei Yu, Orhan Firat, et al. Glam: Efficient scaling of language models
with mixture-of-experts. In International conference on machine learning, pages 5547-55609.
PMLR, 2022. 3, 6

Michael Elad and Michal Aharon. Image denoising via sparse and redundant representations over
learned dictionaries. IEEE Transactions on Image processing, 15(12):3736-3745, 2006. 2

Herbert Federer. Curvature measures. Transactions of the American Mathematical Society, 93(3):
418-491, 1959. 12

William Fedus, Barret Zoph, and Noam Shazeer. Switch transformers: Scaling to trillion parameter
models with simple and efficient sparsity. Journal of Machine Learning Research, 23(120):1-39,
2022. 3

Geoffrey E Hinton and Ruslan R Salakhutdinov. Reducing the dimensionality of data with neural
networks. science, 313(5786):504-507, 2006. 2

Robert A Jacobs, Michael I Jordan, Steven J Nowlan, and Geoffrey E Hinton. Adaptive mixtures of
local experts. Neural computation, 3(1):79-87, 1991. 1

Michael I Jordan and Robert A Jacobs. Hierarchical mixtures of experts and the em algorithm. Neural
computation, 6(2):181-214, 1994. 1

10



404

406
407

408
409
410

411
412

413
414
415

416
417

418
419

420
421

422
423
424

425
426

427
428

429
430

431
432

433
434

435
436

437
438
439

440
441

442
443
444

445
446
447

448
449

Diederik P Kingma, Max Welling, et al. Auto-encoding variational bayes, 2013. 2

Minh Le, Huy Nguyen, Trang Nguyen, Trang Pham, Linh Ngo, Nhat Ho, et al. Mixture of experts
meets prompt-based continual learning. Advances in Neural Information Processing Systems, 37:
119025-119062, 2024. 6

Dmitry Lepikhin, HyoukJoong Lee, Yuanzhong Xu, Dehao Chen, Orhan Firat, Yanping Huang,
Maxim Krikun, Noam Shazeer, and Zhifeng Chen. Gshard: Scaling giant models with conditional
computation and automatic sharding. arXiv preprint arXiv:2006.16668, 2020. 6

Hongbo Li, Sen Lin, Lingjie Duan, Yingbin Liang, and Ness B Shroff. Theory on mixture-of-experts
in continual learning. arXiv preprint arXiv:2406.16437,2024. 2

Aixin Liu, Bei Feng, Bing Xue, Bingxuan Wang, Bochao Wu, Chengda Lu, Chenggang Zhao,
Chengqi Deng, Chenyu Zhang, Chong Ruan, et al. Deepseek-v3 technical report. arXiv preprint
arXiv:2412.19437,2024. 1,6

Tong Mao and Ding-Xuan Zhou. Rates of approximation by relu shallow neural networks. Journal
of Complexity, 79:101784, 2023. 3

Hrushikesh N Mhaskar and Tomaso Poggio. Deep vs. shallow networks: An approximation theory
perspective. Analysis and Applications, 14(06):829-848, 2016. 2

Siyuan Mu and Sen Lin. A comprehensive survey of mixture-of-experts: Algorithms, theory, and
applications. arXiv preprint arXiv:2503.07137, 2025. 2

Partha Niyogi, Stephen Smale, and Shmuel Weinberger. Finding the homology of submanifolds with
high confidence from random samples. Discrete & Computational Geometry, 39:419-441, 2008.
12

Bruno A Olshausen and David J Field. Emergence of simple-cell receptive field properties by learning
a sparse code for natural images. Nature, 381(6583):607-609, 1996. 2

Tomaso Poggio. How deep sparse networks avoid the curse of dimensionality: Efficiently computable
functions are compositionally sparse. 2023. 2

Sam T Roweis and Lawrence K Saul. Nonlinear dimensionality reduction by locally linear embedding.
science, 290(5500):2323-2326, 2000. 2

Uri Shaham, Alexander Cloninger, and Ronald R Coifman. Provable approximation properties for
deep neural networks. Applied and Computational Harmonic Analysis, 44(3):537-557, 2018. 2, 6

Joshua B Tenenbaum, Vin de Silva, and John C Langford. A global geometric framework for
nonlinear dimensionality reduction. science, 290(5500):2319-2323, 2000. 1, 2

Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal Statistical
Society: Series B (Methodological), 58(1):267-288, 1996. 1, 2

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez, Lukasz

Kaiser, and Illia Polosukhin. Attention is all you need. Advances in neural information processing
systems, 30, 2017. 2

Mingze Wang and Weinan E. Understanding the expressive power and mechanisms of transformer
for sequence modeling. Advances in Neural Information Processing Systems, 2024. 2

An Yang, Baosong Yang, Binyuan Hui, Bo Zheng, Bowen Yu, Chang Zhou, Chengpeng Li,
Chengyuan Li, Dayiheng Liu, Fei Huang, et al. Qwen2 technical report. arXiv preprint
arXiv:2407.10671, 2024a. 3

An Yang, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, Chengyuan Li,
Dayiheng Liu, Fei Huang, Haoran Wei, et al. Qwen2. 5 technical report. arXiv preprint
arXiv:2412.15115,2024b. 1, 6

Yunfei Yang and Ding-Xuan Zhou. Optimal rates of approximation by shallow relu k neural networks
and applications to nonparametric regression. Constructive Approximation, pages 1-32, 2024. 3

11



450

451

452

453
454

456

457

458

459
460

461
462

463
464
465
466

467

469

470
471

472

473

474

475

476
477
478
479

480

481
482

483

A Proofs in Section 4

A.1 Further Introduction to Manifolds.

Compact smooth manifolds M C R¥ are known to have strong regularity properties.

We begin by introducing the definition of the reach, a geometric quantity affected by two factors: the
curvature of the manifold and the width of the narrowest bottleneck-like structure of M.
Definition A.1 (reach). Let A M) := {z € RP : 3p # q € M,|p—z|2 = |lg — 2|2 =

inj& |ly — z||2} be the set of points that have at least two nearest neighbors on M. Then the reach of
ye

M is defined as 7o := ly — z||2.

inf
zeEM,yc A(M)
The following lemma has established that a compact smooth manifold has positive reach.
Lemma A.2 (Federer (1959)). Let M be a compact smooth manifold in RP. Then it has positive
reach, i.e., Tpq > 0.

If M has the reach greater than 7 > 0, then intuitively, one can roll freely a ball of radius 7 around it.
This ensures the existence of a well-structured atlas (Chen et al., 2019):

Highly regular atlas of compact smooth manifold M. Let » > 0 and consider the open cover
{B(x;7) }wcr of M, where B(a;r) denotes the ¢5 Euclidean ball of radius r centered at «. Since
M is compact, there exists a finite subcover such that M C Uj¢| E]B(ci; r), where ¢; € M. Now
we pick the radius 7 < 7/2 such that

Ui = MnNB(¢;r)

is diffeomorphic to a ball in R? (Niyogi et al., 2008). We denote the tangent space at c; as
Te; (M) = span(v; 1, -+ ,v;.4), where {v; 1,- - ,v; 4} are orthonormal basis. Define the matrix
V; = [vi1, - ,vi4) € RP*? and construct the chart map as:

¢i(x) = bi(ViT(:B —¢;)+s;) €10, 1]"l7 Vx € U;,

where b; € (0, 1] is a scaling factor and s; is a translation vector chosen such that ¢;(x) € [0, 1]%.
Then {(U;, ¢:) }ic[e) is a smooth atlas on M. We call it highly regular, since (i) each U; is diffeo-

morphic to a ball in R?; (ii) each chart map ¢; is a linear function, implying infinite smoothness.

A.2 Proof of Theorem 4.8

For simplicity, we use the notation ||-|| to denote the L., norm in the proof.

Routing mechanism (Layer 1 and gating in Layer 2).

Proof sketch: These components work together to exactly assign each input x to its correct expert
29 Specifically, the first MoE layer h(!) behaves like a dense model, approximating the smooth
partition functions p;’s. Then the Layer-2 gating network g(?) selects the expert corresponding to the
region U; such that x € U;.

By Theorem 3.1, there exists F two-layer networks 7; (i € [E]), with width m; > Q(E?), such that:

llpi — mill < Vi € [E].

1
1E
Let 7 be the concatenated two-layer network of the E two-layer networks, ie., 7(x) =
(ti(x), -+ ,me(x)) ", then it satisfies:

1
5

(o1, o) T — 7| < ©6)

In Layer 1, each expert network f(1:9) : RP — RP+F shares the same form:
(1,4) Y
[ () = (T(.’B)) ‘

12



484 The weight matrix Wg) of the gating network ¢g() : RP? — R¥ can be any constant, such as 0. In
45 fact, Layer 1 behaves as a standard dense network computing 7.

a6 For the gating network ¢(®) in Layer 2, we define its weight matrix as:
W = (0pxp, Inxp) € REXPHE),

457 Now we check the routing mechanism: given an input € M, Layer 1 outputs

B (z) = (T(w;:)> c RD+E

488 Then the gating output of the Layer 2 is
2
gP (0 (@) = WihD (@) = 7(x) € R,
489 Then it will assign @ to the i,-th expert network in Layer 2, where

iy 1= arg mang)(w) = arg max 7; ().

i€[E) i€[E]

400 Since ), c(p pi(x) = 1and p; > 0,Vi € [E], we must have max;e () pi(x) > +. Using (6), we
491 further have:
1 3

(%) = max ri(z) > max pi(x) — = = 7=,

492 which implies

1 3 1 1
piw(‘”)>ﬂ‘m(ﬂ3)—@>@—@=ﬁ>0.

493 Thus,
xzeU,,. @)

494 This establishes exact assignment of  to its correct region.

495 Expert networks (Layer 2).

496  Proof sketch: Each expert network f(>*) in Layer 2 is responsible for approximating the d-
97 dimensional local target functions f|y, o ¢; Y and the smooth chart maps ¢;.

a9s By Theorem 3.1, there exist two-layer dense networks g; and v;, with width m, such that

. . K(fly oo ") Lo . ~(lyoe D
U; © ; —giug(’) max qm~ d ,m~Y <O|m~ d

i = will < O (m™/2).

SIS

I7

490 Let the expert network f(>?) : RPTF 5 R as
FED RO @) = gi o u(hiip (@) = g 0 (),
s00 which is a three-layer dense network and satisfies:

sup | flu (@) — £ (0 (@) = sup |flu, 0 67" 0 6:() - gi 0 vi(a)|

xzcU;

=||flu, 087 0 b — flu, 0 ¢t ot + flu, 0 b7t o b — gi o1y

|| flvi o ¢t o di — flus 0 b7 o]l + || flus 0 ¢t ot — gi o | 8)
< flu, o o7l ps = will + || flu, © 877" — gi|

- cUflyoerh - <(fluy) 4
<O (m_ d /\2> =0 (m_ a Az) .

13
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The final estimate.

Given an input & € M, the routing mechanism assigns it to the correct expert network f(®%=), which
satisfies ¢ € U;_ (7). Consequently, the approximation error holds:

[F(@) = £ (O (@) = |flu,, (@) — =) (O (@))]

@) - o, ) . ~(flu,)
S(’)(m_ ) Az)émax(’)(m_ T N2,

i€[E]

Since x is arbitrary, this concludes the proof.

A.3 Proof of Corollary 4.9

The proof follows exactly the same structure as Theorem 4.8, except for a simplification in the step
concerning the Expert networks (Layer 2). We illustrate only the modified part below.

Expert networks (Layer 2).

Compared to Section A.2, the key simplification is that the chart maps ¢; are linear (see Example 4.6).
Thus, we do not need to approximate them with neural networks. We only need to approximate the
composition f|y, o ¢; L using a two-layer network.

By Theorem 3.1, there exists a two-layer dense networks g;, with width m, such that
- ~(fly;oe; ) . w(fly,oe; )
Ui0¢i1—giH<0(maX{m_ a ,m_1/2}> <O<m_ "

Let the expert network f(2%) : RPHE _ R as

FEO (D (@) := g; 0 (WL (x)) = g; 0 di(),

Nl=

I7

which is a two-layer dense network since ¢; is linear and g; is two-layer. It satisfies:

sup ‘f|Ui(SU) - f(Q’i)(h(l)(ﬁﬂ))’ = sup | flu, 0 &7 0 ¢i(x) — gi o ¢i()|

xzecU;

=||flv, 087" 0 i — gio ds|| < || flui 087 — gl )

. <(flugoe; D - s(Fluy) 1
éO(m_ d A )z@(m_ T N2 ),

W=

B Proofs in Section 5

B.1 Proof of Theorem 5.2

The key idea is that for each [ € [L], Layers 2] — 1 and 2{ jointly approximate the subfunction
fri (1), whered; € {j € [E]: @, € Uy}
The overall network composition then constructs the full function f from these subcomponents, as
defined in Equation (5).
Embedding. To facilitate layerwise operations, we first embed the input x = (] , - - - ,wI)T €

RXP into an extended space:

0 T T AT\T LD+L
w():(mla"'amLaOL) eER + )

where the final L entries are used to store the subfunctions approximated in subsequent layers. And
we denote

D:=LD+ L.

For simplicity, we denote the output of 2I-th layer (I € [L]) be (?) ¢ RD.

14
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Each two-layer MoE block operates similarly to the shallow case studied in Section A.2, and thus the
core proof strategy carries over. For completeness and clarity, we present the full proof below.

l-th routing mechanism (Layer 2/ — 1 and gating in Layer 2!).

Proof sketch: These components work together to exactly assign x; to its correct expert f (219)
Specifically, the first MoE layer h(2*~1) behaves like a dense model, approximating the smooth
partition functions p; ;’s. Then the Layer-2 gating network g selects the expert corresponding to
the region U; such that ¢; € U ;.

By Theorem 3.1, there exists E two-layer networks 7;; (i € [E]), with width m;; > Q(E?), such
that:

1
<—, Vie|E]

g e lE]
Let 7() be the concatenated two-layer network of the E two-layer networks, i.e., 7()(x;) =
(11.(x1), - -+ ,7.6(x;)) T, then it satisfies:

||Pl,i — Tl

1

T_ (Z)H<7' 1
H(pl,h )T =0 < (10)

In Layer 21 — 1, each expert network f(2/=1.) . RD —s RD+E ghares the same form:
. (21-2)
(—1,i) (,(21-2)y _ [T
/ @) (T(l)(wl)> '

21—1)

The weight matrix W}(;fl_l) of the gating network g( :RP = RE can be any constant, such as

0. In fact, Layer 2/ — 1 behaves as a standard dense network computing 7 (z; ).

For the gating network ¢(*!) in Layer 2/, we define its weight matrix as:

WJ({Ql) _ (UEX[”),IExE) c REX(D+E).

Now we check the routing mechanism: given an input x = (21, - ,x1) € M, where x; € M,,
Layer 2/ — 1 outputs

(20-2) -
@-1) _ p@i-1),@-2)y _ (T ) RPTE
x & = ’
( ) (T(w(xl)

Then the gating output of the Layer 2! is
_ l -
g(2l)(w(2l 1)) — W]Ef )h(2l 1)($l) _ T(l)(wl) c RE.
Then it will assign «; to the ¢, -th expert network in Layer 2, where

ig, = arg maxgl@l)(:cl) = argmax 7;;(x;).

i€[E)] i€[E)]

Since Zie[E] pri(x) = 1and p;; > 0,Vi € [E], we must have max;e (g p1,i(%1) = % Using (10),
we further have:
1 3
Tig, (T1) = gg%n,i(wz) > gg%pz,i(azz) ~1E = 1B’
which implies
1 3 1 1

) > T > 2= = )
Pia (@) 2 Tig (®1) = 5 2 75— 75 = 55 >0

Thus,
x; € Uim, . (11)

This establishes exact assignment of x; to its correct region.

15



549

550
551

552

553

554

555

556

557

558
559
560

561

[-th expert networks (Layer 2/).

Proof sketch: Each expert network f(29) in Layer 2 is responsible for approximating the d-
dimensional local target functions f ; o qbfjl and the smooth chart maps ¢, ;.

By Theorem 3.1, there exist two-layer dense networks g; ; and 1, ;, with width m, such that

N K($1,i007 1) N ~<fl,io¢;})A
<O max<{m d 777171/2 <O|m Ll ;

bri — Yuil <O (m_l/Z) )

[N

Hfl,i o ¢t — gui

Let the expert network f(209) : RD+E 5 RD 4

z x
. 01 0
(2) ((21-1)) . L _ -1
7 ) gz,iow,i(mﬁ(ll_)l)];: ) gri o) |

O0p— 05—

which is a three-layer dense network and satisfies:

L _ _
sup ‘fl,i(wl) - ngr;)(w(Ql 1))‘ = sup ‘fl,i o ¢, o pri(@i) = guio wl,i(-’ﬂz)‘
x €U ; z, €Uy ;

-1 1 —1
Jriodr; odui— friodr; o+ friodr; oV — giio Y
<[ o did o dui = a0 diid o | + | i o 8t o i — g o
< Hfz,v: o ¢l_,il |1, — ol + Hfl,i ° ¢z_,i1 — g

w(f1,106] 1) w(f1s
<@ <m_ l’dl KRN > B @ (m_ (Zzl, )/\;)
< = .

From the above construction, the output of the 2 L-th layer takes the form:

12)

N

The final estimate.

xr

91,i © 1/)1,im1 (x1)

22L) — c RLD+L.

gr,i © ¢L,i” (xr)
We decode this vector by applying a linear projection that extracts the last L components, yielding:

g1,i © ¢1,iw1 (581)

U(z) == (0pxrp, Ioxr) ) = c RE.

9r,i oYL, (L)

Now consider an input © = (@1,--- ,2;) € M. For each [ € [L], the [-th routing mechanism
assigns it to the correct expert network f(25%=:) | which satisfies z; € Ui, (11). Consequently, the
approximation error holds:

(@) = @) = mx | fisy, (@1) = G, © V1, (@1)
€[L]

(12) 0 _fUlie) _ [ Ui 1
<maxO((m 4 2 ) <maxmaxO|(m < 2.
le[L] le[L] i€[E]

Since x is arbitrary, this concludes the proof.
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B.2 Proof of Theorem 5.3

The proof follows the same structure as Theorem 5.2, except for a simplification in the construction
of the routing mechanism. For completeness and clarity, we provide the full proof below.

The key idea is that for each I € [L], Layers 2] — 1 and 2! jointly approximate the subfunction
fri(x), where i, e {j € [E]:a; €U ; =[j —1,5]}

The overall network composition then constructs the full function f from these subcomponents.

For simplicity, we denote the output of 2I-th layer (I € [L]) be 2(?) € RE.

[-th routing mechanism (Layer 2! — 1 and gating in Layer 2!).

Proof sketch: These components work together to exactly assign x; to its correct expert fb?).
Specifically, the first MoE layer 2(2!~1) behaves like a dense model, serving as an indicator function.
Then the Layer-2 gating network ¢g() selects the expert corresponding to the region U; such that
x; € U, l,i-

Consider the specific indicator function comprising 3 ReLU neurons:

71i(x) := ReLU(x; — (i — 1)) + ReLU(x; — i) — 2ReLU(x; — (i — 1/2)), i€ [E].

which satisfies:

>0 ifege(t—1,1
Tl7i(ml){0 elsel | : ' (13)

Let 7 be the concatenated two-layer network of the E two-layer networks, i.e., T(l)(ml) =
(11.4(x1), -+ ,7.6(x;)) T. Note that the width of 7(!) is only 3E.

In Layer 21 — 1, each expert network f(2=19) : RL — RE+E ghares the same form:
_ (21-2)
(21—1,0) ((21-2)y _ [T
/ @) <T(l)($l)> '

The weight matrix ngil) of the gating network g2~ : R — R can be any constant, such as
0. In fact, Layer 2/ — 1 behaves as a standard dense network computing 7 (x;).

For the gating network ¢(2!) in Layer 21, we define its weight matrix as:

W = (0pxr, Inxp) € REXEHE),

Now we check the routing mechanism: given an input = (zy,--- ,77) € [0, E]X, where z; €
[0, E], Layer 2] — 1 outputs

2(21-2)

(21-1) _ p(20-1) ((20-2)y _
x (x ) (7(”(xl)

> c RL+E.

Then the gating output of the Layer 2! is
g(QI)(w(Ql—1)> _ ngl)h(m‘l)(azl) _ T(l)(ml) c RE.
Then it will assign z; to the i, -th expert network in Layer 2, where

iz, = arg maxgl(m(xl) = arg max 7;;(x;).

i€[E] i€[E]

From the property (13), we have:
r el,,. (14)

This establishes exact assignment of x; to its correct region.

[-th expert networks (Layer 2[).
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Proof sketch: Each expert network f(2:%) in Layer 2 is responsible for approximating the 1-
dimensional local target functions fi ;.

By Theorem 3.1, there exist two-layer dense networks g; ;, with width m, such that

i = gall < O (max {m =0, =124 ) < O (mrUeInd ).

Let the expert network f(249) : REFE 5 RL ag
(21-1)
. 1:1—-1
FEO @) = | gria) |
(21-1)
+1:F

which is a three-layer dense network and satisfies:

sup | fiila) = 0@ )| = sup |fualw) = guala)|
x €U ; x, €U ; (15)

<Nfii = gall <O (m = eotiNE) = & (mrthand )

The final estimate.

From the above construction, the output of the 2L-th layer takes the form:

91ia, (1)
U(x) =2 = : € R,
9Ljis, (1)
Now consider an input « = (z1,--- ,z) € [0, E]". For each [ € [L], the I-th routing mechanism

assigns it to the correct expert network f(?“%=:1), which satisfies ; € Ui,, (14). Consequently, the
approximation error holds:

1 (@) = (@)l = max | i, (@) = g1, (@0)]
le[L]
(15) ) N )
< max O (m_”(f”’iwz“%) < max max O (m‘“(ﬁvi)%) )
le[L] le[L] i€[E]

Since x is arbitrary, this concludes the proof.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We believe that the abstract and introduction reflect the contributions and
scope of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section 6.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: In Section 4 and 5; Appendix A and B.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [NA]
Justification: This work is purely theoretical and does not involve experiments.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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12.

13.

generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA |
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Justification: This paper does not use LLMs as an important, original, or non-standard
component of its core methods. LLM is used only for writing, editing, or formatting
purposes.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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