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ABSTRACT

We propose Riemannian Flow Matching (RFM), a simple yet powerful framework
for training continuous normalizing flows on manifolds. Existing methods for gen-
erative modeling on manifolds either require expensive simulation, are inherently
unable to scale to high dimensions, or use approximations for limiting quantities
that result in biased training objectives. Riemannian Flow Matching bypasses
these limitations and offers several advantages over previous approaches: it is
simulation-free on simple geometries, does not require divergence computation,
and computes its target vector field in closed-form. The key ingredient behind RFM
is the construction of a relatively simple premetric for defining target vector fields,
which encompasses the existing Euclidean case. To extend to general geometries,
we rely on the use of spectral decompositions to efficiently compute premetrics on
the fly. Our method achieves state-of-the-art performance on many real-world non-
Euclidean datasets, and we demonstrate tractable training on general geometries,

including triangular meshes with highly non-trivial curvature and boundaries.

1 INTRODUCTION

While generative models have recently made great advances in
fitting data distributions in Euclidean spaces, there are still chal-
lenges in dealing with data residing in non-Euclidean spaces,
specifically on general manifolds. These challenges include
scalability to high dimensions (e.g., (Rozen et al., 2021)), the
requirement for simulation or iterative sampling during training
even for simple geometries like hyperspheres (e.g., (Mathieu
& Nickel, 2020; De Bortoli et al., 2022)), and difficulties in
constructing simple and scalable training objectives.

In this work, we introduce Riemannian Flow Matching (RFM),
a simple yet powerful methodology for learning continuous
normalizing flows (CNFs; (Chen et al., 2018)) on general Rie-
mannian manifolds M. RFEM builds upon the Flow Matching
framework (Lipman et al., 2023; Albergo & Vanden-Eijnden,
2023; Liu et al., 2023) and learns a CNF by regressing an
implicitly defined target vector field u;(x) that pushes a base
distribution p towards a target distribution ¢ defined by the train-
ing examples. To address the intractability of u;(x), we employ
a similar approach to Conditional Flow Matching (Lipman et al.,
2023), where we regress onto conditional vector fields u;(x|z1)
that push p towards individual training examples z;.

A key observation underlying our Riemannian generalization is
that the conditional vector field necessary for training the CNF
can be explicitly expressed in terms of a “premetric” d(z, y),
which distinguishes pairs of points « and y on the manifold. A
natural choice for such a premetric is the geodesic distance func-
tion, which coincides with the straight trajectories previously
used in Euclidean space by prior approaches.

Biharmonic
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Figure 1: Our approach makes
use of user-specified premetrics on
general manifolds to define flows.
On select simple manifolds, the
geodesic can be computed exactly
and leads to a simulation-free algo-
rithm. On general manifolds where
the geodesic is not only computa-
tionally expensive but can lead to
degeneracy (e.g., along boundaries),
we propose the use of spectral dis-
tances (e.g., biharmonic), which
can be computed efficiently contin-
gent on a one-time processing cost.
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On simple geometries, where geodesics are known in closed fagnKuclidean space, hyper-
sphere, hyperbolic space, torus, or any of their product spaces), Riemannian Flow Matching remains
completely simulation-free. Even on general geometries, it only requires forward simulation of a
relatively simple ordinary differential equation (ODE), without differentiation through the solver,
stochastic iterative sampling, or divergence estimation.
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tor eld; and not needing to solve stochastic differential equations (SDE) on manifolds, which is
generally more challenging to approximate than ODE solutions (Kloeden et al., 2002; Hairer et al.,
2006; Hairer, 2011). Table 1 summarizes the key differences with relevant prior methods, which we
expand on further in Section 4 (Related Work).

Empirically, we nd that Riemannian Flow Matching achieves state-of-the-art performance on
manifold datasets across various settings, being on par or outperforming competitive baselines. We
also demonstrate that our approach scales to higher dimensions without sacri cing performance,
thanks to our scalable closed-form training objective. Moreover, we present the rst successful
training of continuous-time deep generative models on non-trivial geometries, including those
imposed by discrete triangular meshes and manifolds with non-trivial boundaries that represent
challenging constraints on maze-shaped manifolds.

2 PRELIMINARIES

Riemannian manifolds. This paper considers complete connected, smooth Riemannian manifolds
M with metricg as basic domain over which the generative model is learned. Tangent spacatto
X 2 M is denotedlyM , andg de nes an inner product over, M denotedu;vig, uv2 TyM.

TM = [x2m fXg TxM isthe tangent bundle that collects all the tangent planes of the manifold.
U = fu,g denotes the space of time dependent smooth vector elds (WFs[0; 1] M ! ™,
whereui(x) 2 TxM forall x 2 M ; divg(ut) is the Riemannian divergence w.r.t. the spatigl (
argument. We will denote bgivol, the volume element ovevl , and integration of a function

f :M! RoverM isdenoted f (x)dvoly. Forreaders who are looking for a more comprehensive
background on Riemannian manifolds, we recommend Gallot et al. (1990).

Probability paths and ows on manifolgs. Probability densities ove are continuous non-
negative functionp: M! R, suchthat p(x)dvoly = 1. The space of probability densities over
M is markedP . A probability pathp; is a curve in probability spags : [0;1]! P ; such paths
will be used as supervision signal for training our generative modelswAis a diffeomorphism
M!IM  de ned by integrating instantaneous deformations represented by a time-dependent

vector eld u; 2 U. Speci cally, a time-dependent ow,; : M! M | is de ned by solving the
following ordinary differential equation (ODE) dd overt 2 [0; 1],

d

g 1= wl(x); o(X) = X; )

and the nal diffeomorphism is de ned by setting x) = 1(x). Given a probability density path
pt, it is said to begeneratedby u; frompif  pushegy = ptop; forallt 2 [0;1]. More formally,
z t
logpr(x) = log([ jp)(x) =log p( { *(x)) . divg(ur)(xs)ds )

where thg symbol denotes the standard push-forward operatioxamd s( , *(x)). This formula
can be derived from the Riemannian version of the instantaneous change of variables Formula (see
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equation 22 in (Ben-Hamu et al., 2022)). Previously, Chen et al. (2018) suggested modeling the ow
« implicitly by considering parameterizing the vector algl. This results in a deep generative model

of the ow ¢, called aContinuous Normalizing FIo{CNF) which models a probability path

through a continuous-time deformation of a base distribytioh number of works have formulated

manifold variants (Mathieu & Nickel, 2020; Lou et al., 2020; Falorsi, 2020) that require simulation

in order to enable training, while some simulation-free variants (Rozen et al., 2021; Ben-Hamu et al.,

2022) scale poorly to high dimensions and do not readily adapt to general geometries.

3 METHOD

We aim to train a generative model that lies on a complete, connected smooth Riemannian manifold
M endowed with a metrig. Concretely, we are given a set of training sample2 M from some
unknown data distributiog(x;), q 2 P . Our goal is to learn a parametric map M! M that
pushes a simple base distributip2 P to g.

3.1 FH.ow MATCHING ON MANIFOLDS

Flow Matching Lipman et al. (2023) is a method to train Continuous Normalizing Flow (CNF) on
Euclidean space that sidesteps likelihood computation during training and scales extremely well,
similar to diffusion models (Ho et al., 2020; Song et al., 2020b), while allowing the design of more
general noise processes which enables this work. We provide a brief summary and make the necessary
adaptation to formulate Flow Matching on Riemannian manifolds. Derivations of the manifold case
with full technical details are in Appendix A.

Riemannian Flow Matching. Flow Matching (FM) trains a CNF by tting a vector elé 2 U,

i.e, vi(x) 2 TyM , with parameters 2 RP, to ana priori de ned target vector eldu 2 U that is
known to generate a probability density path2 P overM satisfyingpy = pandp; = g. Ona
manifold endowed with a Riemannian metgicthe Flow Matching objective compares the tangent
vectorsvi (X); ut(X) 2 TxM using the Riemannian metrgcat that tangent space:

Lesn( ) = Egp, ) kvi(X) U (K3 3)
wheret U [0; 1], the uniform distribution ove[O; 1].
Probability path construction. Riemannian Flow Matching therefore requires coming up with a
probability density patip; 2 P, t 2 [0; 1] that satis es the boundary conditions
Pp=p, Pp=q 4
and a corresponding vector eld (VR (x) which generatep; (x) from p in the sense of equation 2.
One way to construct such a pair is to create per-sawghglitional probability pathg; (xjx1)
satisfying . _
Po(XjX1) = P(X);  Pu(XjX1)  xi(X); ®)
where , (x) is the Dirac distribution oveM centered ak;. One can then de ngx(x) as the
marginalization of these conditional p?bability paths oyer).

pr(x) = y Pt (Xjx1)q(x1)dvoly, ; (6)

which satis es equation 4 by construction. It was then proposed by Lipman et al. (2023)—which we

verify for the manifold setting—to de nei; (x) as the “marginalization” of conditional vector elds

Ut (xjx1) thatgenerate$; (xjx1) (inzthe sense detailed in Section 2),

pr(XjX1)a(X1)
P (X)

which provably generatgs (x). However, directly pluggingi (x) into equation 3 is intractable as

computingui (x) is intractable.

ui(x) = U (XjX1) dvoly, ; 7
M

Riemmanian Conditional Flow Matching. A key insight from Lipman et al. (2023) is that when
the targetg; andu; are de ned as in equations 6 and 7, the FM objective is equivalent to the
following Conditional Flow Matching objective,

Lren( ) = Etgxa)pe (xjxa) KVi(X) ut(xjxl)ks (8)
as long asl; (XjXx1) is a vector eld that generatgs(xjx;) fromp.
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To simplify this loss, consider theonditional ow, - - -
which we denote via the shorthand, Algorithm 1 Riemannian CFM
Require: basep, targetq, scheduler

Xt = t(XojX1); (9 Initialize parameters of v;

de ned as the solution to the ODE in equation 1 While not convergedio

with the VF u;(xjx1) and the initial condition sample time U (0;1)
o(XojX1) = Xo. Furthermore, since sampling ~ Sample training example, g

from py(XjX1) can be done with { (XgjX1), where sample noisgo  p

: ; if simple geometryhen
Xo P(Xo), we can reparametrize equation 8 as
Xt = expy, ( (t)log y, (Xo))
else ifgeneral geometrthen

Lecru( ) = Etgqxa)pxo) KV (Xt)  X:K: (10) X = solve_ODE ([0; t]; Xo; Ut (XjX1))
end i
wherex; = d=dt X; = Ug(X¢jX1). ()= kve(xe; ) &ks
= optimizer_step )]

Riemannian Conditional Flow Matching (RCFM)
has three requirements: a parametric vector eld
V¢ that outputs vectors on the tangent planes, the

use of the appropriate Riemannian mekitcg, and the design of a (computationally tractable)
conditional ow {(xjx;) whose probability path satis es the boundaries conditions in equation 5.
We discuss this last point in the next section. Generally, compared to existing methods for training
generative models on manifolds, RCFM is both simple and highly scalable; the training procedure is
summarized in Algorithm 1 and a detailed comparison can be found in Appendix D.

end while

3.2 CONSTRUCTINGCONDITIONAL FLOWS THROUGHPREMETRICS

We discuss the construction of conditional owsg(xjx1) onM that concentrate all mass»at at
timet = 1; Figure 2 provides an illustration. This ensures that equation 5 will hold (regardless of the
choice ofp) since all points are mappedxq at timet = 1, namely

1(XjX1) = Xq; forallx 2 M : (12)

On general manifolds, directly constructing that satis es
equation 11 can be overly cumbersome. Alternatively, we
propose an approach based on designipgeaetricinstead,
which has simple properties that, when satis ed, characterize
conditional ows which satisfy equation 11. Speci cally, we
de ne a premetricas dM M! R satisfying:

1. Non-negatived(x;y) Oforallx;y 2M .
2. Positive:d(x;y) =0 iff x = y.

3. Non-degenerater d(x;y) 6 0 iff x 6 y. Figure 2: The conditional vector
eld u((xjx1) dened in equa-
tion 13 transports all points 6 X,
éo Xy atexactlyt = 1.

We use as conventiand(x;y) = r xd(x;y). Such a premetric
denotes the closeness of a poirtb x;, and we aim to design
a conditional ow (xjx1) that monotonically decreases thi
premetric. That is, given a monotonically decreasing differentiable functitnsatisfying (0) =1
and (1) =0,wewantto nda ; that decreaseqdx;) according to

d( t(Xojx1);x1) = (t)d(Xo; X1); (12)

Here (t) acts as a scheduler that determines the rate at valfipty) decreases. Note thattat 1,
we necessarily satisfy equation 11 singeis the unique solution td( jx;) = 0 due to the “positive”
property of the premetric. Our next theorem shows th#kjx;) satisfying equation 12 results in the
following vector eld,

dlog (t)
dt

r d(x;xz)

d(x;x1) ——m—;
06xa) d0x; x1)K2

Ur(Xjx1) = (13)

The “non-degenerate” property guarantees this conditional vector eld is de ned everywliene, .
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Theorem 3.1. The ow (xjx;) de ned by the vector eldu;(Xxjx;) in equation 13 satis es
equation 12, and therefore also equation 11. Conversely, out of all conditional vector elds that
satisfy equation 12, thig; (xjx1) is the minimal norm solution.

A more concise statement and full proof of this result can be found in Appendix B. Here we provide
proof for the rst part: Consider the scalar functiaft) = d(x;;Xx1), wherex; = {(Xjxy) is the
ow de ned with the VF in equation 13. Differentiation w.r.t. time gives

dlog (1) ]
Ta(t),

The solution of this ODE is(t) = (t)d(x;x1), which can be veri ed through substitution, and
hence proved(x;;x1) = (t)d(x;x1). Intuitively, u;(xjx;) is the minimal norm solution since it
does not contain orthogonal directions that do not decrease the premetric.

d _ L
aa(t) = hrd(x¢;xa); %l g = hrd(xe;x1); u(xejxa)iy =

A simple choice we make in this paper for the schedule(i3=1 t, resulting in a conditional
ow that linearly decreases the premetric betwegrandx,. Using this, we arrive at a more explicit
form of the RCFM obijective,

r d(x¢; X1)

S AL Y 14
kr d(x¢; x1)k? . (14)

Leeen( ) = Eggxi)ip(xo) Ve(Xt) + d(Xo;X1)

For general manifold8 and premetricsl, training with Riemmanian CFM will require simulation

in order to solve fox;, though it does not need to differentiate through However, on simple
geometries RCFM can become completely simulation-free by choosing the premetric to be the
geodesic distance, as we discuss next.

Geodesic distance. A natural choice for the premetrdfx; y) over a Riemannian manifold is

the geodesic distanag(x; y). Firstly, we note that when using geodesic distance as our choice of
premetric, the ow {(Xpjx1)—since it is the minimal norm solution—is equivalent to the geodesic
path,i.e., shortest path, connecting andx;.

Proposition 3.2. Consider a complete, connected smooth Riemannian maibldy) with geodesic
distancedy(x;y). In cased(x;y) = dg(x;y) thenx; = ((Xojx1) de ned by the conditional VF in
equation 13 with the schedule(t) =1 tis a constant speed geodesic conneckpdo X;.

This makes it easy to compute on simplemanifolds,which we de ne as manifolds with closed-form
geodesicse.g, Euclidean space, the hypersphere, the hyperbolic space, the high-dimensional torus,
and some matrix Lie Groups. In particular, the geodesic connexgimgpdx, can be expressed in
terms of the exponential and logarithm maps,

Xt = expy, ( (D)10gy, (Xo)); t2 [0 1] (15)

This formula can simply be plugged into equation 10, resulting in a highly scalable training objective.
A list of simple manifolds that we consider can be found in Table 5.

Euclidean geometry. With Euclidean geometri = R", and with standard Euclidean norm
d(x;y) = kx yk,, the conditional VF (equation 13) with scheduldt) =1 t reduces to the VF

used by Lipman et al. (2023); (xjx1) = *}—*, and the RCFM objective takes the form

Lecen( ) = Exg(xa)ip(xa) KV (X0) *+ X0 X1k

which coincides with the Euclidean case of Flow Matching presented in prior works (Lipman et al.,
2023; Liu et al., 2023).

3.3 SPECTRALDISTANCES ONGENERAL GEOMETRIES

Geodesics can be dif cult to compute ef ciently for general geometries, especially since it needs to be
computed for any possible pair of points. Hence, we propose using premetrics that can be computed
quickly for any pair of points oM contingent on a one-time upfront cost. In particular, for general
Riemannian manifolds, we consider the use of approximate spectral distances as an alternative to the
geodesic distance. Spectral distances actually offer some bene ts over the geodesic distance such as
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Figure 3: Contour plots of geodesic and spectral distances (to a source point) on general manifolds.
Geodesics are expensive to compute online and are globally non-smooth. The biharmonic distance
behaves smoothly while the diffusion distance requires careful tuning of the hyperparameter

robustness to topological noise, smoothness, and are globally geometry-aware (Lipman et al., 2010).
Note however, that spectral distances do not de ne minimizing (geodesic) paths, and will require
simulation ofu, (xjx1) in order to compute conditional ows:.

Let'; : M! R be the eigenfunctions of the Laplace-Beltrami operatgroverM with corre-
sponding eigenvalues, i.e, they satisfy ' ; = ', fori =1,2;:::, then spectral distances are
of the form

X
de(y)?= WD) i) (16)
i=1
wherew : R! R, is some monotonically decreasing weighting function. Popular instances of
spectral distances include:

1. Diffusion DistanceCoifman & Lafon (2006)w( ) =exp( 2 ), with a parameter.
2. Biharmonic Distancéipman et al. (2010)w( )= 2.

In practice, we truncate the in nite series in equation 16 to the smallesgenvalues. These

k eigenfunctions can be numerically solved agne-time preprocessing cosprior to training.
Furthermore, we note that using an approximation of the spectral distancenitgttk is suf cient

for satisfying the properties of the premetric, leading to no bias in the training procedure. Lastly,
we considemanifolds with boundaries and show that solving eigenfunctions using the natural,

or Neumann, boundary conditions ensures that the resultixgx1) does not leave the interior of

the manifold. Detailed discussions on these points above can be found in Appendix G. Figure 3
visualizes contour plots of these spectral distances for manifolds with non-trivial curvatures.

4 REeLATED WORK

Deep generative models on Riemannian manifolds. Some initial works suggested constructing
normalizing ows that map between manifolds and Euclidean spaces of the same intrinsic dimension
(Gemici et al., 2016; Rezende et al., 2020; Bose et al., 2020), often relying on the tangent space
at some pre-speci ed origin. However, this approach is problematic when the manifold is not
homeomorphic to Euclidean space, resulting in both theoretical and numerical issues. On the other
hand, continuous-time models such as continuous normalizing ows bypass such topogical constraints
and ow directly on the manifold itself. To this end, a number of works have formulated continuous
normalizing ows on simple manifolds (Mathieu & Nickel, 2020; Lou et al., 2020; Falorsi, 2020), but
these rely on maximum likelihood for training, a costly simulation-based procedure. More recently,
simulation-free training methods for continuous normalizing ows on manifolds have been proposed
(Rozen et al., 2021; Ben-Hamu et al., 2022); however, these scale poorly to high dimensions and do
not adapt to general geometries.
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Table 2: Test NLL on Earth and climate science datasets. Standard deviation estimated over 5 runs.

\olcano Earthquake Flood Fire

Dataset size (train + val + test) 827 6120 4875 12809
CNF-based

Riemannian CNFRuvathieu & Nickel, 2020) -6.05 o061 0.14 o0.23 1.11 o019 -0.80 054

Moser Flow(Rrozen et al., 2021) -4.21 o017 -0.16 0.06 0.57 o.10 -1.28 0.05

CNF Matchinggen-Hamu et al., 2022) -2.38 017 -0.38 0.01 0.25 o0.02 -1.40 0.02

Riemannian Score-Bas@®t: Bortoli et al., 2022) -4.92 0.25 -0.19 o.07 0.48 o0.17 -1.33 0.06
ELBO-based

Riemannian Diffusion Modghuang et al., 2022) -6.61 0.96 -0.40 o0.05 0.43 o.07 -1.38 0.05
Ours

Riemannian Flow Matchin§/ Geodesic -7.93 1.67 -0.28 o0.08 0.42 o0.05 -1.86 011

Riemannian diffusion models. With the in ux of diffusion models that allow ef cient simulation-

free training on Euclidean space (Ho et al., 2020; Song et al., 2020b), multiple works have attempted
to adopt diffusion models to manifolds (Mathieu & Nickel, 2020; Huang et al., 2022). However, due
to the reliance on stochastic differential equations (SDE) and denoising score matching (Vincent,
2011), these approaches necessitate in-training simulation and approximations when applied to
non-Euclidean manifolds.

First and foremost, they lose the simulation-free sampling; of p;(xjxy) that is offered in the
Euclidean regime; this is because the manifold analog of the Ornstein—Uhlenbeck SDE does not have
closed-form solutions. Hence, diffusion-based methods have to resort to simulated random walks as
a noising process even on simple manifolds (De Bortoli et al., 2022; Huang et al., 2022).

Furthermore, even on simple manifolds, the conditional score function is not known analytically, so
De Bortoli et al. (2022) proposed approximating the conditional score function with either an eigen-
function expansion or Varhadan's heat-kernel approximation. These approximations lead to biased
gradients in the denoising score matching framework. We nd that the heat-kernel approximations
can potentially be extremely biased, even with hundreds with eigenfunctions (see Figure 10). In
contrast, we show in Figure 11 that our framework can satisfy all premetric requirements even with a
small number of eigenfunctions for the spectral distance approximation—hence guaranteeing that the
optimal model distribution is the data distribution. See detailed discussions in Appendix G.1.

A way to bypass the conditional score function is to use implicit score matching (Hyvarinen & Dayan,
2005), which Huang et al. (2022) adopts for the manifold case, but this instead requires divergence
computation of the large neural nets during training. Using the Hutchinson estimator (Hutchinson,
1989; Skilling, 1989; Grathwohl et al., 2019; Song et al., 2020a) for divergence estimation results in
a more scalable algorithm, but the variance of the Hutchinson estimator scales poorly with dimension
(Hutchinson, 1989) and is further exacerbated on non-Euclidean manifolds (Mathieu & Nickel, 2020).

Finally, the use of SDEs as a noising process requires carefully constructing suitable reverse-time
processes that approximate either just the probability path (Anderson, 1982) or the actual sample
trajectories (Li et al., 2020), whereas ODE solutions are generally well-de ned in both forward and
reverse directions (Murray & Miller, 2013).

In contrast to these methods, Riemannian Flow Matching is simulation-free on simple geometries,
has exact conditional vector elds, and does not require divergence computation during training.
These properties are summarized in Table 1, and a detailed comparison of algorithmic differences to
diffusion-based approaches is presented in Appendix D. Lastly, for general Riemannian manifolds we
show that the design of a relatively simgeemetricis suf cient, allowing the use of general distance
functions that don't satisfy all axioms of a metric—such as approximate spectral distances with nite
truncation—going beyond what is currently possible with existing Riemannian diffusion methods.

Euclidean Flow Matching. Riemannian Flow Matching is built on top of recent simulation-free
methods that work with ODEs instead of SDEs, regressing directly onto generating vector elds
instead of score functions (Lipman et al., 2023; Albergo & Vanden-Eijnden, 2023; Liu et al., 2023;
Neklyudov et al., 2022), resulting in an arguably simpler approach to continuous-time generative
modeling without the intricacies of dealing with stochastic differential equations. In particular,
Lipman et al. (2023) shows that this approach encompasses and broadens the probability paths used
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