SILVER: Single-loop variance reduction and application to federated learning

Kazusato Oko !> Shunta Akiyama' Denny Wu?’* Tomoya Murata?> Taiji Suzuki'?

Abstract

Most variance reduction methods require multiple
times of full gradient computation, which is time-
consuming and hence a bottleneck in application
to distributed optimization. We present a single-
loop variance-reduced gradient estimator named
SILVER (SIngle-Loop VariancE-Reduction) for
the finite-sum non-convex optimization, which
does not require multiple full gradients but never-
theless achieves the optimal gradient complexity.
Notably, unlike existing methods, SILVER prov-
ably reaches second-order optimality, with expo-
nential convergence in the Polyak-Lojasiewicz
(PL) region, and achieves further speedup depend-
ing on the data heterogeneity. Owing to these ad-
vantages, SILVER serves as a new base method to
design communication-efficient federated learn-
ing algorithms: we combine SILVER with lo-
cal updates, which gives the best communication
rounds and number of communicated gradients
across all range of Hessian heterogeneity, and, at
the same time, guarantees second-order optimality
and exponential convergence in the PL region.

1. INTRODUCTION

1.1. Variance Reduced Finite-sum Optimization

We consider the finite-sum minimization problem, which is
ubiquitous in ML optimization (Bottou et al., 2018):

;rel]iRr}l{f(w) r=;Zfi(x)}- ()

Here each f; is smooth and can be nonconvex. We aim to
efficiently find a solution z that is an e-first-order station-
ary point (i.e., ||V f(z)|| < ¢) and furthermore an (e, 0)-
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second-order stationary point (SOSP; i.e.,
and Apin (V2 f(2)) > —9).

To efficiently solve the problem (1), variance reduction is
a technique in minibatch sampling to construct an estima-
tor of the full batch gradient with a smaller variance than
vanilla SGD by utilizing gradients at previous anchor points
(Gower et al., 2020). One of the difficulties in variance
reduction is that recursive updates of the gradient estimator
easily accumulate the error and eventually buries the correct
descent directions. Therefore, most variance reduction algo-
rithms need to periodically compute the full batch (or large
minibatch) gradient to refresh the estimator (Roux et al.,
2012; Johnson and Zhang, 2013; Nguyen et al., 2017b; Fang
et al., 2018; Zhou et al., 2020). However, such a gradient-
refreshing step is time-consuming, complicates algorithms,
and becomes a bottleneck in application to distributed opti-
mization since it leads to periodic synchronization between
the whole clients, which increases communication costs and
is sometimes impractical due to too many clients.

In this context, recent studies have attempted to develop
variance reduction algorithms that do not require multiple
full gradient computations (convex: Nguyen et al. (2021);
Beznosikov and Takac (2021); non-convex: Cutkosky and
Orabona (2019); Liu et al. (2020); Li et al. (2021b); Tran-
Dinh et al. (2022)), which we refer to as single-loop.!
Among them, Li et al. (2021b) introduced ZeroSARAH
as a single-loop algorithm with optimal gradient complexity
for nonconvex optimization.

However, these single-loop methods are not as versatile as
to enjoy multiple advantages offered by popular variance
reduction methods that use full gradients. For example, as a
well-known full-gradient algorithm, SARAH (Nguyen et al.,
2017a; 2022; Li, 2019) requires full gradients to achieve (i)
the optimal gradient complexity in the nonconvex finite-sum
optimization, (ii) second-order optimality, and (iii) expo-
nential convergence under the strong convexity, each of
which holds significant practical importance: (i) efficiently
finding stationary points is the primary goal of nonconvex
optimization. (ii) escaping from saddle points is necessary
to guarantee the quality of the solution since first-order sta-

!This definition of single-loop excludes PAGE (Li et al., 2021a)
or Loopless SVRG / Loopless Katyusha (Kovalev et al., 2020),
which compute full gradient stochastically.
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tionary points can include a local maximum or a saddle
point. (iii) strong convexity is often observed around lo-
cal minima so that exploiting local strong convexity can
accelerate the convergence. Moreover, (iv) the gradient
complexity of SARAH can further be reduced when f; are
less heterogeneous (Beznosikov and Tak4c¢, 2021; Murata
and Suzuki, 2021), a necessary property in application to
federated learning to yield efficient communication costs
with local updates.

Existing single-loop methods only met a limited subset of
the above desiderata (see Table 2 for details). For example,
ZeroSARAH (Li et al., 2021b) satisfies (i) optimal gradient
complexity the only single-loop algorithm, but not the oth-
ers. No single-loop algorithm can provably find (ii) SOSPs,
or (iii) achieves exponential convergence unless paying sub-
optimal gradient complexity for (i) such as SAGA (Defazio
et al., 2014; Reddi et al., 2016b). Beznosikov and Takac
(2021) can yield (iv) speed-up with less heterogeneity but is
only valid in strongly convex optimization.

These discussions motivate the following research question:

Can we develop a versatile single-loop variance reduction
algorithm that met all the desiderata (i)-(iv)?

1.2. Federated Learning with Variance Reduction

Such a versatile algorithm will be especially useful as a base
to design more versatile FL. methods. Federated learning
(FL) is a paradigm of distributed learning, where optimiza-
tion is performed by exchanging model parameters updated
by locally-stored data in clients, without sharing the data
itself (Konecny et al., 2016; Shokri and Shmatikov, 2015).
We consider the finite P client setting:

. 1 -
rera {f(l’) =5 ;Ej [fi,j(x)}} ) (@)

where f; ; is smooth, and clients and data are indexed by
1 and j. Because synchronization and communication be-
tween clients and the serve are bottlenecks, we aim to re-
duce communication rounds and, at the same time, the total
number of communicated gradients, which we call commu-
nication complexity.

In FL, variance reduction is closely tied to reducing com-
munication rounds. Variance reduction can correct the er-
rors from local updates, where the parameters are updated
locally between communications (McMahan et al., 2017;
Li et al., 2020b; Liang et al., 2019). Thus, local updates
combined with variance reduction can yield fewer com-
munication rounds than centralized ones if (and only if)
clients are less heterogeneous (Karimireddy et al., 2020;
Woodworth et al., 2020a;b). In this paper, less heterogeneity
specifically means that the Hessian of f; are similar, i.e.,

V2 fi(x) — V2f(x)|| < ¢(< 1) for all z, which is essen-
tial to surpass the O(¢~2) communication rounds of central-
ized methods (Murata and Suzuki, 2021; Karimireddy et al.,
2021; Patel et al., 2024).

On the other hand, to reduce communication complexity,
client sampling, where only a subset of clients is used in
each communication, has been used (McMahan et al., 2017,
Karimireddy et al., 2020). This also reduces the risk of delay
or fail at some client affecting the whole training (Li et al.,
2020a). Client sampling error, due to this partial client
participation, has also been addressed with the variance
reduction technique.

However, existing FL algorithms still have limitations in
their effectiveness and expandability, due to client sampling
error. Look at Table 1, where p refers to client sample size
out of the total P clients at each communication, K is the lo-
cal update steps between communications, and ( is the Hes-
sian heterogeneity. While BVR-L-SGD (Murata and Suzuki,
2021) yields the best communication rounds of O({s~?),
client sampling is not allowed. Similarly, while MimeMVR
(Karimireddy et al., 2021) can also achieve efficient commu-
nication by utilizing less Hessian heterogeneity, increasingly
larger sampling size is required to ignore the client sampling
error as heterogeneity gets smaller. Moreover, the only al-
gorithm with the second-order optimality guarantee also
require full client participation and cannot handle client
sampling error (BVR-L-PSGD (Murata and Suzuki, 2022)).
Further, client sampling error prevents the algorithm from
obtaining exponential convergence with local convexity, and
the dependency on y cannot be improved even with less het-
erogeneity (MimeSGD (Karimireddy et al., 2021)).

These problems clearly show limitation in controlling client
sampling error. In other words, they are attributed to the
fact that existing variance reduction methods used as base
algorithms mostly requires multiple full gradient computa-
tions, while the lack of versatility prevents the use of single-
loop methods. Therefore, developing a versatile single-loop
method is expected to provide a fundamental solution to this
problem, and to extend versatility of FL algorithms.

1.3. Our Contributions

Single-loop variance reduction. For the finite-sum prob-
lem (1), we propose a novel, completely-single-loop
variance-reduction gradient estimator SILVER (SIngle-
Loop VariancE-Reduction), offering all of these desired
functionalities (i)-(iv).

(1) SILVER achieves the optimal gradient complexity for
the smooth finite-sum optimization (1). (Theorem 1)

(ii) Just adding small noise, SILVER efficiently escapes
from saddle points to provably find second-order sta-
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Table 1. Comparison of communication rounds and complexity for (2).2

Algorithms Communication rounds Client sampling
FedAvg (NC) (Karimireddy et al., 2020) }j‘; + 2 + 5% v
SCAFFOLD (NC) (Karimireddy et al., 2020) 2+ 5(2)3 v
SCAFFOLD (NC, quad) (Karimireddy et al., 2020) e x

MimeMVR (NC) (Karimireddy et al., 2021) CPU;; + ;52 + Klaz + E% v
BVR-L-SGD (NC) (Murata and Suzuki, 2021) =+ X
DASHA-PP-PAGE (NC) (Tyurin and Richt4rik, 2022a) = +of v

FL-SILVER (NC) (Theorem 4) ST+ 5 v
BVR-L-PSGD (SOSP) (Murata and Suzuki, 2022) (£ O +30) X

FL-SILVER (SOSP) (Theorem 4) (#+OE+4) vV p2VP+ %)
MimeSGD (PL) (Karimireddy et al., 2021) #‘;35'2 + ﬁ loge™! v

FL-SILVER (PL) (Theorem 4) (L + 9L 4 £ 4 2)loge! v

s NC: finding e-first-order stationary points; SOSP: finding (&, ¢)-second-order stationary points; PL: finding e-solutions under Polyak-

Lojasiewicz (PL) condition with p; Quad: only valid for quadratics.

P: total number of clients, p: client sample size (if allowed), K : local update steps between communications, ¢, ¢’: Hessian heterogeneity
(¢ < {'), 0. variance of Vf;(x) — V f(x), o: variance of V f; ;(x) — V fi(x), w: compression rate of gradients.

tionary points. This is the first single-loop algorithm to
yield second order optimality, except for Noisy SGD
with a large minibatch (Jin et al., 2021). (Theorem 2)

(iii) When SILVER enters a locally convex region where
the Polyak-t.ojasiewicz (PL) condition (see Assump-
tion 6) holds, it automatically switches to exponential
convergence. (Theorem 3)

(iv) For application to FL, we analyze SILVER under

Hessian-heterogeneity of (, and show the complex-

ity of O(n + CE—@) (Theorem 1). We also show the

lower bound matching to this (Proposition 1).

Our algorithm is not merely a removal of the full-gradient
from existing methods, but is based on a sophisticated com-
bination of SARAH and SAGA. Please refer to Section 3.1
for the details of the construction.

Improved algorithm for FL. Furthermore, we demon-
strate the usefulness of SILVER as a base algorithm for

federated learning, leading to an efficient and versatile FL
method named FL-SILVER.

* FL-SILVER improves BVR-L-SGD to the partial client
participation setting. Specifically, by allowing client sam-
pling, it can simultaneously achieve the best communi-
cation rounds of BVR-L-SGD and an improved commu-

2 After we uploaded the arXiv preprint, we noticed that a con-
current work (Patel et al., 2022) proposed an algorithm allowing for

2
client sampling, and the round for NCis O(+kz + 5 + o+ ;Zg ).
Thus they need to assume less heterogeneity of o, as well as (,

which contrasts to our algorithm.

nication complexity of O (P + C;/f). As the Hessian

heterogeneity ¢ gets smaller, FL-SILVER becomes in-
creasingly more communication-efficient.

* Just adding small noise, FL-SILVER can find second-
order stationary points without hurting communication
rounds and complexity. In contrast to BVR-L-PSGD,

FL-SILVER allows client sampling for p > /P + g—i.

* Under the PL condition, FL-SILVER yields exponential
convergence. The exponential convergence rate gets faster
as ( reduces, whereas other algorithms do not exhibit this
property even under strong convexity.

We remark that these arguments do not consider gradient
compression, which requires additional assumptions but pro-
vides another way to reduce communication (e.g., DASHA-
PP-PAGE (Tyurin and Richtdrik, 2022a)). In Appendix A,
we provide additional literature review including this.

We also mention about the storage cost. SILVER allocates a
copy of x for each f;. This is a common feature for single-
loop algorithms (Defazio et al., 2014; Li et al., 2021b),
while it is avoided by multiple full gradient computation
(e.g., SARAH). Also, FL-SILVER requires for each client
to store an auxiliary variable. However, it becomes increas-
ingly common to hold local variables for variance reduction
in FL, even when the base algorithms are not single-loop
(Murata and Suzuki, 2021; Karimireddy et al., 2021), to
reduce communication costs. Given these background, we
believe that developing a versatile single-loop algorithm and
applying it to FL have significant importance even by using
storage cost, although some situations might prefer more
storage efficient algorithms.
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2. PRELIMINARIES

Here we formally describe the problem settings. We first
introduce the gradient Lipschitzness. (a) the averaged Lips-
chitzness suffices to prove the first-order guarantee in expec-
tation, while (b) component-wise Lipschitzness is required
for the high-probability second-order guarantee.

Assumption 1.

@ 2y IVfi(z) = Vfily )H2 < Lz\lx — ylI* and
Ei[IVfij(@) = VijWlP] < L2z — yl? for all
x,y and i.

®) [Vfi(x) = Vi(y)l < Llz -yl and ||V i ;(x) -

Vil < Lllz =yl for all z,y and i, j.

We also assume existence of the global infimum.

Assumption 2. f has the global infimum:
inf,cpa f(x) > —coand A = f(z°) — f*.

Sometimes gradient boundedness is required. (a) Inter-client
gradient boundedness is for SILVER/FL-SILVER with Op-
tion I to completely remove full gradient, while Option II
computes full gradient once at the initialization. The same
assumption also appeared in ZeroSARAH (Li et al., 2021b).
(b) Intra-client gradient boundedness is for FL-SILVER.

Assumption 3.

@ [[Vfi(z?) = Vf(@)|* < o2, Vi.

®) [|Vfij(x) = Vfi(z)||* < o2 Vo,yandi,j.
For the second-order optimality, Hessian-Lipshitzness is
commonly assumed (Ge et al., 2019; Li, 2019).

Assumption 4. Each f; is p-Hessian Lipschitz: ||V? f;(z)—
Vi)l < pllz —yl|, Yo,y and i.

ro=

For FL, we assume inter-client Hessian-heterogeneity. (a)
is for the first-order guarantee, while (b) is for the second-
order guarantee.

Assumption 5.

@ 5 3 V2 fi(z) = V2 f(@)]]* < ¢ for all .

(b) [V2fi(z) = V2f(2)|| < ¢ for all x and i.
Remark 1. Note that { < \/2L always holds. This assump-
tion has been used in previous literature such as BVR-L-
SGD (Murata and Suzuki, 2021), and Mime (Karimireddy
etal., 2021). This is indeed necessary to show the superior-
ity to the centralized methods. Moreover, we emphasize that
changing ¢ between (0,+/2L] can interpolate the i.i.d. data
allocation and the completely heterogeneous case.

Finally, we introduce the Polyak-Fojasiewicz (PL) condition
(Polyak, 1963), a generalization of strong convexity. A p-
strongly convex function satisfies this with .

Assumption 6. [ satisfies the PL condition, i.e.,

IVf(@)1? = 2u (f(z) — f*) for any x € RY.

3. FINITE-SUM OPTIMIZATION WITH
SILVER

Now we concretely describe the proposed algorithm SIL-
VER and provide its convergence guarantees. In the pseu-
docode, B(0,r) denotes the uniform distribution on the
Euclidean ball in R? with radius 7.

Algorithm 1 SILVER (2%, 7, b, T, )

1: OptionI: y? <~ Vf;(2°) (i=1,--- ,n)

2: Option II: Randomly sample minibatch I° with size b;
y? A %Zjejo ij(;z:o) (i=1,---,n)

3: fort =1toT do

4: Ramdomly sample minibatch I* C

[n] with size b

5: AL . Zy +¢& ~ B(0,7))
Vii(z ) forz el
6: Yy F e (V') = Vi) +y

fori ¢ It

3.1. Algorithm Description

SILVER is carefully designed to combine SAGA (Defazio
et al., 2014; Reddi et al., 2016b) and SARAH (Nguyen
et al., 2017a;b), ensuring that it inherits the advantages of
both. SAGA operates without multiple full gradients but
offers suboptimal gradient complexity, while SARAH meets
optimality and versatility (i)-(iv) but requires periodic full
gradients. SILVER avoids the need for full gradients like
SAGA while it constructs an accurate and versatile estimator

like SARAH.

Recall that in SAGA’s update, the discrepancy of the gra-
dient estimator from true gradient at step ¢ is decomposed
as

Vfil‘t —Vil‘
3 (z") bf(

ielt

) _i: Vfi(a') =V fi(z""0)

: n
=1

(%)

where I is the randomly chosen minibatch with size b at the
step ¢ and T(t, z) is the step when f; is last sampled. SAGA
stores V f; (2T (t?) for each 4. Thus, the second term v is a
change from the referable gradient of £ "7 | V f; (271,
and the first term is an approx1mat10n of the second term
% using a minibatch with size b. Then, the variance of
the gradient estimator is roughly bounded by 1E4[||xt —
JIT(t’i) ||2] t—min T(t ) E s—1 ||2

s= mmT(t'L)JrlL Hl‘ -z

On the other hand, SARAH uses periodic full gradient com-
putation, and recursively updates the reference gradient. The
difference between SARAH’s gradient estimator and the

)
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true gradient can be written as
t

S (V1) reeh-Y P VAT

s=T(t)+1 ic€ls

where T'(t) is the time of the last full gradient evaluation and
17 is the randomly chosen minibatch with size b at the step
s. Then, the variance is bounded by + Zi:T(t)+1 L?||x*—
%1%, and SARAH’s estimator is better than that of
SAGA by the t — min; T'(t, ¢) factor, which can be as large
as . Here, the key is the decomposition of the discrep-
ancy into a sum of differences in gradients between adjacent
steps, allowing for the utilization of the independence of °.

Based on the above discussion, we decompose SAGA’s
approximation target s into a sum of difference in gradients
between adjacent steps V f;(z°) — V f;(z°71), to utilize
the independence of sampling at different time steps like
SARAH. Then the target is decomposed as

t

DORED SAIAE

s=min; T'(t,9)+1 it

Here It = [n] \ U%_, I*, so that I is the set of indexes not
sampled between s and .

= Vfi(z*™).

However, the implementation and analysis do not go
straightforward like SARAH, because I’ depends not only
on I°® but also on I**t1 ... I*. For the implementation,
we introduce an auxiliary variable yf , and moreover, we
explain how to efficiently compute the update in O(b) time
in the “efficient implementation” paragraph below. This
yields Algorithm 1.

On the other hand, to evaluate the error, we show that the
correlation between Iiﬁ, cee ftt is not too strong. This step
makes the analysis more complicated, but in the end the
optimal complexity is obtained as SARAH.

Efficient Implementation Note that we can update
L5 Lyl in O(bd) time and using O(nd) memory, where
d is the parameter dimension. Indeed, first introduce
an auxiliary variable v* which is inductively defined by
vl =13 (Vi(ah) = Vfi(z'™1)) + o' with o® = 0.
For each i, define v} with v{ = 0 and update it as v{ = v*
iff i € I'. We also define w! with w? = y? and update
it as w! = y! = Vfi(ah) iffi e It*. Now we can see
that ! Zz 1 f = »}LZZ 1 z + Zze]'(n:bvf’i(xt)_
sz( D) = 23 cpe(wi™t + vl — vi™!). Therefore,
L 3" |yt can be updated by only O(bd) computation with
O(nd) memory.

3.2. Convergence Guarantees

Now we prove that SILVER satisfies the desired properties.

First-order Optimality

Theorem 1. Under Assumptions 1-(a), 2, 5-(a), 3-(a) (only
for Option II), if we choose 1 = O(¢ LA C\f) andr <
Algorithm 1 finds e-first-order stationary points in expecta-
tion, i.e., ming<p E[||V f(2")||] < &, using

n+Tb=0 (n + W) (Option I),

(¢v/nV Lb) + %o?

g2

(T+1)b=0 ( ) (Option IT)

stochastic gradient queries.

SILVER with Option I removes the need of full gradient
computation except for the initialization. At the same time,
because ¢ < 2L, the gradient complexity matches to the
optimal rate (Li et al., 2021a) attained by existing algo-
rithms that use multiple full gradients such as SARAH and
SPIDER (Fang et al., 2018), proving (i). Option II com-
pletely removes full gradient, while dependency on o, is
unavoidable in this case.

Moreover, the algorithm achieves speed-up when the hetero-
geneity  is small, which confirms (iv). SILVER is the first
algorithm that achieves both (i) and (iv).

The proof in Appendix D.1 depends on the following lemma,
which illustrates that the error from a certain step exponen-
tially decays and never accumulates owing to our original
combination of SAGA and SARAH, without full gradient
computation.

Lemma 1. Let g* = % Z?:l y! be the gradient estimator
and choose Option I. Then,

Elllg"~ 97 7)< 20 S0 () "~ )

Lower Bound under Different Heterogeneity We com-
plement the above result with the following lower bound,
extending Fang et al. (2018); Li et al. (2021a) to include the
¢ dependency.

Proposition 1. Under Assumptions 1-(a), 2, and 5, any
linear-span first-order algorithm requires

o (n+ ST

stochastic gradients to find e-first-order stationary points of
the problem (1).

This matches to the upper bound in all parameters, so that
SILVER is the optimal across all range of ¢. See Appendix F
for the formal definition of the linear-span first-order algo-
rithm and more details.
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Second-order Optimality Here we state that SILVER can
find second-order stationary points, to guarantee the second
property. While it is usual to extend optimization methods
to ensure second-order optimality (Ge et al., 2015; Jin et al.,
2017; Vlatakis-Gkaragkounis et al., 2019), and variance
reduction methods also have been applied to this (Ge et al.,
2019; Fang et al., 2018; Li, 2019), all existing methods
require a sub-routine for negative curvature extraction (e.g.,
SPIDER-SFO'+Neon2 (Fang et al., 2018; Allen-Zhu
and Li, 2018)) or periodic large minibatch as large as n or
O(Z—j) (e.g., SSRGD (Li, 2019); Stabilized SVRG (Ge
et al., 2019)). On the other hand, only adding small noise,
SILVER is the first completely-single-loop algorithm that
can find SOSPs.

Theorem 2. Under Assumptions 1-(b), 2, 4, and 5-(b),
~ 2 ~

choose Option I, and let b = Q(vn + &), n = O(),

r=0 (M). Then, Algorithm 1 finds (g,5)-SOSPs

using
1 p2
o(nris (L))
stochastic gradients, with high probability.

Since ¢ < 2L, the complexity is comparable to best existing
algorithms, such as SPIDER-SFO™ and SSRGD. In addi-
tion to the main \/ﬁ + ‘F term, different algorithms have
different add1t10nal terms coming from respective analy-

sis. Ours is 2 62 + 56, which becomes smaller than that

of SPIDER-SFO* when > §~* and that of SSRGD
when n > min{§~3, 6e~2}. Furthermore, Remark 2 in Ap-
pendix D.2 introduces a small trick to turn this to 6% + g—z
or Z—g + 5.

We briefly explain the proof outline. As in Jin et al. (2017);
Ge et al. (2019); Li (2019), we consider two sequences
of {z'} with slightly different initial points while keeping
all the other randomness the same. We show that, when
negative curvature exists, these two sequence separate each
other exponentially, and at least one of these sequences goes
further from the initial point. This in turn means that if we
perturb the algorithm a little around saddle points, then it
can escape saddle points with high probability.

Although this high-level idea is classical, we confront sev-
eral difficulties due to the single-loop structure. For exam-
ple, while other algorithms refresh their gradient estimators
around saddle points, our single-loop algorithm does not.
Thus, we have to address the accumulated error, and it is
not trivial whether our gradient estimator can find the right
direction of the negative elgenvalue desplte the accumulated
error, which finally yields the 2 5z + 66 term. For more
details and complete proof, see Appendlx D.2.

Note that our bound requires minibatch size of b 2 \/n +& 37

and this minibatch size is common in many existing algo-
rithms. In fact, SSRGD assumes b > /n or b > 2

and Stabilized SVRG assumes b > n 3. Considering that
§ = O(,/pe) is often assumed, our minibatch size is as mod-
erate as those of existing algorithms. The necessity of this
assumption comes from that if b is too small, the sampling
error hides the right direction of negative curvature.

Exponential Convergence under PL Condition When
SILVER enters locally convex regions, it automatically
switches into exponential convergence phase.

Theorem 3. Under Assumptions 1-(a), 2, 3-(a) (only for
Option Il), 5-(a), and 6, if we choose n as n = @(% A

b
m),andrgn LN 24n,

solution in expectation, i.e., E[f(z') —

Lb A 4 noel[Option I}
o (\/W\/n>10g+bL
I I z

stochastic gradients.

Algorithm 1 finds an e-
f*] < e, by using

SILVER with Option II completely removes the requirement
of full gradient, even at the initial point, while obtaining
the same complexity as SARAH, PAGE, and their vari-
ants (up to the log o, factor). The proof can be found in
Appendix D.3.

It should be noted that the upper bound of r depends on g,
but it is not necessary to know the exact value of y; it is suf-
ficient to take  small enough. The disadvantage of taking r
small is that the bound in Theorem 2 depends polylogarith-
mically on !, but this polylogarithmic dependence would
not become a practical issue.

4. APPLICATION TO FEDERATED
LEARNING

The versatile single-loop method is useful as a base method
for federated learning, because it allows simpler structure
of the algorithm and brings various advantages. We demon-
strate that SILVER serves as such, by developing its FL
extension called FL-SILVER. The proposed algorithm com-
bines SILVER with local updates, see Algorithm 2.

Specifically, FL-SILVER uses SILVER to bound the client
sampling error by approximating the global gradient V f (%)
based on the approximations of V f;(z'). Moreover, to
bound the error from local updates, the approximations of
Vfi(z?) are constructed using a SARAH-type estimator
within each client.

In the pseudocode, £4% follows the uniform distribution on
the Euclidean ball in R? with radius . Due to the space
limitation, here we only present Option I. Although using
one full participation only at z° is common as in MimeMVR
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Algorithm 2 FL-SILVER (2%, 9, p,b, T, K, 1)

[P] in parallel do

1: foriec I° =

2 Randomly select minibatch J? with size Kb

3 W g Djes Viii(@°)

4: Send y! from i € I° to the server

5: fort=1toT do

6 Random};/ sample one client iy

7 Send ZZ Lyi and 2! from the server to 4
8 200 =1 t0

9 for k = 1to K do

10: 2tk xt,kflin(% Zil y§—1+zt,k71)+£t,k
11 Randomly select minibatch J>* with size b
12: bk ikl l

+3 Ejlet'k (V fi g (@F) =V fi, j(xBF71))
13: Send ¥ from i; to the server; af « zb¥
14: Randomly select p clients I*; send x* from 4, to I*
15: for i € I in parallel do
16: Randomly select minibatch J! with size Kb
17: Ui wp Lje Viig(a)
18: Ayt w5 X jen (Viig(a) = Vi)

19:  Send {(y!, Ay!)}icre from I* to the server
200 yleyitt + 2 e Ayl fori ¢ I

Karimireddy et al. (2021), we can remove it with Option
II. For the pseudocode and theorems for Option II can be
found in Appendix D, as well as complete proofs.

4.1. Convergence Guarantees
Now, we present a summary of the various convergence
guarantees of FL-SILVER in the following theorem.

Theorem 4. Suppose Assumptions 1-(a), 2, 3-(b), and 5-(a)
hold.

. — l L L L — _
Q(PK —%—), and b > K Algorlthm 2 finds e- ﬁrst-order
stationary points using

({9 (7))

communication rounds, in expectation.

o If Assumption 4 and 0 < ( additionally hold and we
take p = Q(\F—F 3z -+ Kb52) n= @(i) r=0(%)
b= Q(PK€ ), and b > K, Algorithm 2 finds (e, 9)-
second-order stationary points using

o(ira ) (F+5))

communication rounds, with high probability.

o If Assumptwn 6 additionally holds and we take n =

O(+ A L\\Z(K)) and v = O(ne), Algorithm 2 finds

e-first-order stationary points using

VP VP
P Y= V1 L(¥-V1 A
5 P CCEVD LAV
p

L
—V log —
pkK I VoK €
communication rounds, in expectation.

Before delving into specifics, let’s make a few remarks.

e Multiplying by p and adding P yields the communi-
cation complexity. For the first-order convergence, as
summarized in Table 1, FL-SILVER achieves the best
communication rounds and communication complexity
among the federated learning algorithm for the finite-
client setting.

* All guarantees hold without specific modifications to
each, and this versatility will be a significant benefit in
practice. Specifically, we set p = O(v/P), n = C:)(%),
and r = O( 7 )> under a moderate local computational
budget of b > Q(PK z)and b > K.

First-order Optimality First, we conduct a comparison
with existing algorithms (see also Table 1). For the required
communication rounds, FL-SILVER achieves the same best
communication rounds as that of BVR-L-SGD (Murata
and Suzuki, 2021), in the full client participation setting
(p = P) or even allowing sampling of clients (v P <
p < P). MimeMVR (Karimireddy et al., 2021) is another
method that can achive communication rounds better than
O(e72), but they additionally require intra-client Hessian
heterogeneity | V2 f; j(x) — V2 f;(z)|| and variance o.. to
be small, which contrasts to our assumptions.

For the communication complexity of O(P + C;/f),
achieved with client sampling p < /P, is the best rate
and strictly smaller than that of BVR-L-SGD (Murata and
Suzuki, 2021). By recalling Proposition 1, the communica-
tion complexity is optimal in a sense that the server must
receive information of Q(P + 4?) gradients to output
e-first-order solutions. Therefore, FL-SILVER simultane-
ously offers the best communication rounds and improved

communication complexity as desired.

Both the number of communication rounds and commu-
nication complexity get smaller as as ¢ get smaller. This
heterogeneity is the necessary assumption for FL algorithms
to become more communication efficient than centralized
methods (Karimireddy et al., 2020; Murata and Suzuki,
2021), and our algorithm has successfully utilized this struc-
tural assumption. We also remark the local computational
budget. Our requirement on b is moderate, because such an
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Figure 1. Accuracy of gradient esti-
mator (finite-sum)

assumption has also appeared in BVR-L-SGD (Murata and
Suzuki, 2021) (b = K), MimeMVR (Karimireddy et al.,
2021) (requiring the exact value of V f;(x)), and Patel et al.
(2022) (b = K).

Second-order Optimality Furthermore, FL-SILVER can
even find SOSPs, guaranteeing quality of the output. As
the case of SILVER, all we need is just to add small noise.
The proposed algorithm is the first FL algorithm that can
find SOSPs while allowing sampling of the clients. It uses
the same number of communication rounds as that of BVR-
L-PSGD, but achieves the improved communication com-

plexity when % < P. The assumption of § < ( can be
removed with a small modification of the algorithm, see
Appendix E.3.

Exponential Convergence under the PL Condition Also,
FL-SILVER inherits exponential convergence under the
PL condition, and gets more communication-efficient
under less heterogeneity. In addition to the exponential
convergence, the rate does not directly depend on the
condition number % Even if % is large, less heterogeneity
of clients ( can ease the difficulty by variance reduction and
local update, under a sufficiently large local computational
budget. On the other hand, MimeSGD (Karimireddy et al.,
2021) depends on condition number /% even if ¢ is small,
and other algorithms do so even with strong convexity.
Therefore, in the strongly convex setting of FL, we are the
first to prove that distributed optimization can achieve faster
exponential convergence rate than centralized methods
utilizing less heterogeneity of clients with local updates.

5. NUMERICAL EXPERIMENTS

Finally, we verify our theories by numerical experiments.
Detailed explanation and additional experiments can be
found in Appendix B. In all figures, the red line corresponds
to our proposed method.

5.1. Accuracy of the Gradient Estimator of SILVER

We considered a classification of the capital letters using
EMNIST (Cohen et al., 2017) with a two-layer neural net-

—— SSRGD (6=0.15) —— SILVER (6=0)

Figure 2. Test accuracy (finite-sum)

30000 40000 0 400 800 1200 1600

Communication rounds

2000

—— SILVER (6=0.15) —— MimeMVR

—— BVR-L-SGD

—— FedAvg —— FL-SILVER

SCAFFOLD

Figure 3. Gradient norm (FL)

work. We set n = 130, b = 12 = /130, and the inner-loop
length of SARAH to |7 ] = 10. We compared SAGA,
SARAH, and SILVER (Option I) using a common step size
n = 0.01, in terms of the squared error between true gradi-
ent V f(z') and the estimators. Remember that SAGA is a
single-loop but has suboptimal complexity, while SARAH

uses multiple full gradients to achieve optimal complexity.

According to Figure 1, the discrepancy of the SILVER es-
timator is clearly smaller than that of SAGA, and close to
that of SARAH. Therefore, this shows that SILVER actually
has as small variance yielding the optimal complexity as
SARAH, while removing periodic full gradient computa-
tion, as desired.

5.2. Escaping Saddle Points with SILVER

We also compared SILVER (Option I) with SARAH, SS-
RGD (=SARAH-+noise), and ZeroSARAH, in terms of
the test accuracy. To increase the non-convexity, here a
four-layer neural network was used and other than this con-
struction of f; was the same as previously. For SSRGD and
SILVER, we added a small noise to see whether perturbation
practically helps avoiding bad local minima.

In Figure 2, SILVER is faster than SARAH owing to avoid-
ance of periodic full gradients. Moreover, perturbation
avoids getting stuck in local minima and helps stable con-
vergence; Contrary to noiseless SILVER, perturbed SIL-
VER makes the accuracy increase almost monotonically.
In summary, SILVER with small noise yielded the fastest
convergence.

5.3. (Local) Exponential Convergence of FL-SILVER

For FL, we considered a little less heterogeneous classifi-
cation of the capital letters, where each f; consists of 90%
data from one class and 10% from the rest, with a two-leyer
neural network. We compared FL-SILVER (Option I) with
FedAvg, SCAFFOLD, MimeMVR, and BVR-L-SGD, un-
der P = 104, client minibatch size p = 10 = VP (except
for BVR-L-SGD requiring P = p = 104), local minibatch
size b = 16 and local update times K = 10.

In Figure 3, FL-SILVER achieves the smallest gradient
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norm ||V f(z')|| and (locally) linear convergence. Moreover,
it performs similarly to BVR-L-SGD, which is almost a
special case of FL-SILVER with P = p. Thus, FL-SILVER
can appropriately correct the errors from sampling of the
clients and is about ten times more efficient than BVR-L-
SGD in terms of communication complexity by allowing
sampling of the clients.

6. CONCLUSION

This paper has developed a single-loop variance reduction
method, and showed its first- and second-order optimality
and linear convergence under the PL condition, with explicit
dependency on the Hessian-heterogeneity. We have demon-
strated that the proposed method serves as a useful base for
a FL algorithm that allows client sampling and inherits these
versatile benefits.

One of the interesting future research topics is the com-
bination of the proposed FL. method with communication
compression (see also Appendix A.2). Since utilizing less
heterogeneity and compressing gradients operate in orthog-
onal directions, combining these strategies will lead to a
more communication-efficient FL algorithm.
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Appendix

The appendix is organized as follows. Appendix A provides additional literature review. Appendix B explains the
experimental settings presented in Section 5 and conducts additional experiments. Appendix C prepares concentration
inequalites and a linear algebraic tool. Appendix D gives the proofs for SILVER. Appendix E gives the complete statements
of the theoretical guarantees of FL-SILVER and their proofs. Finally, we prove the lower bound on the gradient complexity
for the finite-sum smooth optimization in Appendix F.

A. ADDITIONAL LITERATURE REVIEW
A.1. (Single-loop) Variance Reduction Methods

Optimal Complexity for Finite-sum Smooth Optimization There are many variance reduction algorithms that utilize
multiple full gradient computations during optimization (see Table 2). As we explained, SARAH (Nguyen et al., 2017a;
2022) is one of the most popular variance reduction algorithm, as well as its extension SSRGD (Li, 2019), and SARAH
satisfies (i) the optimal gradient complexity for finite-sum smooth optimization, (ii) second-order optimality, (iii) exponential
convergence with strong convexity, (iv) speed up with less heterogeneity. SARAH as appeared as the one of the three

algorithms that achieves the optimal gradient complexity of O(n + L AEQ/E ) for finite-sum smooth optimization, as well as
SPIDER-SFO™ (Fang et al., 2018) and SNVRG (Zhou et al., 2020), developed upon SVRG (Reddi et al., 2016a). See the
lower bound for Zhou and Gu (2019); Fang et al. (2018); Li et al. (2021a). We also mention PAGE (Li et al., 2021a). At
each step, then stochastically determine whether to compute the full gradient to update the gradient estimator or to update
the gradient estimator with minibatch gradient. Therefore, in expectation, then require Q(¢~2) full gradients to obtain
e-first-order stationary points. Tyurin et al. (2022) provided the analysis of PAGE under the less heterogeneity assumption,
but PAGE still requires multiple full gradients. Note that our definition of single-loop excludes any algorithm with multiple
full gradient computations, because our goal is to develop a versatile variance reduction algorithm that avoids multiple
full gradient computations of whatever form. Because regardless of whether it is deterministic or stochastic, full gradient
computation slows down practical computational speed, and especially becomes a bottleneck in the application to distributed
learning since this leads to periodic synchronization and communication between the whole client.

On the other hand, for single-loop variance reduction methods, SAGA (Reddi et al., 2016b) is a conventional single-loop
algorithm and requires O(n + Lgnf

complexity of O(n + Lﬁ). After SAGA, several single-loop algorithms have been proposed. Hybrid SARAH Tran-Dinh

2

et al. (2022) and iISARAH Nguyen et al. (2017a) considered single-loop variants of SARAH, but the complexity does not
matches to O(n + L‘/ﬁ) when ¢ is smaller than 1/+/n. STORM Cutkosky and Orabona (2019) achieves the complexity of

2
O(o./€3), which is the optimal for stochastic optimization problem of min E;[f;(x)], but not for the problem (1) when ¢
is small. Recently, ZeroSARAH achieved the optimal complexity for the problem (1) as the first single-loop algorithm.

SILVER also achieves the same complexity, as well as other benefits.

) gradient evaluations for solving (1), which is still sub-optimal from the optimal

Second-order optimality It is usual to extend an optimization algorithm to ensure second-order optimality (Ge et al.,
2015; Jin et al., 2017; Vlatakis-Gkaragkounis et al., 2019; Allen-Zhu and Li, 2018), and variance reduction methods also
have been applied to this (Stabilized SVRG (Ge et al., 2019), SPIDER-SFO™ (Fang et al., 2018), and SSRGD (Li, 2019)).
Since first-order stationary points can include a local maximum or a saddle point in nonconvex optimization, escaping them
and finding SOSPs are necessary to guarantee the quality of the solution. However, no single-loop algorithm cannot find
SOSPs. SILVER is the first single-loop methods that guarantees second-order optimality.

Exponential Convergence with Strong Convexity Many algorithms that use multiple full gradients, such as SVRG and
SARAH, yield exponential convergence with strong convexity. For single-loop algorithms, SAGA (Reddi et al., 2016b)
achieves the exponential convergence, but remember that its complexity for the problem (2) is suboptimal. Random-
reshuffled SARAH (Beznosikov and Taka¢, 2021) can yield the exponential convergence, but the guarantee was only
shown for the strongly-convex case. In this context, SILVER is the first algorithm that achieves both optimal complexity in
nonconvex settings and exponential convergence in strongly-convex settings.

Utilizing Less Heterogeneity The ability of utilizing less heterogeneity of { f;}_, is essential for variance reduction
methods to serve as a base algorithm for communication-efficient federated learning. For example, SARAH has such an

12
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Table 2. Stochastic gradient complexity for a nonconvex finite-sum problem (1).

Algorithms Stochastic gradient complexity Removal of multiple full
& Nonconvex SOSP PL condition gradients (single-loop?)
2 2

(Noisy) SGD (Ghadimi and Lan, 2013; AEZC poly(sfl, 571, d, 0., A) :2"'5 loge™?! x (b 2 (75572)
Ge et al., 2015; Karimi et al., 2016)

2 2 Z
(Stabilized) SVRG (Reddi et al., 2016a;  n + LAE;“ n+ A(Zg + 7;2 + % (n+ L) loge™! (SC) X
Ge et al., 2019; Johnson and Zhang,
2013)
SPIDER-SFO™ (Fang et al., 2018) n+ S&yn n+ AT + 23+ 55) None
SNVRG (Zhou et al., 2020) n+ LG None (n + Tn) logte™?!
SARAH (Nguyen etal., 2017b;2022)  n + <24 n+ AL+ G+ E) (n+ %) loge™! x
and SSRGD (Li, 2019)
PAGE (Li et al., 2021a; Tyurin et al., n + %ﬁ None (n+ CTﬁ) loge™?! X
2022)

2
SAGA (Defazio et al., 2014; Reddi et al., n + LAE; 3 None (n+ £)log e~ 1 (SO v
2016b)

2
STORM (Cutkosky and Orabona, 2019) % + G—g None None v

3 I
Hybrid SARAH (Tran-Dinh etal, 2022) ~ 222c 4 227 Nope None v
2 ES
iISARAH (Nguyen et al., 2021) n+ %& None None v
Random-reshuffled SARAH (Beznosikov ~ None None (% + %) loge ™! (SC) v
and Takac, 2021)
NV 0
ZeroSARAH (Li et al., 2021b) "A+ 2 None None v (only atz7)
(Lg)\/ﬁ None None v
2 2
SILVER (Option I) (ours) n + % n+A(‘/—§T’+5—\/j 552 —i—gf6 (n + C‘Iﬁ)logfsf1 v (only at 2°)
o2)/n 5

SILVER (Option II) (ours) M (A+02)(Vn+ %)(%+5L4) (n+ %)loge_l v

Note: Nonconvex: finding e-first-order stationary points (polylogarithmic terms and the E% term are omitted); SOSP: finding (e, §)-second-order stationary points
(polylogarithmic terms are omitted); SC: only for the y-strongly convex case; PL condition: finding e-solution under y-PL condition (polylogarithmic terms except for log e ~!
are omitted).

Here A = f(2°) — inf f(x), o is the variance between f;(x), y is the parameter for PL condition, and  is the Hessian-heterogeneity. Since ¢ < 2L, n + %/ﬁ

(achieved by SILVER) is always better than or equal to n + A;/ﬁ (optimal complexity without less heterogeneity). Other parameters are assumed to be O(1).

For SARAH, SPIDER-SFO™, and STORM, although their original proofs did not consider the ¢ dependency, the dependency on ¢ is easily checked by following their proofs.
Especially, in federated learning literature, such an ability is show SARAH’s an ability of variance reduction methods to utilize less heterogeneity has widely been used. For
SARAH and STORM, this ability is shown in Murata and Suzuki (2021) and Cutkosky and Orabona (2019), respectively. Also, the convergence rate of SARAH under the PL

. L. 2 . . . 2
condition can be easily checked. SNVRG shows the condition when n. > {:Ts (to find e-solution f(x) — f* < €); otherwise, replace n by Z—E

ability, and have actually been utilized in federated learning as BVR-L-SGD (Murata and Suzuki, 2021). For many variance
reduction algorithms that use multiple full gradients, including SARAH and SPIDER, we can easily check that they have
such an ability. However, we cannot directly make ZeroSARAH satisfy this property. Here we explain the reason, which we
think reveals the difficulty in simultaneously achieving the optimal complexity and speed-up with less heterogeneity.

Remember that SILVER (Option I) approximated

S VA - VAET).

s=min; T'(t,9)+1 it

with
t |j-'t| n .
Do 5 (V) = Vi),
s=min; T'(t,7)+1 i€ls

Thus, the discrepancy between the true gradient and the gradient estimator is simply

n

2 % D (Vi) = Vi) = (Vf(@®) = Vf(z*h))

s=min; T'(t,9)+1 it

n ft n | | |
— > B EAE) - VR - (96 - )
s=min; T'(¢t,i)+1 icls

13
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Note that each term consists of V f;(z°) — V f;(z°~) — (Vf(z®) — Vf(«*~1)), which is bounded by O({||z* — z°~|)
with high probability.

On the other hand, for ZeroSARAH, the discrepancy between the true gradient V f(z*) and the gradient estimator is written
as

S VT @) - VA - (95 - Vi)

s=1

t—1 t—s
+ )\Z; % T

ie]s+1

Vfi(a®) = V fi(a" D) — % anw (z°) — Vfif(mw’)))} :

i'=1

Thus, for the second term, each component HVfi (%) = Vfi(aTGD) — LS50 (Vfir(2®) — Vi (aT5)) H cannot be
bounded by O(¢||z* — 7(")||) when ¢ is small. This is understood as follows. There might exist i’ such that T'(s, ') <
T(s,i). If there are so many 7', HVfl(xS) — Vfi(@TED) = L5 (Vfu(z®) =V iy (xT(S’i')))” > LT+t —
79| might hold.

This demonstrate that simultaneously achieving the optimal complexity for the finite-sum smooth optimization and speed-up
with less heterogeneity with a single-loop algorithm is far from trivial, and our construction of the estimator is the key to
enabling this.

A.2. Communication-efficient Federated Learning Utilizing Properties of the Problem

When f; are just L-smooth, we cannot obtain better communication rounds and communication complexity than those of
centralized methods. In order to show the superiority of local methods in terms of communication rounds and communication
complexity, we typically assume less inter-client heterogeneity on f;. Also, when z is a high (d > 1) dimensional vector,
compressability of the vectors is sometimes assumed and utilized.

Less Inter-client Heterogeneity with Local Updates When f; ; are L-smooth but f; are a little less heterogeneous, i.e.,
|V2fi(z) — V2f(z)|| < ¢, it has been proven that local updates can achieve better communication rounds and complexity,
and therefore this less heterogeneity assumption has become popular in the analysis. SCAFFOLD (Karimireddy et al.,
2020) proved such a result for quadratic functions, without client sampling. BVR-L-SGD (Murata and Suzuki, 2021) and
MimeMVR (Karimireddy et al., 2021) can achieve O(E%) communication rounds to find e-first-order stationary points,
which is superior to the lower bound for centralized methods of O(E%) when ¢ < L. However, p = P (Murata and Suzuki,
2021) or p = O(02¢~2) (Karimireddy et al., 2021) are required, and thus these methods do not deal with client sampling
error efficiently. Also, Murata and Suzuki (2022) proved that O(Ei2 + 5%) communicatoun rounds are sufficient to find
(e, 6)-second-order stationary points, but this also requires full client sample at each communication round. We resolved this
issue by using SILVER, a novel single-loop variance reduction method, to control the client sampling error efficiently, hence
improving communication complexity of them (by allowing client sampling) while maintaining the best communication
rounds of O(E%) (for first-order optimality) and O(Ei2 + 6%) (for second-order optimality).

We also mention federated learning under the PL condition or the strong convexity. Under the PL condition, MimeSGD
2
< + % loge™1). FL-SILVER can achieve the communi-

g
ppe?

cation rounds of O(MLK + + %). Contrary to MimeSGD, FL-SILVER achieves the exponential convergence while

allowing client sampling, and notably, FL-SILVER can mitigate the dependency on p when clients are less heterogeneous
(¢ < L), which is the first such result to the best of our knowledge. For the strongly convex case, Mishchenko et al. (2022);

(Karimireddy et al., 2021) yields the communication rounds of O(
C(¥E A1)

Grudzien et al. (2023) proved that O((% + 1;—5) log £~!) communication rounds, which is the accelerated rate. Note that

they do not show any benefit of local updates under less heterogeneity assumption. Thus when ¢ < /i1, our algorithm is
superior than theirs. Combining our algorithm and theirs would be an interesting future work.

Compression of Gradients In addition to less heterogeneity, compression of gradients is also proposed as a means to
reduce communication cost. Especially, in Gorbunov et al. (2021), the unbiased quantization operator () is assumed to

satisfy E[||Q(z) — z[|?] < wl|z||, and sup,, E[||Q(z)]]] < (o < d. Gorbunov et al. (2021) achieved the communication
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rounds multiplied by 1/d (so that this matches to the usual definition of communication rounds when (o = d) of

o4 (C—Q + 14/ Sou )), but this requires full client participation at each communication. Based on this, Szlendak et al. (2021)

€ d dP
invented a new compressor and achieved the adjusted communication round of O(l/ljtig/ﬁ), but again, this requires full

client participation. Moreover, they consider the problem (1) when f; are distributed, which is a bit different from (2). By
multiplying P to O(l/lptig/‘/ﬁ) of Szlendak et al. (2021), we obtain O(Hgiz‘/ﬁ), which is the same as the communication
complexity of SILVER, but the actual number of communication rounds of theirs is O(Z;), while ours is O(E%) Tyurin and
Richtarik (2022b;a) extended Gorbunov et al. (2021) to local updates. Especially, Tyurin and Richtarik (2022a) yielded

“p‘a/f) while allowing partial client participation. However, the benefit of local

the communication complexity of O(Ei2 +
updates was not shown.

For these reasons, analyses under less heterogeneity and compression-based methods are essentially from different spirits;
assumptions are different, and evaluation criteria are sometimes different as well. We leave it for future work to extend
Szlendak et al. (2021) to the problem (2) and show the benefit of local updates.

B. EXPERIMENTAL DETAILS AND ADDITIONAL EXPERIMENT

B.1. Experimental Details
B.1.1. ACCURACY OF THE GRADIENT ESTIMATOR OF SILVER

We considered a classification of the capital letters using EMNIST By_Class dataset (Cohen et al., 2017). The original
dataset consists of 814, 255 images of handwritten uppercase and lowercase letters and numbers 0-9. Because the number
of data points in each class is not balanced and the number of images of lowercase letters is relatively small, we only
used the images of uppercase letters for the experiment. To balance the number of data points between each class, we
took the following procedure. We repeatedly sampled 100 data points five times per each uppercase letter, which yields
26 x 5 = 130 groups of sampled data. For each group ¢, we defined f; as the average of the cross-entropy loss between the
output of the model and the true class, over the 100 data points belonging to the group. As a model, we adopted a two-layer
fully-connected neural network. We added Lo-regularizer with a regularization parameter of A = 0.01 to the empirical risk.

We compared SILVER with SARAH (Nguyen et al., 2017a;b) and SAGA (Defazio et al., 2014; Reddi et al., 2016b). SAGA
is single-loop, while SARAH requires full gradient computation periodically. Also, the theoretical gradient complexity of

2
SAGA is O(n + ;) and that of SARAH is O(n + E—‘/Qﬁ) Remind that SILVER was designed to have as small variance as
that of SARAH, while removing the need of periodic full gradient computation; SILVER is single-loop but achieves the

gradient complexity of O(n + E—‘/rf)

We took the minibatch size as b = 12 = /n = v/130 and the inner-loop length of SARAH to m = | %] = 10. (Note that
SARAH refreshes its gradient estimator at every m = 10 steps.) We set the learning rate to n = 0.01 for all algorithms,
since the larger step size tend to increase the discrepancy, meaning that it is not fair to compare algorithms with different
step sizes to discuss the discrepancy. We plotted the mean of the five trials with different random seeds and the sample
variance is also shown in the corresponding (lighter) color for each algorithm.

According to Figure 1, the discrepancy of the SILVER estimator was clearly smaller than that of SAGA, and close to that of
SARAH. Therefore, this result validated that our strategy actually worked well.

B.1.2. ESCAPING SADDLE POINTS WITH SILVER

We prepared f; with the same data as the above experiment and employing a four-layer fully-connected neural network.
We implemented SARAH (Nguyen et al., 2017a;b), SSRGD (Li, 2019), and ZeroSARAH (Li et al., 2021b). SARAH
is a popular variance reduction algorithm with periodic full gradient computations, SSRGD adds noise to SARAH, and
ZeroSARAH is a recent single-loop variance reduction method with no theoretical second-order optimality guarantee. We
set the minibatch size to b = 12 for all algorithms, the inner-loop length of SARAH and SSRGD to m = || = 10, and
A= % = 0.092 for ZeroSARAH. Note that (Li et al., 2021b) adopted A\ = % but we found that A = % was more stable in
this setting. The learning rate for each method was tuned individually, from n € {1.0,0.3,0.1,0.03,0.01,0.003,0.001}, so
that the test accuracy after 2000 iterations is the highest. For SSRGD and noisy SILVER, we added small noise of » = 0.15.

We plotted the mean of the ten trials with different random seeds and the sample variance is also shown in the corresponding

15



Single-loop Variance Reduction for Federated Learning

(lighter) color for each algorithm.

B.1.3. FASTER AND (LOCALLY) EXPONENTIAL CONVERGENCE OF FL-SILVER

We verified the performance of FL-SILVER for nonconvex federated learning. For the federated learning problem (2), we
again considered the classification of the capital letters (Cohen et al., 2017). This time each f; consists of 100 x q% of
the data from one class and 100 x (1 — ¢)% of the data from the other classes, following Murata and Suzuki (2021; 2022).
Specifically, we prepared P = 104 clients, and for each class of alphabets, we distributed ¢ x 100% of the images into four
clients, and the rest into the remaining 100 clients. We call this grouping as a dataset with the heterogeneity parameter
of ¢. This makes each f; a little less heterogeneous, and this time we chose ¢ = 0.9. Then, we constructed f; ; with the
cross-entropy loss and a two-leyer neural network with width of the hidden layer 100, following Murata and Suzuki (2021).
Loy-regularizer with a scale of A = 0.01 is added to the empirical risk.

We compared FL-SILVER with FedAvg (McMahan et al., 2017), SCAFFOLD (Karimireddy et al., 2020), MimeMVR
(Karimireddy et al., 2021), and BVR-L-SGD (Murata and Suzuki, 2021). Especially BVR-L-SGD (Murata and Suzuki,
2021) can be seen as an almost special case of FL-SILVER when p = P (full client sampling at every communication
round). For each algorithm, we set p = 10 = VP = /104 as the number of the clients used at each communication
(except for BVR-L-SGD, which requires p = P = 104). Note that, according to Theorems 5 and 6, setting p ~ /P in
FL-SILVER theoretically guarantees that the required number of communication rounds of FL-SILVER are not affected
by the client sampling and is the same order as that of BVR-L-(P)SGD, which requires p = P to obtain the theoretical
guarantee. Then, we set the number of local update to K = 10 and the local minibatch size as b = 16. We tuned the
learning rate for each algorithm individually from {1.0,0.3,0.1,0.03,0.01,0.003,0.001}, so that the test accuracy after
2000 outer-loop iterations is the highest. For a fair comparison, the global learning rate of SCAFFOLD was setto = 1, as
is done in the original paper (Karimireddy et al., 2020), and MimeMVR adopted a momentum parameter of ¢ = 0.1 as the
authors of the paper reported as the best. We plotted the mean of the five trials with different random seeds and the sample
variance is also shown in the corresponding (lighter) color for each algorithm.

In Figure 3, FL-SILVER achieved the smallest gradient norm ||V f(z')|| and the linear convergence at the neighborhood of
solutions. This can be seen as an empirical verification of the exponential convergence utilizing strong convexity around a
local minima, which contrasts FL-SILVER to FedAvg, SCAFFOLD, and MimeMVR. Figure 3 shows that FL-SILVER
achieved the higher test accuracy with fewer communication, compared to FedAvg, SCAFFOLD, and MimeMVR. In
addition, we observe that FL-SILVER performed similarly to BVR-L-SGD the best method in terms of communication
rounds (and again, BVR-L-SGD can be seen as a special case of FL-SILVER without client sampling). FL-SILVER
appropriately corrected the error from sampling of the clients while achieving the same performance as that of BVR-L-SGD,
and FL-SILVER was about ten times more efficient than BVR-L-SGD in terms of communication complexity by allowing
sampling of the clients.

B.2. Additional Experiments
B.2.1. PERFORMANCE UNDER CHANGING HETEROGENEITY

To exhibit how accurately FL-SILVER can control the variance between clients, we measured the performance
of FL-SILVER under changing heterogeneity. =~ We changed heterogeneity parameter in the range of ¢ €
{0.04 (i.i.d.),0.1,0.3,0.5,0.7,0.9,1.0 (completely heterogeneous)}, and compared FL-SILVER with FedAvg, in terms
of both train and test accuracy. All other settings were the same as those of the experiment for Figure 3. Figure 4 shows the
average of five trials with different random seeds.

According to Figure 4, while FedAvg decreased the train and test accuracy as the heterogeneity increases, the performance
of FL-SILVER with ¢ = 1.0 (totally heterogeneous) was only slightly worse than that with ¢ = 0.04. The fact that
FL-SILVER, using sampling of clients, was little affected by the strong heterogeneity shows that the client sampling error
and the error from local update were successfully corrected.

B.3. Escaping Saddle Points with FL-SILVER

Theorem 4 guarantees second-order optimality of FL-SILVER. To validate this theoretical result, we compared noisy
FL-SILVER with FedAvg (McMahan et al., 2017), SCAFFOLD (Karimireddy et al., 2020), MimeMVR (Karimireddy et al.,
2021), BVR-L-SGD (Murata and Suzuki, 2021), BVR-L-PSGD (Murata and Suzuki, 2022), and noiseless FL-SILVER.
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Figure 4. Performance under changing heterogeneity

For noisy FL-SILVER and BVR-L-PSGD, we added small noise of » = 0.015. Note that FL-SILVER with small noise
and BVR-L-PSGD only have theoretical guarantee of the second-order optimality. Then, we constructed f; ; with the
cross-entropy loss with ¢ = 0.7 (see Appendix B.1.3) and a three-layer fully-connedted neural network, following Murata
and Suzuki (2022). Lo-regularizer with a scale of A\ = 0.01 is added to the empirical risk. We plotted the mean of the
five trials with different random seeds. We set P = 104, p = 10, K = 10, and b = 16. This time we omitted the sample
variance for clearer presentation.
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601 —— MimeMVR
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Figure 5. Small perturbation helps faster convergence

The result is shown in Figure 5. We can clearly observe that FL-SILVER with small noise and BVR-L-PSGD achieved the
highest test accuracy. Also note that, while SILVER used client sampling, the performance of FL-SILVER was almost the
same as BVR-L-PSGD. This shows that FL-SILVER allows sampling of clients without hurting the required number of
communication rounds by setting p = +/P, which is consistent with the theory; according to Theorem 4, setting p = /P
theoretically guarantees that the convergence rate of FL-SILVER is not affected by the client sampling and achieves the
same number of communication complexity as that of BVR-L-PSGD to find SOSPs. As a result, while achieving the most
stable and fastest training, FL-SILVER was as ten times efficient as BVR-L-PSGD, in terms of communication complexity
(the total number of gradients communicated between the clients and the server).

B.3.1. COMPARISON WITH SARAH BY CHANGING THE LEARNING RATE

Here we provide comparison of SILVER with SARAH (Nguyen et al., 2017a;b), which is one of the most prevailing variance

reduction algorithm with theoretical optimal gradient complexity of O (n + g) , which is the same as SILVER, and which
uses periodic full gradients.

As is done in the experiment for Figure 1, we prepared f; in the following way. We repeatedly sampled 100 data points
five times per each uppercase letter, which yields 26 x 5 = 130 groups of sampled data. For each group ¢, we define
fi as the average of the cross-entropy loss between the output of the model and the true class over the 100 data points
belonging to the group. As a model, we adopted a two-layer fully-connected neural network. We set the minibatch
size to b = 12 = /n = /130 for both algorithms, and the inner-loop length of SARAH to m = [%]| = 10. We
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added Lo-regularizer to the empirical risk with a fixed regularization parameter of A = 0.01. We compared SILVER
with SARAH in terms of the training loss, the norm of the gradient computed by the whole training data, the test loss,
and the test accuracy, under the same number of stochastic gradient accesses. We changed the learning rate n between
{0.1,0.03,0.01,0.003,0.001}. We plotted the mean of the five trials with different random seeds and the sample variance
is also shown in the corresponding (lighter) color for each algorithm.

Figure 6 shows the result. We clearly observe that the proposed algorithm SILVER slightly faster than SARAH in all range
of learning rate 7, owing to the removal of multiple full gradient evaluations of SILVER. The trajectories of SILVER are as
stable as SARAH in all settings. This result shows that we can remove the requirement of periodic full gradient evaluation
without hurting the stability during optimization with SILVER.

B.4. Computing infrastructures

¢ OS: Ubuntu 16.04.5

CPU: Intel(R) Xeon(R) CPU E5-2680 v4 2.40GHz

CPU Memory: 512GB
¢ GPU: Nvidia Tesla V100 (32GB)
¢ Programming language: Python 3.6.13

* Deep learning framework: PyTorch 1.7.1

C. TOOLS

We prepare some concentration inequalities and linear algebraic tool for later use.

C.1. Concentration Inequalities

In the following, multiple times we use concentration inequalities that we introduce below. When we say
with high probability, it means that the event happens with a failure probability less than an inverse of a sufficient large
polynomial in all relevant parameters, i.e., n,d, €, 6, P, L, p, 0, o.. High-probability bounds come together with logarithmic
constants on these parameters. To simplify the analysis, with a slight abuse of notation, we use the same notation C; for
different polylogarithmic constants that come from concentraion inequalities, and C; may vary from line to line.

Proposition 2 (Vector Bernstein inequality (Tropp, 2012)). Let x1,- - -,z be a finite sequence of independent, random,
d-dimensional vectors and v € (0,1). Assume that each vector satisfies

lz; — Elzi]|| < R almost surely.

Define
k
2
0® = Elle; —Efz]||’]
i=1
Then, with high probability,
5 2
> (@i ~Ele))| <Ci- (0> + R).
i=1
Proposition 3 (Vector Bernstein inequality without replacement). Let A = (a1, a9, - - , ai) be d-dimensional fixed vectors,
X = (x1,- -+ ,21) (I < k) be a random sample without replacement from A. Assume that Ele a; = 0 and that each
vector satisfies
lall < R.
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Define

1 k
0'2 = E Z ||a7,H2
=1

Then, for each | < k, with high probability,

2
< Cy - (lo? + R?).

!
D> i
i=1

Because we are not aware of a rigorous proof of such a result, we attach its complete proof at the end of this subsection.

Proposition 4 (Azuma-Hoeffding inequality with high probability (Chung and Lu, 2006; Tao and Vu, 2015)). Ler {x;}
be a d-dimensional vector sequence and martingale with respect to a filtration {F;}. Assume that each x; satisfies
E[Ii‘fi_l] = 0and

llz:]] < R; with probability 1 — v;

forv; € (0,1) (i = 1,...,k). Then, with high probability,

2

k
<Cy Z R}.
i—1

k
>
i=1

Proof of Proposition 3. First, we consider the case | < % Lety; = 22:1 x; and consider a filtration F; = o(z1,- -, 2;).
Then, we have

1 (& : k—i—1
E[yi+1|]ﬂ=yi+m Z%“Z%‘ = _; ¥
j=1 j=1

1
This means that {ﬁyz} is martingale with respect to {F; }. We have that this martingale satisfies the assumptions of
i=0

Proposition 5 (see below) with R’ - % and 0’ = % In fact, we have

R DY D SR e | /S SN S SR e |
ki1 F—i— 1/ T i R—i— 1T
< ; ; 2< R < R
Sle—i o1 S 12 k02
where the equality follows since x7 . .., x; are F;-measurable, and
E ; ) E . F ’ F| <E v ’ F
k—i—17H E—i— 1 e |

k %
1 1
= e 2 el = X
j=1 j=1

k
12 , ok
gl (izg)
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Thus, we use Proposition 5 (see below) to obtain

P[||yl||2t]§(d+1),exp(212t>

+ Rt/3
What remains is the case of [ > &. Since S = — Zf:l+1 x; holds, we can apply the above bound for Zf:lﬂ z;.
Thus, we have the first assertion for all [ < k. The second assertion follows by setting t = C - (Io? + R).
O
Proposition 5 (Freedman’s inequality for matrix martingales). Consider a matrix martingale {Y; | i = 0,1,--- } with

respect to a filtration {F;}, whose values are matrices with dimension dy X da, and let {X; | i =1,2,-- -} be the difference
sequence. Assume that each of the difference sequence is uniformly bounded:

2
|X:1> < R almost surely.
Also, assume that each 1 satisfies

max { || E[X:X,"| Fii] (X X Fioidl||} <0 almost surely.

Then, for all t > 0 and for each |,

ED[HY” >t]<(d ) ( —t2/2 )
—‘rd CeXP | = .
l - - 1 2 l()/2 R/t/?)

C.2. Linear Algebraic Tool

The following lemma is due to Murata and Suzuki (2022). We provide its proof below for completeness.

Lemma 2 (Murata and Suzuki (2022)). Let A be a d X d symmetric matrix with the smallest and largest eigenvalues
Amin < 0 and Amax < 1, respectively. Then, for k = 0,1, - - -, it holds that

1
AT = AF)| < =Amin(1 = Ain)” :
JAT = M) € =Amin(1 = D) + 15
Proof Since A is diagonalizable, we write A = Zz 1 Aieie; T where e1, - .., eq are normalized eigenvectors and A, =
A1 < -+ < Ag = Anax are the corresponding eigenvalues. Then, it holds that
d

AT = AP =3 X1 = N)ree] .

i=1
Thus, the remaining is to evaluate max; |A; (1 — \;)*|. After some algebra, we get

A= NF (A <0)

0<A1-A "
(1-n"< k+1(ki1) QfA:>0 ﬁwequﬂﬁyhddswnhA-_447>

< >\m1n( )\mm) k a

which concludes the proof. O
D. MISSING PROOFS FOR SILVER

D.1. First-order Optimality (Proof of Theorem 1)

This section proves Theorem 1, the optimal gradient complexity for finding first-order stationary points. The proof crucially
depends on the following lemma, which shows that the error from previous steps exponentially decays and never accumulates
owing to our update SILVER, without full gradient computation.
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Lemma 1 (formal). Let Assumptions 5-(a) and 3-(a) (only for Option II) hold. Let ¢ = %L 2?21 y! and all the other
variables be as stated in Algorithm 1. Then,

t

30¢? b s s s 9521 [Option 11 b
Ellg' = V()" < == D (1= ) E [l — 7] + %(1 -
s=1

Here 1[Option II] = 1 for Option II and 0 otherwise.

For the proof of this lemma, we decompose the error as follows:

lg" =V f(a")|®
L~ (12 ER I ) ol
- Z =D (VA = Vi) = D (Vi) = Vi) |+ > ) = V(")
=1 iel, ielt il
. 2
1
S0 D (V) = Vi) = (V) = V(@)
s=1et
(a)
) , 3
It 1
Z LS (a9 - Ve )| 48] S0 - vaE)
icls Zeff
(®) ()
For each of (a), (b), and (c), we apply one of the following lemmas, which yields the assertion.
Lemma 3. Under Assumption 5-(a), the term (a) is bounded as follows:
1 t 2 C t
Eil Y Y (VHE) = Vi) = (V@) = V)| | <= Z ) THE[ 2 — 257,

s=1 et

Lemma 4. Under Assumption 5-(a), the term (b) is bounded as follows:

2

Zut D (VAile*) = Vi@ ™) = (V%) = V@)

iels

t
< i Z t S+1E [”.’ES _ 1‘5_1”2] .

Lemma 5. For Option I, (¢) = 0. For Option II, under 3-(a), we have

2

We prove these auxiliary lemmas as follows.
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Proof of Lemma 3. First, we have that

2
()= | -3 S (Vi) - VG ~ (V) - Vi)
s=1;cJt
2
t Tt b y—t+s—1 T _ b \t—s+1
<z Ay L |3 (V) - VA (946 - T4 ))
s=1 s ielt
t n b \—t+s—1 1t _ b \t—s+1 2
< 2o M2 T S U2 5 TS ) - Vi) - (i) - Vi )| @)

ielt

where we used the Cauthy-Schwarts inequality for the second line, and E[|I%]] = n(1 — Dyt=stland (1-2)(1- L)1 <

2n —

1-— ﬁ (b < n) for the third line. Note that I~§ depends only on I, - - - , I, while 2° and °~! depend only on Iy, --- , I°~1,
Therefore, by conditioning on Ig, - - - , I°~! and |f !|, each term of (4) is bounded by
2
E | D (Vfila®) = Ve ™) = (Vf(2*) = V@ )| | Lo, 7N T | = TGl — 272,
ielt
We apply this to (4) and obtain that
Sl = ) T S ) T 1 |f
E[(a)] < s 2n; E[L]¢?)le® — & H[* Lo, -+, I°7H L]
n = ElEN
Yoman(l =) T E G~ b g e e BE0 o 1Y
< 5 D (A=) E (-2t
n = i)
402 & b, _
< > 1— — s+1E s _ .s—1)2
< - g B~
which concludes the proof. O
Proof of Lemma 4. We decompose the target as follows:
7 2
Z S (VAE - VAET) - (V) - V)
iels
1 ¢ |It ’
2|~ Z Z (Vfia®) = Vfi(a*™1) = (Vf(@*) + Vf(z*1))
s=1 1els
=] 2
Z Y (Vfil@®) = Vile* ™) = (V@) + V@) ©)
i€ls
For the first term, because E[|7!|] = n(1 — £)!=**1 and independentness of I*,- - - , I', we have
t = 2
Z Z (Vfi(z®) = Vfi(a*™") = (Vf(2°) + Vf(2"71)))
s=1 iels
< i i 2(t— s+1 [Hxs o $571||2]. (6)
=% 2
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On the other hand, for the second term, we further decompose it as

P> w D (VSila®) = Vile*™) = (VF(*) + V("))
s=1 icl®
< Zizl(l - (1—2)2b2+1)(1_2177L)t5+1

Z(WZ-(xS)—Vfi(xS1>—<Vf<x5>+w<x“>>>”

i€l

t
S

b \t—s+1
1- 2n)

2 |m— E[|11]])
Tz:: 1—( )ity (1— 2i)t s+1

2

S (Vi) =V hila* ) = (T )+ V(1))

icls

)

where we used the Cauthy-Schwartz for the first inequality. Taking the expectation of the last line yields

97

Y (Vhila*) =V fi(a* ) = (V@) +V (@)

iels

2 (17t — E[|It]])
" [b%z (1- (1—%)t—8+1)(1_%)t—s+1

s [22 Emiz)| LA

(1= et | 2 (VAE) = VAT = (V) + Vi)

icls
2 G n(l — (1—L2)tmstly(1—Lyt-stl >
=F [b% 3 ”1( — (1(_bT)Lt)s+1)()1(_2bn))ts+1 ;(vfi(xs)_Vfi(:rs—l)_(Vf(xs)+Vf(xs—1))) ]
¢
<B|Ged (- e —ms—lllgl
s=1
202 ¢ by o
:b—3 (1—%) s+ E[Hxs—xs H }7 o
s=1

where we used E[(|It| — E[|I¢]])%1°] = n(1 — (1—£)!=51)(1—2)!=+1 for the second equality.
Applying (6) and (7) to (5), we have

t
S i Z t s+1]E [HIS _ 1,571”2] ,

which concludes the proof. O

Proof of Lemma 5. As for Option I, the assertion directly follows from the definition 0 = V£;(z°) (i = 1,--- ,n).
Henceforth, we prove the bound for the Option II. We first decompose

2

(c) == Z ~ Vfi(x

zeI’

LS (96 - 910)

i€l0

2

IN

+

=S (VG - V)

ielt
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By taking expectation, we have

2

E[|L{[*|I°] |1
(c)=E W > (VFi(a®) = V)| | +E 71203
iel?

r 2
n(l = (L= L)) (1= L) 4 n2(1- L) n(1- by

<E s (V) = V)| |+ =t

i€I0
202 b 2 b 302 b
e B L e L
which concludes the proof. O

Now we have Lemma 1, which bounds the variance of our gradient estimator. We combine this with the following descent
lemma, which ensures decrease of the function values. Note that Assumption 1-(a) implies L-gradient Lipschitzness of f.

Lemma 6. Let f be an L-gradient Lipschitz function and z* = 2t~ — ng'=t + &=L with ||€17Y| < r. Then,

L 2
e R i L T e - b s

holds.

Proof. Starting from the direct result from L-gradient Lipschitzness, we have

fa) < f1)

+

L
Vf(act_l),xt _ .Z't_1> + §||.'L‘t _ .’L‘t_1||2

t—1 t—1
— f(l’t_l) + <Vf($t_1) _ gt—l 4 %7xt _ $t_1> + <gt—1 _ § ,l‘t _ .%‘t_1> + gnxt _ xt—1H2
t—1
— f(.]?t_l) + <Vf(l‘t_l) _ gt—l 4 %7xt _ J?t_1> _ (717 _ é’) th _ l‘t_1||2
_opt—1y 1 1yt ¢! 2_77 -y (1L ¢ o152
= e+ Fvsa -t S - e e - (5 - 5 ) et - e ®
1 L t=112
< J) H VI = g P - BV - (5= )l -t | ©
t—1 t—1 t—1y2 _ "N t—1y)12 I L t 12, T
< )+l - g = T - (5= £ )l -t (10)

where we used 2 — 2' = = vt + ¢V and (a — b, b) = $(|la —b||> — [|al|* + ||b]|?) for (8), [|a + b]|* < 2(]|al|® + ||b]|*)
for (9), and ||£!1|| < r for (10). O

By combining Lemmas 1 and 6, we obtain the desired first-order convergence guarantee.

Proof of Theorem 1. We sum up Lemma 6 overallt =1,2,--- T to get

T T T
SV <2 l(f(xo) ~ 1) =3 (5= B) Iat = IV - g |+ 2
t=1 t=1

' in E[|Vf(z"H]] = %—ii L oL)E(et - f*1||2}+3§:1E[wf( =1y H||2]+f
ucier v = " o T 2 x 9 5

(In

where we used r < ‘I
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Welet g' = 137" | yt. Applying Lemma 1 yields that

T T t—1 T
_ _ 30¢? b s . e 9021] Optlon | b,
L eI IS P S gy CRLS Ly (PR B g
t=1 t=1 s=1 t=1
120n¢? _ 9no21[Option 1]
< 100 S s e, Sno2Opion ) 0
t=1
Applying (12) to (11), we have
2 T .
2A 1 1 240mn(? N g2 9no?1[Option II]
t—1 <2 L T/ L t_ 12y & JnocdOption U
(,auin  EIVSG@DN) < 22255 (2 - 0= 200 Y Bljat - o 5+ 2200
t=1
By taking n < 1 A W’We obtain that
2 .
2A  &*  9no?1[Option II]
t—1 < 2= e c .
(,auin  ENVS) <23+ 5 o
By taking T' > 8A +%§fﬁonm,we obtain Theorem 1. Especially, when ) < 5 /\Cm, > 82 (2L+(V/480n/b)+
36n021 [Option II] 0

oz

D.2. Second-order Optimality (Proof of Theorem 2)
The goal of this subsection is to prove that SILVER can find second-order stationary points, as the first single-loop algorithm.

Theorem 2 (full version). Under Assumptions 1-(b), 2, 3-(a) (only for Option II), 4, and 5-(b), and let b = Q(\/n + g—z),
n= (:)(%) r=0 (M). Then, Algorithm 1 finds (e, 9)-SOSPs using

~ 1[Option I|no? 1 p?

stochastic gradients, with high probability.

The proof follows that of (Jin et al., 2017; Ge et al., 2019; Li, 2019); Let 2™ be a point such as Apin (V f(2™)) < —4§. Around
that point, we consider two points x; and x5 such that (x1,e) = (x2,€e), where e is the eigenvector of Ay, (V f(2™)).
Then, two coupled sequences that SILVER generates from the two initial points (2 and x3) will be separated exponentially,
as long as they are in a small region around the initial points. This means that if we add some noise to the sequence around a
saddle point, then with a certain probability, the algorithm can move away from the saddle point.

We again emphasize that, although this high-level proof outline is classical, we face the difficulties arising from the
single-loop structure of the algorithm.

First, we need to prove the high-probability bound on the gradient estimator. Our estimator is more correlated than existing
ones due to the |I!| term, thus requiring more delicate analysis than those for StabilizedSVRG (Ge et al., 2019) and
SSRGD (Li, 2019).

Also, Many existing algorithms compute periodic full gradient and can refresh their gradient estimators around saddle points.
In contrast, our single-loop algorithm does not use full gradient, meaning that we have to deal with the error accumulated
before that point, and it is not trivial whether such errors can be sufficiently small so that the direction of the negative
eigenvalue can be found by the gradient estimator. Regarding this point, we found that taking minibatch size as large as
b>\/n+ C2 is sufficient. We note that a classical choice of § is 6 = O(y/€) (Nesterov and Polyak, 2006; Jin et al., 2017;
L1 2019), and in this case b should be taken as O(y/n + ) which as moderate as existing literature (Ge et al., 2019; Li,
2019).

The exponential separation of two sequences is formalized in the following lemma.
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Lemma 7 (Small stuck region). Let Assumptions 1-(b), 4, 5-(b) hold. Let {x'} be a sequence generated by SILVER and
suppose that there exists a step o such that —y := Anin(V2f(27)) < —§ holds. We denote the smallest eigenvector
direction of Amin(V2f(27)) by e. Moreover, we define a coupled sequence {i'} by running SILVER with 3° = 2°
and share the same choice of randomness, i.e., minibatches and noises with {z!}, except for the noise at some step
T(> 10): & = £ —reewithr, > % (v < 1) Letw' =zt =3 g = 230" gl g" = L3 4! and h* =
gt = V(') — (g" — Vf(&")). Here §! is the counterpart of y! and corresponds to {z'}.

Then, there exists a constant Cy = O(1) such that if we take b = Q(y/n + g—j) n=0 (1), and T, = O (%;%) =
O (%), it holds that
5

t_ .7 ~t T >
e et = =) 2 o

with high probability.

In the following, we first prove the high probability bound on the error in g* (high-probability version of Lemma 1), and
then prove Lemma 7.

Lemma 1 (High probability bound). Let Assumptions 5-(b), and 3-(a) (only for Option II) hold. Let g' = L 37" | yt and
all the other variables be as stated in Algorithm 1. Then, with high probability,

t
H t_ v t 2<01<2 s _ 512
g Vi< DS ey

s=max{1,t—T1}

C1021[Option 1]t < T3]
b )

where T1 = ©(%) and Cy = O(1). Here 1[Option II] = 1 for Option Il and 0 otherwise, and 1[t < T1] = 1 whent < Ty
and 0 otherwise.

Proof. With high probability, f; =0ift—s = Q(%) Thus we assume this event happens below. Thus, by taking

Ty = ©(%) and following (3), we have

lg" =V f(z")II?
2

S S (VAGEY) - Vi@ - (V@) - V)

s=max{1,t—T1} ict

§3l
n

(a)

2
t

jt
w3ty B s - vae) - w6 - v s E T S 0 - vae)
s=max{1,t—T1} i€l lEi{

(b) (c)

We bound (a), (b), and (c) separately by showing the high-probability bounds of Lemmas 3 to 5. For (a),

2
t

() < 2 > [E A - VAT - (76 - D)
s=max{1l,t—T, ielt

t t
T +1 - o e Cy¢? s s
- > CLlIL P e — 1||2§71b > Ja* — 21|,

n2
s=max{1,t6—T1} s=max{1,t—T1}

where we used the vector Bernstein inequality without replacement (Proposition 3) for the second inequality, under the
condition that |It| is fixed.
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For (b),
2
1 : E[|7)] . »
(b) <2|— > 7 (V) = V@) = (Vf(a*) + V(") (13)
s=max{1,t—T1} iels
2T ¢ . -2 2
+= Y (i-En) |bZ(Vﬁ(xs)Vﬁ:(z“)(Vf(x5)+vf(x“)) (14)
s=max{1,t—T1} S
For the first term (13),
~ 2
1 : EH :H s s—1 s s—1
DY 7 D (Vfila®) = Vi) = (V") + V(")
s=max{1,t—T1} i€l
: E[|1!] ’
= > s D (Vila®) = V™) = (VF(*) + V(@)
s=max{1,t—T1} i€ls
t E[|Z] . ol
< > i D (VAila") = Vi) = (V) = V(")
s=max{1,t—T1} i€ls
CLE[|I1]]2¢? : C1¢2 !
< 1 En;H ¢ Z ||$s _ .%‘3_1”2 < 1TC Z ”xs _ 378_1”2, (15)
s=max{1,t—T1} s=max{1,t—T1}

where we used the independentness of 1 in the first equality and the vector Bernstein inequality (Proposition 3) for the
second last inequality.

- N
On the other hand, for the second term (14), we have (|I Y —E[|IE H) < Cyn. This can be checked as follows. We prepare
a “reverse” filtration F = {]}St};nj?{l’t_ﬂ} with F! = o(Iy, I,_1,- - -, I,). Because we have {|1:§+1| — 1Y ﬁ§+1:| B

L1t |, the following relation holds: E, [|f§|

.7:?“} = (1 - 2)|It,,|. Hence, the process {u’ = |It|— (1 — ) [I', ||

t > s > t—T,} is a martingale with respect to F and satisfies E, {ug ]:';H} = 0. In addition, let A = {1,--- ,1,0,--- ,0}
—— ——
|I.§+1| ”*|I£+1|

and A = (ay,--- ,ap) be arandom sample without replacement from A, Then, ui conditioned on F. st 11 follows the same

distribution as that of Z;’zl a; — E [Z?zl &i]. This means that, using Proposition 3, we have |[ul||? < C;b with high

probability. Finally, we apply Proposition 4 to bound |It| = 37 _, (1 — & )(Tis) ul +n(1-2) (t75+1), which yields that

T=t n n

= = 2 T—s
(\I§| - IE[|I§|]> <Ciyr_, (1- 9)( "b < C1b- ¥ = Cyn with high probability. Therefore,

n

T i - - N2 1 2
77; Z (‘IH - E“I;”) i Z(sz(xs) — Vfi(;csfl) —(Vf(z®*) + vf(zsﬂ)))
s=max{1,t—T1} iels
2 t
S CZQC Z ||.’I,'é _ .’178_1||2. (16)

s=max{1,t—T1}

Combining (15) and (16) yields (b) < S S~ (1.1 l&° = 2°~1||? with high probability.

Finally, we consider (c). As for Option I, the assertion directly follows from the definition of y?. We prove the bound for
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Option II. We have

2 2

2 LS wae) - vray)| |

ielt

?

=k

@ <2| 2 S~ (wh@) - vre)

iell
Cl|if|2 2 Cl|~’1|
= n2b e n?

S|
|

2<

C

Ci s
b
Putting everything all together, we obtain the assertion with high probability. O

Now we prove Lemma 7. We need the following auxiliary lemma.

~ log —9%
Lemma 8. Under Assumptions 4 and 5-(b), we take Ty = ©(%}), To = @(%), and assume max,,<t<r+1,{||z" —
27|, |1t — 27|} < CLQ/)' Then, the following holds uniformly for all t < T + Ty with high probability:

0 (t<T)
ClCre
(t=r7)
i< § Vb ; ;
Ci(re Ci¢ Ci6 .
+—= Z lws — w12 + ——= Z lws||?2 (otherwise).
\/B \/B s=max{7+1,t—T1} 02\/8 s=max{7,t—T1}

Proof. As for the case t < T, the assertion directly follows from the definition of {Z*}. For the proof of the rest cases, we
use notations as follows:

H= v2f(x‘r0)a
HZ‘ = V2fi(:c70),

1
dH' = / (V2f(3" +0(z' — 3%)) — H)de,
0
dH! — / (V23 + 0(at — 7)) — H;)do.
0
Moreover, to simplify the notation, we denote

= (Vfi(z*) = Vfi(@*)) = (Vfi(a™") = VL@ 1) = (Vf(@*) = V(@) + (VF(*71) = V(@)

We have that E;[u]] = 0, where the expectation is taken over the choice of i. Furthermore, for s > 7 + 1, by using the
Hessian-heterogenity (Assumption 5) and the Hessian Lipschitzness (Assumption 4), we have that

luill = [(V fi(e®) = Vfi(@*)) = (Vfi(a* ™) = VF(@*71) = (VF(2*) = V(@) + (Vf(2"71) = V(@)
/ V2fi(# — 0" — 7))(* — 3)d0 — /O V2 - 0 — ) (@t — 5 1)dd

/ V2H(E — 0(z® — ) (@" — #°)d0 + /1 V2 — 0zt — )@ — @s—l)daH
— (H, + dHSw® — (H; + dH? S (H 4 dH Y 4 (H o dE
<||Hi — H|||lw® —w*~ | + (|dH; | + |dH* ) lw® || + ([dH; ] + [dH])]Jw® |
< C||ws—ws_1|\+200I£g%<1{||535—9@5—5?3)—3«”||}st||+2P01£3§1{||535_1—9($S_1 ) =2 |[Hw® |
= (fw® —w ™ 4+ 2pmax{||z® — 27|, |2° — 27 ||}[w®|| + 2pmax{[|z*~" — 27|, &7 — 27 [|}|w* |

s s 25 s 25 55—
<Gl =+ el + e (17)
2
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where we use max,,<;<-+1,{|[z" — 27|, |2" — 27 ||} < %ﬂ for the last inequality. For s = 7, by Assumption 5, we have
[uf | = [[(Vfi(2T) =V fu(27)) = (V(2T) = V(@) < 2([Ja7 — 27| = 2(re.

Recall the discussion in Lemma 1, we have

h'=g' = Vf@') - g+ Vf(@)

t

S (B wae) - vae) - XA - Vi)

s=max{7,t—T1} i€l ielt

1
n

t

- % 2 ‘sz' D (VA@E) = VAE ) = Y _(VAE) = VAE)

s=max{7,t—T1} iels ielt
t 7t
7& § |Is| § US*E ul
- 7 7
n b - -
s=max{7,t—T1} iels 1€l
1 (|7
S - (t=7)
n b -
iel™ iclr
- = t = t
1 (1Y 1 d 1
ol e DD DI R Hywl-y Yu
u; u; | + u; u; (t>7+1).
n b ! — ! n n - (t= )
iel™ ielt s=max{T+1,t—T1} els s=max{7+1,t—T1} ic]t

As for the first term in both cases, we have

Bz a-sa)) -

iel™ ’LGi:‘_

|If| QOICTe 201CTE
- 18
S < N (1%

lL
n b

zelt

by using Proposition 3 and ||u] || < 2(r., with high probability.

For the second term in the case ¢t > 7 + 1, we follow how we bounded (b) in the proof of Lemma 1 (High probability bound).
We just replace V fi(z*) — V fi(x*~1) — (Vf(2*) — Vf(2°~1)) by u$ and use (17) to obtain that

t = t 2
1 |T¢] Z 2C4 ( 20 20
S S g < Y (et w4 e
ns:max T4+1,6—T1} b i€ls \/B s=max{1,t—T1} Ca Ca
20 ! 26 26 ?
LS (e B S - a9)
s=max{1,t—T1} 2 2
with high probability.

Finally, we bound the last term in the case ¢ > 7 + 1. By using Proposition 3, we obtain

2
t t
1 3 S u VI +1 3 3 us
- _ u; || < E— ) u;
s=max{rT+1,t—T1}iclt s=max{7+1,t—T1} ||icTt
C ! 26 26 ?
1
< — = > Ctb (Cllws —w | + = flws]| + IIwHII)
nb s=max{T+1,t—T1} ' C2 C2
C i 26 25 2
1
< —= ws —ws | + - ||ws|| + S [Jwst ) (20)
ARG I+ 2 el + 2|

s=max{7+1,t—T1}
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with high probability.
Combining (18), (19), and (20), we have

t

2C1(r. 201 + C4 25 25 2
In*]] < + > Cllw® —ws=H + = [lws | + = [lws=]]
\/l; \/l; s=max{7+1,t—T1} 02 02
Cigre | Ci¢ . 1o ;
kv N DR el L >
\/E \/B s=max{T+1,t—T1} 02\/5 s=max{T,t—T1}
with high probability for all ¢ > 7. For ¢t = 7, (18) directly implies the desired bound. O

Now, we are ready to prove Lemma 7.

Proof of Lemma 7. We assume the contrary, i.e., maX,,<i<r+1,{|[z" — 27|, |2" — 27|} < %ﬂ, and show the following
by induction: for 7 <t < 7+ 15,

1 . .
() S(L4ny) e < ']l < 201 +m7) e

_ Te (fort =71)
(b) fw® —w' | < e
3y(L+ny) " "r. (fort >7+1)

c -
©) Il < G+

log =9 —
Then, (a) yields contradiction by takingt — 7 =Ty = © (g%”) since it holds that

)

1 1
t_ T ~t T > t_ At — - t >
max  {[la” — 27|, 12" — 27[[} = S lla" = &l = Sllwll 2 Cop

To<t<T+T>

It is easy to check (a) and (b) for t = 7. As for (c), by taking b > Cff;@ AT < %57"6 < %77’6 holds with high probability

by Lemma 8.

Now, we derive that (a), (b), and (c) are true for ¢ + 1 if they are true fort = 7,7+ 1,--- ,t. Fort > 7 + 1, we can
decompose w' as

|

g

s

L

I

I 3
—~~
<
~
—~

2T = VIET) 4T = VT =g T VAETY)

1
— wtfl - </ VZf(itfl 4 9(1‘t71 _ jtfl))(ztfl _ jtfl)da +gt71 _ vf(xtfl) _ gtfl 4 Vf(.i?tl)>
0

—_ wtfl o 77( dHt71 + H)’U_)t71 +gt71 o vf(xtfl) o g'tfl + vf(itfl))
—_ (I— nH)wt—l _ n(dHt_lwt_l + ht—l)

t—1
_ (I _ ,],]H)t—TwT _ UZ(I _ nH)t—l—s(stws + hs)

-1

=1+ Tree—nY (I —nH)""' " (dH w® + h*). (21)

S=T

According to this decomposition, we verify (a), (b), and (c).
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Verifying (a) The first term of (21) satisfies
||(1 + 77'7)t+177-7‘@e” = (]_ + n,y)t+177're'

Thus, it suffices to bound the norm of 7 3°"_1 (I — nH)*~'=5(dH*w* + h*) by (1 + ny)"""r.. We have

t t
Ny (I —nH)"*dHaw,| <n Y |1 —nH|"* |dH*|| w*| (22)
N - t
<n(1 —|—m/)t_7rez |dHS|| (23)
t—1 6
<n(l+ny) Trdla (24)
Cs
1
< ) e (25)

For (22), we used the facts that the maximum eigenvalue of nH is at most nL. < 1 when n < % and that the minimum
eigenvalue is —ny, which imply ||[I — nH| < 1 + 7. (23) follows from the assumptions on ||w;||. For (24), we used
t <7+ 1T5and
1
|dH*|| = ‘ / (V2f(3° +0(a® — 2%)) — H)d@H
0

< ~S 0 S _ A4S\ __ T0
< jmax pf| 2%+ 0" —27) —a™|

4] ]

= oo pmax{fla® — 27|, |& — ™I} < pe— =

0<6<1

where the first inequality follows from the hessian Lipschitzness (Assumption 4). The final inequality (25) holds when we
take Cy as Cy > 46nTy = O(1).

In addition, we have

t

ny_(I—nH)"~*h*

S=T

t

<0y M —nH|" R

S=T
t—1
_s3C1y _
t—s §—T
Sn;(Hm) o (LHm) T (26)
c —r
=0l (L) 7
2
1
< 7 +m)"Tr 27)

Note that (26) can be checked by the same argument as (22) and the inductive hypothesis. (27) holds when we take

Cy > dnyToCr = ©(1).

Combining (25) and (27), we can bound the second term of (21) as desired, which concludes (a) holds for ¢t > 7 + 1.

Verifying (b) Fort > 7+ 1, we have

Wiy — Wt
t

=1+ e - nZ(I —nH)""S(dH w® + h*) —

s=T

t—1

<(1 + n,y)t—q—ree _ 772_:(] _ nH)t—l—s(stws 4 he))

s=T

=ny(L+my) " Tree =Y nH(I —nH)'"' 7 (dH*w® + h*) — n(dH'w' + h').

S=T
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As for the first term, we can bound its norm as

[y (1 +n79)" Treell < py(1+n7)" Tre.

The norm of the second term can be bounded by using (a) and (b) for 7 + 1,--- , ¢ — 1 and Lemma 2 as follows:
t—1
1Y nH(I —nH)"™' " (dH w® + h*)

t—1

< Y 0 llnH U —pH) 70| (IAE* [ lw® ]| + |52

S=T
t—1

J C
<> _nllnHI —nH) ((12(1 +0)* e + c%(l + m)sfr«)

if; ) Civy
<> n|nHI —nH) | (Cz + 012) (L+my)" e

S=T

= t—1—s 1 g C]’Y s—T
< n(m+my) )G T ) M)

S=T

5 C
<n (T + logTy) (02 + Cj) (L4 n7)" re.

Since T, = © (%) and v > 4, setting Cy = é(l) and n = e (%) with sufficiently large hidden constants yields

(YT + log T5) (C% + %27) < +. Thus, the second term is bounded by 7y(1 + 1v) " "re.

Finally, we consider the third term. We have || dH!w!|| < C%re(l +n7)Tre and ||hY < %127(1 + 1), by the
inductive hypothesis. Thus, taking C5 sufficiently large, the third term is bounded by ny(1 + 1y) ™ "re.

Combining these bounds, we get (b) for ¢ + 1.

Verifying (¢) By using Lemma 8 and the inductive hypothesis, we have

t t

Ci(re Ci¢ C10
R e e T\ N DR At an Kt N D SN I &
\/B \/Z; s=max{7,t—T1} 02\/5 s=max{7,t—T1}
Ci¢ C1¢v/nay o Cy/1d "
< —r,+ ———(1 "re 1 "re
< \/BT‘+ (L) e+ b (L+ny)"r
Ci¢ | Ci¢y/nny | Cidy/n —
—_— > 1 T e
< (\/E et (I+my)Tr

with high probability for all ¢. Taking b > @(05252 AC2y/n),n =0 (L),and Cy = O(Cy) = O(1) gives L%@CTMJF

NG
Clci‘b/ﬁ < %7. Thus, we obtain that (c) holds for ¢ + 1.

Thus, we complete the induction step, and hence, the assertion follows. O

From Lemma 7, we can ensure that SILVER escapes saddle points with high probability.

Lemma 9. Let Assumptions 1-(b), 4, 5-(b) hold. Let {x'} be a sequence generated by SILVER and 1o(> 0) be a step
where — := Apin (V2 f(27)) < —6 holds. We denote the eigenvector with the eigenvalue Ayin (V2 f(27)) by e. We take

b= Q(\/ﬁ—i— g—z), n= &} (%), andTy = O (%) Then, for arbitrary T > Ty, it holds that

)
P TOSI%%’_X+T2 ”1,15_1,7'0“ > 072/) | IO?"' 717751,”' ’57 >1-2,
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Proof. Let A be a subset of B(0,r) such that each a € A satisfies

)
P max b —a™ > — |10 ... T T T =] <1 -
Lt > 1 T <
Then, no two elements, &1 and §~T+1 such that £, 11 — §~T+1 = r.e withr, > \V/TE’ can be elements of A at the same time
since by Lemma 7, it holds that
max {[lat - 2™, |3 - 2™} > ~
To<t<7T+T> ’ - CQP

with high probability. Let V;(r) be the volume of Euclidean ball with radius  in R%. Then, we have

Vol(A) < reVa_1(r) rel(4+1) o Te (d ) < reVd <,

[N

Va(r) = Va(r) VaT(E+ 1) = ar

This means that A occupies at least 1 — % of the volumes of B(0, ). From this fact and the definition of A, we have

- +1
2+_r_

)
P| max |xt—x70>|IO,---7IT,§1,~--,£T]>1—1/—1/=1—21/,
To<t<T+Ts Cop

which gives the conclusion. O

We are now ready to prove the main theorem of this subsection, which guarantees that the algorithm finds (e, §)-second-order
stationary point with high probability.

03 log 7C2(jﬂ‘e

C3log z=>—
Proof of Theorem 2. Since Th = 22 %% Gapre depends on 2™ (since y depends on V2 f(z™)), we take Ty = 3

instead from now. Note that this replacement does not affect whether Lemma 9 holds.

We devide {t = 0,1,--- ,7 — 1} into (%1 phases: P* = {2sTy <t < 2(s+ 1)1z} (s =0,--, [%] - 1). For each

phase, we define a® as a random variable defined by
1 (if Ypepe LIV > €] > Tn),
a® = ¢ 2 (if there exists ¢ such that 25T, < t < (2s + 1)Tb, ||V f(2!)[| < € and Ayin (V2 f(21)) < —6),
3 (if there exists ¢ such that 25T <t < (25 + 1)T%, |V f(2")|| < € and Apin (V2 f(2?)) > —=0) .
Note that P[a® € {1, 2,3}] = 1 for each 7. This is because if there does not exist ¢ between 2sT5 < t < (2s+1)T5 such that
. . - 254+1)To—1
[V f(z")|| < e(ie., neithera™ = 2nor 3), then we have Y, . ]l[HTVf(a;t)H >e| > 21(5:;;722 AV (aD)] > e] = Ty,

L1 A | AT |
meaning a® = 1. We denote Ny = Y222 1[a® =1], No =) "2 1[a®*=2],and N3 = >3 1[a* = 3].

f
f

According to Lemma 9, with probability 1 — 2v (here v can be arbitrary small), it holds that if a® = 2 then that phase
successes escaping saddle points. Specifically, by taking 7 = (2s + 1)75, we have

/ )
T t
— > — 28
ng’n<a:r)SrT2 ||x o || Cgp ( )
holds. (28) further leads to
2(r4+1)Ta—1 5 \2 2(r+1)T>—1 52

T. P> (== — P> =5 |- 29
’ t—QZT e vl Cap t—QZT e “l T,C3p? @

=27T> =27T>

On the other hand, by combining Lemma 1 (High probability bound) and Lemma 6, we have
T
Yo IviEh)?
t=1

<

1 L Ciln — _ CyTy021[Option 1T | 2772
()= 1a) - (5~ 5 - S ) Y ottt oy ZOTaS OO 2D
t=1

2
n
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with high probability. By taking 7 = © (1). applying b > (y/n and f(z°) — f(z') < A, and rearranging terms, we obtain

ZIIW O+ 55

From the definition of a™ = 1 and (29), that the left-hand side is bounded as

2A  2CTyo21[Option I 2772
Z ||Jj t—lHQ <= 1£1% [ P ] +
n b n?

52Ny

t— 1 2 tfl 2 2
vaf i t52 ZHJJ 7= NiTre +W

Thus, it holds that

52 2A  2C1Ti021[OptionII] 2772

NiToe? NoTy - ——— s < “— c 30
max{ 142€7, ol ZUQTQQCQQPQ} " + b + 7 (30)

: 2772T2203p2 o A (p A
By the parameter settings, we have =22 = O (—4) From this, (N7 + No)Ts <
O(%+4) x (theright-hand side of (30 Taking T > Q 22 (& 4 noiLlOptionty .
= 15 ght-hand side of (30)). aking > E+4 s - =
Q ((L + £ ) (LA+ M)) and 7 = O(n(e vV 6%/p)) = O((e V 6%/p)/L), there exists s such that

a® =3, Wthh concludes the proof. O
Remark 2. Although our main interest in this paper is to develop a simple algorithm with convergence to second-order
stationary points, it can be easily shown that adaptive selection of minibatch size can reduce the gradient complexity.
~ 2

In Lemma 7, if we carefully check the proof, we can see that the condition b = ©(y/n + g—z) is needed only for the
step T. On the other hand, for all 9 < t < 7 + 15 except fort = 7, b = é(\/ﬁ) is sufficient. Because we consider

=27+ 1T (T:O7~-~ ,% —1), if we take b = ©(y/n + g—j)onlyatt: 2T+ 1Ty (T:O,~-- ,% —1) and
b= (:)(\/ﬁ) at the other steps, the above argument still holds with a slight modification. Then, the gradient complexity is

reduced to
\f pPyn ¢ ¢p° .
O<71+LA<E 5 +L526+ I7E (Option I),

0 <(LA+0§)<\[ AV +C2P2>> (Option II).

04 Le2y  L&°

In the classical setting § = O(,/pe), This bound is better than SSRGD (Li, 2019) when n > e~ 12 than Stabilized when
n > e /3, and than SPlDER-SFO+(+Neon2) (Fang et al., 2018; Allen-Zhu and Li, 2018) no matter what n. and 6 are.
We also note that, by carefully looking the proof of SSRGD (Li, 2019), we find that they implicitly limits their analysis to the
case of L—j <n

52 ~

D.3. Exponential Convergence under PL Condition (proof of Theorem 3)

In this subsection, we prove that SILVER automatically switches to the exponential convergence when the PL condition
(Assumption 6) holds.

Proof of Theorem 3. According to the descent lemma (Lemma 6) and PL condition (Assumption 6), we have that

Fa') < Fa )+ alV ) = g = IV - (5 - 5 ) et = ot

< F@ ) IV — g2 = T (Fat) — Fa)) — (1 - L) lat — 2t + n

Rearranging the terms yields

L r?
Fa') = 1 < 0= B0 = Pl =g (g - 5 )l - P T o
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By applying Lemma 1 to this, we obtain that

B[f(e") — /7] < (1- %)E[(f(xt’l) - 0= (5 - 5 ) Ellet -

o t— .

. 9no21[Option II b 2
Z t ‘SE H _ xé_lHQ} + No¢ [ ption ](1 _ 7)15—1 + L (32)
pot b 4dn n

Multiplying both sides of (32) by (1 — a)?~* with some 0 < o < 1 and summing up overall t = 1,2,--- , T, we get

T-1

E[f(z") = 1+ > (1 —a)"'E[f(z") - f7]

T
< (1= -a)" (@)~ Y (1= T - @) TE[f @) - £

B 2 =1
T T
[ 1 L 30n¢? b s _ , .
_ 1— T—s | - = 1_7t51_ s—t E s _ .s—1)2 33
(1-a) <2n L S e ) 0 Bt — ) 63)
s=1 t=s+1
~ ayTt(q by OnoLOption I v s
£ 00 ) f+gz< —a)T
=1 t=1
Weletn = 57 A 44% and o = {5 A 84\/307/\ L=t A 5= The choice of 1) ensures that (33) < 0. All of (1 — 7“)

can be replaced by (1 — ), and especially the underlined parts cancel out each other. Also, thl (I—a)T=t(1— L)t

S =) (1 - 220D <25 (1—a)T(1— &)t < 202(1 — )T Now, we obtain that

<

BUGT) £ (1= )T (76 - 1) + (1 - oy Ko PO 1

144nm02 1 [Option I1]

(A % DR
£

A+ nocl| Opuon 1]

We take T > L log

=0((tv Gy nyog ), so that the first and second terms are
K ub b

bounded by £, respectively. Here T'b matches the desired gradient complexity. Also, by taking r < (/%= =1/ N4/ %,
the last term is also bounded by % Therefore, the assertion follows. O

E. MISSING STATEMENTS AND PROOFS FOR FL-SILVER

This section applies SILVER to communication-efficient federated learning. The full version of the algorithm is provided
as Algorithm 3. Theorem 4 is divided into three subsections, each of which corresponds to the first-order optimality, the
second-order optimality, and exponential convergence under the PL condition.

E.1. First-order Optimality

We first consider the first-order optimality. We give the full statement of our theorem below.

Theorem 5. Let Assumptions 1-(a), 2, 3-(a) (Only for Option II), 3-(b), and 5-(a) hold. Let r < % and PKb > 195—;'2. Set

nas
B 1 D pVb Vb
"@<L (wVP " LVPE AL\/A<K>

Then, Algorithm 2 finds an e-first-order stationary points x** for problem (2) in expectation, in

T=0 ( — V¢ (ﬁ\/l) \/% <\/pﬁ\/1> A+1[Option II] (I;;II;)—FUEQP) ;)
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Algorithm 3 FL-SILVER (2%, 7, p, b, T, K, ) (full version)

1: OptionI: I° «+ [P]
2: Option II: Randomly select p clients I°
3: for i € I in parallel do
4: Randomly select minibatch J) with size Kb
5y wp jese ViSig(a®)
6: Send y! from i € I° to the server
7: if Option I1: 39 < % Y icro yWii=1,---,P) // Not send 3 to clients; Store y{ in server until 7 sampled.
8: fort=1toT do
9: Randomly sample one client 7; and send Zil yf_l and z'~! from the server to i,
10: b0 gt~ 280 0
11: for k =1to K do
12: xbk gkl —77(% Zil yfl + bR bR (¢8R~ B(0, 7))
13: Randomly select minibatch Jitt’k with size b
14: bk gkl + % ZjEJ;t,k(Vfihj(Z‘t’k) — Vfihj(xt’k_l))
15: Send ¥ from i; to the server; zt < b ¥
16: Randomly select p clients It and send «? from i; to I
17: for i € I' in parallel do
18: Randomly select minibatch J! with size Kb
190yl e Vi)
20 Ayt 15 2 jese (Vfi(ah) = Vii(@'™h)
21:  Send {(vy!, Ay!)}icre from I* to the server

22: yl <—yf_1—|—%zieﬁ Ayt fori ¢ I
// Practically, we update Zle y! in O(pd) time in the server with efficient update of SILVER.

communication rounds and

1[Option I] P+ T’p=1[Option 1| P+O (H?VC (\/ﬁvp) v\/% (\/ﬁv]g)} A+1[Option 1] (;KPb + Uipﬂ ;)

communication complexity (total number of communicated gradients).

Remark 3. By letting b = K achieves the optimal communication rounds (and communication complexity) under the fixed

local computational budget DK :
L VP 1
—v¢ ([ ~—v1 = .
K c2

T:o(
p

One can see that our local minibatch size is a moderate choice compared to the literature; Murata and Suzuki (2021) uses
b > K at every round and local full batch gradient periodically, and Karimireddy et al. (2021) uses local full batch gradient
every round. Also, we remark that bK P > %2"2 is satisfied when P is large even under the local budget bK is small.

oP o2P
K2 + 02

A+1[Option II] (

From now, we prove Theorem 5. For convenience, define gj? as

0. | Vhia®) (Option T),
e % Yiero Vfi(a®) (Option II).

For each ¢ > 1 and ¢, define T'(¢, ) as the last step ¢ is sampled:

T(t,i) = max{s| 1 <s<t iel*} (f{s|1<s<t iecl®}#0D),
0 (otherwise).
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In the following, a slight abuse of notation, we identify (¢, k) = (¢, k") if t + Kk =t' + Kk'. We say (¢, k) < (', k) if
t+ Kk <t' + KFE.

Similarly to Lemma 1, we bound the difference between & S0 y!=! + 2% and V f ().

Lemma 10. Suppose that Assumptions 1-(a), 3-(a) (Only for Option II), 3-(b), and 5-(a) hold. Then, regarding Algorithm 2,
we have

P
l t—1 tk tky (2
E[I\P;yi +z Vf"")7]

180¢2 12127 . 6L i B
< s+1E 5~ 1 2 E t 1 tl—12
< | +pr]21 ~p) B It = |2 6| DRl

1202 6(1— %)taz]l[Optlon 1]

54021 [Option 11] Dy
il bt st G RO 4
+ » =5+t PKD

Proof. We decompose the error into several parts. First, we observe that

P

1 Zyt LV = 53y - VA 2 (V) - V). 34

=1

Similarly to the proof of Lemma 1 (formal), we can expand 5 Zf; yl — Vf(z') as

1L
Fny—Vf(a:t)

PZ £ Z Vfi(a®) =V fi(a® ))*Z(Vfi(x )=V fi(x +5 z ~Vfi(z

iels ielt ielt

(2)

ZPLZ( Z Z (Vfij(@®) = Vi ;@) = (Vfi(a®) = Vfi(z*)

i€ls jeJ?

(b)

P P
S U > 1] Y (VA7) — RGN + 5 Y A = 06 ). 69)
i=1 jegTen i=1
(© (d)
Also, we have
k
2= (Vf(a") - Z% Y (V@) = Vi j@ 1) = (Vf (@) = Vf ("))
=1 JEJL
=3 {5 X (Vs @) = Vs a1 = (Ve = Vi ")

=1 ]ejtl

©
+ Vi, (@) = Vi, (2"°) = (Vf(@"*) = Vf(2"?)). (36)
R

Therefore, by (34), (35), and (36), we have

Z“ Vf(atF)

2
< 6[[(@)l* + 61 (d)II* +6[1(c)1* + 6lI(A)]|* + 6| (e)|* + 6]I ()]
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For each term, we apply one of the following auxiliary lemmas, which directly yields the assertion. O

Lemma 11. Under Assumptions 5-(a) and 3-(a) (only for Option Il), the term (a) is bounded as follows:

2
t
|ft| I
E |52 | =5 D (VAE)=Vfila™ )= (Vila*)=Vila"h) | +5 D@ -V fia")
= iel® ielt ielt
: st iy . 9021 [Option 11] .
Z TE [[la® — 27+ — (1~ )"
— P
Lemma 12. Under Assumptions 1-(a), the term (b) is bounded as follows:
2
t |It
Z P D > (Viig(a®) = Vij(a* ™) = (Vfila®) = Vfila""1))
s=1 p i€ls jeJ?
(*)
2L2( )t s+1 t
< E s _ .s—1)2 .
oD SLl ek
Lemma 13. Under Assumption 3-(b), the term (c) is bounded as follows:
2
P
ST 21 Y (VAT — Va2
PKD 4 = 7 — PKb
=1 JEJT(t »1)
Lemma 14. Under Assumption 3-(b), the term (d) is bounded as follows:
2 (1 - %)tU? .
1 ) (Option I),
E||l5 2 1Tt =06 - i) | <{ 1 L8R
i—1 5 If;b (Option II).
Lemma 15. Under Assumption 1-(a), the term (e) is bounded as follows:
2
L 2 k
B33 (Vs = T )= (Vfi ) = Vi ) || | < 5 STEl et — 2t )
=1 jeJgtt =1

Lemma 16. Under Assumption 5-(a), the term (f) is bounded as follows:

k
E [V (2%) = V i, (2) = (V5) = 5 0)|] < K DBl — o1,
=1

Proof of Lemma 11. By replacing p and P by b and n, the term (a) is exactly the same as (3) in the proof of Lemma 1
(formal). Thus we simply follow the proof of Lemma 1 (formal) to obtain the assertion. O

Proof of Lemma 12. Consider the conditional expectation on |It| for all s. each cross term of () is still mean-zero on this
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conditioning, and therefore

2
It - -
E[(b)] =E |E Z | l 7D D (Vhis(a®) = Vi) = (Vfile®) = VL@ )| | 1] 1]
261‘5‘]6]5
t _ 5 Z 2
I - -
< E p|pf|<b2 D (Vfus () = Vfus ') = (Via) = VA=) (15l 1]
s= i€l jEJ;
t TtI12L.2 B B
SzlE |]3;|[(2b * - S_1H2 |Iﬂv u|Itt|‘|‘| .

2 ¢ .
W;E [E (2RI 1 o = a2

IR p P p
< E [P 1= (1= Pyt=s+1yq _ Pyt—s+1 | p2(q_ Py2(t—s+1)) 05 _ 51|12
< PQprZ [P(1-(1-5) 1-35) +P(1-5) Jlz® = 2"
2L2( )t s+1 ¢t
E s _ .s—1)2
o LElk -,
which concludes the proof. O

Proof of Lemma 13. By conditioning (c) on T'(¢, ), the cross terms of ZJ.EJ_TUJ) (V f;.;(2TED) — v £, (27 (D)) for two
different ¢ are mean-zero. Thus, '

2
P
1 . i i ;
E(Q)] =E |E ||| 55 2T 2 1] Y (Vi) = Vi@ )| T 1)
=1 T(t,4)
Jj€J;
o 2
P
— 1 ; T(t,i) T(t,i) ;
= prgezE 2B B | UTE) 1) Y (Viis@™ ) = VEETE)| T 0)
i=1 i jGJT(t i)
- 2
1 z T(t,i) T(t,) o’
< WZE > (Vi@ ) =T | < PRY
i=1 jeg T
which concludes the proof. O
Proof of Lemma 14. We first consider Option I:
2
P
E[(d)] =E FZ T(t,i) = 0] Kb > Vfi(a®) = Vi (20
=1 ]EJO
2
1L
P—ZIE 1T (t,4) = 0] Kb > Vi) = VEE| - (37)
=1 ]EJO

For the second equality, we considered conditional expectation on T'(¢, %) similarly to the proof of Lemma 13. Because

2
T(t,i) and Hﬁ > jeo Vfi (%) — Vfi’j(xU)H are independent and E[1[T(¢,7) = 0]] = (1 — &)’, we have

(1= )'o”

<
SHE PKb
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which proves the claim for Option 1.

For Option II, in the same way as we obtained (37), we have

2
P
1
E[(d)} =K F Z 1[T<ta Z Z sz,] vfz( )
i=1 zeIO ]eJO
1 F
< 2 S E (|17 i) = Z Z V(@) = Vfi(z°
i=1 ZEIU jeJy?
which is further bounded, because T'(¢, %) is independent of I° and J? and E[1[T(t,i) = 0]] = (1 —
2
38) < <& | |117¢t, Z -3 Vi) - Vi) g L i
=p Z] i >
zEIO ]EJO

which gives the assertion for Option II.

Proof of Lemma 15. Because Vf;, j(zb) — V§;

Jt=1 we have

> (Vi) =

jEJ”

from Jt1, ... |

|50

(@) =

2

Vi (") = (Vfi, (") = V £, (a5171))

Proof of Lemma 16. Because of Assumption 5, we have

B[V @) = Vi, @) = (V") = VF@E")]

< CE[l|la"* ~

t7k_1H2]'

k
PO < K Y Bt

=1

Proof of Theorem 5. According to Lemma 6, forallt > 1 and 1 < k < K, we have

k)< fat ) 4V ) Zy

We sum up this over all (¢, k’)

ZZHW Bh=1))2

t=1 k=1

IN
ISHNN
—

t=1 k=

tk—1
min B[V ("))
1§k~§K

() Fa) -3 (2177—

1
Lty IIVf(xt”“)|2<2n

< (T, K) to get

L
2) ||ajt’k tk 1||2+772va tk— 1
t=1

T K
2A 1
- o2 (5~ ) Ellat -2
t=1 k=1
9 T T
+ﬁz E[HVf tk— 1 Zyt 1_|_ztk 1 H ]+
t=1 k=1

41

L
> ||£Et"k o It,k71”2+r

Zyt 1+Ztk 1 HQ +

2

(38)

O

Vi, (@t + V f;, (2 ~1) is mean-zero and independent

L2 £ t,l t,l—12
< SB[t - ot P
=1

O

2T Kr?

n?

(39)
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Here we used f(2°) — f(z7) < Aandr < L.

According to Lemma 10, we have

5 I K L P
TK Z ZE[HF Z yi 2B = V()2
t=1 k=1 i1
360PK2(? 24L°PK 121K L&
< |: - ¢ + 2 + + 12C2K2:| ZZE ||l‘t’k _ J?t’k_1||2]
p b b t=1 k=1
108 2 P1[Option IT 2402  1202P1[Option II
o 2[p }+0+02[p ] (40)
T PKb 2K T
We take 7 as
p pVb Vb 1
n< =V A A A 41)
2L (KV2880P LV192PK LV96K V96CK
so that 3605 KE Qiﬁzp + 12LbK +12¢?K < 55 and L < o= hold Moreover, we apply the assumption %f%b (or

just compute the local full gradient instead of samplmg Jh, and let

16A 960 P 864021:’ ):| l
g2’

T > |—= + 1[Option IT
_[Kn+ [Option ](szb+ p?

10802 P1[Option I] 1202 P1[Option II]

so that T Tl 2T , TORT < % hold. Especially, when we take 7 that satisfy the equality in (41), T’
should satlsfy
32L 384V/5P L [128V/3P 960P  86402P\ | 1
T>||—V({(|———V64V6 | V— | ——— V64v6 | | A+ 1[Option ] (| 0 + —— | | -
“ K C( P f) \/bK< P f) +[1[”0“]<p21m>4r e ) ez
Finally, applying (40) to (39) yields that
2 T K
2A 1 1
tk—1 < _ 1 tk o tk—1)2
iy BVAHN)| € et SO (5 1) Bllat -t
1<k<K t=1 k=1
T K
1 tk tk—112 3% €2 2
o Do OBl — et P 4 T < e,
t=1 k=1
(40)
which concludes the proof. O

E.2. Second-order Optimality

We show that FL-SILVER can efficiently find second-order stationary points. The full theorem is provided as follows.
Theorem 6. We assume Assumpnons 1-(b), 2, 3- (b) 4, and 5-(b). For Option II, we additionally assume 3-(a). Set 6 < (,

O(VP + 4 =+ Kb52) b> K, b= Q(PKE ), n=0(1),r=0(%),and v € (0,1). Then, Algorithm 2 finds
(z—: 6) second- order stationary points using

. L . P P 1 p?
0 (1+ [A (K +C) + 1[Option II] (pC;Kb Up2 )] (52 + ;))

communication rounds and

~ 2 L? L . oP o’P 1 p?
O(P+ (\/ﬁ-i-(sz—i— Kb52> {A (K—I—C) + 1[Option II <p2Kb+ > ﬂ (&:2—&-&))

communication complexity, with probability at least 1 — v.
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We first prepare a high-probability version of Theorem 5.

Lemma 17. Let Assumptions 1-(b), 2, 3-(a) (Only for Option 1), 3-(b), and 5-(b) hold. Set 1 as

n:é<lv N

L (KVP' LJVPK L\/EACK)

Then Algorithm 2 satisfies

L& B 2A 02T
S IVAE R+ ;; St SR

t=1 k=1

with high probability.

+ C11[Option | K [

o:P %P ﬁ
p2 p2Kb

Proof. Similarly to Lemma 1 (high probability bound), I* = () with high probability if t — s = Q(g). We set T3 = é(%)

so that with high probability, by following the proof of Lemma 10, we have

P
1
SO U - V)
1=1
t

Ly ‘”Zm )= Vi)=Y (Vi) -

~ Vfilx PZ ~Vfi(x
s=max{1,t—T3} ST ielt 7,61'
(a)’
t
+ Y = V/fij(z*™) = (Vfi(z®) = Vfi(z*™1)))
szmax{l,t—Tg} 1615 jEJq
(b)’
1 P P
g 2 M) =1 Y (Vi) = Vi) Z 0)(y — 5
i=1 )

jeJT(t ,i)

(c)’

+ Z =S (Vi (@) = iy (@470) = (Vi (@) = Vi )))

JGI“

(e)’
= Vi @) = Vi, (@) = (Vf (") - V")
(®)

(@)

2
Because || 5 07,y + 24 = V)| < 6l I + 6lY I + 60 I” + 6111 + 61’12 + 611 (£ % we

bound each by referring to Lemmas 11 to 16.

For (a)’, just following Lemma 1 (High probablity bound) gives

t

C1¢? s e C1021[Option I]1[t < Tj
@< 9SS e gty G OO S T

s=max{1,t—T4}

b

For (b)’, we first bound ‘ZZGIQZJEJ&(W”( ) = V(21 — (Vfi(z®) — V(2>

t

>

|l

2
M| by CrL2pKb] -

S_

LUS_lHQ.

257 1||2 using Proposition 2 and fixing I*, and then apply Proposition 4 by conditioning on |I’| to obtain
‘ -
Itz L2 Cy L2
b 12 < | s s _ .s—1)2 <

s=max{1,t—T5}
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For (c)’, by conditioning on T'(¢, 1), Proposition 2 yields

1 P
(Ot} (Z 1T, 1) > 1]) 0? < Q7

i=1
For (d)’, if ¢ > T3, it is equal to zero with high probability because 1[T'(¢,i) = 0] for all 4. If t < T3, for Option I, by
conditioning on I, - - | I, Proposition 2 yields

2

2 3 — v -V <0t 1T(t,3) =0 Cio? _ Cio
d)'[? = ; = sz fij( L@ || < 153 Z [Tt =0 ) 2o < By

jelJ?

and for Option II, Proposition 2 yields

@1 = |5 170 =0 [+ 3 2 3 Vi) - Vi)

i=1 i eIU JeJU
1 L Cho? C o?
1 1
< _— =
P2 <;MT(“) 0]) oKb = pkb

For (e)', first apply Proposition 2 £ 32 _ 1,1 ((V fi, ; (@) = V f, ; (a=1)) = (V f;, (1) — V f;, (¢'=1))) and then apply
Proposition 4 to obtain

lI(e)'|

2 < Z”xtl t,l71H2.

Finally, for (f)’, just consider high probability bound with respect to the randomness of ¢; yields

k
I(e)'|I* < C1G®K Y [l — a2,

=1

Putting everything all together, we obtain the bound on the gradient estimator:

t

||iiy¢-1 —viePsalSe 2] S Bl -a
Pi:l ' pr

s=max{1,t—T3}

+ Oy | = + K Zk:E |t — =112 + Cro” + C11[Option I]1[t < T3] o + Kl
£ pry P = T PR
which implies
T K T K
2 1 _ PK?(> L?PK LzK _
ﬁZZH;ZyE 2tk - w12 < Oy pe + 2% + + (*K? Zznﬁﬂt’k*xt’k Y2
t=1 k=1 =1 t=1 k=1
Ci0?  C11[Option II] 02
42
* PKb T 2 p? Kb “42)

where we used T3 = O(%).
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Similarly to (39), when r < ==, we have

K
_ 2A 1 1 B
ZZHVJC tk—1 ||2+ ZZ | tk t,k 1||2§ _ZZ<2_L> ||$t’k—l‘t’k 1”2
t=1 k=1 t=1 k=1 n nt:lk:l n
T T 2712
+2% Y E[[Vf(a") Zy +2F P+ =
t=1 k=1 n
43)
We take 1 as

oL, p/\p\/E \/5/\1
ZLCK\FLFL\FCK

so that ||zt* — 2t:%=1||2 terms cancel out in (42) and RHS of (43). Then we obtain that

2A  Cy0*T o?P  o%P 272
k= 1 2 th _ ptk-12 » 22 1 1[Option I K | =¢— + ——_ A
;;IIW P+ 5 2;;Hz 12 < L,y O [Option K | =5+ 57y | 2

with high probability. O

Similarly to the proof of SILVER, the key argument is the exponential separation of two coupled trajectories with different
initial values.

Lemma 18 (Small Stuck Region). Let Assumptions 1-(b), 4, and 5-(b) hold. Assume § < % Let {xt’k} be a sequence
generated by FL-SILVER and (79, ko) (0 < ko < K) be a step where — := Apin (V2 f(270%0)) < —§ holds. We denote
the eigenvector with the eigenvalue Ay, (V2 f(27050)) by e. Moreover, let {"*} by a coupled sequence that is generated
by FL-SILVER with i° = 2° and shares the same choice of randomness with {x;} i.e., client samplings, minibatches

and noises, except for the noise at a step (19, K) > (10, K0): g0l — 0K _ e withr, > \7} (0 <v<1). Let
tk th _ gtk gt t_ st ot th stk ~t—1 . _tk pt
wht = gtk — Gkt = ot — g, gt = L Y7yl +Z7r97_P211yz + 20t = $ 3yt - V(at) -

(F X000 = VFEY) and b = (8% = (Vf(at*) = VF(@t0)) = (3F = (VF(@"*) = Vf(E0))). Using these
notations, gt* — V f(z**) — (gt* — V f(&4%)) = h*=1 + htF holds.

Then, there exists a sufficiently large constants Cs = O(l) with which the following holds: If we take p = Q(\/}? + g—z +

~ Cylo % ~ . . .7
KW) b>K, K= O( ), n=0(1) and Ty = O(%) = O (%), with high probability, we have
]
z™ k T0,K0 ~T,K £ T0:K0
-z — ’ > —
(0, Ko)<(f k)<(To+1 T4){|| Il I Csp 3p

In order to show Lemma 18, we prepare the two following lemmas, which bound the difference between gradient estimation
errors of the two sequences.

Lemma 19. Under the same assumption as that of Lemma 18, we assume max(m7,§0)§(t7k)<(m+1,Ts){Hx'r’k —
TR || ||ZTF — gToRo ||} < %p. Then, the following holds uniformly for all (19,k0) < (t,k) < (10 + 1,T4) with
high probability:

0 (t < m9),

(\523 - \/pLT> Cire (t =10),

L K L t K
Hht” < (\5],) + m) Ol?"e + (ék\\/[pi + \/}Tb> Cl Z Z ||ws,k _ ws,k71”2

s=max{1o+1,t—T3} k=1

t

015 9
ws t>1+1),
e AL (t2 70+ 1)

where T3 = é(%) and Cy = O(1) is a sufficiently large constant.

s=max{719,t—T3}
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Lemma 20. Under the same assumption as that of Lemma 18, the following holds uniformly for allt > 79 + 1 and k > 0
with high probability:

k k 2
_ 24 20 20 26
) <6 35 ottt Z G ol 5 (Lt =t 4 5 1] )
— =1

Fort < 1y, we have Hht”“H =0.

Proof of Lemma 19. As for the case t < 7o, the assertion directly follows from the definition of {Z#*"*}. For the proof of the
rest cases, we use notations as follows:

H = V2 f(z™"),
H; = V2 fi(z7")
Hij = V2 f; j(x™"),

1
dH* = / (V2f(E5* + 0(at* — 59%)) — H)de,
0

1
dH — / (V2£,(@ + 0(a* — 3%)) — H,)do,
0

iy =) (TG 4 0 5 — Ho )0
0
Moreover, we denote
= (Vfila®) = VEE*)) = (Vfi(a*™") = VAE ) = (V) = VIE) + (V) = VIE)
and
uf,j = (Vfi,j(xs)—Vfﬁj(js)) _ (Vfw‘(l‘s_l)—me‘(js_l)) _ (vfi(ms)_vfi(js)) + (vfi(l‘s_l)—Vfi(i‘s_l)),

Note that E; [u$] = 0 (expectation with respect to the choice of i) and E;[u; ;] = 0 (expectation with respect to the choice of
) hold. Using 1-(b), 4, 5 and max(r, )< (1, k)< (ro+1,75) L /|77 — xR0 || [|Z7F — om0 ||} < C%'p, we can derive that

26 26 26 26
lufl] < Cllw® —w*™H | + o vl + @stfl\\ and  luf || < Lilw® —w* ™| + o, I+ @stflﬂ
for s > 79 + 1, by similar argument to the proof of Lemma 8. For t = 79, we have ||« °|| = ||(V fi(z™) — V fi(8™)) —

(Vf(a™) = V@) <z — 27| = ¢re and [[uf || = [(Vfij(z7) = Vi ;7)) = (Vf(2™) = VF@E™))| <
L|jz™ — z™|| = Lr,.

As we did in Lemma 8, for t > 79 + 1, we have

Y D SR ST Fay L5 Sl SRS Db DR

i€l ielt, i€l je o i€l jeJ;°

(a) (b

3oy (Byu) oy oy

s:max{q’OJ,»l’tf’T:;} p iels s:maX{T0+1,t7T3}i€ii

ol =

(e)
t

+ %ﬂ Z Z Z pr zt: Z Z ujj

s=max{To+1,t—T5} iels jeJ? s=max{To+1,t—T5} iefﬁ JjeJ?

(d)
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with high probability uniformly for all ¢. For ¢ = 79, h™ = (a) + (b) holds.

Recall the argument in Lemma 8. We have that

C'1 Cre

26 26 2
(@)l < and (c) (clhw = wr=ri+ 22l + 2 1)

I < )
\/> s=max{1o+1,t—T3} 03

hold with high probability.

Moreover, by conditioning on /7, Proposition 2 yields that

| 1 it e, \JILICLre oLy,
< w |+ = w | < —2 + < )
I®)l < ppZZ P2 2| S B kit pyR S VKD

i€170 jeJZ'O ieff—o jer'o

with high probability.
For (d), we first bound

|| cl\ingb < 26 20, . )
< E L ’LUS _ ,ws + = ws + = ws ,
Z; gs i B | | s [w?|l s | [

= 20 20
s s s—1 s s—1
S Y s < oI (an e+ 2 ||)

ielt J€J;

with high probability, using Proposition 2. Then, by Proposition 4, we have

el : 26 26 ?
d < L s _ apns—1 s s—1 .
s | 3 (B w g+ e+ o)

s=max{1o+1,t—T53}

By combining all these, we have

lgll < (\Cf + \/7> CiCre + ([ \/L) . Xt: [ws — ws—1|2

s=max{1o+1,t—T3}

t

C16
A0S
3
s=max{71g,t—T3}
K
¢ L ) WK -
<=+ —= C + + — C ws,k _ ws,k—l 2
(\/i) pr ' \/> \/7 s_max{‘roz—&-l,t—T:;} ; H ||

t

016 s||2
o R

s=max{7o,t—T5}

with high probability. Thus, we get the assertion for ¢ > 79 + 1. For ¢ = 7, the bounds on (a) and (b) imply the desired
bound. O

Proof of Lemma 20. Let
= (Vfila"") = Vfi(@") = (Vfi(a"?) = V fi(z"°)) = (V[ (") = Vf(@")) + (Vf(2"0) = V("))
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and

ugy =(Vig (@) = Vi (@) = (Vfis (a1 = Vi (@)
= (V@) = V(@ ) + (Vfu(@"'7h) = V(")

By their definitions, h*"* = u byl Zl 12 jedt! u ; holds. We can bound the norm of them as

k
26 26 20 20
t.k t,k t,0 t,k t,0 t,l t,l—1 t,k
w, || < CJlwtt —wh || + S|l wh ]| + S [|wn| < ¢ w" —w" + = lw"| + = (44)
[, " | < €l I+ &, e+ e ZZ: I I+ & i+ & |
and
20 41 20, i1
iy’ < Llw™ = w"| + o, e+ e
Thus, applying Proposition 2 and Proposition 4 to % Zle Z] et u“l 4> we get
k k 2
1 C3 26 26
_ —1 L t,l _ aptl—1 - - t,l—1 45
JZZ””_W,;(M)1un+%H ) )
=1 jeJ; =
with high probability for all ¢ and K.
Substituting (44) and (45) to ht* = uftl + % Zle def LU, ZJ, we get the desired bound. O

Now, we are ready to prove Lemma 18.
Proof of Lemma 18. We assume the contrary and show the following by induction, for (7o + 1,0) < (¢, k) < (70 + 1,T4):

1
() 50+ TR < [t < 2(1 4 )T DE

Te f t,k - 1,
(b) Hwt,k tk 1” < S Kk ( OI'( ) (TO + O))
Bipy(1+apy) =m0 DEF k- (for (t,k) > (70 +1,0))

C
(@) I+ b < (1D
3

log =2 —
Then, (a) yields contradiction by taking (¢, k) — (70 + 1,0) =T, = © <1 + gﬁ:};“) to break the assumption.

It is easy to check (a) and (b) for and t = 79 + 1 and k = 0. As for (c), checking the initial condition at (¢, k) = (79 + 1, 0)
2

requires assumption on the size of p. According to Lemma 19, taking p > C1C3( g—Q + 5%—;}), g™ < %67“6 < Ciyre

holds.

Now, we derive that (a), (b) and (c) are true for (¢, k 4 1), assuming that they are true for all (7o + 1,0),- -, (¢, k). To this
end, we consider the decomposition of wtF as follows:

B N n (gt,k . gt,k)
(t,k)
_ (1 + 7]’7)<t7T071)K+k+1Tee - Z (I o nH)(tfs)K+(k7l) (stst,l + h871 + hs,l)7 (46)

(s,l)=(70+1,0)

for (t,k+1) > (10 +1,1).
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Verifying (a) The first term (1 + 5y) (¢~ 70— DE+E+1 e of (46) satisfies
”(1 + 77v)(tf'ro71)K+Ic+17,eeH _ (1 + n,y)(tfmfl)KJrkJrlre.

Then, focus on bounding 7 Z'E’Skl) (I —nH)t=) K E=D(qH s s 4 b5~ R by L(14ny)ETom DEFRHL,

W h :(T0+1,0)
€ have
(t,k) (t,k)
n Z (I _ UH)(t_S)K+(k_l)st’lws’l < Z ||I _ 77H||(t_S)K+(k_l) Hst,lH st,lH
(s,1)=(70+1,0) (s,1)=(70+1,0)

t,k
< 277(1 + 77,)/)(t—S)K-‘r(k—l)-{—(s—m—1)K+lre Z HdHSJH
(S,l):(Tngl,O)
1)
<2n(1 + m)“*fﬂ*l)”krenffa
3

2n0T.
< TIC 4(1+n7)(t77071)K+k7,e
3

1 :
U ) S (47)

log =%
The last inequality follows from the definition of T = @(%) < 8%;. when we take C'5 sufficiently large.

In addition, we have

(t,k) (t,k)
n Z (I o 77I_I)(tfs)KJr(kfl)(hsfl + hs,l) <7 Z HI _ nHH(tfs)K+(k7l) ||gsfl + hs,l H
(s,1)=(10+1,0) (s,1)=(10+1,0)

(t.k)
—s — O’)/ s—To—
S D R (R 20 R
(5,1)=(70-+1,0) 3

T,
< Ug’ 4(1+n7)(t—7-0—1)K+k
3

1
< (L )Ty (48)

IOgﬁ) <

For the final inequality, we again use T, = O( = <

4%”;5 with sufficiently large Cs.

Combining (47) and (48), we get (a) for (¢, k + 1) as desired.

Verifying (b) For (¢,k) > (70 + 1,0), we have

whkTL _ gtk

(t,k)
— (1 + n,y)(t—Tg—l)K-‘rk-'rlree - Z (I _ nH)(t—S)K—‘r(k—l) (st,lws,l + hs—l + hs,l)
(s,0)=(70+1,0)
(t,k—1)
_ (1 + n,}/)(t—m—l)K-&-kree —n Z (I _ nH)(t—s)K—i—(k—l)(st,lws,l + hs—l + hs,l)
(s,1)=(70+1,0)

= 1y(L )T e

(t,k—1)
- Z 77H(I _ nH)(tfs)K+(k7l)(st,lws,l + h571 + hs,l) _ n(dHtwt + htfl + ht’k).
(s,1)=(710+1,0)
As for the first term, we can bound it as

(t—1o—1)K+k (t—To—l)K-i-k:T
e

Iy (1 +n7v) reel < ny(1+4n7)
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Evaluating the second term requires (a) and (b) for (79 + 1,0),--- , (¢,k — 1) and Lemma 2:
(t,k—1)
n Z ﬂH(I _ T)H)(tfs)KJr(kfl)(st,lws,l + hs—1 + hs’l)
(s,1)=(70+1,0)
(t,k—1)
< > || =) IO (B w4 B R
(s,1)=(10+1,0)
(t,k—1) c
< Z n HUH (I - nH)(t 8) K4 (k—1) H ( (1+ m)(s To-DE+,. | %(1 i W)(sml)Kﬂre)
(s,))=(70+1,0) 3
(t,k—1)

—s - 1 1) Civy o
< D (777(1 oy D e )> <O3 + cZ) (14 ) s=70= DI+,
(5:1)=(r0+1,0)

5 C o
<0 (mTs +logTs) <03 + C”) (14 ) 7m0 DK,

Since Ty = O (%) and > 4, setting Cs = O(1) with sufficiently large Cs yields (77T + log T5) (C% + CC}:) <.
Thus, the second term is bounded by 7y(1 4 ny) (=70~ DE+ky.

Finally, we consider the third term. We have ||dH"*w'*|| < re(l + )t To=DE+Ey and [|gtt 4 REF|| < QC” 1+
ny)t=To~DE+ky  Thus, by taking C3 sufficiently large, the thlrd term is bounded by 7y(1 + ny) - 70~ DE+k

By combining these bounds, we get (b) for (¢, k + 1).

Verifying (¢) Using Lemma 19 and assumptions, we have
[

¢, L WK | L t P
<<W\m>““<ﬁ+¢ﬁ)“ 2 e

s=max{1o+1,t—T3} k=1

C16
+ ws 2
v DL

s=max{71o,t—T3}

¢y IO, | (CiCKT?  CiLE3TY (rvicsr . CiTES (r DK K

+ + 3y +ny)t 7" + L+ny) ™ Te
N RN N /b (L+m) CyypR L)
_[¢cr 1o [owPiK VPR (rvirx . CLVPO (e DK K

G + 3v(1 + 0 + D (1 4 gy re
AR " s my(L+my) Cop LM

Taking p > C’lC%(\/TD—i— " 52Kb) b>K,and K = O( ) we have ||h!TY| < %137(1 4 py) (0K

Moreover, Lemma 20 states that, for k < K,

k+1 k+1 2
26 20 20 20
£ ti—1 20 gkl w'0 4 atd=1 1 20kl o 2t i—1
<Dttt 2 e | S (Bl i B+ o)
holds with high probability. If (a) and (b) hold for all (s,1) < (¢, k + 1), then we have
||ht,k+1|| < 3CK (1 4 qpy) (-0 DEHRHL %5(1 4 py) (o DE L
3

CWVEK
+ Lny(1 +
7 ny(1+ny

)(tf'rofl)K+k:+1+ le‘s(wrm)(trol)lf%ﬂ,
b
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Takingb > K, 7 =0O(1),and K = O (%), we have ||htF+1|| < Cc—lg(l + py)(t=T0=DE+E+L Thys, we obtain that (c)
holds for (¢, k + 1).

Therefore, we have completed the induction step and have (1 + ny) T DRk < ||wt| for all (19 4 1,0) < (t k) <

lo
(to +1,T5) with Ty = @(%) Taking Cs sufficiently large, we have £(1 4 ny)(o+1=mo=DE+Tsp > 0 Thjs
yields contradiction against the assumption and the desired assertion follows. [

From Lemma 18, we can show that FL-SILVER escapes saddle points with high probability. We have the following lemma,
and the proof is the same as that of Lemma 9.

Lemma 21. Let {z**} be a sequence generated by FL-SILVER and (7'0, Ko) (0 < ko < K) be a step where —y =
Amin(V2f(z70%0)) < —§ holds. We take v € (0,1), p > Q(VP + & =+ KMQ) b > VK and, n = 9(%), and

og =2 — ~
T, = @(lgg%) =0 (%), with sufficiently large Cs = O(1). Then,

0
P max |2tk — gToro | > —

]0... I" 0.+ 1 0,0 ... gToko| > 1 _p.
(70,%0) < (t,k) < (T0-+1,T5) C 3P | ) » 0y ) 'rovf ) ag =

Finally, we show the main theorem of this subsection, which guarantees that the algorithm finds (e, §)-second-order
stationary point with high probability.

. log 52— log &=0— . .
Proof of Theorem 2. Since Ty = ©(—2*") depends on 27", we take T} = @(%) from now instead. This

change does not affect whether Lemma 21 holds. Also, we let T5 = [1 + %]
We divide {t = 0,1, , T—1} into the following | ;- | phases: P* = {2T5 < t < 2(s+1)T5} (T =0, | &) - 1).
For each phase, we define a® as a random variable taking values

a® =

1 (if Siepe SIS LIV @) > 2] > KT)
2 (if there exists ¢ such that (2sT%,0) < (¢, k) < ((2s 4+ 1)T5,0), [V f(z"F)|| < € and Ain (V2 f(2"F))
3 (if there exists ¢ such that (2sT%,0) < (¢, k) < ((2s + 1)T5,0), (x8F)|| < e and Apin (V2 f(2BF))

Note that Pla® = 1,2,3] = 1 for each s. This is because if there does not exist ¢ between (27'T5, 0) < (t,k)
((2s + 1)T5,0) such that ||V f(z"*)|| < e (i.e., neither a* = 2 nor 3), then we have Y, p. S LIV f (k)

g] > ZtQEt})Ts 1Zfzol[||Vf( M)|| > €] = TsK, meaning a® = 1. We denote N; = Z&?J 1[a®* = 1], Ny =

S 1[0 = 2, and Ny = S5 1[0 = 3],

According to Lemma 21, with high probability over all s, it holds that if a® = 2 then that phase successes escaping saddle
points; i.e., there exists (2775,0) < (¢, k) < ((27 + 1)T5,0) and

VA

’ 7 5
max |zt F — 2t > o— (49)
(k)< (¥, k) <((254+2)Ts,0) Csp
holds. Eq. (49) further leads to
2(s+1)Ts5—1 K 5 \2 2(s+1)T5—1 K 52
T-K tk t,kfl 2> i tk tkfl 2> . 50
SR P> (gp) = 2 X e e T
sTs k=1 =25 k=1

On the other hand, in Lemma 17 (high probability bound), we derived that

ZZHW DI+ 5 ZZHW ztF1? (51)

t=1 k=1 t=1 k=1

2A Ci0°T o?P o?P 21"2
< — C11[Option I K | < 52
>~ n + Pb + C1 [ puon ] |: p2 + 2Kb 9 ( )
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_6(1 pvb Vb
whenn-@( \/CK\F/\L\/f/\L\ﬁ/\ )

From the definition of a® = 1 and (50), We know that (51) is bounded as

T K 1 T K 52N,
tk— 1 2 tk—112 2 2
YD IVEE) 2—2:}: P 2 MK

t=1 k=1 t=1 k=1

Thus, N;T5K < 2 x (the right-hand side of (52)) and NoT5 K < 2S5 K5 o (¢he right-hand side of (52)) holds.

Here, 7217%52;;20%”2 =0 (g’—i + "2512(2) =0 (ﬁ), when K = O (%) < O(%). From this, (Ny + No)Ty <
O (ks + #5) x (the right-hand side of (52)). Taking T > O (ks + 57 ) x (the right-hand side of (52)) > 2(N; +
Ny + 1)T5, there exists s such that a® = 3, which concludes the proof. O

E.3. Finding Second-Order Stationary Points When Clients are Homogeneous ({ < %)

In the previous subsection, we assumed that ¢ > % Here, we introduce a simple trick to remove this assumption and give its
convergence analysis.

Let Ts = © (%) with a sufficiently large hidden constant. In line 15-16 of FL-SILVER, when k = T§, we randomly select
sample J;* of size &—&—b > b, and update 2** as 2tF < ZBE—1 4 ‘Jt T e stn (Vi (@F) =V fi, j(x*~1)). This

increases the number of gradient evaluations in each inner-loop by O(K/(L/8)) x O(L?/82) = O(KL/§) < O(K?) <
O(KDb). Hence, this does not affect the inner-loop complexity more than by constant factors.

Then, the following lemma holds, which stands as generalization of Lemma 18.

Lemma 22 (Small stuck region). Let {z'*} be a sequence generated by FL-SILVER and (79, ko) be a step where
— 1= Amin (V2 f(270:50)) < —§ holds. We denote the smallest eigenvector direction of Amin (V2 f(275°)) as e. Moreover,
we define a coupled sequence {3"*} by running FL-SILVER with i° = x° and the same choice of all randomness i.e., client

samplings, minibatches and noises, but the noise at some step (T, k) > (19 Iio satisfying k = Tg; We let (TR TR —r.e
pling p (T, ) g

: rv bk o= gtk _ gtk gt — gt _ gt gtk — tk =t _ ~t—1 .k
Wlth’r’ezﬁ. Let wb® = zbF — wt =z 7t g przlyz + z ’Q*PZIL% + bk,

= 5 St =)~ (3 5 - VI ) amd A = (o (9 ) 9 )~ G (V) -
VF(59))). Then, g — V f(at*) — (G0 — Vf(F)) = b=t + hi,

There exists a sufficiently large constants Cs = O(1),, with which the following holds: If we take p > C;/P + Clc eLor +
C}(Cb 62L ,b> VK and, n = ( 1 ) with high probability, we have

max (™ — gromo)|, 5 — gromo|} > 2
(0,k0) < (t,k) < (70,k0+3Ts) Cap’

Proof of Lemma 22. We assume K is at least as large as 375. When K — 2Ty < ko9 < K — 1, taking Tg > T} yields the
assertion, considering the two coupled sequence initialized at (xg, K), according to a slight modification of Lemma 18.

Otherwise, we let (7, k) as the first step after (79, ko) with k = Tg. Then, it suffice to show that, with high probability,

4]
T,k T0,K0 ~T,K 27050
max rt —x — ’ > — 53
(T,K)S(t,k)<(T,H+Te){” I 112 I} Cap’ (53)

Since K > 3T6 and /<;0 < K — 2T imply ht=1 = 0forall (1,x) < (t,k) < (7,5 + Ts), ht~* + ht'F = h** holds. Then,
" |JT " deJ - u“ Sl S Cre + ﬁ% < 207, using Proposition 2. Moreover, for (7, k) > (7, k),

it
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when we assume maX(T7N)S(t7k)<(T7K+T6){”x‘ﬂ,k‘ — 7o Iio” ||”‘7'l<a 7ITO’HOH} < %p,
|
G
k N
- u;_ +Z JT7l Z ’LLZ;J
=K | it |j€‘]'irt"i
k k 2
26 26 C? 26 20
< wTvl_wTal—l +— U)T’k 4+ == ’LUT’O +71 (L wT,k_wT,k—l 4+ = T,k + wTk 1 )
_C;H | C3” | 03H 7 ; | | s [[wmk| || |

Assuming that (a) (14 ny)F~"r, < [wh*|| < 2(1+ny)*"rcand (b) [wh* — whF=1|| < 3ny(1 + ny)*~"r, for
(1,K) < (t, k) < (1,5 + Tp), we get ||hHF|| < 20” (14 1y)*~*. Thus, following the discussion in Lemma 18 and taking
T, as large as T5, we have (53). O

Previously, we only focused on the noise at the last local step (ko, K). Thus, if the number of steps required to escape saddle
points T = O( L is smaller than the local steps K = O( ), the algorithm sometimes have to wait more than T steps for
the last local step. Therefore, taking K > T); was useless to reduce the number of communication rounds (at least for the
theoretical proof). On the other hand, based on Lemma 22, when FL-SILVER approaches a saddle point, FL-SILVER does
not need to wait next communication, and can escape the stack region within 275 local steps, even if T < K. This allows
to us to take K larger than O(%), and leads to removal of the assumption § < % from Theorem 6.

E.4. Convergence under PL condition
The full statement is as follows:

Theorem 7. Suppose that Assumptions 1-(a), 2, 3-(a) (only for Option Il), 3-(b), 5-(a), and 6 hold. Choose

(1 (BAD (ZADVE
”_9<LA & T IvE )

and assume that v < 1\/ & N \/sipw and PKb > 96" v 2223;0212 5 for finding e-solutions in expectation and that r < 5,

2
PKb> % for finding e-first-order stationary pomts in expectation. Then, Algorithm 2 requires

o2 o
L P (vl L(Ev) A + 1[Option II| PK? [p—g + pQ—;{b}
T=0Q —V — P \% P log
pi - p Iz uVbK €

communication rounds and

: 2 Ug o2
2opion 1P+ Tp— 1 [ [Py 22 SWPVR) | LWP V) A+ 1[Option PK? [% + 175
pE % uVoK

g

communication complexity to find e-solutions in expectation. Moreover, Algorithm 2 requires

o2 o
I P C((¥Ev1) L(¥Ev) A + 1[Option II| PK? [FE + pQKb}
T=Q|—=Vv—Vv—2~ v —2 log
pK - p I uVbK €

communication rounds and

A + 1[Option I P2 [”2 + QKb}

1[OptionI|P + Tp = 2 vaLK\/C(\/i\/p) (l;/\;lp)

3

communication complexity to find e-first-order stationary points in expectation.
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Proof. Similarly to the proof of Theorem 3 (31), we have
_— -
P = f 4 S IVIEED|P?

Ny _ 1 L _ r
< (- (5t — ) VA Zy B T | E e

By multiplying this by (1 — o) TE=(t=DE=F for some 0 < o < * and summing up this over (¢, k) = (1,1) to (T, K), we
get

T K
f(:Z?T’K) - f* + g z Z(l o a)TKf((tfl)KJrk)”vf(xt,kfl)”Q

&
Il
_
ES
Il
A

_Np _ NTK-1 0y _ px _T = . TK ((t—1)K+k) 1 £ tk _ o tk—1)2
<(1-PA=a) (@)~ ) =D Y- 5 ) B [l — a1

2 t=1 k=1 2
T K s 2T K
+UZZ(1_O¢)TK7((t71)K+k)]E ”vf(xt,kfl)_(ﬁzy;f —I—Ztk 1 ”2 T Z TK ((t— 1)K+k)
t=1 k=1 i=1 T =1 k=
Note that ~~ Zt LSO (1= ) TE (=) K+k) <7 Ll —. Applying Lemma 10 yields
. T K
E|f@) — 433>~ a)TK-<<t-1>K+k>|Vf<mt»’f-1>||2]
t=1 k=1
ny - *
<(1—7)(1—0)TK M) = f)
T K T
(e 1 L [ DK 180C2K  12L2
_ZZ(l_a)TK ((t—1)K+k) (__nl< Z (1— Lys=t=1(1 — q) (s—)K o 4
t=1 k=1 2 s=t+1 ap p pb
6L2 1202
_\-K bL” 25 tk _ ptk—1 ) TE=((t=)K+k) 229
+a-a) xS o )| ) £ e R HE Lo
t=1 k=1
&K P 5402 602 r?
1[Option I 1 — o) TE-((=DK+ER) g - Zyt=1 c — 54
+{Option 1 3 (1 ) O e (AT (54)
We let
b b 1
n< — A P foVb Vh (55)
5L (K+14400P LV960KP LV60K V60CK
and
_ Hn p
2 A 16PK"

Then, we have (1 — 4—)5 11— ) KK <2(1 - &)* 'K and (1 — )% < 2. Therefore, the coefficient of
E[||zt* — 25%71(|2] in (54) is bounded by

T

1 L P st (e—t)K 180C*K  12L7 o (607,
— 1- 1- K 1- K~ +60°K
TR R (S;l( p) =) T )t ;— +6¢

1 L 16nPK (180K  12L? 6L>
<t D R +2nK | —— +6¢°K

2n 2 p D pb b
<0
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Now (54) is written as

T K
tky _ e N _ N\TE—((t—1)K+k) tk—1y(2
B f@@"") - f +QZZ(1 a) V£l
t=1 k=1
m LK 1202
< (1 -y ) TE-1 ) TE—((t=D)K+k) 229
L S S S 12
t=1 k=1
& TK—((t—1)K+k) Pt 54072 60 r
1[Option II] - K(1-=)" £+ — —
#lopiontl S>3 (1 ~0) (- By | By Sy
1202 2PK? [540% 602 r?
<(1-a)FAa+-L 1[Option ITJ(1 — o) ™% c — 56
<S(I-a) "A+ PKb+n[p10n J( =) — o Tomsl T (56)
For the final inequality, we used (1 — o) TK~((t=DEFR jr(1 — Byi=1 < 2K (1 — a)TK (1 — £5)*~! when o < 725.
In order to find an e-solution (i.e., f(z!*) — f* < ¢)in expectation we take r < (/% = BN iee PKb > 48;7;’2
: 960 23040
(, which holds when PKb > V sot iz with 7 < LW) and
54ar
7o 1, 48, 1[Optiont] 8PK? 225 + o]
= Ka B¢ Ka 8 € '
Especially, when the equality in (55) hold, i.e.,
1 (BAL) (ALY
Y b , 67
L CK LVK
T should be taken as
. O’% (72
I p C( V1) L(@ V1) A + 1[Option II| PK? [p—g + —pgKb}
T=Q| |—=V—V v —2 log
ukK p 7 VoK 2
Moreover, to find e-first-order stationary points, we transform (56) as
tk—14(12
E| min [V
1<k<K
480 2PK? [540% 602 4r?
<d4n~ta(l - Option ITJ(1 — o)™ - —
Note that we used Zt 1 Zk (1 — ) TE=(=DEFR) |7 £ (2t k*1)||2 5= mini<i<ra<k<k ||[Vf(@F71)[|? when

10 < (We have already let 7 satisfy n < =7 and will later let T" to satisfy this below). We let r < =,

PKb > 192” and

540‘C
1 . 32aA  1[Optiondr] 32aPK? { + 2Kb}
T>—log + log .
aK En aK €

(Note that this implies T K > «.) When we take n as (57), T' becomes

o2 o2
I P C(@ V1) L(@ V1) A + 1[Option I} PK? [175 + m}
T=0Q — V=V P \% Ld log
pi o p Iz uVbK 3
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F. Lower bound
Proposition 1 can be derived by using the bounds of Zhou and Gu (2019); Fang et al. (2018); Li et al. (2021a). First, we give
a definition of a linear-span first-order algorithm.

Definition 1 (Linear-span first-order algorithm). Fix some z°. Let A be a (randomized) algorithm with the initial point °,
and 't be the point at the t-th iteration. We assume A select one individual function i; at each iteration t and computes
V fi, (xb). Then A is called a linear-span first-order algorithm if

zt € span{z® 2t - 2T VL (20, Vi (2, Vi, (2D}
holds for all t with probability one.

Note that this definition includes minibatch updade, by letting 50 = z50+! = ... = z(s+1D0=1 with the minibatch size b.
We also define problem classes }"Tf, A and ffﬁ’g for (1), as follows.

Definition 2 (A class of finite-sum optimization problems). Fix some x°. For an integer n, L > 0, we define a problem
class FE as

N 1 Z £ RY d € N. Each f;: R — R is L-gradient Lipschitz (Assumption 1-(b)),
A ! and f(2°) —inf, f(z) = A

Moreover, for an integer n, L > 0, and { > 0, a problem class F2+¢ is defined as

d € N. Each f;: R — R is L-gradient Lipschitz (Assumption 1-(b))
]:L C={f= Z fi: RY — R| and Hessian- heterogeneous with  (Assumption 4-(b)),
= and f(2°) —inf, f(z) =

Note that function-wise gradient Lipschitzness (Assumption 1-(b)) and Hessian Heterogeneity (Assumption 4-(b)) are
stronger than averaged gradient Lipschitzness (Assumption 1-(a)) and Hessian Heterogeneity (Assumption 4-(a)).
Carmon et al. (2020) proved the following lower bound.

Proposition 6 (Carmon et al. (2020)). Fix 2°. For any L > 0, A > 0, and € > 0, there exists a function f € ]-"1L A such that

any linear-span first-order algorithm requires ) ( ) stochastic gradient accesses in order to find e-first-order stationary
points.

Zhou and Gu (2019); Fang et al. (2018); Li et al. (2021a) extended this to the lower bound on the finite-sum optimization
problem.

Proposition 7 (Zhou and Gu (2019); Fang et al. (2018); Li et al. (2021a)). Fix 2°. Forn > 0, L > 0, A > 0, and
€ > 0, there exists a function f € ]-' ‘A such that any linear-span first-order algorithm requires () (n + ALI) stochastic

gradient accesses in order to find e-first-order stationary points.

Based on these, we give the lower bound under the additional assumption of (-Hessian-heterogeneity.

Proposition 1. Suppose that 1-(b), 2, 5-(b) hold. For any L > 0, A > 0, and £ > 0, there exists a function [ € F, g such
that any linear-span first-order algorithm requires

A L
Q (n L AYRED) )
€
stochastic gradient accesses in order to find c-first-order stationary points.

roof. It is easy to see that the lower bound of Proposition 6 also applies to , ettm 1 g == f, =
P It i y hat the 1 bound of Proposition 6 also appli ]—"LAbyl g *

where f* is the function that gives the bound of Proposition 6. On the other hand, we have }'Tf’ A C ff”i. Thus, Proposition 7
AC yn

yields that there exists a function f € F? , C ]—' ¢ that requires €2 (n + ) stochastic gradients to find e-first-order

stationary points. Therefore, by combimng these two bounds, we have the de31red lower bound. [
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Checklist

1. For all models and algorithms presented, check if you
include:

(a) A clear description of the mathematical setting,
assumptions, algorithm, and/or model. [Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm. [Yes]

(c) (Optional) Anonymized source code, with spec-
ification of all dependencies, including external
libraries. [Yes]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. [Yes]

(b) Complete proofs of all theoretical results. [Yes]
(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical results,
check if you include:

(a) The code, data, and instructions needed to repro-
duce the main experimental results (either in the
supplemental material or as a URL). [Yes]

(b) All the training details (e.g., data splits, hyperpa-
rameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or statis-
tics and error bars (e.g., with respect to the ran-
dom seed after running experiments multiple
times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]

4. If you are using existing assets (e.g., code, data, mod-
els) or curating/releasing new assets, check if you in-
clude:

(a) Citations of the creator If your work uses existing
assets. [Yes]

(b) The license information of the assets, if applicable.
[Not Applicable]

(c) New assets either in the supplemental material or
as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. [Not Applicable]

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. [Not Applicable]
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(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to participants
and the total amount spent on participant compen-
sation. [Not Applicable]



