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ABSTRACT

Recent works have shown a reduction from contextual bandits to online regression
under a realizability assumption (Foster and Rakhlin, 2020; Foster and Krishna-
murthy, 2021). In this work, we investigate the use of neural networks for such
online regression and associated Neural Contextual Bandits (NeuCBs). Using

existing results for wide networks, one can readily show a O(+/T') regret for online

regression with square loss, which via the reduction implies a O(v/KT?3/%) regret
for NeuCBs. Departing from this standard approach, we first show a O(logT)
regret for online regression with almost convex losses that satisfy QG (Quadratic
Growth) condition, a generalization of the PL (Polyak-Eojasiewicz) condition, and
that have a unique minima. Although not directly applicable to wide networks since
they do not have unique minima, we show that adding a suitable small random
perturbation to the network predictions surprisingly makes the loss satisfy QG with
unique minima. Based on such a perturbed prediction, we show a O(log T") regret
for online regression with both squared loss and KL loss, and subsequently convert
these respectively to O(v/KT) and O(vK L* + K) regret for NeuCB, where L*
is the loss of the best policy. Separately, we also show that existing regret bounds
for NeuCBs are Q(T") or assume i.i.d. contexts, unlike this work. Finally, our
experimental results on various datasets demonstrate that our algorithms, especially
the one based on KL loss, persistently outperform existing algorithms.

1 INTRODUCTION

Contextual Bandits (CBs) provide a powerful framework for sequential decision making problems,
where a learner takes decisions over 7' rounds based on partial feedback from the environment. Ateach
round, the learner is presented with K context vectors to choose from, and a scalar output is generated
based on the chosen context. The objective is to minimize' the accumulated output in 7" rounds. Many
existing works assume that the expected output at each round depends linearly on the chosen context.
This assumption has enabled tractable solutions, such as UCB-based approaches (Chu et al., 2011;
Abbasi-Yadkori et al., 2011) and Thompson Sampling (Agrawal and Goyal, 2013). However, in many
real-world applications, the output function may not be linear, rendering these methods inadequate.
Recent years have seen progress in the use of neural networks for contextual bandit problems (Zhou
et al., 2020; Zhang et al., 2021) by leveraging the representation power of overparameterized models,
especially wide networks (Allen-Zhu et al., 2019b; Cao and Gu, 2019b; Du et al., 2019; Arora et al.,
2019b). These advances focus on learning the output function in the Neural Tangent Kernel (NTK)
regime and drawing on results from the kernel bandit literature (Valko et al., 2013).

Separately, (Foster and Rakhlin, 2020) adapted the inverse gap weighting idea from Abe and Long
(1999); Abe et al. (2003) and gave an algorithm (SquareCB) that relates the regret of CBs, Regcg(T")
to the regret of online regression with square loss Rsq(7"). The work uses a realizability assumption:
the true function generating the outputs belongs to some function class . In this approach, the learner
learns a score for every arm (using online regression) and computes the probability of choosing an arm
based on the inverse of the gap in scores leading to a regret bound Regcg(T') = O (1/KTRsq(T)) -
Subsequently, Foster and Krishnamurthy (2021) revisited SquareCB and provided a modified algo-
rithm (FastCB), with binary Kullback—Leibler (KL) loss and a re-weighted inverse gap weighting
scheme that attains a first-order regret bound. A first-order regret bound is data-dependent in the

"We use the loss formulation instead of rewards.
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sense that it scales sub-linearly with the loss of the best ptlicinstead ofT. They showed

that if regret of online regressionlyvith KL lossi. (T) then the regret for the bandit problem

can be bounded bReg-g(T) = O( KL Ry (T)+ KRk.(T)): Further, under the realizability
assumption, Simchi-Levi and Xu (2020) showed that an of ine regression oracleQyity T)

calls can also achieve an optimal regret for CBs. This improves upo@ {hg calls to an online
regression oracle made by SquareCB and FastCB but works only for the stochastic setting, i.e., when
the contexts are drawn i.i.d. from a xed distribution.

In this work we develop novel regret bounds for online regression with neural networks and subse-
guently use the reduction in Foster and Rakhlin (2020); Foster and Krishnamurthy (2021) to give
regret guarantees for NeuCBs. Before we unpack the details, we discuss the research gaps in existing
algorithms for NeuCBs to better motivate our contributions in the context of available literature.

1.1 RESEARCHGAPS IN NEURAL CONTEXTUAL BANDITS

We discuss some problems and restrictive assumptions with existing NeuCB algorithms. Table 1
summarizes these comparisons. We also discuss why naively extending existing results for wide
networks with the CBs to online regression reduction lead to sub-optimal regret bounds. In Section F
we further outline some related works in contextual bandits and overparameterized neural models.

1. Neural UCB ((Zhou et al., 2020)) and Neural TS ((Zhang et al., 2021)Both these works focus

on learning the loss function in the Neural Tangent Kernel (NTK) regime and drawing on results
from the kernel bandit literature (Valko et al., 2013). The regret bound is shown@{deT),
whered'is the effective dimension of the NTK matrix. When the eigen-values of the kernel decreases
polynomially, one can show thatdepends logarithmically i (see Remark 4.4 in (Zhou et al.,
2020) and Remark 1 in (Valko et al., 2013)) and therefore the nal regret is3ill T). However in
Appendix A we show that under the assumptions in the papers, the regret bounds for both NeuralUCB
and NeuralTS is( T) in worst case.

2. EE-Net (Ban et al., 2022b):This work uses an exploitation network for learning the output
function and an exploration network to learn the potential gain of exploring at current step. Although
EE-Net avoids picking up &dependence in its regret bound, it has two drawbacks. 1) It assumes
that the contexts are chosen i.i.d. from a given distribution, an assumption that generally does not
hold for real world CB problems. 2) It needs to store all the previous networks until the current time
step and then makes a prediction by randomly picking a network from all the past networks (see lines
32-33in Algorithm 1 of Ban et al. (2022b)), a strategy that does not scale to real world deployment.

3. SquareCB (Foster and Rakhlin, 2020) and FastCB (Foster and Krishnamurthy, 2021Both

these works provide regret bounds for CBs in terms of regret foﬁ online regression. Using online
gradient d%scent for online begression (as irbthis paper) with régrefl ), SquareCB and FastCB
provideO( KT %4) andO( KL T¥ + K T) regret for CBs (see Example 2 in Section 2.3

of Foster and Rakhlin (2020) and Example 5 in Section 4 of Foster and Krishnamurthy (2021)
respectively). Existirig analysis with neural models that use almost convexity of the loss (see Chen
et al. (2021)) shovD (" T) regret for online regression, and naively combining it with the SquareCB
and FastCB lead to the same sub-optimal regret bounds for NeuCBs.

1.2 OUR CONTRIBUTIONS

1. Lower Bounds: As outlined in Section 1.1, we formally show that an (oblivious) adversary can
always choose a set of context vectors and a reward function at the beginning, such that the regret
bounds for NeuralUCB ((Zhou et al., 2020)) and NeuralTS ((Zhang et al., 2021)) bedoiigs
See Appendix A.1 and A.2 for the corresponding theorems and their proofs.

2. QG Regret: We provideO(log T)+ T regret for online regression when the loss function satis es
(i) -almost convexity, (i) QG condition, and (iii) has unique minima (cf. Assumption 2) as long
as thelgninimum cumulative loss in hindsight (interpolation los€)(i®g T). This improves over
theO( T)+ T boundin Chen et al. (2021) that only exploitsalmost convexity.

3. Regret for wide networks: While the QG result is not directly applicable for neural models, since
they do not have unique minima, we show adding a suitably small random perturbation to the
prediction (10), makes the losses satisfy QG with unique minima. Using such a perturbed neural
prediction, we provide regret bounds with the following loss functions:
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Algorithm Regret Remarks
NeuralUCB (Zhou et al., 2020 O(d’: T) Bound is ( T) in worst case.
NeuralTS Zhang et al. (2021) O(d"i T) Bound is ( T) in worst case.
P Assumes that the contexts are drawn i.i)d
EE-Net (Ban et al., 2022b) o(C ™) and needs to store all previous networks.
. p_— No dependence adiand holds even when
NeuSquareCB (This work) O( KT) the contexts are chosen adversarially.
. p— No dependence adiand holds even when
NeuFastCB (This work) O( L K+ K) | the contexts are chosen adversarially.

Table 1: Comparison with prior work3. is the horizon length,. is the cumulative loss of the best
policy, &is the effective dimension of the NTK matrix akd is the number of arms.

(@) Squared loss:We provideO(log T) regret for online regression with the perturbed network

(Theorem 3.2) and thereafter using the online regression to CB reduction Giftailk T )
regret for NeuCBs with our algorithideuSquareCRAlgorithm 1).

(b) Kullback-Leibler (KL) loss: We further provide a®(log T) regret for online regression
with KL loss using the perturbed network (Theorem 3.3). To the best of our knowledge,
this is the rst result that shows PL/QG condition holds for KL loss, and would be of
independeniginterest. Further, using the reduction, we obtain the rst data dependent regret
bound ofO(" L K + K) for NeuCBs with our algorithnNeuFastCB(Algorithm 2).

4. Empirical Performance: Finally, in Section 5 we compare our algorithms against baseline
algorithms for NeuCBs. Unlike previous works, we feed in contexts to the algorithms in an
adversarial manner (see Section 5 for details). Our experiments on various datasets demonstrate
that the proposed algorithms (especidllguFastCB consistently outperform existing NeuCB
algorithms, which themselves have been shown to outperform their linear counterparts such as
LinUCB and LinearTS (Zhou et al., 2020; Zhang et al., 2021; Ban et al., 2022b).

We also emphasize that our regret bounds are independent of the effective dimension that appear in
kernel bandits (Valko et al., 2013) and some recent neural bandit algorithms (Zhou et al., 2020; Zhang
et al., 2021). Further our algorithms are ef cient to implement, do not require matrix inversions
unlike NeuralUCB (Zhou et al., 2020) and NeuralTS (Zhang et al., 2021), and work even when the
contexts are chosen adversarially unlike approaches speci c to the i.i.d. setting (Ban et al., 2022b).

2 NEURAL ONLINE REGRESSION SETTING AND FORMULATION

Problem Formulation: At roundt 2 [T], the learner is presented with an inpyt2 X ~ RY and is
required to make real-valued predictiofys Then, the true outcomg 2 Y =[0; 1]is revealed.

Assumption 1(Realizability). The conditional expectation §f givenx; is given by some unknown
functionh: X 71'Y ,i.e.,E[ytjx¢] = h(x{): Further, the context vectors satidfy;k 18t 2 [T].

Neural Architecture: We consider a feedforward neural network with smooth activations as in Du
et al. (2019); Banerjee et al. (2023) and the network output is given by

FCax=m 2 m 2w (0 (m Pw®x) ) (1)

wherelL is the number of hidden layers amd is the width of the network. Furthev,vt(l) 2

R™ d;Wt(') 2 R™ ™8l 2 f2;:::;Lg are layer-wise weight matrices Wilwt(') = [Wt(;li;)]— 1s

v 2 R™M is the last layer vector and( ) is a lipschitz and smooth (pointwise) activation function.
We de ne
- D> ..., (L)y>.,,>\>
t = (vec(W;™ )7 ;i vecW, 7)) v7) (2)

as the vector of all parameters in the network. Note th& RP, wherep= md+ (L 1)m?+ m
is total number of parameters.
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Regret: Attimet an algorithm picks a; 2 B, whereB  RP is some comparator class, and outputs
the predictiorf ( ;X(). Consider a loss function: Y Y 7! R that measures the error between
f ( ¢;x¢) and the true outpuf. Then the regret of neural online regression with lossde ned as

)G- ~ . >@— ~
RM:=  ufCox)) it (yaf(ix))s )
t=1 t=1
Remark 2.1. Given the de nition of regret in (3), one might wonder if we are assuming that the

functionh in Assumption 1 is someho¥(~; ) for some™2 B. Wide networks in fact can realize
any functionh on a nite set of T points (see Theorem E.1 in Appendix E).

Using almost convexity of the loss function for wide networks, Chen et al. (2021) Bf®y=
O( T) regret. Instead, we work with a small random perturbation to the neural model prediction
denoted by~ (see Section 3) witk[f] = f and consider the following regret:

% ~ . % ~
R(T) := (o eix)) inf (ye: FU 5 x) 4)
t=1 t=1
As we shortly show in Section 3, the surprising aspect of working with such mildly pertfirized

that we will getR(T) = O(log T). Further, the cumulative loss with suttwill also be competitive
against the best non-perturbedvith 2 B in hindsight (Remark 3.4).

Notation: n = O(t) (and ( t) respectively) means there exists constart 0 such than  ct (and
n ctrespectively). Further the notation= ( t) means there exist constamisc, > 0 such that

cit  n  ct. The notationgO(t); T t); T t) further hide the dependence on logarithmic terms.

3 NEURAL ONLINE REGRESSION REGRETBOUNDS

Our objective in this sectioRyis to provide regret bounds for projected Online Gradient Descent (OGD)

with the projection operator () = arginf o, gk O k,. The iterates are given by

B
Y

t+1 = t (Y f(oxy)) ()
B
De nition 3.1 (Quadratic Growth (QG) condition). Consider a functiod : R° ! R and let the
solutionsetbed =f ©: °2 argmin J( )g. ThenJ is said to satisfy the QG condition with QG
constant ,ifJ( ) J( ) 5K k?;8 2 RPnJ ;where isthe projection of ontoJ

Remark 3.1(PL ) QG). The recent literature has extensively studied the PL condition and how
neural losses satisfy the PL condition (Karimi et al., 2016; Liu et al., 2020; 2022). While the Quadratic
Growth (QG) condition has not been as widely studied, one can show that the PL condition implies
the QG condition (Karimi et al., 2016, Appendix A), i.e., for 0

J0) 30) zika()kg (PL ) J0) I ) 3k k2 (QG)

Assumption 2. Consider a predictog( ;x) and suppose the los$y;; g( ;x¢)); 8t 2 [T], satis es

(@) Almost convexity, i.e., there exists 0, such tha8; °2 B,

(X)) Tea( Sx))+h S Sy ol Sx))i (6)

(b) QG condition i.e., 9 > 0, such that8 2 B n ,, where , =
f tj + 2 arginf “(yi;9( ;xt))gand , isthe projection of onto , we have

ygCix))  TOeeCex)) ok kg )

(c) has a unique minima.

Following (Liu et al., 2020; 2022), we also assume the following for the activation and loss function.

Assumption 3. With ¢ := “(yi; %), 9= gTi’ and {0:= ‘2;; , We assume that the lo3§/;; §:) is
t

Lipschitz, i.e.j"% ; strongly convex, i.el?° aand smooth, i.e; b, for some;a;b> 0:
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Theorem 3.1(Regret Bound under QG condition). Under Assumptions 2 and 3 the regret of
projected OGD with step size = ti, where is the QG constant from Assumption 2(b), satis es

2 X
RT) O —logT + T +2ir21fB N (@ O)E (8)
t=1

The proof of Theorem 3.1 can be found in Appendix C.1.

Remark 3.2. Under Assumption 2(a), Chen et al. (2021) sHe(l) = O(p T)+ T. Incontrast

our bound improves the rstterm t0(log T) but has an extra term: cumulative loss of the best

and uses two additional assumptions (2(b) and 2(c)). Note that the third term vanigi@sipolates

and the interpolation loss is zero (holds for e.g., with over-parameterized networks and square loss).
Further for over-parameterized networks Chen et al. (2021) show that=poly(m), and therefore

the T termisO(1) for large enougim. A similar argument also holds for our model.

Next we discuss if Theorem 3.1 can indeed be used for neural loss functions. For concreteness
consider the square 10Ssq(yi;f ( ;%)) = 3(y: f( ;X))?. Following Liu et al. (2020);
Banerjee et al. (2023), we make the following assumption on the initial parameters of the network.
Assumption 4. We initialize o with w(()';i)j N (0; 3)forl2[L]where g = ——i—; ;1> 0,

2 1+ T

andvg is a random unit vector witkvok, = 1.

Next we de neK ntk () :=[hrf( ;x¢);r f( ;Xw)i]2 RT T to be the so-called Neural Tangent
Kernel (NTK) matrix at (Jacot et al., 2018) and make the following assumption at initialization.

Assumption 5. Ktk ( o) is positive de nite, i.e.K N1k ( 0) ol for some ¢ > 0.

Remark 3.3. The above assumption on the NTK is common in the deep learning literature (Du et al.,
2019; Arora et al., 2019b; Cao and Gu, 2019a) and is ensured as long any two contextxyedtors

not overlap. All existing regret bounds for NeuCBs make this assumption (see Assumption 4.2 in
Zhou et al. (2020), Assumption 3.4 in Zhang et al. (2021) and Assumption 5.1 in Ban et al. (2022b)).

Finally we choose the comparator cldss Bfr"*f ( o), the layer-wise Frobenius ball around the
initialization o with radii ; 1 (to be chosen as part of analysis) which is de ned as

BF (o):= f 2 RPasin(2): kvecW ) vecW{ko ;I 2[LLkv vok:s 10 (9)

Consider a network ( ;x) that satis es Assumption 5 withg initialized as in Assumption 4.
Then forB = Bf“’kl’ ( o) we can show the following: (i)sq satis es Assumption 2(a) with =

O(poly(L; ; 1)= m) (Lemma 13) and therefore with = ( poly(T;L; ; 1)), the second term

in (8) isO(1). (ii) "sqfor a wide networks satis es PL condition (Liu et al., 2022) which implies QG,

and therefore Assumption 2(b) is satis ed. (iii) Further the network interpolates (Theorem E.1) which
ensures that the third term {8) is 0, which makes the ri8(log T). However neural models do not

have a unique minima and as such we cannot take advantage of Theorem 3.1 as Assumption 2(c)

is violated. To mitigate this, in the next subsection we construct a randomized predieitT
E[f] = f and show that Assumption 2(a), 2(b) and 2(c) hold in high probability.

3.1 REGRET BOUNDS FORSQUARED LOSS
To ensure that the loss has a unique minimizer at every time step, we consider a random network with
a small perturbation to the output. In detail, given the inpytwe de ne a perturbed network as

X0 0)Te"

e (10)

floxe™)=f(ux)+ 6

j=1
wheref ( ¢; Xy) is the output of the network as de ned in (&), is the perturbation constant to be

j is drawn i.i.d from a Rademacher distribution, iR('; =+1)= P("; = 1)=1=2

Note thatE[f] = f. Furtherf~ensures that the expected I&Ss sq yi; 1 ; X¢;") has a unique
minimizer (see Lemma 14). However, since running projected OGB-0gq V:; 1 ; Xt;") is not
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feasible, we next consider an average version of it."ket ( "s.1; "s:2; 00 ;"S;p)T where eacH;
is i.i.d. Rademacher. Consid8rsuch i.i.d. drawg"sgS.; , and de ne the predictor
. 1%
) xS = 0 X "s);s (11)
S
s=1
wheref{ ;X¢;"s) is as de ned in (10). We de ne the corresponding regret with square loss as
X . X .
Rso(T) = sq Y™ ixn @& min “sq Yo oxn®9) o (12)

Frob
t=1 2B (o) (g

However, instead of running projected OGD with the loss yi; XS ;x¢;" &S we use

1%
LS v FUixa™s) oy = 5 sa yaflixa®s) (13)

s=1
Note that sincesgy is convex in the second argument, using Jensen we have

. S s . 1%
sq Yu TS xnES) =g, yig  fUixa"s) g

s=1 s=1

Subsequently we will show via (14) that bounding the regret with (13) implies a bound on (12).

sq YufUixe"s) @ (14)

Theorem 3.2(Regret Bound for square los$. Under Assumption 1, 4 and 5 with appropriate choice
of step-size sequente; g, widthm, and perturbation constarg, in (10), with probability at least

1 T% for some constar@ > 0, over the randomness of initialization ahtigS_, , the regret in
(12) of projected OGD with losk (S? Vi, T iXe;"s) le , S = (log m) and projection ball

Bf“’ﬁ’ (o)with = ( P T=¢)and 1 = (1) isgiven byRso(T) = O(log T):

Proof sketchThe proof of the theorem follows along four key steps as described below. All of these
hold with high probability over the randomness of initialization &hgdgS_, . A detailed version of

the proof along with all intermediate lemmas and their proofs are in Appendix C.2. Note that we do
not use Assumptions 2 and 3 and, but rather explicitly prove that they hold.

1. Square loss is Lipschitz, strongly convex, and smooth w.r.t. the outpufThis step ensures that
Assumption 3 is satis ed. Strong convexity and smoothness follow trivially from the de nition
of the "sq. To show that sq is Lipschitz we show that the outpfit{ ;x;") is bounded for any

2B f“"l) ( o). Also note from Theorem 3.1 that the lipschitz parameter of the loappears in
thelog T term and therefore to obtain@(log T) regret we also ensure that= O(1).

2. The average loss in (13) is almost convex and has a unique minimizée show that with
S = (log m); the average loss in (13) is- Strongly Convex (SC) with = O s wurt.
2 Bf“’? ( o), 8t 2 [T] which immediately implies Assumption 2(a) and 2(c).

3. The average loss in (13) satis es the QG condition:It is known that square loss with wide
networks under Assumption 5 satis es the PL condition (eg. Liu et al. (2022)) withO(1).
We show that the average loss in (13) wih= (log m); also satis es the PL condition with

= O(1), which implies that it satis es the QG condition with same

4. Bounding the nal regret: Steps 1 and 2 above surprisingly show that with a small output
perturbation, square loss satis es (a) almost convexity, (b) QG, and (c) unique minima as in
Assumption 2. Combining with step 3, all the assumptions of Theorem 3.1 are satislegl;)oy
Using union bound over the three steps, invoking Theorem 3.1 we get with high probability

X
(S) . T S ; (S) . iy e S
= Lsq Vi U xe"s) oo ZB'Ifo{( D Lsqg Yo fUixe"s) o

2 inf X LS v F{ixe"s) 5. + O(log T): (15)
28F% (o) 0 Yo TR e v
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Algorithm 1 Neural SquareCBNeuSquareCPB Uses Square loss

1: Initialize o, ; f 0

2: fort=1;2;::;Tdo

3: Receive contexts: 1; :::; X¢k , and computg, = X5 ;x.,;" S ;8a 2 [K]using

equation 11 P

4 Letb=argmina$a; Pra = g ooy andpep =1 as bPra
5: Sample arma; _ p; and observe outpy.a,
6:
7.

S " S
Update i1 = “gen () t oL Sy Yeao TUiXeai"s) o
end for

. ) P .
Finally we showinf 2859 ( o) thl L(S“? vi; (7 xe;"s) il = O(1) using the fact that
wide networks interpolate (Theorem E.1) which |mpl|e%:1 L(Si) Yo, fU6xXe"s) oo
O(log T) which using (14) and recalling the de nition in (13) impli&y(T) = O(logT) O

P
Remark 3.4. Note that tT:l L(Si) ve, T X "s) ::1 = (I)D(Iog T) from step-4 above also im-

, Pr o ,. gy S - T~ e -
pliesthat _; Lgg V5 FU6Xe3"s) oy MIN 2gFb () =1 Sq yo;f (5 xt) = O(logT)
and therefore our predictions are competitive agdirss de ned in (1) as well.

Remark 3.5. Although the average loss {f13)is SC (Lemma 6), we do not use standard results from
Shalev-Shwartz (2F5)12); Hazan (2021) to obfiflog T) regret. This is because, the strong convexity
constant = O(1= m), and although OGD ensur&€log T) regret for SC functions, the constant
hidden byO scales as = = m. For large width modelsn >> T , and therefore this approach does
not yield aO(log T) bound. The key idea is to introduce bare minimum strong convexity using (10),
to ensure unigue minima, without letting go of the QG condition with O(1). O

3.2 REGRET BOUNDS FORKL L 0Ss

Next we consider the binary KL loss, de ned ag (yi; %) = y: In % +(1 y)ln 11% :

where (y) = ﬁ is the sigmoid function. Following the approach outlined in Section 3.1, we
consider a perturbed network as de ned in (10). Note that here the output of the neural network is
nally passed through a sigmoid. As ii1), we will consider a combined predictor. With slight

abuse of notation, we de ne the prediction and the corresponding regretittespectively as

. 1%
5 xS = s (F 5 xe;"s)) (16)
s=1
X ~S) n(L:S) : X ~S) u(1:S)
Rk (T) = kL Vi, f X" min kL Yo D CH

Frob
t=1 2B (o)

Theorem 3.3(Regret Bound for KL Loss). Under Assumption 1,4 and 5 fgr 2 [z;1 Z],
0 <z < 1, with appropriate choice of step-size sequehag, widthm, and perturbation constarm,,
with high probability over the randomness of initialization &S, , the regret of projected OGD

withlossLiG) vi;  (FUixi"s) oy = 2 o) ke Yo (F xg"s) ,S= (log m)and
projection ballB™ ( o) with = ( ~ T=)and ; = (1) isgiven byR¢ (T)= O(log T).
The proof of the theorem follows a similar approach as in proof of Theorem 3.2 (See Appendix C.3).

4 NEURAL CONTEXTUAL BANDITS: FORMULATION AND REGRETBOUNDS

We consider a contextual bandit problem where a learner needs to make sequential decisidns over
time steps. At any round2 [T], the learner observes the contextforarmsx.1;; i3 Xex 2 Rd,
where the contexts can be chosen adversarially. The learner choosesarajin] and then the
associated outpwt.a, 2 [0; 1] is observed. We make the following assumption on the output.

Assumption 6. The conditional expectation §f. givenx, is given byh: RY 7! [0;1], i.e.,
ElVtajXta]l = h(Xta): Further, the context vectors satidfy.. k 1,t2 [T;a2 [K].
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Algorithm 2 Neural FastCBNeuFastCB; Uses KL loss
1: Initialize o, ; f g
2: fort=1;2::;;T do
3: Receive contexts. 1; ::;; Xtk and computé. ; 8k 2 [K] using (16)
4: Leth = a{gr&i? Yok, Pk = Kyt;b!f‘(;;tjk 7o K2 [K] andpyp, =1 k6 by Prk :
5: Sample arna; __ p; and observe outpwk.a,
" S
6 Update i1 = “grm (o) ¢ oL k) Yeao FUiXeaci"s) o

7: end for

The learner's goal is to minimize the regret of the contextual bandit problem and is de ned as the
expected difference between the cumulative output of the algorithm and that of the optimal policy:
hx i
Regs(T)= E Yta:  Yta, (17)
t=1
wherea, =argmin,k;h(Xta) is the best action minimizing the expected output in round

NeuSquareCBindNeuFastCBare summarized iAlgorithm 1 andAlgorithm 2 respectively. At

time t, the algorithm computes{S)  ;x.,;"®S) ;8a 2 [K] using(11) (see line 4). It then
computes the probability of selecting an arm using the gap between learned outputs following inverse
gap weighting scheme from Abe and Long (1999) (see line 6) and samples anaadtiom this
distribution (see line 7). It then receives the true output for the selectegharmand updates the
parameters of the network using projected online gradient deddenEastCBemploys a similar
approach, except that it uses KL loss to update the parameters of the network and uses a slightly
different weighting scheme to compute the action distribution (Foster and Krishnamurthy, 2021).

Theorem 4.1(Regret bound for NeuSquareCB Under Assumption 6 and 5 with appropriate choice

of the parameter , step-size sequen€e;g width m, and regularization parametes,, with high

probabHiLy over the randomness in the initialization 6‘ntg§:1 the regret forNeuSquareCBvith
=( T=y); 1= (1) isgivenbyRegs(T) O( KT).

Theorem 4.2(Regret bound for NeuFastCB. Under Assumption 6 and 5 with appropriate choice
of the parameter , step-size sequenée;g width m, and regularization parametes,, with high
probabﬂity over the randomness in the initializatiorbaﬂbg?=1 , the regret forN?yFastCBwith

=( T=9); 1= (1) isgvenbyRegs(T) O( L K+ K);whereL = th1 Yta, -

The proof of the Theorem 4.1 and 4.2 follow using the reduction from Foster and Rakhlin (2020) and
(Foster and Krishnamurthy, 2021) respectively, and crucially using our sharp regret bounds for online
regression in Section 3. We provide both proofs in Appendix D for completeness.

Remark 4.1. Note that since T thenO(p KL ) O (p KT). Therefore NeuFastCB is
expected to perform better in most settings “in practice”, especially vtheis small, i.e., the

best policy has low regret. Also note that going by the upper bounds on the regret, especially the
dependence oK , NeuSquareCB could outperform NeuFastCB only if= ( T) andK >>T .

Remark 4.2. In the linear setting, (Azoury and Warmuth, 2001) gi¥eg(T) O (plog(T=p),
wherep is the f%ature dimension (Section 2.3, Foster and Rakhlin (2020)). This translates to
Reg.4T) O(" pKT). Further with KL loss, using pcontinuous exponential weights gives
Rk (T) = O(plog T=p which translates tReg-{T) O ( L KplogT=p+ Kp logT=p (Sec-

tion 4, Foster and Krishnamurthy (2021)). However, with over-parameterized networks, (with
p >> T ), both bounds ard T). Therefore it becomes essential to obtain regret bounds that are
independent of the number of parameters in the network, which our results do.

5 EXPERIMENTS

In this section, we evaluate the performanceNefuSquareCBand NeuFastCB without output
perturbation against some popular NeuCB algorithms. We brie y describe the settings and the
baselines considered here. For more details, a scaled-up version of Figure 1 and a discussion on the
effect of output perturbation, see Appendix G).
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Figure 1: Comparison of cumulative regretiéuSquareCBand NeuFastCBwith baselines on
openml datasets (averaged over 20 runs).

Baselines and DatasetsFor comparison, we choose four NeuCB algorithms: (i) Neural UCB
(Zhou et al., 2020) (ii) Neural TS (Zhang et al., 2021), (iii) EE-Net (Ban et al., 2022b) and (iv)
Neural- greedy. We consider a collection of 6 multiclass classi cation datasets frooptaemlLorg
platform: covertype, fashion, MagicTelescope, mushroom, Plants and shuttle. We follow the standard
evaluation strategy as in Zhou et al. (2020); Ban et al. (2022b) (see Appendix G for details).

Adversarial Contexts. In order to evaluate the performance of the algorithms on adversarially chosen
contexts, we feed data points to each of the model in the following manner: for the rst 500 rounds,
an instance is uniformly sampled from each of the classes, transformed into context vectors as
described above and presented to the model. We calculate the accuracy for each class by recording
the rewards of this class divided by the number of instances drawn from this class. In the subsequent
500 rounds, we increase the probability of sampling instances from the class which had the least
accuracy in the previous rounds. We repeat this procedure every 500 rounds.

Results. Figure 1 plots the cumulative regret of all the algorithms across different rounds. All
experiments were averaged across 20 rounds and the standard deviation is plotted along with the
average performance. Although all the algorithms use a neural network to model the potential non-
linearity in the reward, the baseline algorithms show erratic performance with a lot of variance. Both
our algorithmsNeuSquareCEandNeuFastCBshow consistent performance across all the datasets.
Moreover,NeuFastCBpersistently outperforms all baselines for all the datasets.

6 CONCLUSION

In this work, we develop novel regret bounds for online regression with neural networks and subse-
quently give regret guarantees for NeuCBs. We provide a Sbélgy T) regret for online regression

when the loss satis es almost convexity, QG condition, and has unique minima. We then propose a
network with a small random perturbation, and show that this surprisingly makes the loss satisfy all
three conditions. Using these results we ob@{iog T) regret bound with both square loss and KL

loss and thereafter, convert these bounds to regret bounds for NeuCBs. Separately, we provide lower
bound results for Neural UCB (Zhou et al., 2020) and Neural TS (Zhang et al., 2021) and show that
even an oblivious adversary can choose a sequence of cgntexts and a reward function that make their
regret boundg T). Our algorithms in contrast guarant®¢ T) regret, are ef cient to implement,

work even for contexts drawn by an adaptive adversary and does not need to store previous networks
(unlike (Ban et al., 2022b)). Additionally, our experimental comparisons with the baselines on various
datasets further highlight the advantages of our methods and therefore signi cantly advances the state
of the art in NeuCBs from both theoretical and empirical perspectives.
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A COMPARISON WITH RECENTNEURAL CONTEXTUAL BANDIT ALGORITHMS

In this section we show that the regret bounds for NeuralUCB (Zhou et al., 2020) and Neural
Thompson Sampling (NeuralTS) (Zhang et al., 2021} i$) in the worst case. We start with a
brief description of the notations used in these wokkss the Neural Tangent Kernel (NTK) matrix
computed from all the context vectaxg; ,t 2 [T];i 2 [K], andh(x) is the true reward function

With as the regularization parameter in the loss, the effective dimed®bthe Neural Tangent
KernelH on the context§xg'X is de ned as:

_ logdet(l + H=)
~ log(1+T=)

Further it is assumed thét ol (see Assumption 4.2 in (Zhou et al., 2020) and Assumption 3.4 in
(Zhang et al., 2021)).

A.1 ( T) REGRET FORNEURALUCB
The bound on the regret for NeuralUCB (Zhou et al., 2020) is given by (ignoring constants):

S s !

P— P—

Regs(T) T dlog 1+ LS dlog 1+ LS + S

S |
P TK TK
= T dlog 1+ — +S dlog 1+ — '= Bnuca(T; );
. o P
where, is the regularization constantagd =~ hTH hwithh = (h(x1);:::;h(x7k))T. We

provide two ( T) regret bounds for NeuralUCB.

The rst result creates an instance that an oblivious adversary can choose before the algorithm begins
such that the regret bound i T). The second result provides gnT) bound for any reward

function and set of context vectors as Iongkl’ﬁ( is (1) .

Theorem A.1. There exists a reward vectbrsuch that the regret bound for NeuralUCB is lower
bounded as

1P—
Bnuce(;T ) % KT:

Proof. Consider the eigen-decompositiontéf= U  UT, where columns of) 2 R™K TX are
the normalized eigen-vectofs; g'X of H and  is a diagonal matrix containing the eigenvalues
f i(H)g'X of H. Now,

XK

o<
X

<

P 4
S h™H h= hTU ,UTh=

L (uThy?

1 .
() NG

i=1

where =min (u h)
I

Further observe that we can rewrite the effective dimension as follows:
!

og T 1) K
_ logdet(l + H=) _ i=1 _ =1
" o log(1+ TK=) log(1+ TK= ) " log(l+ TK=)
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Using these we can lower boung&g(T; ) as follows:

i(H)
p_ X¢log 1+ -7 TK
Bnucs(T; ) T - log 1+ —
- Vlog 1+ €
u !
. goxe X< Jog(1 + i(fH))log L
o i(H)._ log 1+ T&
0 ¥ 1
_ XK . XK XK .
-Pr@ og 1+ ) SR og 1+ ) A
i=1 i 1(H)
0 \lﬂ 1
_ XK : XK .
pT@ log 1+ (H) t —log 1+ (H) A
i=1 i i(H)
0 \lﬂ 1
_ XK XK
-Pre log 1+yi . yilog l+l_ A,

i=1 ! i=1 yi

wherey; = W'i 2 [TK]. Using this we can further bound\Bcg(T; ) as follows:

s 1
p_ X 1 XK 1
Bnuce(T; ) T log 1+ — + p— yilog 1+ —
i=1 yi TK o | yi
1 X 1 1
— log 1+ — + yilog 1+ —
P 109 Tx o +yilg 1+ o
|
XK ’
plj log 1+i 1+ vy
K . [
|
L X2 |
P= y|1 1+ Yi
K o ia 1+y7|
- pL X 14y
K . 1+y
Tpf:

Recall that = min (u’ h)2. Now, consider am that makes a= 4 angle with all the eigen-vectors
I

Ui, i 2 [TK]and therefore = 91—5 Note that for the positive de nite assumption of NTK to hold,

all the contexts need to be distinct and therefore an oblivious adversary can always choosehsuch an
In such a case, the regret bound for NeuralUCBrns&(T; )= ( T). O

Remark A.1. Note that the( T) regret holds for anyn whose dot product with all the eigen vectors
of H is lower bounded by a constant.

Theorem A.2. For any cumulative reward vectdr, with as the condition number of the NTK
matrix, the regret bound for NeuralUCB is

khk, P —
Bwce(;T) P— KT:

14
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Proof. Using the same notation as in the previous section, we can lower ®andd as follows:

q__
S min (H 1)khk3 = pikhkz
max( )
TK
= logdet(l + H=) log  min (I +H=) TK log(1 + —2)
" log(1+ TK=) log(1+ TK=) log 1+ TK
Using these we can lower boung&s(T; ) as follows:
P log(1+ —2) TK
B T; T TK———————log 1+ —
nuce(T; ) log 1+ 1K g
S I
log(1 + -2) TK
+ khk, TK log 1+ —
2 max (H) log 1+ & g
s I
-1°k p7Klog 1+ -2 +$ﬁ —log 1+ -2
s
- Pk IC)7Klog 1+ = +5§£ ylog 1+ =
wherey = - and = mla*((,j)) is the condition number of of the NTK. Singdog(1 + % land
forT;K 1, we have
Bnuce(T; ) K log 1+ % 1+ ﬂéh,ﬁ (19)
0
1+ L‘éﬁy
Pre” 7
K vy (20)
Tpi%kh&z (21)
If —is (1) then Byucs(T; )is ( T). O

khk

A.2 ( T) REGRET FORNEURAL THOMPSONSAMPLING

The bound on the regret for Neural Thompson sampling (Zhang et al., 2021) is given by (ignoring
constants):

p_ P q q
Regs(T) T@A+ logT+logK) S+ dlog(l+ TK=) dlog(1+ TK)

= B(T)

We present two lower bounds &rs(T) below. As in NeuralUCB, the rst result creates an instance
that an oblivious adversary can choose before the algorithm begins such that the regret Hodnd is
and the second result provides &nT) bound for any reward function and set of context vectors as
longas ois (1) .

Theorem A.3. There exists a reward vectbrsuch that the regret bound for NeuralUCB is lower
bounded as

1 P—
B T — KT:
nuca( ) ﬁ

Proof. For Neural Thompson sampling the regularization parametechosentobe =1 +1 =T
(see Theorem 3.5 in Zhang et al. (2021)) and therefore 2foranyT 1. Therefore we can
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lower bound the effective dimension as,

A :
log 1+ i(H)
= logdet(l + H=) _ i1
© o log(1+TK=) log(1+ TK=)
XK _ KK _
log 1+ 1(H) log 1+ I(ZH)
_ =1 i=1
log(1+ TK=) log(1+ TK)
0 v 1
P DX _ KK .
Bur(T) T@ hTH ht log 1+¥ +  log 1+ '(ZH) A
i=1 i=1
0y 1
_ XK XK _ KK _
Prat 1 og 1+ 2 L 0 1 (H) A
i(H) 2 _ 2
i=1 i=1 i=1
where recall fromequation 18 that
v _
S b x 1
i i(H)
where =min (uf h)
I
Therefore
0¥ 1
_ XK KK
Bnrs(T) 7ot yilog 1+ — +  log 1+ — A
i=1 Zyi i=1 2yi
s !
p_ 1 XK 1 KK 1
T p= log 1+ — + log 1+ —
TK ., yilog 2y, . g '2yi
i pl—XK dog 1+ = +lo 1+i'
TK Y1 2yi J 2y
!
pP_— 1 X 1
= T p= log 1+ — (1+ v,
TK - g 2y| ( yl)
]
P 1 X 1=y
T 977 — = (1+ .
TK i 1+1:2yi( yl)
!
P = 1 X140y,
= T p=—
TK i=1 1+2yi
P— 1
Tp=—TK
TK 2
p_
=T KE'
As in the proof of Theorem A.1, fdn making an angle of= 4 with all eigen-vectors oH , p%

which proves the claim.

Theorem A.4. For any cumulative reward vectdr, the regret bound for Neural Thompson sampling
is
0

p—
Bars(:T) T TK
NTS(y ) 2+ 0
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Recall,1 2foranyT 1, and therefore we can lower bound the effective dimension as,
_logdet(l + H=) TK log(1+ o=) TK log(l+ o=)
log(1+ TK=) log(1+ TK=) log(1+ TK)
Therefore, using 2andS P hTH 1h,

—_
BNTS(T) pT hTH 1h + P TK |Og(1+ o=2) P TK |Og(1+ o=2)

P Tk log(1+ o=2)
p_— ():2
T TK =
P 0
T TKo -
If o= (1) ,Bnrs(T)is (T).

B BACKGROUND AND PRELIMINARIES FOR TECHNICAL ANALYSIS

Before we proceed with the proof of the claims in Section 3, we state a few recent results from
Banerjee et al. (2023) that we will use throughout our proofs. We assume the loss to be the squared
loss throughout this subsection.

Lemma 1 (Hessian Spectral Norm Bound Theorem 4.1 and Lemma 4.1 in Banerjee et al. (2023) )

Under Assumptions 3 and 4, forary2 X, 2 B?pelc( 0), with probability at leas{1 %),
we have

r2(5x) chﬁ and kr f( )k % 22)
where,
— 2 2L L L | L .
cy = L(L +L -+1) (1+ 1) H f?ﬁ’]‘ + L mﬁ)](h(l)’
X1
R h()= "' *+j (0)] '
i=1
W= max h()2: h(l) —( 2+ h(2))+1 ;  2h()h(s) ;
1 Ii<l, L 2

1 X
9% =(h(L+1)%+ @+ )2 (h()? 2
I=1
Lemma 2 (Loss bounds Lemma 4.2 in Banerjee et al. (2023)ynder Assumptions 3 and 4, for
= 1+ p=, each of the following inequalities hold with grobability at leagt 2t .
(o) Co,and’() c,; for 2B (o), wherecap =2 [L; y?+2(1+ a)2jg(b)j? and
g@=a-+j (0)j i, a foranya;b2 R.
Lemma 3 (Loss gradient bound Corollary 4.1 in Banerjee et al. (2023)Ynder Assumptions 3 and
4,for 2 B (o), with probability atleast 1 25" we havekr “( )k, 2 ()%
P .. %with%as in Lemma land,; asinlLemma 2.

Lemma 4 (Local SmoothnessTheorem 5.2 in Banerjee et al. (2023))nder Assumptions 3 and 4,
with probability at leas(1 2ty 8; 092 BFod (),

CHpcl-

() CO#RC g Vik sk KL with = bt Tt (23)

with ¢4 as in Lemma 1%as in Lemma 1, and ;. as in Lemma 2. Consequentfyis locally
-smooth.
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C PROOF OFCLAIMS FOR NEURAL ONLINE REGRESSION(SECTION 3)

C.1 REGRETBOUND UNDERQG CONDITION (PROOF OFTHEOREM 3.1)

Theorem 3.1(Regret Bound under QG condition). Under Assumptions 2 and 3 the regret of
projected OGD with step size = ti, where is the QG constant from Assumption 2(b), satis es

2 X
R(T) O —logT + T +2if21fB (Y9 5 xe)): 8
t=1

Proof. Take any °2 B. By Assumption 2(a) (almost convexity) we have

gl ex)) el Sx) h oo S (e gl x))i +
Note that for any 2 B, we have

(9% k % ky:
B 2
As aresult, for 2 B, we have

K t+1 % k ¢ K k¢ o (eo(ox) % ok o %
= 2¢he OAr (ool ex))i+t £or (Ve ol X)) z
2 (ool 6x)) (gl Sx)) )+ 2%
Rearranging sides and dividing By; we get
Kt %3 K 141 %3

Ve ex) e Sx) 5 + o BB s (29
Let ¢ = ti. Then, summing (24) ovdr=1;:::; T, we have
X X o
R(T) = (Y59 t:Xt)) (Ye;9( %5 xt))
t=1 t=1
208 X
Kt Ok% i ! + % t+
t=1 2t 211 2 g
X
7 ke %2+ 0( 2logT)+ L
8 o1 m
2 )J 0 2 2
2 K K5+ 2 k (ks + O( “logT) + (25)
t=1 t=1

where ; 2 arginf “(y:;9( ;Xt)). By Assumption 2(b), the loss satis es the QG condition and by
Assumption 2(c), it has unique minimizer, so thatf@ [T]
Skt kG (26)

(Y590 X)) (Y d( 15 Xe) >

el Sx)) COeCx)) 5k kg @27)

Then, we can lower bound the regret as

X X
R(T) = “(Y:9( 5 %¢)) (v 9o( O?Xt))

t=1 t=1

X
= Cyeg( x0) (Y a( ¢5Xt)) Cleal %)) (e 90 ¢5%0))

t=1 t=1
X 2 X N 0

5 K¢ k3 (ye;9( 5%t)) s (28)
t=1 t=1
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from (26) Multiplying (28) by % and adding to (25), we get

1 X X
QR(T) = (v 9( t5%1)) (v o( OJXt))
t=1 t=1 .
f21 (590 % X))
2

1 X P el %x)
5 COmaC5x)) “(6g(cx) + O *logT)+ T+ ===

k® (ki+O( %logT)+ T +

(v 9 &%)+ O( ?logT)+ T:
t=1

Since °2 B was arbitrary, taking an in mum completes the proof. O

C.2 REGRETBOUND FORSQUARE LOSS(PROOF OFTHEOREM 3.2)
Theorem 3.2(Regret Bound for square los$. Under Assumption 1, 4 and 5 with appropriate choice
of step-size sequente; g, widthm, and perturbation constar, in (10), with probability at least

1 & forsome constar€ > 0, over the randomness of initialization ahtigs., , the regret in

(12) of projected OGD with losk (S? ve; T X "s) :=1 ,S = (log m) and projection ball

B';:“’E’( o) With = ( pT: o)and 1 = (1) isgiven byRs((T) = O(logT):

Proof. The proof follows along the following four steps.
1. Square loss is Lipschitz, strongly convex, and smooth w.r.t. the output:

This step ensures that Assumption 3 (lipschitz, strong convexity and smoothness) is satis ed.
We show that the loss functiory is lipschitz, strongly convex and smooth with respect to the

outputfT{ ;x;") insider“’kl’ ( o) with high probability over the randomness of initialization

andf" gs_, . We will denote sq; asqandbsq as the lipschitz, strong convexity and smoothness
parameters respectively as de ned in Assumption 3.

Lemma 5. For 2 B (), with probability 1 2*D*_ oyer the randomness of ini-

tialization andf " g5, , the loss sq yi; f{ ;X¢;") is lipschitz, strongly convex and smooth with

respect to its output( ;X;"). Further the corresponding parameters for square l0osg; asq
andbsqare O(1).

Strong convexity and smoothness follow trivially from the de nition of thg. To show that
“sq Is Lipschitz we show that the output of the neural netwitk; x;") is bounded for any
2 Bfm? ( o). Also note from Theorem 3.1 thaf appears in théog T term and therefore

to obtain aO(log T) regret we must ensure thagq = O(1), which Lemma 5 does. Note that
using a union bound ovér2 [T] and Lemma 5 it follows that with probabilityl ~ 21

L(S? vi:  (FU ;xe;"s)) il is also lipschitz, strongly convex and smooth with respect to

each of the output§™ ;x¢;"s);s 2 [S].
2. The average loss in (13) is almost convex and has a unique minimizer:

We show that withS = (log m); the average loss in (13) is- Strongly Convex (SC) with
= 0 »t wrt. 2 BF( o), 8t 2 [T] which immediately implies Assumption 2(a)
(almost convexity) and 2(c) (unigue minima).
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2T (L +2)
m

Lemma 6. Under Assumption 5 ang} = P 8 sCh , with probability 1 over the

randomness of the initialization aﬁdngZI,L(Sz) ve; T X "s) ::1 is -strongly convex

with respectto 2 BF°P (o), where = O pi

3. The average loss in (13) satis es the QG condition:

It is known that square loss with wide networks under Assumption 5 (positive de nite NTK)
satis es the PL condition (eg. Liu et al. (2022)) with= O(1). We show that the average loss
in (13) withS = (log m); also satis es the PL condition with = O(1), which implies that it
satis es the QG condition with samewith high probability over the randomness of initialization

s-

2T(L+1) C
m

Lemma 7. Under Assumption 5 with probabilityl , for some absolute constant

" S
C >0 LY yo fixi"s) o

initialization andf "sgS_; , with QG constant = O(1).

satis es the QG condition over the randomness of the

4. Bounding the nal regret.

Steps 1 and 2 above surprisingly show that with a small output perturbation, square loss satis es
(a) almost convexity, (b) QG, and (c) unigue minima as in Assumption 2. Combining with step 3,
we have that all the assumptions of Theorem 3.1 are satis ed by the average loss. Using union

bound over the three steps, invoking Theorem 3.1 we get with probabllityw for

S T (S) . Ly e S
some absolute consta@t> 0, with = = min 285 (o)  t=1 qu Vi; U X "s) o1
L(S) . f . Pl S L (S) . f ~ . . S 29
Sq Vi, -‘( ts Xt S) s=1 Sq Vi, ~~( 3 Xt S) s=1 ( )
t=1

X (S) . ~.y . S .

2 Lgg Yo fU7ixi"s) oo; *+ O(logT): (30)

t=1

P
Next we bound thl L(S? v, (7 %xe"s) §=1 using the following lemma.

Lemma 8. Under Assumption 1 and 5 with probabilityl w over the randomness of
s " P S ~ wy S
the initialization andf "sg5_, we have _, L(Sq) yi, fU75xe"s) ooy = O():

P
Using Lemma 8 an@9)we have [, L) yii T 1;xi;"s) o, = O(log T) which using
(14) and recalling the de nition in (13) implieBsy(T) = O(log T)
O

Next we prove all the intermediate lemmas in the above steps.

Lemma5. For 2 B ( o), with probability 1 2&*D*L_ over the randomness of initializa-

tion andf"gS_, , the loss sq yi; f{( ;x¢;") is lipschitz, strongly convex and smooth with respect

to its outputf{ ; x¢;"). Further the corresponding parameters for square losg; asqandbsq are
O(2).

Proof. We begin by showing that the output of both regularized and un-regularized network de ned
in (10) and (1) respectively is bounded with high probability over the randomness of the initialization
and in expectation over the randomness$ .o€onsider any 2 Bf“’*l’ ( o) andx 2 X . Then, the

20



Published as a conference paper at ICLR 2024

output of the network in expectation w.r't's can be bounded as follows.

0 1,
. ] . . )@ Ten‘
EJFCixGMI? 2 (07 + 26 @ (mo#’*
o 7 1
. . XX ( 0) ee ( 0)
=2jf ( ;x)12+2c§eg@ p'% E " 1A
i=1 j=1
(@ _ xP 2
2 (0P +ac,  Lpoh
=1

2 22
— o> (L) fyyi2 reg 2
—mjv (xX)jc + {ka ok

() 2 2
Sk DK+ Pl + 1)’

)

(© 2 > L R _— 2 2
=1+ )2 L+ (0] m+ p—cifl + 1)
m - m
where = ;+ p—. Here(a) follows from the fact thag[";"j] = 0 wheni & j, andE["{"j] =1

wheni = j, (b) follows fromk ok, L + 1, and(c) holds with probability 1 2L

m
and follows from the fact thdtvk k vok+ kv vok 1+ ; and thereafter using the arguments
in proof of Lemma 4.2 from Banerjee et al. (2023). Finally with a union bound b¥e[T] and

: ; o 2T(L+1
using Jensen we get with probabilityl %
q__
EifC xe:™)i EIfCixg")j?
Vv .
u 1)
t 2 L4 A 1 2 2
21+ )2 L+j O P o+ p=(L + )% (1)
i=1
Now consider = ("1;:::55" 13" "+ 2o "p) @and”" 0 = ("g;ii 1;"1‘);"j+1 115 "p) that

differ only at thej -th variable wheré; is an independent copy bf. Now,

iTCxe™) FUxe"i= 500 0™ (0 o) ]
2Creq . .
—1iC o)
By McDiarmid's inequality we have with probabilitfd ) over the randomness bf; gf’ﬂ
MCxa™i B —t ™ (0 g2nas)
m -
]_
p_
2
= F;nf;jgk oko In(1=)
2c P ——
(L + ) In(1=)
Taking a union bound over2 [T], with probability1 over the randomness bt g, we have

. I N 2c;
FCxeMi EBIfCixe™i 5

Choosing = X we get with probability 1 L over the randomness ot; g/_;

(L + 1)p In(T=)

ECreg

1= (L + 1)p In(mT)

ITCxea™)) BIFC ixe™)j
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Combining with(31), we have with probability at leastt. 2" gyer the randomness of
the initialization and ";g-; we have
Y L
. . X 2
IFCxa™i -2+ )2 b+j ) T F p=GRl + )2
i=1
p_
2¢; p——
+ (L + 1) In(mT) (32)

Finally taking a union bound ovei"sgS.; for S = O(logm) and using the fact than =
( T°L= §) we get with probability at leastl ZHL*2*L over the randomness of the ini-

tialization andf " gS.; ; 8t 2 [T, LS v 1 ;xi;"s) o, islipschitzwith sq= (1) .

1

Further'g = 1 and therefore the loss is strongly convex and smooth &g+ bsy=1 a.s. over
the randomness 6f' sg5_, , which completes the proof. O

2T (L +2)
m

Lemma 6. Under Assumption 5 and, = P 8 s{Ch , with probability 1 over the

randomness of the initialization arfd sgS_, , L(S? yi; T X "s) i is -strongly convex with

1
respectto 2 BFP (o), where = O »i
Proof. From (10) we have a.s.
" ® e
ro 0 xe") =71 f( X))+ Ceg e (33)
i=1
rACG X" = r A (34)

Next, with 2= ((; x¢;") W)

rosq Y fUoxe™) = 0 (5 xa™)
F2sq Yo xe™) =1 U xg™)r U xa™) T+ 0 200 xg ")

where we have used the fact thiit= 1, andr 2 ; x¢;") = r 2f ( ;x;) from (34).
Consideru 2 SP 1, the unit ball inRP. Then

18

s Ul FCx)r Fix)T

s=1 #
X vir f(x)", Xy f(;x)v' XX ViVJ-T .,

+ Creg S B R + Creg i

S n S
uTr 2L v FUsxe"s) oy, U=

"si t Crzeg me "si'sp U
i=1 i=1 i=1 j=1

+ 2 u"r 2 (;xu
Creg 1XS x
1=4 g

= hr f( ;x);ui?+2hr f( ;x¢);ui

><S >(p >@ ~0 T, 2
Uj U "si "s;j tur f(;xyu (35)

{z——}

2
s

+
3-\%%
0l

s=1 i:l j=1
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Notice that8s 2 [S], s = hu;"si is a weighted sum of Rademacher random variables and therefore
is kuk, = 1 sub-gaussian. Using Hoeffding's inequality, for a giveh [T],

(
X
P é s 1, e St
s=1
Taking a union bound we gét2 [T]
(
x
P é s 1y TeSUiz
s=1

Furtherif sis s sub-gaussian, thergis( ?; )sub—exponentiaMith = 4p§ 2, =4 2(see
Honorio and Jaakkola (2014, Appendix B)) and therefcgas (4 2; 4) sub-exponential. Using
Bernstein's inequality for a given2 [T],

( 2,2
1 )(S 1 i S !2;5!72
Pgs 2 EZ 1 e 2T T
s=1
Taking a union bound we get for ahy [T]
1% 1min S23.sta
Ps 1 EZ 1 Te 2 TR
s=1
Now choosind 1 = ! 5 = %; we get foranyt 2 [T]
( )
1% 1 2.
P = = Te S°78:
s s 2 ©
s=1
(s ) 2
P é 2 g2 % Te *Mn &F
s=1

Te 58, 85 16
Observing thaE ¢ = 0, E 2 = 1, combining with (35) and recalling that with probability
1 % over the randomness of initializatiok; f( ;xt)ko  #% we get with proba-

bility atleastl T(e S°8 + e S8) %

T, 2, (S) - iy .my S ey N2 ey e Creg Creg oCH .
ur-L ; P Xt _u hr f(;x);uic hr f(x)ui— + p—= ——
Sq yt fN( t S) s=1 ( t) {Z ( t) ml_i 2 m m
|
2
Terml! is minimized forhr f( ;x¢);ui = 2;?24 and the minimum value is ;#%. Substituting

this back to the above equation we get
cz C
" S
TR o fixat) Sy u g o
C
— eg q—H
gt
= 4&7qu
m

where the last equality follows becausg, = 8 s.Cn . SinceS?=8 S=8forS 1, we have for
S 16with probabilityl 2Te S8 ALDT

Wy S C
uTEALE v FUixets) o u B> o
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; - . ; " 2T (L +2)
ChoosingS = maxf 8logm; 16g, we have with probability 1 ~ =—~--=- over the randomness of
initialization andf " sgS_; we have

S wy S
uTr 2L(Sq) Y, fﬁ‘( » Xt S) s=1

which completes the proof. O

Lemma 7. Under Assumption 5 with probabilityl , for some absolute consta@t> 0,
L(S‘Z) vi; U X "s) 5:1 satis es the QG condition over the randomness of the initialization and

f"sgS.; , with QG constant = O(1).

2T(L+1) C
m

Proof. We have

2 1%
S v FUixa™s) oy o= = fLosq yuf(ixa"s)
2 Sszl
RS D E
== (FUsxes"s)  yo(FUsxes"s)  yo) 1 U 5xe;"s)r F1U Xt "s0)
SZ
s=1 s0=1
1 T
- a2 1 At tiS ’ t 1y At tiS
‘SZ(F('X) Yils) K(; X)(F( ;Xt)  VYils) (36)
whereF (; x;) : RP 91 RS suchtha(F(; x:))s = f{ ;Xt;"s), 1s is anS-dimensional vector
of %andk(; xi)= r U ;xg"s)r fUixg"Y . O
Now,
D Ceg ¥, Geg © ., F
K(; Xt)sso= rf(;x)+ W € sj PO x)+ mi=4 € 5o
b j=1 j=1
Creg o Creg u
= rfCx)+ ST x)
Creg Lo .
= rfCxir FOx) + - Z s £ (X
+ I F(x0i ¢ p‘%h-s;"soi
where"s 2 RS with ("s); = "; . Therefore,
Cw = Y . T, Segut
K(;xe)= rf(;x);rf( ;%) 1sls+9ﬁm M
0 Tn Tn Twn 1
rfC;xo) "s rf(x) "2 rf(:xy)'"s
Ceg BF FOixe)T" 1 1 E(x)T"2 rf(;x)™s
+ m1:4
Or fOix)™ 1 rf(;x)™2 rf(;x)™s
rfCsx)T™ rf(x)T rf(x)’"s
Creg rfCix)™z rf(;x)™ rf(ix)™2
" mi=a : :
rf(;x)™s rf(;x)"™s rf(;x)™s

24



Published as a conference paper at ICLR 2024

where"y isanp S matrix whose columns arg. Next we give a uniform bound on the smallest
eigenvalue oK ( ; x;). Consideru 2 SS 1, unit sphere irRS. We have

uTK(; xu= |r f(x);r f{ iXt) uT1lsliu+ pcé—ﬁuT"IA"Mu
y4
| | {z }
1
Creg X e Tu Tu
1= UsUso I F(iXe) "sH 1 (X)) "so
| s=1 s0=1 {Z }

Consider termi . We can lower bound it as follows

rfCox)ir £ %) uTds1iu v f(x);r £ 5xy) ?0:

where the rstinequality follows becausenn (1s1L) 0and the second inequality because for

any 2 B';:“’E’( o) With probability 1 % over the initialization
2cy %T
CECx)irfCix) mn(Kvk () 0 F—L(+ 1) 5 0 @37

where the last inequality holds by choosimg W = ( T3=}). To see why(37)
holds observe that using the exact same argument as in (55) and (52) we have

P_—
P—cy T
kKKntk () Knrk (0)k, 2 T‘Ve—'é?k ok,

Using the fact that 2 BfP () we have

2Ccq %T
KKntk () Ktk (0)k, — L( + 1)

and therefore
min (Kntk (1)) min (Kntk ( 0)) K Kntk () Ktk (0)k,

2cy %T
0 jd_{m—L( + )

Next consider ternhl . Since every entry of the S matrix"y, is i.i.d Rademacher, using Lemma
5.24, Vershynin (2011), it follows that the rows are independent sub-gaussian, with the sub-gaussian
norm of the any rovk(" v )ik ,  Ci, whereC; is an absolute constant. Further using Theorem
5.39 from Vershynin (2011) we have with probability at lehst 2 exp( ¢y t?)

_ p—
min("-l\a"M) pp Cuw S t
where Cy, andcy depend on the maximum of sub—gaurpsLan norm of the rowsyof i.e.,
max; k(" wm )ik ,, which is an absolute constant. Choosing = S, for some absolute constamt

with probability at least1 =, uniformly for anyu 2 SS 1 we have

_ p—
mn (' h'm) PP o(Cw+1) S

Noting thatS = maxf 16;8logmgandp= md + (L 1)m? + m we have

p_
p
min ("1 M) HHTm (Cw +1) maxf16,8logmg:

Usingm 64(Cy +1)2; P logm 8p 2(Cu +1), with probability atleast1 <, uniformly
foranyu 2 SS ! we have

ut (" "mIu m=2
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Finally consider ternill . We have
p_
2 x
Uslso T 1(ix) "+ T F(ix)Te 2o
mi=

s=1 s0=1 s=1
Since eacHis; is 1 sub-gaussian, thereforef ( ;x;)""siskr f ( ;x¢)k2( % sub-gaussian with
zero mean. Using Hoeffding we have with probability at lglastexp( S2t?)

Creg RS
ml:4

usr £( ;xe)"™"s:

P P~
2 SCeg® . 2 Sq,
m1:4eg ust £(5x)™"s m1:4egSt
s=1
Choosingt = % and noting thaB = maxf 16; 8 logmg, we get with probability at leastl %
p_
2 SCeg® . 16c, _

m1:4eg Usr f ( ;Xt)T S m1=4eg(log m)3 2 1

s=1

where the last inequality used!=*  16cegandm?=*(logm) 3=2 4p 2. Finally to get a uniform
bound overSS 1, we can use a standarehet argument with = 1 =4 and metric entropy log 9
(see eg. proof of Theorem 5.39 in Vershynin (2011)). Usirgpgm) 1 8log 9, with probability

atleast 1 L uniformly foranyu 2 SS * we have

m
p_—
2 SCregXS

1=4
m s=1

usr f( ;Xt)T"s 1

2(

L ) . - L+1) C
Combining all the terms and usimg 4, we get with probability 1 ~ ==—>—for some absolute

constanC > 0

SO 1) KGX)FOx) wls) aos (FOx wils)

4SS
m 1X5
= . L .f . .
64logms _ YaTlx"s)

S - . Ml S
2 L(Sq) Vi, ﬁ y Xt S) s=1

where =128 where the last inequality follows from(logm) ' 1. Combining with(36) and
using the fact that PL implies QG (see Remark 3.1) along with a union bound @vEF] completes
the proof.

2T (L +1)
m

Lemma 8. Under Assumption 1 and 5 with probability. over the randomness of the

e g . " S P T (S) ~ " S
initialization andf"sgs_; we have ., Ly yi; {7 ixe;"s) o, = O(1):

Proof. Consider any 2 B';:“’E’( 0). We have

Wy S 1% " 1 Wy 2
Ly v TUixe"s) o =g Lsa wifUixe"s) = 52y flixa"s)
s=1 s=1
0 1,
1% X (L o'’
= 23 @Yt f(1Xe) Cregl TJSIA
" s=1 j=1
1 16 X Te"..
=S v f(ix)? ey f(ux) = %
2 Ss—l j=1 m
|— {z
|
#
1% X (0 )Tgng 2
+ C%eg g mi=4 = (38)
s=1 j=1
| 2 }
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Consider term .

16 X gTgny 1 1% X .
§ ) mi=4 - mi=4 g . ( O)j sjj
s=1 j=1 s=1 | j=1 {7 }
Since"s; is 1 sub-gaussian,s is k ok3 sub-gaussian. Using Hoeffding's inequality
( )
1 x S21 2=2k k
P § S I 1 e Tl 0 2:
s=1
Taking a union bound we gét2 [T]
( )
1% S?1 2=2k k
P S s 1 Te > 1 k2
s=1

Next consider ternl .

EXS X 0Te"s 2 1 1% X X

S mi=4 = m g ( O)i ( O)j "s;i ”s;j
{z }

s=1  j=1 s=1 izl j=1

Further if sis s sub-gaussian, therg is ( ?; ) sub-exponential yith = 4p§ 2, =412
(see Honorio and Jaakkola (2014, Appendix B)) and thereféis 4 2k okZ; 4k ok3
sub-exponential. Using Bernstein's inequality for a giveéh|[T],

1 2 2 z min oy ok3 ' ak k2
Ps § EZ 1. e Frac o
s=1

Taking a union bound we get for ahy? [T]

( ) 2,2
S S S .
s=1
Now choosind 1 = k oka;t o=k ok3; we get for anyt 2 [T]
( 1% : 20
P § s k ok2 Te §°= :
s=1
( 1% 1 ) imin 2.8
P 3 2 E? Sk ok3 Te 2™ s
s=1

Te S8: 85 16

CZ

Observing thaE s =0,E 2= sk ok3, using the fact thatsq = jy:  f( ;x¢)j = (1)

. - 2T (L+1 .. . .
with probability 1 % (see proof of Lemma 5) and nally combining witl38) we get with
probability atleast  T(e S°=2+ ¢ S=8) ZL(L*D

wy S . . 2c
L(Si) y'[: fk( Xt S) s=1 L Sq(y'[,f ( ,Xt))"" é(gz%k Ok% + r;]ef:4SQk 0k2
Summing ovet and taking anin ;g oo () OVer the left hand side we get for any2 B ( )

2c:reg Sq
m 1=4

k

. X (S) wy S X
min Lee yo fUixe"s) Lsq(ye; f(5x0)) +

eg 2
2B Fob () ﬁk okz *
o1 t=1 t=1 t=1

2
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From Theorem E.1 we know there exist2 B f"’kl’ (' o) such that with probability at leagt %)

over the randomness of initialization we hdvg; x;) = y; for any set ofy; 2 [0; 1];t 2 [T] which
impliesLsq yi;f( ;x¢) =0; 8t2[T]. Therefore

X 2
S " S e Cre Sq
t=1 t=1 2'm n

(@ 2Creg Sq

eg 2 ®
=(L + +
F=(L + 1)

(L + 1)=0@1) (39

m1:4

where(a) follows because®2 B ( o) implies °2 BE'S (o) and(b) follows by choosing
m= ( T5L= §). O

C.3 PROOF OFTHEOREM 3.3

Theorem 3.3(Regret Bound for KL Loss). Under Assumption 1,4 and 5 fgr 2 [z;1 Z],
0<z < 1, with appropriate choice of step-size sequehaa), widthm, and perturbation constara,,
with high probability over the randomness of initialization &S, , the regret of projected OGD
with lossLY yvi;  (F( i xe;"s)) i =1 %« v (F ;xg"s) ,S=(log m)and
projection ballB™™ ( o) with = ( ~ T=)and ; = (1) isgiven byR¢ (T)= O(logT).

Proof. The proof of the claim follows along similar lines as in the previous subsection. It consists of
the following four steps:

1.  Binary KL loss is lipschitz, strongly convex and smooth w.r.t. the output.

We show that g, (y:;¥) is lipschitz, strongly convex and smooth with respect to the output

% = 1 ;X¢;")insideB fmkl’ ( o) almost surely over the randomness of initialization anWe
willuse g_;ax. andbx respectively to denote the lipschitz, strong convexity and smoothness
parameter forg. (yt; $t) (c.f. Assumption 3(lipschitz, strongly convex and smooth)).

Lemma9. For 2 Bf’o?( o), theloss . yi;f( ;Xx¢;") is lipschitz, strongly convex and

smooth with respect to the outff@t ;x¢;") a.s. over the randomness of initialization ahd
Further the parameters, ; ax. andbg_ are O(1).

Note that Lemma 9 implies that L vii (F( :x¢;"s) le =
18
S

s=1
to each of the outpufS ; x;;"s).

ke Y, (7 ;xg;"s) isalso lipschitz, strongly convex and smooth a.s. with respect

2. Theaverageloss at 2 [T], L(KSL) Vi, (U ixe"s) le is almost convext and has a
unique minimizer w.r.t.

We show that the random perturbation to the output (H0) assures that

L(KSL) ve;  (FUxe"s)) §=1 is strongly convex with respect to 2 Bf“’?( o) at

everyt 2 [T] (with a very smallO p% strong convexity parameter), which implies that it
satis es 2(a) and 2(c).

Lemma 10. Under Assumption 5 and, = Pg sCH , with probability 1 ZH{t*2.
over the randomness of the initialization ahtkgS.; , Lfﬁ) Ve, (FU 1xg"s) f:l is

. Frob — 1
-strongly convex with respect to2 B> ( o), where = O p+=

3. Theaveragelossat 2 [T], L(KSL) Vi (FU ixe"s)) §=1 satis es the QG condition.
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We show that the loss(;) yi;  (F{ ;xi:"s)) o, satis es the QG condition (with QG

constant = O(1)) with high probability over the randomness of initialization dfidgS_; .

ZECE - for some absolute constant

Lemma 11. Under Assumption 5 with probabilityl
CcC>0, Lffﬁ) ve; FU X "s) il satis es the QG condition over the randomness of the
initialization andf "sgS_, , with constant = O(1).

4, Bounding the nal regret.

The above three steps ensure that all the assumptions of Theorem 3.1 are satis ed by the loss

functioanfL) ve;  (FUixe"s)) §=1 . Taking a union over the events in the above three

steps, invoking Theorem 3.1, we get with probability % for some absolute constant
C>0,

" S n S
LE(?_) yo, (FUixe"s) o L (K?_) yo  (FUiXe"s)) o
t=1

X s - s
2 Ly oy (FUTixe"s) oy + O(logT): (40)
t=1

~ . X (S) . ey en S
where ~ = min L Yoo (FUXe"s) oo
2BT% (o) oy

X
Next we bound Lff[) vi; (FU ;x¢"s) SS:1 using the following lemma.
t=1

Lemma 12. Under Assumption 1 and 5 with probabilitg -~ for some absolute constant
C > Oover the randomness of the initialization we have

LS vo  (FC ixa"s) o, = OQ):
t=1

X

Using Lemma 12 an@40) we have L(KSL) Ve, (FU 5xe"s) §=1 O (logT). which
t=1

implies Rq_(T) O (logT).

O
Next we prove Lemmas 9,10,11 and 12.

Lemma?9. For 2 Bfm?( 0),theloss k. yi; f( ;x¢;") is lipschitz, strongly convex and smooth

with respect to the outpdT( ;x;;") a.s. over the randomness of initialization ahdFurther the
parameters g ; ax. andbg are O(1).

Proof. Consider 2 BSP¢°( ). Now,

o - Gk s xe™)

T X ,
- (FGxg™N@ FGxa") @ y) (F xg M@ (G xi™)
(05 xe: ™) 1 (FCxei™)
= ety (FOxe"N+ (G xa™) oy (0 xa™)
= (U xs")  we
It follows that . 2a.s. since (f{; x¢;")); vt 2 [0;1]. Furthero "% = (f{; x;")) 1
(f(; xi; ")) 1=2 a.s. which completes the proof. O
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2T (L +2)
m

Lemma 10. Under Assumption 5 ang = p 8 sCh , with probability 1 over the

randomness of the initialization arfd sgS- 1,Lf<,_ vi:  (FU X "s)) 5:1 is -strongly convex

with respectto 2 BFP (o), where = O pL

Proof. In Lemma 5 we showed thiT{ ; X¢;")j is bounded with high probability over the randomness

of initialization and" . Speci cally from (32)) we have with probability at leastt. 221
over the randomness of the initialization ahd
u L
i oo T 2 L4 R 1 2 o 2
iU xe ™) 2(1+ ) +j (0)j ! TP=Cll + 1)
p_ Cr . i=1
t— L+ 1) In(mN)
= Fax (X ™) (41)
Sincem = ( T°= §) it follows thatfax ( ; X¢;") is O(1). Now 8t 2 [T], with
a:= (fmax( ;%e;")) (42)

with probability atleast 1 ZHE*2*L e have ((; x¢;")) 2 [q;(1 9)].

Next we show thak k, is strongly convex. Recall that
1

" S
L vo  (FUixa"s) o

and therefore we have

" s 1
rL v (TUixe"s) o = 5

ke Yoo (F7 5xe"s)
s=1

v A xg ") UG X ")

s=1 (05 xe:"s))
@ y) AP xe"sNr U X 's)
1 (0 xe:"s))
1%
=3 ye 1 (FUixg"s) @ w) (FUixe"s)) r F0s xe™s)

s=1

1%

=3 (FOrxe:"s)) ye v U5 Xes"s) (43)
s=1

where we have used the factth& ) = ()(1 (). Further the hessian of the loss is given by,
2y (S) " S 1XS 0 " " nw\T
L Yo (FUixe"s) o = < (0 X "s)r 70 xg"s)r 705 X "s)

+( (PG xa"s) yor 200 xe"s)

1%
s 9@ Qr fUxe"dr FHxg"s)T wr #(5x)
s=1
Consider u 2 SP 1 the wunit ball in RP. We want to show that
uTr 2L v (FCixe"s)) §=1 u > 0. Now as in the proof of Lemma 6 we can
show that with probability 1 = 21(-*2

C
TP v (FUixas) oy U ol q)% B
= LCH N

m
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8 «kLCh

o g - oW O

where the last equality follows because=

ZEMC  for some absolute consta@it> 0,

Lemma 11. Under Assumption 5 with probabilityl
L(KSL) vi; U i X¢;"s) le satis es the QG condition over the randomness of the initialization and

f"sgS.; , with constant = O(1).

Proof. Recall from (43) that we have,

(S) |- ey s _1X® _— Cy ey
r LKL Yt, (f...( Xt S)) s=1 - § (fh.(axtv S)) yt r fN(1 Xt; S)a
s=1
and therefore,
s) ) s 2 1% ) 2
r L vy (FUixe"s) ooy .= o (G xe"s) oy v 0 X ")
2 SS:1 2
1 PSS D E
=% (FUixe ") e (FU5xes"s)) oy r P X "s)ir £ 5% "s0)
s=1 s0=1
1
= §(F( X)) Vils)TK (G x)(F(5x)  Yils)
whereF (; x¢) : RP 91 RS suchthatF(; x¢))s = f{ ;X¢;"s) , 1s is anS-dimensional
vector ofi% andK(; x¢) = r f{ ;x;;"s)ir U :xi;"9) . Asinthe proof of Lemma 7 with
probability 1 ZHEDE for some absolute consta@t> 0, we have

1
SFOx) wITRGXOFCx) wls) 2 LY yi Flixa™s) oy @ (44)
with =128 and
1%
LS v fUixa™s) & =g se¥o (FGxa™s)

s=1
Now using reverse Pinsker's inequality (see eg. Sason (2015), eq (10)) we have

N X y (0 xe ™
Dk. wiii (5 xe;™) Sq Yt (;q t"s)

whereDy, (pjjq) is the KL divergence betwegnandgand (f; x¢;")) 2 [g;(1 )] holds with
probability at least 1 % . Using this we have with probability at least % for
some absolute consta@t> 0,

LS v (Uxa™s) o L& ve (U xa™s) o

1% ) )
=3 Dike wiji f(; Xe;"s) Dke wijj U ;xe"s)
s=1
1% sa Y (FUixe"s) _ 1 sy .. N s
S, 2q = ggbsa Yoo TUXE™S) o

Combining with (44) we get with probability at least % over the randomness of the initial-

ization andf " sgS_,
Wy S 2
rLS yoo (FUixa™s) oy

2 |
0 L(S) . . o S L (S) . f . on S
ke Yoo (FUsxe"s)) <=1 ke Yoo (FU xe3"s)) s=1
ThereforeL () yi;  (f( ixi"s)) .., satis esthe QG condition with®= O(1). O

31



Published as a conference paper at ICLR 2024

Lemma 12. Under Assumption 1 and 5 with probability for some absolute constant

C > Oover the randomness of the initialization we have

TLC
m

X
L& v (FU ixi"s) o, = OQ):

t=1

Proof. Recall from the1proof of Lemma 11 that using reverse Pinsker's inequality we have with
probability atleast1 ™S for some absolute consta@t> 0,

Wy S 1 . . omy S
Lﬁ’w;(ﬁ;m;Q)FI 5L§>w, Fixa"s) o

Therefore

(S) \,. yomyy S 11X s sy my S

LKL y'[: (f-( Xty S)) s=1 El LSq Yt, f~( Xt S) s=1 = O(l)
t=1 t=1

where the last part follows from 39 in the proof of Lemma 8.
Finally we can use Theorem E.1 to conclude that there exi2t8 f“"f ( o) such that with probability

atleast 1 2D gyer the randomness of initialization we havé ( ; x;)) = y; for any set
ofy: 2 [q;1 (q]; 8t 2 [T]whereqis as de ned in (42). Without loss of generality assurme g
(otherwise the predictor can be changegite= (K, f (; X)) for some constark, that depends
onz) and ther%ore we have with probability at least % for some absolute consta@t> 0

min 2BF® () =1 kL Yo (F(5xp)) =0. O

C.4 AUXILIARY LEMMAS
With slight abuse of notation, we have de ned= ( x;y:) andL( ;z:) = “(Ye;f ( ;Xp)).

Lemma 136(Almost Convexity of Loss). Under the conditions of Lemma 1, with a high probability,
8 02 BF (o),

L( OJZt) L (t;Zt)+hO sl L(t;Zt)i"’ahO t;rf(ogzt)i2 ts (45)
4 da%l + )+ L + 1)?
where . = % 1)pm C ( 1) ;

for any 92 B (), wherecy and%are as in Theorem 1 anda are as in Assumption 3
(lipschitz, strongly convex, smooth).

Proof. Consider any°2 B F“"l’ ( o). By the second order Taylor expansion aroupdve have

L(%z)=L(z)+h® gr L(t;zt)i+%(0 t)>@|_((@~tz;Zt)(O )

whereT = %+(1 ) (forsome 2 [0;1]. Since (; °2 B ( ), we have
vecWw, ")  vecw{") , = vecW M)+ yvecW ) vecw") 5
veeW ™) veews”) ,+@ ) veew ) veews") ,
@ ) =
kee Voko k VO+(1 vy voka kv' voke+ (1 )kve Voka
1+l ) 1=

and therefore; 2 Bf”)‘f( o) which impliesy 2 BEYS . ( 0). Focusing on the quadratic form in
the Taylor expansion, we have

(° @ng;zt)( 0 )=(° t)>nlti:l »gio@(?@t;xt) @K?@t;xt) + ?I of (@t2 Xt) (°
* +

:lxl 00 0 @(N‘t,xt) 2+,_0‘(0 @f(t.xt)( )

M | P 2 3

I
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ti corresponds to the loséy:i ;T (7 xt)), and‘?;i ;‘?;? denote the corresponding rst and second
derivatives w.r.tyy; = f (7). For analyzind 1, choose any®2 B ( ;). Now, note that

* +2
=0 o . @ix)
1 ti ty @
* I+
Lo L@(%x), @tix) @(%x)
NG @ @
* +
—a O t;@K@;?Xt) 2+a 0 t;@K?@t;Xt) @(@qut) i
00 ’ 00 *
+2a O t;@(@axt) 0 t;@té,Xt) @(@,Xt)
o @ %x) * L, @(%x) @(ux) @(%x) o o
2 G ® e , e @ - '

(a)
ah® orf( ©x,)i? 2a°/¢§%k*t Gk O K2

) g Y
an® o f(Oxiz TRHRLL T T

where (a) follows from Proposition 1 sincg 2 B ( o) and sincekr f ( ©x;)k. % and (b)
follows sincek %,k O (ko kT %, 2(L + ) by triangle inequality because
T % 12BE'S (o).

For analyzind,, with Qi =( ©  ¢)” %( 0 ), we have

jQuj= (° t)>m(o ) k% K @ (ixi) ik k3 4CH(Lp

1)?

+
@2 @ “m m
sincek © tk; 2(L + 1) by triangle inequality becausé& 2 BEYS ( o). Further, since

i9 by Assumption 3 (lipschitz, strongly convex, smooth), we have

. . . 4L + 2¢
l2 = ?Qt:i I ?JJQt;iJ (—pi)iH:

m
Putting the lower bounds dn andl , back, we have

@L( o Ada%l + )+ cy(L + )2
(° @(;)(° ) ah®  grf( ®Ox)i’ P =
That completes the proof. O
Lemma 14. Under Assumption 5 antleg = P 8 s(Cn , with probability 1 % over the

randomness of the initialization, the expected Bs5sq yi; f(; X¢;") is -strongly convex with

b - 1
respectto 2 Bf® ( o), where = O p=

Proof. From (10) we have a.s.

e = : ¥ e
r fUixg")=r1 f(;X)+ Ceg mi=2 (46)

i=1
rACG xe") = r 2 (x): (47)
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Next, with 2= (f(; x¢;") W)
1 X y
F ?I’ fA‘( » Xty )

i=1
1 Xt
ne

rosq Yo (s xe™)

r 2 sq Yo f( xe™) rofGxe™r FGxe™) T+ 200 xg )

i=1

where we have used the fact thd® = 1, andr 2f(; x;;") = r 2f ( ;x¢) from (47). Taking
expectation with respect to and using (46) we get

. . 1 X . § .
2B sy fixe™) = = Br FGxa™)r FGxe™)T+ 5 21 (ix)
t._
i=1 ! '
—1X1E rf('x)+cr>@ & . rf('x)+cr>@ & . + 01 2F (:xy)
- " y At eg 1=z | y At eg e t;i » At
L . iz M i=1 m?=4
X X oar f(x)T
= n. E-r f( xor f( ;Xt)T + Creg Im%"i
Uiz =1y
X f(ix)el X X gel .
*+ Creg %"i + Crog P+ o 2E(x)
A m o m
i=1 i=1 j=1
1 X
== f(x)r f( ;xt)T+pc$%gl+‘8ir2f( P Xt)
Uiz

where the last equality follows from the fact thgt';] = 0 andE[";";] =0 fori 6 j andE[";"j] =1

fori = j and therefore ee = I, the identity matrix. Now consider any2 RP; kuk = 1. We
i=1
want to show that"r 2E-"sq yi; F(; X¢;") u> 0.
T, 2~ X ; Cre .
uTr 2B sq yu FUG X ") u= = hur £ (x)i%+ prkuk? + T 2 (x)u

Uiz
(a) Crzeg qCH

m m

® ﬁqEH

m
where(a) uses the fact thgt? sq and thatkr 2f ( ;x)kz £ holds with probability

1 22 from Proposition 1. Furthefh) uses the fact that,, = 2 s(Cn . Finally with a
union bound over; 2 [n¢];t 2 [T] and noting thati was arbitrary we conclude that with probability

1 ZIED  over the randomness of initializatid® “sq yi; f; x;") is -strongly convex
with = B 0
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D PROOF OFRESULTS FORCONTEXTUAL BANDITS (SECTION 4)

Theorem 4.1(Regret bound for NeuSquareCB Under Assumption 6 and 5 with appropriate choice
of the parameter , step-size sequen€e;g width m, and regularization parameteg,, with high

probabﬂlty over the randomness in the initialization gntgs , the regret forNeuSquareCBvith

=( T=o); 1= (1) isgivenbyRegs(T) O( KT).
Proof. Choosing = Ti and = P KT=(Rs¢(T)) +10g(2 T) in Theorem 1 of Foster and Rakhlin
(2020) we get:

q_ ——
E Regg(T) 4 KT qu(T)+8p KT In(2T) + 1

Using Theorem 4.1 we have with probability at leakt % for some absolute consta@t> 0,

E Regp(T) O(IO KT IogT)+8p KT In(2T) +1
0(p KT)

which completes the proof.

Theorem 4.2(Regret bound for NeuFastCB. Under Assumption 6 and 5 with appropriate choice
of the parameter , step-size sequenée;g width m, and regularization parameteg,, with high
probabﬂlty over the randomness in the |n|t|aI|za'[|onbaﬁthS 1, the regret forNgJFastCB\Mth

= ( =90); 1= (1) isgivenbyRegs(T) O( L K+ K);whereL = (_; Via, -

Proof. Choosing = max( P KL =3Rk.(T);10K) and using Theorem 1 from Foster and Krishna-
murthy (2021) we get

E Regs(T) —a0" T K R (T) + 600K R (T)

Using Theorem 4.2 we have with probability at leakt % for some absolute consta@t> 0,

| O
E Regg(T) O ( L KlogT)+600K O(logT)
O(pﬁ+ K)

which completes the proof. O

Remark D.1. A keen reader m'ght notice that tqg reduction in (Foster and Rakhlin, 2020)

requires us to controRs«(T) = =1 sq(Yt: %) t 1 sq(yt; h(xt)); but our regret guar-
antee is forRsq(T) in (12). However, note that in step-4 of the proof of Theorem 3.2 we
argued that tT=1 L(S? Vi: U7 % "s) il = O(1) and therefore our regret bound im-

P
plies [ “sqyi;%) O (logT) with v = XS) :x,;"&'S)  which immediately implies
Reg(T) O (log T): A similar argument follows for Foster and Krishnamurthy (2021).
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E INTERPOLATION WITH WIDE NETWORKS (PROOF OFTHEOREME. 1)

In this section, we focus on showing that under suitable assumptions, wide networks can interpolate
any given data. We assuméo be the squared loss throughout this subsection.

Theorem E.1. Under Assumptions 4 and 5, for ahy. X 7! [0; 1]and any set of inputs; 2 X ;t 2
[T], for f( ;X;) of the form equation 1, if the width = ( T*), there exists™ 2 B ( o)
with = ( TT) and ; = (1) , such that with probability at leasfl %) we have
f(7Xx¢) = h(x¢);8t 2 [T]; further, there exists 2 Bfm?( 0) such that with probability at
least(l #L*) we havef ( ; x;) = v, for any set oy, 2 [0;1];t 2 [T].

m

We start with an outline of the overall proof, which has four technical steps, some of which follow
from direct observations, assumptions, or existing results (especially on the NTK), and some require
new proofs.

1. Itis sufcient to prove the interpolation result showifi§ ; x;) = y; for anyy; as the result
for the interpolatiorf (; x;) = h(x;) follow as a special case with = h(x;). Further we
consider ; = 0 which immediately implies the result fog = (1) .

2. The interpolation analysis will utilize the fact that the NTK is positive de nite at initialization.
For simplicity, Assumption 5 (positive de nite NTK) takes care of this aspect for Theorem E.1,
with ¢ > 0 being the lower bound to minimum eigen-value of the NTK.

3.  To show existence of which interpolate$ ( ; x¢) = y;;t 2 [T], we in fact show that gradient
descent on least squares loss with suitably small step sapel suitably large widtm will
have geometrically decreasing cumulative square Ioss.pThe decreasing loss along with the fact

that the sequence of iteratgs2 Bfm?( o) with = ( —j); 1 =0, i.e., stay within the
closed ball, implies existence of2 B f“’*l’ (' 0) which interpolates the data.

4.  Two key properties need to be maintained as the gradJeIIt descent iterations proceed: rst, as
discussed above, the iterate2 Bf"’? (o) with = ( TT); 1 =0, i.e,, the iterates stay
within the ball; and second, the NTK corresponding to alheed to stay positive de nite. As
we will show, these two properties are coupled, and the geometric decrease of the loss helps in
the analysis of both properties.

We de ne

A X
)= uf(ix)); (48)

t=1

Lemma 1 (NTK condition per step). Under Assumptionq,’i and 4, for the gradient descent update
- ; Ny = T . 2\ .
t41 = ¢ tf L( t)fgrthe cumulative square los§ ) = _; (Yo f( ;Xn))owith ¢; 41 2
b . _ TN, _ . . 2(L+1) e .
Bf“’l( o) with = ( T)' 1 =0, with probability atleast 1 ===~ over the initialization
of model,

q
min (Knr (1)) (K () 4w 98P ¢ Y05 (49)

wherecy and%are as in Lemma 1.

Proof. Observe thaK ntk () = J( )J( ), where the Jacobian

2 . . 3
@f( ;x1) @f( ;x1)
D Ay
u):g T §2RT“““m”: (50)
@i ixa) = ... @i ixa)
o ooy
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where the parameter matrices are vectorized and the lastWa{fe) = v is ignored since we
will not be doing gradient descent on the last layer and its kept xed. Then, the spectral norm of the
change in the NTK is given by

KKntk (t+1)  Kinrk (0K,

I 1) I(D)ICD)

I e)@C) I @) IDICY
(KI( 1)Ky + KIC DK KI( 1) I( 00k,

(51)
Now, for any 2 Bf° ( o),

QU ixe) *@ g

KIOHKS kI = e,

n=1

where (a) follows from by Lemma 1. Assuming; t+1 2 B'fro?( 0), we have
kI ( 1)Ky s KI( 1)Ky T % so that from equation 51 we get

p_
KKntk (t41) Ktk (k2 TUI( t+1)  I( o)k, - (52)
Now, note that

kI( 1) J( 0k, Kk I( ) J( ke (53)

Y X ;
P @f t+1:%Xn) @ t;Xn) (54)

n=1 @ @ 2

(@) p_ ~x,
T sup @f (uxi) (@tz’x )k 1 1Ky

T 2

pi

(b)

%mTk 1 1Ky (55)
© G pf
(C
= P )
@ 2, Top 9 =

4BTI (1)

m

where (a) follows from the mean-value theoremwigl2 f (1 ) { + 4+ forsome 2 [0;1]g,

(b) follows from Lemma 1 sinc€ 2 BFrOb ( o), (c) follows from the gradient descent update, and
(d) follows from Lemma 3. Then, using” equation 52, we have

q
KKntk (t+1) Ktk (1)K, 4ey %Pﬁ ¢ o (56)
Then, by triangle inequality
min (KNTK ( t+1)) min (KnTk (1)) K Knrk ((t+1) Ktk (0K,

(@ T 9%
min (KnTk (1)) 4cH %Pﬁ t ()

where (@) follows from equation 56. That completes the proof. O

Theorem E.2 (Geometric convergence: Unknown Desired Logs Under Assumptions 4 and
E, consider the gradient descent update; = tr “( t) for the cumulative Iosé\( ) =
ne (Vi F(5xi))? with step size

= < min ii
t — Ny 0
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with as in Lemma 4. Then, choosing width= Q and depthL = O(1), with probability at
0

p_—
2(Lm+1) ,we havef g BT (o) with = ( TT) 1 =0, and for evenyt,

Tw) @ 0 Vo) (57)

least 1

Proof. First note that with probability at leastl % , all the bounds in Theorem 1, Lemma 2,

and Corollary 3 hold, and so does Lemma 1, since its proof uses these bounds.

Further, we note that fdr = O(1) we obtain the constant; = O((1+ 1)(1+(4 o+ p=)°®)) =
O(1) foIIowmg Lemma 1 smce 1 = 0, where the last equality follows from the fact that=
(1 ) > (1 ) and = ( —T) We willusecy ¢, for some suitable constaot > 0.

We also note thatd = O((1+ 2(1+ 1)?(L+ 2L*D). Then, using the fact that, = O(1),
= ( T), 1=0andm = ( 74) > (1), we obtain tha#% = O(1). We will use% ¢ for
some sunable constagd > 0.

Finally, we observe that ;. = O((L+ 2%)(1+ ')) (see de nitionin Lemma 2). Then, taking the

de nition of  (as in Lemma 4), we have that= b% + p-O(poly(L)(1+ 3-)(1+ $%). Again,

in a similar fashion as in the analysis of the expressipnand% we have that in our problem setting
= O(1) since ; =0. We will use ¢4 for some suitable constaot > 0.

We now proceed with the proof by induction. First, for 1, we show that, based on the choice of
the step size,; 2 Bf"”l’ ( o) for 1 =0. To see this, note that
o oy @ d
k1 oka= kr "(ok2 2% (o)

[
b) o Tco
2%p TCos,=2% 0&
0 0
T (©
2&3 Co:4 o —— ;
0

p—
where (a) follows from Lemma 3, (b) from Lemma 2, (c) follows since ( —OT) and ;=0 so

the last layer is not getting updated. Hence?2 B F“’? ( 0).- We now take the smoothness property
from Lemma 4, and further obtain
T
T Mo ho or Toi+ ki ok
(a) 2 2T 2

T
2

(b) 2 (c) . (58)

> Ktk (0)°9
in (Ko (o)) K9G

)

=) Ty @ oo

where (a) follows from the gradient descent update; (b) follows from our choice of step-siZﬁL

=1 o)

(d)

3 04°( 0)

N

sothat (1 TT) %; (c) follows from the following property valid for any iterate 2 RP,
0, 2 X\I ~0 ’ X\l X\l <0 ~0 . ~or ~0
r-'(o = tn T f(uxn) = tn t;nOhr f(oXn)ir f( ¢ Xno)i = t KNTK(t)t;
2 n=1 2 n=1 n0=1
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where'?:= [0, 12 RV, with "2, = 2(yi  f( ixn)) and'en =(¥n  f( 1ixn))?; (d) follows
from the de nition of minimum eigenvalue; and (e) follows from the following property valid for any
iterate ; 2 RP,

<02 X @ X 2 A,
ktk; = tn =4 (Yo f(uxa))=47(1): (59)
n=1 n=1
Notice that, from our choice of step-size io we have that 02 (0;1).

Continuing with our proof by induction, we take the following induction hypothesis: we assume that
T @ o o (60)
andthat 2 BT ( g)with ;=0for t.

First, based on the choice of the step sizes, we show that2 B 7P . (o) with 1 =0. To see this,
note that, using similar inequalities as in our analysis for the Cask,

Xt Xt N Xt d—
K1 oka K +1 ko = ke (ko 2% ( )

=0 =0 =0

Xt q A
(a) —» T a ( 0)
0

=0

(b) 40/? o) pT(C)
0

_ 40/800;40—
0

where (a) follows from our induction hypothesis, (b) follows frqms— % forx < io and

(c) follows since = ( )

Now, we have

(a) T 9-
min (Kntk (1)) min (Kntic (¢ 1)) 4cH %Fﬁ (t 1)

T X927
min (Knt )( o) 4cn % P— ()

(b) T X o
o 4c9% P (1 0) ~? o)
=0
q A\,
T (o)
8c,% —p— B
0 2 P 1 P71 -
(c) T3:2 C
p_—p—
0 m1l 1 0
2cT 32
0 o m

where (a) follows from Lemma 1, (b) follows by the induction hypothesis, and (c) follows with
c=8P i 621,
= Co; ,Cs. Then, withm 1 = we have

min (Kntk (1)) 0=2: (61)
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Since ¢; 41 2 Bfmkl’ ( o) with ; =0, we now take the smoothness property and further obtain,
using similar inequalities as in our analysis for the dasel ,

. T
A( t+1) A( 1) h a1 s A( t)|+7kt+1 tkﬁ

() N 2 2T A 2
r + r
(), *+—— 1 (0,
T N 2
= 1 - r
5 (0

0> . 62
E?KNTK(’()? (62)

min (Kntk (1)) K k3

NI

(b 0,0
534 (1)

=) Tw) @ o

where (a) follows from the gradient descent update and (b) from our recently derived result. That
establishes the induction step and completes the proof. O
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F RELATED WORK

Contextual Bandits: The contextual bandit setting with linear losses has received extensive attention
(see for eg. Abe et al., 2003; Chu et al., 2011; Abbasi-Yadkori et al., 2011; Agrawal and Goyal, 2013;
Ban and He, 2020; 2021). Owing to its remarkable success, Lu and Van Roy (2017); Zahavy and
Mannor (2020); Riquelme et al. (2018) adapted neural models to the contextual bandit setting. In
these initial works all but the last layers of a DNN were utilized as a feature map to transform contexts
from the raw input space to a low-dimensional space and a linear exploration policy was then learned
on top of the last hidden layer of the DNN. Although these attempts have yielded promising empirical
results, no regret guarantees were provided. Subsequently (Zhou et al., 2020) introduced the rst
neural bandit algorithm with provable regret guarantees that uses a UCB based exploration and Zhang
et al. (2021) further extended it to the Thompson sampling approach. Both these approaches rely
on Kernel bandits (Valko et al., 2013) and have a linear dependence on effective dingsoktbe

(NTK) Neural Tangent Kernel (see Allen-Zhu et al., 2019b; Jacot et al., 2018; Cao and Gu, 2019b).
Moreover both these algorithms require the inversion of a matrix of size equal to the number of
parameters in the model at each step of the algorithm. Recently, Ban et al. (2022b) attained a regret
bound independent @f, but makes distributional assumptions on the context. (Qi et al., 2022; 2023;
Ban et al., 2021; 2022a) shows the successful application of neural bandits on the recommender
systems.

Overparameterized Models: Considerable progress has been made in understanding the expressive
power of Deep Neural Networks in the overparameterized regime (Du et al., 2019; Allen-Zhu et al.,
2019b;a; Cao and Gu, 2019b; Arora et al., 2019a). It has been shown that the dynamics of the
Neural Tangent Kernel always stays close to random initialization when the network is wide enough
(Jacot et al., 2018; Arora et al., 2019b). Further Cao and Gu (2019b) demonstrate that the loss
function of neural network has the almost convexity in the overparameterized regime while Liu
et al. (2020; 2022); Frei and Gu (2021); Charles and Papailiopoulos (2018) study neural models
under Polyak-Lojasiewicz (PL) Type conditions (Polyak, 1963; Lojasiewicz, 1963; Karimi et al.,
2016). Recently, Banerjee et al. (2023) provided a bound on the spectral norm of the Hessian of the
netowrk over a larger layerwise spectral norm radius ball (in comparison to Liu et al. (2020)) and
show geometric convergence in deep learning optimization using restricted strong convexity. Our
regret analysis makes use of these recent advances in deep learning.

G DETAILS OF EXPERIMENTS

Baselines.We choose four neural bandit algorithms: (1) NeuralUCB (Zhou et al., 2020) maintains a
con dence bound at every step using the gradients of the network and selects the most optimistic arm.
(2) NeuralTS (Neural Thompson Sampling) (Zhang et al., 2021) estimates the rewards by drawing
them from a normal distribution whose mean is the output of the neural network and the variance is a
quadratic form of the gradients of the network. The arm with the maximum sampled reward from
this distribution is selected. (3) EE-Net (Ban et al., 2022b): In addition to employing an Exploitation
network for learning the output function, it uses another Exploration network to learn the potential
gain of exploring in relation to the current estimated reward. (4) NeuralEpsilon employgteedy
strategy: with probabilityl it chooses the arm with the maximum estimated reward generated by
the network and with probability it chooses a random arm.

Datasets.We consider a collection of 6 multiclass classi cation based datasets frooptvemtorg
platform: covertype, fashion, MagicTelescope, mushroom, Plants and shuttle. Following the evalua-
tion setting of existing works (Zhou et al., 2020; Ban et al., 2022b), given an iqpitRY for a

K -class classi cation problem, we transform it ind& dimensional context vectors for each arm:

de ned asl if the index of selected arm equals ground-t’ruth class; otherwise, the rewardis

Architecture: Both NeuSquareCBandNeuFastCBuse a 2-layered RelLu network with 100 hid-

den neurons. The last layer MeuRIGuses a linear activation whildeuFastCBuses a sigmoid.
Following the scheme in Zhou et al. (2020) and Zhang et al. (2021) we use a diagonal matrix ap-
proximation in both NeuralUCB and NeuralTS to save computation cost in matrix inversion. Both
use a 2-layered ReLu network with 100 hidden neurons and the last layer uses a linear activation.
We perform a grid-search over the regularization parametsfer(1; 0:1; 0:01) and the exploration
parameter over(0:1;0:01;0:001). NeuralEpsilon uses the same neural architecture and the ex-
ploration parameter is searched ove:1; 0:05; 0:01). For EE-Net we use the architecture from
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