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Abstract

We propose a testable universality hypothesis, asserting that seemingly disparate1

neural network solutions observed in the simple task of modular addition are2

unified under a common abstract algorithm. While prior work interpreted vari-3

ations in neuron-level representations as evidence for distinct algorithms, we4

demonstrate—through multi-level analyses spanning neurons, neuron clusters, and5

entire networks—that multilayer perceptrons and transformers universally imple-6

ment the abstract algorithm we call the approximate Chinese Remainder Theorem.7

Crucially, we introduce approximate cosets and show that neurons activate exclu-8

sively on them. Furthermore, our theory works for deep neural networks (DNNs).9

It predicts that universally learned solutions in DNNs with trainable embeddings10

or more than one hidden layer require only O(log n) features, a result we empir-11

ically confirm. This work thus provides the first theory-backed interpretation of12

multilayer networks solving modular addition. It advances generalizable inter-13

pretability and opens a testable universality hypothesis for group multiplication14

beyond modular addition.15

1 Introduction16

The universality hypothesis posits that neural networks learning related tasks converge to similar in-17

ternal solutions and that shared principles will underlie their representations regardless of architecture18

or initialization [1–3]. If true, it could provide a theoretical foundation for generalizing interpretabil-19

ity across diverse neural systems. Yet recent studies on related tasks (modular addition [4–8] and20

permuting lists [8, 9]) have cast doubt on this hypothesis by presenting disjoint interpretations of21

what networks learn between the two tasks, and even within the sole task of modular addition.22

We unify prior interpretations on modular addition. By presenting a generalization of cosets—sets23

of elements with strict modular equivalence—to approximate cosets containing elements that are24

“behaviorally similar,” instead of equivalent, our results abstract away the low-level details of how25

weights compute activations. This lets us show all previous interpretations [4–7, 10] are consistent26

under one common abstract algorithm we call the approximate Chinese Remainder Theorem (aCRT)27

(section 4.2). This abstraction reconciles the diversity in previously discovered mechanisms by28

interpreting them as different realizations of one algorithmic template. The main empirical results29

validate the breadth of our abstraction’s accuracy across hyperparameters, architectures, and depth.30

We open the universality hypothesis as a testable conjecture across all group-theoretic datasets.31

On modular addition (cyclic groups) we prove that all ReLU neurons learning sinusoidal functions32

activate only on approximate cosets or linear combinations of them (Theorem 4.4), giving a direct33

construction that instantiations of the abstract aCRT are learned. As our approximate cosets generalize34

cosets, work finding coset circuits in networks trained on permuting lists (permutation groups) [9]35

aligns with our results. This gives universality between datasets involving incredibly different groups.36
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We further the community’s understanding of interpretations on modular addition. Assuming37

neurons each learn a single frequency, we prove that networks exponentially reduce incorrect logit38

mass as more distinct frequencies are learned, concentrating the output near a Dirac on the correct39

answer. This recovers the theoretical result of [7], that 1-layer networks with neurons corresponding40

to each of the ⌊n
2 ⌋ total frequencies that exist modn have learned the maximum margin solution.41

Furthermore, a corollary predicts that deep neural networks (DNNs) have small margins between42

correct and incorrect logits unless O(log n) features are learned. These predictions are empirically43

validated across architectures, training regimes and both prime and composite moduli, whereas past44

works focused on prime moduli and representative networks from few seeds.45

2 Related work46

The first interpretability work in this domain aimed to understand the phenomenon of grokking47

[11]. Nanda et al. [4] analyzed 1-hidden layer transformers trained on modular addition, finding48

sinusoidal patterns of three to eight different frequencies in the weights, activations and attention.49

They showed that for each frequency, the embeddings placed inputs on a circle, and the network50

performed angle addition on this circle. Since adding angles corresponds to multiplying complex51

numbers, this nonlinear operation was attributed to the attention mechanism. This was termed the52

Fourier Multiplication Algorithm (later Clock [5]), and validated through ablation experiments.53

Follow-up work proposed a generalization of the Fourier Multiplication Algorithm called Group54

Composition via Representations (GCR) algorithm [10], which extended the idea of angle addition by55

treating group elements as linear operators and composing them to simulate group multiplication,56

aiming to unify mechanisms across group tasks. They applied GCR to both modular addition and57

permutations (Sn), as representative group settings. However, later work by Stander et al. [9] reverse-58

engineered models trained on Sn under identical conditions and found that networks instead learn59

coset-based circuits, refuting the GCR universality claim. Furthermore, Zhong et al. [5] showed60

that in modular addition, training hyperparameters could induce learning qualitatively different61

mechanisms. They introduced the Pizza circuit, which contrasted with [4]’s clock. They even showed62

that both clock and pizza circuits could coexist within the same network simultaneously, suggesting63

that even with fixed data, networks could converge to non-unique mechanisms.64

Meanwhile, theoreticians explored idealized settings for modular addition: Gromov [6], constructed65

a solution for 1-layer multilayer perceptrons (MLPs) with quadratic activations, showing a local66

minimum exists where each neuron specializes to a sinusoid of a single frequency, and consequentially67

each ⌊n
2 ⌋ frequency is represented by some neuron in the network. Later, it was proven that this68

solution maximizes the margin [7], while independently and simultaneously, work connected margin69

maximization to grokking in similar networks [12].70

By this point, the universality hypothesis appeared untenable. No similarities were found across group71

tasks and even on just modular addition, 1-layer MLPs found ⌊n
2 ⌋ frequencies, 1-layer transformers72

learned substantially less, and changing hyperparameters resulted in learning different circuits.73

3 Background74

Modular addition, written as c = (a + b) mod n, gives the remainder c when the sum a + b is75

divided by n. For example, 5 + 7 = 12, and 12 mod 12 = 0. We can think of this as wrapping76

numbers around a circle of size n, once we pass n, we start over at 0. This arithmetic defines a77

structure known as the cyclic group Cn = {0, 1, . . . , n− 1}. In Cn, every number is equivalent to78

its remainder class modulo n, denoted (mod n), e.g. 8 ≡ 2 (mod 6), since 8 = 6 · 1+ 2. Modular79

arithmetic also supports multiplication: for instance, x · y ≡ 1 mod n when y is the modular80

inverse of x, which we denote x−1. These inverses exist when x and n are coprime.81

Next, consider remainders mod m, where m divides n. This coarser division groups elements of Cn82

into cosets—sets of values that differ by multiples of m. For example, in C6, the elements can be83

grouped into three cosets mod 3: {0, 3}, {1, 4}, and {2, 5}. Each coset marks out equally spaced84

points on the circle—it is a cycle. They will play a key role in our work, as neurons (and neuron85

clusters) will perform coset-like computations. See Appendix A for more discussion on group theory.86
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The Chinese Remainder Theorem (CRT) provides a way to simplify computations modulo n by87

breaking them into smaller, independent computations. If n factors into coprime integers (meaning88

they share no factors) n = q1q2 · · · qk, then computing (a + b) mod n is equivalent to computing89

(a + b) mod qi for each qi, then reconstructing the original result. The CRT guarantees that the90

system of congruences (a+ b) ≡ mi (mod qi) (for i = 1, . . . , k) has a unique solution modulo n.91

Each equation defines a coset, and the intersection of these cosets gives the final result. For example,92

suppose we want to find c = (a+ b) mod 91 that satisfies: c ≡ 3 (mod 7), c ≡ 10 (mod 13). Each93

congruence defines a coset {3, 10, 17, . . . } and {10, 23, 36, . . . } respectively. Their intersection is94

10 and thus the unique solution is c = 10. We hypothesize that networks learn structure similar to the95

CRT decomposition to solve a+ b (mod n).96

Particular Cayley graphs and generating Cayley graphs are critical for understanding section 4.1.97

Recall Cn = {0, 1, . . . , n − 1}; take s ∈ Cn, s ̸= 0. We generate a Cayley graph, called Γ, by98

starting at g ∈ Cn and making an edge to (g + s) mod n, then an edge to (g + 2s) mod n, . . . ,99

until a cycle is made. For example, arrange 6 vertices in a circle. Using s = 1, step around the100

circle, connecting neighbors with an edge, generating a 6-cycle. Using s = 2 connects every second101

vertex, generating two disconnected 3-cycles based on where you start. These 3-cycles are the cosets:102

{0, 2, 4}, {1, 3, 5}. Using s = 3 gives three 2-cycles. See s = 11, n = 66 in panel 1 of Fig. 2.103

Clock and Pizza Interpretations. Both circuits embed inputs a and b on a circle as Ea =104

[cos(2πa/p), sin(2πa/p)],Eb = [cos(2πb/p), sin(2πb/p)]. Post-attention, clocks compute the angle105

sum: h(a, b) = [cos(2π(a+b)/p), sin(2π(a+b)/p)], and pizzas compute a vector mean of the embed-106

dings on the circle: h(a, b) = 1
2 (Ea+Eb) =

1
2 [cos(2πa/p)+cos(2πb/p), sin(2πa/p)+sin(2πb/p)].107

Problem setting and setup. The task is modular addition: given inputs (a, b), predict c = a + b108

mod n. The dataset includes all n2 input pairs. Inputs are either one-hot encoded or embedded via109

a learned matrix with n rows and 128-dimensional vectors, resulting in concatenated input pairs110

(Ea,Eb). We train 1–4 layer MLPs and 1–4 layer transformers. We use the exact transformer111

architectures from [5], where attention is modulated by a coefficient α. Pizza (α = 0.0) uses constant,112

uniform attention (all-ones matrix), while clock (α = 1.0) has learnable sigmoidal attention. Both113

models share the same structure: an embedding layer, one transformer block, and a 1-hidden layer114

MLP. We follow prior work in applying L2 regularization, shown to encourage generalization [11].115

Also, we apply discrete Fourier transforms (DFT) to analyze the frequencies learned by each neuron.116

4 Theoretical and empirical results117

An intuitive overview of the mathematical details in section 4.1 is: neurons learn sinusoidal functions118

and we explain how to identify which Cayley graph a neuron understands; the Cayley graphs for the119

cyclic group are circle graphs; these Cayley graphs are generated by connecting every step size dth120

vertex on the circle; approximate cosets are sets of vertices that are close on the graph generated by d.121

4.1 Our theoretical toolkit for modular addition122

The simple neuron model. The mathematics in this paper assumes the simple neuron model: neurons123

approximate or specialize to sinusoidal functions of frequency f . The primary empirical results124

(section 4.4) validate this assumption across architectures, hyperparameters, random seeds, moduli125

and depth (Figs. [4-9]). This model is derived by generalizing the sinusoidal model for neurons from126

[6, 7] as they assume one-hot encoded inputs to the network, to a model fitting both one-hot encoded127

architectures and those used in practice (having trainable embeddings [4, 5]). For a+ b mod n, the128

inputs a and b are encoded as embeddings A = [A0, . . . , An−1] and B = [B0, . . . , Bn−1], where129

Ai, Bi ∈ Rd. The output logits are D = [D0, . . . Dn−1] ∈ Rn. Let w(U, V ) be the dot product of130

all values from U with edge weights going to V . Then a simple neuron N has frequency and phase131

shifts for A and B: f, sA, sB ∈ Cn, and positive real number α such that for each k ∈ Cn we have132

w(Ai, N) = cos 2πf(i−sA)
n , w(Bj , N) = cos 2πf(j−sB)

n , w(N,Dk) = α cos 2πf(k−sA−sB)
n .

If training makes neurons converge to simple neurons, then their frequencies can be normalized to be133

1 by applying an isomorphism (Def. 4.2). Consequently, qualitative comparisons between neurons of134

different frequencies are now possible (Fig. 1).135
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Definition 4.1 (Step size). d := ( f
gcd(f,n) )

−1(mod n
gcd(f,n) ), where the modular inverse is used.136

Definition 4.2 (Remapping: frequency normalization). Consider the function h(x) = cos(2πfx/n)137

with frequency f . We define a new function g, allowing us to perform something analogous to a138

change of variables using the step size d: g(d · x) = h(x) ⇐⇒ g(x) = h(d−1 · x).139

Figure 1: Preactivation values over a fixing b = 5 on c = (a+ b) mod 59 of a neuron from an MLP,
pizza and clock show qualitative equivalence after remapping (Def. 4.2): they all have frequency 1.

Approximate cosets. The CRT relies on cosets. A neuron with frequency f will only take values on140

a coset when gcd(f, n) > 1. Since our experiments suggest neural networks approximate the CRT’s141

decomposition even when the learned frequencies don’t factor the modulus, we instead generalize142

cosets from requiring a strict equivalence among elements to approximate cosets. These require143

elements to be similar, which means the shortest path distance on their Cayley graph is small. Later,144

theorem 4.4 gives that all neuron activations (ReLU > 0) in all layers occur on approximate cosets.145

Let f ∈ Cn. Recall Def. 4.1: d determines how we step around the circleCn. There are n′ = n
gcd(f,n)146

distinct positions reachable in this way. These positions form cycle Cn′ , which is a smaller (or equal)147

copy of Cn. d ∈ Cn is the step size in Cn′ . Generate Γ, the Cayley graph of Cn′ using d. We now148

introduce approximate cosets (approximate equivalence classes) using the minimum path distance149

between vertices in Γ. For distances 1 ≤ k1 ≤ n and 1 ≤ k2 ≤ n, the approximate coset is the set150

of vertices on the path from c − (dk1) to c + (dk2), stepping by d. If gcd(f, n) > 1: elements in151

the same coset as c are distance 0 from each other as they are the same vertex on the Cayley graph,152

adjacent vertices are distance 1, etc (see panel 1 Fig 2). If gcd(f, n) = 1: Γ has one element with153

distance 0: c (see panel 4 Fig 2). Thus, approximate cosets are more general than cosets.154

Definition 4.3 (Approximate cosets). Let 1 ≤ k1 ≤ n and 1 ≤ k2 ≤ n. We call the set {c −155

k1d, . . . , c− 2d, c− d, c, c+ d, c+ 2d, . . . , c+ k2d} an approximate coset.156

Theorem 4.4. Simple neurons in layer 1 activate (ReLU > 0) on an approximate coset containing157

the correct answer c, by concentrating their preactivations on approximate cosets that contain a and158

b; all neurons in later hidden layers activate on linear combinations of approximate cosets.159
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Figure 2: Visualizing how neurons learn approximate coset structure. Panel 1 shows the circle graph
on 66 elements generated by starting at a = 0 and taking 6 steps of ±11, creating the 66

11 = 6 cosets
of points {a (mod 6) ≡ 0}, {a (mod 6) ≡ 1}, . . . , {a (mod 6) ≡ 5}. The graph distance to each
coset from coset {a (mod 6) ≡ 0} (in yellow) is given. 2: the neuron learned cos( 11(2π)a66 ); the
distances annotated on points follow from 1. This neuron only activates (ReLU > 0) on distances
0 and 1. 3: remapping shows all members of each coset collapse into an equivalence class. Panels
4-6 show the circle graph on 67 elements generated by ±11; since gcd(11, 67) = 1, the neuron
can’t activate at the same strength on equivalent points (cosets) and instead activates with strengths
proportional to distances on the Cayley graph. All elements the neuron takes positive values on are
an approximate coset, shown in bright viridis colors decaying with distance.
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4.2 The abstract approximate Chinese Remainder Theorem160

By defining approximate cosets, and proving Theorem 4.4, a straightforward construction for the161

abstract algorithm being instantiated by neural networks can now be given. An abstract algorithm is a162

general template or high-level strategy for a problem. It outlines the steps to be followed but leaves163

room for different low-level implementations. For example, the classic breadth-first search algorithm164

traverses a graph by visiting all neighbors of a node, then all neighbors of those nodes, and so on.165

While the abstract idea is the same, the implementation details can vary: one version may use a linked166

list, while another may use a queue. Thus, the compiled machine code can differ significantly, like167

how the networks features can be computed by very different pizza or clock circuits.168

Remark 4.5. The sinusoidal neuron based CRT. The CRT decomposes the modular system (a+ b)169

mod n into O(log(n)) modular subsystems. This follows from a number having at most log(n)170

factors (e.g. j = 2i, has log2(j) factors). The CRT solves the original modular system by intersecting171

the cosets that the solution of each subsystem belongs to. Suppose the CRT can be used to decompose172

(a + b) mod n. Then, a sinusoidal neuron based CRT is constructed with O(log(n)) unique173

frequencies f with gcd(f, n) = f . Make n
f sinusoids, one for each coset (O(n) neurons), that are174

only positive on one of the cosets {a+ b (mod n
f )} using the y-intercept (neuron bias) so the neuron175

only activates if the answer is in the coset. The argmax of the linear combination of these neurons to176

the output logits selects the correct answer deterministically.177

Armed with Theorem 4.4, deriving an abstract algorithm that Remark 4.5, instantiates is simple.178

Remark 4.5 assumes “the CRT can decompose (a+ b) mod n” into coset structure, but cosets are a179

subset of approximate cosets, making cosets a specific implementation under an abstract template.180

Furthermore, Theorem 4.7 addresses the approximate cosets case (f does not divide n) in section 4.3.181

It gives that O(log(n)) randomly selected frequencies are enough to get reasonable margins between182

correct and incorrect logits, matching the number of frequencies required by the CRT.183

Abstract algorithm 4.6. The minimal template: the abstract aCRT. Take O(log(n)) random fre-184

quencies and for each frequency generate sinusoidal neurons with that frequency and set their phases185

such that they pick out different approximate cosets that the answer (a+ b) mod n is in.186

Two things are left to show: the O(log(n)) frequency bound in section 4.3 and that DNNs learn187

solutions that are realizations of Algorithm 4.6. The latter is exhaustively validated in section 4.4:188

finding all architectures are well abstracted by approximate cosets.189

4.3 How many frequencies are needed to instantiate the aCRT with simple neurons?190

We now present Theorem 4.7, which assumes that sinusoids are learned by the neurons. It predicts191

that networks push incorrect logits down exponentially as the number of frequencies that are learned192

in the network increases. Analogously to Morwani et al. [7], it gives that the maximum margin193

solution requires all frequencies to be learned, but also yields additional information about the size194

of margins a network can acquire with fewer frequencies. A simple corollary gives that O(log(n))195

frequencies are sufficient to get margins larger than Ω(log(n)).196

Let n be the number of output neurons (the modulus), let m be the number of distinct frequencies197

learned by the network and m′ be the maximum output logit value across the dataset. Fix two198

parameters: 0 < δ < 1, controlling the required margin between the correct and incorrect outputs;199

0 < ρ < 1, the target probability of success. We model the neural network’s output at logit k200

by h(k) =
∑m

ℓ=1 cos
(

2πfℓ
n (k − i− j)

)
, where each frequency fℓ is drawn uniformly at random201

from {1, 2, . . . , n2 }. We seek conditions on m so that, with probability at least ρ, the value h(k) is202

well-separated from the maximum m′ for all incorrect outputs k ̸= i+ j mod n.203

Theorem 4.7. Suppose that an integer m and reals 0 < ρ, δ < 1 satisfy the inequality204

m >
2 loge n− 2 loge(2− 2ρ)

loge(π/δ)− 1
.

Then, with probability at least ρ, for all k ̸= i + j mod n, we have h(i + j) − h(k) > δm. See205

Appendix C for the proof.206

Corollary 4.8. Learning O(log n) distinct frequencies gives a logit margin Ω(log n); after softmax,207

incorrect classes receive at most n−Ω(1) probability mass.208
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Note: it is still possible for networks to learn solutions utilizing a single frequency! Indeed, these209

solutions have poor margins, making them poor local minima. Unsurprisingly, they are rarely learned210

and only show up at the edge of the grid search returned by hyperparameter tuning. We empirically211

validate corollary 4.8 in Fig. 3 by varying the moduli over multiple orders of magnitude including212

moduli that are prime, highly composite numbers, composite numbers and powers of only 2, e.g.213

64, 256, etc. The samples are such that the R2 of fitting them with logarithmic functions is very214

high, empirically verifying the prediction of Corollary 4.8 that indeed O(log(n)) frequencies are215

reasonable. As the data contains both prime and composite moduli, it suggests moduli have little216

effect on what the network ultimately learns, though if a frequency divides the modulus it can be the217

case that less neurons of that frequency exist (see Appendix. G.7).218

Figure 3: The number of frequencies found in clocks, pizzas, and MLPs as the modulus n increases.
We plot the data on logarithmic and linear axes, showing logarithmic fits have very high R2 scores.

4.4 Empirical results supporting the simple neuron model and approximate coset abstraction219

See Appendix E for experimental details.220
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One-hot encoded MLPs. Previous work shows ⌊n
2 ⌋221

types of neurons are found, each specializing to a sinu-222

soid with one frequency with 1 hidden layer [6, 7]. We223

show that adding either depth, or a trainable embedding224

matrix for inputs, causes the network to transition from225

learning ⌊n
2 ⌋ types of neurons to much fewer types226

in Fig. 4. The presence of the trainable embeddings227

is why the models trained in [4, 8, 5] were observed228

to learn handfuls of frequencies (3-7) instead of ⌊n
2 ⌋229

frequencies, despite being one hidden layer models.230

The neural preactivations in 1 layer networks. In231

the vast majority of cases, neurons in all 1 layer architectures can be approximated well by degree232

1 sine functions with integer f . This is because the preactivations of most neurons are “simple”,233

meaning that they have frequency equal to 1 once remapped (Definition 4.2) (Fig 1). This is despite234

the presence of secondary frequencies in smaller width architectures. These occur less often as the235

width of the layers is increased (Fig 5), which shows neurons with secondary frequencies on the236

left, and the R2 of fitting a single sine, or a sum of two sines with different frequencies, through the237

preactivations on the right. Thus, as the width is scaled, approximating neurons as simple neurons (1238

sine is fit through their preactivations) becomes better. Note: at widths excessive for this task (≤2048239

neurons) it rarely occurs, but it’s the case that a few neurons can learn sinusoids with frequency f
2240

(App. G.4 Fig. 28). While these still satisfy our definition of approximate cosets and Theorem 4.4241

covers their existence, they break previous theoretical models assuming integer frequency [6, 7].242

Depth’s effect on neural preactivations. The first layer is fit with a very high R2 in models of243

all depths, but adding layers introduces a caveat in the transformer architectures. In MLPs, it is244

possible to fit every neuron in every layer and maintain 100% test accuracy by assuming the neural245

preactivations are of the form f(a, b) = sin(fa+ ϕ) + sin(fb+ ϕ), where ϕ is the phase shift (Fig.246

6). In transformers however, this only works with a high R2 for the first layer. The reason is that247

the form of the logits f(a, b) = cos(f(a + b − c)), described by [4] is a second-order (quadratic)248

sinusoid and starts to appear in layers after the 1st layer, but before the logits. Indeed, we find that249

in deeper networks, neurons after the first layer can be either simple, cos(f(a+ b− c)), or a linear250

combination in superposition of these two forms. Thus, fitting just cos(a+ b) or just cos(a) + cos(b)251

is not sufficient to maintain 100% accuracy. To see this, see Fig. 8, which shows the percentage of252
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Figure 5: Left: cluster preactivations from a clock with small but present secondary spikes in the
DFT. Right: as the width of the models is increased, the presence of the secondary spikes fades, 2
sines is fitting a sum of 2 different f sines, allowing the inclusion of a secondary peak in the fit.

activations that have their best R2 achieved by fitting just order one sinusoids in a and b in a 2-hidden253

layer transformer. Thus, we fit linear combinations of (cos(f(a+b)))+(cos(fa)+cos(fb)) through254

neurons in layers after 1 in Fig. 7 and conclude that transformers “backpropagate the form of the255

logits” more than MLPs, which is why MLPs can be fit well using only first-order sinusoids.256

Figure 6: R2 of fitting each neuron in layer 1 as a simple neuron and fitting a sum of sines of each
frequency in layer 1 through layers 2-4 for 1,2,3 and 4 layer MLPs. The large volume of green
checkmarks implies replacing neurons with simple neurons does not decrease the network’s accuracy
implying that our abstraction is robust to changes in training conditions and architectures.

Furthermore, we could see a preference for learning precise cosets (should they exist) over approxi-257

mate cosets as this could reduce approximation error in DNNs. We explore this in Fig. 9, showing258

that for n = 66, all architectures present a preference for learning precise cosets. This is strong259

evidence supporting the abstract aCRT algorithm as it implies DNNs try to learn CRT-like behaviour.260

Our results show that in all architectures, layer 1 uses only simple neurons, with other layers still261

utilizing them, implying Algorithm 4.6 is instantiated. Furthermore, it follows from this that we’ve262

shown that all neurons downstream of layer 1 activate on linear combinations of approximate cosets.263

Combined with the results of [9], that the GCR algorithm [8] is not universal and instead coset264

circuits are learned in networks learning group multiplication in the permutation group, we open the265

universality hypothesis on group multiplication datasets as Conjecture 4.9.266
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Figure 7: R2 of fitting order 1 sines through neurons in layer 1, then fitting a sum of length equal to
the number of unique frequencies in layer 1, of order one or order two sines for layers 2, 3, 4. The
large volume of green checkmarks tells us that our abstraction doesn’t affect the model’s accuracy
and is robust to varying training conditions and architectures.

Figure 8: The percent of neurons with their best fit involving only order 1 sines. The result can be
interpreted as neurons existing that are operating on first order sinusoids in deep layers. With ideal
hyperparameters, almost 100% of neurons in layer 2 can have their best fits coming from order one
sinusoids, though this occupies very little volume in the hyperparameter grid.

Conjecture 4.9. The universality in structures learned by networks trained to fit group multiplication267

will be found as coset circuits, and more generally as approximate coset circuits computing features.268

At this point, we have shown that our definition of approximate cosets functions as a sufficient269

abstraction for simplifying the representations learned by networks of various architectures.270

5 Discussion and Conclusion271

We argue that approximate cosets are critical in all architectures because they instantiate the aCRT.272

We support this both with empirical evidence across a large range of hyperparameters, seeds and273

different moduli, and theorems. Approximate cosets provide DNNs with structures analogous to274

the cosets the CRT operates on. The CRT uses O(log(n)) modular subsystems, and Corollary 4.8275

gives that DNNs need O(log(n)) unique frequencies to analogously induce modular subsystems.276

Furthermore, approximate cosets shed light on how the network learns second order sines with277

ReLU activations (activating on the coset of c requires understanding coset membership of a+ b), a278

previously unexplained result in Nanda et al. [4] and Chughtai et al. [10]. As the proof for theorem279

4.4 shows, a neuron learns to fire strongly on the coset that c is in, by understanding which cosets280

8



Figure 9: Histograms of the number of times each frequency was learned while training on (a+ b)
mod 66. Note: attention in the clock models results in learning frequency 6 cosets in layer 1/4.

a and b are in. The conclusion is that in abstracting away the small details in how weights in281

different architectures explicitly compute modular addition, we unify previous interpretations under282

the abstract aCRT template.283

Our initial hypothesis was that neural networks trained on modular addition with composite moduli284

would learn the Chinese Remainder Theorem (CRT), leveraging coset structure where it naturally285

applies. Early empirical results supported this view, revealing a preference for frequencies that286

cleanly divide the modulus—suggesting alignment with exact coset structure. However, we observed287

that networks often learned only a single such frequency, alongside others that did not correspond to288

precise cosets. This prompted further investigation. Upon examining both qualitative patterns and289

quantitative behavior, we found no meaningful distinction between neurons associated with coset-290

aligned frequencies and those that were not. This observation led to a critical insight: networks may be291

implementing an algorithmic template resembling the CRT even when its mathematical prerequisites292

are not strictly satisfied. This realization motivated the formulation of the abstract approximate CRT293

(aCRT), generalizing the role of cosets to approximate cosets as a unifying structure.294

Due to modular addition being multiplication in the cyclic group and our approximate cosets general-295

izing cosets, our interpretation establishes universality between cyclic and permutation groups. This296

follows from the result that coset circuits are learned in networks trained on the permutation group297

[9]. Thus, we establish universality between very different tasks, related only by the fact they are both298

groups. This allows us to open the testable universality hypothesis on group multiplication datasets.299

5.1 Limitations and future work300

In group theory, a group with the least structure is a cyclic group of prime order and by Cayley’s301

theorem, all groups are subgroups of the permutation group—the king of group structure. Despite302

these groups occupying the upper and lower extremes of structure, our result yields universality in303

the structure DNNs learn on these tasks. This unification with Stander et al. [9] is why we believe it’s304

likely that networks learning all groups will utilize structures that can be viewed under a more general305

definition—approximate cosets involving distances on Cayley graphs. A core limitation of our work306

is that we do not explore the groups between these two extremes. We believe that this is a promising307

avenue for future work to explore, with successful testing offering the potential to demonstrate that308

the universality hypothesis is true in the very diverse space of all possible group multiplications.309

While we are the first to point out how to cause a phase transition from O(n) to O(log(n)) learned310

frequencies (Fig. 4), we don’t know why it occurs. Theorem 4.7 only says this solution should have311

great margins, and it does [7]. This gives two directions for future work: why this happens: are the312

training dynamics wildly different? What causes it: does the network learn something significantly313

different that both we, and prior work, fail to see? The fact these are open questions—on a math task314

that’s become very well understood over 1500 years since inception—suggests an urgent need for315

new interpretability tools. Finally, Theorem 4.7 doesn’t answer how many neurons are needed per316

learned frequency; giving a trivial lower bound of Ω(1) neurons. Empirical results are in Appendix317

G.7, but don’t give an obvious direction for proving bounds. We believe answering this is necessary318

for the interpretability community to gain a full understanding of a task. This may be an entire paper319

in itself. It looks non-trivial (to us) and requires careful arguments with non-linear ReLU activations.320
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A Additional Background481

A.1 Conceptual Background and Additional Related Work482

This appendix expands on the conceptual foundations and related work that motivated our approach.483

We first review key debates in mechanistic interpretability—particularly around universality and484

abstraction—before turning to mathematical tasks as ideal testbeds for studying learned structure.485

Mechanistic Interpretability, Universality and Levels of Abstraction.486

Mechanistic interpretability seeks to reverse-engineer trained neural networks by identifying the487

roles of individual components–such as neurons, attention heads, or MLP weights–in the model’s488

learned function [13]. It aims to explain how models arrive at their outputs by analyzing the specific489

components and pathways involved in their internal computations. A central focus of this paradigm is490

on circuits [1, 14, 15]: small groups of components (essentially a subnetwork) that together perform491

a recognizable subtask such as copying, induction or composition [16]. Over time, researchers492

13



have identified recurring patterns in these circuits–known as motifs–such as superposition [17]493

(where multiple features share the same subspace), equivariance (where computations respect certain494

transformations) or unioning over cases (where a unit activates for multiple distinct patterns without495

distinguishing between them). These recurring motifs offer generalizable insight into how networks496

compute [1].497

A central idea in mechanistic interpretability is universality–the informal hypothesis that indepen-498

dently trained neural networks tend to develop similar internal structures [2, 1]. The appeal is clear:499

if models trained in different conditions all learn the same solution, then interpreting one model500

could offer insight into many. However, what “similar” means in this context has often gone unstated.501

Universality might refer to alignment in learned features, to similarity in neuron roles or circuits, or502

to shared algorithmic structure—but these possibilities are rarely distinguished. At the same time,503

empirical findings are mixed: while some studies report that representations in vision and language504

models become increasingly aligned as model scale increases [3], others show divergences in learned505

mechanisms even on simple algorithmic/mathematical tasks [5, 9]. Together, these findings highlight506

a deeper issue: the field lacks a clear definition of what kind of structure should be expected to be507

universal–and at what level of abstraction such universality should be evaluated.508

A major challenge in this area is the ambiguity of the term circuit, which can refer to anything509

from small neuron clusters to nearly full-network subnetworks. This flexibility enables compelling510

case studies, but hinders comparisons across scales. In early interpretability work, [4] introduced511

the Fourier Multiplication Algorithm (later called the Clock), showing that transformers trained on512

modular addition learned to represent inputs on circles and perform angle addition via attention.513

Chughtai et al. [8] proposed a broader generalization—the Group Composition via Representations514

(GCR) algorithm—suggesting a universal algorithm for group tasks based on multiplying group515

representations. In both cases, the term “algorithm” referred to the local computation implemented516

by a circuit defined over a specific Fourier frequency or irreducible representation (irrep). However,517

later work challenged the universality of these circuit-level “algorithms”. Zhong et al. [5] found that518

different training settings could induce qualitatively different frequency-specific circuits (e.g., the519

Pizza circuit), and showed that multiple distinct frequency-based circuits could coexist within the520

same model. Stander et al. [9] analyzed models trained on Sn and found coset-based circuits–rather521

than irrep-based implementations of GCR–further undermining its algorithmic universality claim.522

These results suggest that even when models solve the same task, they may not implement the same523

algorithm at the circuit level. Our work shifts perspective. We define a model’s algorithm as a524

global computational strategy realized across the full network. To uncover this, we take a multiscale525

approach–analyzing the behavior of individual neurons, how frequency-aligned clusters of neurons526

work together, and how these clusters interact to form a coherent global solution. Our simple neuron527

model helps reconcile prior findings by showing that seemingly different circuit behaviors can be528

well-approximated within a unified functional form. At the cluster level, we have coset computations.529

At the full-network level, we identify a consistent solution that emerges across architectures and530

training runs: a universal abstract algorithm, formalized as an approximate version of the Chinese531

Remainder Theorem (aCRT). This perspective explains how models can converge to the same high-532

level structure even when their lower-level mechanisms diverge. Unlike prior analyses focused on533

isolated subcircuits, we sought to understand how computation emerges across scales–from individual534

neurons to full-model solutions–and show that models can share the same network-level algorithmic535

structure despite mechanistic variability.536

Much of the confusion around universality stems from comparing models without distinguishing537

between different levels of abstraction. Recent work has proposed frameworks from cognitive538

science—especially Marr’s levels of analysis [18–21]—as useful tools in interpretability, helping539

clarify what kind of explanations are being offered. Marr distinguishes between (1) the computational540

level (what problem is solved), (2) the algorithmic level (how it is solved), and (3) the implemen-541

tational level (how it is physically realized). Although not developed for studying universality and542

not formally used in our main analysis, we find these ideas helpful as a retrospective lens—both for543

understanding why prior analyses disagreed—and for identifying common structure where others544

saw divergence. For example, Vilas et al. [21] propose looking for invariances across levels and545

enforcing mutual constraints between levels as guiding principles. Our approach reflects both: we546

uncover a consistent computational-level (in the sense of Marr’s levels) solution, the aCRT, that547

unifies divergent circuit-level behaviors and reveals a form of universality that holds at a more abstract548

level than previously recognized—what we refer to as the universal abstract algorithm.549
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Mathematical and Algorithmic Tasks as Interpretable Testbeds for Machine Learning.550

Mathematical and algorithmic tasks—such as modular addition, group operations, sorting, and551

Markov chains—have become valuable testbeds for studying machine learning systems. Their552

appeal lies in their formal structure: these problems have been studied for centuries, with well-553

understood properties. Because the task structure is fully known, optimal solutions are analyzable and554

generalization behavior can be sharply characterized—unlike in typical natural data settings. This555

makes them ideal environments for probing what neural networks learn and how. While primarily556

used to study model internals, these tasks also have practical relevance; for example, transformers557

trained on modular arithmetic have been applied to attack lattice-based cryptographic schemes [22].558

These tasks have been central to studying grokking, the phenomenon where models generalize559

abruptly after a period of overfitting [11]. Using modular addition as a testbed, researchers have560

linked grokking to structured internal representations [23, 6], margin maximization [12, 7], label561

corruption [24], and non-neural architectures [25], or how distinct circuits emerge during grokking562

for different modular arithmetic tasks [26]. Other work has connected grokking to training phase563

transitions, such as shifts between lazy and rich regimes in modular addition [27] and polynomial564

regression [28]. Several papers also provide exact analytical constructions of specific network565

weights: one-layer, one-hot encoded networks with quadratic activations solving modular addition566

[6, 7], and ReLU networks solving modular multiplication for modeling grokked solutions in modular567

polynomials [29].568

Beyond grokking, mathematical tasks have helped probe generalization, learning dynamics, and569

in-context learning. Modular addition and Markov chains have served as controlled environments for570

studying how transformers acquire in-context learning capabilities [30, 31]. Other work has shown571

that repeating training examples affects generalization in tasks like greatest common divisor (GCD),572

modular multiplication, and matrix eigenvalue prediction [32], and that arithmetic tasks shed light573

on how transformers handle length generalization [33, 34]. In the GCD setting specifically, models574

appear to select from a small, learned set of candidate divisors [35].575

While most research in this area focuses on supervised learning, some work investigates how576

reinforcement learning (RL) agents operate in mathematical environments. Agents trained on tasks577

like matrix multiplication or sorting have been observed to discover novel, interpretable algorithms578

[36, 37]. Other work leverages group-theoretic structure to enable exact analysis: environments built579

using the temporal symmetries of affine Weyl groups allow analytical characterization of the policy580

gradient landscape, yielding closed-form gradient dynamics and local optima and providing insight581

into how exploration difficulty affects learning [38]. Similarly, interpretable RL environments based582

on Erdos-Selfridge-Spencer games have been developed, with exact optimal strategies and tunable583

difficulty controlled by human-interpretable environment parameters [39].584

Together, this body of work establishes mathematical tasks as invaluable tools for interpretability.585

Their known structure enables precise analysis of learned behavior, supports abstraction-driven586

explanations, and provides testbeds where claims about generalization and universality can be587

rigorously evaluated.588

A.2 Additional Mathematical Background589

This section provides formal definitions and examples of the group-theoretic structures that underlie590

our analysis of modular addition networks: groups, cosets, Cayley graphs, group representations, and591

the Chinese Remainder Theorem (CRT). These definitions support the structures described in the592

main text: simple neurons, approximate cosets and the approximate CRT algorithm we identify in593

trained networks.594

Groups, Subgroups and Cosets.595

Definition A.1 (Group). A group (G, ◦) consists of a set G equipped with a binary operation596

◦ : G×G→ G satisfying:597

1. Associativity: (f ◦ g) ◦ h = f ◦ (g ◦ h) for all f, g, h ∈ G.598

2. Identity: There exists an element e ∈ G such that e ◦ g = g ◦ e = g for all g ∈ G.599

3. Inverses: For each g ∈ G, there exists g−1 ∈ G such that g ◦ g−1 = e.600
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Definition A.2 (Subgroup). A subset H ⊆ G is a subgroup if it is itself a group under the same601

operation ◦. That is, H must contain the identity, be closed under the operation, and contain inverses602

of its elements.603

Subgroups induce a natural partitioning of the group via cosets, which are key to understanding604

modular structure and factorization.605

Definition A.3 (Cosets). Let H be a subgroup of G, and let g ∈ G. The left coset of H with606

representative g is:607

gH = {g ◦ h : h ∈ H}.
Right cosets are defined similarly: Hg = {h ◦ g : h ∈ H}. Cosets partition G into disjoint, equally608

sized subsets.609

Example A.4 (Integers and Even/Odd Cosets). The set (Z,+) is a group. The identity is 0; the610

inverse of n is −n. The even integers 2Z form a subgroup. This gives two cosets:611

2Z = {. . . ,−2, 0, 2, . . .}, 1 + 2Z = {. . . ,−1, 1, 3, . . .}.

These correspond to the even and odd integers — a familiar example of partitioning via cosets.612

Definition A.5 (Homomorphism). A map ψ : G → H between groups is a homomorphism if it613

preserves the group operation:614

ψ(g1 ◦G g2) = ψ(g1) ◦H ψ(g2), for all g1, g2 ∈ G.

If ψ is also bijective, it is called a group isomorphism.615

Homomorphisms are the natural notion of "structure-preserving" maps between groups.616

Cyclic Groups and Modular Arithmetic.617

In this paper, we focus on modular addition, which forms the cyclic group.618

Definition A.6 (Cyclic Group Cn). The cyclic group of order n, denoted Cn or Zn, is the set619

{0, 1, . . . , n− 1} equipped with addition modulo n. The group operation is defined by620

a ◦ b = (a+ b) mod n,

with identity element 0 and inverses given by a−1 = (n− a) mod n.621

Subgroups of Cn correspond to evenly spaced subsets, and their cosets partition Cn into congruence622

classes modulo a divisor of n.623

Example A.7 (Cosets mod 4 in Z8). Let n = 8, and consider the subgroup H = {0, 4}. The left624

cosets are:625

0 +H = {0, 4}, 1 +H = {1, 5}, 2 +H = {2, 6}, 3 +H = {3, 7}.

This partitions Z8 into four disjoint cosets of size 2.626

Definition A.8 (Modular Inverse). Let a ∈ Zn. The modular inverse of a is an element b ∈ Zn627

such that628

a · b ≡ 1 mod n.

A modular inverse exists if and only if gcd(a, n) = 1, i.e., a and n are coprime.629

The Chinese Remainder Theorem.630

The Chinese Remainder Theorem (CRT) gives a powerful way to decompose modular arithmetic631

over a large modulus into multiple, independent modular systems over smaller, coprime moduli. This632

decomposition mirrors the modular structure learned by networks trained on addition tasks, and it is633

central to our concept of the approximate CRT.634

Theorem A.9 (Chinese Remainder Theorem). Let n = q1q2 · · · qk be a product of pairwise coprime635

integers. Then the map636

ϕ : Zn → Zq1 × · · · × Zqk , x 7→ (x mod q1, . . . , x mod qk)

is a group isomorphism. That is, each element in Zn corresponds uniquely to a tuple of residues637

modulo the qi, and vice versa.638
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Example A.10 (Coset Intersection View). Let n = 91 = 7 · 13. Suppose we want to solve:639

x ≡ 3 mod 7, x ≡ 10 mod 13.

Each congruence defines a coset:640

x ≡ 3 mod 7 ⇒ {3, 10, 17, 24, 31, . . . },
x ≡ 10 mod 13 ⇒ {10, 23, 36, 49, . . . }.

The unique solution mod 91 is the number common to both cosets: 10 .641

Cayley Graphs.642

Definition A.11 (Generating Set). Let G be a group. A subset S ⊆ G is called a generating set of643

G if every element g ∈ G can be written as a finite product of elements from S and their inverses.644

That is, for all g ∈ G, there exist s1, . . . , sk ∈ S and signs ϵi ∈ {−1, 1} such that:645

g = sϵ11 s
ϵ2
2 · · · sϵkk .

Example A.12 (Generating Sets in Z6). The group Z6 = {0, 1, 2, 3, 4, 5} under addition mod 6 can646

be:647

• Generated by {1}, since repeated addition gives all elements: 1, 2, . . . , 5, 0.648

• Generated by {5}, since 5 + 5 = 10 ≡ 4 mod 6, and so on.649

• Not generated by {2}, since 2 + 2 = 4, 4 + 2 = 0, and the subgroup {0, 2, 4} is too small.650

Definition A.13 (Cayley Graph). Let G be a group and let S ⊆ G be any subset (not necessarily a651

generating set). The Cayley graph Γ(G,S) is a directed graph with one vertex for each element of652

G, and a directed edge from g to g · s for every s ∈ S.653

If S is symmetric (i.e., s ∈ S ⇒ s−1 ∈ S), then the graph is often treated as undirected. The graph654

is:655

• Connected if and only if S generates G.656

• Disconnected if S generates a proper subgroup of G.657

Example A.14 (Cayley Graphs in Z6). Let G = Z6 = {0, 1, 2, 3, 4, 5} under addition mod 6.658

• Using S = {1}, the graph connects:659

0 → 1 → 2 → 3 → 4 → 5 → 0

forming a connected 6-cycle. Here, S = {1} is a generating set.660

• Using S = {2}, we only get:661

0 → 2 → 4 → 0, 1 → 3 → 5 → 1

which are two disconnected 3-cycles. This reflects the subgroup {0, 2, 4} and its coset662

{1, 3, 5}. The set S = {2} does not generate Z6, and the graph is disconnected.663

Group representations and the Discrete Fourier Transform (DFT)664

Definition A.15 (Group representation). A representation of a group G on a vector space V is a665

homomorphism ρ : G→ GL(V ), where GL(V ) is the group of invertible linear maps on V .666

Example A.16 (Discrete Fourier Transform). The discrete Fourier transform (DFT) comes from667

the complex representations of the cyclic group Cn. Each element j ∈ Cn is mapped to the complex668

number exp
(
2πikjn

)
for integer k ∈ {0, 1, ..., n− 1}, encoding modular structure as rotations in the669

complex plane. These complex representations correspond to the DFT. They also induce real-valued670

representations as 2D rotation matrices acting on (cos, sin) components.671
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A.2.1 Examples: cosets, Cayley graphs, step size d672

In the background (Section 3) we gave examples of cosets on C6. In this section we will show673

these examples visually to help the reader better understand approximate cosets, generating Cayley674

graphs, and labeling the vertices on them with the step size (Definition 4.1). Recall, the step size:675

d := ( f
gcd(f,n) )

−1(mod n
gcd(f,n) ), where the modular inverse is used. There are n′ = n

gcd(f,n)676

distinct positions reachable in this way, thus we could write: d := ( f
gcd(f,n) )

−1(modn′). Note: d is677

the step size in the graph Cn′ .678

We consider the cyclic group on 6 elements, C6. In this example, we will show how cosines of679

different frequencies encode coset information and how we can construct the corresponding Cayley680

graphs from this. Since n = 6, then ⌊ 6
2⌋ = 3, and we have 3 possible frequencies f = 1, 2, 3681

for cos
(

2π·f ·a
6

)
across a ∈ C6. These three cosines will each step around C6 in different ways,682

depending on f .683

If f = 1, our cosine is cos
(
2π·1·a

6

)
. We compute n′ = 6, thus there are 6 elements we can reach in684

C6. This gives 6 cosets of size 1:685

{0}, {1}, {2}, {3}, {4}, {5}.

If f = 2, our cosine is cos
(
2π·2·a

6

)
. We compute n′ = 3, thus we’re in C3, which has 3 elements.686

This gives 3 cosets, each of size 2, corresponding to three different 2-cycles in the original C6 graph,687

but where each coset is now a point in our new graph for Cn′ = C3:688

{0, 3}, {1, 4}, {2, 5}.

If f = 3, our cosine is cos
(
2π·3·a

6

)
. We compute n′ = 2, thus we’re in C2, which has 2 elements.689

This gives 2 cosets, each of size 3, corresponding to two different 3-cycles in the original C6 graph,690

but where each coset is now a point in our new graph for Cn′ = C2:691

{0, 2, 4}, {1, 3, 5}.

See these cosines in Figure 10.692
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Figure 10: Cosine functions centered at 0, with f = 1, f = 2, f = 3. The points are colored based
on their coset membership, i.e. equivalence class.

We can calculate the step size, Definition 4.1, and in all three cases we get d = 1. We will visualize693

these sets in a figure coming shortly.694

Row 1 shows the original Cayley graph and row 2 shows the new graph after collapsing cosets. Row695

1 will be the cyclic group on 6 elements, C6: in other words, we will not collapse the cosets yet696

into their equivalence classes. This means we aren’t making the graphs Cn′ and resultantly, we plot697

C6 with distances from the vertices to the first vertex a = 0. We also show the cosets, the 3-cycles698
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C₆ – generators f=1, f=3, f=2; step size d=1 in all three cases
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Figure 11: In row 1 we show the Cayley graphs and the distances, which is a bit confusing in panel
3 because we don’t collapse the cosets into their equivalence classes. To make it easier to see the
distances and where they come from, in row 2 we collapse equivalent points (all points in a coset)
into a subcircle. Doing this gives us less points on the graph, giving us Cn′ , which is the graph d is
the step size on. It is now easier to see why the distances to approximate cosets are what they are.
In row 2 panel 3, we chose to put the two darkly colored cosets on the other side of the circle to
emphasize that ReLU is 0 on them.

and 2-cycles. In row 2, we present an equivalent picture that makes things clearer: we plot Cn′ .699

Furthermore, the step size d is actually the step size in this cyclic group, Cn′ , making the distances700

easier to see compared to looking at C6. By collapsing vertices into their cosets (equivalence classes),701

it becomes clear that everything is distance 1 from the yellow coset. We will do this in row 2, giving702

C6 corresponding to f = 1, C3 corresponding to f = 2 and C2 corresponding to f = 3. See this in703

Figure 11.704

In the case of approximate cosets, nothing changes. Calculate n′, calculate d, and step around the705

cyclic group Cn′ using d, labeling the distances of elements. To build an approximate coset, for706

some multiples k1, k2, take k1 steps backward and k2 steps forward. The path is the approximate707

coset—all elements that are “close” on the Cayley graph.708

B Proof of Theorem 4.4709

For empirical evidence supporting this theorem, see fig 2 in the main paper. Every point > 0 is in the710

approximate coset colored by viridis colors, with strength of viridis decaying as the point gets farther711

from the center element of the approximate coset (an element getting closer to where ReLU won’t712

activate, means it less bright).713

In reality, all sinusoidal functions, i.e. our simple neuron assumption, will satisfy this theorem. The714

simplicity of this proof therefore results from the fact that we came up with a very powerful definition715

for approximate cosets that actually reflects what neurons in the network are learning. This proof716

requires the assumption that neurons learn periodic functions, and this is why the majority of the717

paper was dedicated to empirically proving that simple neurons are indeed learned by networks.718
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Proof. Simple neurons learn approximate cosets. A neuron satisfying the simple neuron model719

computes a trigonometric function that has its maxima on the elements of a coset or “approximate720

coset”. If g := gcd(f, n) > 1, the neuron has learned the coset of order g containing sA + sB . More721

precisely: writing n = n′g and f = f ′g for g = gcd(f, n), we can rewrite 2πf
n = 2πf ′

n′ . So if the722

input neurons are at positions a and b where a ≡ sA (mod n′) and b ≡ sB (mod n′), then the723

activation of the neuron has a maximum: cos 2πf(a−sA)
n = cos 2πf(b−sB)

n = 1. The neuron points724

most strongly to every logit satisfying c ≡ sA + sB (mod n′), because for all such output logits725

cos 2πf(c−sA−sB)
n = 1. We see that the neuron strongly associates elements of Cn that are congruent726

modulo n′.727

Whether f is a divisor of the order n or not, the neuron will activate on what we defined as an728

approximate coset. More precisely, we can ask the following: for a ̸≡ sA (mod n′), which values729

of a have the largest activation? We have cos 2πf ′(a−sA)
n′ very close to 1 if and only if f ′(a − sA)730

is very close to an integer multiple of n′; that is, say, f ′(a− sA) ≡ m (mod n′) for some integer731

m with small absolute value. Letting d denote a modular inverse of f ′ mod n, this is equivalent to732

a− sA ≡ dm (mod n′). In other words, by taking a = sA + dm for small integers m, the neuron733

will be activated very strongly. Likewise if b = sB + dm′ for some other small integer m′. Now this734

neuron will point most strongly to c ≡ sA + sB (mod n′) as discussed above, but if c is a small735

number of steps of size d away from sA + sB , it will still have large activation. To summarize: if you736

can reach each of a, b, c via a small number of steps of size d from sA, sB , sA + sB , respectively,737

then N fires strongly on inputs a, b, and points strongly at c.738

After ReLU, it follows that since all neurons output (activate) only on approximate cosets, all neurons739

in the following layers activate on linear combinations of approximate cosets (follows from networks740

being fully connected, and ReLU only having the potential to make the cosets smaller, i.e. elements741

below 0 are cut off).742

C Proofs and details for Theorem 4.7 and Corollary 4.8743
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Figure 12: Empirically, 1 hidden layer, 1 trainable embedding matrix, networks have margins grow
like O(log(n)) as more frequencies are learned. In Corollary 4.8 we prove it. Note: 1 std dev error
bars are on (x=1, y=2.82); they are just small, ranging from 2.8-2.84. This plot is made by computing
the average margin of each network across the full dataset, given the network had learned x =#
unique frequencies. The plot shows, for networks that learned the same number of frequencies, the
average average margin and the 1 std dev error bars of this data.

Assume that training results in neurons learning the simple neuron model.744

Proof. Each simple neuron maximally activates a single output, namely sA + sB , (or possibly745

maximally activates on a coset of outputs containing sA + sB). However, if we combine the746

contributions from all simple neurons in a single cluster (i.e. all with the same frequency f ), we747
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observe that the activation level can be maximized at any desired output; more precisely, the activation748

level at output k given inputs i, j will be of the form A cos (2π (f(k − i− j)/n)). Note this has749

been observed experimentally e.g. see Fig 26(a) and Fig. 44, and has also been previously noticed in750

the literature: see e.g. the last equation of Section 3 in [10]. In fact, the analysis below still works751

even if i+ j is only somewhat close to the maximal activation of the cluster (see Figure 44), though752

we assume the maximum is at i + j for simplicity. However, even in this case there will be many753

output neurons that all activate nearly as strongly on the correct answer. To isolate a single answer,754

we use a superposition of sine waves of multiple frequencies; we observe experimentally in Figure 44755

that this process makes the correct answer stand out from the rest.756

In light of the above and Section 4.1, if we fix input neurons i, j ∈ Cn then combining the contribu-757

tions from all clusters (and assuming for the heuristic that the contributions from all clusters have758

the same amplitude), the sum h(k) :=
∑m

ℓ=1 cos
(

2πfℓ
n (k − i− j)

)
gives a model for the activation759

energy at output logit k. If k = i + j, then h(k) takes on the maximum value m. If we want to760

guarantee the neural net will consistently select k, we need to show that h(k) is significantly less761

than m for all other values of k. We’ll assume a random model where m frequencies f1, . . . , fm are762

chosen uniformly at random from 1, 2, . . . , n− 1. Fix a parameter 0 < δ < 1; we will compute an763

approximation for the probability that m− h(k) > δm for all k ̸= i+ j (mod m).764

Let {x} := x− ⌊x+ 1
2⌋ be the signed distance to the nearest integer and set d := k − i− j. Then765

using a Taylor expansion,766

m− h(k) = m−
m∑
ℓ=1

cos

(
2π

{
fℓd

n

})
≈ m−

m∑
ℓ=1

(
1− 1

2

(
2π

{
fℓd

n

})2
)

= 2π2
m∑
ℓ=1

{
fℓd

n

}2

.

Note that the Taylor approximation is quite bad when fℓd/n is far from an integer, and if k is close to767

an integer then {k} is close to 0. It is reasonable to expect that m− h(k) will be minimized when768

the values fℓd/n are all close to integers, in which case the approximation is more accurate.769

Thus the condition m − h(k) > δm is related to the following condition: defining the vector770

v := 1
n (f1, . . . , fm) ∈ [0, 1]m, we need that for all 1 ≤ d ≤ n− 1, the point dv has distance at least771 √

δm/2π2 away from any point in Zm. Note that nv is an integer point, so (n− d)v is always the772

same distance from an integer point as dv is. Thus it suffices to require v to be at least 1
d

√
δm/2π2773

away from a point in 1
dZ

m for d = 1, . . . , ⌊n/2⌋.774

We compute an upper bound on the volume of the region to be avoided: that is, the set of all points in775

[0, 1]m within 1
d

√
δm/2π2 of a point of 1

dZ
m for some d = 1, . . . , n/2. For each d, there are dm776

points in this region, and each has a ball of radius 1
d

√
δm/2π2 around it; the total volume of the777

region to be avoided is therefore bounded above by n
2Γ(m/2+1)

(
δm
2π

)m/2
. Thus the probability that778

m− h(k) > δm is approximately equal to 1 minus this value.779

For a given n, let’s compute the value of m that makes this probability greater than, say, ρ.780

1− n

2Γ(m/2 + 1)

(
δm

2π

)m/2

> ρ ⇐⇒ Γ(m/2 + 1)

(
2π

δm

)m/2

>
n

2− 2ρ
.

Taking a natural logarithm, applying Stirling’s approximation loge Γ(x+ 1) ≈ x loge(x)− x, and
solving for m,781

loge Γ(m/2 + 1) +
m

2
loge

(
2π

δm

)
> loge n− loge(2− 2ρ)

m >
2 loge n− 2 loge(2− 2ρ)

loge(π/δ)− 1
.

Thus if the number of neuron clusters m is greater than this expression, then with probability at least782

ρ, the separation m− h(k) will be at least δm. We see that the number grows linearly in loge n.783

Choosing the parameters ρ and δ can significantly change the precise value of m needed, and it’s784

not clear which values most accurately model the true behavior of the neural net. As an example,785

note that if we take δ = π/e3 ≈ 0.1564, and ρ = 1
2 , then this whole expression simplifies to just786
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m > loge n. Thus, if the neural net uses m = loge n neuron clusters, then this heuristic predicts787

that it will guarantee a separation m − h(k) > 0.15m for all k ̸= i + j with 50% certainty. For788

n = 89, 91 we have loge n ≈ 4.5, which agrees with the number of clusters found in Figures 40 and789

3. This process can be interpreted as the approximate CRT; see Remark 4.5 for the analogy.790

C.1 Proof of Corollary 4.8791

Recall h is the model network evaluated at input i, j, h(k) is the value of the output distribution at k792

with maximum value h(i+ j) = m and m is the number of distinct frequencies simple neurons of793

the network.794

Corollary C.1 (Logarithmic number of frequencies suffices for a non-trivial margin). Let 0 < δ < 1795

and 0 < ρ < 1 and define796

C(δ, ρ) =
2

log
(
π/δ

)
− 1

(
1− 1

2 loge(2− 2ρ)
)

(> 0).

If the number m of simple neurons of the network satisfies797

m ≥ C(δ, ρ) log n

then with probability at least ρ798

h(i+ j)− h(k) > δm,

i.e. the logit margin is Ω(log n).799

Proof. Theorem 4.7 states that the inequality800

h(i+ j)− h(k) > δm (†)

holds for all k ̸= i+ j with probability at least ρ provided801

m >
2 loge n− 2 loge(2− 2ρ)

loge(π/δ)− 1
. (‡)

Choose the constant m so m ≥ C(δ, ρ) log n and inequality (‡) both hold.802

Finally, the guaranteed margin δm ≥ δC(δ, ρ) log n is Ω(log n), which is strictly larger than the803

O(1) margin attained with only a constant number of frequencies (“minimal margin”).804

D Embeddings contain projections of representations, not representations805

Chughtai et al. [8] discover representation values in the embedding matrix. The first step in their GCR806

algorithm is not true in general. They state, “Translates one-hot a, b to representation matrices”. We807

provide evidence against this by training with a mini-batch size equal to the modulus n and training808

with a full batch size. See the difference in the distribution of the resulting embedding matrices in Fig.809

13. Furthermore, neurons in a cluster of frequency f have different phase shifts, and 2× 2 rotation810

matrices in the embeddings doesn’t suffice to explain this behaviour.811

Instead, the values found in the embedding matrix may encode scaled projections of a 2× 2 rotation812

matrix onto a one dimensional subspace. Note that such structure is implied by the hypothesis that813

neural networks trained on group tasks learn representations, but is more general because of the814

existence of both amplitude and phase shifts. To get an exact equivalence, we note that this neuron815

structure can be obtained by an arbitrary scaled projection of representations. Suppose816

ρ(k) =

(
cos(2πfk/n) − sin(2πfk/n)
sin(2πfk/n) cos(2πfk/n)

)
is a 2 × 2 matrix representation of Cn. If we apply ρ(k) to the vector (1, 0) and then take the817

dot product with (α cos(2πfsa/n),−α sin(2πfsa/n)) (which is the same as projecting onto the818

subspace spanned by this vector and scaling by α) we obtain exactly819

α cos 2πfk
n cos 2πfsA

n + α sin 2πfk
n sin 2πfsA

n = α cos 2πf(k−sA)
n = αw(Ak, N).
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Thus we have explained the phase shifts of different neurons in a cluster, and shown that it’s not820

just the components of ρ(k) that appear in the embeddings, but rather scaled projections of the821

representations onto arbitrary 1-d subspaces. In our model of simple neurons we ignore the amplitude822

to make the analysis simpler, but in general it does need to be included. See Fig 28 for example823

where the amplitudes are greater than 2.824

Inspecting the distribution of embedding matrix weights. Contrary to findings by [4, 8], we825

did not observe the 2×2 representation matrix values (used to encode rotations) in our embedding826

matrices outside their reported training conditions. As shown in Fig. 13, the distribution of embedding827

weights varies significantly between small and full batch size and the tails of the distributions are828

quite different. In the case of small batch size, numbers can be found in the range (-2, 2), whereas829

large batch size contains numbers between (-1.5, 1.5). Note that we choose to remove weights that830

are between (-0.025, 0.025) to make it easier to see the tails of the distribution; this was done due to831

2.4million weights occurring within this range when training with the small batch size. Specifically,832

in the small batch size regime, around 5% of the weights fell outside the interval [−1, 1], including833

some weights larger than 2. These values are not consistent with rotation matrix entries. Other than834

this, we could not identify any significant differences in the core structures of what the neural net835

learns between the batch sizes.836

Combining these experimental findings (Fig. 13) with this model (see D) explains that the embedding837

matrices may contain scaled projections of representations. This explains the different shifts in the838

periodic functions that can be seen in Figs 26(a), 26(b) and 24, which GCR [8] fails to explain.839
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Figure 13: The histograms of embedding weight magnitudes found across 10k random seeds for mod
91 provide evidence against rotation matrices. With batch-size 91 about 5% of the weights are > 1 or
< -1, whereas when the batch size is the training set size fewer than 0.5% of the weights are > 1 or <
-1. The bin with 0 was removed for batch size 91 due to so many dead weights obfuscating the plot.
The value was 2.4 mil, implying that small batches find sparse embeddings with larger magnitude
weights.

E Main body experimental details840

The train and test splits are 90% and 10% respectively, unless stated otherwise. The optimizer used841

to update the neural networks weights is always Adam [40].842

The only plot with error bars in the main text is Figure 3, which uses 1 standard deviation (std dev)843

error bars. If a plot has error bars, they are 1 std dev.844
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E.1 Figure 1845

The point of this figure is to show the reader that qualitatively, neurons are learning sinusoidal846

functions that are identical after normalization, even when secondary frequencies exist in the Discrete847

Fourier Transforms. Furthermore, it serves to immediately show the reader that the “remapping:848

normalizing to frequency 1” definition makes a sinusoidal function have frequency 1. The figure849

is very easy to generate, just grab arbitrary neurons, plot them, and plot their remapped version.850

The neuron from the MLP model comes from an MLP with frequency 14. The MLP is one of the851

MLPs trained on mod 59 for figure 4. The pizza transformer is model A (model_p99zdpze5l.pt852

checkpoint) and the clock transformer is model B (model_l8k1hzciux.pt checkpoint) from Zhong853

et al. [5]’s Github repository.854

E.2 Figure 2855

This plot shows the simple neuron model, approximate cosets, and Cayley graphs that neurons856

understand distances on. The point of this figure is to familiarize the reader with our definitions as857

they are essential to understanding how we derive the abstract aCRT. The code to generate this plot is858

included in the supplementary materials "make_figure_1_toy_approx_cosets.py".859

E.3 Scaling experiment in Figure 3860

We report 1 std dev error bars here, as we do on all our plots, though since our arguments are861

probabilistic in nature, our growth rate is supposed to be in expectation. We just added the 1 std862

dev to show the std dev if a normal distribution was fit with the same average. Indeed, the standard863

deviations are low. For the transformer models (clock and pizza), we take the exact model classes864

from [5]’s Github repository., and translate them into Jax. For clocks, the attention coefficient is865

set to 1.0 and for pizzas, the attention coefficient is set to 0.0. The d_model is always taken to be866

the smallest power of 2 that is larger than n, because the architecture requires it. The number of867

heads is always 4, and the d_head is such that 4 times that number is equal to the d_model. For the868

hyperparameters used when training the transformers, see Tables 1, 2 3.869

Number Learning Rate Batch Size Weight Decay Training Set Size
7 0.001 7 0.0001 49

17 0.001 34 0.0001 289
27 0.001 100 0.0001 729
59 0.001 200 0.0001 1770
97 0.001 200 0.0001 4850

113 0.001 500 0.0001 6780
303 0.0002 909 0.00002 45450
499 0.0002 1497 0.00002 124750
977 0.0001 4885 0.00001 488500
1977 0.000035 39540 0.0000075 2965500
4013 0.00004 16052 0.000006 3691960

Table 1: Experimental results with Adam optimizer across varying parameters for both pizza and
clock.

Number Learning Rate Batch Size Weight Decay Training Set Size
64 0.001 64 0.0001 49

128 0.001 128 0.0001 289
256 0.001 256 0.0001 729
310 0.001 310 0.0001 1770
720 0.0001 720 0.00001 309600

Table 2: Experimental results with Adam optimizer across varying parameters in pizzas.

For the hyperparameters used when training the MLP, see Table 4. The number of neurons is 8 times870

the moduli n.871
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Number Learning Rate Batch Size Weight Decay Training Set Size
64 0.001 64 0.0001 49

128 0.001 128 0.0001 289
256 0.001 256 0.0001 729
310 0.001 310 0.0001 1770
720 0.0001 720 0.00001 309600

Table 3: Experimental results with Adam optimizer across varying parameters in clocks.

Number Learning Rate Batch Size Weight Decay Training Set Size
3 0.01 3 0.005 9
5 0.01 5 0.005 25
7 0.01 7 0.005 49

13 0.009 13 0.004 169
17 0.009 1 0.004 169
59 0.008 59 0.001 1770
64 0.005 64 0.0005 2048

113 0.004 113 0.0003 6780
128 0.002 128 0.0002 13568
193 0.003 193 0.0001 18914
256 0.001 256 0.0001 34560
310 0.0009 310 0.00007 51150
433 0.0006 433 0.00005 86600
499 0.0005 499 0.00003 124750
720 0.0004 720 0.000015 259200
757 0.0003 757 0.0000085 280090
997 0.0003 997 0.0000015 498500
1409 0.00028 1409 0.0000009 986300
1999 0.00024 1999 0.0000008 2398800
2999 0.00018 2999 0.0000007 4798400
4999 0.0001 4999 0.0000005 14997000

Table 4: Experimental results with Adam optimizer across varying parameters for the MLP in Figure
3.

E.4 Figure 4872

We trained one hot encoded 1,2,3,4 hidden layer MLPs and also trained a trainable embed-873

ding matrix 1 hidden layer MLP over moduli 59-66. The classes for these models are in the874

“mlp_models_multilayer.py” file.875

Table 5: Hyperparameter configurations for one-hot models with varying hidden layers and embed-
ding.

architecture hidden layers # neurons L2 regularization learning rate train size

One-hot 1 1024 1× 10−5 0.00075 90%
One-hot 2 1024 1× 10−5 0.00075 90%
One-hot 3 1024 1× 10−5 0.00075 90%
One-hot 4 1024 1× 10−5 0.00075 90%
Embedding 1 1024 1× 10−5 0.00075 90%

E.5 Figure 5876

We trained 500 models of each architecture with 1-hidden layer, and each combination of number877

of neurons in [512, 2048, 8196, 16392] on mod 59. The models are only saved if final accuracy878

is ≥ 99.9999. The neurons with a maximum preactivation below 0.01 across all of the data were879
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deleted and considered “dead” neurons. We find that as the model width is increased, a single sine880

wave better and better approximates the preactivations of the neurons.881

The classes for the architectures are in the “mlp_models_multilayer.py”,882

“transformer_train_get_data_r2_heatmap_attn=0_top-k_layer_all.py” and883

“transformer_train_get_data_r2_heatmap_attn=1_top-k_layer_all.py”. files. See Table E.5884

for precise experimental details.885

Table 6: Hyperparameter configurations for Figure 5 1-embed, 1-hidden-layer models with varying
hidden unit sizes and architectures.

architecture hidden layers # neurons L2 regularization learning rate train size

MLP (baseline)
Embed=128, MLP 1 512 1× 10−5 0.00075 90%
Embed=128, MLP 1 2048 1× 10−5 0.00075 90%
Embed=128, MLP 1 8192 1× 10−5 0.00075 90%
Embed=128, MLP 1 16384 1× 10−5 0.00075 90%

“Pizza”
Embed=128, Pizza 1 512 1× 10−4 0.00050 90%
Embed=128, Pizza 1 2048 1× 10−4 0.00050 90%
Embed=128, Pizza 1 8192 1× 10−4 0.00050 90%
Embed=128, Pizza 1 16384 1× 10−4 0.00050 90%

“Clock”
Embed=128, Clock 1 512 1× 10−4 0.00050 90%
Embed=128, Clock 1 2048 1× 10−4 0.00050 90%
Embed=128, Clock 1 8192 1× 10−4 0.00050 90%
Embed=128, Clock 1 16384 1× 10−4 0.00050 90%

E.6 Figure 6886

There are 10 models trained with 10 different random seeds (different random init and different887

random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-888

simistic case for our green checkmark vs purple dot scenario because if a single model doesn’t have889

100% accuracy after ablating the neurons for our fits, then it would receive a purple dot (assuming890

accuracy of the trained model with no ablations was 100%). The learning rates and weight decays891

are:892

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,893

0.00001]894

weight_decays = [ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,895

0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,896

0.000000075, 0.00000005, 0.00000001 ]897

There are 1024 neurons in every layer of the models. The embedding matrix has 128 features.898

E.7 Figure 7899

There are 10 models trained with 10 different random seeds (different random init and different900

random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-901

simistic case for our green checkmark vs purple dot scenario because if a single model doesn’t have902

100% accuracy after ablating the neurons for our fits, then it would receive a purple dot (assuming903

accuracy of the trained model with no ablations was 100%). The learning rates and weight decays904

are:905

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,906

0.00001]907

weight_decays = [ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,908

0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,909

0.000000075, 0.00000005, 0.00000001 ].910

The embedding matrix has 128 features. There are 1024 neurons in every layer.911
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E.8 Figure 8912

There are 10 models trained with 10 different random seeds (different random init and different913

random train / test splits) for every (learning rate, weight decay) combination. This is the most pes-914

simistic case for our green checkmark vs purple dot scenario because if a single model doesn’t have915

100% accuracy after ablating the neurons for our fits, then it would receive a purple dot (assuming916

accuracy of the trained model with no ablations was 100%). The learning rates and weight decays917

are:918

learning_rates = [0.0025, 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025,919

0.00001]920

weight_decays = [ 0.001, 0.00075, 0.0005, 0.00025, 0.0001, 0.000075, 0.00005, 0.000025, 0.00001,921

0.0000075, 0.000005, 0.0000025, 0.000001, 0.00000075, 0.0000005, 0.00000025, 0.0000001,922

0.000000075, 0.00000005, 0.00000001 ]923

2048 neurons in each layer, 2 layers.924

E.9 Figure 9925

5000 models were trained to make these figures. 1 and 4 hidden layers on mod 66.926

The learning rate = 0.00075.927

The weight decay penalty was L2 regularization = 0.0001.928

929

F Further experimental results930

F.1 Goodness of fit of the single sinusoidal approximation931

These plots ended up below as Figure 36 and Figure 37. This section will be removed in future932

versions.933

G Additional experiments we didn’t put in the main text934

The point of this section is to hopefully provide interested readers with empirical results that weren’t935

necessary for the main text. These experiments are omitted due to either space constraints or low936

priority.937

Note: we call the neurons learning non-integer frequencies over 2, e.g. f = 1
2 after remapping938

“fine-tuning” neurons.939

G.1 Principal component analyses (PCA) of embeddings940

Below, we answer all the open problems of Zhong et al. [5] involving non-circular embeddings. The941

idea of doing the Discrete Fourier Transform (DFT) on the embedding PCA’s, gives that they are942

caused by two different frequency sines: one coming from each principle component (PC).943

We replicate the results of [5] and add an additional Fourier transform plot next to their PCA plots,944

which makes it obvious that the principal components come from clusters with the same frequency.945

It can be seen that all non-circular embeddings and Lissajous embeddings are caused by the two946

principal components coming from different cosets. This means that we answer all of the open947

problems of [5], involving non-circular embeddings.948

To make this easy to understand, please see Fig. 14, showing this random seed has four clusters, with949

key frequencies 35, 25, 8, 42. We now know what frequencies to look for in the DFT plots and thus,950

can figure out which PCs come from which frequency clusters. Doing so reveals that all PCs where951

both PCs come from the same frequency cluster are circular. Conversely, all PCs where the PCs come952

from different clusters are non-circular Lissajous curves.953
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Figure 14: DFT of neurons in each of the four clusters in this random seed. Cluster 0 has frequency
35, cluster 1 has frequency 25, cluster 2 has frequency 8, and cluster 3 is a fine-tuning cluster with
frequencies at multiples of 7, 14, 21, 28, 35, and 42.
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(a) (a) PC1 vs PC2 Scatter Plot (b) (b) PC1 vs PC2 DFT

Figure 15: PCA and DFT for PC1 vs PC2 showing a circular embedding clustered into cosets. The x
and y axis of the left plot are the PC1 and PC2 values for the concatenated embedding matrix for
each point (a, b) mod 91 ∈ (0, 0), (1, 1), ..., (90, 90). Note that this covers all output classes of the
neural network exactly once. Also note that the embedding here is showing 13 cosets with 7 points
in them each, i.e. all 13 cosets (a+ b) mod 13 = i, i ∈ {0, . . . , 12} are in the plot. Both PC1 and
PC2 have f = 35 and since gcd(35, 91) = 7, a prime factor, it’s possible to learn the exact cosets.

(a) PC1 vs PC3 Scatter Plot (b) PC1 vs PC3 DFT

Figure 16: PCA and DFT for PC1 (f = 35) vs PC3 (f = 8), a non-circular embedding.

(a) PC1 vs PC4 Scatter Plot (b) PC1 vs PC4 DFT

Figure 17: PCA and DFT for PC1 (f = 35) vs PC4 (f = 8), a non-circular embedding.
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(a) PC2 vs PC3 Scatter Plot (b) PC2 vs PC3 DFT

Figure 18: PCA and DFT for PC2 (f = 35) vs PC3 (f = 8), a non-circular embedding.

(a) PC3 vs PC4 Scatter Plot (b) PC3 vs PC4 DFT

Figure 19: PCA and DFT for PC3 (f = 8) vs PC4 (f = 8), which is a circular embedding because
both PC’s come from the same frequency cluster.

(a) PC3 vs PC5 Scatter Plot (b) PC3 vs PC5 DFT

Figure 20: PCA and DFT for PC3 (f = 8) vs PC5 (f = 25), a non-circular embedding.
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(a) PC3 vs PC6 Scatter Plot (b) PC3 vs PC6 DFT

Figure 21: PCA and DFT for PC3 (f = 8) vs PC6 (f = 25), a non-circular embedding.

(a) PC4 vs PC5 Scatter Plot (b) PC4 vs PC5 DFT

Figure 22: PCA and DFT for PC4 (f = 8) vs PC5 (f = 25), a non-circular embedding.

(a) PC5 vs PC6 Scatter Plot (b) PC5 vs PC6 DFT

Figure 23: PCA and DFT for PC4 (f = 25) vs PC5 (f = 25), a circular embedding as both PCs
come from the same frequency cluster.
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G.2 More examples of simple neurons954

See Fig. 24 for a cluster of simple neurons. The neuron remapping (via group isomorphism) can be955

seen in Fig. 25.956

Figure 24: an example cluster of 14 simple neurons of frequency 21.

Figure 25: A cluster of simple neurons (from Fig. 24) transformed by group isomorphism so that all
neurons have period 1.

G.3 Studying phase shifts in simple neurons957

Here we show how the phases of different neurons in a cluster overlap to give some more information958

about how clusters of neurons function. See Fig 26(a) for the histograms of the phases of the959

preactivations of the neurons in a cluster.960
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(a) Histogram of preactivations for two neurons in a fine-tuning cluster. The x-axis is the input value into the
network for a (left) and b (right).

(b) 2D scatter plot created by grouping the phases for each neurons a and b preactivations into a pair (phase-a,
phase-b) and plotting the points for all neurons in the cluster in the 2D plane as a black point. In this case, the
cluster has 14 neurons of frequency 21.

Figure 26: Histogram of phases (top) and 2D scatter plot of phases (bottom) for a simple neuron
cluster with frequency 21.

For a higher resolution view of what’s going on, see a 2d scatter plot created by grouping the phases961

for each neuron’s a and b preactivations into a pair (phase-a, phase-b) and plotting the points for all962

neurons in the cluster in the 2d plane as a black point, see Fig 26(b). It’s worth noting that the phases963

are nice and spread out uniformly like in Fig 26(b) only about half the time. In the other cases964

We aren’t sure what causes the phases to sometimes align in a nice grid, vs a much more “random”965

looking configuration as seen in Figure 27. Understanding this is likely essential for proving a966

realistic bound for the number of neurons needed with the same frequency. We leave this for future967

work.968
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Figure 27: Here’s an example where the phases aren’t in a nice grid like they were in Figure 26.

G.4 Studying fine-tuning neurons969

Fine-tuning neurons are composed of linear combinations of group representations, in contrast970

with simple neurons which are composed by one group representation. Additionally, fine-tuning971

neurons are composed of group representations for what are called harmonic frequencies of the main972

frequency, for f = 7 these would be the multiples of 7, e.g. {14, 21, 28, 35, 42, ...}.973
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Figure 28: Comparing a simple neuron and fine-tuning neuron before and after transformation by a
group isomorphism. The fine-tuning neuron has its DFT concentrating strongest on (27, 35, 19).

We train a neural network with random seed 133 and discover a cluster of fine-tuning neurons. The974

preactivations for two of these neurons are shown in Fig. 29 and the DFT’s for these two neurons are975

shown in Fig. 30.976

We show that these neurons can be generated by linear combinations of representations in Fig. 31.977

35



Figure 29: This shows a cluster of fine-tuning neurons and shows the preactivations of the first two
neurons in the cluster. The x-axis is the input value into the network for a on the left, and the input
value for b on the right.

Figure 30: This shows the DFT’s of the preactivations of the fine-tuning neurons seen in Fig. 29.
The x-axis is the frequency (from 0-90 because this is (a+ b) mod 91. The y-axis shows that the
representations contributing are 42, 35, 28, 21, 14, 7 in descending order. Note the DFT is symmetric
about its midpoint so values after 45 contain the same information as the values up to 45.
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Figure 31: Constructing a fine-tuning neuron. This diagram illustrates the step-by-step process of
constructing a fine-tuning neuron, highlighting that it is a linear combination of representations.

G.5 Histograms of frequency learned counts for simple and fine-tuning neurons978

Note that the next two histograms are created by recording frequencies with weights in the DFT in the979

range of (7.5, 30). This is not a sufficient way to always detect fine tuning neurons, and sometimes it980

will include simple neurons in its counts, however this is much more rare. If you consider the ability981

for neurons with preactivations of specific frequencies to contaminate other neurons frequencies982

slightly (because they may modify values in the embedding matrix by a small amount), you will983

see where this counting method can go awry. It is however the case that usually, the contamination984

coming from a different cluster of simple neurons is below 7.5. Thus, these plots should not be985

considered “accurate” and just approximations.986

These plots are still useful to show the relative frequency of simple neurons vs. fine tuning neurons.987

The histogram of Frequencies found Fig. 32(a) found a uniform distribution with each frequency988

showing up about 10k times. Removing the vast majority of contamination by filtering with 7.5989

(usually the DFT magnitudes on other frequencies are 0 and if they aren’t near 0 then they are990

less than 4 and there is a simple neuron making use of that frequency in a different cluster (i.e. a991

simple neuron has one big spike with magnitude over 60 on that frequency). This gives us about992

2200 fine-tuning neurons found with each frequency, including overcounting because fine-tuning993

neurons make use of linear combinations of representations and thus their DFT usually has three or994

more values in the range (7.5, 30). Thus the histograms of frequencies associated with fine-tuning995

neurons are upper bounds on the number of clusters that are identified across 100k random seeds to996

be fine-tuning neurons. Around 25 percent of runs have fine-tuning neurons in them, but we aren’t997

sure how hyperparameter settings affect this.998
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(a)

(b)

Figure 32: (a) Histograms of frequencies found across 100k random seeds in MLPs mod 91 (factors
7 and 13) and mod 89 (prime) are both uniform. The fact both prime and composite numbers give
uniform distributions is strong evidence that networks are learning the same thing in both problem
settings. In fact, this observation – that networks do not prefer prime factor frequencies (exact cosets)
– is what led us to define approximate cosets and identify the abstract approximate CRT algorithm,
which is learned with both prime and composite moduli. (b) Conditional histograms of frequencies
over 100k seeds, both mod 91. Left: if frequency 7 is found then neurons with f = 14 or f = 43 are
less likely (note that 2 · 43 ≡ −7 (mod 91)). Right: if frequency 2 is present then frequencies 1 and
4 are less likely. The conditional histograms show that networks try to avoid learning frequencies
with additive and subtractive relations. This is for a similar reason to why the CRT does not work
unless all factors of n are coprime – they would intersect and boost the value of incorrect logits,
substantially increasing the loss.
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Figure 33: Histogram of frequencies (0–45) associated with fine-tuning neurons over 100k random
seeds for modulus91. Note that frequencies 22 and 44 are least common, and 13, 26, 39 also appear
less frequently, giving a case where the neural net is less likely to find some prime factors. It makes
sense that neural networks won’t always discover the prime factors or they’d be solving prime
factorization.
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Figure 34: Histogram of frequencies (0–44) associated with fine-tuning neurons over 100k random
seeds for modulus 89. Note that frequencies 23 and 43 are the least common.
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G.6 Fine-tuning neurons like additive and subtractive relations999

(a) Fine-tuning Neuron Additive Relations given 15 is a frequency; (a+ b) mod 91.

(b) Fine-tuning Neuron Additive Relations given 7 is a frequency; (a+ b) mod 91.

Figure 35: Fine-tuning neuron additive relations for two different cases. If a neuron with frequency
15 is learned, frequencies that are multiples of 5 are more likely to be found. The same applies to 7,
which is a prime factor of 91, the moduli.

G.7 Histograms of counts of frequencies being learned in mod 59 and mod 66 across varying1000

depths in the pizza and clock transformers as well as MLPs (with 1 embedding layer)1001

Here we show histograms counting the frequencies learned and the lengths of the average number1002

of neurons involved in a frequency cluster given frequency f was learned over 500 seeds for each1003

architecture.1004
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Figure 36: (a+ b mod 59): The first three rows show the histograms of learned frequencies and the
bottom three rows show histograms of the average length of a cluster, i.e. number of neurons in the
cluster.

We check the goodness of fit as a function of frequency, and find that on mod 66 with prime factors 2,1005

3 and 11, the R2 value is much closer to 1.0 for MLPs when frequencies 22 or 33 are learned (2× 11)1006

and (3× 11). Indeed, if the network learns 22 or 33, we see that the length (the number of neurons1007

with that frequency) is substantially lower than if it learns other frequencies. The R2 is also higher for1008

MLPs if it learns (2× 6), however it’s not as high in the previous cases, and doesn’t have the change1009

in the number of neurons that the other two cases have. Overall, this makes sense as in this situation,1010

it can learn the exact cosets instead of needing to learn approximate cosets. Investigation into which1011

frequencies require less neurons is an interesting subject for future study; why is it not all cosets?1012

Some cosets are more likely to be learned than others.1013
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Figure 37: (a+ b mod 66): The first three rows show the histograms of learned frequencies and the
bottom three rows show histograms of the average length of a cluster, i.e. number of neurons in the
cluster; note that learning precise cosets results in less neurons being required.

G.8 Noise and ablation studies1014

In this section, we take the clusters from random seed 133 and we randomly inject multiplicative1015

scaling noise into every weight attached to neurons in the cluster. We do this by multiplying the1016

weight by es, s ∼ N (0, σ), for various σ on the x-axis in Fig. 38(b)1017
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(a) Multiplicative Noise injected into every weight of every neuron in a cluster from a normal distribution with std
dev σ.

(b) Effect of Multiplicative Noise on the loss function.

Figure 38: Neural network robustness to injected multiplicative noise. The loss remains stable even
with a std dev of 0.225. Note cluster 3 and 4 are composed of four fine tuning neurons each. Every
other cluster is composed of simple neurons.
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(a) Ablation study showing the impact on the loss function when removing neurons from specific clusters.

(b) Impact of neuron removal on accuracy.

Figure 39: Ablation study results. Loss and accuracy metrics highlight the impact of randomly
removing neurons “number of ablations” number of neurons from a cluster. Note cluster 3 and 4 are
composed of four fine tuning neurons each and deletion of every neuron in the cluster doesn’t affect
the accuracy by much. Every other cluster is composed of simple neurons.
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G.9 Number of frequencies1018

G.9.1 More overparameterized means less frequencies1019

Scaling the number of neurons in the layer achieves experimental results within O(log(n)).1020

Experiments in scaling the number of neurons show that the average number of frequencies found1021

can be shifted based on hyperparameters, but this is something we don’t fully understand at this point1022

in time, but as our results in the main body show–it is still logarithmic. See Fig. 40.1023

Figure 40: This figure shows that the scaling is always O(log(n)), even as the number of neurons is
increased from 128, to 512, to 2048, to 8196. The first column is batch_size = 91, and the second
column is batch_size = 5096, i.e., the entire training set size. All results are upper bounded by
O(log(n)).

G.9.2 Adding depth also means less frequencies are learned1024

In Figure 41 we see that adding layers results in fewer frequencies being learned.1025
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Figure 41: Adding depth causes the network to learn slightly less frequencies.

Indeed, instead of just looking at this for one hyperparameter combination, we can check it out for1026

many like we did in figures in the main paper (see Figure 42).1027

G.9.3 Deep networks learn error correcting codes: empirical results1028

Deep networks learn error correcting codes. This discussion was omitted from the main paper’s1029

Discussion due to space constraints, but we believe it’s interesting.1030

Our result finding that in deep networks, layers after 1 keep around a % of first-order sinusoids (Figure1031

8) can be interpreted as the network constructing an error correcting code. We see in Figure 42 that1032

deeper networks learn less frequencies. While this is true, they simultaneously achieve lower cross1033

entropy loss (and better margins) with less frequencies than shallower networks 43. This is because1034

the first order (simple) neurons in layer 2, compute the exact same coset computation as simple1035

neurons performed in layer 1. Resultantly, the second order cosine neurons that store the correct1036

answer as cos( 2π·f(a+b−c)
n ), which is maximized at the correct answer (a+b) mod n = c, receive an1037

additional linear combination of Theorem 4.7. This boosts the height of the correct answer (linearly1038

in the number of layers) as a function of number of distinct frequencies. Furthermore, it boosts the1039

height of incorrect logits at most O(log(n)). After softmax, the exponential difference between the1040

correct logit and incorrect logits is thus amplified, and thus the softmax (cross entropy loss) is much1041

lower. With 1 hidden layer it was O(n−Ω(1)). In general, with L the number of layers, we conjecture1042

that after softmax, using O(log(n)) distinct frequencies will give closer to O(n−Ω(L)) as the height1043

of incorrect logits. This results from the network redundantly doing the same computation to “error1044

correct” and thus reduce errors.1045
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Layer-wise average frequency heat-maps (1 → 4 layers)
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Figure 42: The number of frequencies found in the network decays as we add layers across almost all
hyperparameter combinations.
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Figure 43: The loss and margins improve as layers are added, yet figure 42 shows that less frequencies
are learned. This can be explained by the presence of first order sinusoidal neurons in layers after
layer 1.

G.10 Qualitative: equivariance of the cluster contributions to logits1046

Here you can see that the clusters of neurons are approximately equivariant to shifts in the inputs, i.e.1047

the cosets shift with the inputs. We show that if you shift (a,b) both by 2, the clusters shift by 4.1048
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Figure 44: Clusters of neurons are approximately equivariant to shifts in the inputs, meaning coset
clusters shift with the inputs. This suggests the network has learned cosets that it uses to intersect, via
linear combinations, to perform the approximate CRT. This example demonstrates that the network
did not learn a global minimum—e.g., Cluster 3 has only four neurons, limiting its expressivity and
equivariance. Cluster frequencies: Cluster 0 (35, coset), Cluster 1 (25, approximate coset), Cluster 2
(8, approximate coset), and Cluster 3 (42, coset). This example uses the same random seed as the
ablation study (Fig. 39(a)), where Cluster 0 is the most active. This data is from an MLP.
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G.10.1 Pizza model1049

We take model A, specifically model_p99zdpze5l.pt, from [5] and make Figure 45, which shows1050

that pizzas also output on approximate cosets and perform an approximate CRT. Note for example,1051

that the output logits for the cluster with max freq = 15: has maximum activation along an approximate1052

coset 59
15 = 3.93, and if the neuron activates strongly at a then it also activates strongly at a± 4.1053

Figure 45: This figure shows three neurons and their DFT’s, each from one of three clusters in model
A (a pizza-transformer) from [5] for these experiments. Note that the pizza neurons (and clusters) are
also implementing the abstract approximate Chinese Remainder Theorem algorithm, despite their
low level differences with clocks.

Furthermore, consider that remapping the pizza neurons makes their behavior look almost identical1054

to simple neurons when they are remapped, see Figure 46.1055
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Figure 46: Remapping the pizza neurons shown in Figure 45 shows that they look identical to simple
neurons.

G.10.2 Clock model1056

Here we show that the approximate CRT in a clock model (Fig. 47) looks just like it does in a pizza1057

model (Fig. 45).1058
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Figure 47: A view of the approximate CRT within a clock-transformer. We cluster all neurons
together with the same frequencies, then inspect the cluster’s contribution to each logit by summing
the contributions of each neuron in the cluster to each logit. Note that the three clusters each contribute
to the logits.
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NeurIPS Paper Checklist1059

1. Claims1060

Question: Do the main claims made in the abstract and introduction accurately reflect the1061

paper’s contributions and scope?1062

Answer: [Yes]1063

Justification: The claims made in the abstract and introduction are backed by proofs in1064

Appendix B and Appendix C, and/or backed by figures over many random seeds located in1065

sections 4.3 and 4.4.1066

Guidelines:1067

• The answer NA means that the abstract and introduction do not include the claims1068

made in the paper.1069

• The abstract and/or introduction should clearly state the claims made, including the1070

contributions made in the paper and important assumptions and limitations. A No or1071

NA answer to this question will not be perceived well by the reviewers.1072

• The claims made should match theoretical and experimental results, and reflect how1073

much the results can be expected to generalize to other settings.1074

• It is fine to include aspirational goals as motivation as long as it is clear that these goals1075

are not attained by the paper.1076

2. Limitations1077

Question: Does the paper discuss the limitations of the work performed by the authors?1078

Answer: [Yes]1079

Justification: The limitations are discussed in section 5.1; the limitations of this work are1080

closer to large open questions rather than limitations. We list them primarily because we1081

want attention drawn to them as we believe them valuable for future discussions.1082

Guidelines:1083

• The answer NA means that the paper has no limitation while the answer No means that1084

the paper has limitations, but those are not discussed in the paper.1085

• The authors are encouraged to create a separate "Limitations" section in their paper.1086

• The paper should point out any strong assumptions and how robust the results are to1087

violations of these assumptions (e.g., independence assumptions, noiseless settings,1088

model well-specification, asymptotic approximations only holding locally). The authors1089

should reflect on how these assumptions might be violated in practice and what the1090

implications would be.1091

• The authors should reflect on the scope of the claims made, e.g., if the approach was1092

only tested on a few datasets or with a few runs. In general, empirical results often1093

depend on implicit assumptions, which should be articulated.1094

• The authors should reflect on the factors that influence the performance of the approach.1095

For example, a facial recognition algorithm may perform poorly when image resolution1096

is low or images are taken in low lighting. Or a speech-to-text system might not be1097

used reliably to provide closed captions for online lectures because it fails to handle1098

technical jargon.1099

• The authors should discuss the computational efficiency of the proposed algorithms1100

and how they scale with dataset size.1101

• If applicable, the authors should discuss possible limitations of their approach to1102

address problems of privacy and fairness.1103

• While the authors might fear that complete honesty about limitations might be used by1104

reviewers as grounds for rejection, a worse outcome might be that reviewers discover1105

limitations that aren’t acknowledged in the paper. The authors should use their best1106

judgment and recognize that individual actions in favor of transparency play an impor-1107

tant role in developing norms that preserve the integrity of the community. Reviewers1108

will be specifically instructed to not penalize honesty concerning limitations.1109

3. Theory assumptions and proofs1110

54



Question: For each theoretical result, does the paper provide the full set of assumptions and1111

a complete (and correct) proof?1112

Answer: [Yes]1113

Justification: The entire paper is built around justifying the assumption that neural networks1114

learn sinusoidal functions, required by all theoretical work in the paper. All prior works use1115

this same assumption, but we are the first work to display this quantitatively over a gigantic1116

range of hyperparameters, architectures, depths, widths, seeds and moduli.1117

Guidelines:1118

• The answer NA means that the paper does not include theoretical results.1119

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1120

referenced.1121

• All assumptions should be clearly stated or referenced in the statement of any theorems.1122

• The proofs can either appear in the main paper or the supplemental material, but if1123

they appear in the supplemental material, the authors are encouraged to provide a short1124

proof sketch to provide intuition.1125

• Inversely, any informal proof provided in the core of the paper should be complemented1126

by formal proofs provided in appendix or supplemental material.1127

• Theorems and Lemmas that the proof relies upon should be properly referenced.1128

4. Experimental result reproducibility1129

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1130

perimental results of the paper to the extent that it affects the main claims and/or conclusions1131

of the paper (regardless of whether the code and data are provided or not)?1132

Answer: [Yes]1133

Justification: Yes. The paper outlines the architectures tested, gives the precise experimental1134

details for making all plots and provides open source code that is obsessively GPU optimized:1135

giving anyone with just one GPU the ability to reproduce every plot in the paper over a few1136

days worth of compute. We give all versions, even the cuda version in the codebase, in case1137

the order of operations of Jax varies across versions.1138

Guidelines:1139

• The answer NA means that the paper does not include experiments.1140

• If the paper includes experiments, a No answer to this question will not be perceived1141

well by the reviewers: Making the paper reproducible is important, regardless of1142

whether the code and data are provided or not.1143

• If the contribution is a dataset and/or model, the authors should describe the steps taken1144

to make their results reproducible or verifiable.1145

• Depending on the contribution, reproducibility can be accomplished in various ways.1146

For example, if the contribution is a novel architecture, describing the architecture fully1147

might suffice, or if the contribution is a specific model and empirical evaluation, it may1148

be necessary to either make it possible for others to replicate the model with the same1149

dataset, or provide access to the model. In general. releasing code and data is often1150

one good way to accomplish this, but reproducibility can also be provided via detailed1151

instructions for how to replicate the results, access to a hosted model (e.g., in the case1152

of a large language model), releasing of a model checkpoint, or other means that are1153

appropriate to the research performed.1154

• While NeurIPS does not require releasing code, the conference does require all submis-1155

sions to provide some reasonable avenue for reproducibility, which may depend on the1156

nature of the contribution. For example1157

(a) If the contribution is primarily a new algorithm, the paper should make it clear how1158

to reproduce that algorithm.1159

(b) If the contribution is primarily a new model architecture, the paper should describe1160

the architecture clearly and fully.1161

(c) If the contribution is a new model (e.g., a large language model), then there should1162

either be a way to access this model for reproducing the results or a way to reproduce1163

the model (e.g., with an open-source dataset or instructions for how to construct1164

the dataset).1165
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(d) We recognize that reproducibility may be tricky in some cases, in which case1166

authors are welcome to describe the particular way they provide for reproducibility.1167

In the case of closed-source models, it may be that access to the model is limited in1168

some way (e.g., to registered users), but it should be possible for other researchers1169

to have some path to reproducing or verifying the results.1170

5. Open access to data and code1171

Question: Does the paper provide open access to the data and code, with sufficient instruc-1172

tions to faithfully reproduce the main experimental results, as described in supplemental1173

material?1174

Answer: [Yes]1175

Justification: See section E, the code requires all version information in requirements.txt,1176

including information about cuda versions in the readme.1177

Guidelines:1178

• The answer NA means that paper does not include experiments requiring code.1179

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/1180

public/guides/CodeSubmissionPolicy) for more details.1181

• While we encourage the release of code and data, we understand that this might not be1182

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not1183

including code, unless this is central to the contribution (e.g., for a new open-source1184

benchmark).1185

• The instructions should contain the exact command and environment needed to run to1186

reproduce the results. See the NeurIPS code and data submission guidelines (https:1187

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.1188

• The authors should provide instructions on data access and preparation, including how1189

to access the raw data, preprocessed data, intermediate data, and generated data, etc.1190

• The authors should provide scripts to reproduce all experimental results for the new1191

proposed method and baselines. If only a subset of experiments are reproducible, they1192

should state which ones are omitted from the script and why.1193

• At submission time, to preserve anonymity, the authors should release anonymized1194

versions (if applicable).1195

• Providing as much information as possible in supplemental material (appended to the1196

paper) is recommended, but including URLs to data and code is permitted.1197

6. Experimental setting/details1198

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-1199

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the1200

results?1201

Answer: [Yes]1202

Justification: All of this is in the main paper, but is thoroughly detailed in Appendix 4.4.1203

Guidelines:1204

• The answer NA means that the paper does not include experiments.1205

• The experimental setting should be presented in the core of the paper to a level of detail1206

that is necessary to appreciate the results and make sense of them.1207

• The full details can be provided either with the code, in appendix, or as supplemental1208

material.1209

7. Experiment statistical significance1210

Question: Does the paper report error bars suitably and correctly defined or other appropriate1211

information about the statistical significance of the experiments?1212

Answer: [Yes]1213

Justification: The paper goes to extreme lengths to quantitatively analyze the correctness of1214

our claims, providing R2 of our claims over large ranges of hyperparameters, architectures,1215

depths, widths and varied training data (moduli). The data we present is actually the worst1216

case for our arguments, being that if a model, after replacing neurons by our simple neuron1217
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model, classifies a single point wrong, while the model had 100% accuracy on the test and1218

train data, we mark it with a purple dot. These purple dots are rare and only show up on1219

the edges of where networks can learn i.e. on regions with suboptimal hyperparameters;1220

networks are likely fitting more noise in such regions.1221

Guidelines:1222

• The answer NA means that the paper does not include experiments.1223

• The authors should answer "Yes" if the results are accompanied by error bars, confi-1224

dence intervals, or statistical significance tests, at least for the experiments that support1225

the main claims of the paper.1226

• The factors of variability that the error bars are capturing should be clearly stated (for1227

example, train/test split, initialization, random drawing of some parameter, or overall1228

run with given experimental conditions).1229

• The method for calculating the error bars should be explained (closed form formula,1230

call to a library function, bootstrap, etc.)1231

• The assumptions made should be given (e.g., Normally distributed errors).1232

• It should be clear whether the error bar is the standard deviation or the standard error1233

of the mean.1234

• It is OK to report 1-sigma error bars, but one should state it. The authors should1235

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis1236

of Normality of errors is not verified.1237

• For asymmetric distributions, the authors should be careful not to show in tables or1238

figures symmetric error bars that would yield results that are out of range (e.g. negative1239

error rates).1240

• If error bars are reported in tables or plots, The authors should explain in the text how1241

they were calculated and reference the corresponding figures or tables in the text.1242

8. Experiments compute resources1243

Question: For each experiment, does the paper provide sufficient information on the com-1244
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