Supplemental Materials: Consistent Interpolating Ensembles
via the Manifold-Hilbert Kernel

A.1 Basics of Riemannian Manifolds

In this section, we review the main concepts from Riemannian manifold theory essential to this work.
Our main references are Sakai [36] and Do Carmo [23]]. Throughout, d € N denotes the dimension.
We use the word smooth to mean infinitely differentiable.

Manifolds. A smooth manifold M of dimension d is a Hausdorff, second countable topological
space together with an atlas: a set Atlas := {(Uy, o) }aca Where 1). {Uy}aca is an open cover
of M, 2).foreach a € A, g, : Uy — 0a(Us) C R is a homeomorphism onto its image, and 3).
P © gogl t03(Ua NUB) — o, (U, NUR) is smooth for each pair o, 8 € A. An element (U, ¢)
of Atlas is called a chart.

Smooth maps. A real-valued function f : M — R is a smooth function if f o p~! is smooth

(in the elementary calculus sense) for all charts (U, ). The set of all smooth functions is denoted
Fn(M), which forms an R-vectorspace. Let N be another smooth manifold with atlas B. A function
®: M — N isasmoothmapif go ® € Fn(M ) for all g € Fn(N).

Tangent space. Let x € M. A derivation at x is a linear function v : Fn(M) — R satisfying
the product rule: v(fg] = f(z)v[f] + g(x)v[g] for all f,g € Fn(M). The tangent space at z,
denoted T}, M, is the vector space of all derivations at . Elements of T}, M are referred to as tangent
vectors at x. For a given chart (U, ¢) where © € U, define a derivation at x, denoted 9|, by

f s 1) (<p(;1c)) where L is the i-th partial derivative in ordinary calculus. It is a fact that
{0il :i=1,...,d} is abasis for T, M.

Although the above definition of a tangent vector is abstract, it can be concretely interpreted in terms
of derivative along a curve. Let a < ty < b be real numbers. A curve through x is a smooth map

7 : (a,b) — M such that y(ty) = z. Then Fa(M) > f — L f((t))|s=¢, € R defines a derivation
at z. Oftentimes, this derivation is denoted ¥(¢o) € T, M

Riemannian metric. The tangent bundle is the set TM := Um T,.M, which itself is a smooth
manifold of dimension 2d. A vector field on M is a smooth map V : M — T M such that
V(z) € T, M for all x € M. The set of all vectors fields on M is denoted V£ (M).

A Riemannian metric on M is a choice of an inner product (-, -},, (and thus, a norm || - ||,) on T,, M
for each x € M such that the function M — R given by z — (V(z),U(x)), is smooth for all
V,U € V£(M). As shorthands, when x is clear from context, we drop the subscripts and simply write
(-,-) and || - || instead. Choosing an orthonormal basis for T,, M with respect to (-, -),, for each x, we
can identify T, M with R? with the ordinary dot inner product.

Let z € M and (U, ¢) be a chart such that = € U. Define g;;(z) = (0;|s, 0j|2)«. Denote by G(x)
the d x d positive definite matrix [g;;(x)];;. Below, we will refer to the function G : U — R%*< as the
coordinate representation of the Riemannian metric. Define g% (z) := [G(x)~'];;. The Christoffel
symbols with respect to (U, ¢) are defined by Ffj = % 22:1 g“(ai\mgﬂ + 0j|2gi¢ — O¢|29i;). Note

that gie, g™, G, T'};, and 8;|g;¢ are all functions with domain U.

Geodesics. Fix a chart (U, ¢). Consider a smooth curve v : [a,b] — U. Let (;(t) := [¢(y(t))]: be
the i-th component functions. The curve -y is a geodesic if ( isa solution to the following system

of second order ordinary differential equations (ODE:s): dtg‘ + Z =115 0 yddgg ddif = 0 for all
i=1,...,datall time ¢ € [a,b].
Geodesics are minimizers of the so-called energy functional E(7y) = 5 f 1% (t) H2 dt. The above

system of ODEs are the analog of the “first derivative test” for local minimizers of E Thus, geodesics
are defined independently of the choice of the chart.

Exponential map. For x € M and v € T, M, there exists ¢ > 0 and a unique geodesic curve
Yo : [—€,€] = M such that v,(0) = z and 4,(0) = v. This follows from the existence and
uniqueness of the solution to an ODE given initial conditions where the ODE is as discussed above.
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Note that although geodesics are previously defined in U where (U, ) is a chart, they can be extended
outside of U using additional charts.

Letz € M and v € T, M be fixed and let v, : [—€,€] — M be as in the preceding paragraph. If
||v]|z < e, then define exp, (v) := 7, (1). A fundamental fact is that exp,,, known as the exponential
map at x, can be defined on an open set of 7, M containing the origin.

Distance function. Let z,& € M and a < b be real numbers. A piecewise smooth curve from z
to ¢ is a piecewise smooth map ~ : [a,b] — M such that v(a) = x and (b) = £. Assume that
M is connected. Then for all x { € M, there exists a piecewise smooth curve from x to £&. The
length of v is defined as len(y f 17() ly(¢ydt. Define distps(z,§) := inf{len(y) : yisa
piecewise smooth curve from x to § }, which is a metric on M in the sense of metric spaces (see [36}

Proposition 1.1]). For x € M and r € (0, 00), the open ball centered at = of radius r is denoted
By(r, M) :={z€ M :disty(z,2) <r}.
Complete Riemannian manifolds. A Riemannian manifold is complete if it is a complete metric

space under the metric dist ;. The Hopf-Rinow theorem ([23| Ch. 8, Theorem 2.8]) states that if M
is connected and complete, then the exponential exp,, can be defined on the entire T, M.

A.2 Proof of Lemma[4.1]

This section uses definitions and notations introduced in Section .1} In particular, recall the cut
locus C,, the tangent cut locus C,, the interior set I, and the tangent interior set I,,. The proof of
Lemma[.T]is presented towards the end of the section. At this point, we compile some facts from
various sources about the cut locus.

Lemma A.1. Forall x € M, we have

1. C, is a closed subset of M (Hebda [29, Proposition 1.2]).

I,NC, =0and I, UC, = M (Sakai [36, Ch II, Lemma 4.4 (1)])

1, is an open subset of M (immediate from 1 and 2 above)

exp,, : fx — 1, is a diffeomorphism ([36, Ch I, Lemma 4.4 (2)])

A (Cy) = 0, where Ay is the Riemann-Lebesgue measure (36, Lemma 4.4 (3)])

Ty Is continuous and inf,cy_ pr 7 (w) > 0 ([36) Ch II, Propositions 4.1 (2) and 4.13 (1)])
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While the following lemma is elementary, we provide a proof since we could not find one in the
literature.

Lemma A.2. Forall x € M, the (topological) closure of I, in T, M is D,. Furthermore, for all
x € M, we have exp,,(Dy) = M.

Proof of Lemma Take a convergent sequence {t;u; };eny C I; where u; € U, M and 0 < ¢; <
7o (u;). Let v* = lim; t;u;. Our goal is to show that v* € D, = I, U C,..

Since U, M is compact, we may assume that v* := lim; u; exists after passing to a subsequence if
necessary. Furthermore, ||t;u; ||, = ¢; implies that t* := lim, ¢; exists as well (i.e., t* < 00). Hence,
v* = t*u*

Consider the case that 7, (u*) = co. Then 0 < t* < 7, (u*) implies that v* = t*u* € I,.. For the

other case that t(u) < oo, we first note that t;u; € I, implies that ¢; < 7,,(u;). Taking the limit of
both sides, we have t* = lim; t; < lim; 7,,(u;) = 7, (u*). Note that the last limit can be exchanged

since 7, 1s continuous (Lemmapart 6). Thus, either t* < 7,(u*) in which case v* € Iw, or
t* = 7, (u*) in which case v* = 7, (u*)u* € C,.

For the “furthermore” part, note that
exp,(D,) = exp, (I, UC,) = exp, (I,) Uexp,(Cy) = [, UC, = M
where the last equality is Lemma[A.T|part 2. O

Proof of Lemmad.1} Denote by cl(T, M) the set of closed subsets of T,,M. Define ¢ : M —

(T, M) by () := {x € D, : exp, () = £} = exp; 1(€) N D,. Note that 1»(€) is a closed set by
LemmalA2]
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We claim that ¢ is wegkly-measurable, i.e., for every open set U C T, M, the subset of M defined
by {£ € M : ¢(&§) N U # 0} is Borel. To see this, note that

{¢eM:y(E)NU #0}

={¢e M exp; ()N D, NTU # 0}
={¢eM:exp,(D,NT) 3¢}

= exp, (D, NU).

As inner product spaces, T, M and R are isomorphic (see Section |A. 1] HRlemanman metric). Since,
T, M and R? are homeomorphic as topological spaces, R? being locally compact implies T}, M is

locally compact as well. Thus, we can write U = Uien K;asa countable union of compact sets
K; C T, M. Furthermore, D, N\U = |J, .y Dz N K; and so exp, (D, NU) = J,cy exp, (Dy N K).

Since exp,, is continuous, exp,, (Dw NK. ;) is a compact subset of M, and hence closed and bounded by
the Hopf-Rinow theorem ([23, Ch. 8, Theorem 2.8]). Thus, exp, (D, NU) = U,y exp,(Dz N K;)
is a countable union of closed sets, which is Borel. This proves the claim that v is weakly Borel
measurable.

By the Kuratowski—Ryll-Nardzewski measurable selection theorem (see |14, Theorem 6.9.3]), there
exists a Borel measurable function M — T, M, which we denote by log,, such that log,(§) €
P(€) = exp, 1(€) for all £ € M, as desired. By construction, log, () € exp, *(€) forall £ € M,
and so exp, (log,(£)) = £ is immediate.

For the “furthermore” part, let £ € M be arbitrary and let z := log, (§) € D,. Let {zi} C I,bea
sequence such that lim; z; = z. By Equation (6)), we have dist;(x, exp,(2;)) = ||z:||. By continu-
ity of dist s and exp,, we have dist s (z,§) = distas(z,exp,(z)) = lim; distas (2, exp,(2)).
To conclude, we have lim; dist (z, exp,(2;)) = lIm; |2z = [|12]ls = ||10g,(€)] 4. as desired.

A.3  Proof of Proposition 4.2]

Recall from Section Riemannian metric, given a chart (U, ¢), one can define the matrix-valued
function G : U — R¥*? referred to earlier as the coordinate representation of the Riemannian metric.
Now, Lemmam part 3 states that [, is an open neighborhood of x. Furthermore I, is an open
subset of T,, M, which is identified with R? using an orthonormal basis (see Section Riemannian
metric). Hence, {(I,,log, |1,)}zcnm is an atlas of M (see Section[A.T}Manifolds).

Definition A.3. The chart (I,,log, |1, ) is called a normal coordinate system at x. Let G : I, —
R?*4 be the coordinate representation of the Riemannian metric for this chart. To emphasize the
dependency on z, we write G, := G. Denote by G- : M — R%* the zero extension of G, to the
rest of M, i.e., GL(&) = G, (&) for & € I, and G- (€) is the zero matrix for £ & I,.

The normal coordinate system has the property that G, (z) = G+ (x) is the identity matrix. This is
the result of Sakai [36, Ch. II §2 Exercise 4].

Lemma A.4 (Change-of-Variables). Let x € M be fixed. Define the function v, : M — R by
vy (&) = /| det GL ()| where G is as in Deﬁnition Then v,, is Borel-measurable. Furthermore,
v, satisfies the following property: Let f : M — R be an absolutely integrable function. Define the
function

h:T,M —R by h(z):= f(exp,(2)) - vz(exp,(2)).

Then (i) h(0) = f(z) and (i) for all Borel set B C T,M we have [, fd\y = [z hdX where
B :=exp,(BNIL,).

Proof of Lemma We first show that v, is Borel-measurable. Recall that G5~ : M — R?*9 is the
zero extension of G, : I, — R, which is by definition smooth (see Section [A.I}Riemannian metric).

In particular, G, : I, — R is continuous and so \/det(G(e)) is Borel-measurable. Now, note that

det(GL(e)) is the zero extension of 1/det(G,(e)) from I, to M. Hence, v/det(GZL (o)), which
is v, by definition, is Borel-measurable.
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Next, we prove the “Furthermore” part (i). Note that exp,(0) = z. Moreover, G+ (z) = G,()
is the identity matrix as asserted after Definition @ (see Sakai [36), Ch. IT §2 Exercise 4]). Thus,

h(0) = f(exp,(0))y/] det G (exp,(0))| = f(2)V1 = f(), as desired.

For the “Furthermore” part (ii), we first note that B = (BN I,,) U (B N C,) expresses B as a disjoint
union. Thus, B = exp,,(B) = exp, (BN I,)Uexp(BNC,) expresses B as a disjoint union as well.
Moreover, exp(B N C,) C exp(C,) = Cy,, which has \j;-measure zero (Lemmapart 3).

Recall that A is the shorthand for the ordinary Lebesgue measure A« (see paragraph right after
Definition[3.T). Now, we directly compute to obtain the formula

/hdA:[ _ foexp, \/Idet(Gg%oexpgg)ldA
B BNI,

= / f oexp, \/| det(GL o exp,)|dA
log,, (exp,, (BNI,))

= / fdAns *.- Amann and Escher [[I, Ch XII, Thm 1.10]
exp, (BNI,)

:/ o fd)\M+/  fdiy
exp, (BNI;) exp, (BNCy)

= /de)\M7

as desired. O

Proposition A.5. Let x € M be fixed. Let X be a random variable on M with density fx where
the underlying probability space is (2, P, A) (see Definition . Define Z := log,(X). Then Z
is a random variable on T, M such that fo;: all events E € A and Borel sets B C T, M we have
Pr(EN{Z e B}) =Pr(EN{X €exp,(BNI,)}),
Proof of Proposition|A.3] To start with, we have
Pr(EN{Z e BY})
=Pr(En{Z ¢ Bn Dx}) " log, (M) C D,
=Pr(En{ZeBnL})+Pr(En{ZeBnC,}) Dy =1,UC,, 0 =1,nC,
=Pr(En{log,(X) e BNI,})+Pr(En{log,(X) e BNC,}).
Since exp,, : I, — I, is a diffeomorphism (Lemma partEI) with inverse log,, we have
En{log,(X)e BNI,} = EN{X €exp,(BNI,)}
as sets. On the other hand,
En{log,(X)e BNC,} C{X € C,}.
Finally, Pr(X € C,) = [, ¢, fxdAy = 0 since C;, has Apr-measure zero (Lemma part. O

Proof of Propositiond-2]part (). Recall that X is the shorthand for the ordinary Lebesgue measure
Aga (see paragraph right after Definition[3.I). Let E = Q in Proposition[A.3] Then we have

Pr(Z € B)

=Pr(X €exp,(BN1I,)) - Part (i)

:/ FxdAas " fx is the density of X
epr(Bﬁfz)

= / (fx oexp,) - (Vg 0 exp,)dA " LemmalA4]
Bni,

= [ fzdA *.» Definition of f;
B
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By assumption, fx is Borel-measurable. By Lemmal[A4] v, is Borel-measurable. Since exp,, is
continuous, we have that both fx o exp, and v, o exp, are Borel-measurable. This proves that f is
Borel-measurable. Hence, the integrand is Borel-measurable and a density function for Z. O

Proof of Proposition 2| part (ii). Recall that X is the shorthand for the ordinary Lebesgue mea-
sure Aga (see paragraph right after Definition 3.I). By Lemma part 6, we have 7} =
infuey,m 75 (u) > 0. Now, let r € (0,77). By the definition of r, we have B,(r, M) C I,.
Hence letting z = log,, (&) for £ € B, (r, M), by Equation () we have

distr(z,€) = disty (2, exp,(2)) = |12]l2- (8)
Thus,
log,, (B (r, M)) = {z € T, M : ||2||l. < r} = Bo(r, T, M) )
and
B.(r, M) = exp, (Bo(r, T, M)). (10)

Thus, by Lemmal[A.4] we have

/ Fdhag = / hd. (1
B, (r,M) Bo (7, Tx M)

Before proceeding, we need the following lemma:

A (Bo (rM))
A(Bo(r, T M)) —

Lemma A.6. Forall x € M, we have lim,_,
Proof of Lemma[A.8] Letwq := 7%2/T'(4 + 1) be the volume of the unit ball in R% where I is the
gamma function. Then A\(Bo(r, T, M)) = wyr?. Next, [36, Ch IL.5 Exercise 3] states that

rlwg — A (Bg (r, M) Wd

P—I}%J rd+2 - 6(d+2) Sa

where S, € R is a constant that depends only on x (it is the scalar curvature of M at x). By simple
algebra, the above yields

0= lim —
072 ward 6(d+2)

r—0 7

1 (1_)\M(Bw(r,M)) S,r? )

In particular, we have lim, o1 — % = 0, as desired. O

Now we continue with the proof of Proof of Proposition .2 part (). We observe that
f(z) = lim —fB”(T’M) fdha
r—0 s (BI (’/‘, M))

_ iy Stz oy A
r—=0 Apr (Bm (Ta M))

oo rar) AN Xy (B, (7, M)

"z is a Lebesgue point of f

. definition of A and equation (TT)

= li L A0
0t (B (r, M) ABo(r, ToaD)) - emmalad
_ fBo(nTw]\/[) hd\
= lim —/—>—F———.
r—0 A(Bo(r, T, M))
Since f(z) = h(0) (Lemmal[A.4) , we’ve shown that
9(0) = lim Ity MIX
r—0 A(Bo(r, T, M))"
Thus, 0 is a Lebesgue point of h, as desired. O
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A4 Proof of Proposition 4.3]

Recall that A is the shorthand for the ordinary Lebesgue measure Aga (see paragraph right after
Definition . Let A C Rand B C T, M be Borel subsets. Then

/EPY|Z(AIZ)fz(Z)dA(z)

- / Py|x (Al exp,(2))fz(2)dA\(z) . Definition of Py 7_.
B

:/ _ Prix(Al2) fx (2)dAn (@) .- Lemmal[A.4]and Proposition [4.2] (ii)
exp, (BNIp)

=Pr(Y € A, X €exp,(BN1,))
=Pr(Y € A, Z € B) .+ Proposition[.2] (i) with E := {Y € A}
This proves that Py (:|-) is a conditional probability for Y given Z.
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