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ABSTRACT

A dynamical system of spiking neurons with only feedforward connections can
classify spatiotemporal patterns without recurrent connections. However, the the-
oretical construct of a feedforward spiking neural network (SNN) for approximat-
ing a temporal sequence remains unclear, making it challenging to optimize SNN
architectures for learning complex spatiotemporal patterns. In this work, we estab-
lish a theoretical framework to understand and improve sequence approximation
using a feedforward SNN. Our framework shows that a feedforward SNN with
one neuron per layer and skip-layer connections can approximate the mapping
function between any arbitrary pairs of input and output spike train on a compact
domain. Moreover, we prove that heterogeneous neurons with varying dynam-
ics and skip-layer connections improve sequence approximation using feedfor-
ward SNN. Consequently, we propose SNN architectures incorporating the pre-
ceding constructs that are trained using supervised backpropagation-through-time
(BPTT) and unsupervised spiking-timing-dependent plasticity (STDP) algorithms
for classification of spatiotemporal data. A dual-search-space Bayesian optimiza-
tion method is developed to optimize architecture and parameters of the proposed
SNN with heterogeneous neuron dynamics and skip-layer connections.

1 INTRODUCTION

Spiking neural network (SNN) (Ponulak & Kasinski, 2011) uses biologically inspired neurons
and synaptic connections trainable with either biological learning rules such as spike-timing-
dependent plasticity (STDP) (Gerstner & Kistler, 2002) or statistical training algorithms such as
backpropagation-through-time (BPTT) (Werbos, 1990). The SNNs with simple leaky integrate-and-
fire (LIF) neurons and supervised training have shown classification performance similar to deep
neural networks (DNN) while being energy efficient (Kim et al., 2020b; Wu et al., 2019; Srinivasan
& Roy, 2019). One of SNN’s main difference from DNN is that the neurons are dynamical sys-
tems with internal states evolving over time, making it possible for SNN to learn temporal patterns
without recurrent connections. Empirical results on feedforward-only SNN models show good per-
formance for spatiotemporal data classification, using either supervised training (Lee et al., 2016;
Kaiser et al., 2020; Khoei et al., 2020), or unsupervised learning (She et al., 2021). However, while
empirical results are promising, a lack of theoretical understanding of sequence approximation using
SNN makes it challenging to optimize performance on complex spatiotemporal datasets.

In this work, we develop a theoretical framework for analyzing and improving sequence approxi-
mation using feedforward SNN. We view a feedforward connection of spiking neurons as a spike
propagation path, hereafter referred to as a memory pathways (She et al., 2021), that maps an input
spike train with an arbitrary frequency to an output spike train with a target frequency. Conse-
quently, we argue that an SNN with many memory pathways can approximate a temporal sequence
of spike trains with time-varying unknown frequencies using a series of pre-defined output spike
trains with known frequencies. Our theoretical framework aims to first establish SNN’s ability to
map frequencies of input/output spike trains within arbitrarily small error; and next, derive the basic
principles for adapting neuron dynamics and SNN architecture to improve sequence approximation.
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The theoretical derivations are then investigated with experimental studies on feedforward SNN for
spatiotemporal classi�cations. We adopt the basic design principles for improving sequence approx-
imation to optimize SNN architectures and study whether these networks can be trained to improve
performance for spatiotemporal classi�cation tasks. The key contributions of this work are:

• We prove that any spike-sequence-to-spike-sequence mapping functions on a compact do-
main can be approximated by feedforward SNN with one neuron per layer using skip-layer
connections, which cannot be achieved if no skip-layer connection is used.

• We prove that using heterogeneous neurons having different dynamics and skip-layer con-
nection increases the number of memory pathways a feedforward SNN can achieve and
hence, improves SNN's capability to represent arbitrary sequences.

• We develop complex SNN architectures using the preceding theoretical observations and
experimentally demonstrate that they can be trained with supervised BPTT and unsuper-
vised STDP for spatiotemporal data classi�cation.

• We design a dual-search-space option for Bayesian optimization process to sequentially op-
timize network architectures and neuron dynamics of a feedforward SNN considering het-
erogeneity and skip-layer connection to improve learning and classi�cation of spatiotem-
poral patterns.

We experimentally demonstrate that our network design principles coupled with the dual-search-
space Bayesian optimization improve classi�cation performance on DVS Gesture (Amir et al.,
2017), N-caltech (Orchard et al., 2015), and sequential MNIST. Results show that the design prin-
ciples derived using our theoretical framework for sequence approximation can improve spatiotem-
poral classi�cation performance of SNN.

2 RELATED WORK

Prior theoretical approaches to analyze SNN often focus on the storage and retrieval of precise spike
patterns (Amit & Huang, 2010; Brea et al., 2013). There are also works that consider SNN for
solving optimization problems (Chou et al., 2018; Binas et al., 2016) and works that analyze the
dynamics of SNN (Zhang et al., 2019; Barrett et al., 2013). Those are different topics from the
approximation of spike-sequence-to-spike-sequence mappings functions. SNN that incorporates ex-
citatory and inhibitory signal is shown for its ability to emulate sigmoidal networks (Maass, 1997)
and is theoretically capable of universal function approximation. Feedforward SNN with specially
designed spiking neuron models (Iannella & Back, 2001; Torikai et al., 2008) have been demon-
strated for function approximation, while for networks using LIF neurons, function approximation
has been shown with only empirical results (Farsa et al., 2015). On the other hand, existing works
that have developed ef�cient training process for SNN and demonstrated classi�cation performance
comparable to deep learning models, have mostly used simpler and generic LIF neuron models (Lee
et al., 2016; Kaiser et al., 2020; Kim et al., 2020b; Wu et al., 2019; Sengupta et al., 2019; Safa et al.,
2021; Han et al., 2020). Therefore, this paper develops the theoretical basis for function approxima-
tion using feedforward SNN with LIF neurons, and studies applications of the developed theoretical
constructs in improving SNN-based spatiotemporal pattern classi�cation.

The effectiveness of heterogeneous neurons (She et al., 2021) and skip-layer connections (Srinivasan
& Roy, 2019; Sengupta et al., 2019) in SNN has been empirically studied in the past. However, no
theoretical approach has been presented to understand why such methods improve learning of spike
sequences, and how to optimize SNN's architecture and parameters to effectively exploit these de-
sign constructs. It is possible to search for the optimal SNN con�gurations through optimization
algorithms, but the large amount of hyper-parameters for spiking neurons and network structure cre-
ates a high-dimensional search space that is long and dif�cult to solve. Bayesian optimization (Snoek
et al., 2012) uses collected data points to make decision on the next test point that could provide im-
provement, thus accelerates the optimization process. Prior works (Parsa et al., 2019; Kim et al.,
2020a) have shown that SNN performance can be effectively improved with Bayesian optimization.
While those works consider a single or a few neuron parameters, the dual-search-space Bayesian
optimization proposed in this work optimizes both network architecture and neuron parameters ef�-
ciently by separating the discrete search spaces from the continuous search spaces.
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Figure 1: (a) A time-varying input spike sequence received by two memory pathways: neuron
membrane potential plots show the different response from the neurons to the given input. (b) A
minimal multi-neuron-dynamic (mMND) network withm layers andn neuron dynamics.

3 APPROXIMATION THEORY OFFEEDFORWARDSNN

3.1 DEFINITIONS AND NOTATIONS

De�nition 1 Neuron Response Rate
 For a spiking neuronn with membrane potential atvreset and
input spike sequence with periodt in , 
 is the number of input spiken needs to reachvth .

De�nition 2 Memory PathwaysFor a feedforward SNN withm layers, a memory pathway is de�ned
as a spike propagation path from input to the output layer. Two memory pathways are considered
distinct if the set of neurons contained in them is different.

De�nition 3 Minimal Multi-neuron-dynamic (mMND) NetworkA densely connected network in
which each layer has an arbitrary number of neurons that have different neuron parameters. All
synapses from one pre-synaptic neuron have the same synaptic conductance.

Notations Neuron Delaytnd is the time for a spike from pre-synaptic neuron to arrive at its post-
synaptic neurons, as shown in Figure 1(a). For a feedforward SNN withm layers, a skip-layer
connection can be de�ned with source layer and target layer pair(ls; l t ). The output feature map
from source layer is concatenated to the original input feature map of the target layer. For the
analysis of spike sequence in temporal space, the notation ofTmax andTmin are de�ned as positive
real numbers such thatTmax > T min . � > 0 is the error of approximation.

Figure 1(a) shows two memory pathways receiving an input spike sequence with time-varying pe-
riods. As the neurons have different dynamics, the two memory pathways have different response
to the input spike sequence. An example of mMND network withm layers andn neuron dynam-
ics is shown in Figure 1(b). SNN with multilayer perceptron (MLP) structure can be considered a
scaled-up mMND network with multiple neurons for each dynamic. A network with convolutional
structure can be considered a scaled-up mMND network with duplicated connections in each layer.
We analyze the correlation of network capacity and structure based on mMND networks. The de-
sign of neuron heterogeneity can also be implemented in MLP-SNN and Conv-SNN as described in
Section 4. The analysis for network capacity can be extended to those networks according to their
speci�c layer dimensions.

3.2 MODELING OF SPIKING NEURON

SNN consists of spiking neurons connected by synapses. The spiking neuron model studied in this
work is leaky integrate-and-�re (LIF) as de�ned by the following equations:

� m
dv
dt

= a + Rm I � v; v = vreset ; if v > v threshold (1)
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Rm is membrane resistance,� m = Rm Cm is time constant andCm is membrane capacitance.a
is the resting potential.I is the sum of current from all input synapses that connect to the neuron.
A spike is generated when membrane potentialv cross threshold and the neuron enters refractory
periodr , during which the neuron maintains its membrane potential atvreset . The time it takes for
a pre-synaptic neuron to send a spike to its post-synaptic neurons istnd . Neuron response rate
 is
a property of a spiking neuron's response to certain input spike sequence. We show how the value
of 
 can be evaluated below.

Remark For any input spike sequence, each individual spike can be described with Dirac delta
function � (t � t i ) wheret i is the time of thei -th input spike. Consider membrane potential of a
spiking neuron receiving the input before reaching spiking threshold, with initial state att = 0 with
v = vreset , solving the differential equation (1) leads to (Gerstner, 1995):

v(t) = vreset e� t
� m + a(1 � e� t

� m ) +
Rm

� m
e� t

� m

X

i

G
Z t

0
� (t � t i )e

t
� m dt (2)

Here,G is the conductance of input synapse connected to the neuron, which is trainable. From (2),
there exists a value ofu such thatvm (tu� 1) < v threshold andvm (tu ) > = vthreshold . By evaluating
(2) for u given neuron parameters and input spike sequence, the neuron response rate
 can be found.

3.3 APPROXIMATION THEOREM OFFEEDFORWARDSNN

To develop the approximation theorem for feedforward SNN, we �rst aim to understand the range of
neuron response rate that can be achieved. We show with Lemma 1 that for any input spike sequence
with periods in a closed interval, it is possible to set the neuron response rate
 to any positive
integer. Based on this property, we show with Theorem 1 that by connecting a list of spiking neurons
with certain
 sequentially and inserting skip-layer connections, network with spike period mapping
function P(t) can be achieved to approximate the target spike sequence. To understand whether
this capability of feedforward SNN relies on skip-layer connections, we develop Lemma 2 to prove
that skip-layer connections are indeed necessary. In subsection 3.4 we investigate the correlation
between approximation capability and network structures by analyzing the cutoff property of spiking
neurons, which can change the network's connectivity. In our analysis, we focus on two particular
designs: heterogeneous network (Lemma 4) and skip-layer connection (Lemma 5), and show their
impact on the number of distinct memory pathways in a network. All lemmas are formally proved
in the appendix.

Lemma 1 For any input spike sequence with periodt in in range[Tmin ; Tmax ], there exists a spik-
ing neuronn with �xed parametersvth ; vreset , a, Rm and � m , such that by changing synaptic
conductanceG, it is possible to set the neuron response rate
 n to be any positive integer.

Proof Sketch.(Formal proof in Appendix A) Given an input spike sequence, the highest possible
membrane potential decay� v for any inputt in 2 [Tmin ; Tmax ] can be derived as a function of
neuron parameters. We show it is possible to make� v tend to zero by setting the neuron parameters.
Since the decay ofv can be negligible,
 n can be set to any positive integer by changingG.

Theorem 1 For any input and target output spike sequence pair with periods(t in ; tout ) 2
[Tmin ; Tmax ] � [Tmin ; Tmax ], there exists a minimal-layer-size network with skip-layer connections
that has memory pathway with output spike period functionP(t) such thatjP(t in ) � tout j < � .

Proof Sketch.(Formal proof in Appendix B) With skip-layer connections, there can be multiple
memory pathways in a minimal-layer-size network as neurons can be either included or skipped
through. Hence it is possible to create memory pathways with different delay times for each input
spike in a network. By connecting the output of those memory pathways to a common neuronn0,
spike sequence of any arbitrary periodt int such thatt int < = t in can be generated within� . By
setting
 n 0 > 1, the output fromn0 receiving input spike sequence witht int is tn 0

out = 
 � t int . Hence
it is possible to achieve a network with output spike periodP(t) such thatjP(t in ) � tout j < � .

Lemma 2 With no skip-layer connection, there does not exist a minimal-layer-size network that has
output spike period functionP(t) such that for any input and target output spike sequence pair with
periods(t in ; tout ) 2 [Tmin ; Tmax ] � [Tmin ; Tmax ], jP(t in ) � tout j < � .
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Proof Sketch.(Formal proof in Appendix C) A minimal-layer-size network without skip-layer con-
nection has only one memory pathway. For a particular input spike sequence with periodt in , dif-
ferent output periodP(t in ) can be achieved by changing
 of neurons in the memory pathway. We
show that there exists two output spike periodsP(t in ) andP0(t in ), such thatP(t in ) � P0(t in ) is a
constant value independent of network or neuron con�gurations, and there can be noP00(t in ) such
thatP(t in ) < P 00(t in ) < P 0(t in ). Therefore, for any minimal-layer-size network, there existstout
within the range of(P(t in ); P0(t in )) such thatjP(t in ) � tout j < � does not hold true.

3.4 NETWORK STRUCTURE AND MEMORY PATHWAYS

Based on Theorem 1, it is possible to approximate an input/output spike sequence mapping func-
tion using a minimal-layer-size network with speci�c con�guration, which can be considered as a
memory pathway. Since any bounded continuous function on a compact domain can be approxi-
mated to arbitrary accuracy using a piece-wise constant function, and it is possible to use a memory
pathway to approximate each of the constant function, with increasing number of distinct memory
pathways, a feedforward SNN can achieve approximation of continuous functions with less error.
In this subsection, we show that with two structural designs: heterogeneous network i.e. a network
having neurons with different dynamics and adding skip-layer connections, a feedforward SNN has
the capability to achieve more distinct memory pathways.

Cutoff Frequency of a Memory Path We �rst show the correlation of cutoff period and spiking
neuron parameters with Lemma 3, which is proved in Appendix D.

Lemma 3 A spiking neuron has cutoff period! c = � m ln( v reset � a
v reset � a+ R m

� m
G

) above which input spike

sequence cannot cause the spiking neuron to spike.

Remark From Lemma 3, it can be observed that the cutoff period! c of a neuron can be con�gured
to any positive real number by changing the neuron parameters and synaptic conductanceG. Further,
with �xed G, ! c can be con�gured to any positive real number by changing the neuron parameters.
Neurons that are in cutoff change the spike propagation path in a network as they send no output
spikes. This creates different memory pathways without changing the connections in a network.

Heterogeneous Network If an mMND network has the same parameters for all neurons in each
layer, the majority of the neurons are included in the same memory pathway, leading to the upper
bound of number of distinct memory pathways to be limited. With Lemma 4, we show the rela-
tionship between the upper bound of the number of distinct memory pathways and the number of
different neuron dynamics in an mMND network.

Lemma 4 For an mMND network withm layers andf � 1; � 2; :::� m g number of different neuron
dynamics in each layer, the least upper bound of the number of distinct memory pathways is

Q m
i =1 � i .

Proof Sketch.(Formal proof in Appendix D) For an mMND network, it is possible to have neurons
with different ! c in each layer, which creates� i number of different neuron activation states for
layer i . Across all network layers, the highest possible number of different neuron activation states
is therefore the product of� of each layer. Since neurons in cutoff do not propagate spikes, they can
be removed from a memory pathway. This leads to

Q m
i =1 � i as the least upper bound of the number

of memory pathways.

Compared to a network with homogeneous neuron parameters, in which the upper bound of number
of distinct memory pathways is� m , Lemma 4 indicates that heterogeneous network increases the
maximum achievable number of distinct memory pathways in a feedforward SNN.

Skip-layer Connection We show that adding skip-layer connection increases the upper bound of
the number of memory pathways in a network with Lemma 5.

Lemma 5 For an mMND network withm layers andf � 1; � 2; :::� m g different neuron dynamics in
each layer and a skip-layer connection made between layerla and lb, s.t. a; b 2 f 1; 2; :::mg and
(b � a) > 1, the least upper bound of the number of memory pathways is

Q m
i =1 � i + (

Q a
i =1 � i �Q m

i = b � i )
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Figure 2: (a) The proposed network with BPTT training, each multi-neuron-dynamic layer contains
a set of neuron dynamics fromd1 to dm . (b) The proposed network with STDP training.

Proof Sketch.(Formal proof in Appendix D) Compared to the network considered in Lemma 4,
by adding a skip-layer connection, there are additional possible neuron activation states in the net-
work that result from the cutoff of neurons in layers betweenla and lb. Without layers between
la andlb in the spike propagation path, the least upper bound of the number of memory pathways
is increased by the maximum number of distinct memory pathways in a network that has layers
f l1; l2; :::; la ; lb; lb+1 ; :::; lm g connected sequentially.

4 SNN ARCHITECTUREDESIGN USINGAPPROXIMATION THEORY

In this section, we discuss design of SNN architectures as inspired by the developed approximation
theory for feedforward SNN, with more details in Appendix G.

Network Template for BPTT Training For BPTT training, the network template is shown in Fig-
ure 2(a). The heterogeneity in neuron dynamics is implemented by using the multi-neuron-dynamic
layers, which can either be convolutional or fully connected. The multi-neuron-dynamic layers use
different neuron parameters for spiking neurons in each neuron dynamic module, which contains a
certain number of feature maps for convolutional layers or a certain number of neurons for fully-
connected layers. There are two types of synapses between layers: transferred synapses marked as
black dashed arrows and learned synapses marked as red solid arrows. The conductance of learned
synapses is optimized by the BPTT algorithm during training, and the transferred synapses have
the same conductance as the learned synapses from the same pre-synaptic neuron. During forward
pass, neurons in each layer receive the same input features and respond differently based on their
neuron dynamics to generate different output features. During back-propagation, only conductance
of the learned synapses are updated. Skip-layer connection is implemented with the output spike
matrix from source layer concatenated to the original input spike matrix of the target layer. The
skip-layer connection has the same implementation as the regular connection between consecutive
layers, with both learned and transferred synapses (Figure 2(a)). The last layer of the network is a
fully-connected layer with homogeneous dynamic to generate prediction labels.

Network Template for STDP Learning For networks trained with STDP, the template is shown
in Figure 2(b). Each layer contains a learner module and a memory module. Learner modules use
homogeneous neuron dynamic that is suitable for STDP learning, and memory modules consist of
neurons with different dynamics. There are also two types of synapses: transferred synapses and
learned synapses. Between two layers, memory modules are connected with transferred synapses
and memory modules are connected to learner modules with learned synapses. Leaner modules be-
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tween layers are not directly connected. STDP training proceeds as a layer-by-layer process. During
training of the �rst layer, conductance of synapses connecting neurons in memory module to neu-
rons in learner module is learned with STDP using all training data without supervision. Then, the
learned conductance is transferred to the transferred synapses in the same layer. During training of
the second layer, layer 1 memory module perceives the same input features and generates different
output features with the heterogeneous neurons. This lay-by-layer process is repeated until the layer
before the �nal layer �nishes learning. The �nal linear layer is then �ne-tuned using stochastic
gradient descent (SGD) based on spike frequency array from the last multi-neuron-dynamic layer
generated based on the labeled data. Skip-layer connection is implemented by connecting the mem-
ory module of the source layer to the target layer. The connections are made with the two types of
synapses and follow the same training process as the consecutive layers.

Dual-search-space Bayesian OptimizationBayesian optimization uses Gaussian process to model
the distribution of an objective function, and an acquisition function to decide points to evaluate.
For data points in a target datasetx 2 X and the corresponding labely 2 Y , an SNN with network
structureV and neuron parametersW acts as a functionf V;W (x) that maps input datax to predicted
label ~y. The optimization problem in this work is de�ned as

minV;W P where P =
X

x 2 X;y 2 Y

L (y; f V;W (x)) (3)

V contains the number of layersN layers , the number of memory dynamicsNdynmaic and skip-
layer connection con�guration variablesNskip , L start andL end , each controlling the number of
skip-layer connections, the �rst layer and last layer to implement skip-layer connections. All of the
values are discrete.W contains the values fora, � m andRm in (1), which are continuous. We
separate the discrete and continuous search spaces by implementing a dual-search-space optimiza-
tion process, whereV is �rst optimized with �xed, manually tuned neuron parameters. After an
optimal structure is found,W are optimized for the selectedV. Details on the con�gurations of the
optimization process are listed in the appendix. To achieve Bayesian optimization with constraints,
we implement a modi�ed expected improvement (EI) acquisition function similar to the one shown
by Gardner (Gardner et al., 2014), which uses a Gaussian process to model the feasibility indicator
due to its high evaluation cost. In this work, since the constraint function can be explicitly de�ned,
we use a feasibility indicator that is directly evaluated. The modi�ed EI function is de�ned as:

I c(W) = �( W) � maxf 0; P(W) � P (W+ )g (4)

whereW is the network con�guration containingW and V. W+ is the test point that provided
the best result.�( W) is the explicitly de�ned indicator function that takes the value of 1 when all
constraints are satis�ed and 0 otherwise.

5 EXPERIMENTS

5.1 EXPERIMENT SETTINGS

Datasets tested in the experiment include the DVS Gesture (Amir et al., 2017), which is a human
gesture dataset captured by DVS cameras, and the N-Caltech101 (Orchard et al., 2015), which is an
event-based version of the Caltech101 dataset. The proposed method is also tested for MLP-style
SNN on the sequential MNIST dataset presented row-by-row. We also vary the amount oflabeled
data used during trainingranging from using 100% labeled data for training down to 10% labeled
data (30% for N-Caltech101) during training. Note, during STDP training networks always use the
entire butun-labeledtraining dataset; however, only the fraction of the labeled data is used for su-
pervised �ne-tuning of the last layer. Comparison is made for DVS Gesture and N-Caltech101 with
prior works including ConvLSNN, which is a combination of convolutional SNN and recurrent SNN
with long and short-term neurons trained with BPTT (Salaj et al., 2020), DECOLLE (Kaiser et al.,
2020), which uses surrogate gradient to train a convolutional feedforward SNN, HATS (Sironi et al.,
2018), which implements time surfaces and SVM for classi�cation and H-SNN (She et al., 2021)
which uses STDP to train a convolutional SNN with two neuron dynamics. Additional function
approximation experiments are discussed in Appendix E.

7



Published as a conference paper at ICLR 2022

Figure 3: Validation error over optimization iterations for the proposed dual-search-space Bayesian
optimization compared to the normal single-search-space Bayesian optimization.

5.2 EFFECT OFDUAL -SEARCH-SPACEBAYESIAN OPTIMIZATION

We compare the proposed dual-search-space Bayesian optimization with regular Bayesian optimiza-
tion using a single search space for network validation error over 5 runs. The result from the N-
Caltech101 dataset is shown in Figure 3. It can be observed that the two optimization approaches
achieve similar minimum validation error after convergence. By separating the search spaces, the
proposed optimization process reaches convergence faster than regular single-search-space opti-
mization. It is also worth noting that, between the two stages in the optimization process for BPTT
training, the �rst stage accounts for more reduction in validation error than the second stage. This
indicates that optimizing network structure causes more impact to BPTT training than optimizing
neuron parameters, which is potentially due to the reason that network structure more heavily af-
fects the number of memory pathways in the network than neuron parameters. On the other hand, for
STDP training where learning behavior is sensitive to the dynamic of spiking neurons, the reduction
of validation error is more equally shared between the two optimization stages. Over the 5 runs,
among all network con�gurations achieved after the dual-search-space optimization converges, we
compare the con�guration with the lowest number of trainable parameters against baseline models.
The speci�c con�gurations for the optimized networks are listed in Table 1. It can be observed that
for BPTT algorithm, the optimized networks have more layers than the STDP trained networks, and
the optimal values found for neuron parameters are highly distinct for the two training methods.

Table 1: Con�guration of optimized network models

Conv. Layer Skip-layer Number of Different Neuron Parameters
Network Number Connection Neuron Dynamics anda � m Rm

BPTT, Gesture 9 (2,7) 4, (-24,-17,-12,-9) 120 340
BPTT, N-Caltech 12 (2,5), (5,8), (8,11) 5, (-23,-16,-14,-11,-8) 70 300

STDP, Gesture 6 (2,4), (4,6) 4, (-26,-24,-15,-9) 110 260
STDP, N-Caltech 8 (3,5), (5,7) 6, (-21,-19,-17,-13,-9,-7) 140 240

5.3 ABLATION STUDIES

To investigate the effect of using multiple neuron dynamics, we apply the same dual-search-space
Bayesian optimization process for networks that have homogeneous neuron dynamic for the same

Table 2: Ablation studies of optimized networks

Model Heterogeneity Skip-layer DVS Gesture N-Caltech101 S-MNIST

Homogeneous-BPTT N Y 95.0 65.3 95.5
No-skip-layer-BPTT Y N 96.5 63.5 94.8
This Work-BPTT Y Y 98.0 71.2 97.3

Homogeneous-STDP N Y 91.3 37.0 94.3
No-skip-layer-STDP Y N 93.1 51.9 95.5
This Work-STDP Y Y 96.6 58.1 96.1
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Table 3: Accuracy (%) for DVS Gesture (top) and N-Caltech101 (bottom)

Labeled Data % In Training Parameter
Model 100% 50% 30% 10% Number

ConvLSNN (Salaj et al., 2020) 97.1 95.3 92.0 84.3 2.9M
DECOLLE (Kaiser et al., 2020) 97.5 95.0 91.2 83.9 1.3M

(Fang et al., 2021) 97.8 - - - -
HATS (Sironi et al., 2018) 95.2 94.1 91.6 83.7 -
H-SNN (She et al., 2021) 96.2 95.8 93.7 88.2 0.74M

This Work-STDP Training 96.6 96.0 94.1 91.2 0.81M
This Work-BPTT Training 98.0 95.3 91.1 82.4 1.1M

Labeled Data % In Training Parameter
Model 100% 70% 50% 30% Number

ConvLSNN (Salaj et al., 2020) 63.1 58.7 51.3 45.4 3.0M
DECOLLE (Kaiser et al., 2020) 66.9 61.9 56.2 50.6 2.0M

HATS (Sironi et al., 2018) 64.2 61.0 54.3 48.8 -
H-SNN (She et al., 2021) 42.8 41.9 37.0 34.6 1.7M

This Work-STDP Training 58.1 57.8 57.2 54.6 1.4M
This Work-BPTT Training 71.2 65.4 56.0 52.5 1.7M

number of evaluations as the proposed design. Similarly, to study the contribution to performance
gain from skip-layer connections, the Bayesian optimization process is used for network templates
without skip-layer connections. The optimization process runs for the same number of evaluations
as the proposed design. From the results shown in Table 2, it can be observed that compared to
baselines, the proposed networks achieve the best accuracy for all datasets. Speci�cally, when ho-
mogeneous network is used, the performance of STDP trained network is noticeably lower than
the proposed method for DVS Gesture and N-Caltech101. For BPTT training, using heterogeneous
network and skip-layer connection show different level of bene�t for each dataset. For sequential
MNIST which has less complexity, the improvement from using heterogeneous neurons and skip-
layer connections is not as signi�cant.

5.4 COMPARISON WITH PRIOR WORKS

DVS GestureAs shown in Table 3 (top), with 100% labels, the proposed network trained with BPTT
demonstrates higher accuracy than all tested networks without using the most trainable parameters.
The proposed network trained with STDP has slightly lower accuracy than some baselines when
100% labels are used; for reduced-label training it outperforms all other networks.

N-Caltech101As shown in Table 3 (bottom), the proposed network trained with BPTT outperforms
all baselines with both 70% and 100% training labels and also has less trainable parameters than
most baselines. The un-supervised learning models i.e., H-SNN and the proposed network with
STDP, show considerably lower performance (more than what was observed for DVS Gesture) than
supervised ones when 100% labels are available; However, the proposed network with STDP shows
better performance than H-SNN, and outperforms all networks when available labels are below 50%.

6 CONCLUSION

We develop a theoretical basis to understand and optimize the ability of a feedforward SNN to
approximate temporal sequence. We analytically show how heterogeneity and skip-layer connec-
tions can improve sequence approximation with SNN, and empirically demonstrate their impact on
spatiotemporal learning. It is well-known in neuroscience that, heterogeneity (De Kloet & Reul,
1987) and irregular connectivity (Eickhoff et al., 2018) are intrinsic properties of human brains. Our
analysis shows that incorporating such concepts within arti�cial SNN is bene�cial for designing
high-performance SNN for classi�cation of spatiotemporal data.
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A SNN DYNAMICS

Remark For a sequentially connected neuron list withm neurons all with
 = 1 and neuron delay
tnd , an input spike at timet leads the neuron list to generate an output spike at timet + mt nd

Remark For any input sequence with periodt in to a spiking neuron with response rate
 such that

 > 1, if refractory period is set tor < t in , the neuron can exit refractory period before the next
spike arrives.

Lemma 1For any input spike sequence with periodt in in range[Tmin ; Tmax ], there exists a spiking
neuronn with �xed parametersvth ; vreset , a, Rm and� m , such that by changing synaptic conduc-
tanceG, it is possible to set the neuron response rate
 n to be any positive integer.

Proof. For a given input spike sequence periodt in , consider the maximum possible membrane
potential decay that can be reached within a period oft in . From (1), whenI = 0 , dv

dt < 0 andj dv
dt j

increases with higherv. Hence, the maximum decay ofv is reached when initial membrane potential
v(t = 0) ! v�

th and the neuron decays for periodt in = Tmax . The decayed membrane potential
v(t = Tmax ) can be derived by solving the differential equation (1) forv(t) = vth at t = 0 :

v(t = Tmax ) = vth e� T max
� m � ae� T max

� m + a (5)

It is possible to have a spiking neuron withRm , a and� m such that� v, de�ned as

� v = v(t = Tmax ) � v(t = 0) = vth e� T max
� m � ae� T max

� m + a � vth (6)
,

tends to zero. With this con�guration, since the the highest possible decay of membrane potential is
negligible, for any target
 , it is possible to setG such that

G =
vth � vreset



(7)

The proof is complete.

Note, input sequence that has no spike hast in tending to in�nity, thus violating the bounded con-
straint mentioned in Lemma 1.

B PROOF OFTHEOREM 1

Theorem 1 For any input and target output spike sequence pair with periods(t in ; tout ) 2
[Tmin ; Tmax ] � [Tmin ; Tmax ], there exists a minimal-layer-size network with skip-layer connections
that has memory pathway with output spike period functionP(t in ) such thatjP(t in ) � tout j < � .

Proof. For any given(t in ; tout ), �rst consider the condition wheret in > t out . It is possible to
construct a minimal-layer-size networkN connectingm spiking neurons with neuron response rate

 = 1 sequentially, denoted as am-tuple of neuronsf n1; n2; :::; nm g. Since any con�guration of
skip-layer connection with source layer and target layer pair(ls; l t ), such thatls 2 [1; m � 2], and
l t 2 [ls + 2 ; m], can be added, it is possible to add a(m � 2)-tuple of skip-layer connections

Ssl = f (i; m ) 8 i 2 f 1; 2; 3; :::; m � 2gg (8)

Denote the synaptic conductance for all the skip-layer connections as a(m � 2)-tuple

SG sl = f Gsl
1 ; Gsl

2 ; Gsl
3 ; :::; Gsl

m � 2g (9)

For anytout < t in , it is possible to �nd ak-tuple of synaptic conductance

S0
G sl = f Gsl

i ; Gsl
2i ; Gsl

3i ; :::; Gsl
ki g s.t. i = b

tout

tnd
c and k = b

m � 2
i

c (10)
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Set synaptic conductance inSG sl nS0
G sl to 0. Then set the conductance of synapse connectingnm � 1

andnm to 0. In such way, The output spikes from network N have period

P(t in ) = b
tout

tnd
c � tnd (11)

For given� , it is possible to choosetnd such thattnd < 2� , therefore satisfyingjP(t in ) � tout j < � .
m can be chosen as

m =
Tmax � Tmin

tnd
(12)

or equivalently:

m =
Tmax � Tmin

2�
(13)

SinceTmax � Tmin
2� is �nite, m is �nite.

For t in < t out , usingN as described above, it is possible to achieve output spike with period within
� of any period in(0; t in ]. For a giventout , assume the con�guration in neuron listN has output
spike intervalt0

int such thatkt0
int = tout , wherek is a positive integer. From Lemma 1, it is possible

to setG for a neuronnm +1 such that its neuron response delay satis�es
 n m +1 = k for input spike
periodt0

int . A new network, denoted asN 0, can be formed by connectingnm +1 to the output of
N . N 0 has output spike with periodP(t in ) = kt0

int = tout . Hence, to reach the given� , it requires
neuron listN to have output spike intervalt int such that

jt int � t0
int j <

�
k

(14)

Sincek is �nite, (14) can be achieved.

For t in > = tout , it is possible to con�gure networkN 0 such thatt int satis�esjt int � tout j < � , and
the value of
 n m +1 set to 1, hencejP(t in ) � tout j < � can be achieved. The proof is complete.

C PROOF OFLEMMA 2

Lemma 2With no skip-layer connection, there does not exist a minimal-layer-size network that has
output spike period functionP(t in ) such that for any input and target output spike sequence pair
with periods(t in ; tout ) 2 [Tmin ; Tmax ] � [Tmin ; Tmax ], jP(t in ) � tout j < � .

Proof. A minimal-layer-size networkN with m layers can be denoted as am-tuple of neurons
f n1; n2; :::; nm g connected sequentially. Since no skip-layer connection exists, there is only one
distinct memory pathway that contains all neuronsf n1; n2; :::; nm g.

Denote the set of neuron response rate corresponding to each neuron inN as

� = f 
 1; 
 2; :::; 
 m g (15)

For a given input sequence witht in , denote the timing of the �rst spike ast in
1 , consider the output

spike sequence for network with


 i = 1 8 
 i 2 � (16)

The �rst output spike fromN has timing~tout
1 = t in

1 + mt nd , and the second output spike has timing
~tout
2 = t in

1 + t in + mt nd . It can be easily derived that the period of the output spike sequence is

P(t in ) = t in (17)
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Also consider the output spike sequence for network with


 j = 2 for any j 2 f 1; 2; 3; 4; :::; mg and 
 i = 1 8 i 2 (f 1; 2; 3; 4; :::; mg n f j g) (18)

Following the same process, the period of the output spike sequence is

P(t in ) = 2 t in (19)

Since the smallest increase to any
 i is by 1, there is no set of values for
 such that the network
output spike sequence has periodP(t in ) satisfyingt in < P (t in ) < 2t in . Since within the range
(t in ; 2t in ), there exists values oftout such thatjP(t in ) � tout j < � does not hold. The proof is
complete.

D MEMORY PATHWAYS IN SNN

In this section we analyze the increase to the least upper bound of the number of memory pathways
in a network by using heterogeneous networks and skip-layer connections.

Lemma 3A spiking neuron has cutoff period! c = � m ln( v reset � a
v reset � a+ R m

� m
G

) above which input spike

sequence cannot cause the spiking neuron to spike.

Proof. Consider (2), since membrane potential increases at timet i and decays otherwise, solving for
t = t i and the equation can be expanded:

vm (t i ) = vreset e
t i

� m + a(1 � e
t i

� m ) +
Rm

� m
Ge

t i � t 1

� m +
Rm

� m
Ge

t i � t 2

� m + ::: +
Rm

� m
G (20)

For input with frequencyf , t i +1 � t i = � t = 1
f , subtracting membrane potential values at two

consecutivet i provides:

� vm = vm (t i +1 ) � vm (t i ) = vreset (e
t i +1
� m � e

t i
� m ) � a(e

t i +1
� m � e

t i
� m ) +

Rm

� m
Ge

t i +1 � t 1

� m (21)

setting time of the �rst input spiket1 to zero leads to:

� vm = e
t i

� m ((e
� t
� m � 1)(vreset � a) +

Rm

� m
Ge

� t
� m ) (22)

As e
t i

� m > 0, and the term((e
� t
� m ) � 1)(vreset � a)+ R m

� m
Ge

� t
� m ) does not depend ont i , the polarity of

� vm does not change with time.vm is either strictly increasing, staying the same or decreasing with
highert i . This indicates that, when� vm � 0 the post-synaptic neuron can never spike regardless
of how many pre-synaptic spikes it receives.� vm � 0 when input spike periodt in satis�es

t in � � m ln(
vreset � a

vreset � a + R m
� m

G
) (23)

Therefore, the cutoff period of the neuron is

! c = � m ln(
vreset � a

vreset � a + R m
� m

G
) (24)

The proof is complete.
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In the following proof, we consider cutoff frequency,f c = 1
! c

of spiking neurons. From (24) it
can be easily derived thatf c can be con�gured to any positive real number by changing the neuron
parameters.

Lemma 4 For an mMND network withm layers andf � 1; � 2; :::� m g number of different neuron
dynamics in each layer, the least upper bound of the number of memory pathways is

Q m
i =1 � i .

Proof. Denote the set of neurons in layerl with distinct neuron dynamics as

Sl
n = f nl

1; nl
2; nl

3; :::; nl
� l

g (25)

Since the network is mMND,jSl
n j = � l . Denote the set of cutoff frequency corresponding to each

neuron inSl
n as

F l
c = f f n l

1
c ; f n l

2
c ; f n l

3
c ; :::; f

n l
� l

c g (26)

Since neurons inSl
n can have different neuron parameters, from Lemma 3, it is possible to set the

parameters such that all entries ofF l
c are distinct. Hence, there exists a permutation� such that

f
n l

� (1)
c < f

n l
� (2)

c < f
n l

� (3)
c ::: < f

n l
� ( � l )

c (27)

Denote the input spike frequency to layerl asf l
in , neuronnl

i is a part of a valid memory pathway in
the network if

f n l
i

c � f l
in (28)

Therefore, for input spike frequencyf l
in � f

n l
� ( � l )

c , all neurons inSl
n can be part of a valid memory

pathway of the network. For input spike frequency such thatf
n l

� ( i )
c � f l

in < f
n l

� ( i +1)
c , i neurons can

be part of a valid memory pathway of the network.

For any input to the networkf in 2 [Fmin ; Fmax ], denote the number of ways different neurons in
Sl

n can be part of valid memory pathways askl . The total number of distinct memory pathwaysK
in the network is the product ofkl of all layers:

K =
mY

l =1

kl (29)

Since for all layers,0 � kl � � l ,

K �
mY

l =1

� l (30)

Consider that, for any layerl 2 f 1; 2; 3; :::; mg, the inputf l
in is bounded by[F l

min ; F l
max ]. kl = � l

can be achieved by settingf
n l

� (1)
c andf

n l
� ( � l )

c such that:

f
n l

� (1)
c = F l

min and f
n l

� ( � l )
c = F l

max (31)

Hence the bound is tight for (30). The proof is complete.

Lemma 5 For an mMND network withm layers andf � 1; � 2; :::� m g different neuron dynamics in
each layer and a skip-layer connection made between layerla andlb, s.t.a; b2 f 1; 2; :::mg and(b�
a) > 1, the least upper bound of the number of memory pathways is

Q m
i =1 � i + (

Q a
i =1 � i �

Q m
i = b � i )
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Proof. Denote the mMND network with skip-layer connection between layerla and layerlb asP.
Denote the set of all neurons inP as

SP = f n1
1; n1

2; n1
3; :::; n2

1; n2
2; n2

3; :::g (32)

wheren1
i is a neuron in layerl1, andn2

i is a neuron in layerl2, etc. The activation stateon j
i

of a

neuron can be denoted with binary values0 and1 with on j
i

= 1 representing thatnj
i receives input

frequency that is above its cutoff frequencyf n j
i

c .

The set of all possible neuron activation statesO in P that generates non-zero network output feature
vector can be partitioned into two subsets denoted asOA andOB .

SetOA contains all states where the input frequencyf k
in to any layerlk such thata < k < b satis�es

f k
in < f n k

i
c 8 i 2 f 1; 2; 3; :::; � k g (33)

SetOB contains all the remaining neuron activation states inO, where all layers receive input fre-
quency higher than cutoff frequency of at least one neuron in that layer.

For all the states inOA , no spike signal is sent from layerb � 1 to layerb, since at least one layer
betweenla andlb generates no output. Hence, output fromP is not affected if connections between
layerl i andl i +1 , such thati 2 f a; a+ 1 ; :::; b� 1g, are removed. NetworkP is therefore equivalent
to networkP0 that has layersf l1; l2; :::; la ; lb; lb+1 ; :::; lm g connected sequentially.

According to Lemma 4, it can be derived that the least upper bound of the number of distinct memory
pathways inP0 is

Q a
i =1 � i �

Q m
i = b � i .

Hence, for all states in setOA , the least upper bound of the number of distinct memory pathways in
P is also

Q a
i =1 � i �

Q m
i = b � i . For all states in setOB , since the activation of neurons in the source

layer of the skip-layer connection is already accounted for when considering layerla , the least upper
bound of the number of distinct memory pathways is the same as networkP that has no skip-layer
connection, which is

Q m
i =1 � i according to Lemma 4.

For the set of memory pathways from states inOA , denoted asM A , and the set of memory pathways
from states inOB , denoted asM B , the number of memory pathways of networkP is jM A [ M B j.

From Lemma 5, the bound is tight forjM A j �
Q a

i =1 � i �
Q m

i = b � i and forjM B j �
Q m

i =1 � i . It also
satis�es thatM A \ M B = ; since all elements inM A have(m � (b� a� 1)) layers and all elements
in M B havem layers. Hence the bound is tight for

jM A [ M B j �
mY

i =1

� i + (
aY

i =1

� i �
mY

i = b

� i ) (34)

The proof is complete.

E TIME-VARYING FUNCTION APPROXIMATION

A time-varying function f(t) can be approximated using piece-wise constant function, such as illus-
trated in Figure 4. It is therefore possible to approximate the time-varying function with a feedfor-
ward SNN by approximating each of the constant function with a memory pathway. In this section,
we test the approximation capability of feedforward SNN for time-varying functions using this prin-
ciple. The target functions to approximate have the form of:

f (x) =
xn

x � m
(35)

Here,x is variable;n andm are function parameters. For discrete-time simulation of the network,
we approximate the target function with

x = t in and f (x) = tout (36)
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Figure 4: Using a set of memory pathways to map a piece-wise constant function for approximating
a time-varying function.

wheret in is the input spike period andtout is the output spike period. We test approximation
performance of a small-scale feedforward SNN with 6 fully-connected layers, skip-layer connec-
tionsf (2; 5); (3; 5)g and 4 neuron dynamics. The network is trained with BPTT to minimize mean
squared error (MSE) loss between the spike period of network outputt0

out and target spike period
tout .

To evaluate the network's approximation performance, we construct 6 networks with the same struc-
ture as discussed above, and change each to have different trainable parameter numbers by scaling
the layer size. For baseline comparison, networks with 6 layers, no skip-layer connection and using
homogeneous neurons, con�gured to have the same trainable parameter numbers as the proposed
networks, are tested. All networks are trained with BPTT. The loss function measures the difference
between the network output spike trains and the target spike trains with MSE. Two sets of function
parameters:(m = 1 ; n = 3 :3) and (m = 2 ; n = 2 :1) are tested for the target functionsf (x)
on domain[3; 10]. The resulting MSE losses for different network scales are shown at the bottom
of Figure 5. It can be observed that the proposed networks can approximate target functions with
less error than the baseline networks at all network scales. The smallest tested networks have rela-
tively high losses while performance increases quickly with more trainable parameters. The rate of
performance improvement decreases when trainable parameter number is above 4000.

To understand the impact of the target function parameters to approximation performance of SNN,
we test baseline and the proposed network with 4167 trainable parameters for different pairs of

Figure 5: MSE loss vs. number of trainable parameters for the function approximation experiments.
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Figure 6: (a) MSE loss (log) of baseline network (top) and the proposed network (bottom) for
approximating functions with different parametersm andn. (b) Heat plots of MSE loss for approx-
imating functions with different parametersm andn.

function parametersm andn. The resulting MSE loss is shown with a heat map in Figure 6. It
can be observed that for allm andn value pairs, the proposed network achieves lower loss than
the baseline network. Another observation is that, there is no clear correlation between the value
of m and approximation error. On the other hand, for higher values ofn, the approximation error
generally increases for both baseline and the proposed network.

F NETWORK SPIKING ACTIVITY

To investigate neuron spiking activity in the proposed network, for the function approximation task
as described in Appendix E, with parameters(m = 1 ; n = 2 :3) and a randomly selected approxi-
mation pointf (x = 19) , we plot the timing of neuron spikes at the last layer over training epochs in
Figure 7 (a). It can be observed that the network initially generates spikes at widely distributed tim-
ings. After the �rst 50 training epochs spike timing starts to converge and remains stable at around
200 epochs. The �nal output spike period ist0

out = 48, which matches the target output period.

Next, we investigate spiking activity of the BPTT trained network as described in Section 5.4 for
N-Caltech101 classi�cation task. Three different test data points are presented to the network, and
the spikes from neurons in the �rst depth of layer 8 and neurons in the �nal layer, are recorded and
shown in Figure 7 (b). Here, (i), (iii) and (v) are from layer 8; (ii), (iv) and (vi) are from the �nal
layer. (i) and (ii) are from the observation of a data point with class label “5”; (iii) and (iv) are from
the observation of another data point also with class label “5”; (iii) and (iv) are from the observation
of a data point with class label “1”.

It can be observed that neurons in layer 8 exhibit similar activity in (i) and (iii) as the network is
presented with data points from the same class. (ii) and (iv) show that most spiking activities are
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