A Mathematical preliminaries

Proposition 2 (1" Convergence Theorem, Loeve (1977)). Let 0 < r < oo, suppose that E [|an|r] <

oo for all n and that a,, 2 aasn — . The following are equivalent:
(i) a, — ain L" as n — oo;
(i) E[|an|"] — E[|a]"] < o0 asn — oo;

(iii) {|an|",n > 1} is uniformly integrable.

Proposition 3 (Weak Law of Large Numbers for Martingale, Hall et al. (2014)). Let {S,, =
St Xi,Heot > 1} be a martingale and {b,,} a sequence of positive constants with b, — oo

as n — oo. Then, writing X,,; = X;1[|X;| < by, 1 < i < n, we have that b;;1S,, 2 0asn — o

if
() >, PXi] > by) = 0;
(i) b, S EB[X,|Hi1] 2 0, and;

Gii) 072 Y7, {EIXZ) — E[E[Xul#Hi]]"} —o0.

Remark 6. The weak law of large numbers for martingale holds when the random variable is
bounded by a constant.

B Proof of Theorem 1

Proof of Theorem 1. We show asymptotic normality of

1 T

E?DR(WG) = T Z {¢1(Xt7 At7 }/t;gtfh ft*l) + ¢2(Xt’ ft*l)} ’

t=1
where

7°(a| X¢)1[A; = a] (Vi — f(a, X4))
g(alXy)

K
$1( X1, A, Yisg, f) =

a=1

K
2(Xsi ) = Y 7°(al X2) f(a, X).

Let us define an AIPW estimator with f = f*as
T
R(n%) = 7 S 161X A, Vi mer, 1)+ 62X )
thl ty 4ty Lty ME—1, ts .
We decompose VT (RAPRE(7¢) — R(7°)) as
VT (RAPRE(79) — R(7%)) = VT (ﬁ%DR(WE) — R (%) + R*(z°) — R(we)) .

From Proposition 1 of Kato et al. (2020) and Assumption 1 and 3, because /7' (ﬁ*(we) - R(we))
follows asymptotic normal distribution, we want to show

RAPR(n) — R (x%) = 0, (1/VT).
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Here, we have
EADR( e) _ ﬁ*(ﬂe)

T
Z{ Xt,At,Yugt 17ft 1) ¢1(Xt7Atath§7rt71>f*)

t=1

’ﬂ\*—‘

—-E ¢51 Xt,AnY%’gt laft 1) ¢1(Xt>At7Y;t;7Tt717f*)|Qt71}

+ ¢2(Xy; ft—l) — p2(Xy; fF) —E |:¢2(Xt; ft—l) - ¢2(Xt;f*)|Qt—l:| }

T

T
+ % > E [¢1(Xt;AtaYt§gt—1aft—l)‘Qt—l] + % Y E [¢2(Xt§ ft—1)|Qt—1}
t=1 t=1

T T
- % > B (g1 (Xy, A, Vi w1, 51 1] — % ;E (P2 (X3 f7)[Qe—1] -

In the following parts, we separately show that

T
TZ{¢1 X1, A, Yii G, fror) = 61(Xe, A, Yisma, ) (1
—E

—

D1 (X, At Yo Gty fro1) — ¢1(Xt,At,Yt;ﬂ't—l,f*)\Qt—l]
+ ¢2( X5 fro1) — d2(Xes f*) — E |92(Xss fr1) — do(Xe f*)|Qt—1} }
= 0,(1);

and

T T
%ZE [¢1(XtaAt;YtLgt—lvft—l)Kzt—l} + % ZE |:¢2(Xt§ ft—1)|Qt—1:| 2

T T
Z [01(Xe, Ap, Yes e, f7)[ 1] Z [62(Xe; £7)| Q1] = 0,(1/VT).

Proof of (1). For any € > 0, to show that

d

—E {fbl(XnAu Yis Ge—1, fr1) — 61( X, A, Yes 1, f*)|Qt—1}

T
- {¢1(Xt714t75/;5§§t—1, ft—l) - ¢1(Xt7At7Y;f§7Tt—1a f*)

+ ¢o( X5 fror) — b2(Xets £*) — E |¢2( X fro1) — ¢2(Xt§f*)|Qt71} }

>E>

we show that the mean is 0 and the variance of the component converges to 0. Then, from the
Chebyshev’s inequality, this result yields the statement.

— 0,
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The mean is calculated as

T
1
\/T ZEl{% X, Ao, Yes g 17ft 1) ¢1(Xt;At7th;7thlaf*)

t=1

— B [01(X0 A0 Vi i, foo1) = 61 (X, A Yismo, )11

+ ¢2(Xt;ft71) - ¢2(Xt; f*) —-E [¢2(Xt;ft71) - ¢2(Xt; f*)|Qt71} }]

VT ZE

{¢1 Xt A, Y3 i1, fro1) — 01 (X, Ag, Yismea, )

—E

—

01( Xty Aty Ye; -1y fro1) — 01(Xe, Ar, Yoy o1, f*)|Qt—1:|

+ ho(Xy; fr1) — d2(Xys f*) — E [¢2(Xt§ft—1) — P (X3 f*)|Qt—1:| }|Qt—1H

=0

Because the mean is 0, the variance is

T
Var< Z{qﬁ (Xt, A, Y g1, fron) — d1(Xe, Ag, Yis iy, f7)

-E [¢1(Xt, At; Y gi1, ftfl) - ¢1(Xt, At; Yisme—a, f*)‘Qt71:|

+ 2 (Xes fro1) — 2(Xys f*) — E [¢2(Xt§ feo1) = d2(Xe; f*)|Qt—1} })

T

1 ~ r *

=E <\/TTZ{¢1(Xt,At7Y};9t1,ft1) — o1( X, Ag, Yis e, [7)
=1

-E [051 (Xe, Ae, Vi Ge1s fro1) — 61(Xe, Ap, Yes 1, f*)‘Qtfl}

2
+ ¢o(Xg; fror) — d2(Xi; f*) —E [¢2(Xt§ft—l) — ¢p2(Xy; f*)|Qt—1} }) 1

1
T

T
<Z{¢1 Xo, A, Y geor, fro1) = 61(Xe, Ay, Yasmooy, f7)
t=1

-E [6151 (X, Aty Yi; Ge—1s fio1) — ¢1<Xt7At;}@;ﬂ'tflvf*)‘gtfl}

2
+ ¢o(Xy; fr1) — d2(Xys f) — E [¢2(Xt§ fi1) — ¢2(Xy; f*)|Qt—1} }) 1 .
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Therefore, we have

T
Z <¢1 Xo, A Yes g1, foo1) — 01(Xo, Ay Yasmy, f7)
]E[cﬁl(Xt,At,Yt,gt 1 fio1) — ¢1(XtaAt7Yt§7Tt—17f*)|Qt—1:|

2
+ ¢2(Xt§ft—1) - ¢’2(Xt; f*) -E [¢2(Xt§ft—l) - ¢2(Xt; f*)|Qt—1} > ]
T-1 T
Z 2B

t
—E|¢ [ (XtaAhY;t;gtflaftfl) - ¢1(XtaAt7Y;t§7rtflvf*)|Qt71}

'ﬂ\w

<¢1 Xi, Aty Y -1, fro1) — 01 (X, Ap, Yismea, )

+ ¢2(Xt§ft—1) - ¢2(Xt; f*) -E [¢2(Xt§ft—1) - ¢2(Xt; f*)|Qt—1} )

X ((bl(XSa As; Yq;gs—la .]Es—l) - ¢1(XS7A87 YS; Ts—1, f*)
—-E |:¢1(Xsa AS7YS;98—17 fs—l) - (bl(XsaASa Y5 ms—1, f*)|Qs—1}

+ ¢2(X5§ fsfl) - ¢2(Xs; f*) - E |:¢2(Xs; fsfl) - ¢2<Xs; f*)|stli| >‘| .
For s > t, we can vanish the covariance terms as

E <¢1<Xt7 Atam;gtfla ftfl) - ¢1<Xt7 At; 1/;51 Tt—1, f*)

—-E {¢1(Xt7 A Y 91, ftfl) - ¢1(Xt7 ALYy, f*)‘Qtfl]

+ ¢2(Xt; ft—l) - ¢2(Xt; f*) -E ¢2(Xt§ ft—l) - ¢2(Xt; f*)|Qt—1} )
X <¢1(X87Asa Ys?.@s—lv fs—l) - d)l(Xs»Avas;Ws—la f*)

B [61(Xy, Ay Yai G-1, Fot) = 601(X, Ay Yo o1, /)91

+ ¢2(Xs; fsfl) - ¢2(Xs; f*) -E |:¢2(Xs; fsfl) - ¢2(Xs; f*)|stli| )]

E <¢1(X57A57Y53g517f51) - (bl(XsaAsasz;stlaf*)

—E [61(Xe, Ay, Yii o1, fo1) = 61(Xe Ay, Vs momt, )| |

 02(Xi fo1) = 62(Xei ) — E [62(Xet fomr) = 02(Xai )] | ) ms_l]

:O’
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where

= <¢1 (X¢, Ae, Yis Geo1, fio1) — 61(Xe, Ap, Yey w1, f7)

—-E {¢1 (Xe, Ae, YisGeo1s fro1) — 61(Xe, Ap, Yis 1, f*)\th]
+ ¢2(Xg; frmr) — b2(Xe; f*)

—E {¢2(Xt§ft71) - ¢2(Xt; f*)|Qt71} )

Therefore, the variance is calculated as

T
1 A~ P *
Var(x/fT Z {éf’l(Xt,At,Yt;gt—hft—l) - ¢1(Xt,At,Yt;7Tt—1,f )
t=1

-E [¢1(Xt,At,Yt;§t—1, ft—l) - ¢1(Xt,At,Yt;7Tt—h f*)|Qt—l}
+ ¢2(Xs frmr) — d2( X3 f7)

—E [¢2(Xt; fi1) = d2(Xs; f*)mt_l} })

T

1 ~ A *

= T E E[<¢1(Xt7z4t,yt§gt1>ft1) - ¢1(Xt7AtaY%§7Tt71af )
t=1

—-E [¢1(Xt714t7}/;t;gt717ft71) - ¢1(Xt7At7Y;t;7Tt71af*)|Qt71}
+ ¢2(Xy; ft—l) — p2( Xy f7)

2
_E [¢2(Xt§ feo1) = d2(Xy; f*)mt_l} ) ]

el
-E
+ b2

<¢1 X, Ay, Ye; 9o laft 1) (bl(XtaAtaY%;Trtflaf*)

[¢ (Xt7At7Y;57gt 17ft 1) ¢1(Xt7At>Y;5;7Tt717f*)|Qt71:|
(Xt;ft—l)*¢2(Xt;f)

-E [¢2(Xt§ fe—1) — b2 (Xy; f*)‘Qt—l} ) |Qt—1]

E

I
Nl =
[M]=

Var <¢1(Xt,z4t,yt;§]t1, Fio1) = 61(Xe, Ae, Yes o1, £7) + 62( X foor) — d2(X; f*)|Qt1>

t=1

E

I
Nl =
[M]=

Var <¢1(Xt,At,Yt;§t1, fAtfl) - ¢1(Xt,At,Yt;7Tt717 f*)|Qt1>

t=1

E

+
N[ =
N

Var <¢2(Xt; ft—l) - ¢2(Xt; f*)|Qt—1>

t

1

+
S| o
™=

E | Cov (d’l(XtaAtth;gt—laft—l) — (X, Ap, Yoy w1, ), 2 (Xe; fro1) — 2( X5 f*)Qt—1> .

o~
Il
A
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Then, we want to show that

1 & R

TZE Var(ﬁbl(Xt’At,Yt%fithftl) - <Z51(Xt714tayt§77t17f*)9t1> — 0, 3)
t=1 L

1< [ .

TZE Vaf<¢2(Xt;ft1) —¢2(Xt§f*)|ﬂt1>1 — 0, “4)
t=1 L

.o
%Z]E Cov <¢1(Xt,At,Yt;§t1, fio1) = 01(Xe, A, Yo w1, £7), 62(Xes frmr) — da(Xis f*)Qt1> -0
=1 |
(%)
For showing (3)—(5), we consider showing
Var <¢1(Xt,At,Y};§]t1, fi1) — 61(Xe, Ar, Yes 1, f*)|Qt1> =o0p(1), (6)
Var <¢2<Xt; fro1) = ¢a(Xs f*)QH) = 0,(1) (7)
Cov <¢1(Xt,At, Yis 9i-1, fro1) — 61(Xe, Ae, Yis e, £7), 02(Xis fro1) — d2(Xi; f*)|Qt—1> =0,(1),
8)
The first equation (6) is shown as
Var <¢1(Xt7At7Yt§gt—la fi1) = ¢1(Xp, Ay, Yy moa, f*)|Qt—1>
. 2
< K 7¢(a|X¢)1[A; = df <Yt — fi-1(a, X3) ) ZK: 7(a| X)) 1[A; = a] (Y; — f*(a, X;)) Qs
- = gi—1(alXt) = mi-1(alXt) -
=F i (@l X)L, = d (Yt ~fia(a, X)) ) ZK: 7 (a|Xy)1[A; = a] (Vi — f*(a, X))
a1 gi—1(alXy) —1 gi—1(alXy)
L r (@ X)LA = a] (Vi — f(0. X)) o< 7 (alX) 1[4 = a] (% — (@ X)) |
b _ ) Q B
+2 5o (@l X 2 T (alX0) e
K m¢(alX)1[A; = df ( — fie 1(a,Xt)) KL me(a| X)) 1[Ay = a] (Y, — f*(a, X)) ’
E ! Qi
= H aZ::l gr—1(alXy) az::l gr—1(al X¢) w} A
K re(alX)1[A, = a] (Vi — F(a, X)) <= 7°(a|X)1[A, = a] (Vi — f*(a, X)) |
’ Qi
o {X_:l Fanrran -2 a0l Xe) e

< 20| f* = fi-1ll3 +2 X 4C%[[ge—1 — w13 = 0p(1),
where C' > 0 is a constant. Here, we have used a parallelogram law from the third line to the fourth
line. We have used |f;—1| < C,and 0 < % < C, convergence of 7m;_1 and convergence rate con-

ditions from the third line to the fourth line. Then, from the L" convergence theorem (Proposition 2)
and the boundedness of the random variables, we can show that as t — oo,

E

Var <¢1(Xt, Ay Y 9e1, foo1) — 1(Xe, Ap, Yoy w1, f*)Qf,—1>

Var <¢1(Xt, A, YisGe1, fro1) — 61( X, Ar, Yiy i1, f*)|Qt—1> | ] — 0.
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Therefore, for any € > 0, there exists a constant C' > 0 such that

1 T
72 E

t=1

<C/T+e.

Var <¢1(Xt,z4t,yt;§t1, fAtfl) - ¢1(Xt,At,Yt;7Tt71, f*)|Qt1>

The second equation (7) is derived by Jensen’s inequality, and we show (4) as well as (3) by using
L™ convergence theorem.

Next, we show the third equation (8) as

Cov <¢1(Xt,At7Yt;§t1a ftfl) - ¢1(Xt»At7Yrt;7Tt717 f*), ¢2(Xt§ ftfl) - ¢2(Xt; f*)|Qt1>

<|E

(¢1(Xt,At,Y%;§]t71,ft71) - ¢1(Xt7At7Y—t§7Tt717f*)
—-E [@bl(XtaAtaYt;gt—hft—l) - ¢1(XtaAtam;ﬂt—lyf*)‘gt—l] )

x (62X i) = 62(Xi 1)~ B [02(Xei fir) = 62X /)] ) 1901

<E

<¢1(Xt7At7Yt§§t—1aft—1) — (X, A, Y1, f7)
-E [¢1(Xt714t,}/}§§t717ft71) - ¢1(Xt714t,Yt;Wtfhf*)‘Qtfl] )

X (¢2(Xt;ft71) - ¢2(Xt; f*) —E [¢2(Xt; ft—l) - ¢2(Xt; f*)D |Qt71

|Qt—1]
= Op(l)a

where C' > 0 is a constant. From the second to third line, we used Jensen’s inequality. From the
fourth to fifth line, we used consistencies of f;_1 and §;—1, which imply that for all X; € X,

¢1(Xt714t’yt§§7t71,ft71) - ¢1(Xt7At7Yt;7Tt717f*)
s (WE(aXtht = (Y~ fa(0 X0) (o114, = a (3 - f*(avXt)))

<CE ¢1(Xt,At,Yt;§t—1,ft—1) — O1( X, A, Yes 1, f7)

—E [¢1(Xt7At7Y;:§§t—1, fio1) — 61(Xe, Ay, Yiy i1, f*)|Qt—1}

gi—1(alXt) mi—1(al X3)

a=1

oy | et (Y= Fi(@0X0)  re(ax,)1[A, = a] (¥ = (0, 1)

= gi—1(alXy) me—1(a| X)
K
<O |mea(@Xe) (Y = fies(a,X0) = g (@l X) (Y = £(a, 1)

IA
Q
] =

m—1(alXe) — gi—1(alXy)

Q

\

7rt—1(CL|Xt)ft—1(a7 Xt) - gt—l(a|Xt)ft—1(aa Xt) + gt—l(a|Xt)ft—1(a7 Xt) - f]t—l(a\Xt)f*(% Xt)

1

IA
Q
M“ﬁ

i X0) = Gl X)| ~ €3 [ica X0 — 50, X0)| = o)
a=1

2
Il
—
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where C' > 0 is a constant.

Thus, from (3)—(5), the variance of the bias term converges to 0. Then, from Chebyshev’s inequality,

d

-E [¢1(Xt, A, YisGe1, fro1) — 1(Xe, Ar, Yiy i1, f*)|Qt—1}

{¢1(Xt, A YisGen, fro1) — 61(Xe, Ap, Yoy ma, f7)

+ 62(Xe3 fio1) = 02(X ) — B [62(Xi5 frr) = 62(Xi )| | }

>5>
1 & )
< Var <ﬁT Z {¢1(Xt,At,Y;s;§t—17ft—1) — o1 (X, A, Yis e, fF)
=1

-E [¢>1(Xt, At,K;ﬁt—la ft—l) - ¢’1(Xt, At,Y}; Tt—1, f*)|Qt—l}

60X fo) — da(Xps ) — E [¢2(Xt; fio1) — da( Xy f*)\Qt—l] })/52

— 0.

Proof of (2).

T T
1
_TZE[QZ)l(XtaAtaYt;ﬂ't—lv )% —1] Z [2(X¢; ) |2%-1]

t=1
1 T K C(CL|X,5)]].[At = Cl] Y — ft_l(CL,Xt)
72 B> ( )QH
t:l p—) Gi—1(alXy)
1 T [ K
+ TZE Z a Xt)ft 1(& Xt)‘Qt 1
t=1 la=1
1y i (el X0 1[4 = ] (¥ — f(a. X)) o
T4 |~ me—1(alXe, Q1) 1
1 T [ K
—fZEZ (a, Xo) f aXt|Qt1].
t=1 la=1
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Because (9) is 0,

T T
%ZE {fbl(XuAtai/;t;gt—laft—lﬂQt—l} + %ZE {(ZSQ(Xt;JEt—l)th—l
tfll . ;tl,lT
= 7 2L B0 (X0, A Yime, £)Q] = 7 > B [92(X; £)[Q]
t=1 t=1
K 7°(a|X,)1[A; = d] (Yt — fii(a, Xt))

|1

gt—l(a|Xt)

1
K
> w4, Xi) feo1(a, Xo) Q1

_1 Z [Zﬂ a, X)) f*(a, X3)|Q:— 1]

t=1 a=1 t:l =1
1 & [E el x) 1A = o (Vi = fiala, X))
B T;E = di-1(alX0) o
K
— 2SR e X0 (5 X0) - ft_1<a,xt>>)|ﬂt_1]
t=1 a=1

7 (al Xo) o1 al X, Q1) (10, X0) = fia(a, X))
gi—1(alXy)

- ﬂ'e(a, Xt) (f*(a,Xt) - ft—l(a; Xt))) |Xt>Qt—1 \Qt—l

(@) (re1(alX0) — ir(alX0) (£ X0) = a(a X0)
l X | ]

o, for a constant C' > 0, we have

1Sl

t=1a=1

By using Holder’s inequality || fg|l1 < ||f]|2]lg

Too1(alXe, Q1) — Ge—1(a| Xp)|| || F*(a, X)) — feor(a, Xy)

2 2

C Adaptive-fitting and batched samples

Section C.1 supplements the description of adaptive-fitting. Next, in Section C.2, we introduce the
AIPW estimator when the samples are given in batch form, and the true logging policy is given
m,. This is essentially the same as the generalized method of moment (GMM), which gives an
asymptotically normal estimator for martigaale difference sequences (MDS), and we do not use
adaptive-fitting. Based on this estimator, in Section C.3, we introduce the ADR estimator when the
data is given in batch form, but the true logging policy m; is not given.

C.1 Details of adaptive-fitting

As Section 3, let us define the parameter of interest 6y that satisfies E[¢)(Wy; 6g,10)] = 0, where
{W,}L_, are observations, 7 is a nuisance parameter, and 1 is a score function. Let us define two
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estimators 07 and O as T Zthl W(Wy,Op,m—1) = 0 and * Zthl (W, 0p,m0) = 0. Suppose
that f7 is an asymptotically normal estimator of 6. Then, if 1 —br converges to 0 with convergence
rate o,(1/ VT), fr is also an asymptotically normal estimator. In general, we cannot obtain such
a fast convergence rate. However, by using double robustness, we can obtain the convergence rate.
In ADR estimator, this conditions appears as ||§;—1(a|X;) — m—1(a| X, Q—1)|l2 = 0,(t7P), and
I fi1(a, X¢) = f*(a, X;)|l2 = 0,(t~9), where p, ¢ > 0 such that p + ¢ = 1/2, and the expectation
of the norm is taken over X;. This allows us to obtain o, (1/ V/T) of the asympttoic bias. The image
of the vanishing asymptotic bias is shown in Figure 3.

0

©

Q Asymptotic bias |87 — 87|
L

IS

S 0

o

E VT convergence rate
)

<

T (sample size)

Figure 3: Convergence of asymptotic bias | — 67|,

C.2 AIPW estimator with batched samples when the true logging policy is known

The proposed adaptive-fitting can be applied when batched samples are given. Let M denote the
number of batch updates and 7 € I = {1,2,..., M} denotes the batch index. For 7 € I, the

probability is updated at a period ¢, where ¢, — t._1 = T'r,, using samples { (X, Y3, At)}ﬁf:tf_l ,
where 1 + 19 + - - -+ rpr = 1 and tg = 0. Thus, in addition to the DGP, we assume that

T i.3.d.
{(Xe, ALY}, "R p@)m(alz, Q. )pa(yla),

where 7, (a|z, ¢, _, ) denotes the probability of choosing an action updated based on samples until
the period t,_.

We consider asymptotic properties based on the assumption of ¢, —¢,_1 — oo as T — oo for
fixed 7. This strategy is the same as Zhang et al. (2020). Because {(Xt, A Yr) }i;t » is i.i.d., we

can use the standard limit theorems for the partial sum of the samples to obtain an asymptotically
normal estimator of 6y = R(7®). However, we also have the motivation to use all samples together
to increase the efficiency of the estimator. Therefore, by using the GMM, we propose an estimator
of 0y considering the sample averages of each block as an empirical moment conditions. Although
we cannot use standard CLT, we can can apply the CLT for the MDS by appropriately constructing
an estimator.

For an index of batch 7 € I, a function f € F such that f : A x X — R and an evaluation policy
7¢ € 11, we define a function h; as

1
hi(x,k,y;7, R, f, 70, 7¢) = r—gt(x,k:,y;T, R, f, 7rT,7re)]l[tT,1 <t< tT],
where R € R, & (x, k,y; 7, R, f, 7., 7¢) := ¢(x, k, y; 7, f, 77, 7¢) — R and

]l[k :a]{y_f(avx)}

7T7’(a|g:a Qtr—l)

K
oz, kyy T, fome, m0) = Zwe(a|x){ + f(a,m)}.
a=1
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Let us note that the sequence {ht(Xt,At,Yt;T,R(ﬂe),ft_l,wT,we)}thl is an MDS: for
he(Xy, Ag, Yi; 7, R(7®), fo—1, 77, 7), by using E[1[A; = a]|H,_1] = 7, (a| X¢, Q. _, ), we have

B [he(Xt, Av, Yis 7. R(7), foor, 7, 1) | |

1[tr—1 <t <t

Ty

=K gt(ka7y§7-a R(ﬂ—e)vftflvﬂ‘raﬂe)lgtfl

tro1 <t <t o .

= [ r ]]E [ft(x,k,y;ﬂR(W )7ft—1a7r7'a77 )|Qt—1:|
1t <t<t,

= [ ! — ] x 0=0.

s

Let us also define

ht(Xt7At7Y;‘/;1aR7 fjtflvﬂ-hﬂ-e)

. he( Xy, A, Y32, R, fr—1, Mo, °

ht (Xt,At,)/t;R,ft_177T7—77TC) = t( ' ' ' . ft ' ’ )
ht(Xt7AtaY;f;MaR7 ft—laﬂ-Maﬂ-e)

R T
Then, the sequence {ht (Xt,At,Y};R(we),ft,l,m,we>} is an MDS with respect to

T-1 =1
{Qt oo o 1€

E [ht (Xt,At,Yt;R(we),ft,l,mere) |QH} — 0.

. T
Using the sequence {ht (Xt, Ay, Yo R, fo1, 70, 7rc) } , we define an estimator of R(7¢) as

Rt (x) = axg min (41 (R)) " Wr (dr(R)). (10

where gr(R) = % 23:1 h; (Xt, Ay, Yy R, o1, r, 7re) and Wr is a data-dependent (M x M)-

dimensional positive semi-definite matrix. Let us note that the estimator defined in Eq. (10) is an
application of GMM with the moment condition

T
q(R(m°)) =E [1{ ;ht (XtaAhYt;R(We)aft—laWT,ﬂe>] =0.

For the minimization problem defined in Eq. (10), we can analytically calculate the minimizer as

Ry (n°) = wy Dr(n°),

where wp = (w1 - wTJ\/[)T is an M -dimensional vector such that Z]y:l wr,r =1, and
t
% g O0e(Xe, A Y 1, e, mi, w0)
1 t .
Tt Dotety 41 Pt (X A, Y3 2, froq, o, 7€)
DT(’]Te) = .

1 T :
Tt 2tmtay1 Pt (Xey A, Yis M, fooq, mar, )

Here, we show the asymptotic normality of the proposed estimator é%’PE.

Theorem 3 (Asymptotic distribution the proposed estimator). Suppose that

i) wr = (wT,l wT,M)T 3> w = (wl wM) 5

(ii) wr, > 0and ijzl wr, = 1.

26



Then, under Assumptions 1, 3, 5, 7,
VT (R (7%) — R(n%)) 5 N (0,02),
where 0% = Zyzl w, V(e 7).

In the proposed method, we construct a moment condition using martingale difference sequences.
On the other hand, for some readers, using martingale difference sequences may look unnecessary
because samples are i.i.d in each block between t,_; and t,. Therefore, such readers also might
feel that we can use fr(a,x), which is an estimator of E[Y (a) | «] using samples until 7'-th period,
without going through constructing several estimators { f;, } ]TV[:f)l. However, in that case, it is diffi-
cult to guarantee the asymptotic normality of the proposed estimator. For example, we can consider
Cramér-Wold theorem to consider this problem. This motivations shares with the GMM and the
method of Zhang et al. (2020).

The proof of Theorem 3 is shown as follows.

Choice of weight wr. We discuss the choice of weight wr. A naive choice is weighting the
moment conditions equality; that is, w7 = ﬁ Next, we consider an efficient weight wp

that minimizes the asymptotic variance of RY*"(7¢). In the GMM, the 7-th element of the
efficient weight is given as w} = W / Zyzl m (Hamilton, 1994). Here, we use
the orthogonality among moment conditions; that is, zero covariance. In this case, the asymp-
totic variance becomes 1/ Zyzl U%‘/ Therefore, for gaining efficiency, we use a weight wr , =

1 M 1 T e : : e
m/ ZT’:l m, where \IIT(’/T ,7('7—) is an estimator of \II(’/T ,77-,—).

Proof of Theorem 3. Instead of Rb**" (7°) = wy D (7°), from the original formulation Eq. (10),
we consider an estimator RYeh (7¢) = (ITWTI)AITWTDT(WE), where Wr is a (M x M)-

. . . . . 1 Tas
dimensional positive-definite matrix. Let us note that wp = (I WrlI) 1" Wrp. We prove the
following theorem, which is a generalized statement of Theorem 3.

Theorem 4 (Asymptotic distribution the AIPW estimator under batch update). Suppose that
G Wr & w;
(i) W is a positive definite;
Then, under Assumptions 1, 3, 5, 7,
VI (Rh(x°) = R(x%)) % N(0,0%),
where 0% = (I1TWT) _1ITWEWTI(ITWI)_1 and ¥ is a (M x M) diagonal matrix such that
the (T X T)-element is W(mwe, ;).
Proof. Let us define g7 (R(7°)) = (G1,7(R(7®)) Go, 7 (R(7®)) -+ §ar,r(R(7°))), where
4r,r(R(7%)) =

11 = (o= [ 7a | X)1[Ay = al{Y; — fr—1(a, X¢)}
Try (Z{ m(a |z, Qo)

+7%a | X¢) fio1(a, Xt)} — R(ﬁ))
X 1t =0 <t <ty].
For T (R (7) — R(x®)) = (ITWrI) ™ ITWrv/Tgr(R(x°)), we show that
VTar(R(x°)) < N(0,3),

where ¥ is a diagonal matrix such that the (7, 7)-element is

t=1 \a=1

1 E (o | 0) V(v @) | %) [ 2
SR T e +<;W(GX)E[Y<Q)|X]_R(W )>
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Then, from Slutsky Theorem, we can show that
(ITWrD) " T WovVTar(R(x) S N (0, (ITWI) T TTWEW T I(ITWI) ™).
To show this result, we use the CLT for MDS by checking the following conditions:
(@) (1/T)3_, ¥ — %, where
Ly =E {(ht (X, A, Yis R(7°), fi—1, 77, 7)) (R (Xo, Ae, Yis R(7°), ftfl,ﬂmﬂe))w ;
(b) E[ﬁt(@R(We)aft—17We)ﬁt(ij(zTe%ft—l’ﬂe)ﬁt(aaR(We%ft—lvﬂe)ﬁt(laR(We)vft—lvﬁe)] <
oo for 4,4, k,1 € I, where hy(a, R(7¢), fi_1,7°) = hPTE(X,, Ay, Yis b, R(7°), fr, 7°)
fork € I;
© %y (he (X, A Yis R(7°), fim1, e, 7)) (By (Xy, Ay, Yis R(70), foo1,mr,79)) T B 5,
Note that the GMM shows the asymptotic normality for more general cases.
Step 1: Condition (a)
From
Y, =E [(ht (X, Ap, Yis R(7°), feo1, 707, 7°)) (Rt (X, Aty Yis R(7°), ft—l,ﬂr,ﬂe))T} ;
the matrix (1/7) Zthl Q; becomes a diagonal matrix such that the (7, 7)-element is

T ﬂ'c(a | Xt)ll_[At = a}{}ft — ft—l(Cl,Xt)} . . 2
= l (azl { mr(a | Xe, Q) +7(a | X¢)fim1(a, Xy) p — R(7°)

Xﬂ[tm<t<tf]].

ForT € I andtsuchthatt, | <t <ft,,

K ®(a ¢ c=a Y — foo1(a, Xy 9
: [(Z {W o )]17T[jl(a | )(]t{,gtflf) (0. X)) +7°(a | Xt)ft1(a,Xt)} — R(’]Te)> ]

m(a | Xy)1 Atfa{Yt E[Yi(a) | X} . o 2
il

Because o — 32 = (a + )(a — f3), there exists a constant 7o > 0 such that

X e a Xt At:a Y: — fi—1(a, Xy
Z{ (af it (a, X,)}

IN

K

Z

K 2
a ‘ X;)1 At = CLHYt — ft_l(a,Xt)} el ) e

z:: { mr(a | X, Qe ) +7%(a | Xp) fe-a( ,Xt)} R( ))

K (a | Xi)1[A; = al{Y; —E[Yi(a) | X:]} . ) e 2
( { mr(a | Xe, Q) +m(a] Xt)]E[Y(a) | Xt] R(7®)

|

HM

< K

e X B X
mr(a | Xe, Q) +m%(a | Xp) fi1(a, Xi)

a=1

(@l X)1[A = a{Vi —E[Vi(0) [ Xi]} . u
(@ X0 Q) (o1 XY (@) Xt]}H
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Then, there exist constants «; > 0 such that

K
<yE [Z fici(a, X;) —E[Y(a) | X¢] ] .

a=1

Here, from the assumption that f,_1(a, z)—E[Y (a) | X] 2 0forr =2,3,...,M,and f,,_,(a,)
is bounded for 7 € I, we can use L" convergence theorem. First, to use L" convergence theorem,
we use boundedness of f;  to derive the uniform integrability of f; form =0,1,...,7—1. Then,
from L" convergence theorem, we have E[| f;,. (a, X) — E[Y (a) | X]|| — 0 as t,, — oc. Using
this results, we can show that, as ¢-_; — oo (this also means 1" — 00),

W1§E{ ]—>0.

Therefore, as t,_1 — oo (1" — 00),

K € a t r=a Y — fo1(a, X 9
E [(Z {ﬂ- ( |X )]]-7'([':_4(CL | )(]t{vgt,r lf) ( X )} +7Te(a ‘ Xt)ftl(ath)} R(ﬂ_e)>

K (a t r=a  — (a \ 9
%E |:<Z{7T ( X)l[i(a ‘ A])({t,YQtTFjEY( ) |X]} +7Te(a | Xt)E[Y((l) | Xt}} R(,]Te)> ] )

a=1
2
m—w] w2l ] g

Ji1(a, X,) — E[Y(a) | X/]

Then, by using 1[A4; = a|l[4; = 1] = 0, E
y g 1[A; al1[A; ] (m(a\Xt,ﬂt,,l))z o (a] X, Q)

rTLT ZtT=1 1tr <t <t =1,

o~ [Tl X1[A = al{¥ ~E¥ia) | K]}, o)
: <Z{ mr(a | Xe, Q) +m(al Xt)E[Y(a) ‘ Xt] — R(7®)

a=1

=E [Z { (ﬂ'e(a 7|T;X(v;))| )Ziféj/—t_(a)) | Xt) n (ﬂ‘e(a | Xt)ED/t(a) |Xt] _ R(ﬂe))2}] .

a=1

In addition, the variance does not depend on t. We represent the independence by omitting the
subscript ¢, i.e.,

K 2
(7¢(a | X¢)) Var(Yi(a) | X;) . .
E ;{ T (a| X5 Q) + <7r (a| X)E[Vi(a) | X] - R(x )) H
K 2
_ (Tre(a | X)) Var(Y(a) | X) . 2
=" Lz_:l{ m(a] X, Q) + (” (a | X)E[Y;(a) | X] — R(m )) H _

Therefore, we have

reT ZE[ <Z {We(a | Xt)]if(tﬂ)ci{gtf)t_l(a’Xt)} +m(a | Xt)ftl(avXt)} - R<7Te)>

a=1

X Ltr1 <t < tT]]

Z{ aﬁf@ﬁ;ﬂ ()) )+ (a1 0BV @] X] R(ﬂ)QH.

T

Thus, the matrix (1/7) 23:1 ¥; converges to a diagonal matrix ¥ as T — oo, where the (7, 7)-
element of X is

e |
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Step 2: Condition (b)

Because we assume that all variables are bounded, this condition holds.

Step 3: Condition (c)

Here, we check that (1/T) 3., (e (Xi, A, Ya; R(79), fo1, 77, 7)) (e (X, A, Yi R(7%), fom1, 7, 7))
3. The (7, 7)-element of the matrix is

“(a| X)1[Ar = a]{Yt — fi—1(a, Xy)

2
Zrl?<z{ﬁ @ X0 ) }Me(axt)ft‘l(a’xt)}_e)

a=1

X L[troq <t <t

= | X¢)1[A4; = a]{V; — fi—1(a, Xy)} 2

<Z{ mr(a | X, Q) +7%(a | Xt)ft_1(a,Xt)} — 0>
X 1[t;1 <t <t

X 2

(el X)1[A = a{¥i - E[Y(0) | X]} _

Z{ m(a| X, Q. ) +7°(a | X)E[Y (a) |Xt]} 9)

X L[tro <t <t.]

a=1

181 (& (70| XA = a{Ys —E[Y(a) | X} . ’
+T;E ;{ Al X ) +7%(a| X)E[Y(a) | X;] p — 0
X 1troy <t <t

The part

mr(a ] X, Q. )

X 1[troq <t <t

{ﬂe(a | Xi)1[A; = a]{Yt — E[Y(a) | Xt]} + 7%(a | Xt)E[Y(a) | Xt]} - 0>2

11 (& ma X01A = (Y — (0. X)) ’
= +7a | Xo)fio1(a, X)) b — 0

mr(a | X, Q)
X 1[tro <t <t

converges in probability to 0 because f;_1(a, X;) = E[Y(a) | X¢]. The term

T K [ 7°(a | X)1[A; = a]{Y; — E[Y(a) | X,

%Z% (Z {W mr(a| X, Q. ) ! e | Y | Xt]} B R(We)>

t=1 a=1

X 1[tr—q <t <t
converges in probability to

> { (e[ X) D] X) | (v | )2 [V ()| ¥] - WDZH |

a—1 ﬂ-T(a ‘ X7Qt-,-_1)

1
—E

T

from the weak law of large numbers for i.i.d. samples as t,_1 — t, — oo because the samples are
1.1.d. between t,_1 and ¢. O

C.3 OPE estimator when the true logging policy is unknown

Then, we consider estimating the policy value without using the true logging policy m;. We use
adaptive-fitting for obtaining an asymptotically normal estimator. As the ADR estimator under As-

sumption 2, we estimate 7; and f* only using {2;_; and denote them as g;_; and ft—1, respectively.
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Then, we define an estimator of R(7°) as

Rl%atch(ﬂ-e) = arg min (q~T(R))T Wr (gr(R)),
RER
where Gr(R) = + ZtT=1 h; (Xt; Ay YR, fioa, §t717Te> and W is a data-dependent (M x M)-

dimensional positive semi-definite matrix. This estimator is the ADR estimator under batch update.
As well as the proof of Theorem 1, it is hold that

’R}J)ﬂa‘cch (TI'C) _ R}J)ﬂatch (ﬂ,c)

= 0p(1/VT)

if [1ge-1(alXe) = me-1(a] Xe, Q1) |2 = 0p(t7P), and || f-1(a, Xz) — f*(a, Xe)[l2 = op(t79),
where p, ¢ > 0 such that p + ¢ = 1/2. Therefore, we can obtain the following theorem.

Theorem 5 (Asymptotic distribution the ADR estimator under batch update). Suppose that
i Wr 5 W;
(ii) W is a positive definite.
Then, under Assumptions 1, 3, 4-6,
VT (BEh (x%) — R(n%)) % N(0,02),

where o = (I"W1I) _1ITWZWTI(ITWI)_1 and ¥ is a (M x M) diagonal matrix such that
the (T X T)-element is W(we, 7).

D Details of experiments

The description of the dataset is shown in Table 3. We use LinUCB and LinTS policies. We add
uniform sampling to make overlap between policies. We can relax this requirement by considering
different DGPs, such as batched sampling. However, for brevity, we adopt this setting. Additional
results are shown as follows.

For numerical experiments in Section 6.2, we show the result with sample sizes 7' = 100, 1, 000 in
Table 4. In addition, we show the error distribution with sample size 7' = 100 in Figure 4; we show
the error distribution with sample size 7' = 500 in Figure 5; we show the error distribution with
sample size 7' = 500 in Figure 6; we show the error distribution with sample size 7" = 1,000 in
Figure 7.

For experiments with dependent samples in Section 7, we show the additional results with different
settings in Tables 5-10. In Table 5, we show the results using the benchmark datasets with 800 sam-
ples generated from the LinUCB algorithm. In Table 6, we show the results using the benchmark
datasets with 1, 000 samples generated from the LinUCB algorithm. In Table 7, we show the results
using the the benchmark datasets with 1,200 samples generated from the LinUCB algorithm. In
Table 8, we show the results using the the benchmark datasets with 800 samples generated from the
LinTS algorithm. In Table 9, we show the results using the the benchmark datasets with 1, 000 sam-
ples generated from the LinTS algorithm. In Table 10, we show the results using the the benchmark
datasets with 1, 200 samples generated from the LinTS algorithm.

Next, we compare the estimators using the benchmark datasets generated from the logistic regression
as well as the evaluation weight; that is, the samples are i.i.d. For a € {0.7,0.4,0.1} and the
sample sizes 800, 1,000, and 1, 200, we calculate the RMSEs and the SDs over 10 trials. We show
additional results with different settings in Tables 11-13. In Table 11, we show the results using
the benchmark datasets with 800 samples. In Table 12, we show the results using the benchmark
datasets with 1,000 samples. In Table 13, we show the results using the benchmark datasets with
1,200 samples. In these experiments, AIPW estimators show better performances than the ADR
estimator. We conjecture that this is because the logging policy is not unstable unlike the case with
dependent samples; that is, the paradox is specific to the case where samples are dependent. Note
this case (i.i.d. samples) is not in the scope of the proposed method. In such cases, it is common
to use other methods, such as the cross-fitting proposed by Chernozhukov et al. (2018), instead of
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the AIPW and ADR estimators discussed in this paper. We show this result to clarify the cause of
the paradox. Since the ADR and AIPW estimators have the same asymptotic variance, and since
the AIPW estimator uses more information, it is a natural result that the AIPW estimator performs
better. However, when the samples are dependent, the ADR estimator paradoxically outperforms
the AIPW estimator because of the unstable behavior of the logging policy 7.

As a surprising discovery, our proposed ADR estimator shows better results than the AIPW esti-
mator, although the AIPW estimator uses more information (true logging policy ;) than the ADR
estimator and their asymptotic properties are the same. As discussed above, we consider that this re-
sult is due to the logging policy’s unstable behavior. Even when knowing the true logging policy ¢,
we can stabilize estimation by reestimating the logging policy from (A;, X;). This paradox is sim-
ilar to the well-known property that the IPW estimator using an estimated propensity score shows
a smaller asymptotic variance than the IPW using the true propensity score (Hirano et al., 2003;
Henmi & Eguchi, 2004; Henmi et al., 2007). However, we consider that they are different phenom-
ena. In previous studies, the paradox is mainly explained by differences in the asymptotic variance
between the IPW estimators with the true and an estimated propensity score. On the other hand,
for our case, the AIPW and ADR estimators have the same asymptotic variance, unlike [IPW-type
estimators; therefore, we cannot elucidate the paradox by traditional explanation.

Table 3: Specification of datasets

Dataset the number of samples Dimension the number of classes
mnist 60,000 780 10
satimage 4,435 35 6
sensorless 58,509 48 11
connect-4 67,557 126 3
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Table 4: The results of Section 6.1 with sample sizes T = 100, 1,000. We show the RMSE, SD,
and coverage ratio of the confidence interval (CR). We highlight in red bold two estimators with the
lowest RMSE. Estimators with asymptotic normality are marked with f, and estimators that do not
require the true logging policy are marked with .

LinUCB policy

T ADR f* IPW t AIPW { AW-AIPW 1 DM EIPW x

RMSE SD CR || RMSE SD CR | RMSE SD CR | RMSE SD CR || RMSE SD CR | RMSE SD CR
100 0.100 0.010 0.90 0.169 0.056 0.81 [ 0.156 0.046 0.81 | 0.182 0.081 0.60 0.117 0.0I5 022 | 0.127 0.022 0.79
1,000 0.026 0.001 0.97 0.070 0.019 0.92 | 0.062 0.018 0.97 | 0.067 0.024 0.77 0.034 0.001 0.20 | 0.136 0.015 0.12

LinTS policy

T ADR f* IPW t AIPW { AW-AIPW T DM # EIPW x

RMSE SD CR || RMSE SD CR | RMSE SD CR | RMSE SD CR || RMSE SD CR | RMSE SD CR
100 0.092 0.008 0.94 0.183 0.050 0.85]| 0.I53 0.038 089 | 0.165 0.042 0.70 0.104 0.013 026 | 0.141 0.020 0.70
1,000 0.023  0.001 0.97 0.075 0.011 0.92 | 0.053 0.006 0.93 | 0.053 0.006 0.72 0.033 0.001 0.17 | 0.111 0.008 0.17

Table 5: The results of benchmark datasets with the LinUCB policy and 7" = 800. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with .

mnist ADR fx IPW 7 AIPW f DM x* EIPW x*

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.047 0.003 0.099 0.0IT | 0.132 0.032 0279 0.025 ] 0.130 0.019
0.4 0.034 0.002 0.067 0.005 | 0.115 0.014 0.281 0.015 | 0.095 0.009
0.1 0.053  0.006 0.079 0.006 | 0.107 0.013 0.287 0.028 | 0.119 0.018
satimage ADR fx IPW AIPW { DM x EIPW x

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.015 0.000 0.097 0.013 | 0.074 0.007 0.035 0.001 | 0.065 0.003
0.4 0.020  0.000 0.078 0.006 | 0.088 0.010 0.041 0.001 | 0.085 0.014
0.1 0.026 0.001 0.080 0.006 | 0.092 0.011 0.059 0.003 | 0.097 0.012
sensorless ADR fx IPW } AIPW DM x EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.050 0.002 0.253 0.049 | 0.101 0.016 0.130 0.008 | 0.121 0.016
0.4 0.065 0.006 0.270 0.039 | 0.104 0.019 0.150 0.013 | 0.096 0.012
0.1 0.042 0.001 0.250 0.043 | 0.075 0.006 0.127 0.008 | 0.102 0.010
connect-4 ADR T IPW 1 AIPW DM x EIPW x

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.024 0.001 0.121 0.019 | 0.042 0.002 0.045 0.001 | 0.140 0.007
0.4 0.023  0.001 0.125 0.014 | 0.033 0.001 0.044 0.002 | 0.090 0.007
0.1 0.028 0.001 0.107 0.012 | 0.042 0.002 0.068 0.004 | 0.031 0.001

Table 6: The results of benchmark datasets with the LinUCB policy and 7' = 1, 000. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with .

mnist ADR T+ IPW T AIPW T DM * EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.046 0.002 0.100 0.011 | 0.162 0.027 0232 0.013 | 0.148 0.014
0.4 0.028 0.001 0.068 0.005 | 0.112 0.009 0.249 0.010 | 0.080 0.004
0.1 0.086 0.006 0.078 0.006 | 0.085 0.008 0.299 0.024 | 0.091 0.008
satimage ADR fx IPW } AIPW 7 DM x EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.013 0.000 0.098 0.011 | 0.060 0.004 0.037 0.001 | 0.056 0.002
0.4 0.022  0.000 0.078 0.008 | 0.019 0.000 0.043  0.001 0.060 0.002
0.1 0.029 0.001 0.078 0.005 | 0.061 0.008 0.041 0.002 | 0.041 0.002
sensorless ADR fx IPW 7 AIPW f DM x EIPW x*

«a RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.043 0.001 0270 0.049 | 0.096 0.014 0.109 0.014 | 0.068 0.007
0.4 0.053 0.004 0.287 0.035 | 0.070 0.006 0.112 0.008 | 0.104 0.013
0.1 0.048 0.002 0.260 0.031 | 0.072 0.006 0.154 0.015 | 0.088 0.012
connect-4 ADR T+ PW | AIPW f DM * EIPW *

@ RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.030 0.001 0.135 0.024 | 0.042 0.002 0.032 0.001 | 0.173 0.006
0.4 0.015 0.000 0.135 0.017 | 0.037 0.001 0.038 0.001 | 0.085 0.002
0.1 0.012  0.000 0.117 0.013 | 0.030 0.001 0.051 0.002 | 0.023 0.001
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Figure 4: This figure illustrates the error distributions of estimators for OPVE from dependent sam-

ples generated with the LinUcB(left) and LinTS(right) with the sample size 100. We smoothed the
error distributions using kernel density estimation. Estimators with asymptotic normality are marked

with 1, and estimators that do not require a true logging policy are marked with .
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Figure 5: This figure illustrates the error distributions of estimators for OPVE from dependent sam-
ples generated with the LinUcB(left) and LinTS(right) with the sample size 250. We smoothed the
error distributions using kernel density estimation. Estimators with asymptotic normality are marked

with {, and estimators that do not require a true logging policy are marked with .
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Figure 6: This figure illustrates the error distributions of estimators for OPVE from dependent sam-
ples generated with the LinUcB(left) and LinTS(right) with the sample size 500. We smoothed the
error distributions using kernel density estimation. Estimators with asymptotic normality are marked

with , and estimators that do not require a true logging policy are marked with .

= s

—— ADR t* o —— ADRt*
— PWt / — PWt
— APWt B — APWt
— AwAPWt [ — AW-AIPW
. DM* H -— DM*

! -— ElPW*

—— EIPW*

Density
\l
Density

—0.1 0.0 01
Error
Figure 7: This figure illustrates the error distributions of estimators for OPVE from dependent sam-

ples generated with the LinUcB(left) and LinTS(right) with the sample size 1,000. We smoothed
the error distributions using kernel density estimation. Estimators with asymptotic normality are
marked with {, and estimators that do not require a true logging policy are marked with x.
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Table 7: The results of benchmark datasets with the LinUCB policy and 7" = 1, 200. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR fx IPW AIPW § DM EIPW

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.063 0.003 0.095 0.010 | 0.114 0.018 0.204 0.007 | 0.218 0.021
0.4 0.031  0.002 0.061 0.004 | 0.100 0.011 0.227 0.010 | 0.136 0.015
0.1 0.073  0.005 0.076  0.006 | 0.093 0.013 0.245 0.013 | 0.059 0.004
satimage ADR fx IPW AIPW { DM = EIPW

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.015  0.000 0.091 0.010 | 0.039 0.002 0.035 0.001 | 0.039 0.001
0.4 0.016 0.000 0.075 0.006 | 0.041 0.002 0.043 0.001 | 0.048 0.002
0.1 0.019  0.000 0.075 0.005 | 0.033 0.001 0.045 0.001 | 0.073 0.005
sensorless ADR fx IPW § AIPW f DM = EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.049 0.003 0.272 0.059 | 0.102 0.018 0.092 0.008 | 0.078 0.010
0.4 0.047 0.004 0.286 0.037 | 0.071 0.007 0.096 0.006 | 0.082 0.009
0.1 0.056 0.004 0.268 0.047 | 0.061 0.006 0.116  0.008 | 0.067 0.005
connect-4 ADR fx IPW } AIPW DM = EIPW x

&) RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.033 0.001 0.138 0.027 | 0.046 0.002 0.037 0.002 | 0.184 0.013
0.4 0.020  0.000 0.130 0.014 | 0.052 0.003 0.038 0.001 | 0.114 0.004
0.1 0.020  0.000 0.118 0.013 | 0.037 0.002 0.034 0.001 | 0.048 0.003

Table 8: The results of benchmark datasets with the LinTS policy and 7' = 800. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR T* IPW 7 AIPW T DM * EIPW «

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.064 0.006 0.098 0.011 | 0.150 0.019 0.289 0.026 | 0.172 0.019
0.4 0.084 0.005 0.060 0.003 | 0.089 0.007 0311 0.027 | 0.116 0.016
0.1 0.117 0.011 0.078 0.006 | 0.061 0.004 0.331 0.030 | 0.065 0.004
satimage ADR fx PW { AIPW | DM * EIPW *

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.032 0.001 0.102 0.011 | 0.094 0.007 0.043 0.002 | 0.095 0.016
0.4 0.033 0.001 0.081 0.009 | 0.073 0.005 0.048 0.002 | 0.098 0.015
0.1 0.028 0.001 0.075 0.004 | 0.074 0.005 0.043 0.001 | 0.048 0.003
sensorless ADR f{x IPW AIPW f DM EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.055 0.003 0.252 0.053 | 0.094 0.011 0.158 0.015 | 0.112 0.014
0.4 0.084  0.006 0.267 0.033 | 0.078 0.007 0.177 0.024 | 0.059 0.004
0.1 0.086  0.009 0.247 0.041 | 0.104 0.017 0.164 0.009 | 0.079 0.006
connect-4 ADR fx IPW § AIPW § DM = EIPW x

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.021  0.000 0.129 0.019 | 0.057 0.003 0.041 0.001 | 0.115 0.004
0.4 0.025 0.001 0.130 0.018 | 0.055 0.003 0.050 0.003 | 0.064 0.004
0.1 0.018 0.000 0.107 0.011 | 0.054 0.004 || 0.054 0.002 | 0.029 0.001
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Table 9: The results of benchmark datasets with the LinTS policy and 7' = 1,000. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR fx IPW AIPW § DM EIPW

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.053 0.006 0.097 0.010 | 0.140 0.023 0.248 0.008 | 0.184 0.020
0.4 0.077  0.008 0.070  0.005 | 0.098 0.011 0.276  0.028 | 0.099 0.011
0.1 0.099 0.011 0.076  0.006 | 0.091 0.008 0.296 0.026 | 0.088 0.007
satimage ADR fx IPW AIPW { DM = EIPW

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.016  0.000 0.096 0.011 | 0.050 0.004 0.044 0.001 | 0.056 0.003
0.4 0.021  0.001 0.077 0.007 | 0.041 0.002 0.048 0.001 | 0.063 0.009
0.1 0.026 0.001 0.079 0.005 | 0.087 0.011 0.048 0.002 | 0.091 0.020
sensorless ADR fx IPW § AIPW f DM = EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.040 0.003 0.273 0.057 | 0.083 0.009 0.114 0.008 | 0.087 0.008
0.4 0.034 0.001 0.291 0.035 | 0.091 0.010 0.099 0.006 | 0.070 0.007
0.1 0.060 0.002 0.268 0.042 | 0.075 0.008 0.146  0.011 | 0.069 0.006
connect-4 ADR fx IPW } AIPW DM = EIPW x

&) RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.014 0.000 0.132  0.020 | 0.059 0.003 0.045 0.001 | 0.110 0.006
0.4 0.019  0.000 0.136  0.017 | 0.028 0.001 0.046 0.002 | 0.066 0.004
0.1 0.016 0.000 0.114 0.012 | 0.023 0.001 0.050 0.002 | 0.019 0.000

Table 10: The results of benchmark datasets with the LinTS policy and 7' = 1,200. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR T* IPW 7 AIPW T DM * EIPW «

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.038 0.003 0.095 0.010 | 0.095 0.010 0.234 0.013 | 0.203 0.028
0.4 0.048 0.003 0.066 0.004 | 0.099 0.012 0.245 0.013 | 0.117 0.011
0.1 0.058  0.002 0.073 0.006 | 0.052 0.003 0.257 0.021 | 0.069 0.006
satimage ADR T« PW { AIPW | DM * EIPW *

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.012 0.000 0.096 0.010 | 0.058 0.004 0.037 0.001 | 0.059 0.003
0.4 0.020 0.001 0.079 0.007 | 0.036 0.001 0.043 0.002 | 0.064 0.010
0.1 0.027 0.001 0.079 0.005 | 0.045 0.002 0.050 0.001 | 0.050 0.004
sensorless ADR f{x IPW AIPW f DM EIPW x

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.027 0.001 0.257 0.043 | 0.063 0.004 0.102 0.005 | 0.053 0.004
0.4 0.038 0.002 0.277 0.036 | 0.059 0.003 0.106 0.006 | 0.087 0.010
0.1 0.046  0.002 0.252 0.035 | 0.034 0.002 0.138 0.008 | 0.045 0.003
connect-4 ADR fx IPW § AIPW § DM = EIPW x

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.014 0.000 0.376 0.244 | 0.044 0.002 0.029 0.001 | 0.107 0.007
0.4 0.021  0.000 0.395 0.283 | 0.025 0.001 0.033 0.001 | 0.067 0.004
0.1 0.215 0.138 0.385 0.273 0.215 0.138 0.217 0.137 0.215 0.138
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Table 11: The results of benchmark datasets with the i.i.d samples and 7" = 800. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR fx IPW AIPW § DM fx EIPW fx
o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.195 0.090 0.078 0.061 | 0.078 0.061 0.078 0.061 | 2.085 9.013
0.4 0.192  0.088 0.078 0.061 | 0.079 0.061 0.080 0.061 1.187 20913
0.1 0.105 0.061 0.080 0.061 | 0.083 0.061 0.108 0.061 | 0.298 0.189
satimage ADR tx IPW 1 AIPW { DM fx EIPW fx
« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.025 0.001 0.003 0.00 | 0.008 0.000 || 0.006 0.00| 0.076 0.014
0.4 0.019  0.001 0.006 0.00 | 0.017 0.001 0.012 0.00 | 0.074 0.012
0.1 0.079 0.060 | 0.079 0.06 | 0.083 0.060 0.081 0.06 | 0.098 0.061
sensorless ADR fx IPW § AIPW f DM fx EIPW 7x
« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.032  0.003 0.004 0.000 | 0.005 0.000 || 0.004 0.000 | 0.193 0.099
0.4 0.031 0.003 0.007 0.000 | 0.008 0.000 || 0.015 0.001 | 0.154 0.064
0.1 0.052 0.021 0.046 0.021 | 0.048 0.021 0.057 0.021 | 0.121 0.050
connect-4 ADR fx IPW } AIPW DM tx EIPW fx
&) RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.080 0.047 0.069 0.047 | 0.069 0.047 0.069 0.047 | 0.234 0.086
0.4 0.074  0.047 0.069 0.047 | 0.071 0.047 || 0.071 0.047 | 0.141 0.052
0.1 0.070  0.047 0.070 0.047 | 0.073 0.047 0.074 0.047 | 0.076 0.047

Table 12: The results of benchmark datasets with the i.i.d samples and 7" = 1,000. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with *.

mnist ADR T* IPW 7 AIPW T DM fx EIPW T*

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.367 0.062 0.006 0.000 | 0.011 0.000 0.005 0.000 | 4.834 2.294
0.4 0.373  0.037 0.016 0.000 | 0.031 0.001 0.038 0.001 | 2.672 0.905
0.1 0.165 0.012 0.029 0.001 | 0.049 0.002 || 0.155 0.005 | 0.671 0.098
satimage ADR T« PW { AIPW | DM f* EIPW fx

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.043  0.002 0.006 0.000 | 0.013 0.000 0.010 0.000 | 0.136 0.010
0.4 0.038 0.001 0.013 0.000 | 0.035 0.001 0.018 0.000 | 0.148 0.012
0.1 0.028 0.001 0.026 0.001 | 0.034 0.001 0.044 0.002 | 0.113 0.019
sensorless ADR f{x IPW AIPW f DM tx EIPW fx

« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.073  0.005 0.005 0.000 | 0.012 0.000 || 0.009 0.000 | 0.454 0.071
0.4 0.077  0.005 0.009 0.000 | 0.031 0.001 0.023 0.001 | 0.390 0.045
0.1 0.066 0.003 0.042 0.003 | 0.047 0.004 0.083 0.007 | 0.257 0.066
connect-4 ADR fx IPW § AIPW § DM fx EIPW fx

o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.057 0.002 0.009 0.000 | 0.014 0.000 || 0.013 0.000 | 0.396 0.020
0.4 0.040 0.001 0.008 0.000 | 0.021 0.001 0.019 0.000 | 0.218 0.010
0.1 0.027 0.001 0.024 0.001 | 0.047 0.003 0.042 0.002 | 0.056 0.003
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Table 13: The results of benchmark datasets with the i.i.d samples and T" = 1,200. We highlight
in red bold the estimator with the lowest RMSE and highlight in under line the estimator with the
lowest RMSE among estimators that do not use the true logging policy. Estimators with asymptotic
normality are marked with {, and estimators that do not require the true logging policy are marked

with x.

mnist ADR fx* IPW t ATIPW { DM tx EIPW fx
o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.310  0.036 0.006  0.000 | 0.013 0.000 0.005 0.000 | 4.709 1.037
0.4 0.346  0.033 0.012  0.000 | 0.020 0.001 0.040 0.001 | 2.735 0.461
0.1 0.143 0.013 0.036 0.001 | 0.076 0.007 0.161 0.006 | 0.608 0.137
satimage ADR fx IPW AIPW f DM fx EIPW 7x
« RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.038 0.001 0.005 0.0 | 0.015 0.000 0.012 0.000 | 0.114 0.004
0.4 0.029 0.001 0.011 0.0 | 0.019 0.000 0.016 0.000 | 0.159 0.011
0.1 0.021  0.001 0.014 0.0 | 0.048 0.002 0.044 0.001 | 0.092 0.007
sensorless ADR ftx IPW AIPW 7 DM fx EIPW fx
o RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.096 0.007 0.007 0.000 | 0.012 0.000 0.008 0.000 | 0.481 0.083
0.4 0.097  0.007 0.014 0.000 | 0.027 0.001 0.025 0.000 | 0.407 0.058
0.1 0.054 0.002 0.023 0.001 | 0.038 0.002 0.065 0.002 | 0.208 0.025
connect-4 ADR ftx IPW 1 AIPW ¢ DM fx EIPW fx
@ RMSE SD || RMSE SD | RMSE SD || RMSE SD | RMSE SD
0.7 0.060 0.002 0.005 0.0 | 0.012 0.000 [ 0.009 0.000 | 0.378 0.013
0.4 0.043  0.002 0.010 0.0 | 0.014 0.000 || 0.023 0.000 | 0.211 0.012
0.1 0.017 0.000 || 0.017 0.0 | 0.037 0.002 0.035 0.001 | 0.057 0.003
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