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Abstract

We consider the task of learning individual-
specific intensities of counting processes from
a set of static variables and irregularly sampled
time series. We introduce a novel modelization
approach in which the intensity is the solution to
a controlled differential equation. We first de-
sign a neural estimator by building on neural con-
trolled differential equations. In a second time,
we show that our model can be linearized in the
signature space under sufficient regularity condi-
tions, yielding a signature-based estimator which
we call CoxSig. We provide theoretical learn-
ing guarantees for both estimators, before show-
casing the performance of our models on a vast
array of simulated and real-world datasets from
finance, predictive maintenance and food supply
chain management.

1. Introduction

Time-to-event data is ubiquitous in numerous fields such
as meteorology, economics, healthcare and finance. We
typically want to predict when an event - which can be a
catastrophic earthquake, the burst of a housing bubble, the
onset of a disease or a financial crash - will occur by us-
ing some prior historical information (Ogata, 1988; Bacry
et al., 2015; Bussy et al., 2019). This general problem en-
compasses many settings and in particular survival analy-
sis, where every individual experiences at most one event
(Cox, 1972).

For an individual 7, we have access to several event times
Tt < T3 < ... and features W' € R® measured at time
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0. For instance, in neurology, one might consider the on-
set times of a series of seizures (Rasheed et al., 2020) and
W' summarizes unchanging characteristics of the individ-
ual (age, gender, ethnicity, ...). The physician’s goal is
to determine whether an individual has a high probability
to experience a seizure at time ¢ given their characteristics.
Such a task is most often addressed by modelling the indi-
vidual specific intensity of a counting process of the form
221 ]lT;‘gt’ using for instance Cox models (Cox, 1972;
Aalen et al., 2008; Kvamme et al., 2019) or Hawkes pro-
cesses in the case of self-exciting processes (Bacry et al.,
2015). Recent advances in the field have also enriched
these models using deep architectures (Mei & Eisner, 2017;
Kvamme et al., 2019; Omi et al., 2019; Chen et al., 2021;
Groha et al., 2020; Shchur et al., 2021; De Brouwer et al.,
2022; Tang et al., 2022). Once learnt, the intensity of the
process can be used to predict occurrence times of future
events or rank individuals based on their relative risks.

Learning with Time-dependent Data. More realisti-
cally, in addition to the static features W*, we often have
access to time-dependent features along with their sam-
pling times

X' = {(XH(t1),t1),..., (Xi(tg), tx)} € RE,

where D = {t1,...,tx} C [0, 7] is a set of measurement
times and 7 the end of study. Taking again the example
of seizure prediction, the time-dependent features may rep-
resent some measurements made by a wearable device, as
done for instance by Dumanis et al. (2017). Taking both the
static and time-dependent information into account is cru-
cial when making predictions. This setting calls for highly
flexible models of the intensity which take into account the
stream of information carried by the longitudinal features.

From joint models to ODE-based methods. This prob-
lem has been tackled by the bio-statistics community, in
particular using joint models that concurrently fit para-
metric models to the trajectory of the longitudinal fea-
tures and the intensity of the counting process (Ibrahim
et al., 2010; Crowther et al., 2013; Proust-Lima et al., 2014,
Long & Mills, 2018). Popular implementations include
JMBayses (Rizopoulos, 2016). While being highly in-
terpretable, they do not scale to high-dimensional and fre-
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quently measured data, despite some recent algorithmic ad-
vances (Hickey et al., 2016; Murray & Philipson, 2022;
Rustand et al., 2024) adapted to moderate dimension (up
to ~ 5 longitudinal features).

Modern deep methods, that can encode complex and mean-
ingful patterns from complex data in latent states, offer a
particularly attractive alternative for this problem. How-
ever, the literature bridging the gap between deep learning
and survival analysis is scarce. Notably, Lee et al. (2019)
tackle this problem by embedding the time-dependent data
through a recurrent neural network combined with an at-
tention mechanism. They then use this embedding in a
discrete-time setting to maximize the likelihood of dying
in a given time-frame conditional on having survived un-
til this time. Moon et al. (2022) combine a probabilistic
model with a continuous-time neural network, namely the
ODE-RNNS of Rubanova et al. (2019) in a similar setup.

Modelling Time Series with Controlled Latent States.
Building on the increasing momentum of differential
equation-based methods for learning (Chen et al., 2018;
De Brouwer et al., 2019; Rubanova et al., 2019; Chen et al.,
2021; Moon et al., 2022; Marion et al., 2022), we propose
a novel modelling framework in which the unknown inten-
sity of the counting process is parameterized by a latent
state driven by a controlled differential equation (CDE).
Formally, we let the unknown intensity of the counting pro-
cess of individual i depend on their covariates W' and an
unobserved process x° : [0,7] — R? that is the contin-
uous unobserved counterpart of the time series Xt ie.,
(Xi(t),t) = 2(t) for all t € D. We model the inten-
sity (i.e. the instantaneous probability of experiencing an
event — see Section 2.2) by setting

AL(EI W (2(5))s<) = exp (24(8) + BTWT), (1)

where the dynamical latent state 2% (¢) € R is the solution
to the CDE

2 (t) = G (21(1)) " da () @)

with initial condition 2(0) = 0 driven by z°. Here, the
vector field G, : R — R? and B« € R?® are both un-
known. This means that the latent dynamics are common
between individuals, but are driven by individual-specific
data, yielding individual-specific intensities. Such a mod-
elling strategy is reminiscent of state space models, which
embed times series through linear controlled latent differ-
ential equations (Gu et al., 2022; Cirone et al., 2024). Our
framework is introduced in more detail later.

Contributions. In an effort to provide scalable and effi-
cient models for event-data analysis, we propose two novel
estimators. We first leverage neural CDEs (Kidger et al.,
2020), which directly approximate the vector field G, with

a neural vector field G;. In a second time, following Fer-
manian et al. (2021) and Bleistein et al. (2023), we propose
to linearize the unknown dynamic latent state z%(-) in the
signature space. Informally, this means that at any time ¢,
we have the simplified expression
‘ T ,
2, (1) = o, NSN(z(o )
where o, n is an unknown finite-dimensional vector and
S N(xfo t]) is a deterministic transformation of the time se-

ries 2* observed up to time ¢ called the signature transform.
Notice that in this form, the vector .,  does not depend
on t and can hence be learned at any observation time. We
obtain theoretical guarantees for both models ; for the sec-
ond model in particular, we state a precise decomposition
of the variance and the discretization bias of our estimator,
which crucially depends on the coarseness of the sampling
grid D. Finally, we benchmark both methods on simulated
and real-world datasets from finance, healthcare and digi-
tal food retail, in a survival analysis setting. Our signature-
based estimator provides state-of-the-art results.

Summary. Section 2 details our theoretical framework.
In Section 3, we state theoretical guarantees for our model.
Lastly, we conduct a series of experiments in Section 4
that displays the strong performances of our models against
an array of benchmarks. All proofs are given in the ap-
pendix. The code is available at https://github.
com/LinusBleistein/signature_survival.

2. Modelling Point Processes with Controlled
Latent States

2.1. The Data

In practice, an individual can be censored (for example af-
ter dropping out from a study) or cannot experience more
than a given number of events. To take this into account, we
introduce Y : [0,7] — {0,1} the at-risk indicator func-
tion, which equals 1 when the individual ¢ is still at risk of
experiencing an event. Together with Y, we define

NU(t) =Y V()

Jj=21

as the stochastic process counting the number of events ex-
perienced by individual ¢ up to time ¢ and while Y*(77) =
1. Our dataset

D, :={X", W", Y'(t), N'(t), 0 < t < 7}

consists of n i.i.d. historical observations up to time 7.
Our setup can be extended to individual-dependent grids
(D%)™_,, but we choose to focus on the former setting for
the sake of clarity. The individual specific time series are
only observed as long as the individual is at risk. We first
make an assumption on the time series.
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Assumption 1. For every individual 7 = 1,...,n, there
exists a continuous path of bounded variation z* : [0, 7] —
R satisfying, forall 0 < s <t < 7,

[ g 7= 500 D " (trs2) = 2 (00)]| < Ll = s
k

where ||-|| is the Euclidean norm and the supremum is taken
over all finite dissections D = {s=1t; < --- < tg =t}.
The time series X" is a discretization of z* on the grid D.

Remark that this assumption implies that the paths are L,-
Lipschitz. We now state a supplementary assumption on
the static features.

Assumption 2. There exists a constant By > 0 such that
forevery i = 1,...,n, |[Wi||, < Bw.

2.2. Modelling Intensities with Controlled Differential
Equations

Intensity of a counting process. We define the
individual-specific intensity A’ (t | Wi, :vfo’t]) of the under-
lying counting process, which we will simply write A’ (t)
in the following, as

) 1 ) ) .
AL(t) == lim —E(N'(t+h)—N'(t)|F
L(t) = lim SE(N'(t+h) - N'(t) | F)
where F is the past information at time ¢ which includes
W and :cfo 1l (Aalen et al., 2008).

Controlled Dynamics. Controlled differential equations
are a theoretical framework that allows to generalize ODEs
beyond the non-autonomous regime (Lyons et al., 2007).
Recall that a non-autonomous ODE is the solution to

dz(t) = F(2(t), t)dt

with a given initial value z2(0) = zy € RP. Here, the
vector field F : RP X [0,4o00[— R? depends explic-
itly on ¢ > 0, allowing for time-varying dynamics un-
like autonomous ODEs whose dynamics remain unchanged
through time. Controlled differential equations can be seen
as a generalization of non-autonomous ODEs. They allow
for the vector field to depend explicitly on the values of
another R%-valued function z : [0, 1] — R? through

dz(t) = F(2(t), z(t))dt

thus encoding even richer dynamics.
writes

Formally, a CDE

dz(t) = G(z(t))dx(t)
2(0) = zp € R?
where G is a RP*9-valued vector field. Existence and

uniqueness of the solution is ensured under regularity con-
ditions on G and z by the Picard-Lindelhof Theorem (see

Theorem A.1). The following assumption is needed in or-
der to ensure that the function

N (t) = exp (24.(t) + B/ W),

where the dynamical latent state 2%(¢) € R is the solution
to the CDE

dzi(t) = G, (24(1)) " da’ (1)

with initial condition 22(0) = 0 driven by ! is well-
defined.

Assumption 3. The vector field G, : R — R defin-
ing AL in Equation (2) is Lq,-Lipschitz; 3, is such that
[1Blly < B2, 1B4lly < Bg,x and [| Byl < Bp,o, where
Bg 2, Bg.1,Bgo > 0 are constants.

Under these assumptions, the intensity is bounded at all
times.

Lemma 2.1 (A bound on the intensity). For every indi-
vidual i = 1,...,n and all t € [0,7], the log intensity
log \.(t) is upper bounded by

Bg2Bw + [|G+(0) |4 Lat exp (La, Lat)
almost surely.

This is a direct consequence of Lemma 3.3 in Bleistein &
Guilloux (2024). Remark that [|G.(0)]|,, < oo since the
vector field is Lipschitz and hence continuous.

Remark 2.2. By differentiation, one can see that the inten-
sity itself satisfies a so-called controlled Volterra differen-
tial equation (Lin & Yong, 2020). Indeed, differentiating
the intensity ! yields the CDE

AN, (s) = A, (5) G (2 (5))da’ (s)

with initial condition A% (0) = exp(3] W?). Note that this
CDE is path dependent, i.e., its vector field depends on the
path z¢ : [0, 7] — R.

Remark 2.3. This model enforces continuity of the inten-
sity: indeed, the solution of a CDE inherits the regularity of
its driving path. A possible solution to accommodate dis-
continuous intensity functions is to add a jump term to the
generative CDE, which could then be learnt using neural
jump ODEs (Jia & Benson, 2019).

2.3. Neural Controlled Differential Equations

Following the ideas of continuous time models, our first
approach to learning the dynamics is to fit a parameterized
intensity to this model by setting

N (s) = exp(a’ zj(s) + BTWY),

where 2} (s) € R? is an embedding of the time series X*
parameterized by § € R” and o € RP is a learnable pa-
rameter. We propose to use Neural Controlled Differential
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Equations (NCDEs), a powerful tool for embedding irreg-
ular time series introduced by Kidger et al. (2020). NCDEs
work by first embedding a time series X in the space of
functions of bounded variation, yielding z*" : [0,7] —
R?, before defining a representation of the data through

dzg(t) = Gy (ze(s))dxi’D(s)

with initial condition z¢(0) = 0. It is common practice
to set Gy : R? — RP*? to be a small feed-forward neu-
ral network parameterized by 1. The learnable parameters
of this model are thus § = («,4,3). In our setup, the
embedding must be carefully chosen in order not to leak
information from the future observations. Hence natural
cubic splines, used in the original paper by Kidger et al.
(2020), cannot be used and we resort to the piecewise con-
stant interpolation scheme proposed by Morrill et al. (2021)
and defined as 7P (s) = (X(t3), s) forall s € [tg, tpi1].
This yields a discretely updated latent state equal to

2y () = 257 (te-1) + G (257 (te—1)) AX (1)

where AX?(t;) = X*(tx) — X*(tx_1). This architecture
has been studied under the name of controlled ResNet be-
cause of its resemblance with the popular ResNet (Cirone
et al., 2023; Bleistein & Guilloux, 2024).

In order to provide theoretical guarantees, we restrict our-
selves to a bounded set of NCDEs i.e. we consider a set of
NCDE predictors

©1={0 e R".t [laly, < Ba, [¢[| < By, [|Blly < Bs2}

where the norm on 1 refers to the sum of /5 norms of the
weights and biases of the neural vector field Gy,. This
restriction is fairly classical in statistical learning theory
(Bach, 2021).

2.4. Linearizing CDEs in the Signature Space

The Signature Transform. While neural controlled dif-
ferential equations allow for great flexibility in represen-
tation of the time series, they are difficult to train and re-
quire significant computational resources. The signature
is a promising and theoretically well-grounded tool from
stochastic analysis, that allows for a parameter-free em-
bedding of the time series. Mathematically, the signature
coefficient of a function

x:tel0,7]— (m(l)(t), . ,x(d)(t))

associated to aword I = (iy,...,i;) € {1,...,d}* of size

k is the function

Sl(x[o’t]) = / dx(“)(ul) . dx(i’“)(uk)
O<uy < <up<t
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Figure 1: Sample path z(t) of a 3-dimensional fractional
Brownian motion on top, and three signature coefficients
S ([o,) associated to different words on the bottom.

which maps [0, 7] to R. The integral is to be understood
as the Riemann-Stieltjes integral. While the definition of
the signature is technical, it can simply be seen as a fea-
ture extraction step. We refer to Figure 1 for an illustra-
tion. The truncated signature of order N > 1, which we
write Sx ([o,4), is equal to the collection of all signature
coefficients associated to words of size k& < N sorted by
lexicographical order. Finally, the infinite signature is the
sequence defined through

S(z,) = Jlim Sy(wio)-

Learning with Signatures. Signatures are a prominent
tool in stochastic analysis since the pioneering work of
Chen (1958) and Lyons et al. (2007). They have re-
cently found successful applications in statistics and ma-
chine learning as a feature representation for irregular time
series (Kidger et al., 2019; Morrill et al., 2020; Ferma-
nian, 2021; Salvi et al., 2021; Fermanian, 2022; Lyons &
McLeod, 2022; Bleistein et al., 2023; Horvath et al., 2023)
and a tool for analyzing residual neural networks in the in-
finite depth limit (Fermanian et al., 2021).

Signatures and CDEs. An appealing feature of signa-
tures is their connection to controlled differential equa-
tions. Indeed, under sufficient regularity assumptions (Friz
& Victoir, 2010; Fermanian et al., 2021; Bleistein et al.,
2023; Cirone et al., 2023), the generative CDE (1) can be
linearized in the signature space. Informally, this means
that there exists a sequence «, such that for all ¢ € [0, 7]
we have

24(t) = a S(xfp g)-

The mathematical definition of «v, is technical and we refer
to Appendix A.4 for a formal statement and a discussion of
the regularity assumptions. Hence, under the correspond-
ing regularity conditions, the true intensity for individual %
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writes

A (t) = exp (a*TS(xfO’t]) + B WH).

This motivates the use of the signature-based estimator
)\Z’D(t) 1= exp (aTSN(a:E(’)g]) + ,BTWi),

where 6 = (o, 8) € R? x R, N > 1 is treated as a hyper-
parameter and 2%” corresponds to the piecewise constant
embedding of the observed time series X* described previ-
ously. The integer ¢ = de:ll_l is the size of the signature
truncated at depth NV > 1. The superscript in D empha-
sises the dependence of this estimator on the observation

grid D.

Similarly to the NCDE-based estimator, we restrict our-
selves to the bounded set of estimators

Oy ={0s.t. |af| < Ba, ||8|| < Bs2}-

2.5. Connections to Cox Models with Time-Varying
Covariates

Cox models with time-varying covariates are the classical
class of models (Therneau & Grambsch, 2000; Aalen et al.,
2008; Zhang et al., 2018), where the individual specific
hazard rate has the form \j(t) = Xo(t) exp(a)] Xi(t) +
BIW?), where \g : [0,7] — R, is called the baseline
hazard.

For signature-based embeddings, recall that we compute
the signature of a time-embedded time series X! =
{(X%(t1),t1), ..., (X:(tr), tr)}. In fact, this amounts to

o’ Sn(ejy)

N
Z ath + a}EXi(t) + Z quI(xfég])
k=0

Iels
——
=log Ao (t) =log of individual specific hazard rate
. N )
where a, is a subvector of awand Iy C [],_o{1,...,d}".

Hence our model can be interpreted as a generalized ver-
sion of Cox models with time-varying covariates. A simi-
lar interpretation holds for NCDEs. We detail this link in
Appendix A.6.

3. Theoretical Guarantees
3.1. The Learning Problem

For both models, the parameter 6 can be fitted by likelihood
maximization by solving

0 € argmin ¢ (0) + pen(0), 3)
0cO

where © € {©1, O3} depending on whether one uses sig-
nature or NCDE-based embeddings, pen : © — R, is a
penalty and /2 (6) is equal to the negative log-likelihood of
the sample D,, evaluated at 6.

Unless specified other, the following statements hold for
both NCDEs and signature-based embeddings (up to dif-
ferent constants given explicitly in the proofs). Following
Aalen et al. (2008), the negative log likelihood £2 (6) of the
sample writes

1< [T . , T . ,
-3 / AP ()Y (s)ds — / log Ay (5)dN'(s),
i=Jo 0
and we let
1 n
0 =— ANo(s)Y'(s)ds — [ log \.(s)dN"’
P [ s [rogrieian's
be the true likelihood of the data. Our goal, in this section,
is to obtain a bias-variance decomposition of the difference
7 (0) -1,

between the true likelihood and the likelihood of the learnt
model.

3.2. A Risk Bound

Theorem 3.1 (Informal Risk Bound for the Signature
Model). Consider the signature-based embedding. Let 0
be the solution of (3) with pen(0) = 1 ||a|l; + 12 ||B]];-
For any N > 1, we have with high probability and an ap-
propriate choice of 1,12 that

(P () — ¢* < Discretization bias + Approximation bias
log Nd™N 1
+o<\/°g >+0<\/°g8>.
n n

For a formal statement, see Appendix B.4. We make a se-
ries of comments on this result.

1. This full risk bound can only be obtained for the
signature-based model. It can also be extended
to other types of penalty such as Ridge or Group
Lasso (see for instance Nardi & Rinaldo (2008)) For
NCDE:s, we are able to give precise guarantees on the
bias following Bleistein & Guilloux (2024), but a pre-
cise control of the variance term is out of reach.

2. The discretization bias is proportional to |D| :=
_max |t; — t;—1| and hence vanishes as sampling
1=1,...

[RRRE)

gets finer.
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3. The approximation bias crucially depends on the reg-
ularity of the unknown tensor field G, and more pre-
cisely on the speed of decay of its derivatives, which
can be seen as a measure of smoothness of the target
function.

4. The regularity assumptions made on G, are not nec-
essary to bound the approximation bias of the NCDE
model: in this case, this bias term depends on the ap-
proximation capacities of the neural tensor field.

5. Remarkably, we obtain classical rates in n~'/2 for the
variance term. For signature based methods, fast rates
in n~! are yet to be obtained.

4. Experimental Evaluation

We now focus on the survival analysis setup. We hence let
T? be the unique time-of-event, which may eventually be
censored, of individual 7. A’ is the censorship indicator,
equal to 1 if the individual experiences the event and to 0
otherwise.

4.1. Training Setup

We train on a dataset D,, of the same structure than de-
scribed in Section 2.1 and learn the parameter 0 by solving
the optimization problem (3). NCDEs are trained without
penalization, while we use a mixture of elastic-net penalties

pen(0) := mipengy(a) + napengy (5)

for training the signature-based model, where pengy(-) =
A1l + (1 = 4) ]Il The hyperparameters (1, ns, )
are chosen by cross-validation of a mixed metric equal to
the difference between the C-index and the Brier score (see
below) and we set v = 0.1. We refer to Appendix C.1
for a detailed description of the training procedures. We
evaluate our model’s capacity to predict events in [t, t + ]
by leveraging values of the longitudinal features up to ¢ (see
Figure 2) through a ranking metric and a calibration metric.
This evaluation procedure is standard (Lee et al., 2019).

4.2. Metrics

We compute four metrics using the individual specific sur-
vival functions as estimated by our model with parameters
6. At time t + 0t for 6t > 0 conditional on survival up to
time ¢, and on observation of the longitudinal features up
to time ¢, it is defined as

ri(t,5t) = P(Ti >t 0t T >t (Xi(s))s§57wi).

We describe its detailed computation in Appendix C.2.

S0 St Ol

0.0 [+

-02
00 02 04 06 08

“02 0
0 00 02 04 06 08 10 00 02 04 06 08 10
Time

Figure 2: On the top, observed time series up to time ¢ in
bold colors and true time series in faded colors. When eval-
uating our models, we fill-forward the last observed value
from ¢ on. On the bottom, signatures of the true path (left),
of the observed path (center) and difference in ¢5 norm
(right) — 2 pp(t) denotes the filled-forward time series.

Time-dependent Concordance Index. Following Lee
et al. (2019), we measure the discriminative power of
our models by using a time-dependent concordance index
C(t,ot) that captures our models ability to correctly rank
individuals on their predicted probability of survival. The
concordance index C/(t, dt) is then finally computed as

J

n n
> 2 Lo sty s g (ro0 LT, Tie(t 450,00 =1

1i=1

n n
Yo > Lpismi micpti4o1),ai=1
j=1i=1
This metric captures the capacity of our model to discrimi-
nate between j and another individual ¢ through the condi-
tional probability of survival.

Brier Score. While the concordance index is a ranking-
based measure, the Brier Score measures the accuracy
in predictions by comparing the estimated survival func-
tion and the survival indicator function (Lee et al., 2019;
Kvamme et al., 2019; Kvamme & Borgan, 2023). For-
mally, we define the Brier score BS(¢, dt) as

1 = 7 2
E Z ]lTiSt-l—(St,Ai:lTG (t, (St)
i=1

1 — ,
+E Z Lpisiqse(1 —rg(t, 5t))2~

i=1

Contrarily to the C-index, the Brier score is a measure
of calibration of the predictions: it measures the distance
between the estimated survival function and the indicator
function of survival on the interval [t, t + dt].

Averaged performance. Additionally, we evaluate the
average prediction performance of our models over a set
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Xt

Time

Figure 3: Time series X’ of a randomly picked individual on
bottom and unobserved SDE w’(¢) on the top. The red star indi-
cates the first hitting time of the threshold value w, = 2.5.

of different prediction times. The averaged C-index and
Brier score on the interval [t1,¢2] along with the window
time Ot are defined respectively as

1
to —t

ta
/ BS(s,d0t)ds.

t1

ta
/ C(s,0t)ds and
t1

2 — 11

Comparison with static metrics. A crucial difference
with static survival analysis metrics is that our metric only
compares the individuals who experienced the event in this
time window to all the ones who are still at risk at time
t. This can lead to a C-index below 0.5 and Brier scores
above 0.25 without the model being worse than random.

Additional metrics. We furthermore report AUC and
weighted Brier score in Appendix D.

4.3. Methods

We propose three distinct methods. In addition to the
signature-based model, which we call CoxSig, we also con-
sider CoxSig+ which adds the first value of the time series
to the static features. This is motivated by the translation
invariance of signatures (see discussion below). Our last
method is the NCDE embedding of the longitudinal fea-
tures. We benchmark our three models against a set of
competing methods. All methods are detailed in Appendix
C.1.

Time-Independent Cox Model. As a sanity check,
we implement a simple Cox model with elastic-net
penalty which uses the parameterized intensity \j)(t) =
Ao(t) exp(BTW?) using scikit-survival (Polsterl,
2020). This baseline allows to check whether our pro-
posed methods can make use of the supplementary time-
dependent information. If no static features are available,
we use the first observed value of the time series, i.e.,
Wi = X¥(0).

Name n d Censoring Avg. Times
Hitting time 500 5 Terminal (3.2%) 177
Tumor Growth 500 2 Terminal (8.4%) 250
Maintenance 200 17 Online (50%) 167
Churn 1043 14 Terminal (38.4%) 25

Table 1: Description of the 4 datasets we consider. The
integer d is the dimension of the time series including the
time channel. Terminal censoring means that the individu-
als are censored at the end of the overall observation period
[0, 7] if they have not experienced any event. It is opposed
to online censoring that can happen at any time in [0, 7].
The reported percentage indicates the censoring level i.e.
the share of the population that does not experience the
event. The last column reports the average number of ob-
servations times over individuals.

Random Survival Forest (RSF). We use RSF (Ishwaran
etal., 2008) with static features W* as the only input. Sim-
ilarly to our implementation of the Cox model, we use the
first value of the time series as static features if no other
features are available.

Dynamic DeepHit (Lee et al., 2019). DDH is a state-of-
the-art method for dynamical survival analysis, that com-
bines an RNN with an attention mechanism and uses both
time dependent and static features.

SurvLatent ODE (Moon et al., 2022). SLODE is a re-
cent deep learning framework for survival analysis that
leverages an ODE-RNN architecture (Rubanova et al.,
2019) to handle the time dependent features.

4.4. Synthetic Experiments

Hitting time of a partially observed SDE. Predicting
hitting times is a crucial problem in finance — for in-
stance, when pricing so-called catastrophe bounds trigger-
ing a payment to the holder in case of an event (Cheridito
& Xu, 2015; Corcuera & Valdivia, 2016). Their relation
to survival analysis is well documented, see e.g. (Lee &
Whitmore, 2006). Building on this problem, we consider
the Ornstein-Uhlenbeck SDE

d
dw'(t) = —w(w'(t) — pdt + Y _ de(t) + 0dB(t)

where d = 5,0 = 1, p = 0.1 and w = 0.1 are fixed pa-
rameters. 2°(t) = (zD(t),..., 241 (¢)) is a sample
path of a fractional Brownian motion with Hurst parame-
ter H = 0.6, and B(t) is a Brownian noise term. In this
setup, our data consists of X* which is a downsampled ver-
sion of ¢ and the Brownian part is unobserved. Our goal
is to predict the first hitting time min{t > 0| w; > w,}
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Figure 4: Brier score 6t — BS(t, dt), evaluated at ¢ = 0.23,
for the partially observed SDE experiment. Confidence intervals
indicate 1 standard deviation.

of a threshold value w, = 2.5. We train on n = 500 in-
dividuals. Figure 3 shows the sample paths and SDE of
a randomly selected individual. This setup is close to a
well-specified model since signatures linearize controlled
differential equations.

Tumor Growth. We similarly aim at predicting the hit-
ting time of a stochastic process modelling the growth of a
tumor (Simeoni et al., 2004), where z* represents a drug-
intake. In this experiment, the time series X® is very-low
dimensional (d = 2, which includes the time channel).

4.5. Real-World Datasets

Predictive Maintenance. (Saxena et al., 2008) This
dataset collects simulations of measurements of sensors
placed on aircraft gas turbine engines run until a threshold
value is reached. In this context, the time-to-event is the
failure time. This dataset features a small sample size, con-
siderable censoring rates and a high number of time chan-
nels.

Churn prediction. We use a private dataset provided by
Califrais, a food supply chain company that delivers fresh
products from Rungis to food professionals. The company
has access to a variety of features observed through time
for every customer. Its goal is for example to predict when
the customer will churn. The time series in this setup are
high dimensional but sampled at a low frequency.

Further details on all datasets are provided in Appendix D.
Overall, our datasets are diverse in terms of sample size,
size and length of the time series and censoring type.

4.6. Results

General performance of CoxSig. Overall, the signature-
based estimators outperform competing methods. We ob-
serve that CoxSig and CoxSig+ improve over the strongest

Algorithms Avg. C-Index 1 IBS |

CoxSig 0.85740.01 0.091+0.01

o CoxSig+ 0.857+0.01 0.095+0.01
© NCDE 0.517+0.04 0.103+0.01
DDH 0.545+0.02 0.094+0.01
SLODE 0.621+0.05 0.253+0.03

. CoxSig 0.696+0.02 0.138+0.01
g CoxSig+ 0.797+0.03 0.137+0.01
= NCDE 0.827+0.02 0.130+0.01
DDH 0.94110.05 0.133+0.01
SLODE 0.601+0.07 0.136+0.01

< CoxSig 0.858+0.04 0.154+0.03
v CoxSig+ 0.867+0.04 0.154+0.03
<ZC NCDE 0.541+0.09 0.178+0.04
DDH 0.813+0.06 0.156+0.02
SLODE 0.438+0.14 0.14510.02

= CoxSig 0.741+0.01 0.130+0.01
E  CoxSig+ 0.751+0.01 0.12940.01
= NCDE 0.529+0.05 0.152+0.01
© DDH 0.570+0.03 0.139+0.01
SLODE 0.542+0.03 0.193+0.03

Table 2: Averaged value of our metrics for 4 considered
dataset over set of 10 different values of ¢ chosen from the
5 to the 50th percentile of the distribution of event times.
The values of 0t for each dataset is chosen to be the same
as that shown in Figure 5.

baselines in terms of Brier scores. Contrarily to the strong
baseline DDH, this improvement is consistent over larger
prediction windows [t, t + dt] as ot increases (see Figure 4).
They provide even stronger improvements in terms of C-
indexes (see Figure 5 and Appendix D). This suggests that
they are particularly well-tailored for ranking tasks, such
as identifying the most-at-risk individual. Including the
first observed value of the time series generally improves
CoxSig’s performance: this is possibly due to the fact that
signatures are invariant by translation (i.e. the signature of
x 1t — x(t) is equal to the signature of x : t — z(t) + a),
and hence including the first value of the time series pro-
vides non-redundant information.

Performance on low-dimensional data. A notable ex-
ception is the tumor growth simulation, in which CoxSig is
generally outperformed (see Figures 15 and 16 in the ap-
pendix). The competitive performance of signatures for
moderate to high dimensional data streams and its below
average performance on low dimensional data is a well-
studied feature (see Fermanian (2021) for an empirical
study). A possible solution to handle low-dimensional data
is to use embeddings before computing signatures to make
them more informative (Morrill et al., 2020).
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NCDEs. On the other side, NCDEs generally tie or per-
form worse than competing methods. Notably, when con-
sidering C-indexes, they even perform worse than random
on the predictive maintenance dataset. This stands in stark
contrast to their good performances on classification or re-
gression tasks (Kidger et al., 2020; Morrill et al., 2021;
Vanderschueren et al., 2023).

Running times. Finally, we observe that our methods
run in similar times than DDH, while including cross-
validation (see Figure 13 in the appendix). Models that do
not use time dependent features (RSF and Cox) are 2 orders
of magnitude faster to train.

5. Conclusion

We have designed and analyzed a model for generic count-
ing processes driven by a controlled latent state, which can
be readily estimated using either NCDE or signature-based
estimators. CoxSig in particular offers a parsimonious al-
ternative to deep models and yields excellent performance
for survival analysis. Future research efforts will be tar-
geted at extending our model to competing risks and mul-
timodal data.

Limitations. While our model shows competitive per-
formance on moderate to high-dimensional data, one cen-
tral limitation is its below average performance on low di-
mensional data. We also stress that the extension to very
high dimensional time series is computationally prohibitive
since the signature scales exponentially with the dimension
of the time series. Finally, our experimental setup is lim-

ited to the survival analysis case: we plan on extending it
to general counting processes in future work.
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Supplementary Material

A. Supplementary Mathematical Elements
A.1. Supplementary elements on survival analysis

The counting process associated with the observation of T¢ < T4 < ... is denoted by N'. The observed counting process
ist — Ni(t) = [; Y(s)dN‘(s). The integral against the counting process N’ is to be understood is to be understood
as a Stieltjes integral, i.e., fof Ao(8)dN*(s) = Yop <, AL(T;) — see Aalen et al. (2008, p.55-56). Its intensity writes
AL(t| W, (2%(5))s<¢)Y " (t), which we simply write A\’ (¢)Y"(¢) to alleviate notations.

To the observations, we associate the filtration F, with all o-fields at 0 < ¢ < 7 defined as
= U #

where 7} = o (2%(s), W, N(s),Y"(s),0 < s < t). We assume in addition that Y is 7'-predictable.

Using the Doob-Meyer decomposition of counting processes - see Aalen et al. (2008, p. 52-60) - we have
t
Ni(t) = / A(s)Y'(s)ds + M*(t) @)
0
where M is local square integrable martingale with respect to F*.

A.2. Picard-Lindelh6f Theorem

Theorem A.1. Let x : [0,7] — R% be a continuous path of bounded variation, and assume that G : RP — RP*? g
Lipschitz continuous. Then the CDE
dz(t) = G(z(¢))dx(¢)

with initial condition zy € RP has a unique solution on |0, 7|.

A full proof can be found in Fermanian et al. (2021, Theorem 4). Remark that since in our setting, NCDEs are Lipschitz
since typical neural vector fields, such as feed-forward neural networks, are Lipschitz (Virmaux & Scaman, 2018). This
ensures that the solutions to NCDEs are well defined.

A.3. Continuity of the Flow of CDEs

We state a result on the continuity of the flow adapted from Bleistein & Guilloux (2024), Theorem B.5.

Theorem A.2. Let F, G : RP? — RP*? be two Lipschitz vector fields with Lipschitz constants Ly, Lg > 0. Let z,r :
[0,7] — RY be either continuous or piecewise constant paths of total variations bounded by L, and L,. Consider the
controlled differential equations

dw(t) = F(w(t))dz(t) and dv(t) = G(v(t))dr(t)
with initial conditions w(0) = v(0) = 0 respectively. It then follows that for any t € [0, 7]
Ju®) — (1)) < ( 2~ Pl oy (1 L L) + max [F(w) — Go)l, Lr) expl(Ly L),
where

]C:

Ly (|IF(0)llop Lz) exp(LpLa) + IIF(O)IIOP] exp(Lg Ls)

and

Q= {ueR||ul < (IG(0)ly,Lr) exp(La L)}

14
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A 4. Linearization in the Signature Space
A.4.1. GENERAL RESULT

In this section, we give additional details on the linearization of CDE:s in the signature space. We first define the differential
product.

Definition A.3. Let F,G : R? — RP be two C* vector fields and let J(-) be the Jacobian matrix. Their differential
product F' x G : RP — RP is the smooth vector field defined for every i € RP by

(F+QG)(h) = ‘ g}z

Jj=

(h)Fj(h) = J(G)(h)F(h).

We now consider a tensor field F : R? — RP*4 which we write

|
F=|F' ... F¢

where for every 1 <1 < d, F'*: RP — RP, and we define

)

I'y(F) = sup HF“*-n*F’:’“(h)HQ.
R <M, iy < <ip <d

Consider the solution z : [0, 7] — RP to the CDE
d2(t) = F(=())da(t) )
z(0)=0€R?

where z : [0,7] — R? is a continuous path of finite total variation bounded by L,7 > 0. We recall the following result
from Fermanian et al. (2021), Proposition 4.

Proposition A.4 (Fermanian et al. (2021), Proposition 4.). We have

(det)NJrl

124(0) e el < S5

Iyi1(F)

As a consequence, we have the following theorem.
Theorem A.5. Let F : R? — RPX be q C* tensor field. If

(dLTt)N+1

(N n 1)' FN—H(F) — 0

as N — +oo, then the solution z to the CDE (5) can be written as

A=Y > Slapg)F" x-- % F(0).
k>1 Iefl,...,d}*
A.4.2. APPLICATION TO OUR MODEL
Recall that we have defined our generative model through the CDE
dz(t) = G (25 (t))da’ (t)

with initial condition zi(()) = 0, where G, : R — RP is a L, -Lipschitz vector field. Since in our case, the vector field
G, maps R to R<, it can be written as

G.(2)=[Gi(z) ... G¥=2))],

15
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where for every 1 <1 < d, Gi : R — R. In this setup, for 1 < 41,45 < d the differential product collapses to
(G *G2)(h) = (G2)'(h) x G2 (h) € R.
For 1 < iq,19,13 < d, it writes
(G # G2 G2)(h) = (G2 % G2)' (h) x Gi-(R)

= ((G2)'(h) x G22(h))" x G ()

= ((G2)P(h) x G2(h) + (Gi2)'(h) x (G22)'(h)) x G (h) € R.
One can derive similar expression for 1 < i1,...,4; < d. In line with Theorem A.5, we make the following Assumption
on the vector field G,.
Assumption 4. The vector field G, satisfies

(Lyrd)N+1

(N1 1)! Pv1(Gy) =0

as N — oo.

We can write the /5 and ¢; norms of «, y as functions of the differential product of G.,.

Lemma A.6. We have that

N . N\ 1/2
lolly < (2 4" Tw(G.)?)
k=1

and

N
loenlly <D d"Ti(G).

k=1

Proof. Starting with the {5 norm, one has

- , . 1/2
o Nl = (Z Z G x .- *Gik(o)z)

k=1 1<ii,i2,...,ix<d

N . ] , 2\ 1/2
< ( d max |G2 % - - % G2 (0)] )

1<i1,42,...,i,<d

k=1
N
< ( dka(G*)2>

k=1

1/2

Moving on to the ¢; norm, we similarly obtain

sl = (L X (62 e GEO))

k=1 1<iy,i2,...,ix<d

N
< (Z dF max \Gil*"'*Gik(O)D

1<y, ig,...,0 <d

16
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A.5. Signature of a Discretized Path

We recall the following result from Bleistein et al. (2023).

Theorem A.7. Let x : [0,7] — R? be a path satisfying Assumption 1. Let D = {t,... ,tx} C [0,7] be a grid of
sampling points, and x° the piecewise constant interpolation of the path x sampled on the grid D. For all oo € RY, where

q = d;v__ll, we have
" (Sn(2p0.) — SN (2f0.9))| < e3(N) [l |D],
where
(L,tH)yN-1—1
N)=2¢e———1L,.
es(N) = 2 Lot —1
A.6. The Cox Connection

Signature-based embeddings. Consider a continuous path of bounded variation z : ¢ ~ (z(t),t) € R%. First, remark
that for every word of size one I € {1,...,d}, the signature writes

S!(z(0.4) = / dzD(s) = 2(¢).
O<ur <t

Furthermore, for any word I = (d, . . ., d) of size k made only of the letter d, i.e., words that only include the time channel,
we have

1
SI(x[07t]) = / duy . ..dug = Etk'
O<u; <--<up<t .

This shows that for z = 2P

o Sy (zP) = af (1,482, )+ af XU(t) + Z arST(zhP)

[0,¢] [0,¢]
Iels
where aj, is the subvector of a collecting all coefficients associated to the words {d},{d,d},...,{d,...,d} containing
only the letter d, oy, is the subvector collecting all coefficients associated to the d — 1 words {1}, {2},...,{d — 1} of size
1, and oy, collects the remaining coefficients.
NCDEs. For any N > 1, consider the augmented vector field
Gu(z) = | GG Opx(von) | gVt x(N-1d) R,

Onv—1)xd T(n—1)x(v=1)

and an embedding of the time series X' of the form %P (s) = (X¥(t%), s, 5%,...,s") € RN~ for s € [t} tx11[. The

latent state of the NCDE model is now updated as

2P (ther) = 257 (1) + Gy (B0 (80)) AX (1)
Gy(zy)AX (tr1)] 267 (t) + G257 ) AX (t1)

. Atk_t,_]_ tk-‘rl
=27 (te) + : = )
Atﬁ&-l tg+1

This proves that in the NCDE based model, the intensity can similarly be written as
a2 P () = af 207 () +af, (1,482, . tY)
where o = (az,,ar,), and a; € RP and ap € RY.

17
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A.7. Self-concordance

We now state a self-concordance bound, which can be found along with its proof in Bach (2010).

Lemma A.8. Let g : R — R be a convex, three times differentiable function such that

9@ (@)] < Mg®(x)

for all x € R and for some M > 0. Then it follows that

9@(0)

i 2(=Mt) < g(t) = 9(0) — tg'(0) <

forallt > 0, where

D :t—exp(t)—t—1.

A.8. Decomposition of the difference in likelihoods

We first define the empirical KL-divergence between the true and parameterized intensity associated to the sample D,, as

Lo (A, AD) Z/ z 5)Y(s)ds —72/ (X (s) — Ni(s)) Y(s)ds.

This definition is classical for intensities of counting processes (Aalen et al., 2008; Lemler, 2016). We now show that
minimizing the empirical KL-divergence between the true and the parameterized intensity amounts to minimizing the
empirical log likelihood, ignoring a noise term that will be canceled by setting the penalty accordingly.

Proposition A.9. For every 0 € ©, the difference in likelihoods (2 (0) — %, decomposes as

)\z D
2 AY) —72/ dMZ()
where M" : [0, 7] — R is a local square integrable martingale.
This proposition is a consequence of the Doob-Meyer decomposition N( fo Ai(s s)ds + M(t) of the counting

process (Aalen et al., 2008). We now furthermore define the total Varlatlon d1vergence as

n(Ae AP) Z / INL(s) = AGP ()Y (s)ds

and the quadratic log divergence D2 (\,, \Y) as
15~ (7 i, i 2yi i
- Z/O (log Ay (s) — log Ai(5)) AL (5)Y(s)ds.
i=1

Proposition A.10. There exist two constants ¢y, co > 0 such that
ATV (A, AF)? < KLy (A, AF) < D5 (A, AY).
More precisely, the constants c1, co are functions of ©, L, T and L, and are given explicitly in Appendix B.2.

This bound is obtained by combining a Pinsker-type inequality (Proposition B.1) and a self-concordance bound (Proposi-
tion B.2). It is informative in two ways. First, it shows that minimizing the negative empirical log-likelihood and hence
the KL-divergence between the true and parameterized intensity will lead to a minimization of the total variation between
the two intensities. Secondly, it shows that the KL-divergence is upper bounded by a term involving the difference of the
logarithms of the intensities. We make use of this second bound to obtain a bias-variance decomposition.

18



Dynamic Survival Analysis with Controlled Latent States

B. Proofs
B.1. Proof of Proposition A.9
Proof. Thanks to the Doob-Meyer decomposition of Equation (4), the log-likelihood associated to individual ¢ is

(P (0) = /0 ’ AP (s)Y(s)ds — / ’ log A\j” (s)dN'(s)

0

= /OT (AQ’D(S) —log Aé’D(S)Ai(s))Yi(s)ds - /T log AP (s)dM ().

0

Similarly, the log-likelihood associated to the true intensity A writes
o= / M (8)Y'(s)ds — / log A% (s)dN"(5s)
0 0
- / ()\i(s) ~log Ai(s)Ai(s))Yi(s)ds - / log X (s)dM(s).
0

0

Hence, we get

07 (0) = 6,

n

1 n . . ; )\i,D(S) : 1 n )\i7D(S) .
= Z/ [)\(,D(S) —AL(s) — A\i(s) log ;)i ) }Y (s)ds — EZ/log N (s) dM*(s)

*

=KL, )\*7/\D :Li/ )\’LD( )dMl()

This concludes the proof.

B.2. Proof of Proposition A.10

To prove Proposition A.10, we essentially combine a Pinsker-type inequality and a self-concordance bound. We prove
these two bounds separatly bellow. Combining them yields the double inequality of Proposition A.10. In the following,
forall ¢t € [0, 7], we let

AGP(t) = /OMD( $)Y(s)ds
and
Ni(t) = / Xi(s) Y (5)ds

be the cumulative hazard functions.

Proposition B.1 (Pinsker’s inequality.). Let A, be the true intensity defined in Equations (1) and (2), and \g be an intensity
parameterized by 6 € ©. Under Assumptions 1, 2, and 3, we have that

ClTVn(A*a /\9D)2 S KLn()\*7 /\5))7
with
1 4 2 -1
€=~ exp(—Bg,2Bw) {g exp ( ||G*(0)Hop L,Texp (LG* LIT)) + 3 &XP (Ba exp(LzT))}
for signature-based embeddings and
1 4 2 -1
c1 = . exp(—Bg,2Bw) {g exp ( ||G*(O)||0p L,Texp (LG* Lﬁ')) + 3 exp ( |G (0 )|| L,7exp (LGwL 7'))}

for NCDE:s.
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Proof. We have

— 1P (s)Y(s)ds

V(A AD) = /|x P ()|Yi(s ds—

)\ZD

2
(20 o
—/0 (AZ,D(S) 1) AGP ()Y (5)ds,

where we have used that || = v/z2. Note that by definition, \;;” (s) = exp (25" (s) + BTW?) > 0 forall s € [0, 7]: we
can thus safely divide by this term. Now, since for all x > 0

with
&(x) :=xlogr —x + 1,

one obtains

TV, (0 AD) < / \/ + 35 (G P O 9.

Using the Cauchy-Schwarz inequality yields

n T i T 7 1/2
TV, (Aes Ag) < 7112 [ /0 (% + §AAD(2)) /\;vD(s)Yi(s)ds] [ /O 5(2)52)) )\évD(s)Yi(s)ds]

i1=1 6
1 n 4 9 1/2 - /\l( ) 1/2
< - AP (7)) + SAL(r / M (s) 1o £t + AXP () = Xi(s) ) Yi(s)ds
ni:1[39<> AL lo(()gxép(s) 57() = X)) Y (s)
A ) 1/2
< max [31\31)( )+3Ai(7')] (Aes AF")

Bounding the true cumulative hazard function. We have

4 . 2 . 4 : 2 )
max [31\2’[)(7‘) + 3Ai(7‘)] < 3, max A;’D(T) + 3 max AL(7).

Moreover, Lemma 2.1 yeilds that, for all s € [0, 7],

log A, (s) < B 2Bw +[|G4(0)l,, Lasexp (La, Lus)
< Bg2Bw + [|G(0)]|,p LaT exp (L, LaT).

Hence for all = 1, ..., n, it holds that

/ N (8)Y¥(s)ds <1 sup Ai(s) < Texp (BB,QBW + G (0)[lop LT exp (LG*LmT))
s€[0,7]
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Since this last bound does not depend on ¢, this gives us that

2 . 2
2 max Ai(r) < ?Texp (Bmb + G (0)]],, Lo exp (LG*LQJ)).

i=1,...,n

Similarly, one obtains that

. 4 :
max A;‘D(T) <7 ‘max  sup Aj(s).
1=1,...,n 3 i=1,...,n s€[0,7]

Signature-based embeddings. For signature-based embeddings, we have

Sl[lp ] )\fg (s) < exp(Bgs,2Bw) [exp(Ba exp(LwT))} .
s€(0,7

NCDEs. For NCDEs, one obtains

o X5(5) < ex (ByaBuw) xp [ 1Gu(0)ly Lo ex (L, L)
se[0,T

Final Bound. Putting everything together, one finally has that
1TV (A A7) < KLy (As, M),
where
1 4 2 -1
0= exp(—Bgs,2Bw) {g exp([|G«(0)[lop Lo exp (La, L.7)) + 3 exp(Bag exp(LwT))}

when using signatures and

) -1
exp (|G (0)lloy Lo exp (Le, LaT)) + 5 exp | [Gp(0) | LaTexp (L, Lo)] |

when using NCDEs.

We also prove the following self-concordance bound, a close result can be found in Lemler (2016).

Proposition B.2 (A self-concordance bound.). Let A, be the true intensity defined in Equations (1) and (2), and Ay be a
intensity parameterized by 0 € ©. Under Assumptions 1, 2, and 3, it holds that

KLn()Um)\Q) < CQD?L(/\*’)‘GD)’

where

expM — M —1

€2 = M :

and
M := exp(Bg,2Bw) [exp ( G+ (0)l[op LT exp (LG*L;CT)) + exp (Ba exp(LxT))}
when using signatures and
M i= exp(By2 Bw) [exp (1G~O)lyy Lo exp (La. L) ) +exp (1G(0) ]y LoTexp <LGwLmT>)}
when using NCDEs.
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Proof. Define

: I 7 i, i A (s) i i
gt - ;/0 {exp (t(log AP (5) = log N.(s))) — tlog )\91(5) — 1} AL(s)Y'(s)ds.

This function satisfies all assumptions needed in Lemma A.8. The function f : ¢ — exp(yt) — ¢ — 1 is convex for all
~v € R. Convexity is preserved by integration against a positive function: indeed, if f(¢,s) is convex in ¢ for all s and
h(s) > 0forall s € A, then

/ f(t,s)h(s)ds
A

is convex in ¢ (see Boyd & Vandenberghe, 2004, Page 79). The function is also clearly C*°. Finally, remark that by
differentiating the integral, one obtains

RS o Dy i iD, ; IR O NP
g'(t) nz ; {(log)\e (s) log)\*(s)) exp(t(log)\g (s) log)\*(s))) log N (s) ])\*(S)Y (s)ds,

0= | " (1og A5 (5) — Tog Xi(5)) exp (10 N5 (5) — log Xi (5)) ) XL ()Y (5)ds,

g () = % Z /OT (log AP (s) — log )\i(s))3 exp (t(log Ay P (s) — log AL(8)))AL(s)Y"(s)ds.
Hence

. 1 [T
G ) <= /‘
U

= Mg®) (1)

/\é’D - )\i (log )\é’D(s) — log )\i(s))2 exp (t(log )\é’D(s) — log )\i(s))))\i(s)Yi(s)ds

oo

for all t € R with

M :=  max A;’D — AL
Using now Lemma A.8, we getatt =1
(2) (2
92 (0) 9% (0)
(= M) < g(1) ~g(0) — ¢'(0) < EFa(u),

‘We have

n

g?(0) = %Z /OT (log )\é’D(s) —log /\i(s))z)\i(s)Yi(s)ds

i=1
Finally, remark that
9(1) = KLn()‘*v )\0)7
and hence

SexpM—M—l

KLn()\*a)‘G) M

Z /T (log )\é’D(s) —log )\i(s))Q)\i(s)Yi(s)ds.
i=170

Turning to the constant M, remark that

M= e (%A < e (]l mas X ®

i=1,..
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Similarly to what is done in the proof of Proposition B.1, we have

_max [IN]| < exp (Bﬁ,sz + G (0)lyp LaT exp (LG*L:ET))7

and

max
i=1,...,n

AZ’DHOO < exp(Bg 2 Bw) [exp (Ba eXp(L”))}

when using signatures and

max )\é’DH < exp (Bg2Bw) exp [||G1/,( Nop LaT €xp (La, Lz 7')]

i=1,...,n

when using NCDEs. O

B.3. Formal Statement and Proof of the Risk Decomposition
Proposition B.3. Let \, be the true intensity defined in Equations 1- 2 and N be the intensity parameterized by 0 € ©.
Under Assumptions 1, 2, 3 and 4, for signature-based embeddings and 0 = (o, n, By ), it holds that

(de)N—&-l 2 7.2N+3

Di(A*, AGD) S 2T exp (B,Q,QBW =+ HG*(O)”OP LwTeXp (LG*LIT)> mAN.}rl(G*) m

Approximation bias

+ 27 exp (B,g’ng + G (0)[lop LT exp (Lg, Lot ) del‘k L)% D)?

Discretization bias

whereas for NCDEs, for 0 = («, v, B,), it holds that

Di()\*,/\g)) < QTeXp(QLGwLw) |: (Ba(l + LGwLxlC)LﬂDDQ + (max HaTGw H) :|

Discretization bias Approximation bias

X exp (Bﬁyng + G+ (0)lop LaT exp (LG*L17)>.

Proof. We have the following.

NCDEs. We first consider the case where the individual time series are embedded using NCDEs. Considering a general
0 € ©, we then have

D?(\,,\)) = 72/ (a" 25" (s) + BTW — zi(s) + ﬂTWZ) L (5)Y'(s)ds
-2 Z / oTP(s) = 2i(s) + (8 — B) TW) L (5)Y (s)ds
<= Z / (0725 (5) — 2 () AL (5)Y ()5 + Z / (B B)TWAL(5)Y (5)ds,

where the last inequality is obtained using (a + b)2 < 2a? + 2b2. Since this is true for all § € O, we first chose 5 = 5,,
hence cancelling the second term. Turning to the remaining term, we have

25" (s) = 24(s) = aT2y”(s) — aTzj(s) + a T z(s) = 24(s),
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where 2} () is the solution to the CDE driven by continuous unobserved path

dzg(t) = Gy (25(t))da’ (1)
with initial condition 2¢(0) = 0 € R. Using the continuity of the flow (Theorem A.2), one obtains

jaT 25" (s) — aTz5(s)| < [lall |25 (s) — z4(s)

< Boexp(Lag, L) (1+ La, LK) ||2° — 27|
Using the fact that
e~ 2P| < LD,
one finally obtains
la"z5P(s) — ' z(s)| < Baexp(Lg, L.)(1 + La, LK) Ly|D|.
Using again the continuity of the flow, one also has that

07 24(s) = 24(5)] < exp(La, Lo) max T Gy(v) — Gu(v)]

since a " 2§ (s) is the solution to the CDE

du'(t) = o' Gy (u'(t))dz'(t)

with initial condition u?(0) = 0. Putting everything together, one obtains
, 2
(aTz; D(S) — zi(s))Q <2exp(2Lg,L.) [(Ba(l + LG,J)LIIC)L;E\D\) + (max Ha Gy (v H ) ] .
Plugging this result in the original inequality on the squared log-divergence yields

D2 (A, \§) <27exp(2Lg, Ly)

2
(Ba(1+ La, LK) Lol D|) "+ (max|[aTGy(v) = G.(0)]]) 1
X exp (BgﬁQBW + G (0)lop LT exp (La, LIT)).

Signature-based embeddings. We proceed in a similar fashion. We have for any 6 € O that
i i 2 i i i i\?
(log AP (s) — log N(s))" = (aTSN(x[Oz]) +B8TW — aIS(;v[O’S]) - B]wW )
. , N
_ (aTSN(xE(’)g]) —alS(aly ) + (8- @)Twz) .
Now, we furthermore have
aTSN(xE(),Dé]) - ajs(xfo,s]) = aTSN(xE(),Db]) — QY NSN( [0 s]) + (o NSN(‘%‘[O s]) Ts(xfo,s])'
In particular, taking o = o, v, we have
T 4,D TQ(i _ T i,D T i TQ(,i
O‘*,NSN(m[o,s]) O S(m[O,s]) = QN (SN(QT[QS]) Sn(z} [0 S])) + %,NSN(QT[O,S}) -y S(x[O,s])'
Using Proposition A.4, one obtains

i i (dLys)NH
o) NS (o ) — ) Sy )| < WANH(G*)'
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Additionally, using Theorem A.7, we have

o] x (S (i) — S (o, ))] < llae | e (V)] D).

We obtain for § = (o v, Bx) that

. . dL,s)N+1 2
(108.257(5) ~10g )" < 2 T v (@) + 2wl es(V)*

using the fact that (a + b)? < 2a? + 2b%. Finally, integrating yields

D2\ AD) < . Bg B G. L Lg, L,7) |2 MA el [ g
n(AAg) < nZeXp s.2Bw + G (0)]l, Lo exp (La, LoT) ) 27 N+ 1) N+1(Gy) s 5
=1 :

1 n
+ -~ Zexp (BBQBW + ||G*(0)Hop L,7exp (LG*L17)>27- Ha*}N||2 cs(N)?|D|?
i=1
(dL,)N+1 2N+3

MAN“(G*)] N+3

< 27 exp (Blg,ng + G (0)[lop LT exp (LG*LJ.T))
+ 27 exp <B/3,QBW + |G« (0)lop LaT exp (LG*L17)> s n|I” es(N)?|D)2.

Using Lemma A.6, we can furthermore simplify the bound to

(de)N—i-l 7_2N-‘,—3

(N +1)! FN“(G*)] 2N +3

D2 (A, \Y) < 2T exp (Bﬂ,ng + G (0)[lop LT exp (LG*LIT)>

+ 27 exp <BﬁYQBW + |G« (0)[[op LT exp (La, LT ) de L)% D)?.

B.4. Proof of Theorem 3.1
, B) be the solution

Theorem B.4 (Formal statement of Theorem 3.1). Consider the signature-based embedding. Let
Bil - (5)) we have

of (3) with pen(0) = n |||y + 12 ||8]l;. Under Assumptions 1, 2, 3 and 4, and writing 3, =
forany N > 1 and any x > 0 that with probability greater than 1 — 4e™"

—~

I
VA
Q)

(de)NJrl
(N+1)!FN+1(G*)] PR

(P () — £ <27 exp (BBQBW + |G (0)[lop LaT exp (La, L;ﬂ'))

Approximation bias

+ 27 exp <Bg 2Bw + |G (0) |, LaT exp (La, LT > defk 2D
Discretization bias
Ly7)™ ar+log Ao 27\ (z + log s
4 al k') \/ ( derk +4B,30 sup \5 k)|BW\/(ng).

Proof. By optimality of 0, we have for all § € © that
(2(0) + pen(f) — £ < (2(0) + pen(0) — £,
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and hence, using Proposition A.9, one obtains
)\’L;’D (5

4
AGP (s

KLy, (A, AY) < KLy, (As, A7) + pen(0) — pen(0) + % zn:/log ;sz‘(s).

Using Proposition A.10, the KL-divergence on the right hand side can be bounded by the squared log divergence, yielding

i,D
R AT (s)
KLn()\*u )\G*D) S C2D$L(A*7 )\9D> + pen(a) - pen(e) + E E /log )\fT(S)dM’L(S) (7)
i=1 (4

The “bias term” chfz (A, AD) can be bounded thanks to Proposition B.3. We shall now derive a bound for the term
i,D
R AT (s)
6) — pen() + — log ————dM'(s).
pen(®) —pen(@) + 3 [10g S ')

Since Equation (7) holds true for all § € ©, we can set 0 = (a, v, Bx). We now study the term

ALP(s) 1SS [T , . . . , ,
PTACE 3 /0 (6" Sn(als2) + BTW —al \S(alyy) — BT W)AMi(s)  (®)
i=1

1 n T ’;
o> [ g
i o Ads,

A I~ (7 i,D i 3 RS i
=(@—aun) '~ Z/O Sn (i) dM (s) + (B = B) T~ > WIM'(H). ()
i=1 i=1
which appears in Proposition A.9 when considering signature based embeddings. We make a repeated use of the following
lemmas in our derivation of a bound for this term.

Lemma B.5. Let S (xf(’)Dt]) € R be the signature coefficient associated to the j-th word of the k-th signature layer of a

time series ©°F, evaluated at time t < 1. Then we have

(0,¢]
i,D _ i,D (th)k (LxT)k
Hs[k]d(l’[or])”oo’[o’t] B érél[%?%] ‘S[k]vj(‘r[o,s]” g k' S k' .
Proof. For all s € [0, t], we have
i,D k
S 4D < IS i,D < ’w[O,t] 1-var
| [k],j<x[0,s])| = H [k]($[073}) ‘ ST

where Sy (xféz}) refers to the full signature layer of depth k, and the last inequality can be found in Fermanian (2021).
Using Assumption 1, we have

i,D k i k
w[(),t] 1-var < Hx[o’t]’ 1-var < (Lﬂlt)k < (LIT)k
k! - k! - kT KR!

O
The following deviation inequality is a direct consequence from the one in Van de Geer (1995) and derives from inequalities
for general martingales that can be found in Shorack & Wellner (2009) for instance.

Lemma B.6 (Deviation inequality for a martingale). Let Y be a locally square integrable martingale .Then, for any x > 0
and t > 0, the following holds true for

P(|r(®)] = V20t + BOT p(1)) < o(t), sup 18T(s)] < B(t)) <277, (10)

3 s€0,t]

where (Y (t)) is the predictable variation of T and AY(t) its jump at time t.
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Going back to Equation (8) and decomposing on the signature layers, we can write

N

(@—a,n)T Z/ Sw (@AM ()| = | > (G = o) Z/ (s (s)]
1];:1

>

k=

IN

L2 [ sty

| — eveplly 1<5U<Pdk

—

Because the martingales M are independent, and the signature coefficients bounded, the term

I [T WD i
= nlz_:l/o S[k],j(‘r[()7s])dM (S)

is itself a martingale. Moreover, since each M* comes from a counting process via a Doob Meier decomposition, its jumps
are bounded by 1 and, at a given time, there is (almost surely) at most one M* that jumps. As a consequence, we get the
following bound with jumps bounded by

1 (L:L’T)k
t:l[épT |Axa(t)] < n iy SUP ||S[k]a )||007[077'] = k!

and quadratic variation given at time ¢ € [0, 7| by

n

Z/ T )dM(s)) = nlzZ/OtSH (@) AL (8)Y " (s)ds

=1

< sup ||S[k],j($[6j,j.])||§o,[o,7]ﬁZA*(t)
i=1,...,n i—1
1 D2 ;
<o IS s A
L2k 2k+1
< L/\Oﬂ (an
(k)2

where we have used Lemma B.5 and the fact that
t
ML) = [ ALY (s < ¢ sup N(s) <7 sup NL(s) < T
0 s€[0,t] s€[0,7]

with
Ao = exp (Bg2Bw) exp ( G (0)[[op LT exp (La, LaT))

according to Lemma 2.1. Lemma B.6 now warrants that for any € > 0 with a probability greater than 1 — 2e~°

2eL2kr2k42)\  g(L,m)F (L) 2672 Moo €
1 )M ‘ z < \/ -
‘ Z/ [O s (5) n(k!)? + 3nk! T k! ( n + 3n)

(LxT)k
Kl

A double union bound on the signature layers and the signature coefficients within each layer ensures that for any ¢ > 0
with a probability greater than 1 — 2e™°

Z/ Sjug (e} dM' (5)] < Lt (\/Q(EHOg(NdN))TzM N 6+1og(NdN>).

k*! n 3n

where

* —_—
k* = argmax;

sup  sup
1<k<N 1<j<dF
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Asa consequence

T1 ; . (L) 1 [2(e 4+ 1og(NdN))T2A0e & + log(NdN)
(@ — axn) Z St 2o )M ()| S 1l = a5 ( " + 3n )

for any € > 0 with a probability greater than 1 — 2e~¢.

We apply the same line of reasoning to

(5~ . ”wa O] <135 s

zn: W,ilMi(t)‘.
i:l

n
For each m, the term Y W M"(-) is a martingale with predictable variation less than
i=1

> _(Wi)?AL(t) < BymAx
i=1

Its jumps are bounded by Bw, and therefore Lemma B.6 applies. Via an union bound, we deduce that for any € > 0 and
with a probability greater that 1 — 2e~°

1< o .
(B=B)T- S WM'®)| < 13- B
i=1

\/QB%VT)\OO (e +logs) N Bw (e +logs)
” :

3n
Now defining the penalty
oy Lem) 2(e +1og(NAN)) T2 A0 | £ 4 log(NdY)
pen(0) = flalls = — i ey
2B%, TA(e +1ogs)  Bw(e+logs)
18l (yf - g Zwle ey
we obtain

pen(6, ) — pen(f Z/log )\LD dMZ( )

(Ly7)* 2(m+10g(NdN))72)\oo z + log(Nd™)
k! (\/ n + 3n )

(\/2B%VT)\OO(;1: + log s) N Bw (z + log s))
n 3n

< 2o vl

+2||B*||1

with a probability greater that 1 — 4e~¢ for any € > 0. For n large enough, we can write

(L,7)* <\/2(€ +log(NdN)) 72\ Let 1og(NdN))

2
o vl k*! n 3n

27 Ao (e + logs) = Bwl(e +logs)
+ )
n 3n

+2/|A.]11 (Bw

2T Ao (€ + log s)

< Aol
n

+ 4[|l Bw

(L)% [2(e +log(NdN)) T2 Ao
k*! n
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Finally, using Lemma A.6 and Assumption 3, we can bound the ¢; norms of o, x and 3, n and obtain that for large n, for
any € > 0 we have with probability greater than 1 — 4e™° that

2T Ao (e + log s
4|8 [ By | FAolE 108 5)
n n

Af|ae, wll2

(L,7)* \/2(5 + 1og(NafN))7'2/\OC
k*!

L,7)¥ £+ log(NdN)) T2\ 27 Ao (e + log s
<l k‘*l) \/( ( “Zd‘“Fk )+4Bgo sup Iﬂk)\Bw %'

.....

29



Dynamic Survival Analysis with Controlled Latent States

C. Algorithmic and Implementation Details

In this Section, we provide extra information about learning algorithms described in the main paper and their hyperparam-
eters optimization by gridsearch.

C.1. Description of Competing Methods
C.1.1. CoxSIG AND COXSIG+

Implementation. We use iisignature (Reizenstein & Graham, 2020) to compute signatures. Alternatives for com-
puting signatures include the signatory library (Kidger & Lyons, 2020).

Training. We minimize the penalized negative log-likelihood (defined in 3 in the main paper) using a vanilla proximal
point algorithm (Boyd & Vandenberghe, 2004).

Hyperparameters. The initial learning rate of the proximal gradient algorithm is set to e~ and the learning rate for
each iteration is chosen by back tracking linesearch method (Boyd & Vandenberghe, 2004). The hyperparameters of
penalization strength (71, 7)2) and truncation depth N are chosen by 1-fold cross-validation of a mixed metric equal to the
difference between the C-index and the Brier score. We select the best hyperparameters that minimize the average of this
mixed metric on the validation set. We list the hyperparameters search space of this algorithm below.

) -1 -2 -3 _—4 _—51.
e {l,e e 2 e et e )

) -1 -2 -3 _—4 _—51.
oo {l,e e e et e

e N: {2, 3}. Larger values were considered in the beginning of experiments but were removed from the cross-validation
grid because they yielded bad performance and numerical instabilities.

C.1.2. NCDE

Implementation. We implement the fill-forward discrete update of NCDEs in Pytorch.

Structure. The neural vector field is a feed-forward network composed of two fully connected hidden layers whose
hidden dimension is set to 128. We choose to represent the latent state in 4 dimensions—the number of nodes in the input
layer is therefore set to 4. The dimension of the output layer is equal to the multiplication of the dimension of the hidden
layer (128) and the dimension of the sample paths of a given data set. tanh is set to be the activation function for all the
nodes in the network.

Training. The model was trained for 50 epochs using the Adam optimizer (Kingma & Ba, 2015) with a batch size of 32

and cross-validated learning rate set to e 4.

C.1.3. Cox MODEL

Implementation and Training. We use a classical Cox model with elastic-net penalty as a baseline, which is given either
the first measured value of the individual time series or the static features if they are available. The intensity of this model
has then the form

Xo(t) = Ao(t) exp(8TW?),
where W = X*(0) if no static features are available. We use the implementation provided in the Python package
scikit-survival and called CoxnetSurvivalAnalysis (Polsterl, 2020).

Hyperparameters. The ElasticNet mixing parameter + is set to 0.1. The hyperparameter of penalization strength 7 is
chosen by cross-validation as described above. We crossvalidate over the set {1, e™!, e72, e73, e=%, e7°} to select the
best value.

C.1.4. RANDOM SURVIVAL FOREST

Implementation. We use the implementation of RSF (Ishwaran et al., 2008) provided in the Python package
scikit—-survival (Polsterl, 2020).
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Training. We train this model with static features W* as the only input. Similarly to our implementation of the Cox
model, we use the first value of the time series as static features if no other features are available.

Hyperparameters. We cross-validate two hyperparameters on the following grids.

* max_features: {None, sqrt};

* min_samples_leaf: {1,5, 10};

C.1.5. DYNAMIC DEEP-HIT (LEE ET AL., 2019)

DDH is a dynamical survival analysis algorithm that frames dynamical survival analysis as a classification problem. It
divides the considered time period [0, 7] into a set of contiguous time intervals. The network is then trained to predict a
time interval of event for every subject, which is a multiclass classification task.

Network Architecture. Being adapted to competing events, Dynamic Deep-Hit combines a shared network with a cause-
specific network. The shared network is a combination of a RNN-like network that processes the longitudinal data and
an attention mechanism, which helps the network decide which part of the history of the measurements is important. The
cause-specific network is a feed-forward network taking as an input the history of embedded measurements and learning a
cause-specific representation. See Figure 6 for a graphical representation of the network’s structure.
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Figure 6: Network structure of Dynamic DeepHit. Figure is taken from Lee et al. (2019).

Loss Function. The loss function of DDH is a sum of three loss functions

eDynamic DeepHit — Elog—likelihood + Eranking + gprediclion-

The first loss maximizes the conditional likelihood of dying in the interval [ty ¢ 1| given that the individual has survived
up to time ¢;. On a side note, we notice that the claim of Lee et al. (2019) that this loss corresponds to “the negative
log-likelihood of the joint distribution of the first hitting time and corresponding event considering the right-censoring” of
the data is hence inexact. This might explain the results observed in Figure 4: DDH’s performance, in terms of Brier score,
strongly degrades as dt increases because the model is only trained to predict one step ahead, instead of maximizing the

full likelihood.

The second loss favors correct rankings among at risk individuals: an individual experiencing an event at time 7" should
have a higher risk score at time ¢ < 7" than an individual 7 for which 77 > T".

The third loss is a prediction loss, which measures the difference between the value of the time-dependent features and a
prediction of this value made by the shared network. The loss is minimized using Adam (Kingma & Ba, 2015).

Hyperparameters. In our setting, we use the network in its original structure. The learning rate is set to e~* and the
number of epochs to 300.
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C.1.6. SURVLATENT ODE (MOON ET AL., 2022)

Network Architecture. SurvLatent ODE is a variational autoencoder architecture (Kingma & Welling, 2013). The en-
coder embeds the entire longitudinal features into an initial latent state, and the decoder uses this latent state to drive the
latent trajectory and to estimate the distribution of event time. In this framework, the encoder is an ODE-RNN archi-
tecture (Rubanova et al., 2019), which handles the longitudinal features sequentially backward in time and outputs the
posterior over the initial latent state. The decoder, which is adapted to competing events, consists of an ODE model and
cause-specific decoder modules. The latent trajectory derived from the ODE model is shared across cause-specific de-
coder modules to estimate the cause-specific discrete hazard functions. See Figure 7 for a graphical representation of the
network’s structure.
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Figure 7: Network structure of SurvLatent ODE. Figure taken from Moon et al. (2022).

Loss Function. The loss function is a combination of the log-likelihood and the Kullback-Leibler divergence between
the approximate and the true posterior over the initial latent state.

Hyperparameters. In our setting, we use the network in its original structure. The learning rate is set to e~2 and the
number of epochs to 15, as in the original paper. The training of this framework cannot use subjects whose last longitudinal
measurement time is equal to the event time, which is not the case for our proposed methods as well as other competing
methods. In order to avoid this problem, we then stop observing the longitudinal measurement before the time-to-event for
a period equal to 80 % of the event time of these subjects when training the model of this framework.

C.2. Computation of the Different Metrics

The following lemma details the computation of the conditional survival function.

Lemma C.1. Foranyi € {1,...,n},

t+6t .
. . .
ol =exo (= [ Nl ).
where j(t,0t) = P(T* > t + 6t |T" > t,xf(’)Dt
parameters 0, at time t + 3t for 6t > 0 conditional on survival up to time t, and on observation of the longitudinal features

up to time t, and the notation )\é (u, :Ef(’ﬁ M}) means that the intensity at time u is computed by using the longitudinal

]) is the survival function of individual 1, as estimated by the model with

features up to time u At = min(u, t).
Proof. Since Bayes rule gives

IP(TZ' > ¢+ 6t |2, Wz)

rh(t,6t) = P(Ti >t 0t| T > t,xf;ﬁ],wi) -

B(T? > t| 2y, W)
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we can compute this score by using the fact that

]P’(T’ > |, Wi) = exp(—ALP (1)),

where we recall that A" (¢) is the cumulative hazard function

AP (1) ::/0 AP (s)Y'(s)ds.

We refer the reader unfamiliar with survival analysis to Aalen et al. (2008, Chapter 1, p. 6) for a proof of this expression
of the survival function. This then yields
t+5t i
; exp(— Ap(u, 5”[0 u/\t])du)
To (t, 1) t) = p
exp(— fo Ao (W, T a0

[0 uAt

46t
= exp(—/t by o(u, x[o u/\t])du)
O

Beside the two metrics described in the main paper, we report our results in term of two more metrics namely the weighted
Brier Score and the area under the receiver operating characteristic curve (AUC). The details of these metrics are given
below.

Weighted Brier Score. The weighted version of the Brier score, which we write WBS(¢, 0t), is defined as

ZﬂT 1 CL0) s ri(t, 0t))? (1 —rh(t,0t))?

oy TG

where G (+) is the probability of censoring weight, estimated by the Kaplan-Meier estimator.

AUC. We define the area under the receiver operating characteristic curve AUC(t, dt) as

n

n
2 2 L ot>rgnan LT erst Toep o0 s
F

n )

(Zl T@>t+5t>(z 11T1€ t t+6t]wz)

i=1

where w; are inverse probability of censoring weights, estimated by the Kaplan-Meier estimator.

D. Details of Experiments and Datasets

The main characteristics of the datasets used in the paper are summarized in Table 3 and we provide more detailed infor-
mation of these datasets in subsections below. For the experiments, each dataset is randomly divided into a training set
(80%) and test set (20%). Hyperparameter optimization is performed as follows. We split the training set, using 4/5 for
training and 1/5 for validation. We then re-fit on the whole training set with the best hyperparameters and report the results
on the test set for 10 runs. Note that the performance is evaluated at numerous points (¢, §;), where ¢ is set to the 5th, 10th,
and 20th percentile of the distribution of event times.

D.1. Hitting Time of a partially observed SDE

Time series. The paths z; = (xgl) . xgd 1)) are (d — 1)-dimensional sample paths of a fractional Brownian motion

with Hurst parameter H = 0.6, and Bl( ) is a Brownian noise term. We set d = 5. The paths are sampled at 1000 times
over the time interval [0, 10]. All simulations are done using the st ochast i c package'. The time series X* are identical,
up to observation time, to the ones used for simulations.

! Available at https://github.com/crflynn/stochastic
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Name n d  Static Features Censoring Avg. Observation Times Source
Hitting time 500 5 X Terminal (3.2%) 177 Simulation
Tumor Growth 500 X Terminal (8.4%) 250 Simeoni et al. (2004)
Predictive Maintenance 200 17 X Online (50%) 167 Saxena et al. (2008)
Churn 1043 14 X Terminal (38.4%) 25 Private dataset

Table 3: Description of the 4 datasets we consider. The integer d is the dimension of the time series including the time
channel. Terminal censoring means that the individuals are censored at the end of the overall observation period [0, 7] if
they have not experienced any event. It is opposed to online censoring that can happen at any time in [0, 7]. The reported
percentage indicates the censoring level i.e. the share of the population that does not experience the event.

80

0 2 4 6 8 10 0 2 4 6 8 10
Time Time

Figure 8: Full sample path of an individual (left) and distribution of the event times (left) for the partially observed SDE experiment.
The surge in events at the terminal time indicates terminal censorship.

Event definition We consider the stochastic differential equation

d
dwy = —w(wy — p)dt + Z dx,gi) + odBy,
i=1

where wy is trajectory of each individual with (o, i, w) € R? are fixed parameters. In our experiment, the parameters are
chosentobe 0 = 1, 4 = 0.1 and w = 0.1. We then define the time-of-event as the time when trajectory cross the threshold
wy € R during the observation period [tg ¢x], which is

T = min{to S t S tN | Wt Z ’U)*}.
In our experiments, we use the threshold value w, = 2.5. The target SDE is simulated using an Euler discretization. We

train on n = 500 individuals.

Censorship We censor individuals whose trajectory does not cross the threshold during the observation period. This means

that individuals are never censored during the observation period, but only at the end. The simulated censoring level is
3.2%.

Supplementary Figures. Figure 8 provides an example of the full sample path of an individual and the distribution of
the event times of the whole population. We add additional results on the test set in Figures 9, 10, 11, 12 and 13.

D.2. Tumor Growth

Time series. Similarly to the partially observed SDE experiment described above, we set d = 2 which includes 1-
dimensional sample path z; of a fractional Brownian motion with Hurst parameter H = 0.6. The paths are sampled at
1000 times over the time interval [0, 10]. All simulations are done using the st ochast ic package. The time series X*
are identical, up to observation time, to the ones used for simulations.
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Figure 11: Weighted Brier score (lower is better) for hitting time of a partially observed SDE for numerous points (¢, 6t).
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hyperparameters on CoxSig, CoxSig+, Cox and RSF (left) and over 1 run without cross-validation of the hyperparameters on CoxSig,
CoxSig+, Cox and RSF (right).

Event definition. Following Simeoni et al. (2004), we consider the differential equations

dugl) = )\Ougl) - KJQ.’EtU(l)
dt [1 + (%wt)‘l’] 1/v t

7 i — mral®

dff) = ma(u® =)

df) = ra (") —ug?)

wy = u§1) + u§2) + uig) + u§4)7

where w; is trajectory of each individual with initial status of (uf]l)7 u(()2), u(()g), u(()4)) = (0.8,0,0,0) and
(Mo, A1, K1, K2, P) € R® are fixed parameters. In our experiment, the parameters are chosen to be Ay = 0.9, A; = 0.7,
k1 = 10, ko = 0.15 and ¥ = 20. We then define the time-of-event as the time when trajectory cross the threshold w, € R
during the observation period [t ty], which is

T = min{to S t S tN | Wt Z ’LU*}.
In our experiments, we use the threshold value w, = 1.7. The target differential equations are simulated using an Euler

discretization. We train on n = 500 individuals.

Censorship. Similarly to the partially observed SDE experiment, we consider terminal censorship: individuals that do
not experience the event within the observation period are censored. The censoring level is 8.4%.

Supplementary Figures. Figure 14 provides an example of the full sample path of an individual and the distribution of
the event times of the whole population. We add additional results on the test set in Figures 15, 16, 17 and 18.

D.3. Predictive Maintenance

Time series. This dataset describes the degradation of 200 aircraft gas turbine engines, where 22 measurements of sensors
and 3 operational settings are recorded each operational cycle until its failure. After removing low-variance features, 16
longitudinal features are selected for training models. The average time length of these features is about 25 cycles. Note
that we apply standardization for selected features before training.

Event definition. The times of event are given as-is in the dataset. We refer to Saxena et al. (2008) for a precise descrip-
tion of the data generation.
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Figure 14: Full sample path of an individual (left) and distribution of the event times (left) for the tumor growth experiment. The surge
in events at the terminal time indicates terminal censorship.
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Figure 15: C-Index (higher is better) for Tumor Growth for numerous points (¢, dt).

Censorship. Censorship is given as-in in the dataset. The censoring level of this dataset is 50%, which is a high censor-
ship rate in survival analysis. We refer again to Saxena et al. (2008) for more details.

Supplementary Figures. Figure 19 provides an example of several randomly picked sample paths of an individual and
the distribution of the event times of the whole population. We add additional results in Figures 20, 21, 22 and 23.

D.4. Churn Prediction

For this dataset, the amount of details that we can release is limited both because of the sensitive nature of the data and of
the anonymity requirements of the reviewing process.
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Figure 17: Weighted Brier score (lower is better) for Tumor Growth for numerous points (¢, 6t).
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Figure 18: AUC (higher is better) for Tumor Growth for numerous points (¢, 6t).
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Figure 19: Partial sample path of an individual (left) and distribution of the event times (left) for the predictive maintenance experiment.
On the left, the time series is filled with the last observed value from the time of the event on.
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Figure 20: C-Index (higher is better) for predictive maintenance for numerous points (¢, §t).

Time series. All longitudinal features have been computed on a temporal window of one week, the raw data correspond-
ing to all product orders placed on the platform from 06-12-2021 to 12-11-2023. For clients who have no order during
the week, we fill zero value for all longitudinal measurements this week. After removing features with more than 90 % of
missingness, 14 longitudinal features of 1043 clients are selected for the training step. Note that we apply standardization
for selected features before training.

Event definition. We consider that a customer has churned if she has no passed any order in the last 4 weeks. If the
customer starts ordering again after a churn, we register her as a new customer.

Censorship. Censorship is terminal based on the data collection period (give dates here). Hence any customer that has
not churned by 12-11-2023 is censored. In this dataset, 38.4% of the clients are terminally censored.

Supplementary Figures. Figure 24 provides an example of four sample paths of four randomly chosen individuals. We
add additional results in Figures 25, 26, 27 and 28.
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Figure 21: Brier Score (lower is better) for predictive maintenance for
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Figure 22: Weighted Brier Score (lower is better) for predictive maintenance for numerous points (¢, 5t).
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Figure 23: AUC (higher is better) for predictive maintenance for numerous points (¢, 5t).
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Figure 25: C-Index (higher is better) for churn prediction for numerous points (¢, §t).
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Figure 26: Brier score (lower is better) for churn prediction for numerous points (¢, §t).
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Figure 27: Weighted Brier score (lower is better) for churn prediction for numerous points (¢, 6t).
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Figure 28: AUC (higher is better) for churn prediction for numerous points (¢, 5t).
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