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Abstract

Random features have been introduced to scale up kernel methods via randomization tech-
niques. In particular, random Fourier features and orthogonal random features were used
to approximate the popular Gaussian kernel. The former is performed by a random Gaus-
sian matrix and leads exactly to the Gaussian kernel after averaging. In this work, we
analyze the bias and the variance of the kernel approximation based on orthogonal random
features which makes use of Haar orthogonal matrices. We provide explicit expressions
for these quantities using normalized Bessel functions, showing that—contrary to what is
commonly thought—orthogonal random features does not approximate the Gaussian kernel
but a Bessel kernel. We also derive sharp exponential bounds supporting the view that
orthogonal random features are less dispersed than random Fourier features.

1 Introduction

Since their introduction over fifteen years ago in the seminal paper by [Rahimi & Recht| (2007), random
features have become an important subject of research in the field of machine learning (see the review article
by [Liu et al.| [2021)). The primary motivation behind introducing them is to reduce the computation and
storage requirements of kernel methods—one of the most popular machine learning approaches (Yang et al.,
2012} [Le et al., 2013} |[Pennington et al.| [2015; |Chamakh et al., 2020; Han et al., [2022; [Likhosherstov et al.|
2022)). They have also been used in over-parameterized settings and as a tool for generating and testing
hypotheses on the generalization of deep learning (Jacot et al.l 2018; Belkin et al.| |2019; Yehudai & Shamir)
2019; [Jacot et al., [2020; [Liu et al.|, [2022; |Mei & Montanari, [2022)).

Random Fourier features (RFF) are undoubtedly the most common and widely used random feature method
for kernel approximation (Rahimi & Recht|, 2007). This approach applies to radial basis function kernels—a
large class of kernel functions. It is based on Bochner’s theorem (Bochner} |1932; [Rudin) 1962, which estab-
lishes a one-to-one correspondence between continuous positive-definite functions and the Fourier transform
of probability measures. In particular, if ¢ is a real positive definite function on R, i.e. the inequality
szzl a;oj(x; —xj) > 0 holds for any n > 1 and x1,...,2,,04,...,a, € R, and if k(z,y) = ¢(||z — y||)
is a translation-invariant and radial kernel on R? x R?, then there exists a non-negative measure y such that

) = plla =ul) = [ explin” @ = )duto), (1)

where T stands for the transpose operation, and p is invariant under orthogonal transformations. RFF
consist in approximating the kernel k£ by the following one defined by:

k(z,y) = ¢(x) o(y), Va,y,€RY, (2)

where

¢~>(aj) = i(sim(w;rac), . ,sin(w;aﬁ), cos(w;—x), . ,cos(w;x))—r, (3)
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and wy,...,wp € R? are sampled from the distribution x. Indeed, one has

30)00) = - Y costw] (@ =)

so that the expected value of E(x,y) fits exactly the integral displayed in the RHS of equation The
imaginary part of the integral in equation [I] vanishes because the kernel function is radial. In particular, if
w1, ..., w, are centered Gaussian vectors N (0,1d), then RFF approximate the well-known Gaussian kernel:

o010 (2, y)] = e lo=vl*/2, "

Orthogonal random features (ORF) is a variant of RFF that uses a random orthogonal matrix O instead of
the Gaussian matrix W (Yu et al., [2016)). It has shown empirically and theoretically that ORF estimators
are more accurate than standard mechanisms based on i.i.d sampling (Yu et al., 2016} |Choromanski et al.
2017} [2018; |2019)). In this paper, we build on this line of research and provide an analytic characterization
of the bias and of the variance of ORF using normalized Bessel functions of the first kind. Specifically, we
make the following contributions:

o We give explicit forms of the bias and of the variance of ORF in the case where the random orthogonal
matrix O is drawn from the Haar measure.

e We derive sharp exponential bounds for these two quantities that are much tighter than the already
known ones.

e We prove that the variance of ORF is less than the one of RFF in an interval whose length grows
linearly with the data dimension.

e We corroborate our theoretical findings with numerical experiments, supporting previous works
showing the beneficial effect of orthogonality on random features.

The rest of the paper is organized as follows. Section [2] lays out notations needed for the statement of our
main results, the latter being subsequently presented in Section [3] Numerical validation of them is provided
in Section [4] while Section [5] concludes the paper. Proofs of all results are deferred to appendices.

2 Notation and preliminaries

Let p,d, be positive integers such that 2 < p < d and take a Haar d X d orthogonal matrix O. For the
reader’s convenience, recall that the Haar measure on the orthogonal group is the unique left and right
invariant measure and that a Haar orthogonal matrix may be obtained using the Gram-Schmidt procedure
applied to a Gaussian matrix G. In particular, the columns (and rows) of O are uniformly distributed on
the sphere (for further details see Meckes| 2019, Chapter 1).

We denote by ¢orr the random features of ORF computed using equation IW1th wi, ..., w, being columns
of O. We also use the notation <Z) rrr for the random features of RFF when wy,...,w, are columns of a
Gaussian matrix G (i.e., a random matrix whose entries are independent and centered Gaussian random

variables). The approxunate kernels obtained usmg ORF and RFF will be denoted by ko rr(r,y) and
krpr(z,y), respectively (i.e., korr(2,y) := ¢orr(z) dorr(y) and krpr(z,y) == drrr(x) ¢rrr(y)). In
order to simplify the exposmon and without loss of generality, we will assume throughout this paper that
the bandwidth of the Gaussian kernel ¢ is equal to 1. In this respect and for sake of completeness, let us
recall the expressions of the bias and the variance of RFF.

Theorem 1 (Bias and variance of kprr(X,y)). Let krpr(z,y) be the RFF-based approzimate kernel com-
puted with p random vectors in R%. Then its expectation and its variance are given by

Blkner (7, )] = exp (~ 1210, )
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and )
5 1 2
Vikrrr(z,y)| = % (1 - eXP(—Hny”)> ; (6)
respectively.
Proof. See|Yu et al. (2016, Lemma 1). O

It is worth noting that the equality equation [5| remains valid if one replaces the Gaussian matrix G by the
product SO, where O is a Haar orthogonal matrix and S' is a diagonal matrix whose entries are independent
and ¢-distributed random variables with d degrees of freedom (Yu et al., 2016, Theorem 1). However, it fails
when w1, ..., w, are columns of O. We will see in the next section how the bias and the variance change
and behave in this case.

3 Main results

In this section, we state the main results of this paper and comment on our findings. We start with an
explicit expression of the bias of ORF-based kernel approximation.

Theorem 2 (Bias of korr(x,y)). Let IEORF(x,y) be the ORF-based approzximate kernel computed with p
random vectors in R®. Then its expectation reads:

Elkorr(z,y)] = jaja—1(2), z:= |z —yl, (7)

where jqsa—1(-) is the normalized Bessel function of the first kind defined by:

. _ (=1)"I(d/2) [z\2"
]d/2—1(z) = nz;o m <§> ) (8)

with T'(+) being the Gamma function.
Proof. See Appendix [A] O

Theorem [2] shows that ORF approximate the kernel defined by the normalized Bessel function of the first
kind (Watson, 1995} [Shishkina & Sitnik|, 2020, Chapter 1). This function is oscillating in contrast to the
so-called Matern kernel given by the modified Bessel function of the second kind (see Equation 12 in |Genton
2001). Moreover, the absolute value of the former admits a polynomial decay to zero as its argument becomes
large while the latter decays exponentially.

To address the question of how the bias of ORF behaves compared to that of RFF, we use Theorem [2] to
prove the following result.

Proposition 3. For all z,y € R?, let z := ||z — y|| and define

4
by = VA1~ g>2
¢ NP2 —d T
@ N\ 8
= — = s 57 =
. (4 1) Ve 170

Then for all z € [0, max(bg, cq)], we have
e/ < Elkonr(x,y)] < 7= /9, (9)

where we convent that max(by, cq) = by when 2 < d < 4. The upper bound is valid up to the second zero of
Jdj2—1-



Under review as submission to TMLR

Proof. See Appendix O

For fixed d > 5, the constants b; and c¢g4 are the values of the increasing function

/ 4 d+4
faru—u 1_2u2—d’ UZT,

at two lower bounds of the first zero of ji4/0)_1; see egs. equation and equation @ below. Moreover,
cq > by for sufficiently large d (d 2 35) and offers therefore a linear growth of the interval [0, ¢4] compared
to d3/* for [0,b4]. As a matter of fact, the inequalities displayed in equation |§| hold true for a large range
of z provided that d is large as well. As we shall see later from the proof of Proposition [3] the lower bound
even holds true in a larger interval which almost reaches the first zero of j(4/2)—1 as d becomes large. Note
in passing that j4/2)-1 becomes negative once vanishing at its first zero so that our lower bound is quite
sharp.

As to the upper bound, it clearly remains valid up to the second zero of j(4/2)—1 since the latter is non
positive between its first and its second zeroes. Note also that the lower and the upper bounds correspond
to Gaussian kernels with standard deviations equal to one and to v/d respectively.

On the other hand, we may equivalently write
0 < Elkorr(z,y)] — Elkrrr(z,y)] < e /@D — e=="/2 vz € [0, max(ba, ca)], (10)

which considerably improves Theorem 2 in [Yu et al.| (2016|). Indeed, our upper bound decays exponentially
fast while the one given in [Yu et al. (2016) admits an exponential growth. This growth is due to the
fact that the triangular inequality used in the proof there kills the oscillations of the normalized Bessel
function jg/o—1 and leads to the normalized modified Bessel function of the first kind which is known to
grow exponentially (Watson [1995]).

It is also worth mentioning that for large enough d, the differences between E[korp(x,y)] and the exponential
bounds displayed in equation@ become very small for large z (z > d) since |j(q/2)—1| has a polynomial decay
to zero.

We now state our second main result providing an explicit closed expression of the variance of ORF by means
of normalized Bessel functions of the first kind.

Theorem 4 (Variance of korr(X,y)). Let korr(z,y) be the ORF-based approzimate kernel built out of p
random vectors in R%. Then its variance is given by:

= 11+ jas2-1(22) ‘ . 2
Vikorr(.y)] = {”; + (P = Ditasz-1(v22) = p (fajz1(2)" ¢ (11)
where we recall the notation z = ||z — y||.
Proof. See Appendix [C] O

Remark 5. When p = 1, the variance reduces to

V() = 202D G ),

The non negativity of the RHS follows also from the inequality:
[ (@) + 50 ()] < 1+ G (x + )] + ju (2 — y)]
valid for any v > —1/2 and any x,y € R (Neuman, [2004).

Using equation [0} this variance can be bounded as follows for all z € [0, max (b4, cq)]:

1 —2z2 -1 _ 1 —222/d -1
te T Pl o < Viione(a, )] < —C Aty LIS (12)
2p P 2p P
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Figure 1: The absolute difference between theoretical and empirical values of the bias and the variance
of ORF for different values of the number of random features p. Left: |Mep, — ]E[IZORF(x,y)]’. Right:
|Vemp—V[l~€ORF (z,9)]|- The bias and variance of korr(x,v), Elkorr(z,y)] and V[korr(z,y)], are computed
using the explicit closed expressions provided in Theorems [2[ and @ Mepmp and Vi), are the empirical bias
and variance, respectively.

Similarly to equation the upper bound in equation [12|is much sharper than the one in (2016

Theorem 2). However, it does not give information about how the variance of ORF compares to that of
RFF. The following proposition provides an answer to this question.

Proposition 6. For d > 2, denote

d\ 34
Qg = (2) )
1 /d?

Then for any x,y € R? and any z = ||z — y|| € [0, max(ag, B4)], we have

Vikorr(z,y)] < Vikrrr(z,y))- (13)
Proof. See Appendix O

Proposition |§| shows that I%o rr is less dispersed than IERF 7 when the norm difference between data points
z lies within an interval whose length is linear in the data dimension d when the latter is sufficiently large.
This is in agreement with previous results (Choromanski et al.| 2017 2018} 2019)) though holding in a small
z-neighborhood of zero.

Another striking feature of this proposition is its independence of the number of random features p. Actually,
its proof (see Appendix |§| below) shows that the covariance of (cos(w] (x — y),cos(w] (x — y)),i # j, is
negative in [0, v/2max(aq, 84)]. As a matter of fact, one is left with bounding the variance of a single mode
cos(w{ (x—1y)). In the same vein, the proof of this proposition shows that the inequality equation remains

valid only in a slightly larger interval where jq/2)_1(v/22) is negative.

4 Numerical illustrations

In this section we provide experimental results on synthetic and real data that corroborate our theoretical
findings.
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Figure 2: The bias of korr(z,y) and bounds of Proposition as a function of z := ||z — y||.
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Figure 3: The variance of korr(z,y) and krrr(z,y) as a function of z := ||z — y||.
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Table 1: Dataset statistics. d is the dimension of the features.

Datasets d  # data points
IonosphereH 34 351
Ovariancancerﬂ 100 216
Campaig 62 41,188
Backdoo 196 95,329
4.1 Synthetic data results
We generate synthetic data with dimension d = 300 and varying values of the random fea-
tures p = {10,50,100,150,200,250,300}. The data are randomly generated from a normal dis-
tribution with zero and unit variance. We compute My, = %Zle ki(z,y) and Vep,p =

%Zle(l%l(%y) — Memp)Q, the empirical bias and variance of kopp respectively. Each kernel k; is
computed using a random Haar orthogonal matrix O!, ie., ki(z,y) = (¢i(z), di(y)) where ¢(z) =

%(sin((wi,x)), -.ysin((wh, @), cos((wh, x)), ..., cos((wh, )T and wi,... ,w) are the columns of O'. The
experiment is repeated 10 times with different random seeds. Figure [1| shows the approximation errors
’Memp — E[%ORF(x, y)H and ’Vemp — V[E‘ORF(Z‘, y)]’ for s = 50 and for different values of p. The mean and
variance of korr(,v), Elkorr(z,y)] and V[korr(z,y)], are computed using the explicit closed expressions
provided in Theorems [2Jand [d] As can be seen, the mean and variance approximation errors are very small,

which are in agreement with our results.

Figure [2 shows the bias of kogp(z,y) and the bounds of Proposition [3| as a function of z = ||z — y||. It
illustrates that inequalities in equation [9 hold for any = € [0, max(by, cq)]. Figure [3| depicts the variance of
korr and krpp. It confirms that ORF has smaller variance compared to the standard RFF, as claimed in
Proposition [6]

4.2 Real data results

We also conduct experiments on real-world datasets to confirm our theoretical findings. The number of
feature dimension and data samples for each dataset are provided in Table [l Figure [d] compares the mean
squared error (MSE) of ORF and RFF, i.c., || K—K|%/n? where K := [k(z;, z;)]7,_; is the Bessel or Gaussian
kernel matrix and K is its approximation via ORF or RFF, respectively. Note that MSE corresponds to the
empirical variance. The Gaussian kernel bandwidth o is set as the average distance between all pairs of data

points, i.e., 0 = 1/n2§:?j:1 |z; — x;]|?, and the experiment is repeated five times with different random
seeds. ORF often achieves lower MSE than RFF.

5 Conclusion

In this paper, we provided explicit closed expressions of the bias and of the variance of ORF by means of
normalized Bessel functions of the first kind. We also derived exponential bounds that improve previously
known ones. In particular, we proved that the variance of ORF is less than the one of RFF when the norm
difference between data points lies in an interval of length O(d), d being the data dimension.

3Tonosphere data from the UCI machine learning repository: https://archive.ics.uci.edu/dataset/52/ionosphere.

4Qvarian cancer data (Conrads et al., [2004): https://fr.mathworks.com/help/stats/sample-data-sets.html!

5Campaign data is a data set of direct bank marketing campaigns via phone calls (Pang et al.,|2019): https://github.com/
GuansongPang/ADRepository-Anomaly-detection-datasets#numerical-datasets.

®Backdoor attack detection data extracted from the UNSW-NB 15 dataset (Moustafa & Slayl [2015): https://github.com/
GuansongPang/ADRepository-Anomaly-detection-datasets#numerical-datasets.
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Figure 4: Mean squared error (MSE) between the kernel matrix approximated by ORF or RFF and the full
kernel matrix computed by the Bessel or the Gaussian kernel, for different values of the number of random
features p.
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A Proof of Theorem

Proof. By linearity of the expectation and since w;,1 < j < p, are uniformly distributed on the sphere, we
obviously have:

Elkorr(z,y)] = Elcos(w] (z —y)].

Moreover, we can find an orthogonal matrix O , such that

Oz y(z —y) = ||z — ylle1,

where e; is the first vector of the canonical basis of R?. Since the uniform measure on the sphere is invariant
by orthogonal transformation, we further get:

Elkorr(z,y)] = Elcos(|lz — yllwi)],

where w17 is the first coordinate of wy. This real random variable follows the beta distribution whose density
is given by:
I'(d/2)

Vrl((d—1)/2)

Theorem [2| follows from the integral representation of the normalized Bessel function of the first kind:

(1—u?)d=32 1 <y<1.

S A U2 ) N S PRy
32) = i [ s = s 1

B Proof of Proposition 3]

Proof The normalized Bessel function j;/o_; admits an infinite number of positive simple zeros increasing
to infinity:
0<agr <ago<...

As a matter of fact, ji/o—1 has the following infinite product representation (Watson| (1995), p.498):

2

it z
=TI (1 2) "
(d/2) g1;[1 (aa)?
Moreover, the first Rayleigh sum is given by [Watson| (1995} p. 502):

1 1
Z ( 2~ 9q° (15)

5= (0a4)
Consequently, the inequality 1 —u < e™*,u € [0, 1] shows that if z < ag 1 then

_ 22/(aq )2 .2
Jayz)-1(2) < e Dz #/000)" _ =220 (16)

10
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yielding the upper bound. The latter remains true in the interval [aq, 1, a4 2] since the Bessel function is non
positive there.

As to the lower bound, we first differentiate the function
hg:zw €Z2/2J(d/2)—1(2), 0<z<aqn,

and note that 5

(Jaj2)-1)'(z) = dj(d/Q)(z)'
It follows that ,
e (s -1(2) Jas) (2)

halz) = —— <dﬂ</>(>>

From the Mittag-Leffler expansion (Ifantis & Siafarikas| (1990, eq. 2.9):

J(d/2)(2) - 1
J@E) gyt L
Jed/2)-1(2) mz::l a3, — 22

the equation h/;(z) = 0,0 < z < aq,1, is equivalent to

o0

1
Yo =12

m=1 _d,m

Since the LHS of the last equality is increasing in the z-variable and tends to +00 as z — aq4,1, then the first
Rayleigh sum equation [15|implies the existence of one and only one solution zy(d) to the equation hl;(z) =0
in (0,aq4,1). Consequently, hy(z) > 1 for any z € [0, 2o(d)].

Now, in order to get a more precise information on zy(d), we appeal to the following inequality which readily
follows from Theorem 2.1 in [Freitas| (2021)):

1 < 1 d
m=1 aim -2 aé,l - 2° 4“3,1 7
to see that
1 < 1 " d
27 aj; —[20(d)? 43’

or equivalently,

4
zo(d) = ad,lm = fa(aqn). (17)

Finally, we recall the following lower bounds (Ismail & Muldoonl |1988| eq. 5.4):

1/4
a/d7l > m (;l) = 21/4d3/47 d Z 2) (18)
and (Watsonl [1995, eq. 5, p. 486)
42
aas >\ -1 d>2 (19)

Since fy is increasing for fixed d, then

zo(d) > max <f(21/4d3/4) =ba, f <‘f - 1) = cd>

which completes the proof.
Remark 7. If we use the following inequality (Joshi & Bissu, 1996, eq. 2.6):
2

z .
1- 2d < Jed/2)-1(2),

we can prove that the lower bound holds in the interval [0,/d).

11
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C Proof of Theorem [4

Proof Let us consider the variance of K (z,y):

V (Forr(.y)) = ]gv 3 cos(w? (z — y))
j=1

cov [cos(w] (z — y)), cos(ws (z —y))] .

= %V [cos(w] (z —y))] + b
Now,

V [ecos(w] (z — 9))] = Elcos*(w] (z — 9))] — [Elcos(w] (= — y))]]”

1 Jeay2)-1(22) . 2
=3 + % — (Jay2)-1(2))".
As to the covariance term, the invariance of the Haar distribution entails:
. 2
cov [cos(w] (z —y)), cos(wy (x — y))] = Efcos(wi (x — y)) cos(wy (z — y))] = (jia—2)/2(2))

2

Elcos(wi12) cos(wi22)] — (j(a—2)/2(2))
= % {E[Cos((wn =+ wlg)z)} + ]E[COS((’LUll — wlg)Z)]}

- (j(d/2)—1(z))2

where wq; and wi are the first coordinates of the column vectors wy and ws. But (w11, ws2) is the first row
of the Haar orthogonal matrix O which is uniformly distributed on S%~1. Consequently, the joint distribution
of (w11, w12) is given by the following probability density:

d—2

o (1- u? — v2)(d/2)—21{u2+v2<1}

with respect to Lebesgue measure du dv, whence

cov [cos(w] (z — y)), cos(wy (z — y))] = Elcos((w11 + wi2)z)] — (j(d/g),l(z))Q .

Moving to polar coordinates:
w11 = ’/‘COS(&)7 W12 = Tsin(ﬁ),

it follows that
d

E[cos((w11 + w12)2)] =

_ 2 1 2T
5 / / [cos(cos O + sin O)rz]r(1 — ) YD =2 drde. (20)
™ Jo Jo

Expanding further the cosine into power series, we are left with the following two integrals:

/0 r2H (1 — ) D=2 F(j;;(ljljr(((ilj//z))) 1)’ =0 2

and (equation 3.66.1.2., p. 405 in |Gradshteyn & Ryzhik, [2014)):

29(25 — !
(25)!

where (25)!! = (25)(2j — 2) - - - (2) is the double factorial and likewise (25 — 1)!! = (25 — 1)(25 — 3) - - (3)(1).
Writing

2
/ (cos @ + sin0)*df = 2n
0

(2N =274 (25 — ) =
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we equivalently get:

27 ] ) 2] !
/0 (cos @ + sin 0)*df = 2n 25. (j'))2 (22)

Gathering equation equation [21] and equation we end up with the expression:
(—1p 2

Elcos((w11 + wi2)z)] = (d — 2)I'((d — 2)/2) Z 21 §I0(j + (d/2))

j=>0
= jtas2)-1(V22),

where we used the formula (d — 2)I'((d — 2)/2) = 2I'(d/2). Finally

- 1 icaro—1(22 ) 9 _ ‘ ‘ ,
%4 (koRF(x,y)) = % {+J(d/2)() — (j(d/2)_1(z)) } + % {](d/z)_1(\/§z) _ (J(d/2)_1(2’)) }
N 11? {W + (P = Dijayn-1(vV22) = p (j<d/2)—1(2))2} :

as desired.

D Proof of Proposition [0]

Proof The infinite product equation [14] and the inequality
1-2u<(l1—u)? u>0,
implies that the covariance term computed above is non positive:
. . 2
(r—1) [J(d/z)—1(\@z) — (Jeas2)-1(2)) } <0

on the interval [0,a41/v/2]. Consequently,

V(K(z,y)) < % {W - (J’(d/2>1(Z))2} :

Similarly,
(1—4u) < (1—w)?, u>0,

holds since the discriminant of
u? —4u+6, u>0,

is negative. Appealing again to equation [L4] entails:
. . 4
Jea2)-1(22) < [jay2)-1(2)]

on the interval [0, aq,1/2]. Keeping in mind the lower bound derived in Proposition [3| which remains valid in
[0, 20(d)] (see the proof), we get on the interval [0, inf(zo(d), aq,1/2)]

1 +j(d/;)71(23) Gy (2)? < 1+ [j(d/2)1(2)]42— 2 (jasz-1(2))°
{1 - (j(d/Q)—l(Z))z)r
- 2
[1—e ]2
- 2

13
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Furthermore, by the virtue of equation we are led to compare

4

1 =
2a§’1—d

and the value 1/2. In this respect, the lower bound given in Ismail & Muldoon| (1988)), eq. (5.4), shows that
4
1l——5——>1/2,
25, —d

whence we infer that zo(d) > ag1/2. Consequently, V[korr(z,y)] < V[krrr(z,y)] holds true for any
z = ||z — y|| € [0,a4,1/2). Recalling equation [18 and equation [19] we are done.

14
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