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ABSTRACT

We consider the offline constrained reinforcement learning (RL) problem, in
which the agent aims to compute a policy that maximizes expected return while
satisfying given cost constraints, learning only from a pre-collected dataset. This
problem setting is appealing in many real-world scenarios, where direct interac-
tion with the environment is costly or risky, and where the resulting policy should
comply with safety constraints. However, it is challenging to compute a policy that
guarantees satisfying the cost constraints in the offline RL setting, since the off-
policy evaluation inherently has an estimation error. In this paper, we present an
offline constrained RL algorithm that optimizes the policy in the space of the sta-
tionary distribution. Our algorithm, COptiDICE, directly estimates the stationary
distribution corrections of the optimal policy with respect to returns, while con-
straining the cost upper bound, with the goal of yielding a cost-conservative policy
for actual constraint satisfaction. Experimental results show that COptiDICE at-
tains better policies in terms of constraint satisfaction and return-maximization,
outperforming baseline algorithms.

1 INTRODUCTION

Reinforcement learning (RL) has shown great promise in a wide range of domains, such as com-
plex games (Mnih et al., 2015; Silver et al., 2017) and robotic control (Lillicrap et al., 2016;
Haarnoja et al., 2018). However, the need to interact with the environment during learning hinders
its widespread application to many real-world problems for which executing exploratory behavior
in the environment is costly or dangerous. Offline RL (also known as batch RL) (Lange et al., 2012;
Levine et al., 2020) algorithms sidestep this problem and perform policy optimization solely from a
set of pre-collected data. The use of existing (offline) data can make offline reinforcement learning
applicable to real world systems and and has led to a sharp increase in interest in this paradigm.

Recent works on offline RL, however, mostly assume that the environment is modeled as a Markov
decision process (MDP), and standard offline RL algorithms focus on reward-maximization only
(Fujimoto et al., 2019; Wu et al., 2019; Kumar et al., 2019; Siegel et al., 2020; Wang et al., 2020;
Kumar et al., 2020). In contrast, in real-world domains it is common that the behavior of the agent
is subject to additional constraints beyond the reward. Consider, for example, autonomous driving
or an industrial robot in a factory. Some behaviors may damage the agent itself or its surroundings,
and safety constraints should thus be considered as part of the objective of a suitable reinforce-
ment learning system. One of the ways to mathematically characterize a constrained RL problem
is through the formalism of constrained Markov Decision Processes (CMDP) (Altman, 1999). In
CMDPs taking an action incurs a cost as well as a reward, and the goal is to maximize the expected
long-term reward while satisfying a bound on the expected long-term cost. In this work, we aim to
solve the constrained decision making problem in the offline RL setting, to enable deployment in
various safety-critical domains where direct learning interactions are infeasible.

Offline constrained RL inherits the difficulties of offline unconstrained RL, while introducing ad-
ditional challenges. First, since the target policy being optimized deviates from the data-collection
∗Work done during an internship at DeepMind.

1



Published as a conference paper at ICLR 2022

policy with no further data collection, distribution shift becomes the central dif�culty. To mitigate
the distributional shift, existing of�ine RL methods frequently adopt the pessimism principle: either
by explicit policy (and critic) regularization that penalizes deviation from the data-collection policy
(Jaques et al., 2019; Wu et al., 2019; Kumar et al., 2019; Siegel et al., 2020; Wang et al., 2020; Lee
et al., 2020; Kostrikov et al., 2021) or by reward penalty to the uncertain state-action regions (Kumar
et al., 2020; Kidambi et al., 2020; Yu et al., 2020). Second, in of�ineconstrainedRL, the computed
policy should satisfy the given cost constraints when it is deployed to the real environment. Unfor-
tunately off-policy policy evaluation inherently has estimation errors, and it is therefore dif�cult to
ensure that a policy estimated from a �nite dataset will satisfy the constraint when executed in the en-
vironment. In addition, constrained policy optimization usually involves an additional optimization
for the Lagrange multiplier associated with the cost constraints. Actor-critic-based constrained RL
algorithms thus have to solve triple (i.e. critic, actor, Lagrange multiplier) intertwined optimization
problems (Borkar, 2005; Tessler et al., 2019), which can be very unstable in practice.

In this paper, we present an of�ine constrained RL algorithm that optimizes the state-action sta-
tionary distribution directly, rather than the Q-function or the policy. We show that such treatment
obviates the need for multiple estimators for the value and the policy, yielding a single optimiza-
tion objective that is practically solvable. Still, naively constraining the cost value may result in
severe constraint violation in the real environment, as we demonstrate empirically. We thus propose
a method to constrain theupper boundof the cost value, aiming to compute a policy more robust
in constraint violation, where the upper bound is computed in a way motivated by a recent advance
in off-policy con�dence interval estimation (Dai et al., 2020). Our algorithm,Of�ine Constrained
Policy Optimization via stationaryDIstributionCorrectionEstimation(COptiDICE), estimates the
stationary distribution corrections of the optimal policy that maximizes rewards while constraining
the cost upper bound, with the goal of yielding a cost-conservative policy for better actual constraint
satisfaction. COptiDICE computes the upper bound of the cost ef�ciently by solving an additional
minimization problem. Experimental results show that COptiDICE attains a better policy in terms
of constraint satisfaction and reward-maximization, outperforming several baseline algorithms.

2 BACKGROUND

A Constrained Markov Decision Process (CMDP) (Altman, 1999) is an extension of an MDP, for-
mally de�ned by a tupleM = hS; A; T; R; C = f Ck g1::K ; ĉ = f ĉk g1::K ; p0; 
 i , whereS is the set
of states,A is the set of actions,T : S � A ! �( S) is a transition probability,R : S � A ! R
is the reward function,Ck : S � A ! R is thek-th cost function with its corresponding threshold
ĉk 2 R, p0 2 �( S) is the initial state distribution, and
 2 (0; 1] is the discount factor. A policy
� : S ! �( A) is a mapping from state to distribution over actions. We will express solving CMDPs
in terms of stationary distribution. For a given policy� , the stationary distributiond� is de�ned by:

d� (s; a) =

8
>><

>>:

(1 � 
 )
1P

t =0

 t Pr(st = s; at = a) if 
 < 1;

lim
T !1

1
T +1

TP

t =0
Pr(st = s; at = a) if 
 = 1 ;

(1)

wheres0 � p0; at � � (st ); st +1 � T(st ; at ) for all timestepst � 0. We de�ne the value of the
policy asVR (� ) := E(s;a ) � d� [R(s; a)] 2 R andVC (� ) := E(s;a ) � d� [C(s; a)] 2 RK . Constrained
RL aims to learn an optimal policy that maximizes the reward while bounding the costs up to the
thresholds by interactions with the environment:

max
�

VR (� ) s.t. VCk (� ) � ĉk 8k = 1 ; : : : ; K (2)

Lagrangian relaxation is typically employed to solve Eq. (2), leading to the unconstrained problem:

min
� � 0

max
�

VR (� ) � � > (VC (� ) � ĉ) (3)

where� 2 RK is the Lagrange multiplier and̂c 2 RK is the vector-valued cost threshold. The inner
maximization in Eq. (3) corresponds to computing an optimal policy that maximizes scalarized
rewardsR(s; a) � � > C(s; a), due to the linearity of the value function with respect to the reward
function. The outer minimization corresponds to balancing the cost penalty in the scalarized reward
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function: if the current policy is violating thek-th cost constraint,� k increases so that the cost is
penalized more in the scalarized reward, and vice versa.

In the of�ine RL setting, online interaction with the environment is not allowed, and the policy is
optimized using the �xed of�ine datasetD = f (s0; s; a; r; c; s0) i gN

i =1 collected with one or more
(unknown) data-collection policies. The empirical distribution of the dataset is denoted asdD , and
we will abuse the notationdD for s � dD , (s; a) � dD , (s; a; s0) � dD . We abuse(s0; s; a; s0) �
dD for s0 � p0; (s; a; s0) � dD . We denote the space of data samples(s0; s; a; s0) asX .

A naive way to solve (3) in an of�ine manner is to adopt an actor-critic based of�ine RL algorithm for
max� VR � � > C (� ) while jointly optimizing � . However, the intertwined training procedure of off-
policy actor-critic algorithms often suffers from instability due to the compounding error incurred
by bootstrapping out-of-distribution action values in an of�ine RL setting (Kumar et al., 2019). The
instability would be exacerbated when the nested optimization for� is added.

3 OFFLINE CONSTRAINED RL VIA STATIONARY DISTRIBUTION

CORRECTIONESTIMATION

In this section, we present our of�ine constrained RL algorithm,Constrained PolicyOptimization
via stationaryDIstribution Correction Estimation(COptiDICE). The derivation of our algorithm
starts by augmenting the standard linear program for CMDP (Altman, 1999) with an additional
f -divergence regularization:

max
d

E(s;a ) � d[R(s; a)] � �D f (djjdD ) (4)

s.t. E(s;a ) � d[Ck (s; a)] � ĉk 8k = 1 ; : : : ; K (5)
P

a0
d(s0; a0) = (1 � 
 )p0(s0) + 


P

s;a
d(s; a)T(s0js; a) 8s0 (6)

d(s; a) � 0 8s; a; (7)

whereD f (djjdD ) := E(s;a ) � dD

�
f

� d(s;a )
dD (s;a )

��
is thef -divergence between the distributiond and the

dataset distributiondD , and� > 0 is the hyperparameter that controls the degree of pessimism, i.e.
how much we penalize the distribution shift, a commonly adopted principle for of�ine RL (Nachum
et al., 2019b; Kidambi et al., 2020; Yu et al., 2020; Lee et al., 2021). We assume thatdD > 0
andf is a strictly convex and continuously differentiable function withf (1) = 0 . Note that when
� = 0 , the optimization (4-7) reduces to the standard linear program for CMDPs. The Bellman-�ow
constraints (6-7) ensure thatd is the stationary distribution of a some policy, whered(s; a) can be
interpreted as a normalized discounted occupancy measure of(s; a). Thus, we seek the stationary
distribution of an optimal policy that maximizes the reward value (4) while bounding the cost values
(5). Once the optimal solutiond� has been estimated, its corresponding optimal policy is obtained
by � � (ajs) = d� (s;a )P

a 0 d� (s;a 0) .

Now, consider the Lagrangian for the constrained optimization problem (4-7):

min
� � 0;�

max
d� 0

E(s;a ) � d[R(s; a)] � �D f (djjdD ) �
KP

k=1
� k

�
E(s;a ) � d[Ck (s; a)] � ĉk

�

�
P

s0
� (s0)

hP

a0
d(s0; a0) � (1 � 
 )p0(s0) � 


P

s;a
d(s; a)T(s0js; a)

i
(8)

where� 2 RK
+ is the Lagrange multiplier for the cost constraints (5), and� (s) 2 R is the Lagrange

multiplier for the Bellman �ow constraints (6). Solving (8) in its current form requires evaluation of
T(s0js; a) for (s; a) � d, which is not accessible in the of�ine RL setting. To make the optimization
tractable, we rearrange the terms so that the direct dependence ond is eliminated, while introducing
new optimization variablesw that represent stationary distribution corrections:

min
� � 0;�

max
d� 0

E (s;a ) � d
s0� T (s;a )

�
R(s; a) � � > C(s; a) + 
� (s0) � � (s)

�
� � E(s;a ) � dD

h
f

�
d(s;a )

dD (s;a )

�i

+ (1 � 
 )Es0 � p0 [� (s0)] + � > ĉ

= min
� � 0;�

max
w� 0

E(s;a ) � dD

�
w(s; a)e�;� (s; a) � �f (w(s; a))

�
+ (1 � 
 )Es0 � p0 [� (s0)] + � > ĉ (9)
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wheree�;� (s; a) := R(s; a) � � > C(s; a) + 
 Es0� T (s;a ) [� (s0)] � � (s) is the advantage function by

regarding� as a state value function, andw(s; a) := d(s;a )
dD (s;a ) is the stationary distribution correction.

Every term in Eq. (9) can be estimated from samples in the of�ine datasetD :

min
�;� � 0

max
w� 0

E(s0 ;s;a;s 0) � dD

�
w(s; a)ê�;� (s; a; s0) � �f (w(s; a)) + (1 � 
 )� (s0)

�
+ � > ĉ (10)

whereê�;� (s; a; s0) := R(s; a) � � > C(s; a)+ 
� (s0) � � (s) is the advantage estimate using a single
sample. As a consequence, (10) can be optimized in a fully of�ine manner. Moreover, exploiting
the strict convexity off , we can further derive a closed-form solution for the inner maximization in
(9) as follows. All the proofs can be found in Appendix B.

Proposition 1. For any� and� , the closed-form solution of the inner maximization problem in(9)
is given by:

w�
�;� (s; a) = ( f 0) � 1

�
1
� e�;� (s; a)

�

+
wherex+ = max(0 ; x) (11)

Finally, by plugging the closed-form solution (11) into (9), we obtain the following convex mini-
mization problem:

min
� � 0;�

L(�; � ) = E(s;a ) � dD

�
w�

�;� (s; a)e�;� (s; a) � �f (w�
�;� (s; a))

�
+ (1 � 
 )Es0 � p0 [� (s0)] + � > ĉ

(12)

To sum up, by operating in the space of stationary distributions, constrained (of�ine) RL can in
principle be solved by solving a single convex minimization (12) problem. This is in contrast to
existing constrained RL algorithms that manipulate both Q-function and policy, and thus require
solving triple optimization problems for the actor, the critic, and the cost Lagrange multiplier with
three different objective functions. Note also that when� is �xed and treated as a constant, (12)
reduces to OptiDICE (Lee et al., 2021) for unconstrained RL with the scalarized rewardsR(s; a) �
� > C(s; a), without considering the cost constraints. In order to meet the constraints,� should also
be optimized, and the procedure of (12) can be understood as joint optimization of:

�  arg min
�

L(�; � ) (OptiDICE forR � � > C) (13)

�  arg min
� � 0

� > �
ĉ � E(s;a ) � dD [w�

�;� (s; a)C(s; a)]
| {z }

� VC ( � )

�
(Cost Lagrange multiplier)

Once the optimal solution of (12),(� � ; � � ), is computed,w�
� � ;� � (s; a) = d� �

(s;a )
dD (s;a ) is also derived by

(11), which is the stationary distribution correction between the stationary distribution of the optimal
policy for the CMDP and the dataset distribution.

3.1 COST-CONSERVATIVE CONSTRAINED POLICY OPTIMIZATION

Our �rst method based on (12) relies on off-policy evaluation (OPE) using DICE to ensure cost
constraint satisfaction, i.e.E(s;a ) � dD [w�;� (s; a)C(s; a)] � E(s;a ) � d� [C(s; a)] � ĉ. However, as
we will see later, constraining the cost value estimate naively can result in constraint violation when
deployed to the real environment. This is due to the fact that an off-policy value estimate based on
a �nite dataset inevitably has estimation error. Reward estimation error may be tolerated as long as
the value estimates are useful as policy improvement signals: it may be suf�cient to maintain the
relative order of action values, while the absolute values matter less. For the cost value constraint,
we instead rely on the estimated value directly.

To make a policy robust against cost constraint violation in an of�ine setting, we consider the con-
strained policy optimization scheme that exploits theupper boundof the cost value estimate:

max
�

V̂R (� ) s.t. UpperBound(V̂Ck (� )) � ĉk 8k (14)

Then, the key question is how to estimate the upper bound of the policy value. One natural way
is to exploit bootstrap con�dence interval (Efron & Tibshirani, 1993; Hanna et al., 2017). We can
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construct bootstrap datasetsD i by resampling fromD and run an OPE algorithm on eachD i , which
yields population statistics for con�dence interval estimationf V̂C (� ) i gm

i =1 . However, this procedure
is computationally very expensive since it requires solvingm OPE tasks. Instead, we take a different
approach in a more computationally ef�cient way motivated by CoinDICE (Dai et al., 2020), a
recently proposed DICE-family algorithm for off-policy con�dence interval estimation. Speci�cally,
given that our method estimates the stationary distribution correctionsw(s; a) � d� (s;a )

dD (s;a ) of the
target policy� , we consider the following optimization problem for each cost functionCk :

max
~p2 �( X )

E(s0 ;s;a;s 0) � ~p[w(s; a)Ck (s; a)] (15)

s.t. DKL (~p(s0; s; a; s0)jjdD (s0; s; a; s0)) � � (16)
P

a0
~p(s0; a0)w(s0; a0) = (1 � 
 )~p0(s0) + 


P

s;a
~p(s; a)w(s; a)~p(s0js; a) 8s0 (17)

where~p(s0; s; a; s0) = ~p0(s0)~p(s; a)~p(s0js; a) is the distribution over data samples(s0; s; a; s0) 2 X
which lies in the simplex�( X ), and� > 0 is the hyperparameter. In essence, we want to adversari-
ally optimize the distribution over data samples~p so that it overestimates the cost value by (15). At
the same time, we enforce that the distribution~p should not be perturbed too much from the empirical
data distributiondD by the KL constraint (16). Lastly, the perturbation of distribution should be done
in a way that maintains compatibility with the Bellman �ow constraint. The constraint (17) is anal-
ogous to the Bellman �ow constraint (6) by noting that~p(s; a)w(s; a) = ~p(s; a) d� (s;a )

dD (s;a ) � d� (s; a).

In this optimization, when� = 0 , the optimal solution is simply given by~p� = dD , which yields
the vanilla OPE result via DICE, i.e.E(s;a ) � dD [w(s; a)Ck (s; a)]. For � > 0, the cost value will be
overestimated more as� increases. Through a derivation similar to that for obtaining (12), we can
simplify the constrained optimization into a single unconstrained minimization problem as follows.
We denote(s0; s; a; s0) asx for notational brevity.
Proposition 2. The constrained optimization problem (15-17) can be reduced to solving the follow-
ing unconstrained minimization problem:

min
� � 0;�

`k (�; � ; w) = � log Ex � dD

h
exp

�
1
�

�
w(s; a)(Ck (s; a) + 
� (s0) � � (s)) + (1 � 
 )� (s0)

� �i
+ � �

(18)

where� 2 R+ corresponds to the Lagrange multiplier for the constraint(16), and � (s) 2 R
corresponds to the Lagrange multiplier for the constraint(17). In other words,min � � 0;� `(�; � ) =
E(s;a ) � ~p� [w(s; a)Ck (s; a)] where~p� is the optimal perturbed distribution of the problem (15-17).
Also, for the optimal solution(� � ; � � ), ~p� is given by:

~p� (x) / dD (x) exp
�

1
� �

�
w(s; a)(Ck (s; a) + 
� � (s0) � � � (s)) + (1 � 
 )� � (s0)

� �

| {z }
=: ! � (x) (unnormalized weight forx = ( s0 ; s; a; s0))

(19)

Note that every term in (18) can be estimated only using samples of the of�ine datasetD , thus it can
be optimized in a fully of�ine manner. This procedure can be understood as computing the weights
for each sample while adoptingreweightingin the DICE-based OPE, i.e.UpperBound(V̂C (� )) =
Ex � dD [~! � (x)w(s; a)C(s; a)] where~! � (x) = (normalized ! � (x) of (19)). The weights are given
non-uniformly so that the cost value is overestimated to the extent controlled by� .
Remark. CoinDICE (Dai et al., 2020) solves the similar optimization problem to estimate an upper
cost value of the target policy� as follows:

max
w � 0

min
� � 0;�

� log E x � dD

a0 � � ( s0 )
a0� � ( s0)

h
exp

�
1
�

�
w(s; a)(Ck (s; a) + 
� (s0; a0) � � (s0; a0)) + (1 � 
 )� (s0 ; a0)

� �i
+ � �

(20)

It is proven that(20)provides an asymptotic(1 � � )-upper-con�dence-interval of the policy value if
� := � �

N where� � is the(1 � � )-quantile of the� 2-distribution with 1 degree of freedom (Dai et al.,
2020). Compared to our optimization problem(18), CoinDICE's(20) involves the additional outer

maximization, which is for estimatingw(s; a) =
~d� (s;a )
~p(s;a ) , the stationary distribution corrections

of the target policy� . In contrast, we consider the case whenw is given, thus solving the inner
minimization alone is enough.
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Finally, we are ready to present our �nal algorithm COptiDICE, an of�ine constrained RL algorithm
that maximizes rewards while bounding theuppercost value, with the goal of computing a policy
robust against cost violation. COptiDICE addresses (14) by solving the following joint optimization.

�  arg min
�

L(�; � ) (OptiDICE forR � � > C) (21)

�; �  arg min
� � 0;�

P K
k=1 `k (� k ; � k ; w�

�;� ) (Upper cost value estimation)

�  arg min
� � 0

� > �
ĉ � `(�; � ; w�

�;� )
| {z }

� UpperBound( V̂C ( � ))

�
(Cost Lagrange multiplier)

Compared to (13), the additional minimization for(�; � ) is introduced to estimate the upper bound
of cost value.

3.2 POLICY EXTRACTION

Our algorithm estimates the stationary distribution corrections of the optimal policy, rather than
directly obtaining the policy itself. Since the stationary distribution corrections do not provide a

direct way to sample an action, we need to extract the optimal policy� � from w� (s; a) = d� �
(s;a )

dD (s;a ) ,
in order to select actions when deployed. For �nite CMDPs, it is straightforward to obtain� �

by � � (ajs) = d� �
(s;a )P

a 0 d� � (s;a 0) = dD (s;a )w � (s;a )P
a 0 dD (s;a )w � (s;a ) . However, the same method cannot directly be

applied to continuous CMDPs due to the intractability of computing the normalization constant. For
continuous CMDPs, we instead extract the policy using importance-weighted behavioral cloning:

max
�

E(s;a ) � d� � [log � (ajs)] = E(s;a ) � dD [w� (s; a) log � (ajs)] (22)

which maximizes the log-likelihood of actions to be selected by the optimal policy� � .

3.3 PRACTICAL ALGORITHM WITH FUNCTION APPROXIMATION

For continuous or large CMDPs, we represent our optimization variables using neural networks.
The Lagrange multipliers� and� are networks parameterized by� and� respectively:� � : S ! R
is a feedforward neural network that takes a state as an input and outputs a scalar value, and� � :
S ! RK is de�ned similarly. � 2 RK

+ and� 2 RK
+ are represented byK -dimensional vectors. For

the policy�  , we use a mixture density network (Bishop, 1994) where the parameters of a Gaussian
mixture model are output by the neural network. The parameters of the� � network are trained by
minimizing the loss:

min
�

J � (� ) = Ex � dD

�
ŵ(s; a; s0)(R(s; a) � � > C(s; a) + 
� � (s0) � � � (s)) (23)

� �f (ŵ(s; a; s0)) + (1 � 
 )� � (s0)
�

+ � > ĉ

whereŵ(s; a; s0) := ( f 0) � 1
�

1
� (R(s; a) � � > C(s; a) + 
� � (s0) � � � (s))

�
+ . While J �

� can be a
biased estimate ofL (�; � ) in (12) in general due to(f 0) � 1(E[�]) 6= E[(f 0) � 1(�)], we can show that
J �

� is an upper bound ofL (�; � ) (i.e. we minimize the upper bound), andJ �
� = L(�; � ) holds if

transition dynamics are deterministic (e.g. Mujoco control tasks) (Lee et al., 2021). The parameters
of the� � network and� can be trained by:

min
� � 0;�

KP

k=1
� logEx � dD

h
exp

�
1
�

�
ŵ(s; a; s0)(Ck (s; a) + 
� �;k (s0) � � �;k (s)) (24)

+ (1 � 
 )� �;k (s0)
�� i

+ � k �

This involves a logarithm outside of the expectation, which implies that mini-batch approximations
would introduce a bias. Still, we adopt the simple mini-batch approximation for computational
ef�ciency, with a moderately large batch size (e.g. 1024), which worked well in practice. The
empirical form of the loss we use is given by:

min
� � 0;�

J �;� (�; � ) = Ebatch( D ) � D

h KP

k=1
� logEx � batch( D )

�
exp

�
1
�

�
ŵ(s; a; s0)� (25)

(Ck (s; a) + 
� �;k (s0) � � �;k (s)) + (1 � 
 )� �;k (s0)
���

+ � k �
i

6



Published as a conference paper at ICLR 2022

Lastly, � and the policy parameter are optimized by:

min
� � 0

J � (� ) = � > (ĉ � J �;� (�; � )) (26)

min
 

J � ( ) = � Ex � dD [ŵ(s; a; s0) log �  (ajs)] (27)

The complete pseudo-code is described in Appendix C, where every parameter is optimized jointly.

4 EXPERIMENTS

4.1 TABULAR CMDPS (RANDOMLY GENERATED CMDPS)

We �rst probe how COptiDICE can improve the reward performance beyond the data-collection
policy while satisfying the given cost constraint via repeated experiments. We follow a proto-
col similar to the random MDP experiment in (Laroche et al., 2019; Lee et al., 2021) but with
cost as an additional consideration. We conduct repeated experiments for 10K runs, and for
each run, a CMDPM is generated randomly with the cost thresholdĉ = 0 :1. We test with
two types of data-collection policy� D , a constraint-satisfying policy (i.e.VC (� D ) = 0 :09)
and a constraint-violating policy (i.e.VC (� D ) = 0 :11). Then, a varying number of trajecto-
ries N 2 f 10; 20; 50; 100; 200; 500; 1000; 2000g are collected from the sampled CMDP using the
constructed data-collection policy� D , which constitutes the of�ine datasetD . Finally, the of-
�ine datasetD is given to each of�ine constrained RL algorithm, and its reward and cost perfor-
mance is evaluated. For the reward, we evaluate the normalized performance of the policy� by
VR ( � ) � VR ( � D )

VR ( � � ) � VR ( � D ) 2 (�1 ; 1] to see the performance improvement of� over� D intuitively, where� �

is the optimal policy of the underlying CMDP. More details can be found in Appendix E.

Of�ine constrainedRL has been mostly unexplored, thus lacks published baseline algorithms. We
consider the following three baselines. First,BCdenotes the simple behavior cloning algorithm to
see whether the proposed method is just remembering the dataset. Second,Baseline denotes
the algorithm that constructs a maximum-likelihood estimation (MLE) CMDPM̂ usingD and then
solves the MLE CMDP using a tabular CMDP solver (LP solver) (Altman, 1999). Third,C-SPIBB
is the variant of SPIBB (an of�ine RL method for tabular MDPs) (Laroche et al., 2019), where we
modi�ed SPIBB to deal with the cost constraint by Lagrange relaxation (Appendix E).

Figure 1a presents the result when the data-collection policy is constraint-satisfying. The perfor-
mance of BC approaches the performance of the� D as the size of the dataset increases, as expected.
When the size of the of�ine dataset is very small, Baseline severely violates the cost constraint when
its computed policy is deployed to the real environment (cost red curve in Figure 1a), and it even
fails to improve the reward performance over� D (reward red curve in Figure 1a). This result is ex-
pected since Baseline over�ts to the MLE CMDP, exploiting the highly uncertain state-actions. This
can cause a signi�cant gap between the stationary distribution of the optimized policy computed in
M and the one computed in̂M , leading to failure in both reward performance improvement and cost
constraint satisfaction. To prevent such distributional shift, of�ine RL algorithms commonly adopt
the pessimism principle, encouraging staying close to the data support. We can observe that such
pessimism principle is also effective in of�ine constrained RL: both C-SPIBB (orange) and the naive
version of COptiDICE (green) show consistent policy improvement over the data-collection policy
while showing better constraint satisfaction. Still, the pessimism principle alone is not suf�cient
to ensure constraint satisfaction, raising the need for additional treatment for cost-conservativeness.
Finally, our COptiDICE (blue) shows much stricter cost satisfaction than other baseline algorithms
while outperforming Baseline and C-SPIBB in terms of reward performance.

Figure 1b presents the result when the data-collection policy is constraint-violating, where all the
baseline algorithms exhibit severe cost violation. This result shows that if the agent is encouraged
to stay close to the constraint-violating policy, it may negatively affect the constraint satisfaction,
although the pessimism principle was bene�cial in terms of reward maximization. In this situation,
only COPtiDICE (blue) could meet the given constraint in general, which demonstrates the effective-
ness of our proposed method of constraining the upper bound of cost value. Although COptiDICE
(blue) shows reward performance degradation when the size of dataset is very small, this is natural in
that it sacri�ces the reward performance to lower the cost value to meet the constraint conservatively,
and it still outperforms the baseline in this low-data regime.
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Figure 1: Result of tabular COptiDICE and baseline algorithms in random tabular CMDPs for the
varying number of trajectories and two types of data-collection policies. Plots of(a) correspond to
the case when the data-collection policy is constraint-satisfying, while the data-collection policy is
constraint-violating in the last two plots of(b) . The mean of normalized reward performance and
the mean of cost value are reported for 10K runs, where the error bar denotes the standard error.

4.2 CONTINUOUS CONTROL TASKS(RWRL SUITE)

We also evaluate COptiDICE on domains from the Real-World RL (RWRL) suite (Dulac-Arnold
et al., 2020), where the safety constraints are employed. The cost of 1 is given if the task-speci�c
safety constraint is violated at each time step, and the goal is to compute a policy that maximizes re-
wards while bounding the average cost up toĉ. Per-domain safety constraints and the cost constraint
thresholds are given in Appendix E. Due to lack of an algorithm that addresses of�ine constrained
RL in continuous action space, we compare COptiDICE with simple baseline algorithms, i.e.BC:
A simple behavior-cloning agent,CRR(Wang et al., 2020): a state-of-the-art (unconstrained) of�ine
RL algorithm, andC-CRR: the constrained variant of CRR with Lagrangian relaxation where a cost
critic and a Lagrange multiplier for the cost constraint are introduced (Appendix E).

Since there is no standard dataset for of�ine constrained RL, we collected data using online con-
strained RL agents (C-DMPO; the constrained variant of Distributional MPO) (Abdolmaleki et al.,
2018; Mankowitz et al., 2021). We trained the online C-DMPO with various cost thresholdsĉ and
saved checkpoints at regular intervals, which constitutes the pool of policy checkpoints. Then, we
generated datasets, where each of them consists of� � 100%constraint-satisfying trajectories and
the rest constraint-violating trajectories. The trajectories were sampled by policies in the pool of
policy checkpoints. Since there is a trade-off between reward and cost in general, the dataset is a
mixture of low-reward-low-cost trajectories and high-reward-high-cost trajectories.

Figure 2 presents our results in RWRL tasks, where the dataset contains mostly constraint-satisfying
trajectories(� = 0 :8), with some cost-violating trajectories. This type of dataset is representative
of many practical scenarios: the data-collecting agent behaves safely in most cases, but sometimes
exhibit exploratory behaviors which can be leveraged for potential performance improvement. Due
to the characteristics of these datasets, BC (orange) generally yields constraint-satisfying policy, but
its reward performance is also very low. CRR (red) signi�cantly improves reward performance over
BC, but it does not ensure that the constraints are satis�ed. C-CRR (brown) incurs relatively lower
cost value than BC in Walker, Quadruped, and Humanoid, but its reward performance is clearly
worse than BC. The naive COptiDICE algorithm (green) takes the cost constraint into account but
nevertheless frequently violates the constraint due to limitations of OPE. Finally, COptiDICE (blue)
computes a policy that is more robust to cost violation than other algorithms, while signi�cantly
outperforming BC in terms of reward performance. We observe that the hyperparameter� in (16)
controls the degree of cost-conservativeness as expected: larger values of� lead to overestimates of
the cost value, yielding a more conservative policy.

To study the dependence on the characteristics of the dataset we experiment with different values
of � . Figure 3a show the result for� = 0 :8 (low-reward-low-cost data), Figure 3b for� = 0 :5,
and Figure 3c for� = 0 :2 (high-reward-high-cost data). These results show the expected trend:
more high-reward-high-cost data leads to a joint increase in rewards and costs of all agents. A
simple modi�cation of the unconstrained CRR to the constrained one (brown) was not effective
enough to satisfy the constraint. Our vanilla of�ine constrained RL algorithm (green), encouraged
to stay close to the data, also suffers from severe constraint violation when most of the trajectories
are given as the constraint-violating ones, which is similar to the result of Figure 1c-1d. Finally,
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Figure 2: Result of RWRL control tasks. For each task, we report the reward return and the average
cost. The results are averaged over 5 runs, and the shaded area represents the standard error.

Figure 3: Result on RWRL walker using three dataset con�gurations with different levels of con-
straint satisfaction� : for (a) the data is obtained with� = 0 :8 (low-reward-low-cost data),(b)
with � = 0 :5, and(c) with � = 0 :2 (high-reward-high-cost data).

COptiDICE (blue) demonstrates more robust behavior to avoid constraint violations across dataset
con�gurations, highlighting the effectiveness of our method constraining the cost upper bound.

5 DISCUSSION ANDCONCLUSION

The notion of safety in RL has been captured in various forms such as risk-sensitivity (Chow et al.,
2015; Urṕ� et al., 2021; Yang et al., 2021), Robust MDP (Iyengar, 2005; Tamar et al., 2014), and
Constrained MDP (Altman, 1999), among which we focus on CMDP as it provides a natural for-
malism to encode safety speci�cations (Ray et al., 2019). Most of the existing constrained RL
algorithms (Achiam et al., 2017; Tessler et al., 2019; Satija et al., 2020) are on-policy algorithms,
which cannot be applied to the of�ine setting directly. A recent exception is the work by Le et al.
(2019) that also aims to solve constrained RL in an of�ine setting, though its method is limited to
discrete action spaces and relies on solving an MDP completely as an inner optimization, which is
inef�cient. It also relies on the vanilla OPE estimate of the policy cost, which could result in severe
constraint violation when deployed. Lastly, in a work done concurrently to ours, Xu et al. (2021)
also exploits overestimated cost value to deal with the cost constraint, but their approach relies on
an actor-critic algorithm, while ours relies on stationary distribution optimization.

In this work, we have presented a DICE-based of�ine constrained RL algorithm, COptiDICE. DICE-
family algorithms have been proposed for off-policy evaluation (Nachum et al., 2019a; Zhang et al.,
2020a;b; Yang et al., 2020b; Dai et al., 2020), imitation learning (Kostrikov et al., 2019), of�ine
policy selection (Yang et al., 2020a), and RL (Nachum et al., 2019b; Lee et al., 2021), but none of
them is forconstrainedRL. Our �rst contribution was a derivation that constrained of�ine RL can be
tackled by solving a single minimization problem. We demonstrated that such approach, in its sim-
plest form, suffers from constraint violation in practice. To mitigate the issue, COptiDICE instead
constrains the cost upper bound, which is estimated in a way that exploits the distribution correc-
tion w obtained by solving the RL problem. Such reuse ofw eliminates the nested optimization in
CoinDICE (Dai et al., 2020), and COptiDICE can be optimized ef�ciently as a result. Experimental
results demonstrated that our algorithm achieved better trade-off between reward maximization and
constraint satisfaction than several baselines, across domains and conditions.
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