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ABSTRACT

We develop a framework to quantify predictive uncertainty in survival analysis,
providing a reliable lower predictive bound (LPB) for the true, unknown patient
survival time. Recently, conformal prediction has been used to construct such
valid LPBs for type-I right-censored data, with the guarantee that the bound holds
with high probability. Crucially, under the type-I setting, the censoring time is
observed for all data points. As such, informative LPBs can be constructed by
framing the calibration as an estimation task with covariate shift, relying on the
conditionally independent censoring assumption. This paper expands the confor-
mal toolbox for survival analysis, with the goal of handling the ubiquitous general
right-censored setting, in which either the censoring or survival time is observed,
but not both. The key challenge here is that the calibration cannot be directly
formulated as a covariate shift problem anymore. Yet, we show how to construct
LPBs with distribution-free finite-sample guarantees, under the same assumptions
as conformal approaches for type-I censored data. Experiments demonstrate the
informativeness and validity of our methods in simulated settings and showcase
their practical utility on multi-modal breast cancer data.

1 INTRODUCTION

Survival analysis is essential in numerous fields, including medicine (Cole & Hudgens|2010; Selvin,
2008)), engineering (Ma & Krings| [2008)), and social sciences (Cloyes et al., [2010). The primary
objective is to predict the survival time T—the time-to-event such as death, failure, or relapse—
based on covariates X that may include clinical markers, machine specifications, or sociological
factors. The underlying challenge in survival analysis is that 7" is not observed for all subjects due
to censoring. In particular, in this paper, we focus on right-censored data, the most common setting
in survival analysis, where the survival event may not occur by the end of the follow-up period. This
means that for some subjects X, the true survival time 7" is obscured by the censoring time C'. As
such, the observed censored survival time is given by 7' = min(T, C).

To formalize the above data generation process, we assume the triplets (X;,7;,C;), i = 1,..., N,
are sampled i.i.d. from Px 7 . The observed data, however, include censored observations, where
we consider two possible forms of right-censored survival data.

Type-I right censoring: Here, we assume that censoring time C' is observed for all subjects, which
typically occurs in studies with a fixed duration, where all subjects are followed until the study ends.

Under this setting, the observed dataset is of the form Dyype.; = {(X;, T;, CHYY,.

General right censoring: Unlike the type-I setting, in this more general case, we observe either C
or T for each subject, but not both. Denote by e; = I{T; < C;} a binary indicator variable that gets
the value 1 if T is observed; thatis, ' = T when e = 1 and T' = C otherwise. The observed dataset
is then given by Dyencrat = {(Xi, T3, e;) ¥ . Due to its greater generality, this setup is applicable
for many survival analysis problems in biomedical research (Klein, 2003} (Cole & Hudgens) [2010)
and other fields. Thus, it is the focus of this work.

Given the observed censored data, the learning task is to estimate the distribution of 7' | X. How-
ever, since we do not fully observe the survival time 7" for all subjects, we need to impose further
assumptions to make the learning task feasible. Indeed, a common assumption in survival analysis is



that, conditional on the covariates X, the survival time 7" and the censoring time C' are independent.
Formally, this is expressed as follows.

Assumption 1.1 (Conditionally Independent Censoring (Kalbfleisch & Prenticel [2011)).
CLlT|X.

Building on the above assumption and related ones, various machine learning approaches have been
successful in estimating the distribution of 7'|X (Cox, 1972} Weil [1992; [Lee et al., [2018; [Nagpal
et al.l [2021b; |[Katzman et al., 2018). Despite their notable successes, these methods often lack
reliability guarantees for the resulting predictions. This is attributed either to the opaque nature
of modern deep learning algorithms or to the simplified modeling assumptions of more traditional
statistical methods. Yet, such guarantees are of great importance given the harsh consequences
of making erroneous predictions in high-stakes domains, such as healthcare (Navarro et al., 2021}
Obermeyer et al.,|2019).

1.1 THE NEED FOR RELIABLE LOWER PREDICTIVE BOUNDS FOR SURVIVAL ANALYSIS

In response to this challenge, we aim to construct a lower predictive bound (LPB) on the survival
time, supporting any given predictive model with distribution-free finite-sample guarantees (Vovk
et al.l [2005; [Vovk, 2012; Tibshirani et al., [2019; [Romano et al., 2019; (Candes et al., 2023)). Our
goal is to construct an LPB function ﬁ() such that, for a new test instance X With an unknown

true survival time 7., the event Ii(Xtest) < Tiest Occurs with at least 1 — « probability. We refer to
the probability of this event as the coverage rate of the LPB. For example, if the LPB satisfies the
coverage property at level (1 — o) = 0.9, then L(Xeq) is guaranteed to be lower than the unknown
Tiest at least 90% of the time. To further enhance reliability, we seek to obtain a coverage guarantee
that holds conditional on the observed dataset, in a manner similar to |Gui et al.| (2024); [Park et al.
(2019); Bates et al.[(2021); |/Angelopoulos et al|(2021). To this end, let 6 € (0,1) be a tolerance
level that accounts for the randomness in the realization of the dataset, and define the probably
approximately correct (PAC)-type LPB as follows.

Definition 1.1. Let (X;,T;,C;), i = 1,...,N be i.id. samples from Px 1 c, with L being a
function of the observed dataset D = Dageperal = {(X;, Ty, )N, }, where T; = min(T;, C;) and
e; = I[T; < C;]. L is a PAC-type LPB at level o € (0,1) with tolerance § € (0,1) if, with
probability at least 1 — § over the realization of D,

]P)(Xlesl;T!es&)NP (,‘Ttest 2 E(Xtest) | D) Z 1 —

where the probability is taken with respect to a new data point (Xies, Trest) ~ Px 1

Recently, conformal prediction methods have been applied to construct valid LPBs for type-I right-
censored data. The key idea is to use holdout samples to calibrate the predictions of a survival analy-
sis model, ensuring the desired coverage level is obtained for new test points. Under the assumption
of conditionally independent censoring, (Candes et al.| (2023) introduced a conformal method that
constructs valid and informative LPBs in finite samples. This approach was further refined by |Gui
et al.[(2024)), offering more informative LPBs with PAC-type guarantees. Both methods rely on the
availability of the censoring time C' for all subjects, which is used to discard early-censored sam-
ples. Intuitively, discarding such samples brings the observed time 7" closer to the true event time
T, yielding more accurate LPBs. Specifically, leveraging Assumption Candes et al.| (2023);
Gui et al.| (2024) reformulate the LPB construction as an estimation problem under covariate shift.
Notably, the above calibration methods produce LPBs that are doubly robust, meaning they remain
valid if either the predictive model or the estimation of the covariate shift likelihood ratio is accurate.

In the general right-censored setting, however, the literature is less developed and existing methods
lack such strong validity guarantees. This is primarily because the censoring time C' is not available
for all subjects, making the calibration process more challenging.

1.2  OUR CONTRIBUTIONS

Building on the foundations of |Gui et al. (2024), we propose a doubly robust calibration frame-
work for constructing finite-sample valid LPBs for general right-censored survival analysis data.



To produce informative LPBs, we leverage the event indicator e and introduce a novel approach to
selectively discard certain censored examples in a data-driven manner, bringing the censored event
time T closer to the true event time 7. Crucially, although the calibration cannot be directly for-
mulated as a covariate shift problem, our approach forms valid LPBs under the same assumptions
of conformal methods for the type-I setting. We validate our theory and assess the applicability of
the proposed methods using synthetic data, and further demonstrate their effectiveness on real breast
cancer data. A Python implementation of our methods is provided in the supplementary material.

Concurrently with our work, Qin et al.| (2024) and [Meixide et al.| (2024) developed distribution-
free methods to create LPBs in this general right-censored setting. However, their bootstrap-based
approaches are merely supported by asymptotic validity guarantees that hold under certain regular-
ity conditions. This stands in contrast with the finite-sample guarantees provided by our methods.
Furthermore, our novel approach of selectively discarding censored examples in a data-driven man-
ner opens a new avenue for survival analysis under general right-censored data, diverging from the
approaches by |Qin et al.| (2024) and Meixide et al.|(2024).

2 BACKGROUND AND RELATED WORK

Denote by ¢, (z) the true 7-th quantile of T' | X = x, and define the oracle LPB for Ti. as the a-th
conditional quantile function, i.e., L(Xiest; @) = Go(Xiest). While this oracle LPB is guaranteed to
attain 1 — « coverage by definition, in practice we do not have access to the true ¢, (), rendering
this approach infeasible. As a way out, one could use survival analysis tools to estimate the con-
ditional quantile function, which we denote by ¢, (), and form a heuristic LPB for Ty by setting

L(Xiest; @) = o (Xiest)- This heuristic approach, however, may not attain the desired coverage,
unless the quantile estimates are accurate.

In this paper, we alleviate this issue by building on conformal prediction—a general framework to
calibrate the estimated LPB. The appeal of conformal prediction is that it allows us to work with any
predictive model and guarantee the desired 1 — o coverage at test time. The key idea is to modify the
LPB function ﬁ(m; T) by rigorously tuning a hyperparameter 7 € R using holdout calibration data
T.a to attain the desired coverage rate. We denote the tuned hyper-parameter as 7, and the resulting

LPB as L(X;7).
2.1 FIRST STEPS: NAIVE CONFORMALIZED SURVIVAL ANALYSIS

Before presenting our method, we first outline a naive conformal prediction approach for tuning 7.
In addition to using this approach as a baseline method in our experiments, it introduces the core
principles of LPB calibration and motivates the need for more powerful solutions.

The key observation here is that 7' < T' by definition, and therefore a valid LPB for 7' is also a
valid (but conservative) LPB for T'. As such, a naive approach to tune 7 is to discard the information
provided by the event indicator e; and construct a valid LPB for 7" using the calibration points
{(X;,T})}iez.,. In more detail, we define the LPB function as L(X;7) = ¢, (X), which is tightly
connected to the methods by [Chernozhukov et al.| (2021); Gui et al. (2024) Then, we formulate
a (conservative) empirical estimator of the true miscoverage rate a(7) = P(T < ¢,(X)) for each
choice of ¢, (+), 7 € [0, 1], defined as follows:

R 1 ~ R
Gnaine(7) = = > T < (X))} (1)
|Ical| .
1E€Leq
Above, we use the indicator function I(-) to count the events where T, < G- (X:), and s0 Ginaive (T)
is an unbiased estimator of apaive (7) = P(T' < §-(X)). Since T' < T we get that aupgive(7) > (7),
implying that the empirical quantity éuaive (7) is anticipated to overestimate the miscoverage rate, on
average. Finally, we define 7, as the smallest value of 7 for which dyaive (7) meets the user-defined
miscoverage level o, i.e.,
Thaive = sup {T S [07 1] . sup dnaive(T/) < a}~ 2)

T'<T

!"There are other possible design choices for f/(X ; 7), such as the conformalized quantile regression (CQR)
approach (Romano et al.|[2019) used by |Candes et al.| (2023).



In turn, the resulting calibrated LPB is given by L(X; Fpaive) = G (X). Notably, this L(X; Faive )
is a PAC-type LPB on 7T, and thus also a PAC-type LPB on 7. While this result is not novel, for
completeness, we present Theorem in the Appendix, which proves its validity.

2.2 UTILIZING TYPE-I CENSORED DATA FOR POWERFUL CALIBRATION

Recall that Gpave from Equation |1| is an overly conservative miscoverage estimator, particularly
when early censoring occurs. This is because Gyaive counts the events in which either C; < §,(X;)
or T; < ¢-(X;) hold. To form a less conservative estimator, (Gui et al.| (2024) suggest discarding
the samples for which C; < §,(X;), a strategy that is inline with [Candes et al.| (2023). Under
Assumption El, it can be shown that such a selection rule induces a covariate shift. In turn, |Gui
et al.|(2024) introduced the following miscoverage estimator:

ez, 0N (X)) g (X)) < O -I{T < G-(X)}
Ziezcﬂ. UA’tType_I(Xi) 'H{ér(Xi) < Ci}

Qype-1 (1) =

)

where the weights 2" (z), approximating 1/P (¢, (X) < C' | X = z), rigorously account for the

covariate shift 1nduced by the selection rule I{¢,(X;) < C;}. Notably, Gype- I( ) differs from
Ginaive (T) from Equation I in that the latter uses all the samples for calibration, i.e., the selection
rule indicator is always set to 1. Armed with Gyype- 1(7), the hyper-parameter Tiype-1 Can be tuned

analogously to Equatlonl Finally, the LPB of a new test point is given by L(X Tiype-1) = Gryper (X)-

The advantage of the estimator duype-1(7) is that it is mostly less conservative compared to énaive (7),
resulting in more informative LPBs. However, for general right-censored data, using Guype1(7) is
not feasible as the censorship time C; is not available for some subjects. Our work addresses this
knowledge gap, showing how to rigorously utilize the event indicator e; = I{7T; < C;} to construct
not only valid but also useful LPBs, as detailed in the next section.

3 PROPOSED METHODS

An intuitive adaptation of the miscoverage estimator proposed by |Gui et al.|(2024) to general right-
censored data would be to examine only calibration points for which e; = 1. The challenge with this
selection rule is that the distribution shift it induces cannot be formulated as a covariate shift. This is
because, even under Assumption|[I.1] we expect statistical dependence between 71" and e conditional
on X. Furthermore, without careful adjustments, estimating the miscoverage using only uncensored
subjects jeopardizes the LPB’s validity as the survival times of uncensored subjects are generally
lower than the ones of the general population.

Nevertheless, in this section, we show that with a proper weighting scheme, the above set of ideas can
be formalized into a valid calibration method. Concretely, we propose two calibration techniques.
Our first method, called focused calibration, only uses uncensored subjects for LPB construction.
We prove the validity of this method and show that, while it can lead to more informative LPBs than
the naive approach, it remains conservative to some extent. This observation drives the proposal
of our second approach, which builds upon and further improves the first. Our key idea is to reduce
conservativeness by including certain censored examples—in addition to the uncensored subjects—
when calibrating the LPB. We term this method fused calibration, as it utilizes both censored and
uncensored samples while maintaining the theoretical guarantees.

3.1 FOCUSED CALIBRATION

In what follows, we formally introduce our focused calibration method, then provide an intuitive
explanation for its correctness, and finally characterize the condition under which it leads to LPBs
that are more informative than those produced by the naive method. Following|Gui et al.| (2024),
we use the LPB function ﬁ(X ;7) = ¢-(X), but we tune the hyper-parameter 7 by utilizing the
special structure of the general right-censored setting.



In more detail, we calibrate the LPB using samples with e; = 1, i.e., those for which TZ = T;. With
this selection rule in place, we define the resulting miscoverage estimator as

Siez, W) - Hei = 1} - I{T; < 4-(Xi)}
Yier, W(Xi) - Hei =1} ’

where the weights w(z) approximate 1/P (e = 1| X = z). Later, we explain the rationale behind
the use of w(x) in detail. For now, we remark that: (i) the estimation of P(e = 1 | X = z) can be
done by fitting any binary classifier to the training pairs (X, e); and (ii) in Section we further
characterize the effect of the estimation error on the resulting coverage.

3)

OAlfocus (T) -

Next, the tuned Tyocys is defined as the smallest 7 such that éuoeys(7) passes the user-specified mis-
coverage level q, i.e.
Frocus = Sup {7 € [0,1] : SUP Gpocus(7') < a}.
7' <7

Finally, the LPB for a new test point is given by L(Xest; Trocus) = G#re (Xtest)- For ease of reference,
the algorithm summarizing our focused calibration procedure is in Appendix [B.3]

Building upon the foundations of |Gui et al.| (2024)), we establish a double robustness result for the
validity of our method. This result implies that the LPBs are approximately valid if either (i) the
weights @ (x) are well approximated; or (ii) the estimated quantiles ¢, (z), 7 € (0, 1) of the condi-
tional distribution 7' | X are accurate. Additionally, if (ii) is satisfied, the LPBs are approximately
valid conditional on X.. The theorems formalizing the validity of the focused method is post-
poned to Section as this procedure is actually a specific instance of the fused calibration
method, which is presented in the next section.

Having presented the algorithm, we turn to discuss why the use of the oracle weight w(z) =

1/P(e =1 | X = z), estimated by w(x), conservatively accounts for the distribution shift in-

duced by the selection rule from Equation [3] Our analysis follows [Gui et al. (2024), providing

an upper bound for the true miscoverage rate a(7) obtained by the quantile estimator §, for some
€ (0,1):

a(r) =P(T < 4-(X)) =E[P(T < ¢-(X) | X)] “4)
=E[P(T < ¢-(X) | ) Ple=1]X) w(X)]
<SEP(T < ¢ (X),e=1]X)-w(X)] (5)
=RE[I{T < ¢, (X),e =1} - w(X)] (6)
=B [T < 4-(X)} - 1{e = 1} - w(X)] = apps(7): (7)

Above, steps ] and [6] hold by the tower property, and the inequality in step [3] is due to Lemma
provided in the Appendix. Importantly, the above derivation shows that, while we do not
have direct access to the true a(7), we can upper bound it using a weighted average of observed
quantities, as revealed by stepl [7} In turn, the miscoverage upper bound cocys(7) provides the basis
for constructing its empirical estimator Gocys(7) from Equation l 3l with the denominator serving to
normalize the weighted average.

While being conservative, our experiments show that the LPBs derived from the focused method
tend to be more informative than those produced by the naive approach from Section 2.1} To
better understand when this is the case, we now present the condition under which cvgyeys(7) is less
conservative than cpaive (7).

Proposition 3.1. Under Assumption the relation oeus(T) < Qinaive (7) holds when
P(T < i (X)| X=z,e=1)<P(T<{(X)| X =z,e=0) Voei. (8)

The proof is given in Appendix [B.2] To highlight the practical implications of the above proposition,
we recall the definition of 7' = min(7', C') and e, and re-write Condition as follows:

PT<¢(X)| X=z,e=1)<P(C<§(X)| X=z,e=0) Vrel.

As such, our focused method is anticipated to outperform the naive approach when the proba-
bility of early survival time for subjects with e = 1 is smaller than the probability of early censorship



time for subjects with e = 0. Such a phenomenon can occur in medical trials, where early censor-
ing is prevalent due to factors such as non-compliance (Zhou et al.| [2020), withdrawal of consent
(Wilson et al.| [2021)), and loss to follow-up (Fontana et al., 2018}, (Gill et al.,|2018; Monfared et al.,
2021)).

With that said, Proposition [3.1] also reveals that the naive approach from Section[2.T|may produce
tighter LPBs than the focused method. Specifically, this occurs for samples that do not satisfy
the inequality in Equation [8] This insight naturally brings the idea of detecting such samples and
leveraging them to mitigate the conservativeness of Gigocys (7). Indeed, this is the key principle behind
our fused calibration method, described hereafter.

3.2 FUSED CALIBRATION

Following the above discussion, we show how to fuse the naive calibration approach with the
focused calibration method to enhance statistical efficiency, making better use of available data.
In addition to using all the uncensored points for calibration, we aim to selectively include in the
calibration set the censored subjects that violate the inequality in Equation[8] The oracle selection
criterion is thus formally stated as

s(z) = {1, ifP(T < G (X) | X =2,e=0) <P(T < ¢ (X) | X =z,e=1),
T 0, otherwise.

Observe that we cannot compute s,(x) in practice as we do not have access to the conditional

distribution T | X, e. However, this indicator s, (z) can be estimated using a single classifier, as

follows. First, train a binary classifier with (X, e;) as input, predicting the label I{T; < ¢,(X;)}.

Then, use this classifier to compare the estimated probabilities of the label given (X = z,e = 0)

and (X = z,e = 1). We refer to the fitted estimator of s.(x) as §,(z). Crucially, inaccurate

estimation of 5, does not impact the validity of the calibration procedure, however it can affect the
gain in statistical efficiency.

With &, (z) in place, we formulate the fused selection rule,

1, ifé(X;)=1
T X'a i) — ’ . ’
(X, 1) {ei, otherwise,

(€))

which uses the calibration point (X, TZ) for miscoverage estimation if either e; = 1 or §,(X;) = 1.
Next, the fused miscoverage estimator is formulated as follows:

Sier, Wr(X) G (X ei) = 1} - {T; < -(X,)}
D iet, r(Xi) - {Gr (Xiye3) = 1} 7
where the weights . (z) approximate w,(xz) = 1/P({,;(x,e) =1 | X = x). We note that since
$-(X;) is deterministic given X;, we have that
1, lng(Xz) = 1u
(X)) = )
wr(X3) {1/1P’(ei =1]|X;), otherwise.

Otfused (T) =

Continuing with the same rationale as in focused calibration, we define 7gyseq as

7A—fused = sup {T < [0, 1] . sup dfused(T/) < OZ},
T'<T

and set the LPB for a new test point as ﬁ(X[esl; Trused) = Grnea (Xtest)-

For ease of reference, the fused calibration method is presented in Algorithm[I] Notably, we use
training data (independent from the calibration points) to fit the estimated quantile functions g, (),
the classifiers §, (), and the weights . (z); these models serve as inputs to the fused calibration
algorithm. We also remark that Algorithm [T]reduces to the focused approach with the choice of
$,(z) := Oforall z, and to the naive approach when §,(x) := 1 for all . For this reason, we argue
that the fused method can be viewed as an interpolation between two valid calibration strategies,
with the optimal interpolation hyperparameter being estimated by §,(z). This perspective, as well
as the derivations in Appendix [C.T]support the intuition for the method’s validity, formally proven
next.



Algorithm 1 Conformalized survival analysis for general right-censored data: fused calibration

Input: desired miscoverage level «; calibration data Dy = {(X;, T, €;) }iez,,; estimated quantiles
of T | X, {QT(')}TG[O,H; weights w, (z) approximating 1/P(¢,;(X,e) = 1 | X = x), with the
corresponding selection rule ¢, : X x {0,1} — {0, 1} defined in Equation 9]
Procedure:

1: for 7 in a grid over [0, 1] d(ﬂ

2: Compute the fused miscoverage estimator:

Sier, W (Xo) TG (Xo e0) = 1} {T; < ¢-(X)}
Eiezcal W (X;) - I{ G (Xiye) = 1}

OA[fused(T) =
3: end for

4: Calibrate the hyperparameter 7:

Thused = SUP {7' S [0, 1] :sup @fused(T/) < a}

T/ <T

5: Return: The calibrated LPB: L(-) := L(-; Frused) = Gpo (*)

3.3 THEORETICAL GUARANTEES

Our theoretical framework builds on the work by (Gui et al.|(2024) and adapts their double robustness
result to our proposed methods for general right-censored data. Concretely, our first validity result
states that if the weights are well-estimated, i.e., w,(x) &~ w,(z), then the resulting coverage is
approximately higher than 1 — « conditional on the training data Dy, = {(X;,T;,€;)}icz, and
the holdout calibration data Dey = {(X;, T}, ;) }iez.,» Where D = Dy U Dy, In particular, this
guarantee holds even when the estimated conditional quantiles ¢, are inaccurate. Further, following
Theorem [3.T below, we can see that the guaranteed coverage rate gets closer to the desired level as
(i) W, gets closer to w,; and (ii) the size of the calibration set |Z.y| increases.

Theorem 3.1 (Approximate calibration with accurate weights). Fix any o, € (0,1). Given that
4r(x) is non-decreasing and continuous in T, and that there exists some constant 4 > 0 such that
w,(z) < A, for Px-almost all x. Under Assumption with probability at least 1 — 0 over the

draw of D, the LPB L produced by either Algorithm|3|or by Algorithm|l|satisfies
i [TZ E(X)|D} >1—a— Ay,

where

N < 2
1+Z—§+max(1,2—§ —1)
2 2 In L
0.4 [Zeal S

w, (X;) 7,

Ay := sup |E H - 1' ‘Dtr] +
]

T€[0,1

and w; ;= Expy [fjjg; |Dlr]

The proof is given in Appendix[C.2]

The next result states a stronger, approximated conditional coverage guarantee that holds even when
the weights are inaccurate. In essence, this result holds under a stronger assumption that the condi-
tional quantiles are well-estimated, i.e., §,(z) ~ ¢, (x). This is stated formally in assumption
Before formalizing this intuition, we define the smallest estimated quantile level to bound 7" with
probability at least 3, as

7(8) =sup{r’ €10,1] : P(T < ¢(X) | Dy) < B}.
Theorem 3.2 (Approximate calibration with accurate conditional quantiles). Assume the same con-

ditions as Theorem and assume further that the distribution of T | X is continuous and its
density is upper bounded by a constant B > 0, and that there exists a constant v > 0 such that

2Observe that the values of 7 that lead to a change in &(7) correspond to those for which T; = G, (X;), for
1 € Zca. Consequently, the grid is defined over the 7 values that satisfy this equality, with 7 = 0 included.



(a) For Px-almost all T: SUP¢c(r () r(atr)+v] We(T) < v and SuPecir(a) r(atr)+v) We(@) <
4 for some constants v,7,9% > 0

(b) Supﬁe[a,a+r] SUPgcx {maX<Ba 1)|(j7'(,3) (.T) - (Hg(l’)‘ + ;)/’Y lgi(‘lzijf } <, where Qﬁ(x)
is the 3-quantile of the distribution of T | X = .

Then, under Assumption with probability at least 1 — § over the draw of D, the LPB L produced
by either Algorithm[3|or by Algorithm|[I|satisfies that for Px -almost all x,

Pxry~p [T > L(X)ID, X = x} >1—a—A,,

where Ay = SUPge(q,atr] SUPgex {2B - |d-(g)(x) — s ()|} + 474/ m log 3.

The proof is deferred to Appendix [C.3]

4 EXPERIMENTS

4.1 SIMULATION STUDIES

We follow the experimental protocol outlined by |Candes et al.| (2023)) and |Gui et al.| (2024) to eval-
uate the performance of our methods across various simulated scenarios. Notably, since real-world
data lack the true survival time 7" for all test points, synthetic data experiments are important to
verify the correctness of our theory.

Base predictive models In all experiments, we utilize the DeepSurv method (Katzman et al.,
2018), as the base predictor to estimate the conditional quantiles ¢.. We also fit Random Forest
classifiers to estimate the weights @, and indicator $, for our calibration methods. For more details,

see Appendix

Data We test our calibration methods on six simulated settings, where the covariates X are drawn
from a uniform distribution, X ~ U[0, 4]P. The conditional survival time T" | X follows a lognormal
distribution, as in|Candes et al.|(2023)); |Gui et al.| (2024):

T| X ~exp(N(u(X),0*(X))),

where N (u(X),0%(X)) is the normal distribution with mean x(X) and standard deviation o(X)
defined in Table 1| for each setting, along with the dimension p of X. The distribution of C' | X is
composed of (i) a base censorship distribution Chyse (X ), defined in Tablefor each setting; and (ii)
day-one censorship, simulating a realistic scenario where a small proportion of subjects experience
immediate censorship. These individuals are selected randomly from the top 20% of the population
based on their first covariate X (0), capturing the heterogeneous nature of early censorship (Zhou
et al.| 2020; Wilson et al.,2021)). Formally, we define

Chase(z), with probability 1 — 0.2 - T{z(0) > 3.2},

ClX=a~
| X =2 {o, with probability 0.2 - I{z(0) > 3.2}.

Methods and performance metrics Since we are the first to design calibration methods that
achieve finite-sample PAC-style LPBs for general right-censored data, we compare our focused
and fused algorithms only to the naive method from Section [2] which is supported by similar
guarantees. In all simulation studies, we set the desired coverage level 1 — a to 90% and evaluate
both the coverage rate and the average LPB over the test set.

Results The performance metrics for the synthetic experiments are presented in Figure[T} Follow-
ing the top panel in that figure, we can see that all calibration methods achieve a valid coverage rate
across all settings, as expected. Notably, our fused method tends to be less conservative than both
the focused and naive approaches. This empirical evidence supports the theoretical motivation
behind the design of the fused method. To further stress the advantage of the latter, we highlight



Table 1: Parameters specifying the distribution of survival time 7’| X and censoring time C|X in the
six simulated data sets.

Setting p M(J?) O-(J;) Cbase(x>
1 1 0.632z 2 Exp(0.1)
2 1 3-Hz>2+z-1{z<2} 2 Exp(0.1)
3 1 2.z >2}+a-1{x <2} 2 Exp(0.02 + £)
4 13- Hr>2)+15z-1{x <2} 2 lognormal (2 + (25%),0.5)
5 10 0.126(zy 4+ /Z325) + 1 2 Exp (4 + %)
6 10 0.126(z1 + \/T375) + 1 2242 Exp (40 + L)
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Figure 1: Performance of the different calibration methods for each of the six simulated settings
from Table[T] Top: empirical coverage rate, with a red dashed line indicating the nominal 90% level.
Bottom: relative LPB, defined as the LPB obtained by each method divided by the naive method’s
median LPB. A higher relative LPB is better. The reported performance metrics are evaluated on 25
independent trials, each consisting of newly sampled train, validation, calibration, and test sets of
sizes 2400, 400, 800, and 400, respectively.

Setting 4, where one can see that (i) the focused method is more conservative than the naive
approach, suggesting the extreme violation of Equation [8} and (ii) the fused method is less con-
servative than the other two calibration methods. Turning to LPB comparisons, the bottom panel of
Figure [I]illustrates that the fused method generates the most informative lower bounds (higher is
better). This statistical gain is in line with the tighter coverage rate of the fused method.

4.2 APPLICATION TO REAL DATA

We demonstrate the practical utility of our methods by applying them to The Cancer Genome Atlas
Breast Invasive Carcinoma (TCGA-BRCA) multi-modal dataset collection (Tomczak et al, 2013)).
We choose to work with this dataset for several key reasons. First, it holds significant scientific
value for machine-aided prognostics by integrating diverse genomic, transcriptomic, and clinical
data. Second, its multi-modal nature underscores the ability of our methods to process diverse,
high-dimensional data. Third, this real-world dataset presents realistic, challenging survival data that
includes subjects with early censorship—a common occurrence in medical studies. The challenge
of constructing informative LPBs in the presence of early censorship is central to our work as well

as previous contributions, such as those by |Candes et al.[(2023);|Gui et al.[(2024).
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Figure 2: Average LPB obtained by the different calibration methods for the TCGA-BRCA dataset.
Results are evaluated on 50 random splits of the data, each consisting of distinct train, validation,
calibration, and test sets of sizes 626, 71, 276, and 71, respectively.

Concretely, the TCGA-BRCA dataset includes various clinical features such as age, cancer grade,
and tumor size, along with pathological biomarkers, genetic data, and visual biopsy samples. To ef-
fectively estimate the conditional survival times from such diverse features, we designed dedicated
preprocessing and training procedures for this data. These include the use of the GigaPath founda-
tion model (Xu et al.,|2024) to extract features from the visual biopsy samples, extraction of cancer
grade from patients’ medical reports, and more. A detailed description of the entire processing
pipeline can be found in Appendix

Figure [2| presents the average LPB values obtained by the naive, focused, and fused calibra-
tion methods. As shown, both the focused and fused methods yield higher LPBs compared to
the naive approach, which aligns with the general trend observed in our synthetic experiments. To
better understand the differences in performance, recall that the focused method is expected to
outperform the naive approach when Condition [8| holds, which motivated the formulation of s .
By measuring the mean value of 57, we can gain insight into the mechanism of the fused method
as well as the degree to which Condition [§holds. Specifically, we found the mean value of 57, to
be very low for this data, being equal to 0.01. This suggests that Condition [8] approximately holds,
explaining the superior performance of the focused method compared to the naive approach.
Moreover, Equation[9]indicates that for such a small mean value of 3z ,, the focused and fused
methods should behave almost the same, as indeed happened in practice.

In contrast with the synthetic experiments, here it is not possible to rigorously verify that the desired
coverage level is achieved in practice—we do not have access to ground truth survival times. Yet,
our theory indicates that the naive method should attain a conservative coverage level. Further,
under well-approximated estimation of the weights or quantiles, the proposed focused and fused
methods should produce less conservative and approximately valid LPBs.

5 DISCUSSION

We introduced a flexible uncertainty quantification framework with finite-sample LPB coverage
guarantees for general right-censored survival analysis data. Numerical experiments confirmed the
validity of our methods and showed that the fused method tends to outperform both the focused
and naive approaches.

The validity of the proposed calibration methods relies on the conditionally independent censoring
and i.i.d. assumptions, which may not hold in all real-world cases. It is therefore of great importance
to study the effect of violations of these assumptions both to understand the practical limitations of
our methods and to further enhance their robustness. In particular, the work by |Oliveira et al.|(2024)
may serve as a valuable starting point to move beyond the i.i.d. assumption; and the work by
Feldman & Romano|(2024) can be further utilized to build robustness to imperfect training data.
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A NAIVE METHOD’S ALGORITHM AND PROOF OF VALIDITY

A formal description of the algorithm for the naive calibration method is given by Algorithm 2]

Algorithm 2 Conformalized survival analysis for general right-censored data: naive calibration

Input: desired miscoverage level «; calibration data De,; estimated quantiles of T | X,

{qAT(.)}TG[O.,l]'
Procedure:
1: for 7 in a grid over [0, 1] do
2: Compute the fused miscoverage estimator:
. 1 E
anaive(T) = T Z H{E < QT(X’L)}
| Cal| 7;eIca]
3: end for

4: Calibrate the hyperparameter 7:

Thaive = SUD {7' S [O, 1] :sup @naive(T/) < a}

T/ <T

5: Return: The calibrated LPB: L(-) := L(-; Faaive) = G0 ()

Theorem A.1 (PAC-type validity of the naive LPB). Fix any «,¢ € (0,1). Assume that ¢, (x) is
non-decreasing in 7. With probability at least 1 — § over the draw of D, the LPB produced by the
naive calibration method from satisfies

P |:T > li(X”A—naive)'D >1l-—a-A,,

1

Z] In %.

Sl

where A\,, :=

Proof. For the proof we denote the smallest estimated quantile to bound 7" with probability at least
B, conditional on the training data, as

7(8) = sup {7’ € [0,1] : P(T < G-+ (X) | Dy) < B}.
As in the proof for theorem 3 in the work by |[Gui et al.| (2024), proving that 1 — § <

P [Thaive < 7 (¢ 4+ Ay) | Dy] is sufficient for proving the theorem. Analyzing the naive miscover-
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age estimator, we get that

P [&naive (T (Ol + An) + 6) S «@ ‘ Dﬂ'}

=P | > T < draranse (X0} < Tl a Dul
Li€Zeu

=P _ Z (H {Tz < Gr(atAn)te (Xz)} - 04) <0 Dtr]

Li€Zea

<E -texp (Z (a -1 {TZ < dr(atan)+e (Xz)})>

1€Leal

Dtr] (10)

where the first transition is by the definition of &,ive, and the last by the Markov inequality. Further
conditioning on (X;);cz ., Since Pr(ara,)te (Xi) =1 {TZ < Qr(atin)+e (XZ)} is 1-sub-gaussian,
we can use Hoeffding’s lemma we get that

E

texp ( Z (pT(Oé+An)+6 (X;)—1 {Tz < Gr(a+An)+e (Xi)})> ’ (Xi)ier, »Dtr]

1€ ZLcal

- A +2
<exp (t Z E |:pr(oc+An)+e (Xy) — ]I{Ti < Gr(atA,)te (Xi)} ‘ (Xi)iez, ,Du} t3 Z 12)

1€Leal 1€ 2Lcal

} f t? |7,
exp (t E (pr(a+A7L)+e (Xz) —I {ji < Gr(a+A,)+e (Xl)} ‘ (Xi)iEIm] ’D‘r:| |8cal|>.
1€

Since T; < T by definition, we have that

pT(a+A,L)+e (Xl) -P {Tl < qAT(aJrAn)Jre (Xz)} < 0’

and so by the law of total expectation, we get that

texp ( Z <pT(()¢+An)+€ (Xi) -1 {Tz < r(atAn)+e (Xz)})> ‘Dtr‘|

1€ Leal

2
< exp ('Icaglt)

Combining with[T0] we get that

E

P [&naive (T (Oé + An) + 6) <« | Dtr]

Teal| 2
< exp <| 81‘ )]E t exp (Z (Oé — Pr(a+A,)+e (Xz))>

1€Lca

Dy

By the definition of 7 (o + A,,), we have that

P[T < Griatan)+e (X) | D] <a+ A,
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and so,

P [&naive (7_ (CY + An) + E) <« | Dtr]

Tea t?
<exp <| §| >IE

texp (Z (P[T < Gria+an)te (Xi) | Dyl
7;El—ca]

_An - pr(a+An)+e (Xz))) ‘Dtr:|

Tealt?
<exp <|Cz§| —tA, |Ical|)>

where the last inequality follows from the %—sub-gaussianity of
Pr(a+A,)+e (XZ) —-P [T < ér(a+An)+e (Xz) | Dlr] .
Taking
t =4A,,

we get that

P [Ginaive (7 (@ + Ap) + €) < | Dy] < exp (_2 | Zeal| (An)2).

2
| Zea- (E[ S Dl,] _ﬂAn)
Since (—2 |Zeal| (AR)Q) < - e , we get that

P [&naive (T (CM + An) -+ E) <« | Dtr] < 57
where the last inequality follows from the definition of A,,. Taking the limit as ¢ — 0, we get that
1— 6 S P [dnaive (T ((1 + An)) >« | Dtr] S P[%naive <T (Oé —|— An) | Dtr] ,

as needed. O

B FURTHER DETAILS REGARDING THE FOCUSED CALIBRATION METHOD

B.1 FrocuseED CALIBRATION LEMMA

Lemma B.1. Suppose that x € X,q : X — RT.IfP(T < ¢(X) | X = z) > 0 and under
Assumtion[I]]

Ple=1,T<q¢X)|X=2)>Ple=1|X=2)P(T <q¢X)| X =2),
where the probability is taken over P x c 1.
Proof. Suppose x € X. All derivations in this proof are conditional on X = z, and so we denote
Py(-) = P(- | X = x) and ¢ = ¢(X).
We begin by developing P, (T < C' | T < q):
P.(T<C|T<q)=P,(T<C|T<q,C>qP,(C>q)+P(T<C|T<q,C<qP,(C<gq)
P.(T<C,T<q,C<gq)

=1-P,(C > P,

2(C > q) + BT <q.C<q +(C < q)
P.(T<C,T<q,C <q)

=P, P,

C2d+ g rc<g "O<Y

P.(T<C,T<q,C<q)

= >

Po(C29) P (T < q)

_P(C>q) P.(T <C,C <q)

=a+ P,(T <q)
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where the first transition is by the law of total probability and the third is by Assumption [I.1]
We now develop P, (T < C):

P.(T<C)=P,(T<C,C<q)+P(T<C,C>q)

By subtraction the two quantities, we get

P, (T <C|T<q) —P,(T<C)
P.(T <C,C <q)
Po(T < q)

=P, (C=q)+ —(P(T<C,C<q)+P(T <C,C=q))

P.(T < C,C <q)
P.(T <q)

:(PI(CZQ)—PJD(T<C,C’ZQ))+( _]P)I(T<CVC<Q))

1
=P$(Tzc,czq)+< )—1)Pw<T<ac<q>zo,

P.(T'<q
and so, multiplying by P,.(T' < q) we get that
P.(T <C,T<q)—P, (T <CYP(T < q) >0.

That is,
P.(T < C,T < q) >P, (T < C)P,(T < q).

O

B.2 FocuseED CALIBRATION INFORMATIVENESS CONDITION

In this section, we prove Proposition[3.1]

Proof. By looking at[5] we have that

Otocus (T) = E[P(T < G- (X),e =1 | X) - w(X)] =E [P(T <@ (X)X =ze=1)].
Analogously, we can re-write qpaive (7) as
naive (T) = P(T < 4, (X)) = E [P(T < (X)| X =2)].
Therefore, cfocys(T) < Qtnaive (T) When
P(T< ¢ (X)| X=x,e=1)<P(T<§(X)| X =x) Vredl.

O

B.3 FORMAL DESCRIPTION OF THE FOCUSED CALIBRATION ALGORITHM

A formal description of the focused calibration algorithm is given in Algorithm [3]

Note that the theorems for the validity of this algorithm in Section[3.3]are valid under the definition
V1 € [0,1], w, := w, W, := W.

C PROOFS FOR FUSED CALIBRATION DOUBLE ROBUSTNESS

C.1 FuseED CALIBRATION THEORETICAL DERIVATION AND LEMMA

The derivation for the fused calibration method is very similar to that of focused calibration,
with ¢, (X e) replacing e:
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Algorithm 3 Conformalized survival analysis for general right-censored data: focused calibration

Input: desired miscoverage level «; calibration data D,; estimated quantiles of T | X,
{4 () }Te[o )+ weights @ («) approximating 1/P(e = 1| X = ).

Procedure:
1: for 7 in a grid over [0, 1] do
2: Compute the fused miscoverage estimator:
() — Ziez 000 Tei = 1) HT, < (X0))
o Zzezal w(X;) - [{e; =1}
3: end for

4: Calibrate the hyperparameter 7:
Thocus = SUP {T € [07 1] : sup dfocus(T,) < OZ}
T'<T

5: Return: The calibrated LPB: L(-) := L(-; Frocus) = Gpn (*)

a(r) = P(T < (X)) = E[P(T < 4;(X) | X)) ()
—E[P(T < 4:(X) | X) - P(G(X,€) = 1| X) - w(X)]
<E[P(T < 6:(X),6:(X,0) = 1| X) - u(X) (12)
= E[1{T < :(X), (X, ) = 1} w(X)] (13)
= E [T < :(X)} - T{G: (X, ) = 1} w(X)] = o (7):

Where this time w(z) = 1/P((;(X,e) = 1| X = z) = min(1/Ple =1 | X = z),s,(X)),
steps Equation [T1] and Equation [13| hold by the tower property, and step Equation [T2] holds by the
following lemma -

Lemma C.1. Let s : X — {0,1}, and (- : X x {0,1} — {0, 1} as defined in Equation[9} Then
UnderAssumtwnn 1.l|Vx e X,q: X — R

Pl¢(X,e) = 1,T < ¢(X)|X = x] - [CT(Xve) =1[X =z]P[T <q(X)[|X =z]>0.
Proof. 'We'll prove this lemma by separating the cases into the two possible values of §,(X), which
is constant given X = z. Suppose that z € X’ satisfies §,(x) = 0. We have that

PG (X.e) = 1,T < q(X) |X = 2]
=Ple=1,T < ¢(X)|X = 2]
=Ple=1,T < q(X)|X = z],
and
PIG(X.¢) = 11X = 2]P[T < q(X)|X =]
=Ple=1|X =2|P[T < q(X)|X = z].
And so, by Lemma|[B.T] we have that
PIG(X,€) = 1,T < q(X) |X = 2] — P[G-(X,¢) = 1|X = 2]P[T < (X)|X = 2]
=Pe=1,T<qgX)|X=2]-Pe=1|X =z]P[T < ¢(X)|X ==z] > 0.
For x € X with §.(X) = 1, we have that
PI-(X,¢) = 1,T < g(X) X = z]
=P[T < q(X)|X =],
And
Pl (X,e) =1|X =z]P[T < ¢(X) | X = x]
=P[T < ¢(X)|X =z].
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And so, since by definition T < T, we have that Vz € X:
Pl¢-(X,e) =1,T < ¢(X)|X = 2] = P[((X,e) = 1|X = 2]P[T < ¢(X)|X = z]
=P[T < q(X)|X =z] - P[T < ¢(X)|X =z] > 0.

C.2 FUseED CALIBRATION WITH APPROXIMATELY ACCURATE WEIGHTS

In this section we prove Theorem [3.1} relying on the proof of (Gui et al., 2024, Theorem 3).

Proof. Here, we provide a single proof for the validity of both the focused and fused, using the
approprlate notations for each method. For the focused method, we consider &(-) := afocused( ),
7 = Tfocused> a0d Cx (X, €;) = e;. For the fused method, we denote &(-) := dgysed(+), T = Truseds
and () (X, e;) = I{sx(X;) = 1 ore; = 1}. Importantly, in both cases, the weights are defined as
wy(x) = 1/P((\(X,e) = 1| X = z). We remark that all our claims hold for each of the two
choices of these terms.

We define the error term by:

Wy (X)
w,\(X)7r>\

2
1+ 2+ max (1,2 — 1) )
Dtr] + -log <)

A= E
it { 0.4 Zea] 5

A€[0,1

1’

Recall that the oracle quantity is formulated as:

T(a+A)=sup{A € [0,1] : P(T < \(X) | Dy) < a+ A}.
The outline of this proof builds on the proof of (Gui et al., 2024, Theorem 3). First, if 1 —¢ < P(7 <
7(a+ A) | Dy), then the event {7 < 7(c«v + A) } holds with probability at least 1 — 0. Therefore:

P(T' > ¢z | D)
2P(T = Gr(atn)(X) | D)
>1—a—A.
Above, the first inequality is due to the monotonicity of ¢, and the second one follows from the
left-continuity of P(T" > ¢,(X) | D) in 7. In what follows, we focus on showing 1 — 6 < P(7 <

T(a+ A) | Dy). Suppose that € > 0. For simplicity, we denote A := 7(a + A) + . Following the
definition of &(7), we get:
« Dtr)

Pla(r(a+ A) +¢) < a| Dy)
=P(&(A) < a | Dy)

Sier, Ox (Xi) O (X, e){T; < 4a(Xi)} <

D ier, Wa (Xi) O (X, eq) -
=P (Z Wy (Xi) (X, e){Ti < Ga(Xi)} < Y (X)) QX e5)

1€ZLca 1€ZLcal
( )

Dtr)
ieIcal
Next, we apply Markov’s inequality for any ¢ > 0, and have:
M<E (exp (t > i (X0) Ga(Xi ) o= I{T; < qA(XZ-)}D ’m)

1E€Leq

th) (14)

i (X)) G (X, e0) [T} < a(X0)} —a <0

= (Z Wy (X;) (X e) [04 -T; < ‘j/\(Xi)}} >0

=E (eXp <t Z wy (Xi) O (Xis€) {Oé +oa(X3) = pa(Xa) = {Ti < 4a(X; )}D ’Dtr> :

1€ Lcal
(15)
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Above py(x) :=P(T < gA(X) | X = x, D). We now conditioning on (X;, €;)iez,,

E (exp (t Z Wy (X;) O (X e4) :p,\(Xi) ~{T; < QAUQ)}) ‘Dm (Xuei)iezm,>

1€ Lcal

8

- [ = N | |Ical|t2ﬁ/§
tE (Z Wx (X)) O (Xiseq) |Pa(Xi) = {Ti < 4a(Xo)} | ‘Dm (Xmei)iela.]> + 2)

2
(16)

where step (a) uses Hoeffding’s inequality; step (b) follows from the boundness of w; step (c) is

due to the independence assumption between the samples. We now turn to develop the expectation
inside the sum.

—

E [, e0)pa(X0) = (X, e)H{T: < a (X)) | Dy Xi e
E (G (i 1) | Doy X, ei] B [pA(X) | Doy Xy ] = B [ (X, e)H{T; < da(X0)} | Dy X 1]
Xives) = 1| Py, Xi €] E [pa(X:) | Do Xy ] = P [0 (X e0) = 1,7 < 4(X3) | Do X e

(
(
[C)\(szei) = 1| Dy, X;, & E [pa(Xi) | D, Xy, €3] = P [CA(Xz',ei) =1,T; < 4\(X) | DmXivez}
(Xi,e) = 1| Dy, Xi, ;] P(T; < GA(X;) | i, Xy €4)

(

a(

IA

0
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2

<exp (ﬂE D iy (X) {CA(Xz,ez)p/\( i) — (X )T < ga(X; )}] ‘Dm (Xiaez‘)iezca]> n |Zealt?43

)

> i (X0) (X e) [pa(X0) ~ T < an(X0)}] \D (Xz-,ei)iezw) 4 Doy 2
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The last inequality holds since T, <T,. By plugging this in we get: [16| < exp (M) We now
condition[I5|on {X;, €;}icz.,:

E (eXp (f D i (X0) (X, ) [04 +Pa(X0) = pa(Xe) — T, < 4 (X5 )}D ’Dm (Xi7ei)i€Ical>

1€ Lcal

=E <exp (t Z W (Xi) O (X, e) [P/\( i) — {T; < 4 (X, )}}

1€ Leal

+ 1Y i (X)) (X ) [a _p/\(Xi)]> ‘Dm (Xi’ei)iEIczu)

1€ Lcal

=E <6Xp (75 Z Wy (Xi) O (X eq) [P/\( i) — H{Ti < Ga(X; )}} )

1€ Lcal

- exp (t Z Wy (Xi) O(XG, €) (o pA(Xi)]>

1€ Lcal

Dy, (X, ei)ieLa.)

=E (eXp (f D i (X0) (X, ) [p/\( i)~ HT < aa(X; )}} ) ‘Dm (Xiyei)iEIcm)

1€ Lcal

K <exp (75 D i (X)) G(Xi ) [o —pA(Xi)]> ‘Dm (Xivei)ielm>

1€ Leal

< exp ('I”;Vi) E <exp <t S iy (X)) (X ed) [a —pA(Xi)O ‘Dn, (X, ei)igw)

1€ Lcal

By the law of total expectation, we get:

T t2 22 R

M3 < exp <|°al|27’\) ‘E (eXp <t > i (X)) G(Xiye) [ —pA(Xz')O ‘Dtr> (17)
1€2Lca

We now condition on { X };cz., and by the sub-gaussianity of {x(X;,e;) — wx(X;) ™! we get:

E (exp (t D i (X) (X ) — wa(Xi) ) [ _pA(Xi)]> ‘Dm {Xi}ieIc;.l)

1€ Lcal

<exp (t; Dy (Xi)? o — PA(Xz‘)]2>

1E€Leq
222 T
<exp <t %\8| Cal)

We plug the above in[I7]and bound it as follows:

I0< exp (W)E(m (tZ O o - m(x H) ]D) as

1€ Lcal

By combining all of the above, and by following the derivations in the proof of (Gui et al.| 2024,

Theorem 3) we get
5|Ical|t2 2 022 1 ()2
I8 < exp T (7T>\ + Y +’Y()\) ) + |Ical|t E Dy| — mA (19)

By taking

)y (X)
w,\(X)

— T

(ams 5388 )
B T3+ A3 ()2

bl
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we have

0.4/ Zea (mA —E H g “‘ ‘D“} )2

M < exp T2 AR+ AN

<5

b

where the last inequality follows from the definition of A. Therefore,
1-0<Pa(r(a+A)+¢e)>a|Dy) <P(T <7(a+A)+e|Dy)

By taking ¢ — 0, and by the continuity of the probability measure, we obtain 1 — § < P(7 <

T(a 4+ A) + € | Dy), which concludes the proof. O

C.3 FrFuUseED CALIBRATION WITH APPROXIMATELY ACCURATE QUANTILES

Following (Gui et al., [2024), instead of proving Theorem [3.2] directly, we provide a more general
theorem that implies Theorem Our proof relies on the proof of (Gui et al.} 2024, Theorem 5).

Theorem C.2. Fix any §,«« € (0,1). Under the same conditions of Theorem assume further
that there exists a constant v > 0 such that:

1. For Px-almost all x: SUD¢c(r () r(atr)+p) We(T) < ¥ and SUPecr () r(atr)+v) We(T) <
4 for some constants v,7,9% > 0

2. foranyn € [0,r], for any § € [, o + 7], and for Px-almost all x:

P(T < qp(X)+n| X =z) < B+ Bn,
P(T < qp(X)—n| X =z) >3~ Bn.

for some family of oracle functions {q.(-) }rc|0,1], and some constant B > 0.

~ A 1 [
3. SUD sefaatr) SUPpex {Ax(B, i) () — as()] + 47} <1

Then with probability at least 1 — § over the draw of D, the LPB produced by either Algorithm|[I|or
by Algorithm 3] satisfies that for Px -almost all x:

Pox1y~p(T > fi(f) | D, X =2x)

log(1/6)
>1—a— sup sup(2B|q- )—gq — — .
Bela,a+r] rEX { | (6 ﬂ |} 0~4|Ical|

Proof. Similarly to Appendix|[C.2} the following proof guarantees the validity of both the focused
and fused. For each method, we embrace its appropriate notations as follows. For the focused
method, we use &(-) := Olfocuqed( ) 7 1= Trocused> and Cx (X, €;) = e;. For the fused method, we
consider &(+) := Gfused(*)s T := Trused> and (x (X, e;) = I{sx(X;) = 1 ore; = 1}. Notice that in
both settings, the weights are formulated as w,(z) := 1/P({x(X,e) = 1 | X = z). As in the proof
in Appendix [C.2] our claims hold for each choice of method and its corresponding terms.

We begin by defining the error terms:

R log(1/6
E= sup sup {|qT(B)( ) —qp(x \} A=DBE+H Oi(iI/) (20)
Bela,a+r] zEX . | cal|

For simplicity, we also denote A := 7(a+ A) 4 ¢ for some € > 0. We further adopt the definition of
pa(z) :=P(T < §o(X) | X = z) from (Gui et al, 2024). The rest of the proof follows from (Gui

et al} 2024, Theorem 5), except for substituting f by ¢, I{C; > fr(X;)} by C(Xl,e ), I{C; >

AXG) > T} by HE(Xoser) = LA > T}, and T, < fa(X0)} by H{T; < fu(X0)}. Al
derivations from the proof of (Gui et al., 2024, Theorem 5) apply to our setting except for the upper

21



bound of the following term, which we develop next.

E [exp {t ¥ D () - 1 < x0))

Dy, {Xi}ietw H

1€Teal
(O (X1 wA(Xz)
<
exp{ 2 T Z i ® (000~ < (0} [P (Kb
<exp Z UA) (Xl +t Z k l |: Ti < qA,\(Xi)lptr Xz) —IP(T; < dk(Xz)‘Dlr Xz):|
ZGIJ] WA (Xl)Q 1€Lcal wA(Xl) 7 )

t2 .
<exp { ) |Ical|'72 }

Above, the first inequality follows from Hoeffding’s inequality and the last one holds since T; < T},
and due to the upper bounds of the weights wy (-). We plug in this bound in the derivations of (Gui
et al.,[2024)) and get that

Teallt(A — B Toul| 5242
P(d(f(a+A>+E)>a|pu>gexp{_ [H(A = BE) 5 th}

ol 8

Therefore, we take ¢ = W(A BE) we get

Pla(r(a+A)+¢) > a | Dy) < exp{ 0. 4|Ica1| (A BE)? } <4

where the last inequality follows from the definition of A from Equatlon@ Therefore, we get that
with probability 1 — ¢ over the draw of D: P(&(7(a+A)+¢€) > «). This implies 7(a+A)+e > 7,
and thus:

P(r(a+A)+e>7)>1-4.
As in (Gui et al.| [2024), we take ¢ — 0, and by the continuity of the probability measure, we get
that 7(«« + A) 4+ € > 7 holds with probability at least 1 — §, which concludes the proof.

O

D EXPERIMENTAL SETUP

In all experiments, the dataset was split into four parts: 60% for training, 20% for calibration, 10%
for validation (used for early stopping), and 10% for testing to evaluate performance. Synthetic
data was generated through distribution simulations, as outlined in Table |1} while the process for
acquiring the TCGA data is described in Section The synthetic data generation function and
the processed TCGA-BRCA dataset are available in the supplementary code. The TCGA-BRCA
dataset was further normalized and imputed using the dataset pre-processing code by |[Ketenci et al.
(2023), utilizing the pre-processing of Nagpal et al.|(2021a) for data imputation and normalization.

In all experiments, we approximated the distribution of 7' | X using the DeepSurv method (Katz-
man et al 2018), implemented in the pycox package (Kvamme et al., |2019), implemented using
a PyTorch MLP regressor with ReLU activation, early stopping (triggered after 20 epochs without
improvement), and a training cycle of 1000 epochs. The Adam optimizer optimized the model with
parameters Ir = le — 3, 51 = 0.9 and B2 = 0.999, a batch size of 256, dropout layers with a rate of
p = 0.1, batch normalization layers, and varying configurations of hidden layers, detailed in Table[2]
These configurations were selected to be similar to those found in the PyCox notebooks, with the
TCGA-BRCA setting getting a deeper model to account for its more complex and interconnected
nature.

Additionally, we employed scikit-learn (Pedregosa et al.L|2011) to train a Random Forrest Classifiers
with a max depths of 4 and 2, to estimate the weights 1w, and the indicator 5. respectively. The higher
max depth for estimating w, is meant to make conditional calibration more accurate, promoting
validity. In comparison, the lower max depth of 5 is there to reduce potential overfitting, that might
lead to overly conservative estimators.
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Table 2: Parameters specifying the number of hidden layers of the MLP regressor employed for the
DeepSurv survival analysis model in the synthetic and TCGA settings.

Setting Hidden layers

Synthetic settings  [32]
TCGA-BRCA  [32,32]

D.1 MACHINE SPECIFICATIONS
The hardware and OS used for the experiments are as follows.

¢ CPU: AMD EPYC 7443 24-Core Processor
¢ GPU: NVIDIA RTX A6000
¢ OS: Ubuntu 20.04

D.2 COMPUTATIONAL EFFICIENCY

Note that the values of 7 that cause a shift in &(7) are those for which T; = ¢, (X;), for i € Zoy.
As a result, to compute the miscoverage estimator one need only check these values and 7 = 0. As
such, the computational complexity of the calibration is O(|Z.,|), and so the brunt of computing is
allocated towards the model training, both for the quantile and weight estimation.

D.3 TCGA ACQUISITION AND PREPROCESSING DETAILS

The TCGA-BRCA cohort is accessible through the To create a dataset suitable for
DeepSurv, we exclude patients without clinically relevant Estrogen Receptor (ER) status or scanned
biopsies. We then merge several tables and select the following clinically significant features for
model training, imputing the Progesteron Receptor (PR) value with the ER value, and the rest of the
features with the value value —1:

* ER status € {0,1}

* PR status € {0,1}

* Her?2 status € {0,1}

* Presence of infiltrating ductal carcinoma € {0, 1}

* Presence of infiltrating lobular carcinoma € {0, 1}

* PGR gene expression € [0, 1]

* ESRI gene expression € [0, 1]

* ERBB2 gene expression as defined by Desmedt et al.|(2008)) € [0, 1]

* Gender € {0,1}

» Age € {26,---,90}

 Tamoxifen drug sensitivity € [0, 1]

* Lapatinib drug sensitivity € [0, 1]
Additionally, we incorporate the cancer grade of each patient by combing through their written
medical reports. Finally, we process a single whole-slide H&E biopsy image for each patient, which
can vary significantly in size, typically around 300,000 pixels. To identify the tissue regions, we
apply Otsu’s segmentation method. After segmentation, we use the GigaPath foundation model
from Xu et al| (2024) to generate compact embedding vectors that capture the essential features
of each biopsy. These embeddings are then further reduced to 3 dimensions using PCA (Principal
Component Analysis). All of the above features are concatenated to create a covariate vector X of

size 19. The survival time T’ is defined as the time to mortality, with the censored time T, and event
indicator e given by the dataset.
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