Under review as a conference paper at ICLR 2025

TASK DESCRIPTORS HELP TRANSFORMERS LEARN
LINEAR MODELS IN-CONTEXT

Anonymous authors
Paper under double-blind review

ABSTRACT

Large language models (LLMs) exhibit strong in-context learning (ICL) ability,
which allows the model to make predictions on new examples based on the given
prompt. Recently, a line of research (Von Oswald et al., 2023} |Akyiirek et al.,
2023;|Ahn et al.| 2023; | Mahankali et al., [2023} [Zhang et al., [2024a}; |Vladymyrov
et al.| [2024) considered ICL for a simple linear regression setting and showed that
the forward pass of Transformers is simulating some variants of gradient descent
(GD) algorithms on the in-context examples. In practice, the input prompt usually
contains a task descriptor in addition to in-context examples. We investigate how
the task descriptor helps ICL in the linear regression setting. Our results show
that gradient flow converges to a global minimum for a simple linear model with
task descriptors. At the global minimum, the Transformer learns to use the task
descriptor effectively to improve its performance. Empirically, we verify our re-
sults by showing that the weights converge to the predicted global minimum and
Transformers indeed perform better with task descriptors.

1 INTRODUCTION

Transformer-based large language models (LLMs) have exhibited surprising abilities. One of their
most remarkable abilities is to perform well even on tasks that they are not explicitly trained on.
This is partially attributed to in-context learning (ICL) mechanism, where in-context examples are
provided to significantly improve the prediction of LLM on a new query input (Brown et al., 2020).
For langauge models, a classical example of ICL adapted from Brown et al.| (2020) is illustrated
as in Figure [I} where we instruct the language model to translate English to French by providing
examples.

Please translate English into French:
hello => bonjour
many => beaucoup

apple =>

Figure 1: An input with both task descriptions and in-context examples.

To understand ICL mechanism without getting into the difficulty of language modeling, |Garg et al.
(2022) investigated the simpler problem of learning a function class H in-context. In this setup,
the Transformer is given a sequence S = (1, h(x1),...,Tn, M(2n), Tquery). Here (x;, h(z;)) (i =
1,2,...,n) are n in-context examples where h is a function in class H, and Zquery is new input (the
query) that we want to evaluate h on. The goal of the Transformer is to output a prediction that is
equal to h(Tquery). |Garg et al|(2022) found that Transformers pretrained to perform this task can
successfully in-context learn many concept classes. Later works (Von Oswald et al., |2023}; |Akytirek
et al.}2023;|Ahn et al.|[2023; [Mahankali et al., 2023 |Zhang et al., 2024a3b; Wu et al.,[2024) focused
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more on in-context learning linear models, where h(z;) = w " z; for an unknown vector w and the
goal of in-context learning is to predict yquery = wTa:query.

These existing theoretical works focuses entirely on leveraging in-context examples. However, as
we saw in Figure[I] in practice we often provide an additional task descriptor (“Translate English to
French.”). Such descriptors improve the ICL performance for language models (Brown et al.,[2020).
While the prefix before in-context examples could contain various information, this work focuses
on descriptions containing distributional information about inputs. In this paper, we investigate
whether such task descriptors can help in-context learning for linear models.

1.1 OUR RESULTS

We consider a new family of mean-varying linear regression problems. For these problems, the
in-context examples (z1,y1), (2, y2), ..., (Tn, yn) are generated based on two parameters p and w.
Here w is the underlying linear relation and we have y; = w ' z;. The vector y specifies the mean
of x;’s, that is, z;’s are sampled from a Gaussian N'(y, I) with mean p. The mean p will be given
as the task descriptor in the main paperﬂ Given p and in context examples (z;,y;)’s and a query
Zquery» the goal of the Transformer is to estimate Yquery = W ' Tquery-

We first show that with a specific embedding of the input (see Section [2.I), a 1-layer linear self-
attention (LSA) network can indeed leverage the task descriptor. We can formally construct the
optimal parameters for 1-layer LSA network for any number of samples n. When n is large (going
to infinity), the linear Transformer uses the mean p straight-forwardly to remove the mean of x;’s,
leading to a better solution than previous constructions without task descriptor. When n is small,
the optimal solution is more complicated (see Theorem [.T)). In this case, we show that the training
loss function can be decomposed into two terms and 1-layer linear Transformers leverage its full
capacity to minimize both of them.

For all values of n, we also prove that gradient flow training from a reasonable initialization is guar-
anteed to converge to the global optimal solution. Even though the training loss is nonconvex, we
give a detailed characterization for the set of all global optimal solutions, and show that the training
dynamics maintain useful invariants that help the algorithm avoid saddle points and converge to a
unique global minimum.

Finally, we empirically verify our findings in Section[5] For 1-layer Transformers, we show that the
weights indeed converge to the global optimal solution that we have constructed. We also consider
different settings where the Transformer may have multiple layers, or use a different embedding. We
empirically observe that Transformers with task descriptor always outperform Transformers without
task descriptors in all these settings.

1.2  RELATED WORKS

In-context learning for linear regression |Garg et al.|(2022) investigated the function classes that
Transformers can learn in-context, finding that they can learn various function classes, including lin-
ear functions. Later works Von Oswald et al.|(2023)); /Ahn et al.| (2023); IMahankali et al. (2023); |Bai
et al.|(2023) proposed that, under certain parameters, one forward pass of a Transformer is equivalent
to a single step of some variant of gradient descent on linear models. Specifically, |Ahn et al.|(2023)
showed that Transformers learn to simulate preconditioned GD, which is optimal for one-layer lin-
ear Transformers. |[Vladymyrov et al.| (2024) and [Fu et al.| (2023)) demonstrated that preconditioned
GD can serve as a second-order optimization algorithm. Zhang et al.|(2024b) found that with an ap-
pended linear MLP layer, Transformers can learn an initialization for GD.|Wu et al.|(2024) explored
the task complexity bounds for in-context learning in linear regression. [Zhang et al.[(2024a) inves-
tigated how Transformers can be trained for ICL by proving that one-layer linear Transformers with
appropriate initialization will converge to the global minimum under gradient flow dynamics. [Huang
et al.| (2023)) showed that Transformers with softmax non-linearity can be trained to learn linear re-
gression on distinct features and analyzed the training dynamics. |Chen et al.| (2024a) investigated
the scenario of multiple-head Transformers and multiple-task linear regressions.

'Experiments in Appendixexplore one-hot encoding as an alternative form of task descriptors.



Under review as a conference paper at ICLR 2025

Task descriptor To the best of our knowledge, there is a lack of theoretical studies on how trans-
formers make use of task descriptors. Many empirical studies demonstrate their effectiveness. For
example, adding a token that indicates the domain from which the data originates helps LLMs learn
from context more efficiently (Allen-Zhu & Lil 2024). Brown et al.| (2020); Honovich et al.| (2023)
found that incorporating natural language task descriptions helps GPT models improve in-context
learning.

Other in-context learning works There is line of works on in-context learning with latent vari-
able models within a Bayesian framework (Xie et al.l 2022; Zhang et al., 2023; Wang et al.,
2023; Jiang, 2023). Another line of works focus on mechanisms of induction heads. |Olsson
et al.| (2022) proposed that two-layer Transformers can be induction heads, which complete the
prompt [A, B, A, B,--- ,A] — B. Some generalized versions of induction heads were later stud-
ied: [Nichani et al.| (2024) explored the mechanism and training dynamics of Transformers learning
causal graphs in-context, and |Chen et al.|(2024b) analyzed the setting of in-context learning n-gram
Markov chains. There are other works showing Transformers can in-context learn various algorithms
and tasks, such as sparse token selection (Wang et al., |2024)), CFGs (Yao et al., 2021} |Allen-Zhu &
Li,12023}Zhao et al.}[2023)), discriminative scanning (Tian et al.||2023)) and Transformers (Panigrahi
et al., [2024).

2 PRELIMINARIES

In this section we first introduce basic notations, then we describe the mean-varying linear regression
problem in Section 2.1} Details about linear self-attention architecture and training are given in
Section Finally in Section we briefly review how previous work understood ICL for linear
regression as doing (preconditioned) gradient descent.

Notations We lowercase letters to denote variables and vectors and uppercase letters for matrices.
For a matrix A, we use A_;,_; to denote the bottom-right entry (the last row and the last column).
We use || - || to denote ¢2 norm of a vector and and || - || denotes the Frobenius norm of a matrix.
We use I, to denote the d x d identity matrix and 04, 044 to denote the zero vector and the zero
matrix of size d and d X d respectively. We omit the subscripts if the size can be inferred from the
context. We denote Sym(A4) := (A + AT) the symmetrized version for any real square matrix A.

2.1 MEAN-VARYING LINEAR REGRESSION

Following the previous line of work (Von Oswald et al.| 2023} |Akyiirek et al., 2023 |Ahn et al.,
2023; Mahankali et al.| 2023} Zhang et al.,[2024a)), we introduce the mean-varying linear regressions
problem.

In this problem there are different linear regression tasks. For each linear regression task 7, we first
sample a mean p., ~ N (0, I;) and the linear weight w, ~ A (0, I;). We then independently sample
in-context examples x, ; and the query example 2 guery from Gaussian distribution N(pr, A). The
input with task descriptors is Sy = (kr, Tr 1, W, Tr 1, .oy Trpy W] Trpy, Tr query)- The goal of the
transformer is to compute Y query = w: Tr query-

Embedding matrix F.. There are many ways to encode the input as a series of tokens for the
transformer. For most parts of the paper, we consider the following embedding matrix F, which
duplicates the task descriptor before each stack of (x,) . That is,

T 1 Wr

E, = Tr1 Lr2 -+ Trn L1 query . (D
Yr1 Yr2 .- Yrn 0

Here we set the last query stack to be (7, Zr query, O)T and the zero entry remains to be filled with

the prediction of the model. This particular embedding is chosen to simplify the optimal solution
and optimization process. One can of course think of alternative embeddings. For example, we also
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consider the following prefix embedding EP™ in experiments:

1 0 0 e 0 0
0 1 1 e 1 0
EPTe = . 2
T Hr Tr1 Tr2 ' Trn  Tr query @
0 yT,l y‘r,2 e yT,n 0

In this embedding the task descriptor p is just represented in the first token. The first two rows
serve as a simplified version of positional encoding that distinguishes the task descriptor, in-context
examples and the query example.

2.2 TRAINING DETAILS

To do training on the mean-varying linear regressions problem, we first describe the linear self-
attention layer, and then give the training loss and initialization details.

Model Architecture. A standard self-attention Transformer layer with one head computes the fol-
lowing update to the embedding F:

Km\Tiwe
F(E;W) = E+WPWYME - softmax ((WELWE) .
Here p is a normalizing factor, E is the input embedding matrix and M is a masking matrix. Similar
to previous results(Ahn et al.l 2023 [Von Oswald et al.l 2023} [Zhang et al} [2024a)., we consider a
simplified version of one-layer linear self-attention (LSA) Transformer. Specifically, the projection
matrix and the value matrix are merged into a projection-value matrix W*V ¢ R?=X9eand the
key matrix and query matrix are merged into a key-query matrix WX® ¢ R?=*d5 Here dp is the
embedding dimension. The attention is also restricted to the first n tokens that represent in-context

examples (and excludes the query token):

ETWEQE I, O,
= ( ) 3

frsa(BsW) = E+ WPV ME. 222 s
n n
Here W = (WX WPV and the normalizing factor is set to be the number of in-context examples
n. Note that the masking matrix M excludes attentions to the query token.

Model Prediction. For input embedding E = E., the prediction is read out from the bottom-right
entry of the output

g'r,query - fLSA (E‘ra W)71,71~ (4)
Training Loss. Let £(1V, 7) be the expected least-square error for task 7. That is,
1 2

g(VV, T) = i]EzT,i,xT,quc,y,wT [(fLSA(ET; W)fl,fl - wq—l——xr,query) } . @)

Note that different tasks may have different expected loss as they have different p. In training we
take expectation over all tasks:

L(W) = Ep an0.10) [E(W; 7)] (6)
This represents the population loss for training. In practice, we can generate m sequences
St 87y, -y 97, » and the empirical loss is just the mean-squared error for all the sequences

I 1
L(W):=— Z [(fLsa(BrsW)_1,-1 — w;xn,quew)Q] . (7N

m <
=1

m

Initialization. We make the following assumption on the initialization. The assumption is motivated
by the initialization in|Zhang et al.|(2024a)).

Assumption 2.1 (Initialization). We assume the initialization of the Transformer satisfies

Y11 Y12 Og Odxd Odaxa Og
WECO) = B21 B2z 04 | ,WPY(0) = | Oiaxa Odxa 0Od
0] 0] 0 o] 0} o

where X171, 2og, 212, 291 are PSD matrices and o satisfies the equation:

1
o= ([SulF + 1Z12lF + 1S lF + [S22)1%) * > 0.
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A simple way to satisfy the requirement is to take ¥1; = X190 = Yo = Yoo = [gjand o = 2v/d. As
we will later see in Section setting o this way ensures that W5® and W'V matrices are always
balanced — they always have the same Frobenius norm.

Training procedure. We run gradient flow on the population loss L(W) from the initialization
above. W

= VL) (8)

It is possible to use standard techniques to discretize the process and run gradient descent, and it is
also possible to use a polynomial number of samples to estimate the gradient. For simplicity in this
paper we only work with the population loss and gradient flow.

2.3 1-LAYER LSA PERFORMING PRECONDITIONED GRADIENT DESCENT

As|Ahn et al.|(2023)) observed, in the standard linear regression setting where j., is always set to 0,

Trora o e Tquery ) hen the optimal one layer
yi Y2 o Yn 0

LSA network computes a preconditioned gradient descent step. That is, they construct weights for
1-layer LSA network such that the predicted fquery can be computed by

if the input data just consists of ¥ = (

n

~ —1

Yquery = <xquery7A § yz$z>
=1

Here the vector Y. ; y;x; is just a multiple of the gradient of a least squares objective f(w) =

23" (yi — w"x;)? The matrix A~ is related to the covariance matrix of z;’s and serves as a
preconditioner. As we will see later, with task descriptors 1-layer LSA networks can discover more
complicated strategies for the mean-varying linear regression problem.

3  WARM UP: LARGE SAMPLE SIZE

The global optimal solution and analysis for the general case are complicated. To highlight our main
ideas we first describe our results in the limit of infinitely many samples n — oc.

3.1 MAIN RESULTS

Our main results for infinitely many samples are summarized in the following theorem. As we will
see, trained Transformers learn to use task descriptors to “standardize” keys by removing the mean.

Theorem 3.1 (Main result). Using initialization as in Assumption 2.1} if the number of samples
n — oo and o satisfies 0 < o < « for some constant « E] then the gradient flow (@) will converg

to the global minimizer W, = (W9 WV and the corresponding loss lim L(W,) = 0. Here
n—oo

we have

1 [ Odxa —A7t 04 Odxa Odxqd 0Oq
W*KQ =— | Oaxa AL 04 and W*PV = Odxd Odxd 0Od )
Y 0 0; O 0y 0] w

where u* = (2HA*1||%)% .

Keys standardization. To understand what the Transformer is doing in this case, we notice that the

W< matrix can be decomposed as the product of two matrices. Let C' and WE? be

Odxd  Odxd Od ~ Odixd  Odaxa  Od
C=| I, 1, 04 | WEK?= 0 LAt 04 |. (10)
0 05 1 o] oy 1
’Please see Lemmain the appendix for the value of a.
3Here the gradient flow becomes 4Y = —V lim L(W).
n— oo
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Then we have W9 = CTW/X?. Here WX is in fact the optimal solution for 1-layer LSA
without task descriptors (see|Zhang et al.|(2024a)) and C' is the standardization operator. The effect
of matrix C suggests that when computing the key for the attention, the optimal solution will first
standardize the x; by removing its mean component to get C'E-, which has form

o 0 -~ 0 0
CE,=|( =1 22 - Zn Zguerny . (11)
Y1 Y2 0 Yn 0

Here we call z; = z; — p, the standardized versions of z;. Doing this helps remove the spurious
correlations introduced by the nonzero mean ji.. More precisely, we compute the output query as:

1
. T A-1 Z
Yquery = T, query A E ZiYi

( Z i ) (12)
query 1

T
= TqueryW a8 T — OO

The last step uses the fact that 1L ZZ 1 z;x] converges to A as n goes to infinity, so we see that
the transformer outputs the correct estimate and achieves 0 loss. On the other hand, if we did not
have the C matrix (and hence did not use the task descriptor), the corresponding matrix would
be %Zl 1 x;z;] which only converges to A + g . This matrix is different for different s,
and it is impossible to invert it by changing the weight matrix (the weight matrices need to work
simultaneously for all tasks).

3.2 PROOF SKETCH FOR THEOREM[3.1]

Now we discuss how to prove the convergence result in Theorem[3.1] Several steps of our proof are
similar to the proof in|Zhang et al.|(2024a)) for the case without task descriptors, but as we shall see
having task descriptors introduces additional challenges to the proof.

We first characterize the set of global minimum and give a lowerbound of the gradient when the
current solution is not globally optimal. As we shall see, there are actually infinitely many global
optimal solutions and it would be difficult to lowerbound the norm of the gradient by the distance to
the particular optimal solution in Theorem[3.1] We get around this issue by showing that the training
dynamics maintain several invariant properties, and the only global optimal solution that satisfies all
these invariant properties is the solution in Theorem 3.1}

Characterizing global minima and gradient lowerbound Our main lemma below gives a strong
characterization of global minima and show that the gradient can be lowerbounded if we are away
from the set of global minima.

Lemma 3.2. If our initialization satisfies Assumption[2.1|and n — oo, then we have

A—l
WL<>F»w<kmnwﬁQ+wﬁQ+w£Q+W§Q + | wie - 2

F
At A~
K K
HIWER + 2+ ke - A )

(13)
for some constant ¢ > 0.

All four terms in the lemma above needs to be equal to 0 in order to achieve a global optimal
solution. After examining the four equations, we can show that there are two types of symmetry for
the loss function. First, if W is scaled by factor x and W'V is scaled by factor 1/, then the
function computed by the LSA layer does not change. Second, if we add skew-symmetric matrices
U @UT = —U) to the 11 block of W@, it also doesn’t change the solution. The second type of
symmetry is unique to the setting with task descriptors. Every global minimum is equivalent to the
minimum we constructed in Theorem [3.1]up to these transformations.



Under review as a conference paper at ICLR 2025

To make the training process easier to analyze and allow use to focus on the particular global min-
imum in Theorem [3.1] we compliment Lemma with the following invariant result of training
dynamics:

Lemma 3.3. If the initialization follows Assumption|[2.1) then throughout gradient flow training, the
following invariants are maintained:

1. Balancing condition:

K K K K
u? = W CIE + W05+ W5+ [1Was [ (14)
2. WEQ is a symmetric matrix.
3. u, WﬁQ, ngQ, WﬁQ and WQI;Q are the only non-zero weights.

4. If w is smaller than some positive constant « at initialization, then u > [ for another
positive constant 3 throughout training.

This shows that with the initialization in Assumption 2.1} we never need to worry about the blocks
except for u, Wﬁ Q, ngQ, Wﬁ ? and WgQ. The first symmetry of scaling is now fixed because
v and Wﬁ Q, ngQ, Wg Q, WQIEQ are always balanced. The second symmetry also cannot happen

because Wﬁ 9 remains symmetric. By combining invariants from training trajectory (Lemma |
and the landscape result of lowerbounding the gradient (Lemma [3.2) we can get Theorem[3.1]

4 OPTIMAL SOLUTION FOR FINITE NUMBER OF SAMPLES

Surprisingly a 1-layer LSA network comes up with a much more complicated strategy when the
sample size n is finite. In fact the optimal solutions differ significantly from that of infinitely many
samples when n is not much larger than d. In this section for simplicity we assume that the covari-
ance matrix for x;’s are identity (A = I;), and summarize the results in theorem below:

Theorem 4.1 (Main theorem, finite sample). Under Assumption2.1] if the number of samples n > 2
and o satisfies 0 < o < « for some constant o, then the gradient flow (|8)) will converge to a global
minimizer W, = (W*KQ, va). If the covariance matrix A = 14, then the global minimizer
W, = (WEC WPV satisfies

aily aialg Og Ogxa Oaxa 0Oq
WER = | asnly asls 04 | ,WEYV = Ouxa Oaxa 04 |. (15)
o, o) o0 o, 0 b

Here b, a11, a21, a12, age are all numbers depending only on n, d. For z € {b,a11,a21,a12, age} we
denote z = f,(n,d), the exact formulas for f.’s are given Theorem@] in Appendix.

As we can see, the optimal solution here makes use of two new blocks in wike corresponding to
a111ly and a9 1,4. Intuitively, these two blocks leverage the descriptors i in queries, which is equal
to E...., [Z7 query] and thus can be help reduce the bias introduced by zquery. To see this, we need a
careful way to decompose the training loss function.

Decomposition of the training loss Taking expectation over Zguery and decomposing the loss into
bias and variance terms, we have

1 . 2
L(W) = §]Er7:,ur,wf [(Ezquery [yryquery - yryquery]) }

bias: Lo (16)

N 2 N
Ea, s w, [Ezquery[(yr,query - yr,query) ] - (Ezquery [?Jr,quew - yr,query]) } .

DN | =

_|_

variance: L1

We will show that the L; and Lo terms can achieve their individual optimal value independently. To
do that we rely on a reparametrization trick to separate the variables used in L1 and Ls.
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Simplify the loss in the new parametrization. First we note that wK Q= wﬁgQ = whY =
wiY = 04 is the critical point and they are zero at initialization. We show that this is maintained

throughout training This allows us to simplify the prediction §J; query. Denote fi, = % i, x; and

=1 Z" 1 %% 1. We can then simplify the prediction to be

:g'r,query = bw;r <a11||/'l’7'H2w:,[l’T + a21A/~LT + a12,uf:,&frx-r,query + a22]\x7,query) . )

Intuitively, for this to predict wTT T7 query» it makes sense to use a1z and asz — this is exactly what

happens in the infinite sample regime because there A = p-pu] + Iy and firp] = prpl, so it is
possible to get £ query just by combining these two terms. However this is no longer true for the finite

sample case as the empirical mean [ and second moment A are different from their expectations,
and the first two terms provide useful information about them that helps reducing the loss.
Recall z; = z,; — pr is the standardized version of the i-th sample. We can in turn write the

empirical variance matrix Z := 1 3" 2,2 and standardized mean 2 := 1 7" | 2;. Substitute the
simplified prediction . query back to (T6) and we reach

1 . . . 2
14VV)=:2EzhuT{H(bﬁhli-am'+a21+%h2ﬂhhﬂ2uf-tb(am+tm2)(uTzT4—Z>tn~—nT>’:
Lo
1 £ T 5T 1 5 2
+ i]Ezi,u.,. Hb(a12 + a9) firpt, + bags (ufz + Z) - IdHF .
Ly
(18)
Therefore we can write the loss L(W) in the new parametrization 6:
01 = b(a11 + ai2 + az1 + az)
02 = b(az1 + aza) (19)

05 = b(ai2 + ag2)
94 = bagg.

Note that for any values of 61, 65,03, 0,, there are always values of b, ay1,a12, a1, ase that can
achieve these #-values (indeed, the 6 parameters are just a full rank linear transformation of
bai1,baia, basy, bass). Therefore for the optimal solution it suffices to consider the parametriza-
tion of 01, 05, 03, 68,. Since L, only depends on 63 and 6, and Ly only depends on 6 and 65, we can
simply consider the optimal solution for the following two functions separately:

L1(605,04) = ; - [Hesufuf A IdH }

L(61,05) = %Ezi,uf {H (0ull P 402 (42" 4 2) e = i) m '

No need of non-zero a1, and as; if n = oco. In the infinite sample regime, notice that i, — p,
Z — Ijand 2 — 04 as n — o0, the decomposition becomes even simpler

1
tim £00) = e [[|Oullse e + o117 — ) [P] + 5B, [T + (6~ 1) Tl

n—oQ

L2 Ll
(20)

To minimize both L; and Lo here, it suffices to choose 8 = 6, = 1 and 6; = 03 = 0, which
corresponds to the optimal solution in Theorem [3.1] where a11 = a9, = 0.

Non-zero a;; and a-; to minimize bias for finite n. When n is finite, 7 and 2 deviate from their
limits hence just setting f; = 64, = 1 and #; = 63 = 0 are not sufficient to minimize L and Lo
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at the same time. That is, there will be a tradeoff between bias and variance if only using ba;5 and
bass. To avoid the tradeoff and minimize both, Transformers need to learn a more delicate structure
where bay; and bas; are also used to better estimate p,. These requirements give us the closed form
formulas for #;’s and then we can solve for the optimal solutions for b, a11, a12, as1, ass. The final
result is in Section[A.2] Appendix.

The optimization of the finite sample case follows from similar ideas as the infinite sample case,
except that the calculations are more complicated. We leave the details in Section[A.2]in Appendix.

5 EXPERIMENTS

In this section we show that Transformers can indeed leverage the task descriptor in the mean-
varying linear regression problem. For 1-layer Transformers with descriptor embedding, the trained
Transformer converges to the optimal solution as our theory predicts. Deeper Transformers can
further improve the performance both with or without task descriptors, but the Transformers with
task descriptors can always leverage that information to achieve lower loss.

5.1 EXPERIMENT SETUP

Model architecture. We train L-layer LSA Transformers parametrized as below:

HWFKCH,

Hyyy = Ho+ WY MH, - .

for{=0,1,...,L — 1.

Here Hj is the input matrix, set to be the embedding matrix and the prediction is read out from the
bottom-right entry of the output §, query = [Hp]-1,—1. Recall M is the masking for attention that
restricts attention to in-context tokens (excluding the query). We have also done experiments with
separate WK W WP WV matrices in Sectionat Appendix and results are similar.

Embedding matrix. Our weight matrices W@ W'V are both d x dg matrices. We use three
types of input embedding matrices: embedding with task descriptor E; in (IJ), prefix embedding
E?" in (@) and embedding without task descriptor

1 1 e 1 0
E= Tr1 Tr2 .. Trn LT query . 2n
y'r,l yT,Q oo y'r,n 0

The first row of E and first two rows of E2"¢ serve as a simplified version of positional encoding.

Data hyperparameters. We generate 4096 i.i.d. input sequences for each episode of training. For
all experiments in this section, the data dimension d = 5 and the covariance matrix A = I;. We
leave experiments for different d and A to Section at Appendix.

Training algorithms. For all experiments, we use Adam optimizer (Kingma & Ba, 2015)) to train
Transformers. We also use /5 gradient clipping to stabilize training.

5.2 EXPERIMENT RESULTS

We first show that for different number of layers and embeddings, Transformers can find ways to
leverage the additional information in task descriptor.

We plot the ICL training loss curves in Figure[2] First we note that embedding with task descriptors
have smaller loss values than embedding without descriptors for 1, 2, 3-layer Transformers.

Single-layer Transformers trained on prefix embeddings and embeddings without descriptors exhibit
comparable performance. However, as the depth of the Transformer increases, models trained on
prefix embeddings achieve lower loss. Surprisingly, 3-layer Transformers outperform those trained
on embeddings without descriptors and even surpass those trained on embeddings with duplicated
descriptors. This suggests that with prefix embeddings, deeper Transformers may be able to use
the descriptor more efficiently. We explore some possibilities by observing the attention matrices in
Section [B.3]at Appendix.
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Figure 2: The MSE loss curves for Transformers in different depths. We display mean and std of 5
random seeds. The number of samples in each sequence n = 50 and data dimension d = 5.
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Figure 3: The heat map of WEY_| - WHX® for a well-trained Transformer with task descriptors ji,
in the training sequences. The number of in-context examples n vary from 100 to 600.

Next we show that 1-layer LSA network indeed finds the optimal solution as our theory predicts. To
do that, we plot heat maps of the product WY _, - WX® of trained Transformers in Figure [3| As
Theorem [.1] suggests, in the heat maps there are four blocks in forms of multiples of I;. The two
left blocks fade while the two rlght blocks remain prominent as n grows large, which is consistent
with the infinite sample regime in Theorem 3.1} Detailed formulas for parameters in Theorem [.T]
(appearing in Theorem [A-8]in appendix) suggest that ba;1 will converge to 0 from above as n — co
and bas; will converge to 0 from below as n — oo. The two other values ba;o and bass will be
approximately equal to —1 and 1 respectively as long as n is much larger than d. These trends are
all observed in Figure[3]

6 CONCLUSIONS

In this work, we investigate how Transformers leverage task descriptions for in-context learning.
Specifically, we consider the mean-varying linear regression problem where the task descriptors can
be set to be the mean . for each task 7. We give a global convergence result for Transformers
trained with task descriptors. Our theoretical result shows that even 1-layer linear Transformers can
discover interesting ways to leverage the task descriptor. We empirically show that Transformers can
achieve much lower loss for ICL when task descriptors are provided. We also find a clear pattern
in the parameters of well-trained Transformers, which verifies our theoretical result. Immediate
open problems include understanding how Transformers can make use of task descriptors when
the embedding does not duplicate the descriptor, as well as what happens for multi-layer and/or
nonlinear versions of Transformers. As future work, it would also be interesting to explore how
Transformers leverage more general task descriptors across a broader range of ICL tasks.
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A OMITTED PROOFS

In this section, we assume E[] is taking expectation over all randomness without specifying. We
denote Apin(A) and A\jax(A) the smallest and largest eigenvalue for any matrix A. For any PSD

matrix A, denote \/Z the unique PSD matrix such that (\/Z)2 = A. Sometimes we also write \/Z
as Az. We denote [k] = {1,2,--- , k}.

We first prove the main result for infinite number of samples in Section [A.T] then we extend the
result to the more complicated finite sample setting in Section

A.1 PROOF FOR THEOREM[3.1]

In this section we proof Theorem 3.1} which we restate here.

Theorem A.1. Using initialization as in Assumption [2.1] if the number of samples n — oo and o
satisfies 0 < o < « for some constant o E] then the gradient flow will converge to the global

minimizer W, = (VV*KQ7 WZEV) and the corresponding loss lim L(W.) = 0. Here we have
n—oo

1 Ogxa —A™' 0q4 Odxd Odxd 0Oq
WEC=— | O4xa A' 04 | and WSV = | Oixa Oaxa Oa (22)
u 04 0, 0 0, 0 wu*

where u* = (2\|A‘1||2F)% .

A.1.1 PROOF SKETCH

Here we give the sketch of our proof to Theorem [3.1] which follows the proof framework in|Zhang
et al.| (2024a). Before we start, let’s write WV and W @ into blocks:

whv WLy whY
WPV — WiV WhY  whV (23)
(wi )" ()T wiy”
and Ko Ko K0
ka_ [ whe  gRe LR
WHhe = W21Q W22Q w23Q (24)
K K K
(w31Q)T (w32Q)T 7~U33Q

where all the Wiy, Wia, Woy, Woo € RdXd, w13, Wa3, W31, W32 € R4 and wsz € R. By expand—
ing the prediction §r query = frsA (E7; W)2d+41,n+1, We know the prediction only depends on the
weight blocks W9, W@ wlV WE? WEC whY wi? wi? and whY . Therefore we will
only consider the training dynamics of these relevant blocks. To simplify notation we gather all the
relevant parameters in the following block matrix U.

U Uiz wis WﬁQ WfEQ wh”
U = U_er U‘2r2 U23 = W;{Q W;;Q wgl,Dzv . (25)
ud udh (W) (WENT wh

As we mentioned in Section 3] the proof of Theorem 3.1|relies on Lemma[3.3] which we restate here

Lemma A.2. If the initialization follows Assumption 21| then throughout gradient flow training,
the following invariants are maintained:

1. Balancing condition:
K K K K
u? = [WHOR + IW5ECNE + W L% + [Was 2l (26)
2. WEQ is a symmetric matrix.

3. u, WﬁQ, W£Q7 WQIfQ and WgQ are the only non-zero weights.

“Please see Lemmafor the value of a.
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4. If uw is smaller than some positive constant « at initialization, then u > [ for another
positive constant 3 throughout training.

We split Lemma [3.3]into Lemma[A.3and Lemma[A.4] We start with the dynamics of u13, ua3, us1
and u32, which shows that these parameters stick to 0 during the training phase so the dynamics of
U could be simplified. Then we show that there is a balance between u_; and U1, Ujs, Usy, Uss.
Specifically, we have the following lemma.

Lemma A.3. If our initialization satisfies Assumption[2.1) then we have both
u13(t) = uosz(t) = uz1 (t) = uz2(t) =0 (27)
and
u—1(t)? = Ui ()17 + [Us2(@)l[F + [|U21 ()1 + [|U22(8) I (28)
for all t > 0. Additionally, we have U1y remains symmetric throughout the training.

Given the balanced condition, we can prove u_j could be lower bounded by some positive constant
during the training phase in Lemma [A:4] which suggests the trajectory of u_; is away from the
saddle point u_; = 0.

Lemma A.4. If our initialization satisfies Assumption2.1) n — oo and o satisfies 0 < o < o where
« is equal to

N

d+2 (29)
2|AllF (IAl1% + 2tr (A) + 3d?) 4 28dtr (A) + 60d3 )

then we have u_1(t) > 8 > 0 forall t > 0. Here

_ (d+2)0? :
- <(4+2\/§) (||A||%+2tr(A)+d2+2d)> ' (30)

Combining Lemma|[A-3|and Lemma[A.4] we have the Lemma 3.3]in the main paper.
With the lower bound (5 of u_1, we are finally able to give an error bound (Luo & Tseng, [1993) of
our loss L(U) in Lemma which is the Lemmain the main paper.
Lemma A.5. If our initialization satisfies Assumption[2.1|and n — oo, then we have
IVLU)IE
2

A—l
=c <||Sym (Ui + Uiz + Uz + U21)H2p + HUZQ + Uy — —

U—1 F (31)

A1 A1
Uz + ——||% + | Uz — —|I2
+|U12 + w s |7 + | Ua2 w s ||F>

where

. )\min(A)Q 1 )\min(A)4 1
_ Q2
c=p mm( 27043 ' 2704 9042 9042 )"

With Lemma [A73]in hand, we can finally prove Theorem 3.1}

Given these supporting lemmas, we are now ready to prove the main theorem.

Proof of Theorem[3.1] Since L(U) > 0 is bounded below, we know L(U,) the loss over gradient
flow will converge. Any stationary point U* of the gradient flow must satisfy VL(U*) = 0. There-

fore, combining with the error bound (31) we have ||Uz, + Uz, — 2|2 = ||Sym(U, + U, +
—1
Usy + U1} = Uy + =13 = |Usy = 4= 1% = 0, which implies that Uz, = 4—, U, =
—%, U3; = 0gxq and Sym(U7;) = 04xq. By lemma we know this implies U, = 0gxq.
—1
Finally by direct computation we know the corresponding loss is L(U*) = 0, which implies that U*

1
is a global minimizer. Combining lb we have u*; = (2|[A7|%)* . Translating U back to W
according to (25), we obtain Theorem[3.]] O

The rest of this section will give detailed proofs for the supporting lemmas.
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A.1.2 PROOFS OF LEMMA[A 3] LEMMA[A 4] AND LEMMA [A 3]

The proof of Lemma[A-3mostly relies on calculations of gradients. We will show that (i) gradients
are always 0 for certain blocks and (ii) the growths of WX and W'V are balanced in training
dynamics.

Proof of Lemma[A3] We first prove (27) by showing 0 is the critical points for certain blocks.

Part 1: critical points at zero. The gradient of the loss is

3€(U, 7) N agr, uer
T = E[(yr,query - wjxr,query)#}

To give the detailed gradient formulation, we need to expand §; query in terms of U first. Denote

A= 23" 2zl and o = £ 377 2, ;. Then we have

T n

T AT T
S Hr Hr s Hr - Wi Uy Ull U12 1

~ _ ~ T N N T
Yr,query = (“13 Ugs U71> K oy A Aw, U'2r1 U'2r2 (x )
ptowl iy wl A wl Aw, Uz Ugp ey

= uly (trpty Uni + pr fi] Usy + w] firpirugy) pir
+uly (rpg Urz + prfi] Uy + W] fir firtigy) Tr query

ﬂ.,.u_—rrUll + AUs; + Aw‘l'u;) Hor
T N A T
iy Utz + AUzz + AUJTU?,Q) T query

i
+uoy - (Wl w] e Unpe + 0l AUsi s + w] Awugy o)
(

T, T~ TA TA T
(i wy firUroZr query + W AU22Z7 query + W, AWrUzoT 7 query)-
(32)
If letting U13 = U3 = U371 = uszs = 0, then we have

g'r,query = ufl(“IwIﬂTUlluT + w:AU21MT + ﬂ:w:ﬂTU121"r,query + wIAUZZ‘rT,quew)~ (33)

The gradient on u;3 is

oUU, T) ) -
Tw =K [(yT,query - w;rxr,query) (/J“T,LL:Ull + HT,UIUM) ,LLT]
+E [(gf,query - w;l——x‘r,query) (Mrﬂ;r Uia + /J’T/l:rr U22) xr,quew] .
Note that
. . N . A X,
yT,query*w;-rxT,query = u—lw;r'(,Uf'rﬂ;—rUll,UT+AU21,Uf-r+,UJT,U7TUleT,query+AU22xT,query*%
-1
is degree-1 with respect to w;. Also note that (p-p] Urr + prfil Us1) - and
(trpf Urz + pr o Usz) @7 query do not contain w,. Since E[w;] = 0 and w, is independent
with all other random variables, we have %Ul’;) =0.
Simi 2UT) _ (o _ _ _ _
imilarly, we have Duny = 0 given that w13 = u23 = u3z1 = ugy = 0.
Let A := (firpu) Upyjir +AU21MT + ) Ulgxr,query+AU22xT,query - z;%f‘“’)ur Then the gradient
on u3q 1S
olu, r A N
% =E [U—lw:Aw‘r (yT,query - w;rxr,query)ur]

E [u%lwIAwTw:A}
0.

17
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Similarly, we have %U’;) = 0 given that u13 = u23 = u31 = use = 0. Taking expectation over
aL(U dL(U AL(U aL(U .
Hr, WE have 3U(13) = 871(23) = Bu(_gl) = au(gg) = 0 given that w13 = uo3 = u3z; = uss = 0.

Now we prove by showing the dynamics of %, and ||U11||% + [|[Ur2]|% + [|[Ua1||% + || Us2||%
are balanced.

Part 2: Balancing condition. We can simplify the prediction §; query by letting w13 = ug3 =
ug1 = uzz = 0 in (32)), which gives the prediction

y-r,query = u—leT ((ﬂ,,.lu:Ull + AUQl) Hr + (ﬂ-rﬂ-—,—rUm + /A\U22> x-r,query) .

This implies that

N . A N A 1
Yr,query — Yr,query = u—lw:(<,uf7',uf;l-—U11 + AUQI) o + (,LLT,LL:U12 + AU22 - UId) x‘r,query)~
1

(34)
. . oL(U,T) _
Now we can corg;{ute the dynamics of U by the chain rule T =
E (g‘r,query - yT,query)W} .
Therefore, we have the dynamics of Uy, Uy2, U1, Usg and u_; as follows:
olu, r . .
a(TH) =E [(yr,query - yr,query)uflw;rﬂ‘rﬂr/i:,—r] ; (35
olu, r R N
8(U21 ) =E |:(y7',query - yT,query)u—lAw‘r,u:} (36)
olu, . R
6<U12 ) =E [(yT,query - yT,query)u—lw:ﬂ‘r,ur'r;r’query] (37)
oL(U, . R
(9(U22 ) =K |:(y‘r7query - ynquery)u—lAwaIquery} (38)

olu, . 1
8( ) =E [(ynquew - yﬂquew) wTT (M2HT + (Ml + Id) x7'7quer}’>:| - (39
U_1 U_1

Here My := fipu] Ura + AUsy — u%lld and My := ji,p] Uy1 + AUs,. Therefore we have

oL(U,T) C— <UT6€(U77') +UT8£(U,T)+UT8£(U,T) +UT6£(U,T)>. (40)

8u_1 1 8U11 12 3U12 21 8U21 2 8U22

Taking expectation over (., we have the same thing holds for L(U)
L L L L L

8U,1 1 8U11 12 8U12 2 8U21 2 8U22
This implies that
du?,(t) d T T T T
x ol (U (U () + Ura(t)Uss (1) + Uaa () Usy () + Uaa (t)Unsy (1)) - (42)

Therefore if we set u_1(0)? = ||U11(0)||% +||U12(0)]|% + |U21(0) ||% + || U22(0)||% at initialization,
we have

uar (8 = [ @)l + 10205 + 1021011 + [ U220 43)
forall £ > 0.

Finally, the gradient of U;; as in @) is obviously symmetric. Given that we also initialize U;; to
be symmetric, U;; will remain symmetric throughout the training. O
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Now we prove Lemma[A.4] which shows that u_; is actually away from the saddle point at origin
with appropriate initialization. This proof relies on a careful analysis on loss L as a function of ©_; .
We can rewrite the loss Ly(u_1) = a(t)u?,; — b(t)u_; + c as a time-dependent degree-2 function
of u_1. Note that a and b depend on Uy, U;s, Usg, Uss and are in turn time-dependent, while c is
a constant independent of time. If we set u_1(0) small enough (smaller than the b/2a but greater
than 0) at initialization, Lo(u_1(0)) will be dominated by the degree-1 term, which has a negative
coefficient at time 0. Specifically, we will have an upper bound Lo(u_1(0)) < Lo(0) —e =c —€
for some positive number ¢ < c. Another important observation is that the gradient flow of U
guarantees that L will be no larger than Lo (u—_1(0)) throughout the training, which actually implies
that L;(u_1(t)) < ¢ — e for all time ¢. For any time ¢, the set of u_; that gives loss value at most
¢—e{u—y1: Liy(u_q) < ¢ — €}) will always have a support is always positive and bounded away
from 0. We take a lower bound of L;(u_1) over all time ¢ to obtain the desired time-independent
lower bound of u_;. It is worth noting that to obtain time-independent lower and upper bounds
of Li(u_1), we need the balancing condition between w_; and U1, Uiz, Ua1, Uaa to eliminate the
dependence of L on Uy, Uyo, Usy, Uss.

Proof of LemmalA.4} We first rewrite loss function £(U, 7) as a function of u_;. By taking expec-
tation over ji,, we can obtain L(u_1) as a function of u_1.

Step 1: Rewrite loss as a degree-2 function of u_;. We will decompose the loss £(U, ) into
(U, 7) = £1(U,7) + £2(U, 7) and rewrite ¢, and {5 separately. Recall My = ji,p1] Uyz + AUsg —
ild and My = ﬂTuTTUH + AUs;. Then we have

1

K(Uv 7_) = iEz,;,zque,-y [(Z:/T,query - y‘r,query)q (44)
2
u-
= 71 (E% [tr(MQTMZﬂT/J:)] +E., [tr (MlTMl (A + u,ru:))]
+2E., [tr (M{ Mapirp))]) (45)

uZ,y T u?, T T
= SEE., [ir (M7 MiA)] + SLE., [tr ((M2 + M) (Ms + M) )} . (46)

El(U,T) ZQ(UJ')

As we can see in @ when taking expectation over zguery given ji,, the variance term is

2
“FE [tr (M{ M;A)], which is ¢;. This implies that E[¢;] = L; and E[(s] = L, where Lo
and L, are the bias and variance decomposition of the loss function. Now we compute the expec-

tation in 1 and (5. Define a positive value v = ||u-||* + Ltr(A) and a positive definite matrix
=2 (A pp]) + L (6r (A) + || - ||?) I4. By direct computation we have

1 2
(U, T) :51&1 tr (’yUl—guT,u:UlgA + U;F (A + uT,uI) Uss A + ZUI—EMT,LL: (F — n,uT,uI> UggA)
1
—u_qtr ((/'[/T/’[‘;—FU12A + (A + ,uTuTT) UggA)) + itr (A)

1
= —crau_1 +ciou’y + itr (A).
47)
Here ¢; ;1 = tr ((/L,—/J,:UlgA + (A + ,uTu;'—) UQQA)) is the coefficient of degree-1 term —u_; and

Cl2 = % tr ('yUlTQ,uT,uIUuA + UQ—';F (A + ,uTu;'—) Uso A + 2U£u7,u: (F — %,uTu;r) U22A) is the
coefficient of degree-2 term uz_1 in/{y.
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Similarly we have
1
22(U7 T) :§’LL2,1 tr (’}/ (U12 + U11)—r ,uT,uTT (U12 + U11) + (U22 + Uzl)T I (A + ,uTM.-,.r) (UQQ + U21) /L-,—/JI
2
+2(Ura + Unt) " pops] (F - n#rﬂi) (Uz2 + Ua1) MMI)

1
=ty (pepy (Ur + Unn) prpty + (M pirpi ) (Unz + Un) i) + 5tr (s )

1
= —coiu_1+ 0272u271 + itr (uT,uI) .
(48)
Here c21 = tr (prp) (Urz + Unt) pirpel + (A + prpe] ) (Usz + Uar) prpl ) is the coefficient of
degree-1 term —u_; and

1
C22 =5 tr (7 (Uio + Ui1) " prpel (Ura + Uny) + (Usa + Usy) ' T (A+ prpe) ) (Usa + Ust) pr i)

2
+2(Urz + Unt) " pops] <F - nﬂr#I) (Uz2 + Ua1) M/J)

is the coefficient of degree-2 term u? ; in (.

Note that coefficients ¢y 1, ¢1,2,¢2.1, C2,2 are all time-dependent positive functions of p. Taking
expectation over (i, we have

Lt(u,l) = ]E,U’T [61 (U, T) + gQ (U7 T)]

1 1 (49)
=E,. [(01,2 +con)u®y — (ca1 + 1) u,l] + §Eur [||,uT||2] + itr (A).

Step 2: bound the coefficients. Now we give several useful lower and upper bounds on ¢; 2 +c2 2
and cp 1 +cy,1. Denote ¢; ; (t) as the corresponding coefficient at time ¢ under the gradient flow. The
first two bounds yield a upper bound of Lo(u_1(0)) < Lo(0) — € for some ¢ > 0. The third bound
yields a lower bound for L;(u_1). Specifically, we have the following claim.

Claim 1. We have the following three bounds:

1.
Efc1,1(0) + ¢2,1(0)] > (d + 2)u—1(0), (50)

2.
1o+ cap S U |A + prp] |17 2llp-ll” + 1Al F) (51)

3.
it ean < (24 V2)ua[A+ pop] | (52)

Step 3: Upper bound Ly(u_1(0)). Now we can upper bound Lo (u—1(0)).
Lo(u-1(0)) = E [y (U(0),7) + €2 (U(0),7)]

1 1
=E [(c1,2 + c2,2)u-1(0)% = (co1 +c11) u-1(0)] + 7B [l lI?] + tr(4)
2
< a2 (O)F [[[A + e se] [ (18N + 2 12) 2, (0) = (d+2)] 53)
1 1
+ B [l ] + Str (A) (G0 and T
1 1 1
< —5(d+2)uZ,(0) + SE [l 7] + 5tr (A).
1
2
The last inequality comes from that u_1(0) < a = (QE“AJFM uT\Ig?HZAH 2l ”2)]> at initializa-
TEr IR F T

tion.
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Step 4: Show u_ is always positive. Note that when u_; = 0, the loss L;(0) = 3E,,_ [||-[*] +
1tr (A). Therefore, u_; is non-zero whenever Ly(u_1) < iE, [[lu-|?] + tr(A). Since
Li(u_1(t)) is non-increasing in ¢ and by we know Lo(u—1(0)) < 3E,. [l|lu-]?] + 3tr (A),
we have Ly(u_1(t)) < 3E,, [[lu-]1?] + 2tr (A) for all ¢ > 0, which implies that u_; is non-zero
for all t > 0. Further since we have u_1(0) > 0 and u_1(¢) is continuous on ¢, we have u_1 > 0
forall ¢ > 0.

Step 5: Lower bound L;(u_1(t)) for all t. Now we lower bound L;(u_1 (t)).
1 1
Li(u_1(t)) = E [(c12 + cp)u’; — (c21 + 1) u1] + §]E [l 117] + 5“ (A)
1 1
2 —u-1Efezn1 +ein] + SE [l 17T + Ftr(4)

1 1
> —u? B2+ V2) A+ prp] [F] + ZE [l 2] + St (A)  (uoy > 0and G2))
(54)

Step 6: Combine lower and upper bounds together. Since L;(u_1(t)) < Lo(u—1(0)), combin-

ing (33) and (54) we have

(d 4 2)u? ,(0) :
_ = 0. 55
vz ((4+2ﬁ>E[nA+uTMI|%]> = &

O
Now we prove Claim [T}
Proof. Recall that
c11 =tr ((MTHTTUle + (A+ HTMTT) UszA)) (56)
and
con = tr (pep] (Urz + Uni) prpt] + (A + prp] ) (Una + Unt) prps) - (57)
Computing the expectation, we have
E[Cl’l] =tr (UlgA + U A + U22A2) (58)
and
]E[Cg,l] = (d =+ 2)'51‘([]12 + U1 + Uy + U21) =+ tr((UQQ + Ugl) A) 59)
By Assumption at time ¢ = 0 we have Uj;2(0),U;1(0),U22(0) and Us;(0)

are PSD matrices. ~ Therefore we have E[c;:1(0)] > 0 and Elea1(0)] > (d +
Z)U‘ (U12(0) + U11(0) + Uss (O) + U21(O)) , which implies that

E[e1,1(0) + ¢2,1(0))?
>(d+ 22 (VT % + VTR O + VT3 + VIO
(@+2? (IVTRO): + VIR O) I+ + 1T + VT 0)l1F) (60)
(

>(d +2)* (IU20)[1F + U1 (0) |3 + [[U22(0)[|F + 1U21(0)[|7)  (submultiplicativity)
=(d+2)*u_1(0)*> (Assumption[Z.1)

Therefore we have E[cy 1(0) + ¢2,1(0)] > (d + 2)u—1(0).

Recall that

%

1 2
cLo =gt <7U1T2/ATAJU12A + Ul (A + pirp] ) Uso A + 2U G pur ) (F = ~pirpty ) Unsh
(61)
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and
1
22 =5 tr (’Y (U2 + Ull)T gty (Urg + Uny) pirpe)

2
+2 (U2 + U11)—r [ piy (F - nmuj) (Uaz + Ua1) Mmu:) (62)

1
+ §tr ((U22 + U21)—r r (A + MTMI) (Uaz + Ua1) MT/-‘LI)
Note that T' — A + g p] and v — ||u1-||? if n — oo. Therefore we have
C2,2 _*||/~LTH 1Ur2 + Una |7l e |1 + *||U22 + Un | FIA + o] 3o llprps] | 2
+ [Ur2 + Uil p [|U22 + U21 | HMTIJTTH%HA + o | (Cauchy-Schwartz inequality)
= ||A + Hr i ||F et || (1Ur2 + Uil p + | U2 + Uat || )
<2||A+ prp) ||F el || o (102l + 11U F + |U22ll7 + ||U21[1%)  (Triangle inequality)

=2||A+ pepn] |5 el u? ) (Lemma[A3)
(63)
1> =

Here the second last inequality comes from ||z ||% = || prp] |7 < [|A 4 prpe) || 7.

Similarly, for ¢ » we have
1
c12 —5 tr (HMTH Ulppir il Urah + Uy (A + pirpi] ) Usp A + 20 5] (A+ pirpn]) UzzA)
SilluTH?llUuII%HAII% + QIIUMII%HA+MT/JH%IIAHF
+WWNHMﬂmMWMM (Cauchy-Schwartz inequality)
5 HA+uruT 7 1A (1022 + U2l )?
fHA+m¢JuHMumUmu+H%ﬂF+HmmF+H%mp)
<A+ o [ 1ALy (103203 + 1003+ [Usall3 + U2 |3)  (Cauchy-Schwartz inequality)
= A+ sl [ A2y (LemmaA3)

(64)
Here the second inequality comes from || ||? < [|[A + pr ) || 7 and ||Allz < [|A + prpt) || 7
Adding (TT3) and (T12)) up, we have
cr2 + 22 < Uy A+ popr 7 2l + AllF) - (65)
Recall that
c11 = tr ((prpe] UioA + (A + prp]) UsoA)) (66)
and
Coq1 = tr (,MTMI (Ui + Un1) pr i) + (A + MTMTT) (Uaz + Ua1) MT,UI) . (67)
We have

€11 =tr ((uTulegA + (A + ,uru;r) UQQA))
< Npr Ip A 2| U2l 2 + [IA + prpa] [ A 2 [|Usa| 7 (Cauchy-Schwartz inequality)

< (10l + U2l ) || + ] |

< \/2 (||U12||% + ||U22||2F) HA + firfhy HF (Cauchy-Schwartz inequality)

2 2 2 2
< /2 (1030l 4 10+ NI+ 10012 A+ T

=V2u_y ||A+ uﬁtj”? (Lemmal[A3).
(68)
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Here the second inequality comes from || ] |7 < |A + prp] |7 and [[Allp < |A + prp] || 7

Similarly we have

co1 = tr (prpt) (Urz + Unt) e + (A + prpe] ) Uz + Uzt) pr ] )
< Nptr sl Wl Uss + Uil + 1A + peo i Wlleped Uz + Usi | (Cauchy-Schwartz inequality)
< (0 + Unillp + U2 + Usa [ ) A + pee ||
< (10s2lle + 1UnllF + [Ueellz + Usil|#) | A+ popel |5 (Triangle inequality)

2 ) .
< 2\/||U12||fw + ||U22H2F + ||U11||% + ||U21||§ HA + ALTMI[]F (Cauchy-Schwartz inequality)

=2u_y ||A+ ;LT;JH?,. (Lemma[A3)

(69)
Here the second inequality comes from ||, |7 < [|A + prpe) || 7.
Adding and up, we have
11 +ean < (24 V2)uoi||A + prpg |3 (70)
O

Finally we prove the gradient lower bound of ||VL(U)| . The high-level idea of this proof

is to expand L; and Lo under new parametrizations U = (u_1Uj2,u_1Us2) and U =
(u—1Sym (Uy1 + Ura + Uay + Usaa) ,u—q (Urz + Uaz)) respectively, where the two terms ad-
mit gradient lower bounds respectively. We can merge these two gradient lower bounds
by merging these two parametrizations into one parametrization © = (U U ) to obtain a
lower bound on ||[VL(O)||r. We then write out the Jacobian of the parameters transformation
(u_1U5, u_1Ugy,u_1Uyp,u_1U}) T — © and find its spectral norm is bounded by some con-
stant. Therefore, by combining the lower bound of u_; we obtained in Lemma[A.4] we can translate
the gradient lower bound of |[VL(O)||r back to | VU] ¢ up to some constant. Specifically, we use
the following lemma to relate the gradient norm bounds after reparametrization.

Lemma A.6 (Gradient lowerbound with reparametrization). Suppose f : RP — RP and g : RP — R
are differentiable functions. Denote y = f(x) where f is a transformation between two parametriza-
tions y and x. Suppose g(y) has a gradient lower bound ||V ,g(y)|| > 6(y). Denote Jr(x) €
RPXP the Jacobian matrix of f at x. If J¢(x) is invertible and the spectral norm of the inverse

ij_l(m)Hg < a for some constant a, then we have |V,g(f(z))|| > a=*0(y) for all y = f(x).

Proof of Lemma[A.6] Easy to see through chain rule that V,g(f(z)) = J¢(x)V,g(y). Since J¢(z)
is invertible, we obtain d(y) < |Vyg(u)ll = J7(2)" Vag(f(@)| < allVag(f(x)], which
completes the proof. O

With the above lemma in hand, we can prove Lemma@
Proof of LemmalA.5] We first develope a gradient lower bound on L;.

S~tep 1: gradient lower bound on ;. We take a new parameterization 1712 = u_1Up2 and
Uz := u_1Uzg. Denote L1(U) = E[¢1(U,7)] and Lo(U) = E[¢2(U, 7)]. Then we can simply
L1(U) in the new parameterization U = (Ui, Uaz) as L1 (U). Specifically, we have

Li(U) =L (U)
1 - - - -
=5E [tr (HuT||2U1T2uTuIU12A + Uy (A + prp) ) UsoA + A (71)
20 el (A4 pirpa) ) UsoA — 2400 1] UroA — 2 (A + pirpt) ) (7221\)} :

First we want to show that

. 1 ) ‘ L
HVLl(U)HF > = Aumin(A) min{Amin (A)%, 1110 = U- | (72)
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for all ¢ > 0, where U, := (—A"L A7),

By direct computation, we have the gradients

. 6;277(12[]) = ((d+2)[712 + (d+2)[7'22 +Aﬁ‘22 _ I) A

. 85[177(23) = ((d +2)Us + (A% +2A) Usy + (d +2)Ura + AUyg — I — A) A.

Therefore we have

IVLy(O)|lF - |U = Uslr
> 8L}V(U)) 8L1~(U) ) ((712 + AT Uy — A_1>
oUz  0Ux

>tr (A (2 ((712 + ﬁzz)T (512 + (722) + <ﬁ22 - A71> A ((71T2 + Ail)

+ (A +20) (T2 = A7) A (O = A1) + (D12 + A7) A (T - A7)

(73)
~ 1 1/~ T
—tr | A|VVT 4 (U12 + A—l) SAZ (A% + 24 + 21) ! (U12 n A—l)
Py
~ 1 -
+ (U22 - A—l) (A2 +2A 421 — (A +21)? (21 - 51\2 (A* +2A+21) 1))
Py
In the last equation the matrix V is defined as
1
3 -1 Lo 2 -1)*
Vi= (T + A1) (21 — SA% (A2 420+ 21)
(74)

1
2

+ ((722 — A—l) (A +21) <21 - %AZ (A2 +2+4 21)1>

It is easy to see P; is a PSD matrix. Actually P; is also PSD. To see this, for any eigenvalue a of A,

. . . . 2(a®+2a+4)(a®+2a+2
the corresponding eigenvalue in P, is a® 4+ 2a+2 — (e 3aa2 +)8(;+8 at2) > +a? > 0. Furthermore

we have Apin(P2) > §Amin(A)?. Similarly, we have Ain (P1) > 15 min{Amin(A)?, 1}. Removing
the term containing V' in (73)), we have

MAGIER AR

> tr (A <[712 + A_l) P, ((712 + A_1>T +A ([722 - A_l) ) ((722 - A_l)T>

Z%Amin(A) min{ Apin(A)?, 1}||[712 FATYE i)‘min(A)QHﬁQQ A s
> L e () min{ A (A1) (12 + A7 + 1P — A1)
:%Amin(A) min{Amin(A)3, 13U — U, |3
Therefore we have
||VL1((7)HF > %)\min(A) min{ Amin (A)?, 1}”(} _ ﬁ*”F 6
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Step 2: gradient lower bound on L.. Now we derive a gradient lower bound for Lo. We define
a new parameterization Uy := u_lsym(Ull + Uia + Usp + U22) and Uy = ’u_l(Ugl + U22).
By checking the dynamics of Uyq in (33) and (37), we can find that Uy; keeps symmetric for all
t > 0. Therefore U; = u_1(U11 + Sym (U2 + Ua1 + Usz)). Note that for any d x d matrix A, it
holds that 1] Aj; = p.] Sym(A)pu, . Therefore we can write Lo under the new parameterization as
LQ(Ul, UQ)Z

1
Ly(U) = Lo(U, Uz) = 5E [[[(AU2 = I+ i U1) oc ] (77)

Therefore we know Ly is convex in terms of U; and Uy since AUy — I + i p] Uy is an affine
function of (Uy, Us), f(X) = || X 11-||? is a convex function and the expectation reserves convexity.

By setting U3 = A~ and U = O4xq in (77), we have Ly (U7, Us) = 0. Denote U = (Uy,Us),
U. = (Uf,U3).

By convexity, we have

<VL2(Z7), U 0*> ¥ LU, US) = <VL2(U), U U*> > Ly (D). (78)

Therefore expanding the expectation in (77), we have

Lo(0) = AUz = 11 + (d+ 4) (bx (U2)° + 0 (UF) + T3 13

42 (tr (AUz — I) (UY)) + tr ((AU2 ~ ) (Ul)T> Ftr (AU — I tr (Ul))

1 2 2
> AUy + U A —21) +Vd+ 4 (U +— AUy — I||5 + (d+4) |U-
Hm( 2+ UJ A —21) + VAT (1) IAU, = 1% + (d+4) [T )%
+ (d+4) tr (Uy)? + 2tr (AU, — I) tr (Uy)

1 2
> AUy + U A—21) +Vd+4(U
—H\/m( 2 A VO]

4 d ) 1 9

+ 4| UL |5 4 (d + 5) tr (U)? 4 2tr (AU — 1) tr (U,)

) 2
+ <\/m tr (AU, — I) + mw(m))

d d 2 2
> —— A I 4
_(d+4 55 ) 1A~ 112+ 4

2 2
= (IAT — 1%+ )12

min (Amin (A), 1) 2
> 30d (||U1||?:+HU2—A 1HF)
min (Amin (A), 1)

. ) T T2
= 20 B 57— 3.

(79)
Here the first equation comes from that ||A]|% > tr(A?) by taking A = AUy — I. The second

equation comes from that U; is symmetric hence tr (Ulz) = |Us ||?J . The first inequality comes
from that || A[|% > Ltr(A)? for any d x d real matrix A by taking A = AU, — I and A = U;. The

last inequality comes from that
Uy — AL _ Al 0 AU2 -1 D AU2 —
U1 F N 0 I Ul F N mln m1n

Combining by Cauchy-Schwartz inequality we have

)\min( )

IVESOIFINT = Cllr = (VEo(0),0 = 0. ) = Ly(0) =
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which yields that
min (Amin(A), 1)

Lo(U >
VL2 (U)||F > 304

|U - U.|r. 81)

Step 3: merge two lower bounds and parametrizations. Combine two types of parameteriza-
tions to get © = (U5, Uy, Uy ,U") . Let Vec(A) be the vectorization operator in row-wise
2

order. For example, Vec < zl,’ 1] = (1,2,3,4)T. We now give a gradient lower bound of
|[VL(Vec(©))||r by adding two gradient lower bounds and (B1):
IV L(Vec(0))I[3
=VL(®)|%
=IVL(O)|F + VL (U)|F

1112 ~ — =~ —
> (015 + ([0 = A7 + 101 + A7 F + T2 = A7)

(82)

/e min (Ame)? 1 Amm(A)? 1
wherec.-mm( 5042 30d° 10 010 ) -

Step 4: Translate the gradient lower bound to U-parametrization. We define W =
(u_1U}y, u_1Ugy, u_1Uy ,u_1U,})T. Then we have

I
Vec(0) = g I Vec(W) =: J Vec(W).  (83)
%(Idz +T) %(Lp +T) %(Lp —‘rT) Idz

Here T € R %4 s the transpose operator. That is T Vec(A) = Vec(AT) for any d x d matrix A.
It is easy to see T has exactly a 1 and d> — 1 of zero in each row. So we have ||z + T||% < 4d>.
We note that J is invertible and

Ip
I
_Id2 Id2
U +T) =3I +T) —5Ie +T) I

Jl =

Therefore we have ||J~!||2 < 9d?, which yields a upper bound of spectral norm ||J 1|2 < 3d.
Now we can invoke Lemma[A.G and obtain

IVLW)II%
=||VL(Vec(W))]|5 (84)
C/
>
~9d?
Finally we translate the gradient lower bound back to U:

—1112 ~ — ~ —
(N2 + U2 = A7+ 1Tz + A7 + 1022 = A7) -

IVL@)I
> |V, L3 + [V LI + (Vo LU + Ve, LO) 3
=2 | [VL(W)|[3 (85)
> 2|V L)%
e (|05 + (U2 = A5 + 13 + A3 + 022 — A1)

Here the second inequality comes from the lower bound v_; > ( in Lemma|A.4 O
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A.2 FINITE SAMPLE PROOF

Now we consider the general setting where n is finite. We first give a global convergence result,
of which the proof follows the same framework as infinite samples. There are two differences
in the proof: (i) in the infinite-sample case, our converged solution has a population loss of 0,
which is automatically the optimal, while the converged loss is positive when n is finite. Hence we
need a new Lemma (Lemma @]) which shows that fixing w13, w23, us1, us2 to be zero does not
lose optimality; (ii) as we will see later in Theorem [A.§] the optimal solution have a much more
complicated form when n is finite. Therefore we use the form of gradient lower bound which does
not explicitly involve the form of the optimal solution as in Lemma[A.TT]

Theorem A.7 (Finite-sample convergence). Under Assumption if the number of samples n > 2
and o satisfies 0 < o < « for some constant c, then the gradient flow (8) will converge to a global

minimizer W, = (W9 WEV),

To give a characterization of the global minimizer when A = I, we have the following theorem.

Theorem A.8 (Global minimizer). If the covariance matrix A = Iy, then the global minimizer
W, = (WE? WPV in Theorem|A. 7 satisfies

arily aizlg Og Ogxa Oaxa 0Og
WER = | anly asls 04 | ,WEYV = Ouxa Oaxa 04 |. (86)
o, 0o o0 o, 0 b

where

2
b — nd + 2n — n? (n—n?)(d+1)
A\ n24nd2+5dn+4An+d2+d—1  n2(d+ 1)+ 2d2n + 6dn +2d2 +d — 1

. n(n—1) . n2(d+1)+n(d—1) 2
n2+nd?>+5dn+4n+d>+d—1 n2(d+1)+2d?>n+6dn+2d2+d—-1
2
. (n—n2) (d+1) . n2(d+1) +n(d—1) ?
n2(d+1) + 2d?n + 6dn +2d%2 +d — 1 n2(d+1) +2d?n + 6dn +2d%2 +d — 1
(87)
and
_ 1 nd+2n—n? (n—n2)(d+l)
A1 = § | 2 rnd®+5dntantd®+d—1  n2(d+1)+2d2n+6dn+2d2+d—1
1 n(n—1) _ n?(d+1)+n(d—1)
21 = 3 \ 2 nd@ 1sdntant &1d—1 — n2(d+1)+2d2n+6dnt2d2+d—1 (88)
1 (nan)(dJrl)
12 = § | R2d+ D) +2d%n+6dn+2d2+d—1
_ 1 2(d+1)+n(d—1)
422 =3 (nz(d+1y)b+2d2n+6dn+2d2+d71) :

Remark A.9 (Non-zero aq1 and ap; to reduce bias under finite samples). As we see in (I8)), the
Transformer uses some a5 and aso to minimize the variance term L. In the infinite-sample case,
these a1 and aso also minimize the bias term Lo to be 0. However, when 1 is finite, these a1 and aso

fail to minimize the bias term as Z deviates from 14 and Z deviates from 04. Thus the Transformer
uses some non-zero a11 and ao1 to better estimate i which in turn reduces the bias term Lo.

Theorem [A.8|can be simply proved by

1. Computing the critical point of the reparametrized optimization problem;

2. Translate the critical point condition back to the original parametrization along with the
balancing condition.

A.2.1 PROOF OF THEOREM[A.7]

_ _ s _ 1\ 5 1 T ‘s
Denote z; = T7; — fbr, Zquery = Tr,query — My 2 = - 2 g Zisand Z = = 3" | z;z;' the deviation

vectors, the empirical deviation vector and the empirical covariance matrix of the in-context samples.

Now we sketch the proof of Theorem|A.7
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Decompose the loss. Taking expectation over zguery and decomposing the result into bias and
variance terms, we have

1 . 2
L(U) = iEZhP’Tv'LUT [(]Ezque.-y [ynquery - yT,queryD }

b (89)

1 . 2 . 2
+ i]Ez“uan {(Ezquery[(ynquery - ynquew) } - (Ezquery [?/mquery - ynquery]) } .

Ly

Simplify the loss in the new parametrization. Noting that Lemmal[A.3]tells us that u;3 = ug3 =
u3g1 = ugz = 04 through the training regardless of how large n is, we can simplify the prediction to
be

gr,query = //J;—rw:ﬂ‘rﬁllﬂf + wjj\ff21ﬂ7 + /’t;rw;r/:\l’T ﬁleT,query + w:Aﬁ22xT,query (90)

where U := u_,U. Therefore, by algebra we have

1
2

Ly(U) = 2 Bezir U’ <(“T + )t (011 + Uig 4 Usy + (722) W+ (,LLT,%T + Z) (Um + f]22> M — Mr)

On
and

L(U) = %Ezi,uf [H(MT + 2 ) (012 + [722) VA + (Mff—r + 2) Uga VA — \/KHi] . (92)

Note that for any skew-symmetric matrix A and vector = we have " Az = 0. Therefore by defining
Sym(A) = (A + AT), we can further simplify the loss function to be

L{U)
1
2

=-E., 4. {H ((MT +2) MTTSym (Un + Uig + Uy + 022) pr + (urﬁT + Z) (021 + U22) Hr — /M)

)

Lo

# 5B |+ 20T (Ora+ O) VE+ (" +2) OB - VA, |.

Ly
93)
Here we give a lemma ensuring that restricting w3, 23, u31 and uss to be 04 does not affect the
global minimum of the loss.

Lemma A.10. Denote S := {U € RGHDXQdHY) g0 = o3 = ugy = uze = 04} the set
of simplified parameters. We have the global minimum of loss L in S equal to the original global
minimum:
min L(U) = min U).
Ues UEeR(2d+1)x (2d+1)
Now we introduce the new parametrization O:

0 = S)’Hl(ﬁll + Uy + Uay + 022)

Oy = Uz1 + U

pe - 94
O3 = Uiz + Uz O
@4 == UQQ.

Therefore L, is a function of ©3,©, and L, is a function of ©1, ©5. Denote the new parameter
space P = {(01,0,,03,04) : ©; € R for1 < i < 4 and O, is symmetric}. The following
lemma shows that the loss L(O) is actually strongly-convex as a function in the convex parameter
space P.
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Lemma A.11. If the number of samples n > 2, there exists constant ¢ > 0, such that for any
©',0" € P, we have
IVL(©') = VL(O")||r = c||® — ©"|F. (95)

We can prove u_; could be lower bounded by some positive constant during the training phase in
Lemma[A.T2] which suggests the trajectory of u_ is away from the saddle point u_; = 0.

Lemma A.12. If the initialization of one-layer LSA Transformer satisfies Assumption2.1)and 0 <
o < o where o2 is equal to

d+2
(1+ LA + (4 + DAL A2 4 (24 4 4 4 SEOEBRALy Ay a(d+ 4+ “Ef“xd(;g))’
we have
Uy >0 a 97)
(2+ V2) (J|[A]|Z + 2tr (A) + d2 + 2d)
forallt > 0.

With Lemma in hand, we can finally prove Theorem|[A.”7

Proof of Theorem[A.7]. By setting ©' = © and ©” to be the critical point ©* of L(©) in Lemma

[ATT] we have
IVL(O)|lr = c[|© — 67| r (98)

forany © € P.

To translate the above gradient lowerbound back to U-parametrization, we first note that (35)) implies
that U1, keeps symmetric for all ¢ > 0. Therefore ©1 = Uy + Sym(Usa + Usy + Usz).

Rearrange the parameter matrices in a column to get © = (0],07,0,,0{)" and U =
(U, UL, U, U T. Let Vec(A) be the vectorization operator in row-wise order. For example,

Vec é Z ) =(1,2,3,4)T. Itis easy to check that
I
Vec(0) = L L Vee(U) =: J Vec(U
ec(0) = Ip Ip ec(U) =: JVec(U).  (99)

Iz +T) 3Up+T) tIp+T) Ipe
Here the transformation matrix .J is invertible and

Ip
—1 42 L2
-1 _ d d
gl = . I . (100)
U +T) =3I +T) —5(e+T) I
It is easy to see ||J 7|2 < ||J7!||p < 3d. Now we can invoke Lemmal[A.6|on the gradient lower
bound (98) to obtain

~ ~ C «
IVLOU)llr = [IVL(Vec(U)]| = 57116 — ©7]]. (101)
Finally we translate the gradient lower bound on U back to U:
IVLO)IE

=u2,||VL(O)||%
Therefore using the lower bound of v_; in Lemmal|A.12] we have

IVLO)|r =

CcCoO o 2
3d ©—O|F. 103
3d <(2+ﬂ)(A||%+2tr(A)+d2+2d>> | | F (103)
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Since L(U) > 0is bounded below, we know L(U (¢)) the loss over gradient flow will converge. Any
stationary point U* of the gradient flow must satisfy VL(U*) = 0, which implies the corresponding
O(U™) is a critical point of L(O). Since L(O) is strongly-convex on O, we have that the critical
point ©(U™*) is a global minimizer of L under the restriction that w13 = us3 = ug; = usa = 0.
Finally through Lemma[A.T0| we have the converged U* is a global minimizer of L. O

A.2.2 PROOF OF LEMMA [A.TT]AND LEMMA [ALT7]
The high-level idea of proof for Lemma is to lower bound the gradients of L; and Lo respec-
tively and then combine the obtained bounds.
Proof of LemmalA.T1] Given any ©’, 0" € P, we want to show that
IVL(©) = VLO") |5 = cl|©' — . (104)
Only need to show
(VL(®') = VL(0"),0 —0") > |0 —0"|3. (105)
With slight abuse of notation, we denote © := ©' — ©". It is equivalent to show
(VL(®') - VL(6"),6) > c|O)} (106)

for some ¢ > 0. Recall that we have decomposed the loss function into two parts under O-
parametrization L(0) = L2(01,02) + L1(0O3, ©4). Therefore it is sufficient to show that

(VL1(05,0)) — VL1(05,0]),(03,04)) > c- (|0s]|% + [[04]F)-

and
(VLy(01,04) — VL (07,05),(01,02)) > c- (017 + [|021|7).

Step 1. Getting the gradient lower bound for L;(03,0,4). By computation we have

0L4 oLy tr(A) 1
90, ~ ool = (O3A + AO4A) + <d+1+n @3A+EA®4A
and
0L 0L tr(A)

d 1 1
= AO3A + A2O4A + E®4A + ﬁAZ@“A + AOLA + ﬁA@gA.

00, 90/
Therefore we have the gradient lower bound

(VL1(05,0}) — VL1(05, 0Y), (03, 04))

19 1 A A) 100 (1+1)°
> tr (( J ) A20,A0] + g@4A®1 + mA@4A@I + <d+ 2+ tr(d) _100(1+y) ) @3A9§>
n n n

n

100  n 81

>([—=+ = _ 3 . o dy
> ((100 + n) Amin (A)? + ” Amin (A)” + n/\mm(A)> 1©4]|%

tr(A) 100 (1 + 1)
" <d+2 L) _ 100 s) ) Amin () €33
1)\2
Note that d + 2 + trgf\) — 100(g x) > d — 1if n > 2. We have the gradient lower bound for
Ll(@3a @4)

<VL1( g’neil)_le( g762)a(®3a@4)>

. 19
> D ()i { S0 A (87 = 1} (1€l + [0413) (107)

Cc1
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Step 2. Getting the gradient lower bound for L5(©1,©2). Again we first compute the gradient
difference

tr(A)

0Ly  OLo 5 (

1

w1 D) 0w (a1 59 0 )1,

8L2 8L2 - 1 1 d+2+tr(A)
56, ~ 967 ~ (1+n)A(291+A@2)+<1+n>tr(®1)/\+ - A©,.

and

Therefore we have the gradient lower bound

<VL2( /136/2)_VL2( /1l7@/2/)7(®1362)>

A 1 1 1
tr ( )>@1@I+2<1+) A@2@1T+2(1+> A@l@;+< ) NGO, A
2n n n n

1
25 tr (@1)2 + tr (;

*

v (142 tr(0,) AO, + d+4+w tr (01) + 141 tr (AOy) @1+MA@2@§A .
((+3) (G ( ) ren) s 2R aes0i)

The inequality comes from d||©1 [|% > tr(01)? and tr(AO20, ) > |AO, 2.

peweey]

‘We rewrite the * term as

<1+i>A@2@§A
d(1+4)?” [(d(1+2)?® d(1+1) 1\ 4 1\ d -
_<d+4+§ S N S e Sy +<1+n>d+4_(1+n) (d+4)n A6:6, A

where £ > 0 will be determined later.

1)2
Substituting tr (422 A0,0]A) > )t (40,)° and tr (14 2) 2500,054) >

(1+ 1) di 1tr(A©2AB3) into tr(x) and substituting the rewritten tr(*) term back we obtain

<VL2( 176/2)_VL2( 3/7@%)7(@1562)
1 2

1 L
Z (btr (91) + _Z notr (A@Q)) +
F

L <3 2(2) - (1 + i) (d+4)) [CA

n
+2+tr 1 d A1+ d(+1)? ,

where a := /(14 1)/(d+4) and b := /d+ 4+ . After subtracting the first three positive
square terms at RHS and substituting [|AOz||r > Amin(A)||©2|| F, we reach

(VL2(6},0}) — V(6] 64), (61,62)

3 tr(A) 1 2
> (2 _ -
_<2d+8+ = (1+n)(d+4)> 16112

d+ 2+ tr(A) 1 d d1+4)” d(+i) 2
+<<Am<A>(”)<d+4>>+< T+ d+4+€>>k”“(“2@2”w
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Since n > 2, we can see the coefficient of [|©]|? is positive and bounded below by 2. It remains to
pick some & such that the coefficient of || A1 ||% is positive. It is easy to see

d+24tr(A) L] d d? — Lhnax(A)d
NAmax(A) ( > (d+Dn =~ nAmax(A)(d+4)

k3%

n
Now we consider two complementary cases.

Case 1: If Apax(A) < nd, then we have **x > 0. So we can simply pick £ = 4.5 and we have

Amin (A)2

<VL2(@/1, 9/2) - VLQ(C—')/{, @/2/), (@1, 92)) 2 min{2, W

F(I81]% + 102]1%) -

r(A)
@ — Lax (A)d (d(1+;)2 d(1+;)2>> >
>

N Amax (M) (d + 4) d+4  d+4+¢ d + 4) Amax(A)

Case 2: If Apax(A) > nd, we can then pick £ = and by computation we have

when n > 2.
Therefore with direct computation with the assumption Ayax(A) > nd we reach

d®Ain (A)?

(VL2(6},04)-VLx(6],0}), (61, 62)) > min{2, (7Tt =

CARER AR

Combining both cases, we obtain the gradient lower bound of L,

dg)\min (A)2 Amin (A)2
(d+ ) Amax(A)2’ 55d

Cc2

(VLy(©7,05)-VLy(07,03),(01,0,)) > min{2,

Y61l + 1102]1%) -

(108)

Step 3. Combine both gradient lower bounds (107) and (108). We finish the proof with
(VL(Q') — VL(0"),0) > min{cy, c2 }||0]%. (109)
O

Now we prove Lemma |A.12] The high-level idea of the proof is same as Lemma We again
write the loss Ly(u_1) = a(t)u?®, — b(t)u_, + c as a time-dependent degree-2 function of u_;.
Note that b(t) is independent of n so we can re-use the previous bound on it. Since a(¢) is dependent
on n, we re-calculate the upper bound of the coefficient for degree-2 term in this proof.

Proof. Rewrite loss as a degree-2 function of «_;. We first write loss function as a degree-2
polynomial of u_;. Recall that
j
Lo

L(®) = 1E. . M (o + 2 i @117+ (11227 + Z) Oapty = pir)
+ %Ezi,ﬂ, {H(/JT +2) ] O3VA + (uféT + Z) O4VA — \/XHi] .

2

Ly
Since © is degree-1 w.r.t. u_1, we can write Ly and L; as degree-2 polynomials

L1 = 0172u2_1 —C11U—1 + COIlStElIlt7

Loy =: CQ,Quz_l — C2,1U—1 + constant.
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Here constant refers to the term that is constant w.r.t. w_;. By computation, we can write out the
coefficients ¢y 1,¢2,1, €1,2, C2,2. After writing them out, as we did in proof of Lemma | we will
g1ve lower and upper bounds on c¢11 + ¢2,1 and an upper bound on c¢; 2 + c2,2. Now we denote
=L 1-0. We have

C2q1 =1tr (Aég) + 2tr (él> + dtr (él) and ¢y 1 = tr (Aé4A> + tr (égA) .

Note that these two coefficients are independent of n, which implies that previous bounds (50) and
(52) still holds when n is finite. We restate these bounds here as

0171(0) -+ 02’1(0) Z (d -+ 2)7.L_1(0) and 0171 -+ 62,1 § (2 -+ \/§)U_1 (”AH% -+ 2tI‘(A) —+ d2 —+ 2d) .

The formulas for ¢; » and ¢z are more complicated:

2c1 2 =(d + 2) tr (égAé;—) + # tr (égAéST) + %tr (A(:)4AC:)I)

+tr (((1 + 1> JENRLLY A) é4Aéz> +2tr (6,06]4) + 21 (16,067 ).
n n n

(110)
2022 = (d +4+ trElA)> : (tf <é1)2 +tr (é%) + tr (C:)Ié)l)>
+fi:2tr(A@2@§>+-<1+-i>t¢(A2é2é§)
+ #tr (46:67) +2 <1 + i) (tr (6188:) + 1 (6] 485 + 1 (462) tx(6y)
(111)

Re-calculate the upper bounds for c; » + ¢ 2. We first upper bound ¢ ».

22 < (a4 200) (o 2o} ) + E2unie 0+ (1) i o]

+ SR o] +2 (14) (2HA||FH@>1H |62] +a1aie 6] o] )

< (( tf?))(d4m%<1+ >(d%%HAHF>'H94ﬁ,
+ (‘HQZ“WHAHF + (1 - n) 1A% + (1 + i) (2+4d) |A“F> H@Hi
4(<d+4+tr(nA)> (d+2)+ ( ) 2+d)”AHF+“2+U(A)”AHF

< (

(1 ) i+ (10 ) v aale) i
(
)

4(<d+4+tr§lA)>(d+Q) ( i) 2+d)||AHF+d+2+tr(MIIAHF

1 1
+(HW)|M@+( >2+d|Aw u? .
(112)

The first inequality is because Cauchy-Schwartz inequality and tr(A©;) < V/d||AOslF
VA||A||%]|©2] and tr(©;) < V/d||©:|r. The second inequality is because ||Os|r||O1]r

i (Hé % + ||é2||%) The third inequality is because for i € [2] we have |©;]%

(10 llF + 1Ur2] 7 + [|U21 ]| F + |Ussl|p)® < 4||U||% as u_;. The last equality is because u_;
is balanced with U matrices.

VANVANRVAN
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We next upper bound ¢y 2.

() Mol o (1a 1) 1art ol
sera < (0424 T Jalle 6] + LAl 6 + (14 2 )1t o]
+ T o) +2 (14 %)l 6], 0],

tr(A) 2 s
<(( ) il + (14 1) 113 ) ]
d, 1\ s tr(A) N o\ s (2
w0+ (1 5 ) 1Ar + 2+ (1 1) 1A ) o]
tr(A 1
< (2 <d+2+ A, (1 + ) ||AF) IA]| ¢
n n
d+1+tr(A 1
+ (1 p i), (1 + n) ||Ap) ||A||%> u?

The first inequality comes from Cauchy-Schwartz inequality and submultiplicativity of Frobenius
norm. The second inequality is true because 2|03 || ¢||O4]| F < [|O3]|%+||©4]|%. The last inequality
is because || Os||% < 2(||Un2|% + 1U22]l%) < 2(|UI% and [|©4]|F = U2z < IU]Z-

Now combining (I13)) and (112)) we have
tr(A 1
caa+aaa <2 ((a+ 0+ ) @r s (14 1) Q4 dliale +

+ (1 + 1) (24 d)||Al|F + <d+ 24 # + <1 + ;) IIAIF) [Allr

(e )i+ (1 S (G D e gz ) o2,

=:c(d,n, N)u?,

(113)

d+ 2+ tr(A)
n

Al

(114)

Upper bound Lo (u_1(0)). Now we can first upper bound L (u_1(0)) by
Lo(u_1(0)) = (¢1,2(0) + ¢2.2(0)) u%1(0) — (¢1.1(0) + ¢2,1(0)) u_1(0) + constant
< c(d,n, A) - ut(0) — (d + 2)u? ;(0) + constant
d+2
= 2¢(d,n,A)

The first inequality is simply combing the upper and lower bounds we just obtained. The second

inequality is because by assumption we have u_1(0)? < 20(“&*”2 Nk

(115)

A

u?1(0) + constant.

Lower bound L;(u_1(t)). Then we lower bound L;(u_1(¢)) by
Li(u_1(t)) = (c12 + c2,2) u?, — (c1,1 +¢21)u—1 + constant
> —(c11 + ¢2,1)u_1 + constant (116)
—(24+v2) (A% + 2tr(A) + d? + 2d) u?, + constant.

The first inequality is because ¢; 2 + c2,2 > 0. The second inequality is because we have the upper
bound on ¢;,1 + c2,1 and the fact that u_; > 0. To see this, just noting that @ implies that
L(U(0)) < constant and hence L(U) < constant throughout training. When u_; = 0, the loss
is equal to the constant. This implies that u_(¢) # 0 for all ¢ > 0. Since u_1(0) > 0 and u_;
is continuous w.r.t. ¢, we have u_1(¢f) > 0 for all ¢; otherwise there will be some ¢, such that
u_1(to) = 0, which is impossible.

Combine both upper and lower bounds. Combining (115)) and (116) and using L(U) < L(U(0)),
we have

d+2
. u_1(0), (117)
2¢(d,n, A) - (2 +V2) (J|A]|% + 2tr(A) + d2 + 2d)
which finished the proof. O

U_1 >
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A.2.3 PROOF OF LEMMA[A 10|

It remains to prove Lemma[A.T0] This proof is inspired by [Ahn et al| (2023). The high-level idea of
this proof is to show the loss functions L1 and L, are convex under a new parametrization, which is
the product of the last row of W7V and the first two d columns of W % This implies the global
minimum is achieved at the critical point under the new parametrization. Note the value of the new
parameters also depend on ui3, uos3, us3e and ug;. We then show that there exists a critical point
such that u13 = ugs = uzs = uzy = 04, which completes the proof. When the covariance A is
non-diagonal, we use the SVD decomposition of A to reparametrize L, and further simplify the
calculations on L.

Proof. Reparametrize the loss function to be convex. We will show that setting w13 = ugs =
usg = uz; = 04 does not lose optimality. Denote a := (u{5,ugs,u_1)' € R24*+1 Then we can
write prediction as

i 1 .
Yr,query = EQTEMET (Wh WQ) < H )

L1 query

Here E is the input embedding matrix and with slight abuse of notation Wy, W5 € R(24+1)* denote
the first d and the second d columns of WX¢® respectively. Note that u3o and ug3; are the last row of
W1 and W respectively.

Now we again decompose the loss into variance and bias

1 2
_ ~ T
L - iEzhzquerwﬂT |:(y7-,query - w‘l’ xT;querY) :|

1 1 1 21
=_E, , Za"EME " Wiu, + =" EME " Wau, —w. u, —E [tr (AA
E... [(n Wi + 1o Wau, —wlur ) |+ 3B (AN)] o
1 - 1
= §Ezmw [tr (BUTUT )] + §Ezwﬁ7 [tr (AA)]
Lg Ll
where
1 1 T
A= (WJEMETa - wT> (WJEMETa - wT>
n n
and

.
1 1 1 1

B:= <W1TEMETa + -Wy, EME"a — wT> (WlTEMETa + ~W, EME a — wT) :
n n n n

Denote Wi; € R? and Wy; € R? the i-th column of W, and W respectively. Denote w.;

the i-th coordinate of w,. Next we will see that L is convex w.r.t. to a new parametrization
T T T T
(@Wyy, - aWyg,aWyy, -+ aWyy).

We first claim that loss L is convex w.r.t. the parametrization (aW,!, - - - , anTd, aWy, -, aWQTd).
With a slight abuse of notation we denote this parametrization as aWW. To see this, we first note that
Ly = tr(AA) is convex w.r.t. to the d-dimensional vector 2W," EME"a — w, since A is a PSD
matrix. Additionally, we have %W; EMETa — w, is an affine function of (aW;l, e ,aWZTd) €
REd+Dx(2d+1)d gince the j-th coordinate [ W, EME"a — wTL = (LEMET, aWQE> — W
is an affine function of aWQE for j € [d]. The desired convexity comes from the fact that the com-
position of a convex function and an affine map is a convex function. In the same way we can see
Ly = tr(Bpu,p ) is convex w.r.t. the parametrization aWW. Therefore, L(aWW) is a convex function.

Further simplify L, for general covariance matrix. We write A := VXV T the SVD decomposi-
tion of covariance matrix A. Denote diag(oq, -+, 04) the diagonal matrix 3. Let aq, 51, a2 and S
be d-dimensional vectors to be determined later. Denote diag(a) the d x d diagonal matrix whose
diagonals are the vector a.
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R VT 04xa Og VT 0O4xa 0Og
Define @, := V'w,, Wa := | Ogxa V' 04 |WoVanda:= | Oaxa V' 04 |a.
0, 0j 1 o, 0 1
For each in-context example i € [n], we define Tr; = VTxT,,; and fi,; = VT,LLT. We can in turn
define
B VT Oaxa O ,a‘r ﬂﬂ' s ﬂ.,- [1‘7'
E = Ogxa I’ 0q E= < ‘%T,l i"r,Q cee jr,n L7, query ) (119)
O(I O:ir 1 Yr1 Yr,2 e Yr,n 0

We can simplify L; by

d B 2
1 1
Li=3 ;:1: o [VT (nWQTEMETa - wTﬂ 1

i

1 d 1 Vv ded Od 5 5 VT 0d><d Od
= Z GE|{VT =W | Oixa V04 | EMET | Ouxa V' 04 |a—w,
i=1 " 04 0, 1 0) 0] 1

1 [ 2
— §§ oiE [WJEME“—@T} 1
n .
=1 L [

(120)

We can then write L4 as a convex function of new parameters aWs = (ELWQTl, ceey ELWQTCZ) . To this
end, we have written L as a convex function of ELWQ and Lo as a convex function of aWV.

Show the existence of critical point such that u13 = us3 = uss = uz; = 04. Since the critical
point for a convex function is a global minimizer, it is sufficient to show that there is a set of a, W3
and Wy satisfying w13 = us3 = uss = usg; = 0g4, such that the corresponding aW is a critical point

of L1(aW) and the corresponding aWV is a critical point of Ly(aWW). It is equivalent to set w3 =
ug3 = u32 = ugy = Oq and prove the existence of solutions to the equations V3, v L1 = 0gxq and
1

VaWEL2 = Qgxgq foralli € [d}

Now we construct such solution in the form of

V' Ogxa Og4 —diag(ag) —Qiag(al)
a=-exqi1,Wo=| 0O0iaxa V  0Oq4 d1a§(52) VW, = d1a§(,81) - Wy
0p 05 1 02441 02441

where ¢e; € R? is the vector such that the j-th coordinate is 1 and others are 0. Note that this
construction is consistent with the restriction that w13 = us3 = uszs = uz; = 04 since we have
made the first 2d elements of a and the last row of W5 and W7 zero.

We compute the corresponding gradient

. 1 ~ _ N B .
Vi, In = 2E K<EMET,Z¢W27> - w7> EMET} .
J n n v J
By direct computation we have
_ B 0 0 €;
E[o EMET] = | 0 0 (1+0))e
e (1+o0j)e] 0

and
1. ) o 0 0 pje;
E [<EMET,ZLW2J-> EMET} = 0 0 gjey
n jr)jejT qjejT 0
where np; = [0, — o (d+2+ @) and ng; = fa;0;(140;) — (3 +(1+ £)oj + (%) )) .

n
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We can now decide the values of «y and /35 by setting p; = 1 and ¢; = 1+ o, for all j € [d]. Since
it is a full-rank linear system so the solution exists [ and the corresponding V&W2jL1 = 0. Hence

the corresponding ae and 35 is a global minimizer for L. Therefore, the corresponding a and W
is a global minimizer for L; .

Now we compute the gradient for L.
vaWQj L2
:vawlj L2
1 1
=) 5-E [uﬂ-ufj <<EMET, a (W + Wzi>> — w) EMET}
n n
i#]

1 1
+~E |:M72—j (<nEMET,a(W1j + ng)> - wm) EMET] .

‘We have the sum of minus terms as
0 d+1

1 - 0 2 &
E ﬂzjw”- + 5 Z Briprjwri | EME" | = 0 0 95
i %e}r oje] 0
and the sum of plus terms as
1 1 0 0 s5€;
B (1245 trittes <EMET, a (Wi + ng)> EMET| = 0 0 tie,
Py n T t.eT
7] sje;  tje; 0
Here
. tr(S ,
55 1= Y (3d+ 12 + r()) + Paj (tr(X) + 20;)
n n n
and

; 1 tr (3 1 2tr(%
t ;:_O‘;J<(d+4+<1+n>aj+ ri)>d+2d+8+2<1+n>0j+ rT(L >>

+ % (tr(2) + 205 + 7).

A sufficient condition for critical point is s; = % and t; = o, from which we can solve out o

and (1. Again it is a full-rank linear system so the solution exists. O

A.3 PROOF OF THEOREMI[A 8|

Theorem give a characterization of the optimal solution when A = I;, which can simply be
proved by two steps: (i) Computing the critical point of the ©-parametrized loss function; (ii) Trans-
late the critical point condition back to the original parametrization along with the balancing condi-
tion.

Proof. Since A = I;, we have

1
L1(63,94) = iEzi,p,— |:

R 2
jonT 03+ (2T + 2) 04— 1| |

1 A A . 2
L3(81,02) = 5Ez [H (ufui@luf + (NTZT + Z) Oty — MT) ’ ] :
Lemma implies that L(©) is strongly-convex. Hence the global minima is its critical point.
We write out the critical point condition Vg, Ly = 0,Ve,Ls = 0,Ve,L; = 0and Vg,L; =0

>Since we are only proving the existence of the solution, we do not need to solve a2 and 32 out explicitly.
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respectively:

2(d+4+2)01+2(14+ )02+ (tr ((d+4+2)01 + (1+£)02) —2—d) - [; =0
2(14 1) 61+ (14 252) 6, + (<14 (1+ ) wr(61) - L =0
(1+3)0,+ (d+2+4)03-1;=0
(1+%)@3+(1+%)@4—Id:0.
(121)
Combining (I21)) with reparametrization formula and balancing condition in (I22), we can solve out
the optimal u_1, U11, U1z, Uz1, Uzz in Theorem [A-§]

01 = u_1Sym(Ur1 + Uiz + U1 + Ua2)

O2 = u_1Us; + Use

O3 = u_1Ui2 + Uz (122)
O4 =u_1Us

u?y = |Unllz + |U2ll% + [UallF + [|Usz|7-

B ADDITIONAL EXPERIMENTS

In this section, we discuss some additional experiments.

B.1 EXPERIMENTS FOR SEPARATE WEIGHTS MATRICES.

In this section, we report the results for separate WX, W W WV matrices.

We plot the loss curves for Transformers with separate weights matrices in Figure [d] Results are
similar to those of merged-weights. We can see embedding with task descriptors have smaller loss
values than embedding without descriptors for 1, 2, 3-layer Transformers.

10t — wlo descriptor embedding, 1-layer 100 —— wlo descriptor embedding, 2-layer w | —— wlo descriptor embedding, 3-layer
—— w/ descriptor embedding, 1-layer —— w/ descriptor embedding, 2-layer —— w/ descriptor embedding, 3-layer
1 — prefix embedding, 1-layer —— prefix embedding, 2-layer —— prefix embedding, 3-layer

MSE Lt
MSE L

o 1000 2000 3000 4000 o 1600 3200 4800 6400 o 2000 4000 5000 8000
Epoch Epor Epoc

Figure 4: The MSE loss curves for Transformers with separate WX, W W WV matrices in
different depths. We display mean and std of 5 random seeds. The number of samples in each
sequence n = 50, data dimension d = 5 and A = 1.

B.2 EXPERIMENTS FOR HIGHER DIMENSION d AND NON-SPHERICAL COVARIANCE MATRIX
A.

In this section, we report some results on d = 10 and A = diag(0.2,0.5, 1,2, 5) respectively.

In Figure[5] we plot loss curves for Transformers trained on different embeddings with data dimen-
sion d = 10. In Figure[6] we plot loss curves for Transformers trained on different embeddings with
covariance matrix A = diag(0.2,0.5,1,2,5). In both figures we can see that embedding with task
descriptors have smaller loss values than embedding without descriptors for 1, 2, 3-layer Transform-
ers.

To see how this performance gap will change across different dimension d, we further compare re-
sults on mean-varying linear regressions with different input dimensions d = 5, 10, 15, 20. In all ex-
periments, Transformers trained with descriptors achieve lower MSE loss at convergence compared

38



Under review as a conference paper at ICLR 2025

—— wlo descriptor embedding, 3-layer
—— w/ descriptor embedding, 3-layer
—— prefix embedding, 3-layer

— wlo descriptor embedding, 2-layer
—— w/ descriptor embedding, 2-layer
—— prefix embedding, 2-layer

— wlo descriptor embedding, 1-layer
—— w/ descriptor embedding, 1-layer 100
— prefix embedding, 1-layer

100 \
100

MSE Loss
MSE Loss
MSE Loss

° 1000 2000 3000 4000 o 1600 3200 4800 6400
Epoch Epor

2000 4000 6000 8000
Epoc

We display mean and std of
data dimension d = 10 and

Figure 5: The MSE loss curves for Transformers in different depths.
5 random seeds. The number of samples in each sequence n = 50,

A=1,.

— wlo descriptor embedding, 3-layer
—— w/ descriptor embedding, 3-layer
— prefix embedding, 3-layer

— wlo descriptor embedding, 2-layer
—— w/ descriptor embedding, 2-layer
— prefix embedding, 2-layer

— wlo descriptor embedding, 1-layer
—— w/ descriptor embedding, 1-layer
— prefix embedding, 1-layer

o 1000 2000 3000 4000 o 1600 3200 4800 6400 o 2000 4000 6000 8000
Epoch Epo Epor

MSE Loss
MSE Loss

MSE Loss

Figure 6: The MSE loss curves for Transformers in different depths. We display mean and std of
5 random seeds. The number of samples in each sequence n = 50, data dimension d = 5 and
A = diag(0.2,0.5, 1,2, 5).

with those trained without descriptors, where we denote Lgescriptors a0d Lo descriptors T€Spectively. We
report the performance gap Lo descriptors — Ldescriptors for LSA Transformers with different depths at
Table[T} As we can see, as the ICL linear regression has higher dimension d, the performance gap
widens between transformers trained with and without descriptors.

d=5 d=10 d=15 d=20
1—layer 2-725:|:0.246 5-43910.361 7.857:|:0.449 10.690:|:0_742
2-layer 0.473:|:0‘179 1.168:‘:0.098 3.548:|:2‘017 4~429:t1.657
3—1ayer 0-045i0.034 0.128i0.030 0-184i0.068 0~622j:0.447

Table 1: The performance gap Lno descriptors — Ldescriptors between Transformers trained with and
without task descriptors. We report the mean and std of 5 random seeds.

B.3 EXPERIMENTS FOR TWO-LAYER TRANSFORMERS TRAINED ON PREFIX EMBEDDING

In this section, we discuss some results on two-layer Transformers trained on prefix embedding.

We plot the attention matrices for a 2-layer Transformer trained on prefix embedding in Figure
One incomplete explanation for the results is that when a descriptor is added as a prefix, the
Transformer initially uses one layer to attend to the descriptor and remove it from each in-context
example. Subsequent layers can then simulate variants of GD to make predictions. As observed in
the attention matrix, during the first layer, each in-context example attends to the descriptor in the
prefix. However, there are additional attention patterns, such as the prefix attending to the in-context
examples in the first layer, and the query token paying attention to the prefix token in the second
layer during prediction. These attention dynamics may contribute to improved predictions in other
ways. Notably, in Figure [2| the 2-layer Transformer trained on prefix embeddings outperformsﬁ
the 1-layer Transformer trained on embeddings with duplicated descriptors, suggesting that these
additional attention patterns assist the Transformer in making more accurate predictions.

82-layer Transformers trained on prefix embedding converge to loss lower than 10° in the center figure
while 1-layer Transformers trained on E, converge to loss above 10° in the left figure.
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sampled sequence attention scores of the 0-th layer, 0-th head sampled sequence attention scores of the 1-th layer, 0-th head
01 0 = — =

10 §

20

Figure 7: The attention matrices for a 2-layer Transformer trained on prefix embedding. The left
one is the attention matrix of the 1-st layer and the right one is the attention matrix of the 2-nd layer.

B.4 WEIGHTS PATTERNS FOR 3-LAYER TRANSFORMERS TRAINED ON F.

In this section we report some patterns found in 3-layer Transformers trained on embedding with
descriptors. We plot the heat maps of converged weights in Figure[8] We can roughly observe that

they use descriptors to remove the mean from in-context examples and simulate GD++
2023) as there are diagonals in W*V matrices at the first two layers.

15

layer 1 W_kQ layer 2 W_KQ

layer 2 W_PV

15
layer 3 W_KQ layer 3 W_PV
10, A 15 A
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s » 0s
00,

00

10 E 10 10
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10

Figure 8: The heat maps of WX and W'V for a 3-layer Transformer trained on embedding with
descriptors.

o layer 1 W_PV.
5

10
o H 10

1
o
00
10
13 H 10 o 5 1
5

-o.

B.5 EXPERIMENTS FOR ONE-HOT TASK DESCRIPTORS

We extend our experiments by introducing one-hot vectors as descriptors to indicate different distri-
butions of . We consider another mean-varying linear regression setting where there are % spherical
Gaussian distributions with different means (1, .. ., 1. Each ICL linear regression task 7 indepen-
dently samples a A/ (p;, 1) from them as the input distribution of z. Instead of directly using the
mean p; as the task descriptor, we assign an one-hot “task-identity” vector e; to each of the Gaussian
distributions A (p1;, I;) and use this vector as the task descriptor.

As a summary, there are two key modifications:

1. The mean p, for each task 7 is uniformly drawn from a fixed set of k vectors
{pas ;- b}
2. For each task 7, if 1, = p; forsome 1 < j < k, we use the one-hot vector e; (1 at position

7, 0 elsewhere) as the task descriptor. The corresponding input embedding matrix with task
descriptors becomes

€; €; . €; €;
E = Tr1 Lr2 ... Trn L7 query
Y1 Yr2 - Yrn 0
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We can see from Figure [9] that one-hot descriptors also improve the ICL performance of trained
Transformers.

.
10 —— wfo descriptor embedding, 3-layer

w/ descriptor embedding, 3-layer
— prefix embedding, 3-layer

10t —— wJo descriptor embedding, 2-layer
w/ descriptor embedding, 2-layer
— prefix embedding, 2-layer .

—— wjo descriptor embedding, 1-layer
wj descriptor embedding, 1-layer
— prefix embedding, 1-layer

MSE Loss
MSE Loss

o 2000 4000 6000 8000
Epoch

4000 o 1600 3200 4800 6400
Epoch

Figure 9: The MSE loss curves for Transformers in different depths with one-hot descriptors. We
display mean and std of 5 random seeds. The number of samples in each sequence n = 50, data

dimension d = 5 and A = 1.

41



	Introduction
	Our Results
	Related Works

	Preliminaries
	Mean-varying Linear Regression
	Training Details
	1-layer LSA Performing Preconditioned Gradient Descent

	Warm Up: Large Sample Size
	Main results
	Proof sketch for Theorem 3.1

	Optimal Solution for Finite Number of Samples
	Experiments
	Experiment Setup
	Experiment Results

	Conclusions
	Omitted proofs
	Proof for Theorem 3.1
	Proof Sketch
	Proofs of Lemma A.3, Lemma A.4 and Lemma A.5

	Finite Sample Proof
	Proof of Theorem A.7
	Proof of Lemma A.11 and Lemma A.12
	Proof of Lemma A.10

	Proof of Theorem A.8.

	Additional experiments
	Experiments for separate weights matrices.
	Experiments for higher dimension d and non-spherical covariance matrix .
	Experiments for two-layer Transformers trained on prefix embedding
	Weights patterns for 3-layer Transformers trained on E
	Experiments for one-hot task descriptors


