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Abstract

Recent works leveraging learning to enhance sampling have shown promising
results, in particular by designing effective non-local moves and global propos-
als. However, learning accuracy is inevitably limited in regions where little data
is available such as in the tails of distributions as well as in high-dimensional
problems. In the present paper we study an Explore-Exploit Markov chain Monte
Carlo strategy (Ex?MCMC) that combines local and global samplers showing
that it enjoys the advantages of both approaches. We prove V -uniform geometric
ergodicity of Ex2MCMC without requiring a uniform adaptation of the global
sampler to the target distribution. We also compute explicit bounds on the mixing
rate of the Explore-Exploit strategy under realistic conditions. Moreover, we also
analyze an adaptive version of the strategy (FIEx2MCMC) where a normalizing
flow is trained while sampling to serve as a proposal for global moves. We illustrate
the efficiency of Ex2MCMC and its adaptive version on classical sampling bench-
marks as well as in sampling high-dimensional distributions defined by Generative
Adversarial Networks seen as Energy Based Models.

1 Introduction

We consider the setting where a target distribution 7 on a measurable space (X, X') is known up
to a normalizing constant and one tries to estimate the expectations of some function f : X — R
with respect to . Examples include the extraction of Bayesian statistics from posterior distributions
derived from observations as well as the computation of observables of a physical system x € X under
the Boltzmann distribution with non-normalized density 7(2) = e~#V(®) for the energy function U
at the inverse temperature (3.

A common strategy to tackle this estimation is to resort to Markov chain Monte Carlo algorithms
(MCMCs). The MCMC approach aims to simulate a realization of a time-homogeneous Markov
chain {Y,,, n € N}, such that the distribution of the n-th iterate Y,, with n — oo is arbitrarily close
to 7, regardless of the initial distribution of Yj. In particular, the Metropolis-Hastings kernel (MH) is
the cornerstone of MCMC simulations, with a number of successful variants following the process
of a proposal step followed by an accept/reject step (see e.g. [62]]). In large dimensions, proposal
distributions are typically chosen to generate local moves that depend on the last state of the chain in
order to guarantee an admissible acceptance rate. However, local samplers suffer from long mixing
times as exploration is inherently slow, and mode switching, when there is more than one, can be
extremely infrequent.

On the other hand, independent proposals are able to generate more global updates, but they are
difficult to design. Developments in deep generative modelling, in particular versatile autoregressive
and normalising flows [39} 137, 20, 155}, spurred efforts to use learned probabilistic models to improve
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the exploration ability of MCMC kernels. Among a rapidly growing body of work, references include
(36,12, 153 125, [33]]. While these works show that global moves in a number of practical problems can
be successfully informed by machine learning models, it remains the case that the acceptance rate of
independent proposals decreases dramatically with dimensions — except in the unrealistic case that
they perfectly reproduce the target. This is a well-known problem in the MCMC literature [12} 71} [1]],
and it was recently noted that deep learning-based suggestions are no exception in works focusing on
physical systems [[19} 46].

In this paper we focus on the benefits of combining local and global samplers. Intuitively, local
steps interleaved between global updates from an independent proposal (learned or not) increase
accuracy by allowing accurate sampling in tails that are not usually well handled by the independent
proposal. Also, mixing time is usually improved by the local-global combination, which prevents
long chains of consecutive rejections. Here we focus on a global kernel of type iterative-sampling
importance resampling (i-SIR) [73 14} 5]. This kernel uses multiple proposals in each iteration to take
full advantage of modern parallel computing architectures. For local samplers, we consider common
techniques such as Metropolis Adjusted Langevin (MALA) and Hamiltonian Monte Carlo (HMC).
We call this combination strategy Explore-Exploit MCMC (Ex?>MCMC) in the following.

Contributions The main contributions of the paper are as follows:

+ We provide theoretical bounds on the accuracy and convergence speed of Ex2MCMC strategies.
In particular, we prove V -uniform geometric convergence of Ex?MCMC under assumptions much
milder than those required to prove uniform geometric ergodicity of the global sampler i-SIR alone.

» We provide convergence guarantees for an adaptive version of the strategy, called FIEx?MCMC,
which involves learning an efficient proposal while sampling, as in adaptive MCMC.

 We perform a numerical evaluation of Ex2MCMC and FIEx?MCMC for various sampling prob-
lems, including sampling GANSs as energy-based models. The results clearly show the advantages
of the combined approaches compared to purely local or purely global MCMC methods.

Notations Denote N* =N\ {O} For a measurable function [ : X — R, we define |f|,, =

sup,cx |f(z)| and 7 = [x f(z)m(dz). For a function V : X — [1,00) we introduce the
V-norm of two probablhty measures 5 and f' on (X, X), [|€ = &' lv:=5sup sy <v (@) () =& ()]
If V=1, -1 is equal to the total variation distance (denoted || - ||Tv).

2 Explore-Exploit Samplers

Suppose we are given a target distribution 7 on a measurable space (X, X') that is known only up to
a normalizing constant. We will often assume that X = R? or a subset thereof. Two related problems
are sampling from 7 and estimating integrals of a function f : X — R w.r.t. 7, i.e., 7(f). Among
the many methods devoted to solving these problems, there is a popular family of techniques based
on Importance Sampling (IS) and relying on independent proposals, see e.g. [[L,[74]. We first give a
brief overview of IS, to describe the global sampler i-SIR. We recall ergodicity results for the latter
before investigating the Explore-Exploit sampling strategy which couples the global sampler with a
local kernel. Then we present the main theoretical result of the paper on the ergodicity of the coupled
strategy.

2.1 From Importance Sampling to i-SIR

The primary purpose of IS is to approximate integrals of the form 7(f). Its main instrument is a
(known) proposal distribution, which we denote by A(dz). To describe the algorithm, we assume
that 77(dz) = w(z)A(dx)/A(w). In this formula, w(x) is the importance weight function assumed
to be known and positive, i.e., w(z) > 0 for all x € X, and A(w) is the normalizing constant of
the distribution 7. Typically A\(w) is unknown. If we assume that 7 and A have positive densities
w.r.t. a common dominant measure, denoted also by 7 and A respectively, then the self-normalized
importance sampling (SNIS, see [61]]) estimator of 7( f) is given by

An(f) = 2N Wi f(XT), (1)

where X1V X\ and wi, = w(X7)/ Z;VZI w(X7) are the self-normalized importance weights.
Note that computing w?; does not require the knowledge of A(w). The main problem in the
practical applications of IS is the choice of the proposal distribution A. The representation
m(dz) = w(x)A(dx)/A(w) implies that the support of A covers the support of 7. At the same



Algorithm 1: Single stage of i-SIR algorithm with independent proposals

Procedure i-SIR (Y, A):
Input :Previous state Y} ; proposal distribution \;
Output : New state Yy 1; pool of proposals X7 Jﬁvl ~ A
Set X}, | = Yy, draw X2\ ~ X; for i € [N] do
L compute the normalized weights w; j1 = w(X}, )/ Zévzl w(Xf4);

Draw the proposal index Ij11 ~ Cat(wi g1, - -, WN k+1);
Set Y41 := Xk’_fll

time, too large variance of ) is obviously detrimental to the quality of (I)). This suggests adaptive im-
portance sampling techniques (discussed in [16]), which involve learning the proposal A to improve
the quality of (I). We return to this idea in section[3]

IS -based techniques can also be used to draw an (approximate) sample from 7. For instance,
Sampling Importance Resampling (SIR, [68]]) follows the steps:

1. Draw X 1N %\
2. Compute the self-normalized importance weights wh; = w(X")/ Y o1 w(X f,ie{l,...,N}
3. Select M samples Y'Y from the set XV choosing X* with probability wh; with replacement

The drawback of the procedure is that it is only asymptotically valid with N — oo. Alternatively,
SIR can be repeated to define a Markov Chain as in iterated SIR (i-SIR), proposed in [73] and
also studied in [4, 4342} [5]]. At each iteration of i-SIR described in Algorithm[I] a candidate pool
X? ﬁ is sampled from the proposal and the next state Y4 is choosen among the candidates and the
previous state X! ©+1 = Yk according to the importance weights. i- SIR shares similarities with the
Multiple-try Metropolis (MTM) algorithm [44], but is computationally simpler and exhibits more
favorable mixing properties; see Appendix The Markov chain {Y},, k € N} generated by i-SIR
has the following Markov kernel

( ; N
(z,A) / 5, (dz") H (da).
— j 1 w(x i
Interpreting i-SIR as a systematic-scan two-stage Gibbs sampler (see Appendix [A.2]for more details),
it follows easily that the Markov kernel Py is reversible w.r.t. the target 7, Harris recurrent and

ergodic (see Theorem . Provided also that |w|~, < 00, it was shown in [5] that the Markov kernel
Py is uniformly geometrically ergodic. Namely, for any initial distribution £ on (X, X’) and k € N,

N-1
2L+ N -2’

We provide a simple direct proof of (Z) in Appendix Yet, note that the bound @) relies
significantly on the restrictive condition that weights are uniformly bounded |w|, < co. Moreover,
even when this condition is satisfied, the rate s can be close to 1 when the dimension d is large
We illustrate this phenomenon on a Gaussian target in Appendix [E.2] Figure[7] with an experiment that
also contrasts the degradation as dimension grows of the purely global sampler with the robustness of
the local-global kernels analyzed in the next section.

2.2 Coupling with local kernels: Ex>MCMC

After each i-SIR step, we apply a local MCMC kernel R (rejuvenation kernel), with an invariant
distribution 7. We call this startegy Ex>MCMC because it combines steps of exploration by i-SIR.
and steps of exploitation by the local MCMC moves. The resulting algorithm, formulated in
Algorithm 2| defines a Markov chain {Y;, j € N} with Markov kernel Ky (z,-) = PyR(z,-) =

We now present the main theoretical result of this paper on the properties of Ex>MCMC. Under
rather weak conditions, provided that R is geometrically regular (see [21, Chapter 14]), it is possible

|€P%; — 7|l tv < kK with ey = L= |woo/ANw), and ky =1 —en. (2)

'Indeed, consider a simple scenario 7(z) = Hle p(x;) and A\(z) = Hle q(zx;) for some densities p(-)
and g(-) on R. Then it is easy to see that L = (sup,¢p p(y)/q(y))? grows exponentially with d.
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Algorithm 2: Single stage of Ex2MCMC algorithm with independent proposals

Procedure Ex>MCMC (Y, A\, R):
Input :Previous state Y}; proposal distribution \; rejuvenation kernel R;
Output : New sample Y}, ,1; pool of proposals X2 ~ \;
Zrt1 ,X,%‘ﬁ =1-SIR (Y, A);
Draw Yiy1 ~ R(Zk41, ).

to establish that Ex2MCMC remains V -uniformly geometrically ergodic even if the weight function
w(x) is unbounded.

Definition 1 (V' -Geometric Ergodicity). A Markov kernel Q with invariant probability measure T is
V' -geometrically ergodic if there exist constants p € (0,1) and M < oo such that, for all x € X and
keN, ||Q¥x,-) — 7|y < M{V(x)+=m(V)}pr

In particular, V-geometric ergodicity ensures that the distribution of the k-th iterate of a Markov chain
converges geometrically fast to the invariant probability in V'-norm, for all starting points z € X.
Here the dependence on the initial state x appears on the right-hand side only in V(). Denote
by Vary[w] = [{w(x) — A(w)}*X(dz) the variance of the importance weight functions under the
proposal distribution and consider the following assumptions:

Al. (i) R has m as its unique invariant distribution; (ii) There exists a function V: X — [1, 00), such
that for all r > rr > 1 there exist \g » € [0, 1), br,, < 00, such that RV (x) < Ag,V(x) + br,1v,,
where V. = {z: V(z) <r};

A2. (i) For all 7 > TR, Woo,r := supyey, {w(x)/A(w)} < oo and (i) Var[w]/{A(w)}* < occ.

AlT}Hii) states that R satisfies a Foster-Lyapunov drift condition for V. This condition is fulfilled by
most classical MCMC kernels - like Metropolis-Adjusted Langevin (MALA) algorithm or Hamil-
tonian Monte Carlo (HMC), typically under tail conditions for the target distribution; see [63} 22,
and [21} Chapter 2] with the references therein. AE]-(i) states that the (normalized) importance weights
w(+)/A(w) are upper bounded on level sets of V,.. This is a mild condition: if X = R?, and V is
norm-like, then the level sets V,. are compact and w(-) is bounded on V,. as soon as 7 and X are
positive and continuous. A2}(ii) states that the variance of the importance weights is bounded; note
that this variance is also equal to the y2-distance between the proposal and the target distributions
which plays a key role in the non-asymptotic analysis of the performance of IS methods [[1}[70].

Theorem 2. Assume Allland A2} Then, for all x € X and k € N,
IKR () = mlly < exp {m(V) + V(@) g, 3)

where the constant ck , ki € [0, 1) are given in the proof. In addition, cx, = cx., + O(N™1)
and fx_ = Fk,y + O(N 1Y) with explicit expressions provided in (T3).

The proof of Theorem [2]is provided in Appendix [B.2] We stress that in many situations, the mixing
rate fik, of the Ex2MCMC Markov Kernel Ky is significantly better than the corresponding mixing
rate of the local kernel R, provided NV is large enough. This is due to the fact that assumptions AlTjand
do not require to identify the small sets of the rejuvenation kernel R (see [21] Definition 9.3.5]).
At the same time, the quantitative bounds on the mixing rates relies on the constants appearing in the
small set condition, see [21, Theorem 19.4.1]. Focusing on MALA (see, e.g. [66]]) as the rejuvenation
kernel R we detail bounds in Appendix [C]and prove in Theorem 20| that the ratio of mixing times of
K is typically very favorable compared to MALA provided that [V is large enough.

3 Adaptive version: FIEx2MCMC

The performance of proposal-based samplers depends on the distribution of importance weights
which is related to the similarity of the proposal and target distributionsﬂ Therefore, yet another
strategy to improve sampling performance is to select the proposal distribution A from a family of
parameterized distributions { Ay} and fit the parameter § € © = R to the target 7, for example, by
minimizing a Kullback-Leibler divergence (KL) [57} 2 50] or matching moments [59]. In adaptive

more specifically, it depends on the the quantities appearing in @ namely, the maximum of the importance

weight on a level set of the drift function for the local kernel R and the variance of the importance weights under
the proposal



MCMCs, parameter adaptation is performed along the MCMC run [6} 9, 64]. In this section we
propose an adaptive version of Ex>MCMC, which we call FIEx2MCMC.

Normalizing flow proposal. A flexible way to parameterize proposal distributions is to combine
a tractable distribution ¢ with an invertible parameterized transformation. Let 7 : X +— X be a
C! diffeomorphism. We denote by T#¢ the push-forward of ¢ under T, that is, the distribution
of X = T(Z) with Z ~ ¢. Assuming that ¢ has a p.d.f. (also denoted ¢), the corresponding
push-forward density (w.r.t. the Lebesgue measure) is given by Ar(y) = ¢(T~*(y)) Jr-1(y), where
Jr denotes the Jacobian determinant of 7". The parameterized family of diffeomorphisms {7 }oco
defines a family of distributions { A7, }gceo, denoted for simplicity as {\g }g9co. This construction is
called a normalizing flow (NF) and a great deal of work has been devoted to ways of parameterizing
invertible flows Ty with neural networks; see [40} 55]] for reviews.

Simultaneous learning and sampling. As with adaptive MCMC methods, the parameters of
a NF proposal are learned for the global proposal during sampling, see also [25]. We work
with M copies of the Markov chains {(Y%[j], X}V [])}xen~ indexed by j € {1,...,M}. At
each step k € N*, each copy is sampled as in Ex?MCMC using the NF proposal, inde-
pendently from the other copies, but conditionally to the the current value of the parameters
0r_1. We then adapt the parameters by taking steps of gradient descent on a convex com-
bination of the forward KL KL(r||Ag) = [7(z log (x)/Ao(x))dx and the backward KL
KL(N\g||m) = [ Ao(z)log(m(z)/Ng(z))dx = [ (2)logwy o Ty(z)dz. Let {yx, k € N} be a
sequence of nonnegative stepsizes and {ak, k € N} bea nondecreasing sequence in [0, 1] with
Qoo = limy_, oo . The update rule is 0 = Op_1 + M1 Z L H(Op—1, XFNTG], ZEN )
where H (0, 2%V, 22 N) = ap, HY (0, 21 N) + (1 — ax) H?(0, 2%V) with

l
HY(0,2") = Zjlzwe(waz)va log Ao (z") ,  wy(x) = 7(x)/No() , 4)
Hb(ﬂ,zz‘N):—ﬁZ {VglogmoTy(z") + Velog Iz, (2°)} . (5)

Note that we use a Rao-Blackwellized estimator of the gradient of the forward KL (@) where we
fully recycle all the IV candidates sampled at each iteration of i-SIR. The quality of this estimator is
expected to improve along the iterations k of the algorithm as the variance of importance weights
decreases as the proposal improves. Note also that using only gradients from the backward KL (3)) is
prone to mode-collapse [57, 154} 150l 25|, hence the need for also using gradients from the forward KL
HY (0, 1Y), which requires the simultaneous sampling from 7. See also Appendix for further
discussions. The FIEx?MCMC algorithm is summarized in Algorithm

Since the parameters of the Markov kernel ) are updated using samples X %’N from the chain,
(Y, X ,i‘N ))ken is no longer Markovian. This type of problems has been considered in [48][13][30L[7]
and to prove convergence of the strategy we need to strengthen assumptions compared to the previous
section.

A3. There exists a function W : X — Ry such that o(W?) = [W?(z)p(dz) < oo, and a
constant L < oo such that, for all 0,0 € © and z € X, ||Vglogm o Tp(z) — Vologm o Ty (2)|| <
L||6 = 0"|W(2) and || Vg log Iz, (2) — Vg log Iz, (2)|| < L||6 — 6| W (2).

Ad. (i) Forall d > dgr, Weo,q = SUPgee SUP ey, Wo(x)/No(wp) < 00 and (ii) supyeg Var, (wg o
Ty)/{ Mo (we)}? < oo,

A3]is a continuity condition on the NF push-forward density w.r.t. its parameters 6. Ad]implies that
the Markov kernel Ky g = P R satisfies a drift and minorization condition uniform in 6.

Theorem 3 (simplified). Assume AIAIAI 4| and that Y po VK = 00, Y e Vi < oo and
limg 00 p = Qoo Then, w.p. 1, the sequence {0y, k € N} converges to the set {6 € ©,0 =
oo VKL(7]|Ag) + (1 — ao ) VKL(Ag||7) }-

Theorem [3] proves the convergence of the learning of parameters ¢ to a stationary point of the
loss. The proof is postponed to Appendix [D] Note that once the proposal learning has converged,
FIEx?MCMC boils back to Ex>MCMC with a fixed learned proposal. Our experiments show that
adaptivity can significantly speed up mixing for i-SIR, especially for distributions with complex
geometries and that the addition of a rejuvenation kernel further improves samples quality.

5
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Algorithm 3: Single stage of FIEx?2MCMC. Steps of Ex?MCMC use the NF proposal with
parameters 6. Step 4 updates the parameters using the gradient estimate obtained from all the
chains.
Input :weights 6y, batch Yy [1 : M]
Output :new weights 0y 1, batch Yj11[1 : M]
for j € [M] do
| Yipalj] = Ex*MCMC (Y3, Ty, #, R)
Draw Z[1 : M] ~ .
Update 0y, = 0p_1 + v M1 ijvil H(0p—1, XN 50, ZEN 1))

4 Related Work

The possibility to parametrize very flexible probabilistic models with neural networks thanks to
deep learning has rekindled interest in adapting MCMC kernels; see e.g. [[72,136} 2,153} 33]]. While
significant performance gain were found in problems of moderate dimensions, these learning-based
methods were found to suffer from increasing dimensions as fitting models accurately becomes more
difficult [T9][46]). Similarly to FIEx?MCMC, a few work proposed adaptive algorithms that alternates
between global and local MCMC moves to ensure ergodicity without requiring a perfect learning
of the proposal[59! 25]. More precisely, [39] focused on multimodal distributions and analysed a
mode jumping algorithm using proposals parametrized as mixture of simple distributions. While [25],
closer to this work, introduced a combination of a local and a global sampler leveraging normalizing
flows with a more classical choice for the global sampler: independent Metropolis-Hasting (IMH)
instead of i-SIR. The present work builds on these previous propositions of combinations of local
and global sampler by clarifying the reasons of their effectiveness through entirely novel detailed
mathematical and empirical analyses. We chose to focus on i-SIR with an adaptive proposal as
the global sampler since (i) the learning component allows to tackle high-dimensional targets, (ii)
theoretical guarantees can be obtained for i-SIR whereas IMH is more difficult to analyze, (iii) IMH
and i-SIR (as a multiple-try MCMC) are expected to have similar performances for comparable
computational budget [[11] but IMH is sequential where i-SIR can be parallelized by increasing the
number N of proposals per iteration.

Another line of work exploits both normalizing flows and common local MCMC kernels for sampling
[57, 136,154} [77], yet following the different paradigm of using the flow as a reparametrization map,
a method sometimes referred to as neural transport: the flow T is trained to transport a simple
distribution ¢ near 7, which is equivalent to bringing T~ !# (the pushforward of the original target
distribution 7 by the inverse flow T~ !) close to . If ¢ is simple enough to be efficiently sampled
by local samplers, the hope is that local samplers can also obtain high-quality samples of T~ 147 —
samples which can be transported back through 7' to obtain samples of 7. This method attempts to
reparametrize the space to disentangle problematic geometries for local kernels. Yet, it is unclear what
will happen in the tails of the distribution for which the flow is likely poorly learned. Furthermore,
in order to derive an ergodicity theory for these transported samplers, [57] necessitated substantial
constraints on maps (see section 2.2.2.).

5 Numerical experiments

We provide the code to reproduce the experiments below at https://github. com/svsamsonov/
ex2mcmc_new.

5.1 Synthetic examples

Multimodal distributions. Let us start with a toy example highlighting differences between purely
global i-SIR, purely local MALA and Ex>MCMC combining both. We consider sampling from
a mixture of 3 equally weighted Gaussians in dimension d = 2. In Figure|la] we compare single
chains produced by each algorithms. The global proposal is a wide Gaussian, with pools of N = 3
candidate. The MALA stepsize is chosen to reach a target acceptance rate of ~ 0.67. This simple
experiment illustrates the drawbacks of both approaches: i-SIR samples reach all the modes of the
target, but the chains often get stuck for several steps hindering variability. MALA allows for better
local exploration of each particular mode, yet it fails to cover all the target support. Meanwhile,
Ex2MCMC retains the benefits of both methods, combining the i-SIR-based global exploration with
MALA-based local exploration.
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Figure 1: (a) — Single chain mixing visualization. — Blue color levels represent the target 2d density.
Random chain initialization is noted in black, 100 steps are plotted per sampler: the size of each red
dot corresponds to the number of consecutive steps the walkers remains at a given location. Note
that the variance of the global proposal (dotted countour lines) should be relatively large to cover
well all the modes. (b - ¢) — Inhomogeneous 2d Gaussian mixture. — Quantitative analysis during
burn-in of parallel chains (b, M = 500 chains KDE) and for after burn-in for single chains statistics
(c, M = 100 average).

In larger dimensions, an adaptive proposal is necessary. In Appendix [E.5] we show that
FIEx?MCMC can mix between modes of a 50d Gaussian mixture, provided that the rough lo-
cation of all the modes is known and used to initialize walkers. We also stress the robustness of the
on-the-fly training exploiting running MCMC chains to evaluate the forward KL term of the loss.

To illustrate further the performance of the combined kernel, we keep the 2d target mixture model
yet assigning the uneven weights (2/3,1/6,1/6) to the 3 modes. We start M chains drawing from
the initial distribution ¢ ~ A(0,41,;) and use the same hyper-parameters as above. In Figure
we provide a simple illustration to the statement (2) and Theorem [2] namely we compare the target
density to the instantaneous distributions for each sampler propagating ¢ during burn-in steps. As
MALA does not mix easily between modes, the different statistical weights of the different modes
can hardly be rendered in few iterations and KL and TV distances stalls after a few iterations. i-SIR
can visit the different modes, yet it does not necessarily move at each step which slows down its
covering of the modes full support, which again shows in the speed of decrease of the TV and KL.
Overcoming both of these shortcomings, Ex>MCMC instantaneous density comes much closer to
the target. Finally, Figure I c|evaluates the same metrics yet for the density estimate obtained with
single chain samples after burn-in. Results demonstrate once again the superiority of Ex2MCMC.
Further details on these experiments can be found in Appendix [E.3]

Distributions with complex geometry. Next, we turn to highly anisotropic distributions in high
dimensions. Following [52] and [32], we consider the funnel and the banana-shape distributions.
We remind densities in Appendix along with providing experiments details. For d € [10; 200],
we run i-SIR, MALA, Ex?MCMC, FIEx?MCMC, adaptive i-SIR (using the same proposal as
FIEx?MCMC, but without interleaved local steps) and the versatile sampler NUTS [33]] as a baseline.
Here the parameter adaptation for FIEx2MCMC is performed in a pre-run and parameters are frozen
before sampling. For the adaptive samplers, a simple ReaNVP-based normalizing flow [20] is used
such that total running times, including training, are comparable with NUTS. For Ex2MCMC and
i-SIR the global proposal is a wide Gaussian with a pool of N = 2000 candidates drawn at each
iteration. For MALA we tune the step size in order to keep acceptance rate approximately at
0.5. We report the average sliced TV distance and ESS in Figure [2| (see Appendix [E.T|for metrics
definition). In most cases, FIEx>MCMC is the most reliable algorithm. The only exception is at
very high dimension for the banana where NUTS performs the best: in this case, tuning the flow to
learn tails in high-dimension faithfully was costly such that we proceeded to an early stopping to
maintain comparability with the baseline. Remarkably, FIEx2MCMC compensates significantly for
the imperfect flow training, improving over adaptive-i-SIR, but NUTS eventually performs better.
Conversely, for the funnel, most of the improvement comes from well-trained proposal flow, leading
to similar behaviors of adaptive i-SIR and FIEx2MCMC, while both algorithms clearly outperforms
NUTS in terms of metrics.
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Figure 2: Anisotropic Funnel and Banana-shape distributions — (a) and (b) visualize samples projected
onto the first 2 coordinates of tested algorithms (blue) versus true samples obtained by reparametriza-
tion (orange). (c) and (d) compare Sliced Total Variation and Effective Sample Size as a function of
dimension. i-SIR is removed from (b) as corresponding metrics for d > 20 are significantly worse.

5.2 Sampling from GANs as Energy-based models (EBMs)

Generative adversarial networks (GANs [27]) are a class of generative models defined by a pair of a
generator network G and a discriminator network D. The generator G takes a latent variable z from a
prior density po(z), z € R%, and generates an observation G(z) € RP in the observation space. The
discriminator takes a sample in the observation space and aims to discriminate between true examples
and false examples produced by the generator. Recently, it has been advocated to consider GANs as
Energy-Based Models (EBMs) [[75,[17]. Following [[17], we consider the EBM model induced by the
GAN in latent space. Recall that an EBM is defined by a Boltzmann distribution p(z) = e~ #(*)/ Z,
z € R?, where E(z) is the energy function and Z is the normalizing constant. Note that Wasserstein
GAN:Ss also allow for an energy-based interpretation (see [[17]), although the interpretation of the
discriminator in this case is different. The energy function is given by

Ejs(z) = —logpo(z) —logit(D(G(2))) .  Ewl(z) = —logpo(z) — D(G(z)), z€R?, (6)

for the vanilla Jensen-Shannon and Wasserstein GANS, respectively. Here logit(y), v € (0, 1) is the
inverse of the sigmoid function and po(2) = N(0,1,).

MNIST results. We consider a simple Jensen-Shannon GAN model trained on the MNIST dataset
with latent space dimension d = 2. We compare samples obtained by i-SIR, MALA, and Ex?MCMC
from the energy-based model associated with E;5(z), see (6). We use a wide normal distribution
as the global proposal for i-SIR and Ex2MCMC, and pools of candidates at each iteration N = 10.
The step-size of MALA is tuned to keep an acceptance rate ~ 0.5. We visualize chains of 100 steps
in the latent space obtained with each method in Figure[3] Note that the poor agreement between the
proposal and the landscape makes it difficult for i-SIR to accept from the proposal and for MALA
to explore many modes of the latent distribution, as shown in Figure [3| Ex>MCMC combines
effectively global and local moves, encouraging better diversity associated with a better mixing
time. The images corresponding to the sampled latent space locations are displayed in Figure [
and reflect the diversity issue of MALA and i-SIR. Further details and experiments are provided in
Appendix including similar results for WGAN-GP [31] and the associated EBM Eyy (z).

Cifar-10 results. We consider two popular architectures trained on Cifar-10, DC-GAN [60] and
SN-GAN [49]. In both cases the dimension of the latent space equals d = 128. Together with the
non-trivial geometry of the corresponding energy landscapes, the large dimension makes sampling
with NUTS unfeasible in terms of computational time. We perform sampling from mentioned
GANS s as energy-based models using i-SIR, MALA, Ex?MCMC, and FIEx?MCMC. In i-SIR
and Ex2MCMC we use the prior py(2) as a global proposal with a pool of N = 10 candidates.
For FIEx?MCMC we perform training and sampling simultaneously. Implementation details are
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Figure 4: MNIST samples visualization. — Single chains run, sequential steps.

provided in Appendix[E.7.2] To evaluate sampling quality, we report the values of the energy function
E(z), averaged over 500 independent runs of each sampler. We also visualize the inception score (IS)
dynamics calculated over 10000 independent trajectories. We present the results in Figure 3] together
with the i images produced by each sampler. Note that Ex>MCMC and FIEx2MCMC reach low level
of energies faster than other methods, and reach high IS samples in a limited number of iterations.
Visualizations indicate that MALA is unlikely to escape the mode of the distribution p(z) it started
from, while i-SIR and Ex>MCMC/FIEx?MCMC better explores the target support. However, global
move appear to become more rare after some number of iterations for Ex2MCMC/FIEx?MCMC,
which then exploit a particular mode with MALA steps. We here hit the following limitation:
i-SIR remains at relatively high-energies, failing to explore well modes basins but still accepting
global moves, while Ex2MCMC/FIEx2MCMC explores well modes basins but eventually remains
trapped. We predict that improving further the quality of the FIEx?MCMC proposal by scaling the
normalizing flow architecture would allow for more global moves.See Appendix [E.7.2]for additional
experiments (including ones with SN-GAN), FID dynamics, and visualizations.

6 Conclusions and further research directions
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Figure 5: Cifar-10 energy and sampling results with DC-GAN architecture. Along the horizonthal
lines we visualize each 10th sample from a single trajectory.
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The present paper examines the benefits of combining local and global samplers. From a theoretical
point of view, we show that global samplers are more robust when coupled with local samplers.
Namely, a V-geometric ergodicity is obtained for the Ex2MCMC kernel under minimal assumptions.
Meanwhile, the global samplers drives exploration when properly adjusted. Therefore, we also
describe the adaptive version FIEx>MCMC of the strategy involving the learning of a global proposal
parametrized by a normalizing flow. We also check for the learning convergence along the adaptive
MCMC run. Finally, a series of numerical experiments confirms the superiority of the strategy,
including the high-dimensional examples. While the startegy was described and analyzed for the
i-SIR global kernel, we note that it would be possible to extend the theory to other independent
global samplers. We expect that the benefit of the combination would remain. Further studies of
FIEx2MCMCG, in particular the derivation of its mixing rate, is an interesting direction for future
work.
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A i-SIR Algorithm

A.1 i-SIR and Multiple-try Metropolis (MTM) algorithm

In the MTM algorithm, NV i.i.d.sample proposals { X} +1}f\;1 are drawn from a kernel T(y, -) in each
iteration. In a second step, a sample Y;”, | is selected with probability proportional to the weights (the
exact expression of the weighting weights differs from ours, but this does not change the complexity
of the algorithm). In a third step, N — 1i.i.d. proposals are drawn from the kernel T (Y}, ;,-) and it
is assumed that the move is Yy 1 = Y;* | with an generalised M-H ratio, see [44, eq. 3]. This step is
bypassed in i-SIR, reducing the computational complexity by a factor of 2.

A.2 i-SIR as a systematic scan two-stage Gibbs sampler

We analyze a slightly modified version of the i-SIR algorithm, with an extra randomization of the
state position. The k-th iteration is defined as follows. Given a state Y € X,
(i) draw I;41 € {1,..., N} uniformly at random and set X k’fll Yi;
(ii) draw X N, N\{I“l} 1ndependently from the proposal distribution A;
(iii) compute, for i € {1,..., N}, the normalized importance weights

N

w?\f,k-&-l = w(X;i+1)/Zw(X£+1);
=1

(iv) select Yy from the set X} | N by choosing X 1 With probability w}'\,’ ka1
Thus, compared to the simplified i-SIR algorithm given in the introduction, the state is inserted
uniformly at random into the list of candidates instead of being inserted at the first position. Of course,
this change has no impact as long as we are interested in integrating functions that are permutation

invariant with respect to candidates, which is the case throughout our work. Still, this randomization
makes the analysis much more transparent.

In what follows, we show that i-SIR can be interpreted as a systematic-scan two-stage Gibbs sampler
sampling, which alternately samples from the full conditionals of the extended target ¢ »;, which
is carefully defined below in terms of the state and candidate pool. Here we essentially follow the
work of [[73} 14 15]. This is formalized by a dual representation of ¢ ;, presented below in Theorem E],
which provides the two complete conditionals in question. We introduce the Markov kernel

An(y, dzt) 26 (dz*) H)\ (da?)

J#i

on X x X®N, which probabilistically describes the candidate selection operation in i-SIR. Note that
by construction, for each y € X, ¢ € {1,..., N} and nonnegative measurable function h : X — R,

Awhty) = [ At ™) = (1= 5 ) A + (o),

Using the kernel Ay we may now define properly the extended target ¢, as the probability law

on(d(y,2"N)) = 7(dy)An(y, daN) %Zw 5, (da) T M)
i=1 i

on (XN+1 x®WN+1)) Note that since for every A € X, o (1axx) = m(A), the target 7 coincides
with the marginal of ¢ with respect to the state. Moreover, it is easily seen that A 5 provides the
conditional distribution, under ¢, of the candidate pool given the state.

On the other hand, using that 7(dy)d, (dz*) = w(x*)A(dz?)d,: (dy)/A(w), the marginal distribution
7 of @ with respect to 2 is given by

. 1
wn(dztN) = werX H (dz) (7)
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where we have set
N
Ty(e"N,dy) = > w(@')dei(dy)/N, Tn(a"N,dy) = Tn (e, dy)/Tylix (")
i=1

It is interesting to note that the marginal 7r ;v has a probability density function, proportional to
Cnlx(z5N) = 2N w(z?) /N, with respect to the product measure A®~. Using (7), we immedi-
ately obtain the following result.

Theorem 4 (duality of extended target). For every N € N*,

e (d(y,z"Y)) = 7(dy) An (y, de'™) = 7 (da )Ty (2, dy).

Using this dual representation of ¢, i-SIR can be interpreted as a two-stage Gibbs sampler. Given
the state Y}, /N candidates X ,iﬁ are sampled from A y (Y}, -). In a second step, the next state Yy 1

is sampled given the current candidates from ITy (XY ‘1,°). The two-stages Gibbs sampler generates
a Markov chain (Y, X{V))ken with Markov kernel

Py((y,a'),C) = / A (y, dz NIy (@Y, dg)1e(d(y, 2Y)), € e x®WHD

Note that the Markov kernel P (y, 2", -) does not depend on 2", which means that only the

state Y}, needs to be stored from one iteration to another. Given a distribution & on (X" x®(n+1)),
we denote by P¢ the distribution of the canonical Markov chain ((Yy, X}*V)),en with kernel P y.
With these notations, for any nonnegative measurable function f : X7t 5 R, we get, for k € N*,

Ee [f(Vi, Xi™) | Fieea] = / Py ((Yeor, XN, d(y, 2" )) f (@) = P f(Yier, XA

The systematic scan two-stages Gibbs sampler is one of the MCMC algorithm structures that has
given rise to many works. We summarize in the theorem below the important properties of this
sampler; see [45]], [61, Chapter 9], [3] and the references therein.

Theorem 5. Assume that for any y € X, w(y) > 0. Then,

» The Markov kernel Py is Harris recurrent and ergodic with unique invariant distribution @ .

* The Markov kernel P is reversible w.r.t. m, Harris recurrent and ergodic.

The proof follows from [61, Theorem 9.6, Lemma 9.11]. The following theorem establishes the
unbiasedness of the estimator ITy f (X V) under ¢ .

Theorem 6. For every N € N* and m-integrable function f,

N
w(f) ::/HNf(xlzN)ﬂ'N(d LNy — /HNf H (dx?)

Proof. Using () we get

(=1 j=1
N N
- N)\l(w) /;w(xi)f(ﬂ)j]:[lA(dx]) =7(f),

and the first identity follows. The second identity stems from the fact that the function I f (') is
invariant under permutation.



B Proofs of Section 2]

B.1 Uniform geometric ergodicity of the i-SIR Markov kernel

Here we provide a simple direct proof of the bound (2). We preface the proof by a technical lemma.

Lemma 7. Let Y''*M be M independent random variables, satisfying E[Y;] = 1, and Var[Y;] < oo
Sforie{l,...,M}. Then, for Sy = Zfile and a,b >0

E [(a+bSx) "] < (0 +0M/2)7" + (4/a) Var[Su] /M? .

Proof. Let K > 0. Then we get

1 1 1
{8 < }+a+bSM a+bK

a+bSy a+bSy
and in particular, E[(a + bSy;) 7] < (a + bK) ™! 4+ a7 'P(Sy < K). By Markov’s inequality,

Var[Sy]
(M - K)?

In particular, for K = M /2, we have P(Sy; < K) < 4 Var[Sy|/M?2. O

1{Su > K} <

+ %1{5M < K}
P(Sy <K)=PSy-—-M<—-(M-K)) <

Proof of (). For (z,A) € X x X, we get

N N

Py(z,A) = /5x(dx1)2%1A(:¢i) JJRICED
i=1 Zaj=1 j=2

N N i N
= [y O TD) + [ S  te) T )
w(z) 1 v |

Jrzj Syw(al)

=2
; N
> Z/ w(z’) Ia(%) H A(dz?)

) +w(a?) +Z] =2,5#i W w(a?) J=2

(g) Z/ﬂdmi)lA(ﬂ)/w(:ﬂ) +w(xi))\(w)N H A(da’) ®)

2 W) o

Here in (a) we used Fubini’s theorem together with w(x)A(dz) = w(dx)A(w). Finally, since the
function f: 2z + (2 + a) ! is convex on R and a > 0, we get fori € {2,..., N},

N

A(w) j
/wmwwmﬂ+zﬁw#wwu£Lf@z)
S AMw)
- Jw(z) +w(at) + Z;'V:Q,j;éi w(z7) H;'V:Zj;éi A(dad)
AMw) S 1
w(x) +wr) + (N —2)A(w) ~ 2L+ N -2~

With the bound above we obtain the inequality

N -1
2L+ N -2

This means that the whole space X is (1, ey7)-small (see [21} Definition 9.3.5]). Since Py (z, -) and
7 are probability measures, (9) implies

Py(z,A) > m(A) x =enm(A). ©)

HPN(:&,) *7T||TV = sup ‘PN(Sﬂ,A) 77T(A)| S 1 — €EN = RN .
AcXx

The statement follows from [21, Theorem 18.2.4] applied with m = 1. O
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B.2 Proof of Theorem2]

We preface the proof with some preparatory lemmas.
Lemma 8. Let K C X, such that weo k := supgex{w(x)/AMw)} < oo and w(K) > 0. Then, for all
(x,A) € K x X, we get that
PN(:c A) > €eN Kﬂ—K( ) R
withenk = (N — 1)w(K)/[2woo k + N — 2] and mx(A) = (AN K) /7 (K).

Note that if the weight function w is upper semi-continuous, then for any compact K, we k =
sup,ck w(x) < oo. Moreover, limy_,o ex, x = 7(K).

Proof. Let (z,A) € X x X. Then, using the lower bound (8)), we obtain

N _ _ Aw) N _
z,A) > E m(dx®)1a(z" - - A(da?
v / nate) | FEESTEINSSRTETRE | F

1
> (N — 1)/W(dy)1A(y)w(x)/)\(w) +w(y)/Mw) + N =27

where the last inequality follows from Jensen’s inequality and the convexity of the function z —
(2 +a)~! on R,. We conclude by noting that

1
Py(z,A) > (N — 1)/W(dy)1AﬂK(y)w(x)//\(w) Tw(y)/Mw)+ N —2
> gz ] M) = g I

O

Lemma 9. Assume Alll Then for all x € X, any function V : X — [1,00) with 7(V) < oo,
AV) < o0, and N > 3, it holds that

PyV(z) < V(x)+bpy, , (10)
where bp, is given in (T2).
Note that
bp_ = th bpy = 27(V) 4+ 4 Var[w]/A(V) . (11
Proof. Note first that
w(x) 3 3 w(a’) x
PAV(z) = V(2) / T Aded) + / v (2') T Ada?)
w(x) + 3L, wiad) g ; w() + 3L, wiad) JE[Q

<V(z)+ (N -1)Uy

where we have set
_ w(@?)V( A(da?)
/ w(z?) + Z H

Since the function z — z/(z + a) is concave on R+ for a > 0, we have

w(a?) 2 2 w(z?) V(z*)A(da?)

/ T A =) /- EIFS S Ty
) Jw(@?)V (@*)A(dz?) /A(V) < m(V)A(w) _
Jw(@)V (@)A(da?) V) + 3555 wiad) — x(V)Aw)/AV) + 0, w(ad)

The bound above implies that, with renormalization,

N

(V) -
Uy < A(da?
N‘/ w<v>/A<v>+2§igw<w>/A<w>g (@)
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Applying now Lemmawith a=n(V)/AV),b=1,M =N —2,and Y; = w(z?)/\(w), we
obtain that
(V) 4 Var )y [w]
T(V)/AV)+(N=2)/2 (N =2)AV) "
Combining the bounds above yields (T0) with
_ (N —-1)n(V) 4(N — 1) Vary[w]
T(V)/AV) + (N =2)/2 (N =2)AV)

Un <

b, (12)

O

Lemma 10. Let P be a Markov kernel on (X, X), v be a probability measure on (X, X), and € > 0.
Let C € X be an (1, e7y)-small set for P. Then for arbitrary Markov kernel Q on (X, X)), the set C is
an (1, evq)-small set for PQ, where vq(A) = [ ~(dy)Q(y,A) for A € X.

Proof. Let (z,A) € C x X. Then it holds

PQ(z, A) = / P(z, dy)Q(y. A) > ¢ / +(dy)Qy,A) = exa(A).
O

Lemma 11. Let P and Q be two irreducible Markov kernels with © as their unique invariant
distribution. Let V : X — [1,00) be a measurable function. Suppose that there exist Ao € [0, 1)
and bp,bq € Ry such, that PV (z) < V(x) + bp and QV(x) < AQV(x) + bq. Let ro > 1.
Also assume that for all v > rg, there exist €, > 0 and a probability measure ~y, such that for all
(x,A) € V. x X, P(x,A) > e,7-(A), where V,, = {x € X : V(x) < r}. Define K = PQ and
AK = A, bk = bp + bq. Then,

KV (z) < XAkV(z) + bk and, forall x € V., K(z, A) > e,7q.r(A),
where 4q - (A) = [ 7(dy)Q(y, A). Moreover, let 1 > r( be such that A\ + 2bk /(1 + 1) < 1. Then,
foranyx € Xandk € N,

K" (2, ) =7y < ex{V(z) +7(V)}pk .

where
B log(1 — €,) log Ak
~ log(1 —€,) + log Ax — log bk
S\K:)\K+2bK/(1—|—r), BK:/\K’I‘—f—bK.

PK cx = (Ak +br) (1 + b /[(1 = &) (1 = Ak)]),

Proof. By Lemma([10} it holds that for any (z,A) € V,. x X, K(z,A) > €,7q,(A). Moreover, for
any z € X, KV (z) = PQV(z) < A\qPV(x) + bq < A\qV(x) + bq + bp. The proof is completed
with [21] Theorem 19.4.1]. O

Proof of Theorem|2] The proof consists of the 3 main steps:

1. Lemmaimplies that for all » > rg, the level sets V,. for the Markov kernel Py are (1, €, n,)-
small for the Markov kernel P 5, where

&N =(N—-D7n(V,)/[2we0,r + N — 2],
and v, (A) = [ 7y, (dy)R(y, A) with my, (B) = n(BNV,)/x(V,), forany B € X.
2. Lemma[9|implies that for all z € X, Py V (z) < V(x) + bp,,, where bp,, is given in (T2).
3. We finally show (see Lemma [TT)) that the Markov kernel K also satisfies a Foster-Lyapunov
condition with the same drift function V" as R, that is, Ky V' < AgV 4 bk, with bk, = br +bp, .

We conclude by using Lemmal[T1} We choose 7y = gV {4bk, /(1—Ar)—1}. Then Ag+2bx, /(1+
rn) < (1+ AR)/2 < 1, and Lemma|[11]implies (3) with

log(1 — €, ) log Ak
log(1 — €. ) + log Ak, — logbk,
Ky = (AR + by ) (1 + by /[2(1 = €y, v) (1 = Aky)])
My = (1+AR)/2, bky = ARTN + by -

log kK, =
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Setbk_, = limy_00 bk = br+bp_, where bp__ is defined in (TT), oo = rrV[4bk_ /(1—Ar)—1]
and eo, = w(V,__). With these notations, we have

log(1 — €s0) log Ak

log & = _ _
08 Koo log(1 — €s) +log Ak — log bk 13)
koo = (AR + b ) (14 bk /[(1 = €00) (1 — Ak )])
Ak = (L4+XR)/2, bk, = ArToo + bk, -
O

C Metropolis-Adjusted Langevin rejunevation kernel

This section addresses the convergence of the Metropolis Adjusted Langevin algorithm (MALA) for
sampling from a positive target probability density  on (R, B(R?)), where B(R?) is the Borel o
field of R? endowed with the Euclidean topology. For simplicity, let U = — log 7 be the associated
potential function. MALA is a Markov chain Monte Carlo (MCMC) method based on Langevin
diffusion associated with 7:

dX, = —VU(X;)dt + V2dB, , (14)
where (By;);>0 is a d-dimensional Brownian motion. It is known that under mild conditions this
diffusion admits a strong solution (ng))tzo for any starting point z € R and defines a Markov

semigroup (P;);>o for any t > 0, x € R? and A € B(R?) by Py(z,A) = PP(X,Er) € A).
Moreover, this Markov semigroup admits 7 as its unique stationary measure, is ergodic and even
V-uniformly geometrically ergodic with additional assumptions on U (see [65} 47]]). However,
sampling a path solution of is a real challenge in most cases, and discretizations are used instead
to obtain a Markov chain with similar long-term behaviour. Here we consider the Euler-Maruyama
discretization, which is given by (I4)), defined for all £ > 0 by

Yir1 =Y, — ’YVU(Yk) + V2V 2541, (15)

where + is the step size of the discretization and. {Z, k € N*} is a i.i.d. sequence of d-dimensional
standard Gaussian random variables. This algorithm was proposed by [24} |56] and later studied
by [281 129,51} 165]. According to [65]], this algorithm is called the Unadjusted Langevin algorithm
(ULA). A drawback of this method is that even if the Markov chain {Y%, k& € N} has a unique
stationary distribution 7., and is ergodic (which is guaranteed under mild assumptions about U), 7., is
different from 7 most of the time. To solve this problem, in [67,165] it is proposed to use the Markov
kernel associated with the recursion defined by the Euler-Maruyama discretization (I3)) as a proposal
kernel in a Metropolis-Hastings algorithm that defines a new Markov chain { Xy, k € N} by:

Xit1 = Xp + g, (Upt1 — ay (Xp, Vit ) Vi1 — Xa} (16)

where Yy, 11 = Xy, — vVU(Xk) + vV27Zk+1, {Uk, k € N*} is a sequence of i.i.d. uniform random
variables on [0, 1] and av, : R%¢ — [0, 1] is the usual Metropolis acceptance ratio. This algorithm
is called Metropolis Adjusted Langevin Algorithm (MALA) and has since been used in many
applications.

Denote by 7, the proposal transition density associated to the Euler-Maruyama discretization (I5)
with stepsize v > 0, i.e., for any z,y € R?,

ry(2,y) = (4707) "2 exp (—(47) My — 2 + VU (@)])
Then, the Markov kernel R, of the MALA algorithm is given for v > 0, 7 € R, and A € B(R?)
by
R’Y(xv A) = /d ]-A(y)a’Y(xa y)r’y(ma y)dy + 6E(A) /d{l - a’y(l'v y)}r’}/(xa y)dy ) (17)
Rd R

Ty (y, x)
= @ (ay)

It is well-known, see e.g. [63], that for any v > 0, I, is reversible with respect to 7 and 7-irreducible.

av(% Y)
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H1. The function U : R? — R is three times continuously differentiable. In addition, VU (0) = 0 and
there exists L > 0 and M > 0 such that sup, cga |D?U (z)|| < L such that sup,cga | D3U (z)|| <M.

The condition VU (0) = 0 is satisfied (up to a translation) as soon as U has a local minimum, which
is the case when lim ||« U(2) = 400, since U is continuous.

H2. There existm > 0 and X > 0 such that for any x,y € R%, ||z|| > K and ||y|| = 1,

D*U(z){y}** >m.

Note that under H[l]and HP] for any z,y € R?, |jy|| = 1, it holds that
D*U(2){y}** > m — (m +L)1p(x)(2) -

In the case K = 0, H2Jamounts to U being strongly convex and the convexity constant being equal to
m. However, if K > 0, H[]is a slight strengthening of the condition of strong convexity at infinity
considered in [18}23]: there is m’ > 0 and X’ > 0 such that for each z,y € R?, ||z — y|| > K’

(VU(z) = VU(y),z —y) >w'l|lz —y|? . (18)

Indeed, if (T8) holds for any x,y € R? that ||z|| V ||y|| > K’ instead of ||z — y|| > K', then a simple
calculation implies that HR2|holds with m < m" and K < K’ + 1. Finally, while the condition (T8)
holds for z,y € R%, ||z — y]| > K/, is weaker than H[2] it may be more convenient in many situations
to check whether the latter holds.

Lemma 12. Assume H and H hold. The function U satisfies for any = € R,
(VU (@), 2) > (m/2)||z]|* — Clp( ) (2) ,
with K = 2K(1 + L/m) and C = LK2.
Note that under H and H m < L. Define for any n > 0, V,, : R? — [1, 4+00) for any = € R? by

V() = exp(n||z|?) . (19)

The analysis of MALA is naturally related to the study of the ULA algorithm. More precisely, since
for any z € R? and A € B(R?), the Markov kernel corresponding to ULA (T3) is given by

Q(0.A) = [ 1a@ = 1VU@) + V212 e}

To show that MALA satisfies a Lyapunov condition, we first state a drift condition for the ULA
algorithm.

Proposition 13. Assume Hand Hand let 5 € (0,m/(4L?)]. Then, for any v € (0,7), = € RY,
QVy(@) < exp(—mmyz|® /4)Vy(2) + bTv1p0,rv)(2) ,
where Vy; is defined in (19), ) = m/16, KY = max(K, 4\/d/m), K is defined in Lemmaand
bY = [{m/4 + (1 + 1677) (47 + 2L + FL*) }(KY)? + 47d]
x exp(y{m/4 + (1+1677) (47 + 2L + L) }(KV)? + 4ip5yd) -
Proof. The proof follows from [22} Proposition 6]. O

We now introduce for 4 > 0 the auxiliary constant
Cry =2(2Y2Mv A2ML v 2L2[1 v A2 v AL v (FLY/3)3/2])) (20)
For ¥ € (0,m3/(4L*)], we also define Cs 5 as
Oy = 2L+ (§/2)L% + 273/233/213 1 (21/21.2 4 (21/21.2 4 273/231/2)13}2(24 /m) .
Using Proposition @, we state a drift condition for the MALA kernel R, .
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Proposition 14. Assume H[I|and H[2} Then, there exist T' > 0 (given in 1)) such that for any
5 € (0,1, v € (0,%) and = € RY,

R\Vy(z) < (1 — wy)Vi(x) + bE,/IVlB(o,KM)(gﬁ) )

where V is defined by (19), R, is the Markov kernel of MALA defined by (), 7 = m/16, w =
m(K™M)2/16, and

[/ =min (1,m®/(4L%),d"") , T = min (T}, 4/{mp(K™M)?}) , 1)
~ —u 7
KM = max (2", 2k, KV, K, 4b)5/(mi)'/?) ,  byjp = Car, pd + supfue 2

bgl _ bg —l—ﬁm(KM)Qeﬁ(KM)Q/lG n C1,~7’71/2 {d—i— V3d? + (KM)2} :
where KV, bg are defined in Proposition and K is defined in Lemma
Proof. The proof follows from [22} Proposition 7]. O

Quantitative bound on the mixing rate of the MALA sampler requires also the minorization condition
for the MALA kernel. The result below is due to [22] Proposition 12].

Proposition 15. Assume and H@ Then for any K > 0 there exists Ik >0¢( given in 22) below),
such that for any v,y € R%, ||z|| V ||y|| < K, and v € (0,T k] we have

18RIV — 8, RIVAT||py < 2(1 — £(K)/2)
where

«(K) = 2@ (—\/E(L + 1)1/2K) . Tijp=m/(4L2) (22)

e(K)
- 2 2 Ay
QCMWJd+v®i+KT+2%UJm

fK = fl/zA

6191/2 =2d + [max(f(, 2 (Qd)/m)]2 (f1/2L2 Lor +m/2) ,

where C, £, 08 defined in 20), K is defined in Lemma and ®(-) is the cumulative distribution
Sfunction of the Gaussian distribution with zero mean an unit variance on R.

It is interesting to note that ~ is the discretization step of the underlying Langevin diffusion. We
have to iterate the kernel 1/~ times for the diffusion to progress by one time unit. Combining
Proposition El and Proposition |1;5| yields the following ergodicity result in V;-norm.

Theorem 16. Assume HI | and Hl 2| Then, there exist T > 0 (defined in R23)) below), such that for any
(0 I‘] there exist Cp > 0 and pr € [0,1) (given in 23))) satisfying for any x € RY,

16, RE o < Crpl™{Vi(z) +7(V)}

where 7] = m/16,

log(1 — Kz))log A
oo (L 2te)logh
log(1 — 2~ ( ) +log A —log by

A=(1+XN/2, A=e7, B=MM+M, T=TATg.,
4bM1+’y _
M’Y - ( ) ’ K’7 = (log(M:Y)/ﬁ)l/2a ’_Y € {F7F}a

Cr=pp {A+ 1HL+ bR/ — 27 e(Kp) (1 = M)}

(23)

and w is given in Proposition
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Proof. The proof follows from [22| Theorem 2]. For completeness we repeat here the main steps of
the proof. Proposition|I4]shows that there exist I' > 0 (given in (21)) such that for any 5 € (0, T,
v € (0,7] and z € R,

R\ Va(z) < (1 — wy)Vi(z) + bgA’y )
where the constants  and bM are given in Propos1t10r1. Hence setting A = e~ < 1, we obtain
by induction that

RIVV(z) < AV (2) + b5
Now we set M5 and K5 as in (23). Then Propositionimplies that for any ¥ € (O, r Kr}’ any
T,y €< {Vﬁ() S MTY}’ and’y € (03’7]’

18, RIVIT — 8, RIVAT || oy < 2(1 — e(K5)) .

Now it remains to combine both statements with ¥ = I" A r k- and apply [21, Theorem 19.4.1] to the
Markov kernel R}/, O

Comparison with Ex2MCMC kernel. Based on the results above, we first state the quantitative
mixing rate bounds for Ex2MCMC algorithm with the MALA kernel Rgl/ 71 (iterated [1/~] times)

applied as rejuvenation kernel. The corresponding Markov kernel writes for z € R? and A € B(R?)
as

KN,’Y(aj? A) = PNRL}/’Y.I (.Z', A) = / PN(xa dy)R'l:/l/’ﬂ (y7 A) 5
where R (z, A) is defined in (7). Note also that, for » > 1, and V; defined in (T9), the level sets
Vigr ={x: Vi(z) <r} ={a: [|z| < /logr/n} .

The result above allows to state the following ergodicity result for Ky - kernel.

Theorem 17. Assume H|l| I H{2| l and Al 2|\ with V;; defined in (19). Then there exist [ (defined in
[@3)). such that for any v € (0,T], z € R%, and k € N,

KX - (2, ) = llv < en{m(Vy) + Va(2)} ik |
where V is defined in (19), and the constants cy, kn € [0, 1) are given by
log(1 — €. ) log A
log(1 — €.y n) +log A —logby
€y, N = (N =DV ry)/PWoo,ry + N — 2],
en = (A+bn)(1+bn/[2(1 = ey ) (1 = A)])
5\:(14')\)/2, BN:)\V"N'f‘bN,

log iy = ry =1Vv{dby/(1—-N) -1}, (24)

by = bp, +bY ,

and X is defined in (23).
Proof. The proof follows from the combination of Theorem [2]and Proposition [T4} O

To derive the geometric ergodicity rates in Theorem it is not required to identify the small
sets of the MALA rejuvenation kernel R.,. The only quantity of interest is the Foster-Lyapunov
drift condition satisfied by RLU ", Theorem implies that the rate of convergence of MALA is
v log pr. The following statement allows to quantify the improvement in the convergence rate of
Kx,y compared to RLU ", Following [58], we consider the relative improvement of the mixing time
of the considered Markov kernels. To introduce formally the mixing time, we need an auxiliary
definition of the V' -Dobrushin coefficient. We refer the reader to [21) Section 18.3] for more detailed
exposition. Recall that M, 1 (X) is a set of probability measures on (X, X'), such that £(V') < oc.
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Definition 18 (V-Dobrushin coefficient). Let V : X +— [1;4+00) be a measurable function, and
Q be a Markov kernel on (X, X), such that £(V') < oo implies EQ(V) < oo for any measure
& € My,v(X). Then the V -Dobrushin coefficient of the Markov kernel Q, is defined by

Q-¢£Q
M@= 5w Hflfg’ll v
E£E €My v(X) 14

It is known (see e.g. [21, Theorem 18.4.1]), that V-geometric ergodicity of the Markov kernel Q (see
Definition [T is equivalent to the fact, that

Ay,(QM)<1l-—¢
forsomem € N*and 0 < e < 1.

Definition 19. Let Q be V-geometrically ergodic Markov kernel. Then the corresponding mixing
time tmix € N* is defined as

tmix = iglg*{m AL QM) <1/4} .

Note that if Q is V-geometrically ergodic with factor 0 < p < 1 given in De finition[I] its mixing
time ¢y is bounded as ti, < (log(1/p)) ! log(4M).

Now we compare the mixing time of Ky -, which is inversely proportional to log(1/&x), to the

mixing time of RLI/ 71 which is inversely proportional to log(1/pp).

Theorem 20. Assume H| H and AE] with Vi;. Then there exist T (defined in @23)), such that for
any vy € (0, f], it holds that

i log(pr)  log(l—27'e(Kp)) y log(1 —27'(Kr)) + log A — log b
Nooolog(Rn)  log(l — ex) log(1 — €s) + log A — log buo

where X\, \, and b¥' are defined in 23), &(+) is defined in 22)), and

o (25

oo = 1V {4bos /(1 = X) =1}, €oo =T(Vgr) s boo = b +0M,  boo = Moo + boo -
Proof. The proof follows by combining the expressions (23) and (24). O

The ratio log(1 — 27 'e(Kp))/log(1 — €) is extremely small in most settings. This explains the
observed behavior: the mixing time of the EX2MCMC kernel is much smaller than the mixing time of
the MALA algorithm, which we observe in practice in all the examples we discuss. The difference is
even more spectacular when the dimension increases. To illustrate this phenomenon, we consider the
following numerical scenario for (25). We assume that H[TFH2|holds withm = 0.1,M = 2.0,L = 1.0,
and K = 5.0. One can evaluate that even for d = 2 the respective value Kt ~ 10%. We now show, how
the bound for Kt scales with the dimension d. The respective plot for d € [2;100] is given in Figure@
It implies that K grows as v/d. At the same time, the standard bound ® (—z) < exp{—x?/2},
valid for 2 > 0, yields that e(Kt)/2 < exp{—(3/2)(L + 1)K2}. At the same time, €., typically
does not decrease with the growth of d due to the construction of r,. Hence, the ratio (23)) decreases
exponentially with the growth of d in our model scenario.

D Proof of Theorem

The proof relies on results of stochastic approximation with Markovian dynamics, see e.g. [[7, 8]]. For
reader’s convenience, before going into the details, we give an outline of the proof. The motivation of
such algorithms is to find the roots of the function o : © — R?, © C R?

WO = [ HO.wc)u(dc)p(ac)

for families of functions {H (0, u,e) : © x U x E — O}, a family of probability distributions
{pe,0 € O of (E, ) and a probability distribution 1 on a space (U, ). These roots are not available
analytically and a way of finding them numerically consists of considering the controlled Markov
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Scaling Kr(d)/Kr(2) with the dimension d
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Figure 6: Scaling of K with dimension d, normalized by its value corresponding to d = 2.

chain on {(© x U)N, (B(©) ® U)*N} initialized at some (6, Up) = (¢J,u) € © x U and defined
recursively for a sequence of stepsize {;, ¢ € N} by

Ui+1 ~ Poi(Ui, ) , Ei+1 ~ pPe;
Oiv1 =0 + Vi1 H(0:,Uit1, Eiy1) .

Here { Py, 6 € O} is a family of Markov kernels such that for each § € ©, uPy = p. The rationale
for this recursion goes as follows. Let us first rewrite the Robbins-Monro recursion

Oiv1 = 6; + vig1{h(6:) + &is1},

where &1 = H(0;,U;11, E;41) is referred to as the "noise". Therefore, {6;} is a noisy version
of the sequence {6;} defined as 0,11 = 0; + ~v;+-1h(0;). The convergence of such sequences has
been studied by many authors, starting with [48]] under various conditions. A crucial step of such
convergence analysis consists of assuming that the sequence {6; } remains bounded with probability 1
in a compact set of ©. This problem has traditionally can be circumvented by means of modifications
of the recursion. Indeed, one of the major difficulties specific to the Markovian dynamic scenario is
that {6, } governs the ergodicity of the controlled Markov chain {U; } and that stability properties of
{6;} require "good" ergodicity properties which might vanish whenever {6; } approaches 9O often
away from the roots of h(6), resulting in instability. Most existing results rely on modifications of the
updates designed to ensure a form of ergodicity of {&;} which in turn ensures that {6} inherits the
stability properties of {6;}; see e.g. [7,[10] and the discussion in [8] Section 3]. We follow here [[10].
Let {R;} be a sequence of compact subsets of © and consider the recursion:

Uit1 ~ Py, (Ui,-) Eiy1~ po,
071 = 0i + 71 H(0:, Ui 1, Eig1)
9i+1 = 9;+11Ri+1 (e;k+1) + 6?—7-?173:_,_1 (Q:Jrl)

where, denoting 7; = o(Uy, 0;,j < i), 07,7 is a random variable measurable w.r.t F; V o (6}, ).
Using the results in [10], we aim to show that the SA-generated sequence {6;} remains in a feasible
set © and do not approach 9O with probability one for arbitrary initialization (6g, u) € Ry x U under
appropriate conditions on {H (0, u,e), (8, u,e) € © x U x E}, {Py,0 € ©} and {R;}. We denote
throughout the probability distribution associated to the process (6;, U;),~, defined in Algorithm 1.1
and starting at (6y, Up) = (0,u) € © x Uas Py, (-) and the associated expectation as Eg ,,[-]. The
approach developed in [10] relies on the existence of a Lyapunov function w : © — [0, co) for the
recursion on ¢ and the subsequent proof that {w (¢;)} is Py ,-a.s. under some adequate level. For
any M > 0, we define the level sets Wy, := {6 € © : w(#) < M}. Following [10], we consider the
following assumptions:
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SAl. There exists a continuously differentiable function w : © — [0, 00) such that

(i) Forall 9,0' € O,
IVw(0) = Vw()|| < Culld —0'|| .

(ii) the projection sets are increasing subsets of ©, that is, R; C Riy1 foralli > 0, and

é = U R; C (C) R
i=0
(iii) there exists a constant Mo > 0 such that for any 6 € Wy, N S)
(Vw(0), h(8)) <0

(iv) the family of random variables {QZPrOj} N satisfies for all i > 1 whenever 05 ¢ R,;
i>1

" e Ri  and w (Qfmj) <w(6;) Py, —as.

(v) there exists constants ¢ € [0,00) and a non-decreasing sequence of constants ¢; € [1,00)
satisfying supger, |Vw(0)| < c(; for all i > 0.

Following [[10], we introduce H (0, u,e) := H(6,u,e) — h(#). We need to impose some additional
constraints on the noise sequence:

SA2. Forany (0,u) € Ry x U it holds that
(i) Py (im0 Yirr [Vw(0s)]| - [|H (0, Uigr, Eir)| = 0) = 1,
(ii) Bou [Yoieo V21 lH(0i, Uigr, Eig1)|?] < oo,
(iii) Eg ., [supkzo ’Zf:o Yit1 <Vw(0i)7H(0i, Uit1, EHI)>H < oo.
(iv) lim,_, 5o w(f) = oo
Theorem 21. Assume SAI}SAR| Then, for any (8,u) € Ry x U

17— 00

Py (hmsupw (6;) < oo> =1.

Proof. The proof is a simple adaptation of [10, Theorem 2.5]. O

The condition lim,,_, 54 w(f) = oo is weakened in [10, Section 2.2]. Verifiable conditions implying
SA|Z| are given in [10l Section 3, Condition 3.1]. They are summarized in the next assumption. In the
assumptions below, it is implicitly assumed that SA[1|holds with constants ({;),~-

We denote H(0,u) = [ H(0,u,e)p(de) and we consider the following assumptions:

SA3. Forall € ©, the solution gg : U — © to the Poisson equation gg(u) — Pygg(u) = H(6,u)
exists and for all © > 0 the step size U1 is independent of F; and U; 1. Moreover, there exist a
measurable function V : U — [1,00) and constants ¢ < 00, B,y € [0,1/2] and ag, e, o0y €
[0, 00) such that for all (0,u) € Rg x U

(i) supger, |H(0,u)| < e VP (u),

(ii) Eg . [V (U;)] < ¢V V (u),

(i) subger, ll90()] + |Pogo(w)]] < eC2V P (w),

(iv) 3021 Yiv1 GiBou [|Po,go, (Ui) — Po,_, g0, (Us)|] < oo,

(V) Zzoil ,yi2<i2+2((aH+ﬂHaV)\/(ag+BQO‘V)) < o0,

Vi) 302, %+1’Y¢C?H+%+(ﬁH+ﬁg)av < 0o,

.. 1
vii) S |vie1 — %l ¢ Fagtheav o

For geometrically ergodic Markov chain, these conditions may be shown to boil down to "uniform-in-
0" geometric ergodicity conditions and "smoothness" of the mapping 6 — Py.
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MCL. Foranyr € (0,1] and any 0 € ©, there exist constants My, € [0, 00) and pg., € (0,1), such
that for any function || f|lyr < 0o

|y f(u) = po(£)| < V7 ()| fllvrMo,rpf
for all k > 0 and all w € U. Moreover, it holds that suppcr, Mo, < (M and
SUPgeR, (1- paﬂ')_l < CTCZ%‘

MC2. For any 0,6' € O, there exist a constant Dy € [0,00) and a constant Bp € (0,00)
independent of 0,0’ and r such that for any function || f||vr < oo

1Pof = Pofllye < | llv-Dor.r 10— 617
Moreover, sup g g/yerz Do,orr < cP (3P for some constant cP € [0, 00) depending only on r €
(0,1]

MC3. SAB}(i) and (ii) hold with constants .y, S and cvy, and there exist constants ¢ < 00, ap €
[0,00) and Ba > 0 such that

sup
(0,0/)eR?

@, - ﬁI(é)’,-)‘

aa |g _ p\Ba
VBHSCQ‘ 007" .

Up to this point, we have only considered the stability of the stochastic approximation process with
expanding projections. Indeed, after showing the stability we know that the projections can occur
only finitely often (almost surely), and the noise sequence can typically be controlled. Given this,
the stochastic approximation literature provides several alternatives to show the convergence; see
[41,[15]. We formulate below a convergence result following from [[7].

SA4. The set © C R? is open, the mean field h : © — R? s continuous, and there exists a
continuously differentiable function W : © — [0, c0) such that
(i) there exists a constant My > 0 such that
L:={0€0:(Vw(d),h(0)) =0} C{0e€0:w) <My}

(ii) there exists My € (My, 0o] such that {6 € © : w(0) < M} is compact.
(iii) forall @ € © \ L, the inner product (V1 (0), h(0)) < 0 and the closure of (L) has an empty
interior.

Theorem 22. Assume SA4|holds, and let K C © be a compact set intersecting L, that is, K N L #
. Suppose that (%)i21 is a sequence of non-negative real numbers satisfying lim; ,v; = 0

and Y ;2 v; = oc. Consider the sequence (0;),~ taking values in © and defined through the
recursion 0; = 0; — 1 + v;h (0;—1) + vie; for all i > 1, where (€i);>, take values in R%. If
there exists an integer iq such that {0;},~; C K and limy, 0 SUp,>, [3i,, vigi| = 0, then
lim,, s o0 infpe £k |60 — 2| = 0.

We have now all the necessary elements to prove Theorem [3] For simplicity, we set a = aio for
any k € Nand v, = 1/(1 + k)* where ¢ € (1/2,1]. In this case, the state space is U = X* and
E=7ZWN-DM Uy, = (YeliDiLy, Br = (ZEN[5]) 2. Withu = (y[j])}L, and e = (z*N[5])1L,,
H(0,u,e) is given by

N
H(O,u) =M~ Y {accHT (0,35, 22N [5]) + (1 = ac) H (0, 2%V [1])} .

mj=1

where H/ and H? are defined respectively in (@) and (3). In this case, the Markov kernel Py is given
for any nonnegative function f,

Poo 1o 01 = [ T] Koo UL AGLDAGI - 51M)

and Ky y is defined in (Z.2)) with A < \g and w < wy. By construction, for any 6 € ©, Py has a
unique stationary distribution which is given by u = 7™ Using Theorem@ and, for all 8 € ©,

Hf(0, II:N) = HQ’N[VQ log /\9](931:]\,)
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we get that
h(0) = —aeo VoKL(7||Ag) — (1 — ano ) VoKL(Ag||) .

Recall that © = RY. To check SAT] we set

w(0) = accKL(7||Ag) — (1 — aieo ) KL(Ag]|7) , for 6 € ©.
and fori € N, ¢; = log(i + 1). The subset R; is a ball centered at 0 and of radius r; where r; is
chosen so that sup g <,,, Vw(6)|| < c(; (such r; exists using A3). It is easily checked that SA]l]is
satisfied thanks to Aj3|(note in particular that Vw is globally Lipshitz under the stated conditions).
Conditions SAJ3| are automatically satisfied.

We choose the drift function for the Markov kernel Py y as

M
Vyll],...,y[M]) = Z Vyli) ,

where V is the drift function in ATl M([I]follows from Theorem 2] under AH] It is important to note
that it is essential to have explicit controls on the drift and reduction conditions here. Conditions MC
and M2 follow from The precise tuning of constants is done along the same lines as [10,
Section 5.3].

E Numerical experiments

E.1 Metrics

ESTV To compute Empirical sliced total variation distance (ESTV), we perform 25 random one-
dimensional projections and then perform Kernel Density Estimation there for reference and produced
samples. We then take the TV-distance between two distributions over 1D grids of 1000 points.
We consider the value averaged over the projections to show the divergence between the MCMC
distribution and the reference distribution.

EMD We compute the EMD as the transport cost between sample and reference points in Ly using
the algorithm proposed in [14]. Then we report the EMD rescaled by the target dimension d.

ESS ESS (effective sample size) measures how many independent samples from target yield
(approximately) the same variance for estimating the mean of some function. The closer ESS is
to 1, the better is the sampler. Following [26], we compute ESS component-wise for multivariate
distributions. Namely, given a sample {Y;}}£,Y; € R? of size M, fori = 1,...,d, we compute

1
MG
1+ Pg)

is the autocorrelation at lag k for i—th component. We replace pg) by its

ESS; =

Here p,(:) = %

sample counterpart f)g) an report ESS = d—! Z?Zl E/S\SZ where

E.2 Unimodal Gaussian target and impact of dimension

With the simple experiment presented on Figure|/} we illustrate the sensitivity of the purely global
i-SIR to the match between the proposal and target, which typically worsens with dimension. Namely,
the rate sy can be close to 1 when the dimension d is large, even when the restrictive condition that
weights are uniformly bounded |w|, < oo is satisfied.

To illustrate this phenomenon, we consider a simple problem of sampling from the standard normal
distribution N (0,1,) with the proposal A/(0,21,) in increasing dimensions d up to 300. Results
visualized in Figure [7] show that the performance of vanilla i-SIR quickly deteriorates as most
proposals get rejected. This problem can be tackled by using the Explore-Exploit strategy coupling
i-SIR with local MCMC steps to define a new sampler. This simple experiment previously considers
Ex2MCMC with MALA applied as R.
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Figure 7: Sampling from N (0,1;) with the proposal A (0,21;). — See Appendix for the
definitions of EMD and ESS metrics. We display confidence intervals for i-SIR and Ex*MCMC
obtained from 100 independent runs as blue and red regions, respectively. Ex?2MCMC helps to
achieve efficient sampling even in high dimensions.
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Figure 8: Inhomogeneous 2d Gaussian mixture. — Quantitative analysis during burn-in of parallel
chains (a, M = 500 chains KDE) and for after burn-in for single chains statistics (b, M = 100
average).

E.3 Mixtures of Gaussians

Equally weighted Gaussians in two dimension The target density is

3
pa(x) o< Y Biexp{—|lz — p[*/(207)} . (26)
i=1

Here we choose o = 1, 8; = 1/3, and p;, ¢ € {1,2,3, } as vertices of an equilateral triangle with

side length 4+/3 and center (0, 0). The contour representation of (Z6) can be found in Figure |la} We
compare 3 sampling strategies:

¢ i-SIR algorithm with N = 3 particles and N (0, 4 T) proposal distribution;

* MALA with step size v = 0.5, tuned to obtain acceptance rate 0.67;

+ Ex?MCMC algorithm with the same parameters as i-SIR and 3 consecutive MALA steps with
~v = 0.5 as rejuvenations.

We generate 100 observations within each sampler and represent them in Figure [Ta] For the MALA
sampler, we generate 300 samples and select every 3th to maintain compatibility with the Ex2MCMC
setup. Note that in this example, the variance of the global proposals in i-SIR should be relatively
large to cover well all modes of the @) mixture. However, since the modes are narrow, the step
size of MALA cannot be very large to obtain a sensible acceptance rate. Therefore, Figure[Ta] shows
the drawbacks of the two approaches: i-SIR covers all modes of the target, but the chain often gets
stuck at a certain point, which affects the variability of the samples. MALA allows a better local
exploration of each mode, but does not cover the whole support of the target. The Ex?MCMC
algorithm combines the advantages of both methods by combining i-SIR-based global exploration
with MALA -based local exploration.

Now, the mixture model of (26) is modified with the weights parameters 8 = (31, 32,0;) =
(2/3,1/6,1/6) and same values of y; and o. To compare the quality of the methods, we perform the
following procedure
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o starting with the initial distribution NV (0, 4T), we generate the trajectory (X1, ..., X,,) for different
values of n € [25,800] for each of the compared methods (i-SIR. MALA, Ex?MCMC ). Sampler
hyperparameters are the same as above, and the burn-in period equals 50;

* We perform the kernel density estimate (KDE) p,, based on the observations (X7,...,X,),
and compute the total variation distance between p,, and the target density pg, and the forward
KL(pn||ps). Then we average the results over 100 independent runs of each sampler.

Now we use the same values for the means and covariances but set the mixing weights to § =
(81, B2, B3) = (2/3,1/6,1/6). To compare the different sampling methods, we perform the following
procedure.

o starting from the initial distribution N (0, 4T), we generate the trajectory (X7, ..., X,,) for different
values of n € [25,800] for each of the compared methods (i-SIR. MALA, Ex2MCMC ). The
hyperparameters of the sampler are the same as above, and the burn-in period is 50;

* We perform kernel density estimation (KDE) p,, based on the observations (X1, ..., X,,) and
calculate the total variation distance between p,, and the target density pg, as well as the forward
value KL(p,,||pg). We then average the results over 100 independent runs of each sampler.

The results for each sampler are given in Figure[Ic] Figure[8b] We also provide a simple illustration
to the statements of (Z) and Theorem [2] Starting from the initial distribution £ ~ N(0,41), we
draw 500 independent chains of length 50 for each of the compared methods. Using these 500
observations, we create a KDE p,, for the density corresponding to the distribution of £Q™ for
different n € {5,...,50} and Q corresponding to i-SIR. MALA or Ex2MCMCThen we calculate
the total variation distance between p,, and the target density pz. Corresponding plots can be found
in Figure |1b| Figure|8al Note that Ex2MCMC significantly outperforms the results of both MALA
and i-SIRIndeed, the inhomogeneous mixture model is a complicated target for the Langevin-based
methods. The trajectories generated by MALA tend to remain in a single mode of mixture (26)),
which reduces the reliability of the estimates and requires the generation of long trajectories even for
d = 2. At the same time, it is difficult for i-SIR type methods without local exploration trajectories
to quickly cover all the modes.

E.4 Normalizing flow RealNVP

We use the RealN'VP architecture ([20]) for our experiments with adaptive MCMC. The key element
of RealNVP is a coupling layer, defined as a transformation f : RP — RP:

Y1:d = T1:d
Yd+1:D = Zdy:p © exp(s(z1:q)) + t(x1.q)

where s and ¢ are some functions from RY to RP. Thus, it is clear that the Jacobian of such a
transformation is a triangular matrix with nonzero diagonal terms. We use fully connected neural
networks to parameterize the functions s and ¢.

In all experiments with normalizing flows, we use the optimizer Adam ([38]]) with 81 = 0.9, B2 =
0.999 and weight decay 0.01 to avoid overfitting.

E.5 High-dimensional multi-modal distribution

In an additional experiment we consider a high-dimensional toy target distribution: a Gaussian mixture
similar as Appendix above in 50d. Modes are equally weighted, isotropic and well-separated.

A purely local sampler would not mix between modes, as in the 2d case. A unimodal Gaussian
proposal also fails in large dimension because of the concentration of the target measure in a small
fraction of the proposal’s bulk. Hence we only examine the performance of FIEx2MCMC. We set
the number of proposals per iterations to N = 20.

Using a RealNVP flow, we compare in Figure 0] the different outcomes depending on the choices of
initialization of the MCMC walkers and training loss. Training the proposal offline through uniquely
the backward KL (i.e. @ = 0 in the combinaison of KL losses) is typically unstable in this multimodal
case and the network collapse on the first detected mode. Successful backward-KL training is
probably possible, yet at the cost of designing a proper annealing schedule of the target distribution
as in [[76]. Resorting instead to a loss involving the forward KL (av = 0.9 in this experiment), mixing
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Figure 9: Importance of initialization and forward KL loss for multi-modal high-dimensional targets -
All panels are 2d projections of a 50d Euclidian space, with a target mixture of 3 isotropic Gaussian.
Using a normalizing flow proposal distribution initialized as an isotropic Gaussian covering the
3 modes (top left), training with backward KL loss only still typically leads to mode collapse
on one of the modes (bottom left). Running instead the simulataneous training and sampling of
FIEx?MCMCwith the mixture of backward and forward KL loss can lead to successful mixing
between distant modes (top and bottom right), yet at the condition that chains are initialized such that
all modes can be reached by the local-rejuvenation kernel- which is here enforced by an initialization
as random draws of the initial proposal. Conversely, if all the chains are initialized in a single mode,
the forward-KL estimated with states visited by the chains will not prevent a mode collapse (top and
bottom center panels).

between the well separated modes in high-dimension is possible, provided that chain initialization
ensures that all modes can be reached by the local kernel.

To summarize, the choice of loss composition depends on the information a priori available on the
considered target distribution. If rough location of modes is available - as it might be the case in
chemistry applications where isomers of interest are known but sampling is necessary for relative free
energy calculations - relying on the forward KL to draw the proposal to the modes is a simple and
efficient strategy. Conversely, if little is known, there is no free lunch with the local-global kernels
and an annealing might be necessary to train the global proposal, possibly using only the backward
KL loss.

E.6 Distributions with complex geometry

In this section, we study the sampling quality from high-dimensional distributions, whose density
levels have high curvature (Banana shaped and Funnel distributions, details below). With such
distributions, standard MCMC algorithms like MALA or i-SIR, fail to explore fully the density
support.
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The corresponding densities are given for z € R? by

d
ps(e) = 2 exp (—x?/QaQ — /e Y a2t 2bx1}) a2,
» a (27)
py(x) = Z 1 exp (— Z_il{x;/mﬁ — (wgi_1 — bx3, + azb)2/2}> , d=2k,keN.

where 7 is a normalizing constant. We set a = 2, b = 0.5 for funnel and ¢ = 5, b = 0.02 for banana-
shape distributions, respectively. For MALA we use an adaptive step size tuning strategy to maintain
acceptance rate approximately 0.5. For i-SIR and Ex?MCMC algorithms we use wide Gaussian
global proposal NV (0, of, I) with Uz = 4 for Funnel and 02 = 9 for Banana-shape distribution.

For FIEx?MCMC use a simple RealNVP-based normalizing flow [20] with 4 hidden layers. Note
that for ps(x) the energy landscape in the region with 2; < 0 is steep, so the distributions are
hard to capture, especially when the dimension d is large. Moreover, due to the complex geometry
of the distribution support, we cannot hope that local samplers (MALA) or global samplers (i-SIR. )
alone will give good results. In this example, we want to compare FIEx?MCMC with i-SIR MALA
and the HMC-based NUTS sampler [33]. We also add a vanilla version of the Ex>MCMC algorithm
to the comparison. To generate the ground-truth samples, we use the explicit reparametrisation of (27).
Indeed, given a random vector (71, ..., Z4) ~ N(0,I), we consider its transformation (X1, ..., Xg4)
under the formulas
{ X 1= aZ 1

Xi:eblei, ZE{Q,,CZ}

It is easy to check that (X1, ..., X4) follows the density ps(z),z € R% Similarly, for d = 2k
consider the transformation

Yo = aZy;
}/éi_1:Y2i+bY22i7ba2, 26{17,]{3}

Then (Y1, ..., Yy) follows the density py(x),z € RY. We provide the average computation time
for NUTS, adaptive i-SIR and FIEx?MCMC algorithms in Table [1| and Table [2| for the Funnel
and Banana-shape distributions, respectively, averaged over 50 runs. Note that different runs of
NUTS algorithm yields high variance of the running time, especially for the Funnel distribution and
dimensions d > 50.

We give the computation time for the above algorithms and additional implementation details in
Appendix The implementation of FIEx?MCMC is based on the use of 5 MALA steps as
rejuvenation steps.

Method | d=10 | d=20 | d=50 | d=100 | d=200

NUTS 334482 [ 41.1+123 | 61.6£30.2 | 82.3+73.2 | 88.4+59.5
Adaptive i-SIR | 38.1+£3.2 | 39.4+28 | 45.3+£2.5 | 50.84+0.7 | 80.4+0.4
FIEXMCMC | 46.8+3.2 | 482428 | 542425 | 688+0.8 | 89.5+0.5

Table 1: Computational time for the Funnel distribution.

Method | d=20 | d=40 | d=60 | d=80 | d=100

NUTS 27.6+1.8 | 321+1 |342+05 | 35.2+0.5 | 35.9+04
Adaptive i-SIR | 24.5+£0.2 | 26.8+0.3 | 28.5+0.2 | 30.1£0.2 | 32.8£0.2
FIEX>MCMC | 39.3+0.5 | 41.840.3 | 435+ 0.3 | 45.1+0.3 | 47.8+£0.4

Table 2: Computational time for the Banana-shape distribution.

E.7 GANs as energy-based models
E.7.1 MNIST results

For this example, we consider both the Wasserstein GAN (WGAN) setup with energy function
Ew (z) and the classical Jensen-Shannon GAN with energy function E;5(z). In both cases, we use
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fully connected networks with 3 convolutional layers for discriminator and 3 linear + 3 convolutional
layers for generator. For WGAN training, we use gradient penalty regularisation, following [31].
We provide additional visualisations of the latent space and samples along a given trajectory for
Jensen-Shannon GAN in Appendix nd for Wasserstein GAN in Appendix [E.7.1] Sampling
hyperparameters are summarized in Table 3| For fair comparison, we take each 3-rd sample produced
by the MALA, when running this algorithm separately. Both for WGAN-GP and vanilla GAN
experiments we apply i-SIR and Ex2MCMC with wide Gaussian global proposal A/ (0, 012,). The

particular values of 012) are specified in Table

E.7.2 Cifar-10 results

We consider two popular GAN architectures, DC-GAN [60] and SN-GAN [49]. Below we provide
the details on experimental setup and evaluation for both of the models.

E.8 Training and sampling details.

For DC-GAN and SN-GAN experiments, we took the implementation and training script of the
models from Mimicry repository https://github.com/kwotsin/mimicry. Both models were
trained on a single GPU GeForce GTX 1060 for approximately 20 hours.

Both for DC-GAN and SN-GAN, the latent dimension is equal to d = 128. Following [17], for both
models we consider sampling from the latent spatial distribution

p(z) =e BsGz 2 eRY Ejs(z) = —logpo(z) — logit(D(G(2))) .
where logit(y) = log (y/(1 —y)) y € (0,1) is the inverse of the sigmoid function and py(z) =
N(0,1).

Evaluation protocol We perform n = 100 iterations of the algorithms MALA, i-SIR Ex2MCMC
and FIEx?MCMCFor both the vanilla Ex2MCMC algorithm (Algorithm and FIEx2MCMC we

Method | #iterations | MALA step size y | # particles, N | o2 | # MALA steps
JS-GAN 100 0.02 10 9 3
WGAN-GP 100 0.02 10 9 3

Table 3: MNIST hyperparameters.
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(b) i-SIR samples (c) MALA samples (d) Ex>MCMC samples

use the Markov kernel (T7), which corresponds to 3 MALA steps, as the rejuvenation kernel. The
step size ~y given for the algorithm Ex?MCMC corresponds to its rejuvenation kernel MALA. For
more experimental details, see Table El For i-SIR and Ex?MCMC algorithms we use (0, 012, I)

with ag = 1 as a global proposal distribution.

We run M = 500 independent chains for each of the above MCMC algorithms. Then, for the
j—th iteration, we compute the average value of the energy function F(z) averaged over M chains.
Hyperparameters are specified in Table[d Energy profiles for different algorithms for DC-GAN and
SN-GAN are provided in Figureand Figure (14} respectively. Note that in both cases Ex2MCMC or
FIEx?MCMC algorithms yields lower energy samples. We visualize 10 randomly chosen trajectories
obtained with each sampling methods in Figure [I5}Figure[I6|for SN-GAN and Figure I8} Figure [I9]
for DC-GAN, respectively. For each trajectory we visualize every 10-th sample. Both architectures
indicate the same findings: MALA typically is not available to escape the mode of the corresponding
target density p(z) during one particular run. i-SIR travels well across the support of p(z), yet
the corresponding energy values are higher then the ones of Ex2MCMC or FIEx?MCMC . Some
i-SIR trajectories can get trapped in one particular image due to the absence of local exploration
moves. At the same time, Ex2MCMC as illustrated in Figure and Figure can both
exploit the particular mode of the distribution and perform global moves over the support of p(z).
Of course, these global moves are more likely to occur during the first sampling iterations. For the
DC-GAN architecture, we provide also the dynamics of FID (Frechet Inception Distance, [34]),
and IS (Inception Score, [69]) values computed over 10000 independent trajectories. We plot the
metrics in Figure[I3a)and Figure [I3b] Metrics illustrate the image quality improvement achieved by
FIEx?MCMC and Ex?MCMC algorithms.

GAN type | #iterations | MALA step size v | # particles, N | o | # MALA steps
SNGAN 100 5x 1073 10 1 3
DCGAN 100 1073 10 1 3

Table 4: CIFAR-10 hyperparameters.

36



190

180

170

160

150

Ex?MCMC
MALA

I-SIR
Flex?2MCMC

100
iteration

(a) DC-GAN

187.5
—— Ex*MCMC

—— MALA
— i-5IR
— Flex*MCMC

185.0

1825

150.0

1775

175.0

1725

170.0

100

(b) SN-GAN

Figure 12: Energy profile for DC-GAN and SN-GAN architectures on CIFAR-10 dataset.
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Figure 13: Dynamics of Inception Score (a) and FID (b) computed over 10000 independent trajectories
for DC-GAN trained on CIFAR-10 dataset.
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Figure 14: Energy profile for random axis pairs, SN-GAN
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Figure 15: i-SIR and MALA samples, SN-GAN.
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(b) FIEx>MCMC samples
Figure 16: Ex2MCMC and FIExX2MCMC samples, SN-GAN.
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Figure 17: Energy profile for random axis pairs, DC-GAN
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(b) FIEx>MCMC samples
Figure 19: Ex2MCMC and FIEx?MCMC samples, DC-GAN.
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