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NEARLY d-LINEAR CONVERGENCE BOUNDS FOR
DIFFUSION MODELS VIA STOCHASTIC LOCALIZATION

Joe Benton; Valentin De Bortolij Arnaud Doucet; George Deligiannidis*

ABSTRACT

Denoising diffusions are a powerful method to generate approximate samples
from high-dimensional data distributions. Recent results provide polynomial
bounds on their convergence rate, assuming LZ-accurate scores. Until now, the
tightest bounds were either superlinear in the data dimension or required strong
smoothness assumptions. We provide the first convergence bounds which are lin-
ear in the data dimension (up to logarithmic factors) assuming only finite second
moments of the data distribution. We show that diffusion models require at most

~ 2

O(id 1og€2(1/ 9) ) steps to approximate an arbitrary distribution on R4 corrupted with
Gaussian noise of variance § to within €2 in KL divergence. Our proof extends
the Girsanov-based methods of previous works. We introduce a refined treatment

of the error from discretizing the reverse SDE inspired by stochastic localization.

1 INTRODUCTION

Denoising diffusion models are a recent advance in generative modeling which have produced state-
of-the-art results in many domains (Sohl-Dickstein et al.l 2015} [Song & Ermon, [2019; Ho et al.,
2020; Song et al., [2021b), including image and text generation (Dhariwal & Nichol, 2021} |Austin
et al.,2021; Ramesh et al.;,2022; Saharia et al.||2022), text-to-speech synthesis (Popov et al.,|2021)),
and molecular structure modeling (Xu et al., 2022} [Trippe et al.| [2023; [Watson et al., [2023). De-
noising diffusion models take data samples, corrupt them through the iterated application of noise,
and learn to reverse this noising procedure. For data on R?, we typically use a stochastic differential
equation (SDE) as the noising process. Then, learning the reverse process is equivalent to learning
the score of the noised distributions (Vincent, 2011;Song & Ermon, [2019; |Song et al.,|2021b).

Recently, significant progress has been made on improving our theoretical understanding of diffu-
sion models, including several works which have established polynomial convergence bounds for
such models (Chen et al.| [2023ajd; |[Lee et al., 2023} |L1 et al.l |2023). The current state-of-the-art
bound without Lipschitz assumptions on the score of the data distribution is provided by [Chen et al.

(2023a), who show that diffusion models require at most O(w) steps to approximate a

given distribution to within €2 in KL divergence, assuming only a finite second moment of the target
distribution and early stopping at time §. However, |Chen et al.| (2023a;d)) suggest that the iteration
complexity ought to scale linearly in the data dimension (see e.g. |Chen et al.|(2023d, Theorem 6)).

In this work, we close this gap. We derive the first convergence bounds for diffusion models which
are linear in the data dimension (up to logarithmic factors) without smoothness assumptions. We de-

duce that an early stopped diffusion model has iteration complexity O(W). Our proof builds
on|Chen et al.| (2023a3d)), who use Girsanov’s theorem to measure the distance between the true and
approximate reverse paths. However, we provide a refined treatment of the time discretization error,
using techniques from stochastic calculus to derive a differential inequality for the expected differ-
ence between the drift terms at different times. By bounding the terms of this differential inequality,
we achieve tighter bounds on the difference between the true and approximate path measures.

A key ingredient in our proof will be Lemma([l] which allows us to perform several calculations ex-
plicitly. This result is inspired by stochastic localization (Eldan) 20132020}, developed to study the
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KLS conjecture and applied to sampling. Stochastic localization sampling is equivalent to diffusion
models (Montanari, |2023)), letting us transfer insights from stochastic localization to our proof.

1.1 DIFFUSION MODELS

A diffusion model starts with a stochastic process (X).e[o,] constructed by initializing Xy in the
data distribution pg,, and then evolving according to the Ornstein—Uhlenbeck (OU) SDE

dX, = —X,dt + V2dB; for0<t<T, (D

where (B¢ ):e[o, 7] is @ Brownian motion on R? (Song et al., 2021b). We then learn the dynamics of
the reverse process (Y3 );c[o,r] defined by Y; = X7 _;. If we let g;(x;) denote the marginals of the
forward process, then under mild regularity conditions on p4a,, the reverse process satisfies the SDE

dY; = {V; + 2V log qr_,(Y}) }dt 4+ v2d B, Yy ~ qr, )

where (Bg)te[O,T] is another Brownian motion (Anderson, |1982; (Cattiaux et al.,[2022). We can thus
generate samples & ~ pgaa by sampling Y ~ qr, running the reverse SDE, and setting £ = Yr.

The OU process is a convenient choice of forward process as its transition densities are analytically
tractable, with gy o(x¢|x0) = N (x¢;x0e ™", 0714) where of := 1 — e~ 2%, In what follows, we will
denote the posterior mean my(x;) := Ey,(|x,) [Xo] and variance X;(x;) := Covyy, (|x,)(Xo);
my; is related to the score function via V log ¢;(x:) = —o; 2Xt + e‘to; th (see Lemmabelow).

For convenience, we will assume throughout that our data distribution pqai, has identity covariance
matrix (as is standard in applications), though our analysis holds similarly without this assumption.
We also focus on an OU noising process rather than a general noising SDE (as in e.g. (Chen et al.
(2023e)), since the OU process is most common in practice. However, our results can be straight-
forwardly extended to any linear SDE (including in particular the VE SDE (Song et al.| 2021b)).

To simulate (2)), we must make three approximations. First, as we do not have access to V log q:(x;)
directly, we learn an approximation sq(x¢,t) to V log ¢;(x;) for t € [0, T] by minimising

T
£(s9) = / Ey. [ls6(Xe,t) — Vlog q:(X0)|] dr. 3
0

Although L(sg) cannot be estimated directly, there are techniques such as denoising or implicit
score matching which provide equivalent tractable objectives (Hyvarinen, 2005} [Vincent, [2011). In
practice, we empirically estimate these objectives using samples drawn from the forward process,
which can be analytically simulated. We typically parameterize sg(x¢,t) via a neural network for a
vector of parameters § € R” and minimise the objective function using stochastic gradient descent.

Second, since we do not have access to the initial distribution g7 of the reverse process, we instead
initialize the reverse process in the standard Gaussian, which we denote 7. This is a reasonable
approximation since the OU process converges exponentially quickly to 74 (Bakry et al.,|[2014).

Third, since (2)) is a continuous-time process we must discretize time in order to simulate it. We pick
time steps 0 = o < ¢y < --- <ty < T, sample Yy ~ 74 and define (Y});c[o,7) via the SDE

dY; = {Y; + 2s6(Ys,, T — ti) }dt + d B, 4)
for each interval [tx, tx41] and k = 0,..., N — 1, for a Brownian motion (Bt)te[O,T]~ We use the
notation v := ti4+1 — ti for the step size and denote the marginals of the approximate reverse

process by p;(x). The sampling scheme defined via is known as the exponential integrator
(Zhang & Chen, 2023} \De Bortoli, [2022; |Chen et al., 2023a). An alternative is the Euler-Maruyama
(EM) scheme, which replaces the time-dependent drift term in (@) with its value at the start of the
associated interval (Song et al., [2021b; (Chen et al., | 2023a). Both methods give similar asymptotic
convergence rates, as indicated by |Chen et al.[(2023a), so we focus on the exponential integrator.

Finally, instead of running (@) all the way back to the start time, we perform early stopping and set
ty = T — ¢ for some small §. We do this because for non-smooth data distributions V log ¢; can
blow up as ¢ — 0. This means that our model will approximate gs rather than ¢y = Pgata, Which is
acceptable since for small § the distance (e.g. in Wasserstein-p metric) between gs and pgay, is small.
Early stopping is frequently used in practical applications of diffusion models (Song et al., | 2021b).
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1.2 STOCHASTIC LOCALIZATION

Stochastic localization sampling schemes were developed by [El Alaoui et al.| (2022)); Montanari
(2023). To sample from a distribution pgaa, We construct a measure-valued stochastic process
(tts)s>0 such that y1, “localizes” as s — oo, meaning that there a.s. exists some & such that p15; — 0¢
as s — 00, and & ~ pgu. We construct this process by sampling £ ~ pg, and defining a sequence
(Us)s>0 of noisy observations of £ via

Us = s+ W, &)

where (W;)s>0 is a Brownian motion on R? (Montanari, 2023). We then define s = Law(¢ | Uy),
so that i is a random measure depending on Us. Since U, /s — £ almost surely as s — oo, we see
(1s)s>0 does indeed localize and lim,_, o, Us/s is distributed according to pyata-

However, constructing (Us)s>o via (3)) requires sampling £ ~ pgara, Which we cannot do. Fortu-
nately, we avoid this using the observation that if pga, has finite second moments, then (Us)s>o is
equivalent in law to the unique solution to the SDE

AU, = a,(U,)ds + dW., (6)

where (W))s>0 is a Brownian motion and a,(U;) = E,_[£] = E[{| Us] (Liptser & Shiryaev,
1977;|Montanari,[2023). This allows us to construct the stochastic localization process without direct
access to Pyara, SO long as we have access to the function a,(Us). We also define A ;(Us) = Cov(us).

Diffusion models and stochastic localization are equivalent under a time change (Montanari, [2023)).
If we define (X;)¢>0, (Us)s>0 according to (T), (3) respectively and let ¢(s) := 1 log(1+s~1), then
(Us)s>0 and (set(“‘)Xt(s))szo have the same law. In addition, a,(U;) and m,(X;) have the same
law and A (Us) and X;(X;) have the same law when ¢ = ¢(s). We will sometimes suppress the
dependence of as, A and m;, ¥; on Uy and X; respectively when the meaning is clear. For more

details and an explicit derivation of the equivalence, see Appendix [A]

‘We now recall two lemmas from the stochastic localization literature. The first can be found in|Eldan
(2013)); |Alaoui & Montanari (2022). The second follows from the first plus the argument in |Eldan
(2020). We provide proofs for both results in Appendix [B|for the reader’s convenience.
Proposition 1 (Alaoui & Montanari| (2022), Theorem 2). If we define Ls(x) = dd;:'j (x), then
dLs(x) = Ls(x)(x — as) - AW, forall s > 0.

Proposition 2 (Eldan|(2020), Equation 11). Forall s > 0, £ E[A,] = —E [AZ].

Translating Proposition 2] into the language of diffusion models, using that A and 3, are equal in
law when t = % log(1 + s71), we get the following directly from Propositionand the chain rule.
Lemma 1. Forallt > 0, 2= $E[S,] = E [$7].

Lemma [T] is the key insight that allows us to control the discretization error more precisely than

previous works. In Lemma[5} we will see that 3, is related to the Jacobian of the score. Control of
> via Lemma[I]will thus allow us to control time-discretization terms F ; (defined in Section E])

1.3 RELATED WORK

Convergence of diffusion models Initial results on the convergence of diffusion models required
restrictive assumptions on the data distribution such as a log-Sobolev inequality (Lee et al., [2022}
Yang & Wibisono, [2022)), or produced bounds that were non-quantitative (Pidstrigach, 2022; [Liu
et al., |2022) or exponential in the problem parameters (De Bortoli et al., 2021} [De Bortoli, 2022
Block et al., [2022)). Recently however, several works have proven polynomial convergence rates for
diffusion models (Chen et al.,[2023a:d; [Lee et al.,[2023}; L1 et al., [2023)).

First, |(Chen et al.|(2023d) gave polynomial TV error bounds, assuming a Lipschitz score for all
t > 0. They used Girsanov’s theorem to measure the KL divergence between the true and ap-
proximate reverse processes (similar to|Song et al.| (2021a))), with an approximation argument since
the standard assumptions for Girsanov’s theorem do not hold in their setting. Second, |Chen et al.
(2023a) developed this method, introducing a tighter bound on the drift terms and an exponentially
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Regularity condition Metric Complexity Result
Vt, Vlog g, L-Lipschitz | TV(qo, pr)? O(457) (Chen et al; 2023d] Thm 2)
Vt, Vlog q; L-Lipschitz | KL(qol||pr) O( dELj ) (Chen et al.| 2023a, Thm 1)
None KL(qs||pry) | O(E128/9)) | (Chen et al.,[2023a, Thm 2)
None KL(gs||pey) | O ( W) This work: Corollary

Table 1: Summary of previous bounds and our results. Bounds expressed in terms of the number
of steps required to guarantee an error of at most £2 in the stated metric, assuming perfect score
estimation. We assume pyy, has finite second moments and is normalized so that Cov(pga,) = 4.

decaying sequence of time steps. They provide two bounds on the KL error. The first (Theorem 1) is
linear in the data dimension d but requires Lipschitz scores for ¢ > 0 and depends quadratically on
the Lipschitz constant. This is unideal since the Lipschitz assumption excludes many distributions
of interest, such as those supported on a submanifold. In addition, the Lipschitz constant can hide
additional dimension dependence in some cases (such as when the data are approximately supported
on a submanifold). The second (Theorem 2) uses early stopping and applies to any data distribution
with finite second moments but is quadratic in d. The latter gives the current best bound on the

~ 2 2
iteration complexity of diffusion models without smoothness assumptions of O (%2(1/5))

In parallel, Lee et al.| (2023) derived weaker polynomial convergence bounds using a x2-based anal-
ysis and a method to convert L°-accurate score estimates into L ?-accurate estimates. Most recently,
Li et al.|(2023) demonstrated bounds for several deterministic and non-deterministic sampling meth-
ods using elementary techniques, directly in discrete time and assuming a perfectly accurate score
estimate. We summarise the results of |(Chen et al.| (2023ajd) and compare them to ours in Table

In addition, several works have studied the convergence properties of deterministic or approximately
deterministic sampling schemes based on diffusion models (Chen et al.,|[2023cze; |Albergo & Vanden-
Eijnden, 2023; |Albergo et al.| [2023} |Benton et al.|[2023} |L1 et al., 2023)). Other work has focused on
the problem of score estimation. In particular, Oko et al.|(2023)) bound the error when approximating
the score with a neural network and show that diffusion models are approximately minimax optimal
for a certain class of target distributions, while Chen et al.[(2023b)) study the sample complexity and
convergence properties of diffusion models when the data lies on a linear submanifold.

Stochastic localization Stochastic localization was developed by Ronen Eldan to study isoperi-
metric inequalities (Eldan, [2013)) such as the Kannan-Lovasz—Simonovits (KLS) conjecture (Kan-
nan et al., [1995)) and the thin shell conjecture (Anttila et al., [2003; Bobkov & Koldobskyl [2003)). It
was based on the original localization methodologies of Lovasz, Simonovits and Kannan (Lovasz &
Simonovits, 1993} [Kannan et al.| 1995) used to study high-dimensional and isoperimetric inequal-
ities. Subsequently, stochastic localization has been used to make significant progress towards the
KLS conjecture (Lee & Vempala, 2017; (Chen, [2021]), as well as to prove measure decomposition
results (Eldan, 2020; |/Alaoui & Montanari, 2022) and for studying mixing times of Markov Chains
(Chen & Eldan, [2022). Recently, several works developed algorithmic sampling techniques based
on stochastic localization (El Alaoui et al.,2022; Montanari & Wul [2023)), andMontanari| (2023) has
shown that these sampling approaches are equivalent in the Gaussian setting to diffusion models.

Concurrent work: After the first version of our work was made publicly available, an independent
work appeared by Conforti et al.|(2023) who derive similar bounds. In contrast to our work, they take
a stochastic control perspective and work under a finite Fisher information smoothness condition.
This condition can be removed with early stopping, giving bounds that are linear in data dimension
up to logarithmic factors, similar to our own.

2 MAIN RESULTS

The core assumption required for our main result is the following control of the score approximation.

"Note that their bound is stated incorrectly in their abstract; the correct bound can be found in their Table 1.
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Figure 1: Ilustration of a typical choice of step sizes satisfying v, < kmin{1,7 — tp41}.

Assumption 1. The score approximation function sy (X, t) satisfies
N—1

Z 7kE(Itk “|VIOg qT—ty, (th) - SG(XtMT - tk)”q < 8?cm"f:' (7)
k=0

We can view (7)) as a time-discretized version of L(sg), so Assumption [I|suggests we learn a score
approximation with L? error at most €core, adjusting for the discretization of the reverse process.
Though this assumption is standard in the literature (Chen et al., 2023a3b)), there may be statistical
barriers to efficient estimation of the score in high dimensions (Biroli & Mézard| 2023}, |Ghio et al.|
2023) and Assumption [I]may not capture the full practical difficulty of learning the score.

Assumption 2. The data distribution pya, has finite second moments, and Cov(pgan) = L4

The first part of Assumption [2]is required for the convergence of the forward SDE. We include the
second part for convenience when stating our results. Our analysis is not dependent on it, and we
outline how to adapt our proofs for a general covariance matrix in Appendix

Theorem 1. Suppose that Assumptions|[l|and2|hold, that T > 1, and that there is some k > 0 such
that for each k = 0,...,N — 1 we have v, < k min{1,T — tj11}. Then,

KL(qs5||pey) < €2 + K2dN + kdT + de™ 27,

score

where f1 < fo denotes that there is a universal constant C such that f; < C fs.

This is our main bound, and it consists of three parts. The first term €2, measures the error from

using a learned rather than exact score. The second terms x2dN + xdT are due to the discretization
of the reverse SDE. The final term de =27 controls the convergence of the forward SDE.

We interpret  as controlling the maximum step size; v is bounded by « for ¢ € [0, T — 1], and for
t € [T —1,T] the condition vy, < k(T — tj41) forces 7y to decay exponentially at rate (1 + ).
We visualise this in Figure[I] As in Corollary[I|below, for any N there is a choice of time steps such
that k = O(1/N), up to factors which are linear in 7" and logarithmic in 1/8. Since T" will scale
logarithmically in d and gg¢ore, We think of the second terms in Theorem as scaling like O(d /N).

We expect the first term 2, to scale linearly in d in many cases, e.g. if the target distribution were
the product of i.i.d. components. The convergence of the forward process is also linear in d. As
such, Theorem E] improves upon the previous state-of-the-art bounds (Chen et al., |2023aid), which
either require strong smoothness assumptions on pqq, or have at least quadratic dependence on d.

We next show that given N we can choose a suitable sequence of time steps. This results in a bound
on the iteration complexity of the diffusion model.

Corollary 1. ForT > 1,0 < 1 and N > log(1/0), there exist 0 =to < t; < --- <ty =T —90
such that for some k. = 6(%(1/6)) we have v, < kmin{l, T—ty41}foreachk =0,... , N—1.
Then, if we take T = % log (=) and N = @(w), we have KL(qs||piy) = O(e2,0)-

g2 score
score score

~ 2
Hence, the diffusion model requires at most O(dlogeizgl/é)) steps to approximate qs to within €% in

KL divergence, assuming a sufficiently accurate score estimator.

Corollary (1] shows that by making a suitable choice of 7', N and %, ...,tx we achieve a bound
on the iteration complexity which is linear in the data dimension (up to logarithmic factors) under
minimal smoothness assumptions, resolving the question raised in|Chen et al.|(2023a)). The proof of
Corollary [T]is deferred to Appendix [D] where we show that taking half the time steps to be linearly
spaced between 0 and T — 1 and half to be exponentially spaced between 1" — 1 and 7" — 4, as illus-
trated in Figureﬂ]is sufficient. This choice is similar to that made in|Chen et al.|(2023a)), reflecting
their observation that exponentially decaying time steps appear optimal, at least theoretically.
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The tightest previous bounds on the iteration complexity were obtained by (Chen et al.| (2023a;d).
Assuming only finite second moments of pqa, Chen et al.|(2023a) showed that diffusion models with

early stopping have an iteration complexity of O(w). Alternatively, |Chen et al.[(2023azd)

showed that if the score is L-Lipschitz for all ¢ > 0 then the iteration complexity is O(dg ) The
Lipschitz assumption can be removed using early stopping at the cost of an additional factor of 1/6%,
arising from the fact that for an arbitrary data distribution the Lipschitz constant of V log ¢ explodes
atrate 1/ t2 as t — 0 (Chen et al., 2023d, Lemma 20). As the distance between ¢q and ¢s scales with
d'/? (e.g. in Wasserstein-p metric), for a fixed Wasserstein-plus-KL (or Wasserstein-plus-TV) error
we should scale § proportionally to d—'/2. As a result, for a fixed approximation error for pyua, the
bounds of |Chen et al.|(2023d) and |Chen et al.|(2023a, Theorem 2) also scale superlinearly with d.

3  PROOF OF THEOREM

We now provide the proof of Theorem I} which comes in three steps. We view Step 1 as our main
novel contribution, while Steps 2 and 3 closely follow |Chen et al.|(2023a:d).

Step 1: We bound the error from discretizing the reverse SDE (see Lemma 2| below). Previous
works bound E; ; := E [||Vlog qr—¢(V;) — Vlog gr—s(Ys)||?] using a Lipschitz assumption. We
use a new Itd calculus argument to get a differential inequality for E ; (Lemmas [3| and [4), relate
the coefficients of this inequality to m, and X; using known results (Lemma [5), and bound the
differential inequality coefficients using our key LemmaI] (resulting in Lemmas[6and [7).

Step 2: We bound the KL distance between the path measures of the true and approximate reverse
process (Lemma|[8)). We use an analogous Girsanov-based method toChen et al| (2023a{d).

Step 3: We use the data processing inequality to bound KL(gs||p¢, ) in terms of the distance between
reverse path measures and the distance between g and m;. We bound the former using Step 2 and
the latter using the convergence of the OU process (Proposition[d), as in|Chen et al.| (2023a{d).

Rather than work with two processes (Y3 );c[o,7) and (Yt)te[o,T] which are solutions to (2)) and @)
under the same probability measure, it is more convenient to follow |Chen et al.| (2023ajd) and fix a
single process (Y;):c[o,7] and then define @ and P™ to be two different probability measures such
that (Y;)¢c[o,7) is a solution to (2) under @ and to (@) under P™¢. In addition, we define a probability
measure P97 under which (Yt)te[O,T] is a solution to () but with the initial condition Yy ~ g7.

3.1 BOUNDING THE DISCRETIZATION ERROR

Lemma 2 (Bound on discretization error). If (Y3)c(o,1) is the solution to the SDE (@), then we have

k

N-1 ity
3 / Eq [V log gr—+(Y:) — Vlog gr—e, (Ve )IP] dt < x2dN + wdT.
k=0 vt

Proof. We start by controlling E, ; for 0 < s <t < T, where (Y});> follows the law @) of the
exact reverse process (2). Since Vloggr_:(x) is smooth, we may apply Itd’s lemma to get the
following result, proved in Appendix

Lemma 3. If (Y}):c(o,1) is the solution to the SDE (), then for all t € [0,T) we have

d(Vlogqr—i(Y:)) = —Vlog gr—¢(Y:)dt + vV2V?2log gr—(Y;) - dB;.

From Lemma and the product rule, we have d(e!V log qr_+(Y;)) = v2e!'V?log gr_(Y;) - dB,.
Since, by (T3) below, [ e* Eq [[[V2loggr—.(Y,)|[%] dr < oo for 0 < s < ¢ < T, where we

denote by ||A||r = Tr(AT A)'/? the Frobenius norm of a matrix A, the RHS is a square-integrable
martingale. So, we may apply It6’s isometry (Le Gall, 2016, Equation 5.8) and differentiate to get

d
T e llle'Viogar(¥y) — e*Viogar—(Ya)|*] = 2¢*Eq [|IV? log ar—(V)[IE] - (®)
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In addition, for 0 < s <t < T where s is considered fixed and ¢t may vary, from Lemma|§| we have
d(Vlog gr—s(Ys) - Vleggr—+(Y:)) = —Vlog qr—s(Ys) - Vlog gr—.(Y:)dt
+V2Vlog gr—s(Ys) - V2 log gr—(Yy) - dB;.

Since [ Eq [V loggr—,(Y;)|%] dr < oo for 0 < s < t < T, the final term is a square-
integrable martingale. Integrating and taking expectations, we get

d

3 Ee [Viegar—s(Ys) - Vieggr—«(Y1)] = ~Eq [Viogqr—s(Ys) - Vieggr—(Yy)], )
where again we may interchange integration and expectation using Fubini. Combining (8) and (9),
we deduce the following differential inequality for F ;. (See Appendix @ for full derivation.)
Lemmad. Forall 0 < s <t < T, we have

et 9mq [IV0gar (V)I}] ~ 2B [IV logar(¥0) ~ Viogar (V)|
+2Eq {Viogqr—s(Ys) — Vlog qr—4(Y1)} - Vg gr—s(Ys)] . (10)
To further bound the RHS of (I0), note that by Young’s inequality
Eq [{Vloggr—s(Ys) — Vleggr—+(Y:)} - Viog gr—(Ys)]

1
< 5{Eq [IV 1o gr—+(¥2) = Vioggr—. (Y))II*] +Eq [V log ar—.(¥2)|] }.

Therefore,

dE;

— <Eq [IVlogar—.(¥y)[*] + 2Eq [V log ar— (Y)|7] - (11)
We must thus bound Eq [||V log g7—(Y5)||?] and Eq [||VZlog gr—¢(Y7)||%]. We make use of the
following lemma, which is found in previous work on diffusion models (see e.g. |De Bortoli (2022);

Lee et al.|(2023)); Benton et al.|(2023)) and which we prove for completeness in Appendix E
Lemma 5. For all t > 0, we have Vlogqi(x;) = —0; °x; + e to; *my and V?log q;(x;) =

-2 —ot_—4
—o; ‘I +e o, "3,

We may use Lemma[Sto rewrite ||V log g7 (Y;)||% and || V2 log g7—¢(Y3)[|% in terms of Y;, m; and
3. Expanding out the resulting expressions, the first can be bounded using elementary properties
of the OU process, while the second can be bounded using properties of the OU process plus our
key Lemma|[I} We obtain the following inequalities (see Appendix [E]for derivations).

Lemma 6. If (Y}),c(0,1) is the solution to the reverse SDE (@), then for all t, s € [0,T) we have
Eq [[Viogar—s(Yo)[*] < doz?,, (12)

and

Eq [IV?loggr—(Y)[I}] < dozt, — 5 (07 B [Tr(Sr—,)] )= (13)

N |
2|

Putting the bounds in (12)) and (T3) together, we get
Eq [IV1og gr—s(Y:)[?] + 2Eq [[[V* log ar— (Vo) 7]
< doz?, +2doz?, — % (072, B [Te(Zr—p)] ) [r=e-
Let us denote the two parts of this error term by

_ _ d, _
Eg,lt) = dJTzs + QdO—Tit’ Eg,gt) = “ar (UT:E [Tr(Zr—r)] ) |r=¢-

From (TT), it follows that

t t

Bus < [ Eo IV oger—, (V)] + 260 [IV? logar—. (VI ds < [ B, + E2ds.
tr tr

(14)
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‘We now bound the contributions to Ey, ; from Eg ?S and Et(f ?S. It will be convenient to divide our
time period into intervals [0, 7—1] and [T'—1, T'— 4] and treat these separately. We therefore assume
there is an index M with t3; = T — 1. This assumption is purely for presentation clarity and our
argument works similarly without it. Then, the following lemma bounds the various contributions
to B, +. The proof of Lemma[7]is elementary but technical, so we defer it to Appendix [E}

Lemma 7. The error terms Et(i ?s satisfy

M-1 tht1 N-1 tht1 t
3 / ( / Etl)sds) dt $wdl, Y / ( Et(,j}sds) dt < k2dN,  (15)
k=0 k=M 7tk tr

and the error terms Et(f)s satisfy

tht1 5
Z / (/ Et(k?sds> dt < kd + Kk2*dN. (16)

Finally, by combining with and we complete the proof of Lemma 2] O

3.2 BOUNDING THE KL DISTANCE BETWEEN PATH MEASURES

Lemma 8 (Bound on distance between path measures). If Q and PI7T are the true and approximate
path measures respectively then KL(Q||P17) < 2, . + k2dN + kdT.

score

Proof. We use the following result from [Chen et al|(2023d) (proof recalled in Appendix [F).

Proposition 3 (Section 5.2 of |Chen et al.| (2023d)). Let Q and P97 be the path measures of the
solutions to @) and @) respectively, both started in Yy ~ qr and runfromt = 0 to t = ty. Assume
that

tht1
> / Eq [IV1og gr—i(Yy) — so(Vs,, T — ti)||°] dt < oc.

tr

Then, we have
N th+1 )
KL@QIP™) < Y [ B IV Iogar—i(4) = 5ol T — 00)|?]
k=0 Ytk

To apply Proposition 3] we note that by Lemma[2]and Assumption [I|we have

tk+1
Z / o [V 108 qr+(¥2) — saYiy T — t)][2]

i

< YeEq [[IV1og gr—s, (Y,) — so (Y, T — t) %]
0

=~
I

tk+1

4 Z / o [V log gr—(¥:) — Viogar_o, (Yu)|?] dt

+n2dN+ndT < 0.

~ QC()I'C

Therefore, the conditions of Proposition[3|hold and Lemmal(§]follows by applying Proposition[3} [J

3.3 COMPLETING THE PROOF

Finally, we show how to complete the proof of Theorem|[I]from Lemmal[8] As a corollary of Lemma
[Bl we see that @ is absolutely continuous with respect to P97. Since P and P™ differ only by

a change of starting distribution, we can write gg,}; (y) = ‘;‘Z (yo) for a pathy = (y¢)tejo,tn]s
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and deduce that P97 and P™¢ are mutually absolutely continuous. It follows that () is absolutely

continuous with respect to P™ and d‘}fg —(y) = dfffT (y) 3?: (y) = d?f,?T (y)g%(yo). Therefore,

d@
dpar

KL(Q[|P™) = Eq [bg ( (Y)dQT(Yo))] — KL(Q||P*) 1 KL(grl[ra)  (17)

d’/Td

The first term is bounded by Lemma|8] The second is controlled by the convergence of the forward
process in KL divergence and can be bounded using the following proposition (which is very similar
to Lemma 9 in|Chen et al.| (2023a)). We defer the proof of Proposition d]to Appendix

Proposition 4. Under Assumption[2} we have KL(qr||mq) < de™?7 for T > 1.

Since g5 and p; , are the pushfowards of the path measures () and P™ under f : (wt)te[o,tN] = Wiy s
the data processing inequality implies that KL(gs||pt, ) < KL(Q||P7¢). Finally, combining this
with (I7), Lemma|[8] and Proposition 4] completes the proof of Theorem [I]

4 DISCUSSION

Inspecting our bound in Theorem ] the error from approximating ¢r by w4 decays exponentially in
T and so is typically negligible. If the L? error of our score approximation is £2, ., then we cannot
hope to improve on the term of order £2, . for the KL error due to using an approximate score. It

remains to consider how tight the term corresponding to the discretization of the reverse process is.

Our proof shows that under our assumptions, with perfect score approximation and initializing the
reverse SDE in g7, the KL error induced by discretizing time is of order x2dN + xdT. As explained
in Section we can think of this as being O(d/N), assuming a suitable choice of time steps and &,
or equivalently O(dn) where 7) is the average step size. We note that the linear dependence on d (up
to logarithmic factors) here is optimal (for justification, see Appendix [H.

However, it is unclear whether the linear dependence on 7 is optimal here. On the one hand, the
KL divergence between the true and approximate reverse path measures is ©(dn) in the worst case
(consider the case where pgy, is a point mass, or see Theorem 7 in (Chen et al| (2023d)) in the
critically damped Langevin setting). Thus, our Girsanov-based method cannot improve upon the
rate of O(dn) without significant modification. In addition, the best known convergence rates in
KL divergence for Langevin Monte Carlo (LMC) under various functional inequalities are O(dn)
(Cheng & Bartlett, 2018;|Vempala & Wibisono, 2019; Chewi et al., 2022; |Yang & Wibisono, |2022).

On the other hand, the increasing noise schedule of diffusion models may allow for improved con-
vergence rates compared to LMC. As evidence, Mou et al.| (2022) show that the EM discretization
of an SDE has error O(7?) in reverse KL divergence, under smoothness assumptions which should
be satisfied under early stopping, making only mild additional assumptions on the data distribution
such as bounded support. We could apply their results to get O(n?) convergence bounds for the
diffusion model, but the implicit constant would depend on d and on the smoothness parameters,
which in turn depend polynomially on d and 1/¢. This leads to bounds which are quadratic in 7 but
superlinear in d. We expect such bounds to be tighter than our own when 1! > poly(d).

We may also get better convergence bounds by working in weaker metrics. Under some smoothness
assumptions on Pgaa, our KL error bounds imply a bound of O(\/ﬁ) in Wasserstein-2 distance via a
Talagrand inequality (Otto & Villani, 2000). However, there is evidence that this rate is suboptimal.
Under smoothness assumptions on the drift, the EM discretization has error O(n) in Wasserstein-p
metric for p > 1 (Alfonsi et al |2015). Under smoothness and convexity assumptions on the data
distribution, LMC converges at rate O(7) (Durmus & Moulines, [2019; [Li et al., [2022). However,
these results require additional smoothness assumptions and have superlinear dependence on d.

Ultimately, there appears to be a trade off between the dependence on the data dimension and the
step size. Our key to obtaining bounds which are tight in d was to use bounds on the drift coefficient
of the reverse SDE which hold in expectation. All methods of which we are aware that achieve a
better dependence on 7 require stronger (e.g. L°°) control on the drift. These necessitate worse
dimension dependence and additional smoothness assumptions. We leave bridging the gap between
these two strands of proofs to future work.
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A EQUIVALENCE OF DIFFUSION MODELS AND STOCHASTIC LOCALIZATION

Suppose that (X;);>o follows the OU SDE defined in (I). Using the integration by parts formula
for continuous semimartingales (Le Gall,2016),

d(e!X,) = ' X,dt + e {—X,dt + V2dB,} = V2¢'dB,.

By the Dubins—Schwarz theorem (Le Gall, 2016, Theorem 5.13), there is a process (Ws)szo such
that

Wos | = / V2¢"dB,
0

and (W;)s>o is a standard Brownian motion with respect to the filtration (F(4))s>0 Where 7(s) =
1log(1 + s). Then, for all s € (0, 00) we can write
67—(S))('r(s) = Xo+ Ws-

If we set Uy = 0 and )
Uy o= se" VX 15y = sXo + sWiys

for s € (0,00), then we observe that (Us),>0 satisfies the definition of the stochastic localization

process in (§), since the law of (sz/s)sZO is the same as the law of (W;)s>0. Thus the forward
diffusion process and the stochastic localization process are equivalent under the chance of time
variables ¢(s) = 2 log(1 + s71).

In addition, we see that conditioning on Uy is equivalent to conditioning on X, and thus x, and
qoj¢( - | X¢) define the same distributions when ¢ = #(s). It follows that a,(Us) and m; (X;) have the
same law and A, (U,) and 3;(X;) have the same law when ¢ = #(s).

B PROOFS OF STOCHASTIC LOCALIZATION RESULTS

Propositions[T]and 2] are well-known and we reproduce the proofs here for convenience. Proposition
E] can be found for example in [Eldan| (2013); |Alaoui & Montanari| (2022); El Alaoui et al.| (2022)
and our proof of Proposition [2]is based on the argument on pages 8-9 of Eldan| (2020).

Proof of Proposition[l] From (5), we can deduce that
1 S

po(dx) = = exp {x - Uy = 2111 fpaaa(dx),

where Z; = [y, exp {x - Us — £||x[|?} paaa(dx) is the normalizing constant. Therefore,
1

dlog Ls(x) :XodUS—EHtzds—dlong. (18)
Writing hy(x) = x - U, — $||x||? and using the definition of Uy in (3) plus d[W, W], = ds, we
have dhy(x) = x - dU, — 3|x[|*ds and d[h(x), h(x)]s = [x||*ds. Since hy(x) is a continuous

semi-martingale and exp is smooth, we may apply It6’s lemma to exp {hs(x)} and integrate with
respect to Paa (X) to get

4z, = [ (dh(6) + 500, ) e ()

= / X d[]sehs(x)pdata(dx)
Rd
= Zs(as - dUs).
Then, via another application of 1t6’s lemma, since Z is continuous and log is smooth,

dz, 1d[Z]

log Zs =
dlogZs = 7" =5

1
= ay - dUs — §||as||2d8

14
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Substituting this into (I8]), we see that
1
dlog Ls(x) = (x — as) - (dUs — asds) — iHX - as||2d3

1
= (x—a,) AW} - 5 |x - a,[*ds

where we recall the definition of (W/)s>o from (6). The result then follows via a final application
of Itd’s lemma. O

Proof of Proposition 2] First, using Proposition [I| we have

da, = d ( /R ) XLS(X)pdata(dx)>
= /R , XA L (X)Pdata (dx)

= / X ® (x — ay)Ls(x) - AW, paara(dx).
Rd

This implies that
das =E,, [€® (£ —ay)] dWé =A,- dW;
It then follows from It6’s isometry that
d
L [a2?) ~ £ [42).
s
The result then follows from the fact that E [A,] = E,,, [¢¥?] — E [a$?]. O

C ADAPTATIONS REQUIRED TO HANDLE A GENERAL COVARIANCE OF Pgata

We briefly outline the changes required in our proofs to handle a data distribution with a general
covariance matrix. The main changes required are in the proofs of Lemmas [f] and[7]and Proposition
In this section, we replace Assumption 2] with the following.

Assumption 3. The data distribution pqu, has finite second moments, with My :=E,, [HXO ||2]

First, we note that the proofs of Lemmas and[5] go through unchanged, and so these results also
hold in the more general setting. For Lemma [6] the proof of (IZ) can be adapted, replacing each
time we use E [|| Xo||?] = d with E [||[ X, ||?] = M2 and noting that since X, and X; — e "X are
independent, we have E [|| X, || = E [|[(X; — e ' Xp) + e 'Xo|*] = do? + 2" M,. We find
that all instances of M5 cancel in the final result and holds unchanged. In addition, the proof of
(13) needs no alteration.

The only change in the proof of Lemmal[7)comes towards the end, when we assert that E [Tr(%,)] =
E [E [ Xoll?|X:] — |E [Xo|X¢]|I?] < E [ Xol?] = dfort € [1,T). Under Assumption this
becomes E [Tr(X;)] < E [||X||?] = M,. Propagating this through the rest of the proof, we find
that (T6) should be replaced by

N—-1 trt1 t
Z / (/ Et(f)sds> dt < KMy + Kk%dN. (19)
k=0 7tk b

The final change that must be made is to Proposition ] which must be replaced by the following
more general version that can be proved along identical lines.

Proposition 5. UnderAssumption we have KL(qr||mq) < (d + Ms)e™ 2T for T > 1.

Putting all of these changes together, we arrive at the following more general version of Theorem T}
Theorem 2. Suppose that Assumptions[l\and[3|hold, that T > 1, and that there is some k > 0 such
that for each k = 0,..., N — 1 we have v < kmin{1,T — t11}. Then,

KL(gs||pen) S 5fcore + k2dN + kdT + kMo + (d+ M2)€_2T.

Theorem [2] holds even in the case where the covariance is not strictly positive definite, and in the
case where it is unknown to our diffusion model algorithm. Since we expect M, to scale linearly in
d in most cases, we consider this result to be in essentially the same spirit as Theorem I}
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D PROOF OF COROLLARY [1]

Proof of Corollarym For convenience, we assume that N is even. We take to = 0, ¢y /2 = T-—1,
and ty =T — 4, and pick ¢1,...,ty_1 such that ¢y, ..., ¢y, are linearly spaced on [0, 7" — 1] and
T —tny2, ..., T —ty are an exponentially decaying sequence from 1 to ¢ (illustrated in Figure E[)
Then, v; < kmin{l,T — ¢34} foreach k =0,..., N — lifand only if x > (T — 1)/(N/2) and
k> (1/86)Y/N — 1. The former is satisfied if we take x = (%) and the second is satisfied provided
that Kk = Q(W), since N > log(1/6) and e* < 1+ (e — 1)z for < 1. Therefore, for some

K= @(%(1/5) we have v, < kmin{l,7 — tg41} foreach k = 0,..., N — 1, proving the first
part of Corollary

For the second part, suppose that we set 7 = 3log (-#—) and N = @(W). Then,

we have k2dN = O(£2,.), kdT = O(el,,.), and de?T = O(e2,.). We may therefore apply
Theoremto get that KL(gs||psy ) = O(g2,,.)- The bound on the iteration complexity then follows

score
since 71" depends only logarithmically on d and egcore. O]

E OMITTED PROOFS FROM SECTION 3]
Here, we provide the proofs of Lemmas [3] @ 3] [f] and [7] which were omitted from Section[3]

Proof of Lemma[3] Recall that the reverse process (Y;);c[o, 1) satisfies

dY; = {Y; + 2Vlog gr_.(Y;) }dt + v/2dB,.

Since V log gr—¢(x) is smooth for ¢ € [0, T), by Itd’s lemma we can write

d(Vleggr-+(V3)) = {V2 log gr—+(X:) - {Y: + 2V1og gr—+(Y:)} + A(V log QTft)(Y;i)} dt
, d(Viogar_)(%)
dt
The Fokker—Planck equation for the forward process is

dgi(x) = {=V - (=xq:(x)) + Age(x) }dt,

dt +v2V2%log gr_(Y;) - dB). (20)

from which we can deduce
d(log ;) (x) = {d + x - Vlog ¢;(x) + Alog q:(x) + ||V log ¢;(x) > }dt.
It follows that

d(Vlogqr_+)

a (x) = —{Vloggr_i(x) + V?log gr—(x) - x + V(Alog gr—+(x))

+2V?log gr+(x) - Vlog gr—(x)},
by interchanging the order of the derivative operators. Substituting this into (20) and simplifying,
we obtain the desired result. O

Proof of LemmaM) First, expanding (§) we get

d
S [V logar—(¥)I1?] +2Eq [V log ar—o(¥0) ]

s d
— 27 )&EQ [Vieggr—s(Ys) - Viog qr—i(Y1)]
—2¢7")Eq [Viog gr—(Y:) - Vg gr—(V2)]
= 2Eq [|V?log ar—+(Y2)lI] -
Combined with (@), this shows that

d
1 Ee [IViogar—(V)[] + 2Eq [[[VIog ar—+(Y2)[*] = 2Eq [|V* logar—o(Y2)lI%] -

16
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Then,
dE, d d
T’t = e [IV 1og g7t (YD) [I*] — 25,Bq [Vioggr—s(Y;) - Viog gr—. (V1))
= 2Eq [|V*log qr—¢(Y2)|[3] — 2Eq [IIVlog gr—¢(Y1)|?]
+ 2EQ [V log QTfs(Ys) - Vlog QTft(th)]
which rearranges to give (T0). O

Proof of Lemma Part (i) is a classical result, sometimes known as Tweedie’s formula (Robbins),
1956)). Part (ii) has been established in previous works (see e.g. |De Bortoli| (2022, Lemma C.2) or
Lee et al.| (2023, Lemma 4.13)). We provide proofs of both results for reference.

For (i), we have
1
Vlog qi(x;) = 7/ V log qj0(x¢|%0)qo,t (%0, X¢)dXo.
qt(xt) Jra

Since qyjo(x¢|x0) = N (x¢;x0e™ ", 071), it follows that V log gy0(x¢[x0) = —07 (% — xpe7t).
Therefore,
Vlog qi(x:) = Eg,(x,) [07 2 (x¢ — Xoe™")]
= fat_QXt + e*tat_zmt.

For (ii), we can write

v? log g; (Xt)

1
= 050 o V?10g 110 (x¢]X0)go,¢ (X0, X¢)dxo

+ / (V 1og g4j0(x¢]%0) (V 10g g410(x¢]%0)) " g0, (X0, x¢)dx0
qt(xt) Jga

1 T
) (/ Vlog Qt|0(xt|X0)QO,t(x07Xt)dxo> (/ Vlog Qto(Xt|X0)CI0,t(X0,Xt)dX0>
R4 Ré

Ca(xd)
1 . - j—
B _0?1 T Ea (e [o7 *(x¢ — Xoe ") (x¢ — Xoe )]

_ _ T
— Eqpo(x0) [707 (%6 = Xoe™")] Egy\, (1) [—0% (%6 — Xoe™)]

= —(7;21 + U;4COVq0H(4|xt)(Xt — Xoe_t)

=0T +e 2o, 4%,.

Proof of Lemmal6] First, using the first part of Lemma[5]and expanding, we see that

Eq, [[V1og g:(X)[*] = o7 *E [ X¢ )] — 2¢ 707 *E [X; - my] + e >0y *E [lme]]?]
where all expectations are with respect to X; ~ ¢;. Then,
E[X; my=E[X; E[Xo|X{]] =E[X;  Xo] =E[Xo-E[X¢|X0]] = e 'E [||X0||2] =de ",
Also, Tr(%;) = E [[| Xo||?|x¢] — [[me]|?, so E [|jm;||?] = d — E [Tr(%;)]. We conclude that

Eq, [IVlog a:(X0)|?] = doy* — 6107 °E [T ()],
where we have used &,0; = e 2. This implies that
Eq [[IV1og gr—s(Y)|?] < doz?,.

Second, using the second part of Lemma along with the definition || A||% = Tr(A” A) and expand-
ing, we see that

Eq, [IV?log q:(X0)||F] = doy * — 26,07 °E [Tr(8)] + 6707 °E [Tr(27)] .

17
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Taking traces in Lemmal[T] we get
4 4 3

o; d oy d oy d

— —E [Tr(Z =

2e—2t dt [Te(30)] = 25,0, dt

and since E [Tr(X?)] > 0, it follows that E [Tr(%,;)] > 0. Therefore,

- - 1 d
Eq, [IV?1og q:(Xo) 7] = doy* — 2610, °E [Te(Z)] + 2Ut0f B [Tr(%)]

_ 1d/ _
<doit+ 5= (ot 1B TH(E,))] )
where we have used that 0,6, < 1. This implies that

1d

2 dr
_ 1d
<dorty = 5 g

Eq [V loggr—+(Yo)|[7] < doz?, + 5= (0, *E [Te(2,)] ) [r=r—¢
O—;ETE [Tr(Z7—)] )|r:t-
L]

Proof of Lemmal[7] First we control the error terms Et( ) Ifs,t €[0,T—1]theno2__, 02 , >1/2
and so Eg’t) < 10d. We therefore have

M-1 tht1 t M-1
3 / ( / Et(,j}sds) dt <5d Y 2
k=0 Ytk th k=0

< kdT,
since we have assumed that v, < . This proves the first part of (I3).
Ifs,t € [T —1,T — 6] then (T — 5)/2 < 0% _, < 2(T — s) and similarly for ¢. Therefore,

N-1 tha1 t N-1 tre+1 t
3 / < Et(,j_)sds) dt<12d4 Y / (/ (T — s)—2d3>
k=0 7tk e k=M tr
<12d
Z - tk+1
<k dN

since we have assumed that v, < k(7" — tj1). This proves the second part of (I3).

Next, we control the error terms Et(k )b.

Note that 0%, is increasing in ¢ and E [Tr(S7_)] is
decreasmg in ¢ by Lemmal[I] Therefore,

tht1 N-1 ity
/ (/ Et2) ds) dt < Z/ (072 E[Tr(Sr_,)] — o7t B [Tr(Sr—y)]) dt
k=0 Ytk
N—-1
< Ve (072, E[Tr(Br—4,)] — 072, B [Tr(Br—y,,,)]) -
k=0

We split this sumintok =0,...., M —landk=M,...,N — 1. Fork=0,..., M — 1, we have
—4
VeOT 4, < 47y, < 4k and so

M-—1
> (07t ETe(Bry,)] — 07, B [Te(Br-4,,,)])
o
<4k Y (E[Tx(Sr—y,)] - E [Tr(Br—y,,,)])
k=0
4kE [Tr(X7)] .

18
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Fork = M,...,N — 1 wehave y,o7%, <d4v/(T —t,)* < 4r/(T —t),) and so

N-—-1
Z Yk (UT th E [TI(ET tk)} JT tr E [TF(ET tk+1)])
k=M
N—1 1
<4k 2 T (E [Tr(B7-4,)] — E [Tr(Br—t,,,)])
N—-1
Vk—1
< 4KE [Tr(X1)] +4nk§wjﬂ T T % 1)E[Tr(zT 1)l
N-1 1
< 4kE [Tr(21)] 4 452 k:%:ﬂ mﬂi [Tr(Br_y,)] -

We then have E [Tr(2,)] = E [E [|| Xo|*|X¢] — |E [Xo|X¢] [|?] < E [ Xol|?] = dfort € [1,T]
and

E [Tr(%,)] = e*E [Tr(Cov(Xoe ™" — X4|Xy))]

=e”E [E [|| Xoe™" — X¢|*|X:] — |E [Xoe™" — X4 X¢] |17]
< e”E [|| Xoe " — X¢|?]

< dth 2

< 16dt

fort € (0, 1]. Putting this together, we conclude that

/tm (/tk Ef st) dt < 4KE [Tr(X7)] + 4sE [Tr(X;)]

N-1

it Y B TR

< kd + K%dN.
This proves completes the proof of (16). O

F APPLICATION OF GIRSANOV’S THEOREM

We now recall the proof of Proposition [3] The following approximation argument is essentially
identical to that of |Chen et al.|(2023dl Section 5.2) and we reproduce it here simply for clarity of
presentation.

The main ingredient in the proof will be Girsanov’s theorem, which we recall below. The version
we state can be obtained from Theorem 4.13 combined with Theorem 5.22 and Pages 136139 in
Le Gall|(2016).

Proposition 6 (Girsanov’s Theorem). Suppose that (0, F, (Fi)i>0,Q) is a filtered probability
space and (by):e(o,7] is an adapted process on this space such that Eq | fOT [bs||?ds] < oo. Let

(Bt)t>0 be a Q-Brownian motion and define L, = fg bsdBgs. Then, L is a square-integrable Q-
martingale. Moreover, if we define

t 1 t
E(L), = eXp{/ bodB, — f/ ||bs||2ds}
0 2 0

fort € [0,T] and suppose that Eq [E(L)r] = 1 then E(L) is a Q-martingale and so we may define
a new measure P = E(L)rQ. Then, the process

t
6t:Bt_/ bst
0

19
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Proof of Proposition[3] We will apply Girsanov’s theorem on the interval [0, ¢ y] in the case where
@ is the path measure of the solution to (2)), (Bj):>0 is our Q-Brownian motion, and

by = V2 {s¢(Yy,, T — tx) — Vlogqr_(Y)}

fort € [ty,tr41) and each k = 0,..., N — 1. Note that (b;)sc[o,¢, is an adapted process and we
have

tN tk+1
EQ[/ s |2ds]—22/ o [IV 108 gz (Ys) — so(¥iu, T — t)[[2] dt < oo
0

by the assumptions of Proposition 3l Therefore, if we define £; = fot bsd B! as in Proposition
|§| then (£(L)t)tefo,17 is a continuous local martingale (Le Gall, 2016, Proposition 5.11). So, we
can find an increasing sequence of stopping times (7},),>1 such that T,, — ¢ almost surely and
(E(L)¢AT, )te(o,ty] is a continuous martingale for each n.

Let us define L} = fot bslio,7,)(s)dBy forall t € [0,ty] and n > 1. Then we have £(L)iaT, =
E(L™)¢, s0 E(L™) is a continuous martingale, and it follows that Eq [£(L™), ] = 1. Therefore, we
may apply Girsanov’s theorem (Proposition @) to L™ on the interval [0, t 5]. We deduce that we may
define a new probability measure P™ := £(L");,, @ and a new process

t
5? = Bg — / bs]]-[07Tn](s)d5
0
such that (3}")¢c(o,¢,] is @ P"-Brownian motion.
Since @) holds almost surely under (), we see that

dY; = {Y: + 2s0(Ys,, T — tr) } 110,71, (8)dt + {Y: + 2V Iog qr—¢(Ye) } 7, 15 (8)dE + \/Edﬁf.

In addition,

KL(QI[P") = Eq [log dQ ] o

dpPn»
1 [T
=Eq —,cTn+f/ [|bs||ds
2 0
N— tk+1
Z/ o [IViloggr—i(Y:) — so(Ys, . T — ti,)|%] dt, 1)

since L is a ()-martingale.

Now, we consider coupling P for each n and P97 by taking a fixed probability space and a single
Brownian motion (W;);>0 on that space and defining the processes (Y;")c(0,t5] and (Y2)ie(0,t5]
via

Ay = {Y" 4+ 259(Y;}, T — t) YLjo,1,) (£)dE + {Y7" + 2V log qr— (V") i, ) (£)dE + V2dW;

and
AY; = {Y; + 2s¢(Ys,, T — t1,) }dt + V2dW,,

and taking Xy ~ g¢r and setting X} = X for each n. Then, the law of Y™ is P" for each n and
the law of Y is P97,

Fix ¢ > 0 and define 7. : C([0,tn];RY) — C([0,tn];RY) by 7o (w)(t) = w(t A (ty — €)) for
t € [0,tn]. Then, 7.(Y"™) — 7-(Y") uniformly over [0, ¢ x| almost surely and hence (7. ) P" —
(e ) P97 weakly (Chen et al., 2023d, Lemma 12). We then have that

KL((r.)4@Ql|(m.) 4 P*") < liminf KL((r.) Q! (m.) 4 ")
< 1imianL(QHP”)

tk+1

<Z / o [IVlog gr_o(Ys) — so(Yi . T — t0)[2] dt,  (22)
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where in the first line we have used the lower semicontinuity of the KL divergence (Ambrosio et al.,
2005, Lemma 9.4.3), in the second line we have used the data processing inequality, and in the third
line we have used (21).

Finally, letting ¢ — 0 we have that 7. (w) — w uniformly on [0, T'| (Chen et al.,[2023d, Lemma 13),
and hence KL((m:)xQ||(7:)xP9") — KL(Q||P97) (Ambrosio et al., 2005, Corollary 9.4.6). We
therefore conclude by taking ¢ — 0 in (22). O

G CONVERGENCE OF FORWARD PROCESS

We show that the forward OU process converges exponentially in KL divergence under Assumption
2l We note that the exponential convergence of the OU process under various metrics is well-
established, and the particular result we prove here is very similar to Lemma 9 in|Chen et al.|(2023a).

Proof of Proposition] Since qyo(x:|x0) = N (x4;%0e ™", 0714), we have

1 _ _
KL(g¢0( - [x0)|7ma) = 3 {dlogat 2_d+ daf + e tonQ}.

By the convexity of the KL divergence,

KL(qr||ma) = KL(/W aryo( - |X0)pdala(dX0)H7Td>
S/ KL(q7)0( - [%0)|7d)Pdata(dx0)
R4

1
=5 {dloga;2 —d+dok +e TR, [||X0H2} }

= —dlog(1 —e?T)
S desz

for T > 1, where we have used that E,,, [||Xo/|?] = d since Cov(paua) = La- O

H LINEAR DEPENDENCE ON DATA DIMENSION IS OPTIMAL

Suppose that we have a data distribution p, on R¢ such that a diffusion model approximating p.
using the exact scores, initialized from g rather than 74, and using a given sequence of discretiza-
tion times g, . . . , ¢y has a KL error of 2. Then, if we consider approximating the product measure
p®™ on (RY)™, again using the exact score, initializing from ¢, and using the same sequence of
discretization times, the reverse process will factorize across the m copies of R?. Consequently, the
total KL error will be me? by tensorization of the KL divergence. Thus the KL error of the diffusion
model scales linearly in the data dimension in this case, demonstrating that the linear dependence of
our KL bounds on d is optimal.
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