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ABSTRACT

Long-context inference in large language models is bottlenecked by Key—Value
(KV) cache loading during the decoding stage, where the sequential nature of
generation requires repeatedly transferring the KV cache from off-chip High-
Bandwidth Memory (HBM) to on-chip Static Random-Access Memory (SRAM)
at each step. While Multi-Head Latent Attention (MLA) significantly reduces the
total KV cache size, it suffers from a sharding bottleneck during distributed decod-
ing via Tensor Parallelism (TP). Since its single latent head cannot be partitioned,
each device is forced to redundantly load the complete KV cache for every to-
ken, consuming excessive memory traffic and diminishing TP benefits like weight
sharding. In this work, we propose Multi-Head Low-Rank Attention (MLRA),
which enables partitionable latent states for efficient 4-way TP decoding. Exten-
sive experiments show that MLRA achieves state-of-the-art perplexity and down-
stream task performance, while also delivering a 2.8 x decoding speedup over
MLA. Code is available at https://github.com/SongtaoLiu0823/
MLRA. Pretrained weights, along with the training and evaluation data, are avail-
able at https://huggingface.co/Soughing/MLRA.

1 INTRODUCTION

Inference-time scaling (OpenAl et al., 2024) is critical for large language models (LLMs) to pro-
duce high-quality responses. Both retrieval-augmented generation (RAG) (Lewis et al., 2020) and
long chain-of-thought (CoT) reasoning (Wei et al., 2022) rely on maintaining long context before
generating the final answer, substantially increasing the number of tokens that must be processed
at each decoding step. Sequential token generation under Multi-Head Attention (MHA) (Vaswani
et al., 2017) requires reloading the Key—Value (KV) cache from high-bandwidth memory every step,
so data movement (Ivanov et al., 2021; Gholami et al., 2024), not computation, dominates latency
for long-context inference (Sadhukhan et al., 2025). The small amount of compute per step relative
to this data movement leads to poor GPU utilization (He & Zhai, 2024; Zadouri et al., 2025).

A series of recent studies (Shazeer, 2019; Hu et al., 2024; Zadouri et al., 2025; Zhang et al., 2025;
Zheng et al., 2025) have developed alternative attention mechanisms aimed at improving decoding
efficiency and overall model quality. Multi-Head Latent Attention (MLA) (DeepSeek et al., 2024c)
compresses the KV cache into a latent head (4.5dj, per token). By absorbing the up-projection ma-
trices into the queries during decoding, it delivers better efficiency compared with MHA. However,
MLA is unfriendly to tensor parallelism (TP) because its single latent head cannot be sharded. In
this work, we address the limitation that MLA does not support TP.

We first show that partitioning the MLA latent head and the NoPE (Yang et al., 2025b) KV up-
projection matrices into four blocks makes the NoPE key and value equivalent to the sum of four
block-wise projections. Motivated by this insight, we propose Multi-Head Low-Rank Attention
(MLRA), which explicitly decomposes the latent head into four latent heads, independently up-
projects each latent head to form NoPE KV, and sums the resulting attention outputs. This design
naturally supports 4-way TP and reduces the per-device KV cache loading. Based on our 2.9B scale
experiments, MLRA-4 achieves the lowest perplexity (13.672 vs. 13.727 for MLA and 14.139 for
GQA) and highest zero-shot common-sense reasoning accuracy (58.84% vs. 58.75% for MLA and
57.89% for GQA). Our kernel delivers a 1.05-1.26 x speedup over GQA in long-context decoding.

*Correspondence to: Songtao Liu <skl15761 @psu.edu>.
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2 BACKGROUND

2.1 MULTI-HEAD LATENT ATTENTION

All notation used in this paper is summarized in Appendix A. Given a sequence of n tokens with
hidden states H € R™*¢, MLA derives the query and KV states as follows:

C? = RMSNorm (HWPQ) | WPQ ¢ Réxe,
C*Y = RMSNorm (HWPKY) | WPKY g Réxde,

KROPE = RoPE (HWKR) , WKR c Rdxdﬁ’
where d., d., < hd}, denote the dimensions for KV and query latent states, respectively. The learn-
able down-projection matrices WP? and WPKVY produce the latent states C? and CXV, while
WXR generates the partial RoPE (Su et al., 2024) key, denoted as KR°PE, Following DeepSeek-
V3 (DeepSeek et al., 2024b), we set d. = 4dy, and dﬁ = 0.5d}, without loss of generality. Both
CXV and KR°PE are cached during inference to optimize efficiency. Finally, MLA derives the h

attention heads for queries, NoPE keys, and values through the following up-projections:
—NoPE —RoPE

Q" =W, @V = RoPE (COWR), WU g Réx(hd)  WR ¢ giox(hdif)
TOPE CKYWUK 7 — KV, wUK pUV ¢ gex(hdn)
where WUQ, WUK "and WUV denote the learnable up-projection matrices. To facilitate multi-head
computation, the resulting queries, NoPE keys, and values are reshaped into head-wise tensors:

Q""" = Reshape (QNOPE, [n, h, dh]) . QRF = Reshape (@ROPE7 [n, h, dﬂ)

—=NoPE

KNPE _ Reshape (K [, b, dh]) .V =Reshape (V, [n, h, dy]) ,

where QVPE KNPE Y ¢ Rrxhxdn gnd QROPE ¢ Rn*hxdil | For head i € {0,...,h—1}, we define
the head-specific 2D slices by indexing into the respective 3D tensors:

QNZPE = QNFE [, 4, 1], QROPE . QRoPE [, 4, 1], KNf})E .= KNOPE [, 4, ], Vi, := V[, 4, 1]

9 b L,
To incorporate positional information, MLA shares a common RoPE key KRPE across all atten-
tion heads. The final position-aware query and key for head ¢ are formed by concatenating their

respective NoPE and RoPE components:
Q. ;. = Concat ([QN;’PE, QR?PE} , dim=1) ,  K.;.= Concat ({KN;)PE, KROPE} , dimzl) .

Efficient Decoding. Recall that MLA utilizes up-projection matrices WYX and WUV, We extract
the dj-column slices for head 7 to define its head-specific projections:

WS = WU L idy, : (i 4+ )dn], WY = WOV ddy, (i 4 1)dp] -
We refer to the DeepSeek official inference implementation (DeepSeek et al., 2024b) to illustrate
how to “absorb” up-projection matrices into the queries to avoid explicit KV materialization in
MLA decoding. For the prefix sequence {0, ...,n — 1} with cached components CXY and KROPE,

we define the head-wise up-projections by partitioning WYX and W'V into h heads, { WU(IZ() "

and {WU(‘Z’) } ?;01. For the last prefix token at position n — 1, let Q,,_; ; . denote the query vector for
the i-th attention head. To maintain variance during the dot-product operation, we apply the scaling

factor 7 = L and compute the attention output for the token at position n — 1 as follows:
A/ dp +df
T T
Oy 1,i,; = Softmax <T Q" (CKVW%) + QT (KRFE) ) (CKVWP(Y)) 7

n—1,i,: n—1,i,:

— Softmax 7_QNoPE (WU(I:))T (CKV)T_FTQROPE‘ (KRoPE)T CKVVV:I;(\{7

~ NoPE

anl.i,:eRdC

where O,,_1 ;. is the attention output for head ¢ at position n — 1. We next present a three-step
algorithm that leverages the associativity of matrix multiplication to avoid materializing the  heads
of NoPE keys and values, thereby optimizing the decoding efficiency.
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Step 1 (Query-Side Weight Absorption). We first reorganize the NoPE key and value up-
projection matrices into head-wise tensors:

WUK7 = (WEJ(I;)T c Rdthc, W?\f = WEJ(Y) e Rd"th,

1/7

~ UK ~ UV
where W € RPXdnxde and W € R?*dexdn_ For the NoPE query at position n — 1, Qﬁ‘fﬁ:,:,
= UK
we absorb the up-projection weight tensor W directly into the query via Einstein summation:
~ NoPE ) ~ UK ~ NoPE
Q :emsum("hp,hpc—>hc", QI:(E)E:}:, w ) , p=dp,c=d.,, Q e Rhxde,

n—1,:,: n—1,::

Step 2 (MQA-Style Decoding on Latent KV Cache). Given the KV cache C¥Y and KROPE,
we define the shared key and value tensors by concatenating and reshaping the latent represen-
tations as K = Reshape (Concat ([C*Y, K®PE] dim=1), [n, 1, d. +df}]) € R > 1x (de+dy))
and V = Reshape (C*V, [n, 1, d.]) € R"*!*de_ Under this formulation, decoding reduces to an
MQA-style attention mechanism in which the attention logits (i.e., query—key inner products before
softmax) are computed in a (d. + d¥)-dimensional space using these shared KV states. Incorporat-

~ NoPE
ROPE } , dim:l) € RMX(detdf)  he

ing the concatenated query Q,,_; .. = Concat (|:an1,:,:’ Q

n—1,:,

attention output is calculated as follows:

Z,_1,.. = Attention (én,h,;, RepeatInterleave (K, h, dim = 1) , RepeatInterleave (\77 h, dim = 1)) ,
)]

where Z,,_1 .. € R"*d. FlashAttention-3 (Shah et al., 2024) and FlashMLA (Jiashi Li, 2025)

provide highly optimized kernels designed to implement the Step-2 decoding computation directly.

Step 3 (Output Up-Projection). Finally, the up-projection tensor maps the intermediate attention
output to the final attention output:

. ~ UV
onfl,:,: = emsum ("hC, th_>hp"a Znfl,:,:v w ) ) c= dcv p= dh7 onfl,:,: S Rthh~

Block Multiplications. For each head ¢, we define the constituent sub-blocks W('b) () € Rdnxdn
by partitioning the up-projection matrices into dj,-sized row blocks for b € {0, 1,2, 3}:

WK = WY bdy, < (b+ 1)y, idy, = (i + 1)dy] |
W oy = W by : (b+ 1)y, idy = (i + 1)d]

Consequently, each head-specific up-projection matrix can be expressed as a vertical stack of these
four row-blocks: UK -
o ot
WUK _ W%;(,(i) WUV — W%Q/,(i)
W), W),
Similarly, we partition the KV latent matrix CXV € R"™* 4 into horizontal channel blocks CXY  :=

HOR
CXV[, bdy, : (b+ 1)dy), such that CXYV = [C:K(\(')), o, CXY ] This block decomposition allows

5(3)
the key and value projections for head 7 to be reformulated as a sum of four sub-block products:
3 3
NoPE _ KV 1x7UK _ KV 117UV
Ki: =2 CioWanw:  Vaw: = 2 CEH Wi - 2)
b=0 b=0

2.2  GROUPED LATENT ATTENTION

Grouped Latent Attention (GLA-2) (Zadouri et al., 2025) bisects MLA’s single latent head into two
latent heads, using the first latent head (CX((), CX(})) for the first half of attention heads and the

CKV KV

second latent head ( (2)" :‘(3)) for the second half. We define the group-mapping function as:

< h/2, - ) h
y(i):{?’ Zih%’ z‘:z‘—wz) €{0,...,h/2—1}. 3)
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Let WO @)K W)UV ¢ R2dnx(h/2)dn denote the up-projection matrices for latent group
~(7) € {0, 1}. We extract the head-specific slices for head 7 by indexing into these matrices:

WK — WOOK L G, 4 1)d,], WO = WO [ Gy (64 1)d]

where W(’Y(’)) UK W(W(Z)) UV ¢ R2dnxdn To further facilitate block-wise computation, we parti-

tion these shces into dh-row blocks W((l:;(z); for b € {0, 1}, defined as:

WO = WO by, - (b4 1)y, id < (i +1)dn],

WY = WO by, - (b4 1)dy, idy < (i + 1)y,

where each block W((;;(E); UK W((z(z)g € R *dn_This partitioning allows us to decompose the

head-specific up-projection matrices into two row-wise blocks:

(7(2)),UK (v(2)), UV

- Wil o= [
~(i ’ i v(2)), ’

W) W)

Consequently, the NoPE key and value computations for head ¢ can be expressed as the summation

of two block products:
NoPE KV (v(i))»UK (7(2)) UK
K0 = Clnin W + Gl Wi )

(1),
(o (i >> W oRy (v()),0V
Vo = CizyinWona  +C W :

s(2v(@)+1) 7 (1),(9)

(D)) UK _
Wi

“4)

3 MULTI-HEAD LOW-RANK ATTENTION

Building on the block decompositions in Sections 2.1 and 2.2, we propose MLRA. By shifting the
summation from KV computation to attention output, MLRA treats each block projection as an
independent low-rank branch and sums their outputs. MLRA is illustrated in Figures 8 and 9.

3.1 MLRA-4

By substituting the block-partitioned identities from Eq. (2) into the attention mechanism, the output
for head 7 can be expressed as:

3

T 3
0:77;,: = Softmax TQI\,IiPE <Z CK\g)Wb) (i )) + TQRE,PE (KROPE>T <Z CK\{))Wb) (Z)) .

b=0 b=0

Motivated by Eq. (2), we propose MLRA-4, which computes attention independently on each block-
wise branch and sums the resulting outputs:

Z Softmax (TQNGPE (C Wit ))T + QR (KROPE) ) (C U;](z)) )

3.2 MLRA-2

Following the grouping logic of GLA-2 from Eq. (3) and substituting the block-wise identities from
Eq. (4), the attention output for GLA-2 can be expressed as:

.
- NOPE [ ~KV (7(4)),UK KV 5(3)),UK RoPE RoPE
0., = Softmax (TQ:,?,: (S W + Cn ey WD) ) + QY (K" )

KV ((9)),uvV KV (v
’ (Cu(?w(z))W(o) (4) + C:,(2w(i)+1)W(1) (i ) ) :

Analogously, we derive MLRA-2 by moving the block summation outside the attention operator,
yielding a sum of two branchwise attention outputs:

O:,i,: = Softmax (’TQNOPE (CK(Q,\M W((;Y)(Z()l; UK) + TQR(;?E (KROPE) > (C (2v(4) )W((O’Y)(l(p UV)

+ Softmax (TQNOPE (CK(%( )W )UK) + QI (KR°PE) ) (C G+ W) UV) '
(0)
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MLRA-2 and MLRA-4 differ primarily in their latent-to-head mapping and branching factor. In
MLRA-2, each latent block is up-projected to serve i /2 heads, with the final output resulting from a
two-branch summation. Conversely, MLRA-4 utilizes four latent blocks that are each up-projected
to serve all h heads, resulting in a four-branch summation. Despite these structural differences, both
variants decompose the computation into independent branches that require only a final reduction.
This architecture naturally facilitates 4-way TP decoding, reducing the per-head attention logit space
to 1.5dj, after absorption—a significant reduction compared to 4.5d;, in MLA and 2.5dj, in GLA-2.

3.3 SCALING QUERY/KEY-VALUE LATENT STATES AND ATTENTION OUTPUT

Recent work (LongCat et al., 2025) observes that the RoPE key (KR®°PE) can exhibit a significant
variance mismatch relative to other attention components (Q, KNOPE, V). This discrepancy arises

in MLA because RMSNorm (Zhang & Sennrich, 2019) is applied to the latent states HWPQ and
HWPXY prior to the up-projections that generate the final query, NoPE key, and value tensors. To
formally investigate this variance instability, we introduce the following assumption:

Assumption 1. We assume that all elements of the weight matrices WPDPe WDKY wUue wWwoR
WUK WER  and WUV are independent and identically distributed (i.i.d.) random variables with
zero mean and variance o2. Furthermore, these weight matrices are assumed to be mutually in-
dependent of the input signals at each layer. Finally, for the multi-branch of MLRA, we assume

the attention outputs Oy (;) . originating from different latent blocks b are mutually uncorrelated,
implying that Cov (0(,1)7(1),:, O(b)7(7;),:) ~ 0 forall a # 0.

RoPE Key Variance. Recall that MLA computes the RoPE key as K*PE = RoPE (HWKR).

Let KROPE = (HWXR), , = anzl H; ,,WKR . Since the hidden states H are RMS-

m,u

normalized, E[(Hy,,,,)?| &~ 1. With E[WXR | = 0 and E {(WKR ) ] = 02, we have

m,u w?

Var(iRopE> - i (E[(Ht’m)Q] [(W}r(LRu) } (E[Ht,m] WKR ) Z 1 a

m=1 m=1
Since RoPE is an orthogonal transformation, it does not change the variance:

Var (K®") ~ do?2,. )

NoPE Key Variance. Next, we derive the variance of the NoPE keys, K = oRkVpUK,
By definition, the latent KV state CXY = RMSNorm(H WPXVY) is constrained such that each

element has approximately unit mean square, i.e., E {(C’flv)ﬂ ~ 1. Considering an arbitrary entry

NOPE

=, CfYWLX, and assuming the weights WYX are zero-mean with variance o7, the

variance of the product is:

var(Kp ") = i (E[(C)?) E[(WEE)?) - (BICK EWSK)?) ~ i = d.o?. (8)

=1

Because reshaping does not alter the underlying variance, Var (KN"PE> remains d.o2. Extending
this derivation to the remaining attention components, we obtain the variances for the value and

query tensors as follows:
Var(V) ~ deo?,  Var (QN°PE) do?,  Var (QR"PE) ~d.o?.

(,’LU’

Variance Mismatch and Calibration. Comparing our variance derivations shows that
Var( K*)

Var(KNoPE)
dimension d. is much smaller than d. This is corrected by applying scaling factors to the latent
states before the up-projection. Specifically, using oy = /d/d., and cy,, = +/d/d. ensures that the
KNOPE

~ di, which explains the mismatch noted in LongCat et al. (2025) when the latent

query and NoPE key components (Q, ) achieve parity with the variance of the RoPE key.
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Table 1: Comparison of parameters and KV cache loading among attention mechanisms. Some
results are taken from Zhang et al. (2025) and Zadouri et al. (2025). For attention mechanism
details, refer to Appendix C.

Loading Per Token  Loading Per Token  Loading Per Token  Loading Per Token

Method # Parameters KV Cache  po Device (1 GPU)  Per Device (2 GPUs)  Per Device (4 GPUs) ~ Per Device (8 GPUs)
MHA (Vaswani et al., 2017) 4dhdy, 2hdy, 1284, 64d), 32, 164,
MQA (Shazeer, 2019) 2ddy, (h+ 1) 2d), 2d), 2d), 2d), 2d),
GQA (Ainslie et al., 2023) 2ddy, (h+ g) 2gdp, 16dy, 8dp, 4dp, 2dp,
d, (d + hdp, + hdR) +ddl} -
4 4 h 7 h R 45 A5 45 A
MLA (DeepSeek et al., 2024c) ’+ do(d+ 2)“1h)l+ llhd{,l d. + dj] 4.5dy, 4.5d), 4.5d), 4.5d),
. d;, (d+h-2dy) ) y ) ) )
MFA (Hu et al., 2024) 22 4 dh - 2d 4dy, 4dy, 4dy, 4dy, 4dy,
TPA (Zhang etal., 2025)  d(B, + 2Bk0) (h + dy) + dhdy,  2Bry (h + di) 6d), 5d), 4.5d), 4.25d),
o d.(d+ hdy + hdf?) + ddf? " - - - -
GLA-2 (Zadouri et al., 2025) Nt b do + df 1.5d, 2.5d), 2.5d), 2.5d),
GTA (Zadouri et al., 2025) dhdy, + dgdy, + ddf + dhdy, gdp + dff 8.5dp, 4.5d), 2.5d), 1.5d),
d, (d + hdy, + hdf}) + ddf} R ) < 5
MLRA-2 N a dt ny by de + df 4.5d, 2.5dj, 1.5d; 1.5d),
a R R
MLRA-4 d; (d+ hdy & hdft) + ddj de+dft 454, 2.5d), 1.5y 1.5d),

+d, (d + 2hdy,) + dhd,

Adopting the variance-calibration strategy from LongCat et al. (2025), we apply analogous rescaling
to our MLRA variants. For MLRA-2 and MLRA-4, we rescale the query and KV latent states to
ensure that the variance of NoPE queries and keys aligns with that of the partial ROPE components

across all branches.
d 4d
CQe,/d—,CQ, CKVH,/CTCKV. )

Since summing the attention outputs from multiple branches alters the variance, we apply a rescaling
factor to the attention outputs of MLRA-2 and MLRA-4 as follows:

(MLRA-2) O ¢ —=0.. (MLRA-4) O < 0., (10)
sy \/i )ty sty 2 sy

Remark 1. Although these weight matrices are typically initialized with zero mean and a common

variance, these conditions are not guaranteed during training. Consequently, Assumption 1 may not

strictly hold in practice. However, the effectiveness of this scaling is best assessed through ablation

studies, the results of which are detailed in Section 4.2.2.

3.4 ANALYSIS

KV Cache. We evaluate the per-device KV cache loading under various TP configurations using
Qwen3-32B (Yang et al., 2025a) and Kimi-K2 (Team et al., 2025) as base architectures. Qwen3-
32B utilizes GQA with 64 query heads and 8 KV heads (d, = 128), setting ¢ = 8 KV heads.
Kimi-K2 adopts MLA with 64 heads and a partial ROPE dimension (df = 64). For TPA, we
maintain the original configuration with 3, = 2. Table 1 summarizes the per-device KV cache
loading under TP as the number of devices increases. To support TP, the official MLA decoding
implementation, FlashMLA (Jiashi Li, 2025), distributes up-projection matrices across devices by
head. However, this approach leads to redundant KV cache loading; as a result, the per-device
loading remains constant at 4.5d;, regardless of the TP degree. TPA constructs its h key-value heads
as linear combinations of (i, shared heads. It supports TP only for the combination coefficients,
while the shared heads must be redundantly loaded by each device. Consequently, the per-device
2dy,

KV cache loading is 4d;, + = where ¢ denotes the number of TP devices. GLA-2 partially

addresses this by partitioning the latent head into two smaller latent heads, reducing the per-device
loading to 2.5d}, under 2-way TP. Notably, for MLA with TP > 1 and GLA-2 with TP > 2, the KV
cache loading becomes invariant to the number of devices due to sharding constraints, causing the
per-device loading to plateau at 4.5dy, and 2.5d},, respectively. While GQA and GTA require 8-way
TP to reduce the per-device loading to 2d}, and 1.5d, MLRA achieves 1.5d;, with only 4-way TP.

Attention Decoding Arithmetic Intensity. Arithmetic intensity (AI) (Williams et al., 2009), de-
fined as the ratio of floating-point operations to memory access (FLOPs/byte), serves as a criti-
cal metric for identifying whether a workload is memory-bound or compute-bound (Zadouri et al.,
2025). Given that the context length n is the dominant factor in long-context decoding, we eval-
uate the arithmetic intensity (Al) of various attention mechanisms, with the results summarized in
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Table 2: Comparison of attention decoding arithmetic intensity among attention mechanisms.

Method MHA MQA GQA MLA MFA TPA GLA-2 GTA MLRA-2 MLRA-4
Arithmetic 4nhdn 4nhdy  dnhd,, dnhd.+2nhdf'  anh-2d, AnhBiydy+dnhd, 2nh%+nhdf Anhdy, 2nhe+nhdfl  Anh%e+2nhdf
N dnhdy  Andp Angdn 2p(de+df)  An-2dn 4n By (htdn) an(E+dt)  2n(gdn+dfl) 2n(+df)  2n(fE+dfY)
Intensity 1 ~h ~b o a~oh b UkBhdy ~h ~ 2 ~h ~ 2h
- = g ~an = ~ Bru(htdy) ~ g = =

Table 2. MLRA-2 and MLRA-4 achieve Al values of h and 2h, respectively, maintaining the high
arithmetic intensity characteristic of MLA and GLA-2. By significantly increasing the compute-to-
memory ratio, MLRA shifts the decoding process away from the HBM bandwidth ceiling toward a
compute-limited regime.

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Model Configuration. We adopt the Llama-3 (Llama et al., 2024) architecture (Appendix D) and
compare MLRA against the following attention mechanism baselines: MHA (Vaswani et al., 2017),
MQA (Shazeer, 2019), GQA (Ainslie et al., 2023), MLA (DeepSecek et al., 2024c), MFA (Hu et al.,
2024), TPA (Zhang et al., 2025), GLA-2 (Zadouri et al., 2025), GLA-4, and GTA (Zadouri et al.,
2025). GLA-4 compresses the KV cache into four latent heads. We initialize the MHA baseline
with the Llama3.2-3B (Llama et al., 2024) configuration and use it as our parameter-count refer-
ence. Following Zadouri et al. (2025), for each other attention variant, we adjust the Feed-Forward
Network (FFN) intermediate dimension to match the total number of parameters of this MHA base-
line. Full details of the architectural hyperparameters are provided in Appendix F.1. All models are
implemented on top of the nanoGPT (Karpathy, 2022) codebase.

Pretraining Configuration. We pretrain all models at the 2.9B-parameter scale on FineWeb-Edu-
100B (Penedo et al., 2024). Each model is pretrained from scratch on 98.3B tokens, with an ad-
ditional 0.1B tokens for validation. We use the GPT-2 tokenizer with a vocabulary size of 50,304
and follow the standard GPT-3 pretraining setup. We use AdamW (Loshchilov & Hutter, 2019) as
the optimizer with (81, 32) = (0.9,0.95),e¢ = 1078, weight decay 0.1, and gradient clipping at
1.0. The learning rate is linearly warmed up for the first 2,000 steps, then annealed with cosine
decay (Loshchilov & Hutter, 2017) to 10% of the peak. Peak learning rate is 1.6 x 10™%. We train
with a context length of 2,048 tokens and a global batch size of 480 sequences (983,040 tokens per
step, ~1.0M) for 100,000 steps. All models are pretrained on § NVIDIA H100 80GB GPUs.

Evaluation Benchmark. In addition to evaluating the perplexity from the FineWeb-Edu vali-
dation dataset, we evaluate our models on six additional datasets: Wikipedia, C4 (Raffel et al.,
2020), the Pile (Gao et al., 2020), RefinedWeb (Penedo et al., 2023), Cosmopedia (Ben Allal et al.,
2024), and FineWeb (Penedo et al., 2024) using 0.1B tokens per dataset. We evaluate zero-shot
performance on common-sense reasoning benchmarks, including ARC-Easy (ARC-E) (Yadav et al.,
2019), ARC-Challenge (ARC-C), OpenBookQA (Mihaylov et al., 2018), BoolQ (Clark et al., 2019),
HellaSwag (Zellers et al., 2019), Winogrande (Sakaguchi et al., 2021), and PIQA (Bisk et al., 2020),
using the Im-evaluation-harness (Gao et al., 2024) package. We report normalized accu-
racy for ARC-E/C, OpenBookQA, HellaSwag, and PIQA, with standard accuracy for all other tasks.

4.2 PRELIMINARY ABLATION RESULTS

4.2.1 INITIALIZATION

We follow the GPT (Radford et al., 2018) initialization method, where all model weights are ini-
tialized using an A (0,0 = 0.02) distribution. However, TPA employs zero initialization for the
output projection parameters of the attention and FFN modules, which is an approach also explored
in muP (Yang et al., 2021) and LoRA (Hu et al., 2022). To evaluate these different approaches,
we conduct an ablation study comparing zero initialization against A'(0, 0 = 0.02) for the output
projection parameters across all models. It is important to note that for MLA, GLA-2, and GLA-4,
we apply scaling as discussed in Section 3.3. As illustrated in Figure 1 and Table 38, the results for
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loss and perplexity demonstrate that zero initialization outperforms the (0, 0 = 0.02) distribution.
Unless otherwise specified, all models in the following experiments utilize this zero initialization.

4.2.2 SCALING

We evaluate the effectiveness of the scaling on MLA, GLA-2, and MLRA-2. As illustrated in
Figure 2, all three models exhibit improved convergence when scaling is applied. As shown in
Table 39, all three models achieve lower average perplexity after scaling. Notably, MLA and GLA-
2 show more substantial improvements, while MLRA-2 yields a marginal gain. Unless otherwise
specified, MLA, GLA, and MLRA in the following experiments utilize this scaling.

4.2.3 DOUBLE HEADS

While MLRA-2 and MLRA-4 do not increase the number of query heads, their multi-branch de-
sign increases the number of attention heads involved in computation. Consequently, we double the
number of attention heads for GQA, MLA, and GLA-2 while keeping the KV-cache size fixed to
evaluate whether this increase contributes to performance gains. To maintain a constant parameter
budget during this adjustment, we reduce the FFN intermediate sizes; the corresponding architec-
tural hyperparameters are detailed in Appendix F.4. As illustrated by the loss curves in Figure 3
and the results in Table 40, doubling the number of attention heads leads to higher loss and fails to
decrease perplexity across all three models. These findings suggest that doubling the number of at-
tention heads does not yield any measurable performance improvement. Unless otherwise specified,
GQA, MLA, and GLA use the default head count (no head doubling).
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Table 3: Validation perplexity (lower is better) across seven datasets: Wikipedia, C4, Pile, Refined-
Web, Cosmopedia, FineWeb, and FineWeb-Edu. The best results are indicated in bold, while the
second best are underlined.

Method | Wikipedia C4 Pile RefinedWeb Cosmopedia FineWeb FineWeb-Edu | Avg

MHA 14.624 16.575 12.929 18.698 9.102 15.656 9.434 13.860
MQA 15.134 16.837 14.008 19.202 9.484 15.942 9.533 14.306
GQA 15.057 16.628 13.758 18.885 9.504 15.713 9.427 14.139
MLA 14.567 16.345 12.965 18.523 8.966 15.440 9.284 13.727
MFA 15.693 16.738 13.903 19.125 9.423 15.815 9.506 14.315
TPA 14.789 16.622 13.333 18.971 9.130 15.717 9.333 13.985
GLA-2 14.605 16.323 13.225 18.509 9.118 15.424 9.249 13.779
GLA-4 14.547 16.436 13.229 18.578 9.076 15.535 9.307 13.815
GTA 14.733 16.599 13.402 18.924 9.129 15.672 9.346 13.972
MLRA-2 14.615 16.342 13.236 18.602 9.153 15.439 9.242 13.804
MLRA-4 14.407 16.286 13.124 18.398 8.937 15.361 9.193 13.672

Table 4: Downstream evaluation on seven common-sense reasoning benchmarks: ARC-E, ARC-C,
OpenBookQA, BoolQ, HellaSwag, Winogrande, and PIQA. ARC-E/C, OpenBookQA, HellaSwag,
and PIQA use normalized accuracy (%); others use standard accuracy (%). Best is bold; second best
is underlined.

Method | ARC-E ARC-C  OpenBookQA  BoolQ HellaSwag  Winogrande PIQA | Avg

MHA 69.11 39.16 40.80 62.26 60.82 57.62 74.86 | 57.81
MQA 66.16 38.31 41.80 62.05 60.24 59.83 74.48 | 57.55
GQA 67.13 39.42 42.00 63.39 61.29 56.91 75.08 | 57.89
MLA 68.22 39.16 42.60 64.10 61.39 60.06 75.68 | 58.75
MFA 69.02 39.93 42.40 63.49 60.72 58.96 75.19 | 58.53
TPA 69.44 40.61 41.60 60.03 61.02 57.85 74.54 | 57.87
GLA-2 68.01 40.19 40.60 63.94 61.54 58.41 75.41 58.30
GLA-4 68.77 41.04 41.20 61.96 61.61 58.09 74.65 | 58.19
GTA 67.97 39.68 42.60 59.72 61.03 58.48 75.14 | 57.80
MLRA-2 67.89 42.24 42.00 61.65 61.49 59.98 75.52 | 58.68
MLRA-4 67.63 41.38 43.00 61.74 62.16 61.48 7448 | 58.84

4.3 MAIN RESULTS

As shown in Table 3, MLRA-4 achieves the best average perplexity (13.672), outperforming all
other models, including MLA (13.727). Notably, MLRA-4 also delivers the lowest perplexity on
FineWeb-Edu (9.193). Furthermore, Table 4 demonstrates that MLRA-4 attains the highest average
zero-shot accuracy across all common-sense reasoning tasks. This consistent superiority of MLRA-
4 over MLRA-2 across both evaluations highlights the benefits of increasing the number of branches.

4.4 GATED ATTENTION

Following Qiu et al. (2025), we introduce a gating mechanism prior to the attention output projec-
tion (Appendix E). To maintain a constant parameter budget, we reduce the FFN intermediate size
accordingly; detailed architectural hyperparameters are provided in Appendix F.5. As illustrated in
Figure 4, all five models exhibit improved convergence with gating applied. As shown in Table 5,
gating consistently improves perplexity across all models, with MLRA-4 achieving the best overall
average perplexity and MLRA-2 attaining performance comparable to MLA (13.651 vs. 13.642).

4.5 DECODING EFFICIENCY

Decoding Speed. We benchmark long-context attention decoding speed for GQA, MLA, GLA-2,
and MLRA-4 on an NVIDIA H100 80GB GPU. For MLA, GLA-2, and MLRA-4, we follow the at-
tention decoding formulation in Eq. (1). All models use 64 heads with a head dimension of 128; for
MLA, GLA-2, and MLRA-4, the partial RoPE dimension is 64. MLA is evaluated using DeepSeek’s
official implementation FlashMLA (Jiashi Li, 2025). GQA and GLA-2 use FlashAttention-3 ker-
nels (Dao et al., 2022; Dao, 2024; Shah et al., 2024). We implement our MLLRA-4 kernel based on
FlashAttention-3. We evaluate decoding speed across sequence lengths from 131,072 to 2,097,152



Published as a conference paper at ICLR 2026

Table 5: Validation perplexity (lower is better) w/ gating across seven datasets. The best results are
indicated in bold, while the second best are underlined.

Method | Wikipedia  C4 Pile RefinedWeb Cosmopedia FineWeb FineWeb-Edu | Avg
GQA w/ gating 14.362 16.484 13.113 18.696 9.098 15.581 9.311 13.806
MLA w/ gating 14.346 16.297 12.866 18.456 8.936 15.383 9.212 13.642

GLA-2 w/ gating 14.597 16.286 12.997 18.473 8.986 15.369 9.198 13.701
MLRA-2 w/ gating 14.424 16.252 13.017 18.407 8.924 15.351 9.180 13.651
MLRA-4 w/ gating 14.431 16.170 13.073 18.386 8.874 15.266 9.148 13.621
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Figure 5: Decoding latency (lower is better) ver-
sus sequence length (batch=1) for GQA, MLA,
GLA-2, and MLRA-4.
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Figure 6: Decoding throughput versus sequence
length (batch=128) for GQA, MLA, GLA-2,
and MLRA-4.

tokens (128K-2M). As shown in Figure 5, MLRA-4 consistently outperforms all baselines at every
length, yielding 1.05x—-1.26x speedups over GQA. The gap grows with context length against GQA
and GLA-2, while the speedup over MLA remains steady at about 2.8 x, indicating that MLRA-4
with TP=4 substantially reduces long-context decoding latency.

Decoding Throughput. We evaluate decoding throughput for GQA, MLA, GLA-2, and MLRA-4
on eight NVIDIA H100 80GB GPUs, fixing the number of attention heads to 128 and the hidden
size to 7168, following DeepSeekV3 (DeepSeek et al., 2024a). We set g = 16 for GQA. For MLA
decoding deployment, there is a trade-off between data parallelism (DP) and tensor parallelism.
With DP, we assign different requests to different devices, so attention parameters are replicated
across devices and the load can become imbalanced due to varying sequence lengths. With TP,
the up-projection parameters are sharded by head, but the KV cache loading is repeated across de-
vices. Following SGLang (Zheng et al., 2024), we aim to eliminate redundant KV cache loading.
Therefore, we use DP=8 for MLA, TP=2/DP=4 for GLA-2, TP=4/DP=2 for MLRA-4, and TP=8
for GQA. Throughput is reported for sequence lengths ranging from 1,024 to 16,384 tokens, and
our end-to-end measurements include both the pre-attention stage that prepares inputs for the at-
tention kernel and the attention computation itself. We accelerate pre-attention computation with
torch.compile (Paszke et al., 2019) for MLA, GLA-2, and MLRA-4, and with custom Triton ker-
nels for GQA. As shown in Figure 6, MLRA-4 achieves the highest decoding throughput across
both short and long sequence lengths. This suggests that MLRA-4 with TP=4/DP=2 reduces pa-
rameter redundancy relative to MLA’s DP=8, while introducing only modest partial RoPE duplica-
tion, thereby yielding higher throughput than MLA. For short sequences, GQA outperforms MLA
and GLA-2 because pre-attention dominates latency. However, MLRA-4 remains competitive with
GQA due to having even fewer query, key, and value parameters, as shown in Appendix F.1.

5 CONCLUSION

We propose Multi-Head Low-Rank Attention (MLRA), a novel attention mechanism with native
4-way tensor parallelism support. At the 2.9B scale, MLRA-4 achieves state-of-the-art performance
on perplexity and zero-shot common-sense reasoning benchmarks. Furthermore, MLRA achieves
the lowest decoding latency for long-context sequences (up to 2M tokens) and the highest throughput
across sequence lengths from 1K to 16K tokens with 4-way tensor parallelism.

10
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A NOTATION

Table 6: Notation used throughout this paper.

Symbol Shape / Type Meaning
n scalar Sequence length (number of tokens).
d scalar Model/hidden dimension.
h scalar Number of attention heads.
dpn scalar Per-head dimension.
dF scalar Partial RoPE dimension.
dr scalar RoPE r%tation dimension in Theorem 1 (even); typically d, = dj, or
dr =dj.
dy scalar MLP intermediate (FFN) dimension.
g scalar Number of groups (or KV heads in MQA/GQA).
r scalar Repeat factor r = h/g when g KV heads are broadcast to h query
heads.
Qq, Okv, Qattn scalar Variance-calibrating rescaling factors for query/KV latents and at-
tention outputs.
Baq, Brw scalar Number of low-rank components in TPA for queries / keys-values.
de scalar Latent KV dimension in MLA/GLA.
d.. scalar Latent Q dimension in MLA/GLA/MFA.
s integer Translation offset.
ty,tr integer Query/key token positions.
b integer Block index.
i integer Head index (i € {0, ..., h — 1}).
Jj integer Group index (j € {0, ..., g — 1}).
~(1) integer Mapping from head index to group index.
i integer Head index within group in GLA-2, % = i — ~(i)h/2.
T scalar Softmax scaling factor, 7 = 1/+/dn + dﬁ.
) integer Number of tensor-parallel devices.
RoPE () function Rotary Position Embedding applied to vectors (implemented via ro-
tation matrices).
RMSNorm (-) function Root-mean-square normalization.
Reshape (-) operator Tensor reshaping (no data change).
RepeatlInterleave (-) operator Replication along the head dimension (e.g., broadcasting g KV
heads to A heads).
Concat (-) operator Concatenation along the last dimension unless stated otherwise.

B THEOREM

B.1 TRANSLATION EQUIVARIANCE

Equivariance is a fundamental property in geometric systems such as molecules, where vector fea-
tures such as atomic forces or dipole moments must transform consistently with the coordinate
system (Weiler et al., 2018; Fuchs et al., 2020; Satorras et al., 2021). In the context of sequence
models, a common transformation is sequence translation. Let X = (2@, 2z, ... z("~V) e X
be a sequence of tokens, and define a translation operator 7 : X — X that translates the entire
sequence by s positions. Let ¢ : X — Y be a function that maps a sequence to a matrix of attention
scores ¢ (X) € R™*", where each element ¢ (X), , = A (2", z(")) denotes the attention

score between tokens x(*s) and x(**). We say that ¢ is translation equivariant if there exists a
corresponding output-space transformation S : Y — Y such that:

¢ (T (X)) = S (¢ (X)), Vs (1D)
This property ensures that the attention score between two tokens depends only on their relative
positions, not their absolute positions. That is crucial for batch inference using left padding, where
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sequences of different lengths are offset to align ends. The first non-padding token of a sequence is
no longer at position 0, yet attention scores remain equivariant to this translation.

B.2 ROTARY POSITION EMBEDDING

Rotary Position Embedding (RoPE) (Su et al., 2024) is a positional encoding method designed to
incorporate relative position information directly into the attention mechanism. We show in this
section that RoPE is translation equivariant.

Theorem 1. Given two tokens with query q and key k at positions t, and ty, respectively, let
RoPE (g, t,) and RoPE (k, ty,) denote the RoPE-encoded vectors. We show that translating both
positions by an offset s leaves the inner product unchanged:

(RoPE (g, tq + s) ,RoPE (k, t; + s)) = (RoPE (q, t,) , RoPE (k, t)) .

Equivalently, for the attention-score matrix ¢(X ) € R™*™ induced by RoPE-based dot products, ¢
is translation equivariant in the sense of Eq. (11) with S being the simultaneous row/column shift
operator.

Proof. Let the RoPE dimension be d, (assumed even). RoPE applies a block-diagonal rotation
matrix R; € R4 > at position . Writing RoPE as right-multiplication on row vectors, we compute
the inner product under RoPE as:

d,/2—1

(qR:,) (kR;,)" = qR;, R} k" =Re Z (202042 K[op.001 9] ellta=tr)0e
=0

where 6, is the angular frequency for the ¢-th 2D block and (-)* denotes complex conjugation under
the standard R? ~ C identification.

Now consider translating both tokens by an offset s. The relative displacement is unchanged:
(tq—‘rs)—(tk—FS) =ty — tg,

ta=tx)% remains unchanged for every /. Therefore,

so the factor e'(
(RoPE (g, tq + s) ,RoPE (k,t; + s)) = (RoPE (q, t,) , RoPE (k, t)) .
This proves RoPE-induced dot-product scores satisfy translation equivariance in Eq. (11). O

Remark 2. While RoPE preserves dot-product translation equivariance, applying an arbitrary lin-
ear map after RoPE generally breaks this property. Specifically, consider:

(RoPE (g, t,) W2, RoPE (k, ;) WX) = qR, W2 (WX)" R} k.

The term W2 (WK)T breaks translation equivariance by disrupting the expression’s dependence
on the relative position t, — ty. The property would only be preserved in the specific case where

we (WK) = I, which would reduce the expression to its original form. However, since this
constraint is difficult to enforce during training, translation equivariance is generally lost when
applying a linear projection after RoPE.

C ATTENTION MECHANISM

C.1 MULTI-HEAD ATTENTION (MHA)

Consider a sequence of n tokens with hidden states H € R™*?. We first project these hidden states
into queries, keys, and values using projection matrices WQ, WX WV ¢ R?x(hdn);

Q =RoPE (HW?), K =RoPE(HWX), V=HWY,

where Q, K,V € R"*(hdr) h is the number of attention heads, and d, is the dimensionality of
each head. Next, we reshape these matrices to separate the head dimension:

Q = Reshape (6, [n, h, dh]) . K® = Reshape (f, [n, h, dh]) , V€ = Reshape (V, [n, h, dh}) ,

such that Q, K¢, V€ € R"*mxdn We cache K¢ and V€ to accelerate inference.
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Remark 3. Ler Q, KE € R"*"*dn depote the RoPE-encoded queries and keys after projection and
reshaping. For head i, define:

Qt =Q [tQ’ i, :] ) Ktk,i,: = KC [tk, 7, Z] .
Then, for any translation offset s, it follows from Theorem I that:

<th+s,i,:7 Ktk+s,i,:> = <th,i,:7 Ktk,i,:> .

gttt

C.2 MULTI-QUERY ATTENTION (MQA) AND GROUPED-QUERY ATTENTION (GQA)

Both MQA and GQA reduce the number of key and value heads compared to MHA, while main-
taining the full number of query heads. MQA takes this to the extreme by using a single key-value
head for all query heads, whereas GQA partitions the query heads into groups that each share a
key-value head. Given a sequence of n tokens with hidden states H € R"*?, the queries are

computed using the same projection as in MHA. To reduce KV cache, we use projection matrices
WK WV ¢ R¥*9 where g < h (e.g., g = 1 for MQA), to compute:

K° =RoPE(HWX), V' =HW.

These are then reshaped into per-head form:
K® = Reshape (fc, [n, g, dh]) , V€ = Reshape (VC, [n, g, dh]) )

We cache K¢ and V© during inference. We repeat them by a factor of » = h/g along the head axis
to match the i query heads:

K = RepeatInterleave (KC, r, dim = 1) € Rxhxdn
V = RepeatInterleave (VC7 r, dim = 1) e R hxdn,

Remark 4. Let Q € R™"%dn gnd K€ € R"¥9% denote the RoPE-encoded queries and cached
keys, respectively. For head 1, define:

. 1
th,i,; = Q[tq, i, 1], K, .i: = K¢ [tk, \‘TJ , ::| .
Since both vectors are RoPE-encoded, for any offset s (with valid indices),

<th+s,i,:, Ktk+s,i,:> = <Qt,1,i,:7 Ktk,i,:> .
C.3 MULTI-HEAD LATENT ATTENTION (MLA)

Given a sequence of n tokens with hidden states H € R"*¢, MLA first computes queries as:

C? = a, RMSNorm (HWP?) | @ = cow", Q"™ = RoPE (COWR) |

wPe ¢ Rdxd;7 wwe ¢ Rd’cx(hdh)’ WR ¢ Rd’cx(hdf)'

where oy = | /d% is the rescaling factor for query states CQ. We then reshape queries to separate

heads:
—NoPE

QNOPE . Reshape (Q ) [nv hv dh]) ’ QROPE - ReShape (QROPE’ [n’ h’ dl}j]> ’

where QVPE ¢ Rnxhxdn gng QROPE ¢ Rn*hxdi | These are concatenated along the last dimension
to form the final query:

Q = Concat ([QNOPE, QROPE} , dim:2) .

To reduce the KV cache, MLA obtains shared compressed KV states via a down-projection:
c®V = ay,, RMSNorm (HWDKV) , WDKKV ¢ Rdxde
KROPE = RoPE (HWKR) ; WKR c Rdx dfj’
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where ay,, = 1/ <. Both CXY and KR are cached during inference. MLA computes / keys and
values using learnable up-projection matrices:

—=NoPE

K — CKVWUK, V = CKVWUV, WUK, WUV € Rdcx(hdh).
These are reshaped into per-head form:

—=NoPE

KNOPE — Reshape (K , [n’ h’ dh}), KROPE — Reshape (I{ROPE7 [TL, 1’ dﬁ]) 7
V = Reshape (7, [n, h, dh]) ;
where KNPE ¢ Rxhxdn and V e R7*hxdn,

To obtain per-head position-aware keys, MLA repeats the partial ROPE key across heads:
K = Concat ([KNOPE, RepeatInterleave (KROPE, h, dim:])} , dim:Z) .

Remark 5. We analyze the translation equivariance property of MLA. Let Q; ;. =

Concat (QNOPE [te, i, ], QFF [ty i, ]) and Ky, ;. = Concat (KN"PE [tr, i, 3], KRPE [ty })
e

denote the query and key vectors for head i at positions t, and ty, respectively. The attention scor
for this head is given by the inner product:

Qs Kigi) = (O [ty 4, 1, KY™ [t 4, ) + (@ [ty i, 3], K [ty )

Between the two terms, the second term with RoPE is position-dependent yet translation equivariant,
due to Theorem 1. The first term is position-independent and thus unchanged under joint translations
of tq and ty,. Therefore, the attention score (Qq, ;.., Ky, i) is equivariant to translation in input
positions. Although MLA introduces positional inductive bias via partial RoPE and is translation
equivariant, we refer to this property as semi-translation equivariance to distinguish it from full
RoPE translation equivariance.

C.4 MULTI-MATRIX FACTORIZATION ATTENTION (MFA)

Given a sequence of n tokens with hidden states H € R™*¢ MFA uses h query heads but only a
single shared key-value head (i.e., g = 1). MFA first projects H to a low-rank space and applies
RMSNorm: ,

C? = RMSNorm (HW?) | WQ ¢ R4

It then up-projects to all query heads and applies RoPE:
Q = RoPE (COWY) | WUQ ¢ geex(h2dn),
Finally, we reshape into per-head form:

Q = Reshape (Q, [n, h, 2d;]) € R™*"x2dn,

To reduce KV cache, MFA computes only one key head and one value head:
K =RoPE(HWX), V' =HWY, WX WYeR>
where fc, Ve R We reshape them as
K® = Reshape (EC, [n, 1, th]) . V€ =Reshape (VC, [n, 1, th]) ,

and cache K© and V¢ during inference. We repeat them along the head axis to match the h query
heads:

K = RepeatInterleave (KC, h, dim = 1) e RXhx2dn
V = RepeatInterleave (VC, h, dim = 1) e R hx2dn

The analysis of translation equivariance is similar to that of MQA.
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C.5 TENSOR PRODUCT ATTENTION (TPA)

TPA achieves KV cache compression through low-rank factorization. It represents each head’s
key/value at a token as a low-rank mixture of S, components: component vectors in R% and head-
specific scalar coefficients. During inference, TPA caches the component tensors and coefficient
tensors, and computes keys/values on the fly via linear combination.

Given a sequence of n tokens with hidden states H € R™*%, TPA first computes the query/key/value
factors:

Q _ HWAQ, WAQ c Rdx(ﬂqh), @A c Rnx(ﬁqh)’
@C _ HWCQ’ WCQ c Rdx(ﬁqdh)7 QC c Rnx(ﬂqdh)7
K = HW?K,  WAK ¢ Rix(Broh), K" e R Broh)

EC — HWCK, WK ¢ Rdx(ﬂkvdh)’ fc c R”X(ﬂkvdh)’
VA — HWAV, WAV c Rdx(ﬁkvh)’ VA € Rnx(ﬂkvh)’
VC — HWCV, we ¢ Rdx(ﬁkvdh)’ VC e RX(Brodn)

We reshape the projections into 3D tensors:
Qt = Reshape (QA, [n, Baqs h]) )
Q° = RoPE (Reshape (QC, [n, By, dh])) ;
K = Reshape (EA, ", Bros h]) ;
K¢ = RoPE (Reshape (EC, [n, Brw, dh])) )
VA = Reshape (VA, ", Brw, h]) )
V€ = Reshape (VC, [n, Brw, dh]) )

so that @ € R"*Baxh QF ¢ R*Baxdn KA ¢ RPXBroxh KC ¢ RrXBruxdn YA ¢ RnXBroxh,
VC ¢ R XBroxdn,

For each token position ¢ € {0,...,n — 1}, the final query, key, and value matrices are computed
as:
1 T
Q=5 (@t 5, 1) QI s o € RMX,
q
L rea e hxd
K, ] = 3 (K [t, 5 ]) K-t :, ] € R" %,
kv
1 A Tyc hxd
Vit =7 (v It, :, ;]) VO, o, ] € Rhxdn,
kv

During inference, TPA caches KA, KE, VA, VE,

Remark 6. Fix a head index i and token positions ty,ts. Let Q; ;. = Qlty, 4, :] € R and

FIC
Ki, i. := K[ty i, :] € R%*. From the computation above, we have
1 Bq—1 1 Brv—1
th,i,: = — Z QA [tq, bq, ’L] QC [tq, bq, I]7 Ktk,i,: = Z KA [tk7 bkv7 ’L] KC [tk7 bk'w C} .

511 bg=0 ﬂkv by =0

Therefore, the inner product expands as

Bg—1 By —1
1 . .
<th,i,:7 Ktk»i;5> = m § : E QA [tq, bq7 Z] KA [tka bkvv 7/] <QC [tQ7 bq, :]7 KC [tk7 bkm ]> .
PRY b =0 by, =0
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Since Q° and K€ are RoPE-encoded, Theorem 1 implies that for any offset s,
(QC [ty + 5, bgs ], K[tk + 5, b 1) = (QC [tg, b 11 K [tk by 1) Yy, b

Because the scalar coefficients Q" [t, by, 7] and K* [ty, by, 7] shift with the tokens under transla-
tion, the full double-sum is equivariant under jointly translating t, and ty, by the same offset s:

<th+s,i,:7 Ktk+s,i,:> = <th,i,:7 Ktk,i,:> .

Thus, TPA preserves translation equivariance of attention scores with RoPE.

C.6 GROUPED LATENT ATTENTION (GLA)

Given a sequence of n tokens with hidden states H € R™»*4 GLA divides the h attention heads
into g groups (e.g., ¢ = 2), where each group has » = h/g heads. GLA adopts the same query
computation mechanism as MLA.

Instead of a single compressed KV state, GLA computes g independent compressed states:

C7*Y = ay,, RMSNorm (HW/PKY) | WibKV ¢ Rex(de/a)

where j € {0,...,9 — 1}, d. is the total latent dimension, each group uses d../g dimension, and
d
Ay = %C

The RoPE keys remain shared across all groups:
K®PF = RoPE (HWKR), WKR ¢ RIX4,

During inference, we cache { C7KY, ... C9~ 1KV} and KR°PE with total KV cache size of d. + d}f
per token.

Each group independently computes its keys and values:
fj,NoPE — CIKVWIUK, Vj — CIKVWIY i UK iy ¢ R(dc/g)x(rdh)’
where r = h/g is the number of heads per group.

Reshape into per-head form for each group:
K7NPE — Reshape (fj’NOPE, [n, 7, dh]> . V/ = Reshape (Vj, [n, 7, dh]) ,
K" = Reshape (K*F, [n, 1, dff])

Construct position-aware keys for each group by repeating the shared RoPE keys:

K? = Concat ([Kj’NOPE, RepeatInterleave (KROPE, 7, dim:l)} , dim=2) € R (dntdil)

We finally concatenate all K’, V7 to obtain:
K = Concat ({KO, e Kg_l] , dim:l) , V= Concat ([VO7 ce Vg_l} , dim:l) ,

where K € Rm<hx(dntdif) and V € Rn*xdn  The analysis of translation equivariance is similar to
that of MLA.

C.7 GROUPED-TIED ATTENTION (GTA)

Given a sequence of n tokens with hidden states H € R™*¢, GTA uses h query heads and g value
heads, and computes queries as

Q=HW? WQcR>M"d) Q= Reshape (Q, [n, h, dy]) € R Pxdn,
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We split @ into NoPE and RoPE parts and apply RoPE to the latter:
QNOPE _ 6 I::’ G dh o dﬁ] c RnXhX(dh,fdﬁ)’
Q"PE _ RoPE (6 1) 5, dy, — dff :]) € RAXhXdL

Q = Concat <{QN°PE, QR"PE} , dim=2> € RPXhxdn

GTA computes a single RoPE key shared across all heads:

K — HWKR WKR ¢ gdxdil  gRPE _ popp (?‘“"E) :

KR°PE — Reshape (KRPE, [, 1, df])

To reduce KV cache, GTA computes grouped value states with only g heads:
V=HWX, WK eRr™ ) V¢ = Reshape (V, [n, g, dh]) .

We cache V© and KRoPE during inference. We repeat Ve along the head axis with r = h/g to form
the final values:

V = RepeatInterleave (VC7 r, dim = 1) e R hxdn,

We then form the final keys by tying the NoPE part of keys to the values and concatenating with the
shared RoPE key:

K = Concat ([V [27 Hoodp = dﬂ , RepeatInterleave (KRoPE, h, dim:l)} , dim=2) e RM*Mxdn,

The analysis of translation equivariance is similar to that of MLA.

D LLAMA-3 ARCHITECTURE

Given hidden states H € R™*? for a sequence of n tokens, we first compute the attention output
H' = RMSNorm (H)
O™ = Attention (H') € R™*(hdn)
then project back to the model dimension and add a residual:
H« H + Oannvvo,altm7 Wo,atm c R(hdh)xd'

Next, an MLP block (gated form) is applied:

H' = RMSNorm (H)

o™ =o(HW'") o (HW?), W' W?eR™,
followed by the output projection and residual:
H « H+0"™womr, womk ¢ girxd,

where o (-) is an elementwise nonlinearity function such as SiLU and ® denotes elementwise multi-
plication.

E GATED ATTENTION
Given hidden states H € R"™*? for a sequence of n tokens, we first compute the attention output
with gated score
G=¢(HW)
H' = RMSNorm (H)
O™ = Attention (H') ® G € R™*(hdn)
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then project back to the model dimension and add a residual:
H« H + Oalm WO,atm WO,atm c R(hdh) ><d.
Next, an MLP block (gated form) is applied:
H' = RMSNorm (H)
Omlp :O_(HIW1> ® (H/WQ) , lewQ GRdde,
followed by the output projection and residual:
H+« H+ OmlpWO,mlp’ WO,mlp € Rdf ><d7

where ¢(-) is an elementwise nonlinearity function such as sigmoid and ©® denotes elementwise
multiplication.

F ARCHITECTURAL HYPERPARAMETERS

F.1 ARCHITECTURAL HYPERPARAMETERS FOR MAIN RESULTS

Our model is based on the Llama-3 architecture, adopting a configuration largely consistent with
Llama-3.2-3B but modified to 24 layers (down from 28). The architecture utilizes 24 attention
heads, a model hidden dimension (d) of 3072, a head dimension (d;) of 128, and an intermediate
Feedforward Network (FFN) dimension (d¢) of 8192. The architectural hyperparameters for our
baselines are aligned with their original implementations. Specifically, MLA is configured with
latent dimensions d, = 12dy, d. = 4dy, and df = 0.5dj; GLA, along with our proposed MLRA,
adopts d, = 8dp, d. = 4dp, and df = 0.5dp; and TPA uses ranks 8, = 6 and B, = 2. For
GQA and GTA, we set the number of KV heads to g = h/4. We report the detailed architectural
hyperparameters for our main experiments in Tables 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, and 17.

Table 7: Model configuration of MHA for main results.

Model Size \ # Parameters # Layers h d dp, dy
2.9B \ 2872.59M 24 24 3072 128 8192

Table 8: Model configuration of MQA for main results.

Model Size | # Parameters # Layers h g d dp, dy
2.9B \ 2872.00M 24 24 1 3072 128 10152

Table 9: Model configuration of GQA for main results.

Model Size | # Parameters # Layers h g d dp, dy
2.9B ‘ 2872.59M 24 24 6 3072 128 9728

Table 10: Model configuration of MLA for main results.
Model Size \ # Parameters #Layers h  d/ d. d aq O, dp df dy
2.9B \ 2872.05M 24 24 1536 512 3072 V2 6 128 64 9448

Table 11: Model configuration of MFA for main results.

Model Size \ # Parameters # Layers h g d,, d dp, dy
2.9B | 2873.23M 24 24 1 2048 3072 256 8024

Table 12: Model configuration of TPA for main results.

Model Size | # Parameters # Layers h Bq B d dp dg
2.9B | 2873.18M 24 24 6 2 3072 128 10760
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Table 13: Model configuration of GLA-2 for main results.
Model Size\#Parameters #Layers h g d, d. d o ap, dp df dy
2.9B ‘ 2872.63M 24 24 2 1024 512 3072 /3 /12 128 64 10048

Table 14: Model configuration of GLA-4 for main results.

Model Size | # Parameters #Layers h g d. d. d a ok dn dR dy
2.9B ‘ 2873.22M 24 24 4 1024 512 3072 \/g v24 128 64 10136

Table 15: Model configuration of GTA for main results.

Model Size | #Parameters  # Layers h g d dy, dr dys
2.9B ‘ 2872.00M 24 24 6 3072 128 64 9960

Table 16: Model configuration of MLRA-2 for main results.

Model Size‘#Parameters # Layers h d’c d. d og ogy Qgitn dn df ds
2.9B ‘ 2872.63M 24 24 1024 512 3072 /3 24 ? 128 64 10048

Table 17: Model configuration of MLRA-4 for main results.

Model Size\#Parameters # Layers h df: d: d oag Opy Ogtin dn df dys

29B | 2873.22M 24 24 1024 512 3072 /3 V24 1 128 64 9880

F.2 ARCHITECTURAL HYPERPARAMETERS FOR INITIALIZATION ABLATION STUDY

In our initialization ablation study, we focus on the initialization of the attention and FFN output
projections parameters (WO 2 WO mlp) - We evaluate two distinct initialization strategies: zero
initialization versus a Gaussian distribution N'(0,0 = 0.02), to identify which yields better per-
formance. To isolate the impact of the initialization strategy, the model architecture and all other
hyperparameters are kept identical to those used for our main results. We report the detailed ar-
chitectural hyperparameters for our initialization ablation in Tables 18, 19, 20, 21, 22, 23, 24, 25,
and 26.

Table 18: Model configuration of MHA for initialization ablation.

Model Size | # Parameters # Layers h d dp dy
2.9B ‘ 2872.59M 24 24 3072 128 8192

Table 19: Model configuration of MQA for initialization ablation.
Model Size | # Parameters # Layers h g d dp dy
2.9B \ 2872.00M 24 24 1 3072 128 10152

Table 20: Model configuration of GQA for initialization ablation.

Model Size | # Parameters # Layers h g d dp, dy
2.9B ‘ 2872.59M 24 24 6 3072 128 9728

Table 21: Model configuration of MLA for initialization ablation.
Model Size | # Parameters #Layers h d., d. d «ag og, dn df  dy
29B \ 2872.05M 24 24 1536 512 3072 2 6 128 64 9448
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Table 22: Model configuration of MFA for initialization ablation.

Model Size | # Parameters # Layers h g d., d dp, dy
2.9B | 2873.23M 24 24 1 2048 3072 256 8024

Table 23: Model configuration of TPA for initialization ablation.

Model Size | # Parameters # Layers h Bq Bro d dp dys
2.9B ‘ 2873.18M 24 24 6 2 3072 128 10760

Table 24: Model configuration of GLA-2 for initialization ablation.

Model Size\#Parameters #Layers h g d, d. d o ap, dp d,’f ds
2.9B \ 2872.63M 24 24 2 1024 512 3072 /3 V12 128 64 10048

Table 25: Model configuration of GLA-4 for initialization ablation.

Model Size ‘ # Parameters #Layers h g d’c d. d g Qpy, dp df dy

2.9B 2873.22M 24 24 4 1024 512 3072 3 V24 128 64 10136
Table 26: Model configuration of GTA for initialization ablation.
Model Size # Parameters # Layers h g d dp df dy
2.9B | 2872.00M 24 24 6 3072 128 64 9960

F.3 ARCHITECTURAL HYPERPARAMETERS FOR SCALING ABLATION STUDY

In our scaling ablation study, we investigate the impact of the scaling factors o, agy, and ageen
applied to the query latent states (CQ), the KV latent states (CXV), and the final attention output (O),
respectively. To determine the optimal configuration, we compare the model’s performance with and
without these scaling factors, where the ‘without” setting corresponds to fixing avy, vy, and gy, to
1. To isolate the impact of this scaling strategy, the model architecture and all other hyperparameters
remain identical to those used in our main results. Detailed architectural specifications for these
ablation experiments are provided in Tables 27, 28, and 29.

Table 27: Model configuration of MLA in the absence of scaling factors.

Model Size | # Parameters #Layers h d. d. d a ak, dn dE  dy
2.9B 2872.05M 24 24 1536 512 3072 1 1 128 64 9448

Table 28: Model configuration of GLA-2 in the absence of scaling factors.

Model Size | # Parameters #Layers h g d. d. d og ar, dn dif dy
2.9B ‘ 2872.63M 24 24 2 1024 512 3072 1 1 128 64 10048

Table 29: Model configuration of MLRA-2 in the absence of scaling factors.

Model Size‘#Parameters #Layers h d. d. d o ary Qattn dn df dy
29B | 2872.63M 24 24 1024 512 3072 1 1 1 128 64 10048
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F.4 ARCHITECTURAL HYPERPARAMETERS FOR DOUBLE HEADS ABLATION STUDY

In our head-count ablation study, we investigate whether doubling the number of attention heads
for GQA, MLA, and GLA-2 improves performance. Specifically, we increase the number of heads
to 48 while maintaining the original KV cache size. To maintain parameter parity with our main
results, we decrease the Feed-Forward Network (FFN) intermediate dimension. By keeping all other
hyperparameters identical, we isolate the specific impact of the doubled head count. The detailed
architectural specifications for these experiments are provided in Tables 30, 31, and 32.

Table 30: Model configuration of GQA parameterized with 2 attention heads.

Model Size | # Parameters # Layers h g d dp, dy
2.9B \ 2872.59M 24 48 6 3072 128 7680

Table 31: Model configuration of ML A parameterized with 2X attention heads.

Model Size | # Parameters #Layers h d. d. d «ag oge dn df  dy
2.9B ‘ 2873.23M 24 48 1536 512 3072 \/§ \/g 128 64 7320

Table 32: Model configuration of GLA-2 parameterized with 2 attention heads.

Model Size | # Parameters # Layers h g d., d. d oag ak, dn dff dj
2.9B ‘ 2873.22M 24 48 2 1024 512 3072 \/g V12 128 64 8344

F.5 ARCHITECTURAL HYPERPARAMETERS FOR GATED ATTENTION STUDY

In our gated attention study, we investigate whether incorporating a gating mechanism (Hochreiter &
Schmidhuber, 1997; Srivastava et al., 2015; Dey & Salem, 2017; Qiu et al., 2025) into GQA, MLA,
GLA-2, MLRA-2, and MLRA-4 improves performance. Specifically, we integrate gated attention
into these architectures as shown in Appendix E. To maintain parameter parity with our main results,
we proportionally decrease the Feed-Forward Network (FFN) intermediate dimension to offset the
additional gate parameters. By keeping all other hyperparameters identical, we isolate the specific
impact of the gating strategy. The detailed architectural specifications for these experiments are
provided in Tables 33, 34, 35, 36, and 37.

Table 33: Model configuration of GQA incorporating gated attention.

Model Size \ # Parameters # Layers h g d dp dy
2.9B \ 2872.59M 24 24 6 3072 128 8704

Table 34: Model configuration of MLA incorporating gated attention.

Model Size | # Parameters #Layers h d., d. d «ag og, dn dff  dy
29B | 2872.05M 24 24 1536 512 3072 V2 V6 128 64 8424

Table 35: Model configuration of GLA-2 incorporating gated attention.

Model Size\#Parameters #Layers h g d’C de d ag opy, dp d,f"‘ dy
2.9B ‘ 2872.63M 24 24 2 1024 512 3072 V3 V12 128 64 9024

Table 36: Model configuration of MLRA-2 incorporating gated attention.

Model Size | # Parameters # Layers h d, d. d g Oky Qatn dn df dy
29B | 2872.63M 24 24 1024 512 3072 V3 V24 2 128 64 9024
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Table 37: Model configuration of MLRA-4 incorporating gated attention.

Model Size | # Parameters # Layers h d, d. d o Oky Qaun dn df dy
20B | 287322M 24 24 1024 512 3072 V3 v24 1 128 64 8856

G ADDITIONAL EXPERIMENTAL RESULTS

Table 38: Validation perplexity (lower is better) across seven datasets: Wikipedia, C4, Pile, Re-
finedWeb, Cosmopedia, FineWeb, and FineWeb-Edu. We compare two initialization strategies, zero
versus Gaussian (N(0, o = 0.02)), applied to the output projection weights W: 3 and WO mlp,

Method | Initialization | Wikipedia  C4 Pile RefinedWeb Cosmopedia FineWeb FineWeb-Edu | Avg
MHA | N (0,0 = 0.02) 14.759 16.800 13.282 18.988 9.356 15.904 9.571 14.094
MHA Zero 14.624 16.575 12.929 18.698 9.102 15.656 9.434 13.860
MQA | N (0,0 = 0.02) 14.708 17.075 13.500 19.301 9.510 16.190 9.697 14.283
MQA zero 15.134 16.837 14.008 19.202 9.484 15.942 9.533 14.306
GQA | N(0,0 =0.02) 14.687 16.882 13.528 19.084 9.422 15.974 9.571 14.164
GQA zero 15.057 16.628 13.758 18.885 9.504 15713 9.427 14.139
MLA | N (0,0 = 0.02) 14.571 16.624 13.113 18.837 9.110 15.740 9.490 13.927
MLA zero 14.567 16.345  12.965 18.523 8.966 15.440 9.284 13.727
MFA | N (0,0 = 0.02) 15.123 17.032 13.752 19.133 9.550 16.138 9.707 14.374
MFA zero 15.693 16.738  13.903 19.125 9.423 15.815 9.506 14.315
TPA | N(0,0 = 0.02) 15.205 17.128 13.814 19.445 9.844 16.227 9.682 14.478
TPA zero 14.789 16.622 13.333 18.971 9.130 15717 9.333 13.985

GLA-2 | N(0,0 = 0.02) 14.717 16.675 13.216 18.886 9.259 15.799 9.510 14.009

GLA-2 zero 14.605 16.323 13.225 18.509 9.118 15.424 9.249 13.779

GLA-4 | N(0,0 =0.02) 14.858 16.791 13.522 18.953 9.374 15914 9.571 14.140

GLA-4 Zero 14.547 16.436 13.229 18.578 9.076 15.535 9.307 13.815
GTA | N(0,0 = 0.02) 14.896 16.959 13.621 19.277 9.536 16.061 9.647 14.285
GTA zero 14.733 16.599 13.402 18.924 9.129 15.672 9.346 13.972

Table 39: Validation perplexity (lower is better) across seven datasets: Wikipedia, C4, Pile, Re-
finedWeb, Cosmopedia, FineWeb, and FineWeb-Edu. This analysis specifically compares models
without and with scaling.

Method | Scaling | Wikipedia  C4 Pile RefinedWeb Cosmopedia FineWeb FineWeb-Edu | Avg

MLA w/o 14.461 16.386 13.218 18.636 8.961 15.485 9.307 13.779
MLA w/ 14.567 16.345 12.965 18.523 8.966 15.440 9.284 13.727
GLA-2 w/o 14.518 16.467 13.179 18.612 9.138 15.565 9.305 13.827
GLA-2 w/ 14.605 16.323 13.225 18.509 9.118 15.424 9.249 13.779
MLRA-2 w/o 14.326 16.485 13.145 18.657 9.168 15.570 9.304 13.808
MLRA-2 w/ 14.615 16.342  13.236 18.602 9.153 15.439 9.242 13.804

Table 40: Validation perplexity (lower is better) across seven datasets: Wikipedia, C4, Pile, Refined-
Web, Cosmopedia, FineWeb, and FineWeb-Edu. This analysis specifically compares models with
and without 2 attention heads.

Method \ 2x Attention Heads \ Wikipedia C4 Pile RefinedWeb Cosmopedia FineWeb FineWeb-Edu \ Avg

GQA w/ 15.280 16.702 13.789 18.961 9.486 15.785 9.490 14.213
GQA w/o 15.057 16.628 13.758 18.885 9.504 15.713 9.427 14.139
MLA w/ 14.771 16.432 13.108 18.615 9.029 15.529 9.371 13.836
MLA w/o 14.567 16.345 12.965 18.523 8.966 15.440 9.284 13.727
GLA-2 w/ 14.969 16.313  13.428 18.569 8.991 15.410 9.281 13.851
GLA-2 w/o 14.605 16.323 13.225 18.509 9.118 15.424 9.249 13.779
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Figure 7: Training loss curves for all models.
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Figure 9: Illustration of MLRA-4.

I RELATED WORK

KV Cache Compression. Recent works (Liu et al., 2023; Anagnostidis et al., 2023; Zhang et al.,
2023b; Ge et al., 2024; Xiao et al., 2024; Kim et al., 2024; Zhang et al., 2024b; Nawrot et al.,
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2024; Tang et al., 2024; Liu et al., 2024b; Dong et al., 2024; Cai et al., 2024; Liu et al., 2024a;
Hooper et al., 2024; Sun et al., 2024; Chen et al., 2024a; Jiang et al., 2024; Li et al., 2024; Xiao
et al., 2025; Sun et al., 2025; Meng et al., 2025; Tang et al., 2025) don’t introduce new attention
mechanisms; instead, they compress the KV cache for pretrained models. Some of these works (Liu
et al., 2024b; Hooper et al., 2024) use quantization to store the KV cache in low-bit formats. Some
other approaches (Zhang et al., 2023b; Xiao et al., 2024; Li et al., 2024; Xiao et al., 2025) retain
important tokens and discard others to compress the KV cache.

Low-Rank Approximation. Low-rank approximation (Hu et al., 2022; Malladi et al., 2023;
Zhang et al., 2023a; Dettmers et al., 2023; Lialin et al., 2024; Zhu et al., 2024; Zeng & Lee, 2024;
Chen et al., 2024b; Lin et al., 2025; Wang et al., 2025; Chang et al., 2025) are widely used to com-
press representations to a low-dimensional space, then up-project to recover full representations.
These methods greatly reduce trainable parameters (Hu et al., 2022; Dettmers et al., 2023) during
fine-tuning and decrease the number of parameters (Lin et al., 2025; Wang et al., 2025) for pretrained
models.

System for Attention. FlashAttention (Dao et al., 2022; Dao, 2024; Shah et al., 2024) uses tiling
and online softmax to minimize reads and writes between high-bandwidth memory and on-chip
SRAM, shifting attention from a memory bottleneck to a compute bottleneck. FlashMLA (Ji-
ashi Li, 2025) avoids explicit KV materialization during attention decoding by absorbing the key
up-projection matrices into the queries. The following attention computation is similar to MQA
with shared KV states. Inspired by classical virtual memory and paging in operating systems, Page-
dAttention (Kwon et al., 2023) and vLLM use block-level memory management and preemptive
request scheduling to reduce fragmentation and redundant duplication.

Linear Attention. Linear attention (Katharopoulos et al., 2020; Peng et al., 2021; Schlag et al.,
2021; Gu et al., 2022; Smith et al., 2023; Sun et al., 2023; Qin et al., 2023; Yang et al., 2024a;
Dao & Gu, 2024; Peng et al., 2024; Gu & Dao, 2024; Beck et al., 2024; Zhang et al., 2024a; Yang
et al., 2024b; 2025¢) reformulates the attention mechanism by substituting the exponential kernel in
softmax with a dot product between the query and key vectors. It reduces the memory complexity
per decoding step from O (n) for full attention to O (1).
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