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Abstract

We study the problem of minimizing non-convex functionals on the space of
probability measures, regularized by the relative entropy (KL divergence) with
respect to a fixed reference measure, as well as the corresponding problem of
solving entropy-regularized non-convex-non-concave min-max problems. We
utilize the Best Response flow (also known in the literature as the fictitious play
flow) and study how its convergence is influenced by the relation between the
degree of non-convexity of the functional under consideration, the regularization
parameter and the tail behaviour of the reference measure. In particular, we
demonstrate how to choose the regularizer, given the non-convex functional, so
that the Best Response operator becomes a contraction with respect to the L1-
Wasserstein distance, which ensures the existence of its unique fixed point that
is then shown to be the unique global minimizer for our optimization problem.
This extends recent results where the Best Response flow was applied to solve
convex optimization problems regularized by the relative entropy with respect
to arbitrary reference measures, and with arbitrary values of the regularization
parameter. Our results explain precisely how the assumption of convexity can be
relaxed, at the expense of making a specific choice of the regularizer. Additionally,
we demonstrate how these results can be applied in reinforcement learning in the
context of policy optimization for Markov Decision Processes and Markov games
with softmax parametrized policies in the mean-field regime.

1 Introduction

We consider the problem of minimizing an entropy-regularized, non-convex functional F : P1(Rd) →
R over the Wasserstein space

(
P1(Rd),W1

)
, that is,

min
ν∈P1(Rd)

Fσ(ν), with Fσ(ν) := F (ν) + σKL(ν|ξ), (1)

where the function F is bounded below, i.e., infν∈P1(Rd) F (ν) > −∞, ξ ∈ P1(Rd) is a fixed
reference probability measure with finite first moment and σ > 0 is a regularization parameter,
while KL and W1 denote the KL-divergence (relative entropy) and the L1-Wasserstein distance,
respectively.

In recent years, there has been considerable interest in such problems, motivated by their applications
in machine learning, including the task of training two-layer neural networks (NNs) in the mean-field
regime [18, 33, 9, 10, 31, 37, 35] and Reinforcement Learning (RL) [1, 24, 43, 28]. In particular,
several works studied problem (1) in a setting where F is assumed to be convex, by utilizing various
gradient flows such as the Best Response/fictitious play flow [8, 32], the Wasserstein gradient flow
[18, 33], or the Fisher-Rao gradient flow [25].

In these works, the convergence of the flow to the minimizer of (1) holds for any value of σ > 0
(although the convergence rate may degenerate when σ approaches zero) and for an arbitrary reference
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measure ξ, which indicates that for a convex F , one needs to add any regularization to ensure
convergence. The exact form of the regularizer matters only for the convergence rate, but not for the
sheer fact that the convergence holds. In the present paper we focus on the Best Response flow and
we make an observation that, in order to ensure its convergence, the assumption about the convexity
of F is superfluous. One can demonstrate convergence for a non-convex F , as long as a specific
choice of an appropriate regularizer is made. This will be precisely characterized by a formula that
links the degree of non-convexity of F, the value of σ and the first moment of the reference measure ξ,
see (10) in Section 2 and the discussion therein. Hence we extend the results from [8] to non-convex
functions F .

On the other hand, as motivation for this extension, we study applications in RL in the context of
policy optimization for Markov Decision Processes (MDPs) with softmax parametrized policies with
single-hidden-layer neural network in the mean-field regime [1, 24, 43, 28]. In order to explain the
main ideas, let us focus on the simplified setting of a one-state MDP (also known in the literature as
the bandit problem [1, 30]; for the general setting, see Section 2.2), where our goal is to minimize the
function

F (ν) =

∫
A

c(a)πν(da), (2)

for a cost function c : A → R, where A is a Polish space denoting the player’s action space and
the measure πν represents the policy. Note that in the context of the bandit problem, one typically
considers the goal of maximizing the reward, but here for the sake of notational consistency with
[8] and the related optimization literature discussed above, we consider the equivalent problem of
minimizing the cost. In the setting of (2), for any measure ν ∈ P1(Rd), the mean-field softmax
policy πν ∈ Pη(A) is defined by

πν(da) ∝ exp

(∫
Rd

f(z, a)ν(dz)

)
η(da), (3)

where Pη(A) denotes the set of probability measures that are absolutely continuous with respect to
the strictly positive finite reference measure η on A. In formula (3), the function

P1(Rd)×A ∋ (ν, a) 7→
∫
Rd

f(z, a)ν(dz)

represents a mean-field neural network with a bounded, continuous, non-constant activation function
f : Rd × A → R, whereas ν ∈ P1(Rd) denotes a measure representing the parameters of the
network. For a detailed discussion about the mean-field approach to MDPs, see [24]. Note that the
normalization constant in (3) renders the objective in (2) non-convex. As a result, standard mean-field
optimization results [33, 9, 8, 25], which rely on the convexity of F do not guarantee convergence to
a global minimizer.

In this work, we address (1) using the Best Response flow, a learning algorithm originally proposed
in [14, 29] for computing Nash equilibria in games with finite-dimensional strategy spaces (see also
[16, 17] for the analysis of its convergence in that setting). Only recently has it been introduced
as an optimization method for minimizing entropy-regularized convex functionals over the space
of probability measures [8], and for computing mixed Nash equilibria (MNEs) in two-player and
multi-player zero-sum games with entropy-regularized convex-concave payoff functions [23, 21, 27].
The Best Response flow is defined by

dνt = α (Ψσ[νt]− νt) dt, ν|t=0 := ν0 ∈ P1(Rd), (4)

where α > 0 is the learning rate of the flow and Ψσ is the Best Response operator.
Definition 1.1 (Best Response operator). For any ν ∈ P1(Rd) and any σ > 0, define the Best
Response operator Ψσ : P1(Rd) → Pξ

1 (Rd) by

Ψσ[ν](dx) ∝ exp

(
− 1

σ

δF

δν
(ν, x)

)
ξ(dx). (5)

Here δF
δν (ν, ·) represents the flat derivative of F at ν ∈ P1(Rd) (cf. Definition F.1), whereas Pξ

1 (Rd)

is the space of probability measures on Rd that are absolutely continuous with respect to ξ and have
finite first moment. The Best Response operator (5) was introduced as part of the definition of the
flow (4) in [8], but it appeared also in [33, 9] under the name proximal operator as a tool for studying
convergence of mean-field Langevin dynamics.
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Remark 1.2. We note that there exists a dynamic known as the fictitious play flow (originally
proposed in [4] for finite-dimensional games), which is closely related to the flow (4), and which can
be interpreted as the best response computed with respect to the historical average of strategies. We
refer to [23, Remark 2.6] for a detailed comparison between the two flows in the context of mean-field
min-max problems.

Following [8, Definition 3], we observe that for a given ν ∈ P1(Rd) and σ > 0, the map Ψσ satisfies
the following variational representation:

Ψσ[ν] = argmin
ν′∈Pξ

1 (Rd)

{∫
Rd

δF

δν
(ν, x)(ν′ − ν)(dx) + σKL(ν′|ξ)

}
.

This is a direct consequence of the first-order condition characterizing the minimizers of mean-field
optimization problems (see [18, Proposition 2.5] and the discussion in [8, Section 3]). Hence Ψσ is
the unique minimizer (i.e., Best Response) of entropy-regularized linearization of F . As Proposition
C.1 will demonstrate, every minimizer ν∗σ of Fσ must satisfy the fixed-point equation ν = Ψσ[ν].

Our results in the MDP setting of Section 2.2 are closely related to [24], which considers the same
MDP under the assumption that ξ ∝ e−Uξ

, where Uξ : Rd → R is a measurable function, and
utilizes the Wasserstein gradient flow to solve (1). In the present paper we will demonstrate that,
compared to the results in [24], one can obtain exponential convergence to the minimizer for the Best
Response flow, under weaker assumptions than the ones required in [24] for the Wasserstein flow.
The comparison between our results and [24] will be discussed in detail in Section 2.3.

1.1 Non-convex-non-concave min-max problems

We extend our approach from the single-agent optimization setting to the two-player min-max setting
by studying an entropy-regularized, non-convex–non-concave, zero-sum game:

min
ν∈P1(Rd)

max
µ∈P1(Rd)

Fσν ,σµ(ν, µ), where Fσν ,σµ(ν, µ) := F (ν, µ)+σν KL(ν|ξ)−σµ KL(µ|ρ), (6)

with a function F : P1(Rd)× P1(Rd) → R, reference measures ξ, ρ ∈ P1(Rd) and regularization
parameters σν , σµ > 0. A solution (ν∗σν

, µ∗
σµ
) to (6) is referred to as a mixed Nash equilibrium

(MNE) and can be characterized by the condition

ν∗σν
∈ argmin

ν∈P1(Rd)

Fσν ,σµ(ν, µ∗
σµ
), µ∗

σµ
∈ argmax

µ∈P1(Rd)

Fσν ,σµ(ν∗σν
, µ).

Problem (6) arises in a variety of machine learning contexts, including the training of Generative
Adversarial Networks (GANs) [13, 42, 26, 22, 2, 5, 23], adversarial robustness [38] or Multi-Agent
Reinforcement Learning (MARL) [44, 12, 7, 21], and has been the subject of extensive theoretical
investigation. In particular, several works considered problem (6) under the assumption that F is
either bilinear or convex-concave, employing various gradient flow dynamics, including the Best
Response/fictitious play flow [23, 21], the Wasserstein gradient flow [26, 42, 13, 2, 5], and the
Fisher–Rao gradient flow [22]. Following the single-agent optimization setting presented above,
we consider the Best Response flow for (6) and demonstrate that the convexity-concavity of F
is not needed for convergence. Specifically, we show that convergence can still be guaranteed in
the non-convex-non-concave setting, provided that appropriately chosen regularizers are employed.
This relationship is made precise through a formula that connects the degree of non-convexity-non-
concavity of F, the regularization parameters σν and σµ, the first moments of the reference measures
ξ and ρ and, in comparison to the single-agent optimization case, additionally the learning rates of
the players’ flows αν and αµ. From this standpoint, our results can be interpreted as an extension
of the analysis in [23] to the case of non-convex-non-concave objective functions F with distinct
regularization parameters and learning rates for each player.

Another key motivation for investigating the non-convex–non-concave min–max problem stems from
applications in Multi-Agent Reinforcement Learning (MARL), particularly in the setting of policy
optimization for two-player zero-sum Markov games [7, 21]. Specifically, we extend the examples
presented in [21], which cover the convex–concave setting of a two-player zero-sum Markov game
without policy parametrization, to the more general case of non-convex–non-concave objective
functions with softmax parametrized policies, analogous to those encountered in the single-agent
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optimization framework presented above. A detailed comparison between our results and those of
[21] is provided in Section E.2. In the simplified setting of a two-player bandit problem, we take

F (ν, µ) =

∫
A

∫
A

c(a, b)πν(da)πµ(db) (7)

for a cost function c : A×A→ R, where A is the players’ action space. In (7), for any measures ν,
µ ∈ P1(Rd) the policies πν , πµ ∈ Pη(A) are given by (3) for πν and by an analogous formula for πµ.
Similarly to the single-agent bandit problem, the objective function F is non-convex-non-concave due
to the parametrization. As a result, existing mean-field optimization results for computing mixed Nash
equilibria (MNEs) in min–max games with convex–concave payoff functions [26, 5, 2, 23, 21, 22] do
not, in general, guarantee convergence to a global MNE.

Following the optimization setting, we tackle (6) by utilizing the Best Response flow, which is defined
as {

dνt = αν (Ψσν
(νt, µt)− νt) dt,

dµt = αµ

(
Φσµ(νt, µt)− µt

)
dt, (ν, µ)|t=0 = (ν0, µ0) ∈ P1(Rd)× P1(Rd),

(8)

where αν , αµ > 0 are the learning rates of each player and Ψσν
,Φσµ

are the Best Response operators
defined in Section B analogously to Definition 1.1. As Proposition C.4 will show, any MNE (ν∗σν

, µ∗
σµ
)

of Fσν ,σµ must satisfy the coupled fixed-point equations ν = Ψσν [ν, µ] and µ = Φσµ [ν, µ].

As showed in [23, Corollary 1], when αν = αµ = α, flow (8) converges exponentially at rate
O(e−αt) in KL divergence and TV2 distance to the unique MNE of (6), under the assumption that F
is convex-concave. A key observation is that the convergence rate depends solely on the learning rate
α and is independent of the regularization parameter σ = σν = σµ > 0. Our results extend those
of [23] by removing the convexity-concavity assumption on F, the requirement of uniform bounds
on the second-order flat derivatives of F, and allowing for different regularization parameters and
learning rates for each player. A detailed discussion about the differences between the single-agent
optimization and the min-max settings can be found in Remark 3.5.

1.2 Our contribution

Our results extend those of [8, 24] in the single-agent optimization setting, and [23, 21] in the
mix-max setting. We summarize our contribution as follows:

• In the general setting of the problem (1), we extend the analysis of [8] by addressing the
case where F is non-convex. In contrast to [8], we show in Theorem 2.3 that when σ > 0 is
sufficiently large, the Best Response map Ψσ : P1(Rd) → P1(Rd) becomes a contraction
in the L1-Wasserstein metric, which guarantees the existence of a unique global minimizer
for (1) (cf. Corollary 2.4). Moreover, in Theorem 2.5 we derive a stability estimate for
the flow, with respect to both the initial condition and the regularization parameter σ. As
a consequence, in Theorem 2.6 we obtain exponential convergence of the Best Response
flow to the unique minimizer in the L1-Wasserstein distance — an improvement over [8,
Theorem 9], which establishes convergence in the L1-Wasserstein metric without an explicit
rate. In the context of MDPs, compared to [24], we employ the Best Response flow instead
of the Wasserstein gradient flow and achieve a similar convergence rate under less restrictive
assumptions on F and Uξ. Hence our result can be interpreted as providing an alternative
method of choosing an optimal policy for MDPs with softmax parametrized policies in the
mean field regime. We also briefly discuss the implementation of the Best Response flow
in Section 2.4, however, a precise analysis of the corresponding numerical methods still
remains an open problem and is left for future work.

• We extend the results of [23] by removing the convexity-concavity assumption on F, the
requirement of uniformly bounded second-order flat derivatives and allowing for different
regularization parameters σν , σµ and learning rates αν , αµ for each player. Specifically, in
Theorem B.2, we prove that, when σν , σµ are sufficiently large, the joint Best Response
operator

(
Ψσν

,Φσµ

)
: P1(Rd) × P1(Rd) → P1(Rd) × P1(Rd) is a contraction with

respect to the L1-Wasserstein distance. Consequently, we show that the game (6) admits
a unique global MNE (cf. Corollary B.3). Additionally, in Theorem 3.3, we establish that
under this strong regularization regime, the Best Response flow (8) converges exponentially
in the L1-Wasserstein metric to the equilibrium. Lastly, in Subsection E.2, we illustrate
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how our theoretical results for min-max games apply to policy optimization in two-player
zero-sum Markov games, thereby generalizing the examples in [21, Section 5] from the
convex-concave to the non-convex-non-concave setting with softmax parametrized policies.

2 Assumptions and main results for single-agent optimization

In this section, we first introduce the necessary notations and assumptions used throughout the paper,
followed by our main results.

2.1 Notation and main results

By P1(Rd) we denote the space of probability measures with finite first moment. We equip P1(Rd)
with the L1-Wasserstein distance W1. The set P1(Rd) endowed with the topology induced by the
W1 distance is a complete separable metric space [40, Theorem 6.18]. Let B(Rd) denote the Borel
σ-algebra over Rd. For any measure ν on

(
Rd,B(Rd)

)
, the set of absolutely continuous measures in

P1(Rd) with respect to ν is denoted by Pν
1 (Rd). In particular, we will use this notation for ν = λ,

where λ is the d-dimensional Lebesgue measure. The Kantorovich–Rubinstein duality theorem [40,
Theorem 5.10] implies that for all ν, ν′ ∈ P1(Rd),

W1(ν, ν
′) = sup

ϕ∈Lip1(Rd)

∫
Rd

ϕ(x)(ν − ν′)(dx), (9)

where Lip1(Rd) denotes the space of all functions ϕ : Rd → R with Lipschitz constant equal to 1.
For ξ ∈ P1(Rd), the relative entropy KL(·|ξ) : P1(Rd) → [0,∞] with respect to ξ is given for any
ν ∈ P1(Rd) by

KL(ν|ξ) :=

{∫
Rd log

dν
dξ (x)ν(dx), if ν ∈ Pξ

1 (Rd),

+∞, otherwise.

and analogously for KL(·|ρ).
Assumption 2.1 (Lipschitzness and boundedness of the flat derivative). Assume that F ∈ C1 (cf.
Definition F.1) and there exist CF , LF > 0 such that for all ν, ν′ ∈ P1(Rd) and all x, x′ ∈ Rd, we
have ∣∣∣∣δFδν (ν, x)

∣∣∣∣ ≤ CF ,

∣∣∣∣δFδν (ν′, x′)− δF

δν
(ν, x)

∣∣∣∣ ≤ LF (|x′ − x|+W1(ν
′, ν)) .

Assumption 2.2. Assume that ξ(dx) := e−Uξ(x)dx1 for a measurable function Uξ : Rd → R such
that Uξ is bounded below and has at least linear growth, i.e.,

ess inf
x∈Rd

Uξ(x) > −∞, lim inf
x→∞

Uξ(x)

|x|
> 0.

We are ready to show that, under Assumptions 2.1 and 2.2, the Best Response map Ψσ : P1(Rd) →
P1(Rd) is W1-Lipschitz for any σ > 0, and becomes a contraction for sufficiently large σ.
Theorem 2.3 (L1-Wasserstein contraction). Let Assumptions 2.1, 2.2 hold. For any σ > 0, let

LΨσ,Uξ :=
LF

σ
exp

(
2CF

σ

)(
1 + exp

(
2CF

σ

))∫
Rd

|x|e−Uξ(x)dx > 0.

Then
W1 (Ψσ[ν],Ψσ[ν

′]) ≤ LΨσ,UξW1(ν, ν
′),

for any ν, ν′ ∈ P1(Rd). If

σ > 2CF + e(e+ 1)LF

∫
Rd

|x|e−Uξ(x)dx, (10)

then LΨσ,Uξ ∈ (0, 1), hence Ψσ : P1(Rd) → P1(Rd) is an L1-Wasserstein contraction.

1For simplicity, we assume that Zξ :=
∫
Rd e

−Uξ(x)dx = 1 since we adopt the convention that the potential
function Uξ is shifted by logZξ.
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Note that (10) is a condition that relates the degree of non-convexity of F , the regularization parameter
and the tail behaviour of the reference measure. Indeed, the convexity of F can be expressed in terms
of δF

δν as

F (ν′)− F (ν) ≥
∫
Rd

δF

δν
(ν, x)(ν′ − ν)(dx),

for any ν′, ν ∈ P1(Rd). Hence if F can be represented as F1 + F2, where F1 is convex and F2 is
non-convex, then the upper bound on

∣∣ δF2

δν

∣∣ will measure the degree of non-convexity of the problem.
Moreover, the quantity

∫
Rd |x|e−Uξ(x)dx is the first moment of the reference measure ξ. Evidently

from (10), making this quantity smaller helps to achieve contractivity of Ψσ and this corresponds to
choosing ξ with lighter tails (or equivalently, Uξ with higher growth).

Note that the lower bound on σ in condition (10) does not directly imply that the functional Fσ in
(1) is strongly convex, see Remark A.1 for details. Moreover, as shown in Remark A.1, enforcing
strong convexity of Fσ would require a lower bound on σ that is independent of the choice of ξ. In
contrast, a key insight of our work is that the proof of W1-contractivity of the Best Response operator
allows us to identify a link between σ and the reference measure ξ, given by (10), which ensures
convergence of the Best Response flow to the global minimizer of (1). This connection enables the
use of smaller values of σ when ξ is chosen appropriately.

Having proven that Ψσ is an L1-Wasserstein contraction in the high-regularization regime, we can
conclude that it has a unique fixed point. Combining this with the fact that any minimizer of (1) has
to be a fixed point of Ψσ , we arrive at the following corollary.

Corollary 2.4 (Existence and uniqueness of the minimizer). Let Assumptions 2.1, 2.2 hold. If (10)
holds, then (1) has a unique global minimizer.

The proofs of Theorem 2.3 and Corollary 2.4 can be found in Section A. Before presenting the
stability estimate for the flow, both with respect to the initial condition and the regularization
parameter σ, we note that Proposition C.2 ensures the existence and uniqueness of a solution
(νt)t≥0 ∈ C

(
[0,∞];P1(Rd)

)
to the Best Response flow (4).

Theorem 2.5 (Stability of the flow with respect to σ and ν0 in W1). Let Assumptions 2.1, 2.2 hold. Let
(νt)t≥0, (ν

′
t)t≥0 ⊂ P1(Rd) be the solutions of (4) with parameters σ, σ′ > 0 and initial conditions

ν0, ν
′
0 ∈ Pλ

1 (Rd), respectively. Let ν∗σ, ν
∗
σ′ be the unique minimizers of (1) with parameters σ, σ′,

respectively. Let

LΨ,σ,σ′,Uξ :=
CF

σσ′ exp

(
CF

(
min{σ, σ′}+ 1

σ′

))(
1 + exp

(
2CF

σ

))∫
Rd

|x|e−Uξ(x)dx > 0.

If (10) holds, then for all t ≥ 0,

W1(νt, ν
′
t) ≤ e−αt(1−L

Ψσ,Uξ)W1(ν0, ν
′
0) + |σ′ − σ|

LΨ,σ,σ′,Uξ

1− LΨσ,Uξ

(
1− e−αt(1−L

Ψσ,Uξ)
)
,

W1(ν
∗
σ, ν

∗
σ′) ≤ |σ − σ′|

LΨ,σ,σ′,Uξ

1− LΨσ,Uξ

.

An immediate consequence of Theorem 2.5 is our main convergence result for single-agent optimiza-
tion.

Theorem 2.6 (Convergence of (4) in the high-regularized regime). Let Assumptions 2.1,2.2 hold. Let
(νt)t≥0 ⊂ P1(Rd) be the solution of (4) with parameter σ > 0 and initial condition ν0 ∈ Pλ

1 (Rd).
If (10) holds, then for all t ≥ 0,

W1(νt, ν
∗
σ) ≤ e−αt(1−L

Ψσ,Uξ)W1(ν0, ν
∗
σ).

We next show how our general results can be applied to the MDP setting of [24], followed by a
detailed comparison with their work, and conclude Section 2 with a numerical scheme for the Best
Response flow (4) in the bandit case.
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2.2 Markov Decision Processes

We demonstrate how our results on single-agent optimization can be applied to infinite-horizon
discounted MDPs studied in [1, 24]. We refer the reader to [34, 3, 15] for a thorough introduction to
MDPs.

We consider an MDP defined by the seven-tuple M = (S,A, P, c, δ, τ, η) with Polish spaces S and
A representing the state and the action space, respectively, a transition kernel P : S ×A→ P(S), a
cost function c ∈ Bb(S × A), a discount factor δ ∈ [0, 1), a regularization parameter τ > 0 and a
fixed reference measure η ∈ M+(A). For a discussion on possible choices of η, see Remark E.4.
Below we follow the kernel notation from [24] (see also Section D), i.e., we denote P ∈ P(S|S×A),
which means that P (·|s, a) ∈ P(S) for any (s, a) ∈ S × A, and similarly we consider policies
π ∈ P(A|S), i.e, π(·|s) ∈ P(A) for any s ∈ S.

While prior works such as [1, 24] focus on maximizing expected rewards, we adopt a cost minimiza-
tion perspective to remain consistent with the general optimization framework in (1). In an MDP,
at each time step, the agent observes a state s ∈ S, and based on this state, it chooses an action
a ∼ π(·|s) according to the policy. Then the environment returns a cost c(s, a) and transitions to a
new state s′ ∼ P (·|s, a) according to the transition kernel.

For a given policy π ∈ Pη(A|S) and s ∈ S, define the τ -entropy regularized expected cumulative
cost by

V π
τ (s) := Eπ

s

[ ∞∑
n=0

δn
(
c(sn, an) + τ log

dπ

dη
(an|sn)

)]
∈ R,

where Eπ
s denotes the expectation over the state-action trajectory (s0, a0, s1, a1, ...) generated by

policy π and kernel P such that s0 := s, an ∼ π(·|sn) and sn+1 ∼ P (·|sn, an), for all n ≥ 0. For
any measure γ ∈ P(S) and any policy π ∈ P(A|S), we rigorously define Eπ

γ in Appendix D. For a
given initial distribution γ ∈ P(S), the agent’s goal is to solve

min
π∈Pη(A|S)

V π
τ (γ), with V π

τ (γ) :=

∫
S

V π
τ (s)γ(ds). (11)

Due to τ -strong-convexity of the value function π(·|s) 7→ V π
τ (s), it follows from [24, Theorem 2.1]

(see also [18, Proposition 2.5]) that (11) admits a unique policy π∗
τ ∈ Pη(A|S) independent of γ

such that

π∗
τ (da|s) ∝ exp

(
−1

τ
Q

π∗
τ

τ (s, a)

)
η(da),

where for all π ∈ Pη(A|S), the state-value function is defined by

Qπ
τ (s, a) = c(s, a) + δ

∫
S

V π
τ (s′)P (ds′|s, a). (12)

To prevent the agent from having to search for the optimal policy π∗
τ (·|s) at each state s ∈ S over the

entire space of probability measures Pη(A), the expression of π∗
τ suggests that it suffices to search

for the minimizer of (11) among the class of softmax policies
{
πν(·|s)|ν ∈ P1(Rd)

}
⊂ Pη(A),

where for each ν ∈ P1(Rd), the kernel πν ∈ Pη(A|S) is defined by

πν(da|s) ∝ exp (fν(s, a)) η(da) (13)

and
fν(s, a) :=

∫
Rd

f(θ, s, a)ν(dθ)

is a mean-field neural network with f : Rd × S ×A→ R denoting a bounded, differentiable, non-
constant activation function and ν ∈ P1(Rd) denoting a measure which represents the parameters
of the network. Note that various activation functions such as softplus, tanh, sigmoid satisfy these
assumptions.

Assuming that the policy πν(·|s) is of the softmax form (13) for all states s ∈ S, the agent’s objective
is now to learn the optimal distribution of the network’s parameters which solve the problem

min
ν∈P1(Rd)

V πν
τ (γ).
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Due to the normalization constant in (13), the value function ν 7→ V πν
τ (γ) is non-convex (see also

[30]). Therefore, one should not expect convergence of gradient flows to a global minimizer unless
further entropic regularization at the level of the network’s parameters is added, which leads us to
consider our initial optimization problem (1) with F (ν) := V πν

τ (γ) and an appropriately chosen
regulariser. Note that, in contrast to the general MDP problem presented above, in the bandit problem
the actions and the cost are state-independent and the general setting of (11)-(13) simplifies to the
setting (2)-(3) presented in Section 1.

In Proposition E.3 we will verify that the function F (ν) := V πν
τ (γ) satisfies Assumption 2.1 and

hence all our main results (Theorem 2.3, Corollary 2.4, Theorem 2.5) and Theorem 2.6 apply to the
minimization problems (1) corresponding to energy functions Fσ(ν) := V πν

τ (γ) + σKL(ν|ξ) for
any reference measure ξ satisfying Assumption 2.2. In particular, we will provide explicit expressions
for the constants CF and LF that appear in Assumption 2.1, in terms of the parameters of the MDP
under consideration, and we will explain how to choose these parameters to ensure that the crucial
condition (10) is satisfied, cf. Remark E.4.

2.3 Comparison to the Wasserstein gradient flow

Our work is closely related to [24], which also considers the MDP presented in Section 2.2, and aims
to minimize the function ν 7→ V πν

τ (γ) + σKL(ν|ξ) with ξ ∝ e−Uξ

. In [24, Theorem 2.12], it is
shown that the Wasserstein gradient flow (νt)t≥0 defined by

∂tνt = ∇ ·
((

∇δF

δν
(νt, ·) + σ∇Uξ

)
νt

)
+ σ∆νt, ν|t=0 := ν0 ∈ P2(Rd), (14)

converges exponentially at rate O(e−βt) to the unique global minimizer of (1) in the L2-Wasserstein
distance, provided that σ > 0 is sufficiently large relative to the regularity constants of F and Uξ.

More precisely, the convergence rate β := σκ − C2 − L is determined by the strong convexity
constant κ > 0 of Uξ, i.e.,(

∇Uξ(x′)−∇Uξ(x)
)
· (x′ − x) ≥ κ|x′ − x|2,

the uniform bound C2 > 0 on the Hessian of the flat derivative of F and the Lipschitz constant L > 0
of the map ν 7→ ∇ δF

δν (ν, ·) with respect to the L1-Wasserstein distance, i.e.,∣∣∣∣∇2 δF

δν
(ν, ·)

∣∣∣∣ ≤ C2,

∣∣∣∣∇δF

δν
(ν′, ·)−∇δF

δν
(ν, ·)

∣∣∣∣ ≤ LW1(ν
′, ν).

In principle, choosing either σ or κ sufficiently large relative to C2 and L ensures that β > 0.
However, additional assumptions on Uξ required for the well-posedness of the flow (14), such as
Lipschitzness and at most linear growth of ∇Uξ, impose an upper bound on κ (see Assumptions 2.5,
2.8 in [24]). Consequently, the quadratic potential Uξ(x) = |x|2 becomes essentially the only viable
choice.

In contrast, under significantly weaker regularity assumptions on F and Uξ, we establish exponential
convergence of the Best Response flow to the unique global minimizer of (1) in the L1-Wasserstein
distance, with rate O

(
e−α(1−L

Ψσ,Uξ)t
)
, provided that σ > 0 is sufficiently large. In particular,

taking

σ > 2CF + e(e+ 1)LF

∫
Rd

|x|e−Uξ(x)dx,

where CF , LF > 0 are the constants in Assumption 2.1 ensures that

LΨσ,Uξ :=
LF

σ
exp

(
2CF

σ

)(
1 + exp

(
2CF

σ

))∫
Rd

|x|e−Uξ(x)dx < 1.

Furthermore, in comparison to [24], we only require Uξ to be bounded below and to have at least
linear growth (cf. Assumption 2.2). Therefore, selecting a potential Uξ with sufficiently rapid growth
can effectively reduce the lower bound required on σ.

Regarding the possible choice of α, we would like to remark that, while in the continuous-time
setting, a larger value of α > 0 may accelerate the convergence rate of (4), it was shown in [32,
Theorem 7] that convergence of explicit Euler discretization of the flow is only guaranteed as long as
the step size τ > 0 satisfies ατ ≤ 1, effectively imposing a restriction on the range of α.
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2.4 Numerical simulation

We now describe a numerical scheme for the Best Response flow (4) in the bandit setting (S = ∅ in
Section 2.2). The idea is to update the parameter distribution ν of the mean-field neural network in
(13) using a two-loop Langevin particle algorithm.

The algorithm takes as input the cost function c, activation function f , potential Uξ and reference
measure η (as in Remark E.4), together with the regularization parameter σ prescribed by (10) (with
CF , LF from Proposition E.3), the regularization τ > 0, the initial distribution of parameters ν0,
outer and inner step sizes hout, hin, horizons T,K, learning rate α > 0 and number of parameters N .

In the outer loop, we approximate νt by the empirical measure

νNt (dθ) =
1

N

N∑
i=1

δθi
t
,

where (θit)
N
i=1 are the network parameters. Since Ψσ[ν

N
t ] has the exponential form (5), we compute

it via an inner-loop Langevin dynamics. For K steps,

θit,k+1 = θit,k − hin

(
∇θ

δVτ
πν

δν
(νNt , θ

i
t,k) + σ∇θU

ξ(θit,k)

)
+
√
2hinσN i

t,k,

for i = 1, ..., N, where
(
N i

t,k

)N
i=1

are i.i.d normally distributed random variables and hin > 0 is the

step size. Note that δV πν
τ

δν (ν, ·) is explicitly computed in Lemma E.2. For K large enough, we set

Ψσ[ν
N
t ] =

1

N

N∑
i=1

δθi
t,K
.

The Best Response flow (4) can be computed in the outer loop via the Euler step

νNt+1 = (1− αhout)ν
N
t + αhoutΨσ[ν

N
t ],

where hout > 0 is the step size. The algorithm outputs νNT , which by Theorem 2.6 converges in
W1 to ν∗σ, provided that T,N are sufficiently large, yielding a near-optimal policy πνN

T
≈ π∗

τ . The
description of the algorithm is summarized in Algorithm 1 in Appendix E.

The continuous-time analysis omits a key feature of the algorithm. In continuous time, as expressed
in condition (10), the parameter σ is determined solely by the cost function c, activation f, potential
Uξ, regularization τ and reference measure η (cf. Proposition E.3). By contrast, in discrete time one
must also account for the interaction of σ with the step sizes hin and hout. A rigorous analysis of this
discrete-time scheme lies beyond the scope of the present paper and will be studied in future work.

3 Assumptions and main results for min-max problems

We now turn our attention to the class of min-max problems given by (6). We start with the
necessary assumptions, and then formulate the main results. Let us first consider the metric space
(P1(Rd)× P1(Rd), W̃1) equipped with the L1-Wasserstein distance

W̃1 ((ν, µ), (ν
′, µ′)) := W1(ν, ν

′) +W1(µ, µ
′),

for any (ν, µ), (ν′, µ′) ∈ P1(Rd)× P1(Rd).

Assumption 3.1 (Lipschitzness and boundedness of the flat derivative). Assume that F ∈ C1 (cf.
Definition F.1) and there exist CF , C̄F , LF , L̄F > 0 such that for all ν, µ, ν′, µ′ ∈ P1(Rd) and all
x, y, x′, y′ ∈ Rd, we have∣∣∣∣δFδν (ν, µ, x)

∣∣∣∣ ≤ CF ,

∣∣∣∣δFδν (ν′, µ′, x′)− δF

δν
(ν, µ, x)

∣∣∣∣ ≤ LF

(
|x′ − x|+ W̃1 ((ν, µ), (ν

′, µ′))
)
,∣∣∣∣δFδµ (ν, µ, y)

∣∣∣∣ ≤ C̄F ,

∣∣∣∣δFδµ (ν′, µ′, y′)− δF

δµ
(ν, µ, y)

∣∣∣∣ ≤ L̄F

(
|y′ − y|+ W̃1 ((ν, µ), (ν

′, µ′))
)
,
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Assumption 3.2. Assume that ξ(dx) := e−Uξ(x)dx and ρ(dy) := e−Uρ(y)dy for measurable
functions Uξ, Uρ : Rd → R such that Uξ, Uρ are bounded below and have at least linear growth,
i.e.,

ess inf
x∈Rd

Uξ(x) > −∞, ess inf
y∈Rd

Uρ(y) > −∞, lim inf
x→∞

Uξ(x)

|x|
> 0, lim inf

y→∞

Uρ(y)

|y|
> 0.

In Theorem B.2 we show that, under Assumptions 3.1 and 3.2, the pair of Best Response maps(
Ψσν ,Φσµ

)
: P1(Rd)× P1(Rd) → P1(Rd)× P1(Rd) is W̃1-Lipschitz for any σν , σµ > 0, and for

sufficiently large σν , σµ (cf. conditions (29)-(30)) becomes a contraction on
(
P1(Rd)×P1(Rd), W̃1

)
.

Having proven that
(
Ψσν

,Φσµ

)
is an L1-Wasserstein contraction in the high-regularization regime,

we can conclude that it has a unique fixed point. Combining this with the fact that any MNE
of (6) has to be a fixed point of

(
Ψσν

,Φσµ

)
, we arrive at uniqueness of the MNE of (6) via

Corollary B.3. Proposition C.5 ensures the existence and uniqueness of a solution (νt, µt)t≥0 ∈
C
(
[0,∞];P1(Rd)× P1(Rd)

)
to the Best Response flow (8).

Subsequently, we prove in Theorem B.4 a stability estimate for the flow, both with respect to the
initial condition and the regularization parameters σν , σµ. An immediate consequence of Theorem
B.4 is our main convergence result for min-max problems.

Theorem 3.3 (Convergence of (8) in the high-regularized regime). Let Assumptions 3.1,3.2 hold.
Let (νt, µt)t≥0 ⊂ P1(Rd)× P1(Rd) be the solution of (8) with parameters σν , σµ > 0 and initial
condition (ν0, µ0) ∈ Pλ

1 (Rd)× Pλ
1 (Rd). If (41) and (42) hold, then for all t ≥ 0,

W̃1

(
(νt, µt), (ν

∗
σν
, µ∗

σµ
)
)
≤ e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

))
W̃1

(
(ν0, µ0), (ν

∗
σν
, µ∗

σµ
)
)
.

Remark 3.4. Note that, similarly to the case of single-agent optimization, the Wasserstein contractiv-
ity of the Best Response flow in Theorem B.2 does not depend on the choice of the learning rates αν ,
αµ, however, these rates influence the stability estimates and convergence rates of (8) in Theorems
B.4 and 3.3. Unlike in the single-agent case, in the min-max setting, in the stability and convergence
results we work with learning rate-dependent counterparts of the lower bounds on σν , σµ. Note that
(41)-(42) imply (29)-(30) since αν , αµ ≥ min{αν , αµ}. Moreover, in the case where α := αν = αµ,
(29)-(30) and (41)-(42) coincide.

Remark 3.5. Evidently, our results for the min-max problems (6) are a direct counterpart to our
results for the minimization problem (1). However, working with the Best Response flow in the context
of min-max problems leads to additional difficulties compared to its application in single-agent
optimization.

We note that each player is allowed to have distinct regularization parameters, σν and σµ, as well as
different learning rates, αν and αµ. The presence of differing learning rates, in particular, plays a
significant role in determining suitable regularizers to ensure convergence (cf. Theorems B.4, 3.3), in
contrast to the single-agent setting, where the choices of σ and α are independent, and the choice of
α is unrestricted in the continuous-time setting, cf. the remark at the end of Section 2.3.

Problem (1) was previously examined in [8] under the assumption that F is convex. It was shown
that the Best Response flow (4) exhibits exponential convergence in the value function Fσ at rate
O(σe−αt) for any σ > 0. Subsequently, [23] extended the results of [8] to the min–max setting (6),
assuming F is convex–concave and choosing σ := σν = σµ. It was proved that the Best Response
flow (8) with α := αν = αµ converges exponentially at rate O(e−αt) in both KL divergence and
TV2 distance, and at rate O(σe−αt) in the Nikaidó–Isoda (NI) error (see [23, Subsection 1.2]).
However, [23] did not analyze convergence in terms of the Wasserstein distance.

The present work significantly generalizes the findings of [23]. We show that exponential convergence
to the MNE can be achieved without assuming convexity–concavity of F , while also allowing for
different regularization parameters σν , σµ and learning rates αν , αµ for each player. Notably, the
convergence result in [23, Theorem 2] fundamentally relies on the fact that the players update their
strategies at the same rate, i.e., αν = αµ, whereas Theorem 3.3 establishes that this condition is not
necessary.
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [NA]
Justification: The paper does not include experiments requiring code.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
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Answer: [NA]

Justification: The paper does not include experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: The paper does not include experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: The paper does not include experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
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Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We reviewed the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [NA]
Justification: This is a theory paper.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.
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• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proofs of the main results in Section 2

In this section we present the proofs of the results from Section 2. We start with the proof of Theorem
2.3.

Proof of Theorem 2.3. The proof is an adaptation of [8, Proposition 14, Corollary 15] for the L1-
Wasserstein distance. We give the proof in two steps.

Step 1: First, we show that the the Best Response map Ψσ[ν] belongs to P1(Rd), and that dΨσ [ν]
dξ (x)

is uniformly bounded from below and above. From Assumption 2.1, we have

exp

(
− 1

σ
CF − Uξ (x)

)
≤ exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
≤ exp

(
1

σ
CF − Uξ (x)

)
. (15)

Integrating over Rd and using the fact that
∫
Rd e

−Uξ(x)dx = 1, we obtain

exp

(
−CF

σ

)
≤ Zσ(ν) :=

∫
Rd

exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
dx ≤ exp

(
CF

σ

)
. (16)

Thus, we obtain

kΨσ
e−Uξ(x) ≤ Ψσ[ν](x) ≤ KΨσ

e−Uξ(x), (17)

with constant KΨσ = 1
kΨσ

= exp
(
2CF

σ

)
> 1, where, by an abuse of notation, Ψσ[ν](x) denotes the

density of Ψσ[ν] with respect to λ on Rd. Moreover, by definition,

∫
Rd

Ψσ[ν] (dx) =

∫
Rd

Ψσ[ν] (x) dx =
1

Zσ(ν)

∫
Rd

exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
dx = 1,

and using Assumption 2.2,∫
Rd

|x|Ψσ[ν] (dx) =

∫
Rd

|x|Ψσ[ν] (x) dx ≤ KΨσ

∫
Rd

|x|e−Uξ(x)dx <∞.

Therefore, Ψσ[ν] ∈ P1

(
Rd
)
.

Step 2: We show that the map Ψσ : P1

(
Rd
)

→ P1

(
Rd
)

is W1-Lipschitz and then that for
sufficiently large σ it is actually a W1-contraction. From Assumption 2.1 and the estimate |ex − ey| ≤
emax{x,y} |x− y|, we have

∣∣∣∣exp(− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
− exp

(
− 1

σ

δF

δν
(ν′, x)− Uξ (x)

)∣∣∣∣
≤ LF

σ
exp

(
1

σ
CF

)
e−Uξ(x)W1(ν, ν

′). (18)

Integrating the previous inequality with respect to x, we obtain

|Zσ(ν)− Zσ(ν
′)| ≤ LF

σ
exp

(
1

σ
CF

)
W1(ν, ν

′). (19)
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Therefore, we have that∣∣∣Ψσ[ν](x)−Ψσ[ν
′](x)

∣∣∣ = ∣∣∣∣∣ 1

Zσ(ν)
exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
− 1

Zσ(ν′)
exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
+

1

Zσ(ν′)
exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
− 1

Zσ(ν′)
exp

(
− 1

σ

δF

δν
(ν′, x)− Uξ (x)

) ∣∣∣∣∣
≤ exp

(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

) ∣∣∣Zσ(ν
′)− Zσ(ν)

∣∣∣
Zσ(ν)Zσ(ν′)

+
1

Zσ(ν′)

∣∣∣∣∣ exp
(
− 1

σ

δF

δν
(ν, x)− Uξ (x)

)

− exp

(
− 1

σ

δF

δν
(ν′, x)− Uξ (x)

) ∣∣∣∣∣.
Using estimates (15), (16), (18) and (19), we arrive at the Lipschitz property

|Ψσ[ν](x)−Ψσ[ν
′](x)| ≤ LΨσ

e−Uξ(x)W1(ν, ν
′), (20)

with

LΨσ
:=

LF

σ
exp

(
2CF

σ

)(
1 + exp

(
2CF

σ

))
> 0.

Now, applying [8, Lemma 16] with p = 1 and µ(dx) = e−Uξ(x)dx gives

W1 (Ψσ[ν],Ψσ[ν
′]) ≤

∫
Rd

|x|e−Uξ(x)dx

∥∥∥∥Ψσ[ν](·)
e−Uξ(·) − Ψσ[ν

′](·)
e−Uξ(·)

∥∥∥∥
L∞(Rd)

.

Hence, using (20) and setting

LΨσ,Uξ := LΨσ

∫
Rd

|x|e−Uξ(x)dx > 0

gives
W1 (Ψσ[ν],Ψσ[ν

′]) ≤ LΨσ,UξW1(ν, ν
′).

If

σ > 2CF + e(e+ 1)LF

∫
Rd

|x|e−Uξ(x)dx,

then immediately LΨσ,Uξ ∈ (0, 1), hence Ψσ : P1(Rd) → P1(Rd) is a W1-contraction.

Remark A.1. The lower bound on σ in Theorem 2.3 does not directly imply that the functional Fσ in
(1) is strongly convex with respect to TV2, as the following formal computation demonstrates. Note
that, for any ν′, ν ∈ P1(Rd),

Fσ(ν′)− Fσ(ν)−
∫
Rd

δFσ

δν
(ν, x)(ν′ − ν)(dx)

= F (ν′)− F (ν)−
∫
δF

δν
(ν, x)(ν′ − ν)(dx)+

+ σKL(ν′|ξ)− σKL(ν|ξ)− σ

∫
δKL(·|ξ)

δν
(ν, x)(ν′ − ν)(dx).
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Remark F.2 and Assumption 2.1 give∣∣∣∣F (ν′)− F (ν)−
∫
Rd

δF

δν
(ν, x)(ν′ − ν)(dx)

∣∣∣∣
=

∣∣∣∣∫ 1

0

∫ (
δF

δν
(ν + ε(ν′ − ν), x)− δF

δν
(ν, x)

)
(ν′ − ν)(dx)dε

∣∣∣∣
≤ LF

∫ 1

0

∫
W1(ν + ε(ν′ − ν), ν)|ν′ − ν|(dx)dε

= 2LF TV(ν′, ν)

∫ 1

0

W1(ν + ε(ν′ − ν), ν)dε

≤ 2LF TV(ν′, ν)W1(ν
′, ν)

∫ 1

0

εdε

= LF TV(ν′, ν)W1(ν
′, ν),

where the second equality is due to [39, Lemma 2.1] and the second inequality uses the convexity of
the Wasserstein distance.

On the other hand, since

δKL(·|ξ)
δν

(ν, x) = log
dν

dξ
(x)−KL(ν|ξ),

we have

KL(ν′|ξ)−KL(ν|ξ)−
∫
Rd

δKL(·|ξ)
δν

(ν, x)(ν′ − ν)(dx) = KL(ν′|ν). (21)

Moreover, by Pinsker’s inequality, TV2(ν′, ν) ≤ 1
2 KL(ν′|ν), so we obtain

KL(ν′|ξ)−KL(ν|ξ)−
∫
Rd

δKL(·|ξ)
δν

(ν, x)(ν′ − ν)(dx) ≥ 2TV2(ν′, ν). (22)

Therefore,

Fσ(ν′)− Fσ(ν)−
∫
δFσ

δν
(ν, x)(ν′ − ν)(dx) ≥ −LF TV(ν′, ν)W1(ν

′, ν) + 2σTV2(ν′, ν).

This shows that while the KL divergence has natural strong convexity in terms of TV2 (cf. equation
(22)), this does not align with the W1-based Lipschitz continuity of F. Therefore, it does not seem
possible to directly deduce strong convexity of Fσ in the TV2 sense simply by choosing σ large
enough relative to LF . This is one of the motivations for proving convergence via contraction of
the Best Response operator rather than by attempting to enforce strong convexity of the objective
function.

As a further remark, it would be possible to modify Assumption 2.1 to assume Lipschitz continuity
with respect to TV rather than W1. Then we would obtain

Fσ(ν′)− Fσ(ν)−
∫
δFσ

δν
(ν, x)(ν′ − ν)(dx) ≥ −LF TV2(ν′, ν) + 2σTV2(ν′, ν),

so choosing σ > 1
2LF would ensure strong convexity of Fσ relative to TV2 . Even though exis-

tence and uniqueness of a minimizer could now be established, it is not obvious how to prove that
TV2(νt, ν

∗
σ) → 0 for the Best Response flow (νt)t≥0. Moreover, this would change the setting of the

problem, which would no longer be comparable to [8, 24], which work in the Wasserstein space.

Finally, we emphasize that this argument eliminates any dependence on the choice of the reference
measure ξ (cf. equation (21)) and hence any lower bound on σ obtained this way, which would
guarantee strong convexity of Fσ with respect to TV2, would be independent of the choice of ξ. On
the other hand, one of the important conclusions from our paper is that by following the proof via
W1-contractivity of the Best Response operator, we can identify the connection between the choice of
σ and the reference measure ξ expressed in terms of (10), that guarantees convergence of the BR flow
to the global minimizer. This allows one to choose a smaller value of σ if the measure ξ is chosen
appropriately.
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Proof of Corollary 2.4. Since σ > 2CF + e(e + 1)LF

∫
Rd |x|e−Uξ(x)dx, we can apply Banach’s

fixed point theorem for the contraction Ψσ on the complete metric space
(
P1(Rd),W1

)
and deduce

that the fixed point problem Ψσ[ν] = ν admits a unique solution. We also know from Proposition
C.1 that any local minimizer ν∗σ ∈ P1(Rd) of Fσ is equivalent to λ, and for λ-a.a. x ∈ Rd,

ν∗σ(dx) =
e−

1
σ

δF
δν (ν∗

σ,x)−Uξ(x)∫
Rd e

− 1
σ

δF
δν (ν∗

σ,x
′)−U(x′)dx′

dx.

Therefore, Ψσ[ν
∗
σ] = ν∗σ due to the definition of Ψσ. Since Ψσ[ν] = ν admits a unique solution, it

follows that Fσ has a unique minimizer, that is ν∗σ, and hence it is actually the global minimizer.

Proof of Theorem 2.5. Step 1: First, we show that the map Ψσ is W1-Lipschitz with respect to σ.
From Assumption 2.1 and the estimate |ex − ey| ≤ emax{x,y} |x− y|, we have∣∣∣∣exp(− 1

σ

δF

δν
(ν, x)− Uξ (x)

)
− exp

(
− 1

σ′
δF

δν
(ν, x)− Uξ (x)

)∣∣∣∣
≤ CF

|σ − σ′|
σσ′ exp (CF min{σ, σ′}) e−Uξ(x). (23)

Integrating the previous inequality with respect to x, we obtain

|Zσ(ν)− Zσ′(ν)| ≤ CF
|σ − σ′|
σσ′ exp (CF min{σ, σ′}) . (24)

Therefore, we have that∣∣∣Ψσ[ν](x)−Ψσ′ [ν](x)
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+
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) ∣∣∣∣∣.
Using estimates (15), (16), (23) and (24), we arrive at

|Ψσ[ν](x)−Ψσ′ [ν](x)| ≤ LΨ,σ,σ′ |σ − σ′|e−Uξ(x), (25)

with

LΨ,σ,σ′ :=
CF

σσ′ exp

(
CF

(
min{σ, σ′}+ 1

σ′

))(
1 + exp

(
2CF

σ

))
> 0.

Now, applying [8, Lemma 16] with p = 1 and µ(dx) = e−Uξ(x)dx gives

W1 (Ψσ[ν],Ψσ′ [ν]) ≤
∫
Rd

|x|e−Uξ(x)dx

∥∥∥∥Ψσ[ν](·)
e−Uξ(·) − Ψσ′ [ν](·)

e−Uξ(·)

∥∥∥∥
L∞(Rd)

.

Hence, using (25) and setting

LΨ,σ,σ′,Uξ := LΨ,σ,σ′

∫
Rd

|x|e−Uξ(x)dx > 0
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gives
W1 (Ψσ[ν],Ψσ′ [ν]) ≤ LΨ,σ,σ′,Uξ |σ − σ′|.

Step 2: Now, we prove the stability of the solution to (4) with respect to σ and ν0. Since ν0, ν′0 ∈
Pλ
1 (Rd), it follows by Theorem C.2 that (νt)t≥0, (ν

′
t)t≥0 ⊂ Pλ

1 (Rd). Let ψ ∈ Lip1(Rd). Then we
have that∫

Rd

ψ(x) (νt(x)− ν′t(x)) dx

=

∫
Rd

ψ(x)

(
e−αtν0(x) +

∫ t

0

αe−α(t−s)Ψσ [νs] (x)ds

− e−αtν′0(x)−
∫ t

0

αe−α(t−s)Ψσ′ [ν′s](x)ds

)
dx

=

∫
Rd

ψ(x)

(
e−αt (ν0(x)− ν′0(x)) +

∫ t

0

αe−α(t−s) (Ψσ [νs] (x)−Ψσ′ [ν′s] (x)) ds

)
dx

= e−αt

∫
Rd

ψ(x) (ν0(x)− ν′0(x)) dx+

∫
Rd

ψ(x)

∫ t

0

αe−α(t−s) (Ψσ [νs] (x)−Ψσ′ [ν′s] (x)) dsdx

= e−αt

∫
Rd

ψ(x) (ν0(x)− ν′0(x)) dx+

∫ t

0

αe−α(t−s)

∫
Rd

ψ(x) (Ψσ [νs] (x)−Ψσ′ [ν′s] (x)) dxds

≤ e−αtW1(ν0, ν
′
0) +

∫ t

0

αe−α(t−s)W1 (Ψσ [νs] ,Ψσ′ [ν′s]) ds.

where in the last equality we used Fubini’s theorem, in the first inequality we used the definition of
W1. Now, using Theorem 2.3, Step 1 and the triangle inequality, we have

W1 (Ψσ [νt] ,Ψσ′ [ν′t]) ≤ W1 (Ψσ [νt] ,Ψσ [ν
′
t]) +W1 (Ψσ [ν

′
t] ,Ψσ′ [ν′t])

≤ LΨσ,UξW1(νt, ν
′
t) + LΨ,σ,σ′,Uξ |σ − σ′|.

Taking supremum over ψ gives

W1(νt, ν
′
t) ≤ e−αtW1(ν0, ν

′
0) +

∫ t

0

αe−α(t−s)
[
LΨσ,UξW1(νs, ν

′
s) + LΨ,σ,σ′,Uξ |σ − σ′|

]
ds.

Since σ > 2CF + e(e+ 1)LF

∫
Rd |x|e−Uξ(x)dx, it follows that LΨσ,Uξ < 1.

Therefore, applying Gronwall’s lemma to the function t 7→ eαtW1(νt, ν
′
t) yields

W1(νt, ν
′
t) ≤ e−αt(1−L

Ψσ,Uξ)W1(ν0, ν
′
0) + |σ′ − σ|

LΨ,σ,σ′,Uξ

1− LΨσ,Uξ

(
1− e−αt(1−L

Ψσ,Uξ)
)
. (26)

Due to the fact that ν∗σ = Ψσ[ν
∗
σ], for any σ > 0, it follows that ν∗σ, ν

∗
σ′ are solutions to (4) with

parameters σ, σ′, respectively. Then using (26) yields

W1(ν
∗
σ, ν

∗
σ′) ≤ e−α(1−L

Ψσ,Uξ)tW1(ν
∗
σ, ν

∗
σ′) + |σ′ − σ|

LΨ,σ,σ′,Uξ

1− LΨσ,Uξ

(
1− e−α(1−L

Ψσ,Uξ)t
)
.

Therefore, since LΨσ,Uξ ∈ (0, 1), we obtain

W1(ν
∗
σ, ν

∗
σ′) ≤ |σ − σ′|

LΨ,σ,σ′,Uξ

1− LΨσ,Uξ

.

B Proofs of the main results in Section 3

In this section we present the proofs of the results from Section 3. Before starting with the proof of
Theorem B.2, we define the Best Response operators for game (6).
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Definition B.1 (Best Response operators [23]). For any ν, µ ∈ P1(Rd) and any σν , σµ > 0, define
the Best Response operators Ψσν : P1(Rd) → Pξ

1 (Rd) and Φσµ : P1(Rd) → Pρ
1 (Rd) by

Ψσν
[ν, µ](dx) :=

exp
(
− 1

σν

δF
δν (ν, µ, x)

)
∫
Rd exp

(
− 1

σν

δF
δν (ν, µ, x

′)
)
ξ(dx′)

ξ(dx), (27)

Φσµ [ν, µ](dy) :=
exp

(
1
σµ

δF
δµ (ν, µ, y)

)
∫
Rd exp

(
1
σµ

δF
δµ (ν, µ, y

′)
)
ρ(dy′)

ρ(dy). (28)

Theorem B.2 (L1-Wasserstein contraction). Let Assumptions 3.1, 3.2 hold. For any σν , σµ > 0, let

LΨσν ,U
ξ :=

LF

σν
exp

(
2CF

σν

)(
1 + exp

(
2CF

σν

))∫
Rd

|x|e−Uξ(x)dx > 0,

LΦσµ ,Uρ :=
L̄F

σµ
exp

(
2C̄F

σµ

)(
1 + exp

(
2C̄F

σµ

))∫
Rd

|x|e−Uρ(x)dx > 0.

Then

W̃1

((
Ψσν ,Φσµ

)
[ν, µ],

(
Ψσν ,Φσµ

)
[ν′, µ′]

)
≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)
W̃1 ((ν, µ) , (ν

′, µ′)) ,

for any (ν, µ), (ν′, µ′) ∈ P1(Rd)× P1(Rd). If

σν > 2CF + 2e(e+ 1)LF

∫
Rd

|x|e−Uξ(x)dx, (29)

and
σµ > 2C̄F + 2e(e+ 1)L̄F

∫
Rd

|y|e−Uρ(y)dy, (30)

then LΨσ,Uξ + LΦσ,Uρ ∈ (0, 1), hence
(
Ψσν

,Φσµ

)
: P1(Rd)× P1(Rd) → P1(Rd)× P1(Rd) is a

L1-Wasserstein contraction on
(
P1(Rd)× P1(Rd), W̃1

)
.

Proof. The proof is an adaptation of the proof of Theorem 2.3. As before, we give the proof in two
steps.

Step 1: First, we show that the the Best Response maps Ψσν
[ν, µ],Ψσµ

[ν, µ] belong to P1(Rd) and

that dΨσν [ν,µ]
dξ (x),

dΦσµ [ν,µ]

dρ (y) are uniformly bounded from below and above. From Assumption 3.1,
we have

exp

(
− 1

σν
CF − Uξ (x)

)
≤ exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
≤ exp

(
1

σν
CF − Uξ (x)

)
.

(31)
Integrating over Rd and using the fact that

∫
Rd e

−Uξ(x)dx = 1, we obtain

exp

(
−CF

σν

)
≤ Zσν (ν, µ) :=

∫
Rd

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
dx ≤ exp

(
CF

σν

)
. (32)

Thus, we obtain
kΨσν

e−Uξ(x) ≤ Ψσν
[ν, µ](x) ≤ KΨσν

e−Uξ(x), (33)

with constant KΨσν
= 1

kΨσν

= exp
(

2CF

σν

)
> 1, where, by an abuse of notation, Ψσν [ν, µ](x)

denotes the density of Ψσν
[ν, µ] with respect to λ on Rd. Moreover, by definition,∫

Rd

Ψσν
[ν, µ] (dx) =

∫
Rd

Ψσν
[ν, µ] (x) dx

=
1

Zσν
(ν, µ)

∫
Rd

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
dx = 1,
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and using Assumption 3.2,∫
Rd

|x|Ψσν [ν, µ] (dx) =

∫
Rd

|x|Ψσν [ν, µ] (x) dx ≤ KΨσν

∫
Rd

|x|e−Uξ(x)dx <∞.

Therefore, Ψσν [ν, µ] ∈ P1

(
Rd
)
. One can argue similarly for Φσµ [ν, µ] and obtain

kΦσµ
e−Uρ(y) ≤ Φσ[ν, µ](y) ≤ KΦσµ

e−Uρ(y), (34)

with constant KΦσµ
= 1

kΦσµ

= exp
(

2C̄F

σµ

)
> 1.

Step 2: We show that the map
(
Ψσν

,Φσµ

)
: P1

(
Rd
)
× P1

(
Rd
)
→ P1

(
Rd
)
× P1

(
Rd
)

is W̃1-
Lipschitz and then that for sufficiently large σν , σµ it is actually a W̃1-contraction. From Assumption
3.1 and the estimate |ex − ey| ≤ emax{x,y} |x− y|, we have∣∣∣∣exp(− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− exp

(
− 1

σν

δF

δν
(ν′, µ′, x)− Uξ (x)

)∣∣∣∣
≤ LF

σν
exp

(
1

σν
CF

)
e−Uξ(x) (W1(ν, ν

′) +W1(µ, µ
′)) . (35)

Integrating the previous inequality with respect to x, we obtain

|Zσν
(ν, µ)− Zσν

(ν′, µ′)| ≤ LF

σν
exp

(
1

σν
CF

)
(W1(ν, ν

′) +W1(µ, µ
′)) . (36)

Therefore, we have that∣∣∣Ψσν
[ν, µ](x)−Ψσν

[ν′, µ′](x)
∣∣∣ = ∣∣∣∣∣ 1

Zσν
(ν, µ)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− 1

Zσν (ν
′, µ′)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
+

1

Zσν
(ν′, µ′)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− 1

Zσν (ν
′, µ′)

exp

(
− 1

σν

δF

δν
(ν′, µ′, x)− Uξ (x)

) ∣∣∣∣∣
≤ exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

) ∣∣∣Zσν (ν
′, µ′)− Zσν (ν, µ)

∣∣∣
Zσν (ν, µ)Zσν (ν

′, µ′)

+
1

Zσν
(ν′, µ′)

∣∣∣∣∣ exp
(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)

− exp

(
− 1

σν

δF

δν
(ν′, µ′, x)− Uξ (x)

) ∣∣∣∣∣.
Using estimates (31), (32), (35) and (36), we arrive at the Lipschitz property

|Ψσν
[ν, µ](x)−Ψσν

[ν′, µ′](x)| ≤ LΨσν
e−Uξ(x) (W1(ν, ν

′) +W1(µ, µ
′)) , (37)

with

LΨσν
:=

LF

σν
exp

(
2CF

σν

)(
1 + exp

(
2CF

σν

))
> 0.

Proving that

|Φσν
[ν, µ](y)− Φσν

[ν′, µ′](y)| ≤ LΦσν
e−Uρ(y) (W1(ν, ν

′) +W1(µ, µ
′)) , (38)

follows the same steps as above but with

LΦσµ
:=

L̄F

σµ
exp

(
2C̄F

σµ

)(
1 + exp

(
2C̄F

σµ

))
.
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Now, applying [8, Lemma 16] with p = 1 and µ(dx) = e−Uξ(x)dx gives

W1 (Ψσν
[ν, µ],Ψσν

[ν′, µ′]) ≤
∫
Rd

|x|e−Uξ(x)dx

∥∥∥∥Ψσν
[ν, µ](·)

e−Uξ(·) − Ψσν
[ν′, µ′](·)
e−Uξ(·)

∥∥∥∥
L∞(Rd)

.

Hence, using (37) and setting

LΨσν ,U
ξ := LΨσν

∫
Rd

|x|e−Uξ(x)dx > 0

gives
W1 (Ψσν

[ν, µ],Ψσν
[ν′, µ′]) ≤ LΨσν ,U

ξ (W1(ν, ν
′) +W1(µ, µ

′)) . (39)

One similarly obtains that Φσµ is W1-Lipschitz, i.e.,

W1

(
Φσµ [ν, µ],Φσµ [ν

′, µ′]
)
≤ LΦσµ ,Uρ (W1(ν, ν

′) +W1(µ, µ
′)) , (40)

with constant

LΦσµ ,Uρ := LΦσµ

∫
Rd

|y|e−Uρ(y)dy > 0.

Therefore, we obtain

W1 (Ψσν [ν, µ],Ψσν [ν
′, µ′]) +W1

(
Φσµ [ν, µ],Φσµ [ν

′, µ′]
)

≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)
(W1(ν, ν

′) +W1(µ, µ
′)) ,

and using the definition of W̃1 and the notation
(
Ψσν ,Φσµ

)
[ν, µ] :=

(
Ψσν [ν, µ],Φσµ [ν, µ]

)
gives

W̃1

((
Ψσν

,Φσµ

)
[ν, µ],

(
Ψσν

,Φσµ

)
[ν′, µ′]

)
≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)
W̃1 ((ν, µ) , (ν

′, µ′)) .

If σν > 2CF + 2e(e + 1)LF

∫
Rd |x|e−Uξ(x)dx and σµ > 2C̄F + 2e(e + 1)L̄F

∫
Rd |y|e−Uρ(y)dy,

then immediately LΨσν ,U
ξ +LΦσµ ,Uρ ∈ (0, 1), hence

(
Ψσν

,Φσµ

)
: P1(Rd)×P1(Rd) → P1(Rd)×

P1(Rd) is a W̃1-contraction.

Corollary B.3 (Existence and uniqueness of the MNE). Let Assumptions 3.1, 3.2 hold. If (29) and
(30) hold, then (6) has a unique global MNE.

Proof. Since σν > 2CF + 2e(e + 1)LF

∫
Rd |x|e−Uξ(x)dx and σµ > 2C̄F + 2e(e +

1)L̄F

∫
Rd |y|e−Uρ(y)dy, we can apply Banach’s fixed point theorem for the contraction

(
Ψσν ,Φσµ

)
on the complete metric space

(
P1(Rd)× P1(Rd), W̃1

)
and deduce that the fixed point problem(

Ψσν [ν, µ],Φσµ [ν, µ]
)
= (ν, µ) admits a unique solution. We also know from Proposition C.4 that

any MNE
(
ν∗σν

, µ∗
σµ

)
∈ P1(Rd)× P1(Rd) of Fσν ,σµ is equivalent to λ, and for λ-a.a. x, y ∈ Rd,

ν∗σν
(dx) =

exp
(
− 1

σν

δF
δν (ν

∗
σν
, µ∗

σµ
, x)− Uξ(x)

)
∫
Rd exp

(
− 1

σν

δF
δν (ν

∗
σν
, µ∗

σµ
, x′)− Uξ(x′)

)
dx′

dx.

µ∗
σµ
(dy) =

exp
(

1
σµ

δF
δµ (ν

∗
σν
, µ∗

σµ
, y)− Uρ(y)

)
∫
Rd exp

(
1
σµ

δF
δµ (ν

∗
σν
, µ∗

σµ
, y′)− Uρ(y′)

)
dy′

dy.

Therefore,
(
Ψσν [ν

∗
σν
, µ∗

σµ
],Φσµ [ν

∗
σν
, µ∗

σµ
]
)
= (ν∗σν

, µ∗
σµ
) due to the definition of Ψσν ,Φσµ . Since(

Ψσν
[ν, µ],Φσµ

[ν, µ]
)
= (ν, µ) admits a unique solution, it follows that Fσν ,σµ has a unique MNE,

that is
(
ν∗σν

, µ∗
σµ

)
, and hence it is actually the global MNE.

27



Theorem B.4 (Stability of the flow with respect to σν , σµ and (ν0, µ0) in W̃1). Let Assumptions
3.1, 3.2 hold. Let (νt, µt)t≥0, (ν

′
t, µ

′
t)t≥0 ⊂ P1(Rd) be the solutions of (8) with parameters

(σν , σµ), (σ
′
ν , σ

′
µ) and initial conditions (ν0, µ0), (ν

′
0, µ

′
0) ∈ Pλ

1 (Rd), respectively. Let (ν∗σν
, µ∗

σµ
)

and (ν∗σ′
ν
, µ∗

σ′
µ
) be the unique MNE of (6) with parameters (σν , σµ) and (σ′

ν , σ
′
µ), respectively. If

σν > 2CF + 2e(e+ 1)LF
αν

min{αν , αµ}

∫
Rd

|x|e−Uξ(x)dx, (41)

and

σµ > 2C̄F + 2e(e+ 1)L̄F
αµ

min{αν , αµ}

∫
Rd

|y|e−Uρ(y)dy, (42)

there exists

LΨ,σν ,σ′
ν ,U

ξ

:=
CF

σνσ′
ν

exp

(
CF

(
min{σν , σ′

ν}+
1

σ′
ν

))(
1 + exp

(
2CF

σν

))∫
Rd

|x|e−Uξ(x)dx > 0,

LΦ,σµ,σ′
µ,U

ρ

:=
C̄F

σµσ′
µ

exp

(
C̄F

(
min{σµ, σ′

µ}+
1

σ′
µ

))(
1 + exp

(
2C̄F

σµ

))∫
Rd

|y|e−Uρ(y)dy > 0,

such that for all t ≥ 0,

W̃1 ((νt, µt), (ν
′
t, µ

′
t)) ≤ e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

))
W̃1 ((ν0, µ0), (ν

′
0, µ

′
0))

+
ανLΨ,σν ,σ′

ν ,U
ξ |σ′

ν − σν |+ αµLΦ,σµ,σ′
µ,U

ρ |σ′
µ − σµ|

min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

) ×

×
(
1− e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

)))
,

W̃1

(
(ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
)
)
≤
ανLΨ,σν ,σ′

ν ,U
ξ |σ′

ν − σν |+ αµLΦ,σµ,σ′
µ,U

ρ |σ′
µ − σµ|

min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

) ×

×
(
1− e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

)))
.

Proof. Step 1: First, we show that the maps Ψσν
,Φσµ

are W1-Lipschitz with respect to σν , σµ,
respectively. From Assumption 3.1 and the estimate |ex − ey| ≤ emax{x,y} |x− y|, we have∣∣∣∣exp(− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− exp

(
− 1

σ′
ν

δF

δν
(ν, µ, x)− Uξ (x)

)∣∣∣∣
≤ CF

|σν − σ′
ν |

σνσ′
ν

exp (CF min{σν , σ′
ν}) e−Uξ(x). (43)

Integrating the previous inequality with respect to x, we obtain

∣∣Zσν (ν, µ)− Zσ′
ν
(ν, µ)

∣∣ ≤ CF
|σν − σ′

ν |
σνσ′

ν

exp (CF min{σν , σ′
ν}) . (44)
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Therefore, we have that∣∣∣Ψσν
[ν, µ](x)−Ψσ′

ν
[ν, µ](x)

∣∣∣ = ∣∣∣∣∣ 1

Zσν
(ν, µ)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− 1

Zσ′
ν
(ν, µ)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
+

1

Zσ′
ν
(ν, µ)

exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)
− 1

Zσ′
ν
(ν, µ)

exp

(
− 1

σ′
ν

δF

δν
(ν, µ, x)− Uξ (x)

) ∣∣∣∣∣
≤ exp

(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

) ∣∣∣Zσ′
ν
(ν, µ)− Zσν (ν, µ)

∣∣∣
Zσν (ν, µ)Zσ′

ν
(ν, µ)

+
1

Zσ′
ν
(ν, µ)

∣∣∣∣∣ exp
(
− 1

σν

δF

δν
(ν, µ, x)− Uξ (x)

)

− exp

(
− 1

σ′
ν

δF

δν
(ν, µ, x)− Uξ (x)

) ∣∣∣∣∣.
Using estimates (31), (32), (43) and (44), we arrive at∣∣Ψσν [ν, µ](x)−Ψσ′

ν
[ν, µ](x)

∣∣ ≤ LΨ,σν ,σ′
ν
|σν − σ′

ν |e−Uξ(x), (45)

with

LΨ,σν ,σ′
ν
:=

CF

σνσ′
ν

exp

(
CF

(
min{σν , σ′

ν}+
1

σ′
ν

))(
1 + exp

(
2CF

σν

))
> 0.

Proving ∣∣∣Φσµ
[ν, µ](y)− Φσ′

µ
[ν, µ](y)

∣∣∣ ≤ LΦ,σµ,σ′
µ
|σµ − σ′

µ|e−Uρ(y) (46)

follows the same steps as above but with

LΦ,σµ,σ′
µ
:=

C̄F

σµσ′
µ

exp

(
C̄F

(
min{σµ, σ′

µ}+
1

σ′
µ

))(
1 + exp

(
2C̄F

σµ

))
.

Now, applying [8, Lemma 16] with p = 1 and µ(dx) = e−Uξ(x)dx gives

W1

(
Ψσν [ν, µ],Ψσ′

ν
[ν, µ]

)
≤
∫
Rd

|x|e−Uξ(x)dx

∥∥∥∥Ψσν
[ν, µ](·)

e−Uξ(·) −
Ψσ′

ν
[ν, µ](·)

e−Uξ(·)

∥∥∥∥
L∞(Rd)

.

Hence, using (45) and setting

LΨ,σν ,σ′
ν ,U

ξ := LΨ,σν ,σ′
ν

∫
Rd

|x|e−Uξ(x)dx > 0

gives
W1

(
Ψσν

[ν, µ],Ψσ′
ν
[ν, µ]

)
≤ LΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |.

We similarly obtain

W1

(
Φσµ

[ν, µ],Φσ′
µ
[ν, µ]

)
≤ LΦ,σµ,σ′

µ,U
ρ |σµ − σ′

µ|

with constant

LΦ,σµ,σ′
µ,U

ρ := LΦ,σµ,σ′
µ

∫
Rd

|y|e−Uρ(y)dy > 0.

29



Step 2: Now, we prove the stability of the solution to (8) with respect to σν , σµ and (ν0, µ0). Since
(ν0, µ0), (ν

′
0, µ

′
0) ∈ Pλ

1 (Rd) × Pλ
1 (Rd), it follows by Theorem C.5 that (νt, µt)t≥0, (ν

′
t, µ

′
t)t≥0 ⊂

Pλ
1 (Rd)× Pλ

1 (Rd). Let ψ ∈ Lip1(Rd). Then we have that∫
Rd

ψ(x) (νt(x)− ν′t(x)) dx

=

∫
Rd

ψ(x)

(
e−ανtν0(x) +

∫ t

0

ανe
−αν(t−s)Ψσν [νs, µs] (x)ds

− e−ανtν′0(x)−
∫ t

0

ανe
−αν(t−s)Ψσ′

ν
[ν′s, µ

′
s](x)ds

)
dx

=

∫
Rd

ψ(x)

(
e−ανt (ν0(x)− ν′0(x))

+

∫ t

0

ανe
−αν(t−s)

(
Ψσν

[νs, µs] (x)−Ψσ′
ν
[ν′s, µ

′
s] (x)

)
ds

)
dx

= e−ανt

∫
Rd

ψ(x) (ν0(x)− ν′0(x)) dx

+

∫
Rd

ψ(x)

∫ t

0

ανe
−αν(t−s)

(
Ψσν

[νs, µs] (x)−Ψσ′
ν
[ν′s, µ

′
s] (x)

)
dsdx

= e−ανt

∫
Rd

ψ(x) (ν0(x)− ν′0(x)) dx

+

∫ t

0

ανe
−αν(t−s)

∫
Rd

ψ(x)
(
Ψσν

[νs, µs] (x)−Ψσ′
ν
[ν′s, µ

′
s] (x)

)
dxds

≤ e−ανtW1(ν0, ν
′
0) +

∫ t

0

ανe
−αν(t−s)W1

(
Ψσν

[νs, µs] ,Ψσ′
ν
[ν′s, µ

′
s]
)
ds

≤ e−ανtW1(ν0, ν
′
0) +

∫ t

0

ανe
−αν(t−s)

(
W1 (Ψσν

[νs, µs] ,Ψσν
[ν′s, µ

′
s])

+W1

(
Ψσν [ν

′
s, µ

′
s] ,Ψσ′

ν
[ν′s, µ

′
s]
) )

ds

≤ e−ανtW1(ν0, ν
′
0)

+

∫ t

0

ανe
−αν(t−s)

(
W1 (Ψσν

[νs, µs] ,Ψσν
[ν′s, µ

′
s]) + LΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |
)
ds

≤ e−ανtW1(ν0, ν
′
0)

+

∫ t

0

ανe
−αν(t−s)

(
LΨσν ,U

ξ (W1(νs, ν
′
s) +W1(µs, µ

′
s)) + LΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |
)
ds,

where in the last equality we used Fubini’s theorem, in the first inequality we used the definition of
W1 and the last three inequalities follow from the triangle inequality, Step 1 and (39), respectively.
Taking supremum over ψ gives

W1(νt, ν
′
t) ≤ e−ανtW1(ν0, ν

′
0)

+

∫ t

0

ανe
−αν(t−s)

(
LΨσν ,U

ξ (W1(νs, ν
′
s) +W1(µs, µ

′
s)) + LΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |
)
ds.

Similarly using (40), we obtain

W1(µt, µ
′
t) ≤ e−αµtW1(µ0, µ

′
0)

+

∫ t

0

αµe
−αµ(t−s)

(
LΦσµ ,Uρ (W1(νs, ν

′
s) +W1(µs, µ

′
s)) + LΦ,σµ,σ′

µ,U
ρ |σµ − σ′

µ|
)
ds.
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Using the bound αν , αµ ≥ min{αν , αµ} we can add the previous two inequalities, and using the
definition of W̃1 and the notation

(
Ψσν ,Φσµ

)
[ν, µ] :=

(
Ψσν [ν, µ],Φσµ [ν, µ]

)
we obtain

W̃1 ((νt, µt), (ν
′
t, µ

′
t)) ≤ e−min{αν ,αµ}tW̃1 ((ν0, µ0), (ν

′
0, µ

′
0))

+

∫ t

0

e−min{αν ,αµ}(t−s)
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

)
W̃1 ((νs, µs), (ν

′
s, µ

′
s)) ds

+

∫ t

0

e−min{αν ,αµ}(t−s)
(
ανLΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |+ αµLΦ,σµ,σ′
µ,U

ρ |σµ − σ′
µ|
)
ds.

Since σν > 2CF + 2e(e+ 1)LF
αν

min{αν ,αµ}
∫
Rd |x|e−Uξ(x)dx

and σµ > 2C̄F + 2e(e + 1)L̄F
αµ

min{αν ,αµ}
∫
Rd |y|e−Uρ(y)dy, it follows that ανLΨσν ,U

ξ +

αµLΦσµ ,Uρ < min{αν , αµ}.

Therefore, applying Gronwall’s lemma to the function t 7→ emin{αν ,αµ}tW̃1 ((νt, µt), (ν
′
t, µ

′
t)) yields

W̃1 ((νt, µt), (ν
′
t, µ

′
t)) ≤ e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

))
W̃1 ((ν0, µ0), (ν

′
0, µ

′
0))

+
ανLΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |+ αµLΦ,σµ,σ′
µ,U

ρ |σµ − σ′
µ|

min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

) ×

×
(
1− e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

)))
.

(47)

Since αν , αµ ≥ min{αν , αµ}, it follows that the lower bounds for σν , σµ in Corollary B.3 hold,
hence (ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
) are the MNE of (6) with parameters (σν , σµ), (σ′

ν , σ
′
µ), respectively.

Moreover, since ν∗σν
= Ψσν

[ν∗σν
, µ∗

σµ
], µ∗

σµ
= Φσµ

[ν∗σν
, µ∗

σµ
], we deduce that (ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
)

are solutions to (8) with parameters (σν , σµ), (σ′
ν , σ

′
µ), respectively. respectively. Then using (47)

yields

W̃1

(
(ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
)
)

≤ e
−t

(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

))
W̃1

(
(ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
)
)

+
ανLΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |+ αµLΦ,σµ,σ′
µ,U

ρ |σµ − σ′
µ|

min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

) ×

×
(
1− e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

)))
.

Therefore, since min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

)
> 0, we obtain

W̃1

(
(ν∗σν

, µ∗
σµ
), (ν∗σ′

ν
, µ∗

σ′
µ
)
)

≤
ανLΨ,σν ,σ′

ν ,U
ξ |σν − σ′

ν |+ αµLΦ,σµ,σ′
µ,U

ρ |σµ − σ′
µ|

min{αν , αµ} −
(
ανLΨσν ,U

ξ + αµLΦσµ ,Uρ

) ×

×
(
1− e

−t
(
min{αν ,αµ}−

(
ανLΨσν ,Uξ+αµLΦσµ ,Uρ

)))
.

C Auxiliary results for the Best Response flow

C.1 Single-agent optimization

We first recall a necessary condition for the optimality of local minimizers of (1).
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Proposition C.1 (Necessary condition for optimality [18, Proposition 2.5]). Let Assumptions 2.1, 2.2
hold. If ν∗σ ∈ P1(Rd) is a minimizer of Fσ, then ν∗σ is equivalent to λ, and for λ-a.a. x ∈ Rd,

ν∗σ(dx) =
e−

1
σ

δF
δν (ν∗

σ,x)−Uξ(x)∫
Rd e

− 1
σ

δF
δν (ν∗

σ,x
′)−Uξ(x′)dx′

dx.

Next we give the proof of the existence and uniqueness of the flow (4). While the proof is skipped in
[8, Proposition 7], we present it by following a classical Picard iteration technique.

Proposition C.2 (Existence and uniqueness of the flow). Let Assumptions 2.1, 2.2 hold and let
ν0 ∈ P1(Rd). Then there exists a unique solution (νt)t≥0 ∈ C

(
[0,∞];P1(Rd)

)
to (4) and the

solution depends continuously on the initial condition. Moreover, if ν0 ∈ Pλ
1 (Rd), then (νt)t≥0

admits the density (νt(·))t≥0 ⊂ Pλ
1 (Rd) such that, for every x ∈ Rd, it holds that t 7→ νt ∈

C1
(
[0,∞),Pλ

1 (Rd)
)
, and

dνt(x) = α (Ψσ[νt](x)− νt(x)) dt, t > 0, (48)

for some initial condition ν0(x) ∈ Pλ
1 (Rd).

Proof of Theorem C.2. Step 1: Existence of flow on [0, T ]. We will define a Picard iteration scheme
as follows. Fix T > 0 and for each n ≥ 1, fix ν(n)0 = ν

(0)
0 = ν0 ∈ P1(Rd). Then define the flow

(ν
(n)
t )t∈[0,T ] by

ν
(n)
t := e−αtν0 +

∫ t

0

αe−α(t−s)Ψσ

[
ν(n−1)
s

]
ds, t ∈ [0, T ]. (49)

For fixed T > 0, we consider the sequence of flows
(
(ν

(n)
t )t∈[0,T ]

)∞
n=0

in
(
P1(Rd)[0,T ],W [0,T ]

1

)
,

where, for any (νt)t∈[0,T ] ∈ P1(Rd)[0,T ], the distance W [0,T ]
1 is defined by

W [0,T ]
1

(
(νt)t∈[0,T ], (ν

′
t)t∈[0,T ]

)
:=

∫ T

0

W1(νt, ν
′
t)dt.

Since
(
P1(Rd),W1

)
is a complete metric space, we can apply the argument from [41, Lemma A.5]

with p = 1 to conclude that
(
P1(Rd)[0,T ],

∫ T

0
W1(νt, ν

′
t)dt

)
is a complete metric space.

We consider the Picard iteration mapping φ
(
(ν

(n−1)
t )t∈[0,T ]

)
:= (ν

(n)
t )t∈[0,T ] defined via (49) and

show that φ admits a unique fixed point (νt)t∈[0,T ] in the complete space
(
P1(Rd)[0,T ],W [0,T ]

1

)
.

Then this fixed point is the solution to (4).

Lemma C.3. The mapping φ
(
(ν

(n−1)
t )t∈[0,T ]

)
:= (ν

(n)
t )t∈[0,T ] defined via (49) admits a unique

fixed point in
(
P1(Rd)[0,T ],W [0,T ]

1

)
.

Proof of Lemma C.3. Step 1: The sequence of flows
(
(ν

(n)
t )t∈[0,T ]

)∞
n=0

is a Cauchy sequence in(
P1(Rd)[0,T ],W [0,T ]

1

)
.
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Let ψ ∈ Lip1(Rd). Then we have that∫
Rd

ψ(x)
(
ν
(n)
t − ν

(n−1)
t

)
(dx)

=

∫
Rd

αψ(x)

(∫ t

0

e−α(t−s)Ψσ

[
ν(n−1)
s

]
ds−

∫ t

0

e−α(t−s)Ψσ

[
ν(n−2)
s

]
ds

)
(dx)

=

∫
Rd

αψ(x)

(∫ t

0

e−α(t−s)
(
Ψσ

[
ν(n−1)
s

]
−Ψσ

[
ν(n−2)
s

])
ds

)
(dx)

=

∫ t

0

αe−α(t−s)

∫
Rd

ψ(x)
(
Ψσ

[
ν(n−1)
s

]
−Ψσ

[
ν(n−2)
s

])
(dx)ds

≤
∫ t

0

αe−α(t−s)W1

(
Ψσ

[
ν(n−1)
s

]
,Ψσ

[
ν(n−2)
s

])
ds

≤ αLΨσ,Uξ

∫ t

0

W1

(
ν(n−1)
s , ν(n−2)

s

)
ds,

(50)

where in the third equality we used Fubini’s theorem, in the first inequality we used the definition of
W1, and in the last inequality we used Theorem 2.3 and the fact that e−α(t−s) ≤ 1 for s ∈ [0, t].

Taking supremum over ψ in (50) gives

W1

(
ν
(n)
t , ν

(n−1)
t

)
≤ αLΨσ,Uξ

∫ t

0

W1

(
ν(n−1)
s , ν(n−2)

s

)
ds

≤
(
αLΨσ,Uξ

)n−1
∫ t

0

∫ t1

0

. . .

∫ tn−2

0

W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
dtn−1 . . . dt2dt1

≤
(
αLΨσ,Uξ

)n−1 tn−2

(n− 2)!

∫ t

0

W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
dtn−1,

where in the third inequality we used the bound
∫ tn−2

0
dtn−1 ≤

∫ t

0
dtn−1. Hence, we obtain∫ T

0

W1

(
ν
(n)
t , ν

(n−1)
t

)
dt ≤

(
αLΨσ,Uξ

)n−1 Tn−1

(n− 1)!

∫ T

0

W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
dtn−1.

Using the definition of W [0,T ]
1 , the last inequality becomes

W [0,T ]
1

(
(ν

(n)
t )t∈[0,T ], (ν

(n−1)
t )t∈[0,T ]

)
≤
(
αLΨσ,Uξ

)n−1 Tn−1

(n− 1)!
W [0,T ]

1

(
(ν

(1)
t )t∈[0,T ], (ν

(0)
t )t∈[0,T ]

)
.

By choosing n sufficiently large, we conclude that
(
(ν

(n)
t )t∈[0,T ]

)∞
n=0

is a Cauchy sequence.

By completeness of
(
P1(Rd)[0,T ],W [0,T ]

1

)
, the sequence admits a limit point (νt)t∈[0,T ] ∈(

P1(Rd)[0,T ],W [0,T ]
1

)
.

Step 2: The limit point (νt)t∈[0,T ] is a fixed point of φ. From Step 1, we obtain that for Lebesgue-
almost all t ∈ [0, T ] we have

W1(ν
(n)
t , νt) → 0, as n→ ∞.

Therefore, by Theorem 2.3, for Lebesgue-almost all t ∈ [0, T ], we have that

W1

(
Ψσ

[
ν
(n)
t

]
,Ψσ [νt]

)
→ 0, as n→ ∞.

Hence, letting n→ ∞ in (49) and using the dominated convergence theorem (which is possible since
Ψσ is uniformly bounded in n due to Assumption 2.1), we conclude that (νt)t∈[0,T ] is a fixed point
of φ.
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Step 3: The fixed point (νt)t∈[0,T ] of φ is unique. Suppose, for the contrary, that φ admits two fixed
points (νt)t∈[0,T ] and (ν̄t)t∈[0,T ] such that ν0 = ν̄0. Then repeating the same calculations from (50),
we arrive at

W1(νt, ν̄t) ≤ αLΨσ,Uξ

∫ t

0

W1(νs, ν̄s)ds.

For each t ∈ [0, T ], denote f(t) :=
∫ t

0
W1(νs, ν̄s)ds. Observe that f ≥ 0 and f(0) = 0. Then, by

Gronwall’s lemma, we obtain

0 ≤ f(t) ≤ etαLΨσ,Uξ f(0) = 0,

and hence
W1(νt, ν̄t) = 0,

for Lebesgue-almost all t ∈ [0, T ], which implies

νt = ν̄t,

for Lebesgue-almost all t ∈ [0, T ]. Therefore, the fixed point (νt)t∈[0,T ] of φ must be unique.

From Steps 1, 2 and 3, we obtain the existence and uniqueness of a flow (νt)t∈[0,T ] satisfying (4) for
any T > 0.

Having proved Lemma C.3, we return to the proof of Theorem C.2.

Step 2: Existence of the flow on [0,∞).

From Lemma C.3, for any T > 0, there exists unique flow (νt)t∈[0,T ] satisfying (4). It remains
to prove that the existence of this flow could be extended to [0,∞). Let (νt)t∈[0,T ], (ν

′
t)t∈[0,T ] ∈

P1(Rd). Then, using the calculations from Lemma C.3, we have that

W1(νt, ν̄t) ≤ αLΨσ,Uξ

∫ t

0

W1(νs, ν̄s)ds,

which shows that (νt)t∈[0,T ] does not blow up in any finite time, and therefore we can extend
(νt)t∈[0,T ] globally to (νt)t∈[0,∞). By definition, Ψσ[ν] admits a density of the form

Ψσ[νt](x) =
exp

(
− 1

σ
δF
δν (νt, x)− Uξ(x)

)∫
Rd exp

(
− 1

σ
δF
δν (νt, x

′)− Uξ(x′)
)
dx′

.

For any fixed x ∈ Rd, the flat derivative t 7→ δF
δν (νt, x) is continuous on [0,∞) due to the fact that

νt ∈ C
(
[0,∞),P1(Rd)

)
and ν 7→ δF

δν (ν, x) is continuous. Moreover, the flat derivative δF
δν (νt, x)

is bounded for every x ∈ Rd and all t ≥ 0 due to Assumption 2.1. Therefore, both terms Zσ(νt)
and exp

(
− 1

σ
δF
δν (νt, x)− Uξ(x)

)
are continuous in t and bounded for every x ∈ Rd and every

t ≥ 0. Hence, we have that Ψσ[νt](x) is continuous in t and bounded for every x ∈ Rd. Since by
assumption ν0 ∈ P1(Rd) admits a density ν0(x), we define the density of νt by

νt(x) := e−αtν0(x) +

∫ t

0

αe−α(t−s)Ψσ [νs] (x)ds.

By definition [0,∞) ∋ t 7→ νt(x) is continuous for every x ∈ Rd. Since s 7→ e−α(t−s)Ψσ [νs] (x)
is continuous and bounded in s for every t ≥ 0, it follows that t 7→ νt ∈ C1

(
[0,∞),Pλ

1 (Rd)
)

and
νt(x) satisfies (48).

C.2 Min-max problems

We recall a necessary condition for the optimality of MNEs of (6).
Proposition C.4 (Necessary condition for optimality; [11, Theorem 3.1]). Let Assumptions 3.1, 3.2
hold and let σν , σµ > 0. If the pair

(
ν∗σν

, µ∗
σµ

)
∈ P1(Rd)×P1(Rd) is an MNE, then ν∗σν

, µ∗
σµ

are

equivalent to λ, and for λ-a.a. (x, y) ∈ Rd × Rd,

ν∗σν
(dx) =

exp
(
− 1

σν

δF
δν (ν

∗
σν
, µ∗

σµ
, x)− Uξ(x)

)
∫
Rd exp

(
− 1

σν

δF
δν (ν

∗
σν
, µ∗

σµ
, x′)− Uξ(x′)

)
dx′

dx,
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µ∗
σµ
(dy) =

exp
(

1
σµ

δF
δµ (ν

∗
σν
, µ∗

σµ
, y)− Uρ(y)

)
∫
Rd exp

(
1
σµ

δF
δµ (ν

∗
σν
, µ∗

σµ
, y′)− Uρ(y′)

)
dy′

dy.

Now we give the proof of the existence and uniqueness of the flow (8), which is an extension of the
proof of Proposition C.2. Note that the proof closely follows the argument of [23, Theorem 1], with
the key difference being that we use the Wasserstein distance in place of the Total Variation distance.
We include the proof here for completeness.

Proposition C.5 (Existence and uniqueness of the flow). Let Assumptions 3.1, 3.2 hold
and let (ν0, µ0) ∈ P1(Rd) × P1(Rd). Then there exists a unique solution (νt, µt)t≥0 ∈
C
(
[0,∞];P1(Rd)× P1(Rd)

)
to (8) and the solution depends continuously on the initial condition.

Moreover, if (ν0, µ0) ∈ Pλ
1 (Rd)× Pλ

1 (Rd), then (νt, µt)t≥0 admits the density (νt(·), µt(·))t≥0 ⊂
Pλ
1 (Rd)×Pλ

1 (Rd) such that, for every x, y ∈ Rd, it holds that t 7→ νt ∈ C1
(
[0,∞),Pλ

1 (Rd)
)
, t 7→

µt ∈ C1
(
[0,∞),Pλ

1 (Rd)
)

and{
dνt(x) = αν (Ψσν

[νt, µt](x)− νt(x)) dt,

dµt(y) = αµ

(
Φσµ [νt, µt](y)− µt(y)

)
dt, t > 0,

(51)

for some initial condition (ν0(x), µ0(y)) ∈ Pλ
1 (Rd)× Pλ

1 (Rd).

Proof of Theorem C.5. Step 1: Existence of flow on [0, T ]. We will define a Picard iteration scheme
as follows. Fix T > 0 and for each n ≥ 1, fix ν(n)0 = ν

(0)
0 = ν0 ∈ P1(Rd) and

µ
(n)
0 = µ

(0)
0 = µ0 ∈ P1(Rd).

Then define the flow (ν
(n)
t , µ

(n)
t )t∈[0,T ] by

ν
(n)
t := e−ανtν0 +

∫ t

0

ανe
−αν(t−s)Ψσν

[
ν(n−1)
s , µ(n−1)

s

]
ds, t ∈ [0, T ], (52)

µ
(n)
t := e−αµtµ0 +

∫ t

0

αµe
−αµ(t−s)Φσµ

[
ν(n−1)
s , µ(n−1)

s

]
ds, t ∈ [0, T ]. (53)

For fixed T > 0, we consider the sequence of flows
(
(ν

(n)
t , µ

(n)
t )t∈[0,T ]

)∞
n=0

in
(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
, where, for any (νt, µt)t∈[0,T ] ∈ P1(Rd)[0,T ] ×

P1(Rd)[0,T ], the distance W [0,T ]
1 is defined by

W [0,T ]
1

(
(νt, µt)t∈[0,T ], (ν

′
t, µ

′
t)t∈[0,T ]

)
:=

∫ T

0

W1(νt, ν
′
t)dt+

∫ T

0

W1(µt, µ
′
t)dt.

Since
(
P1(Rd),W1

)
is a complete metric space, we can apply the argument from [41, Lemma A.5]

with p = 1 to conclude that
(
P1(Rd)[0,T ],

∫ T

0
W1(νt, ν

′
t)dt

)
and(

P1(Rd)[0,T ],
∫ T

0
W1(µt, µ

′
t)dt

)
are a complete metric spaces, and hence so is(

P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]
1

)
.

We consider the Picard iteration mapping φ
(
(ν

(n−1)
t , µ

(n−1)
t )t∈[0,T ]

)
:= (ν

(n)
t , µ

(n)
t )t∈[0,T ] defined

via (52) and (53) and show that φ admits a unique fixed point (νt, µt)t∈[0,T ] in the complete space(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
. Then this fixed point is the solution to (8).

Lemma C.6. The mapping φ
(
(ν

(n−1)
t , µ

(n−1)
t )t∈[0,T ]

)
:= (ν

(n)
t , µ

(n)
t )t∈[0,T ] defined via (52) and

(53) admits a unique fixed point in
(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
.
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Proof of Lemma C.6. Step 1: The sequence of flows
(
(ν

(n)
t , µ

(n)
t )t∈[0,T ]

)∞
n=0

is a Cauchy sequence

in
(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
.

Let ψ ∈ Lip1(Rd). Then we have that∫
Rd

ψ(x)
(
ν
(n)
t − ν

(n−1)
t

)
(dx)

=

∫
Rd

ψ(x)

(∫ t

0

e−αν(t−s)Ψσν

[
ν(n−1)
s , µ(n−1)

s

]
ds

−
∫ t

0

e−αν(t−s)Ψσν

[
ν(n−2)
s , µ(n−2)

s

]
ds

)
(dx)

=

∫
Rd

ψ(x)

(∫ t

0

e−αν(t−s)
(
Ψσν

[
ν(n−1)
s , µ(n−1)

s

]
−Ψσν

[
ν(n−2)
s , µ(n−2)

s

])
ds

)
(dx)

=

∫ t

0

e−αν(t−s)

∫
Rd

ψ(x)
(
Ψσν

[
ν(n−1)
s , µ(n−1)

s

]
−Ψσν

[
ν(n−2)
s , µ(n−2)

s

])
(dx)ds

≤
∫ t

0

e−αν(t−s)W1

(
Ψσν

[
ν(n−1)
s , µ(n−1)

s

]
,Ψσν

[
ν(n−2)
s , ν(n−2)

s

])
ds

≤ LΨσν ,U
ξ

∫ t

0

(
W1

(
ν(n−1)
s , ν(n−2)

s

)
+W1

(
µ(n−1)
s , µ(n−2)

s

))
ds,

(54)

where in the third equality we used Fubini’s theorem, in the first inequality we used the definition of
W1, and in the last inequality we used (39) and the fact that e−α(t−s) ≤ 1 for s ∈ [0, t].

A similar argument using (40) yields∫
Rd

ψ(x)
(
µ
(n)
t − µ

(n−1)
t

)
(dx)

≤ LΦσµ ,Uρ

∫ t

0

(
W1

(
ν(n−1)
s , ν(n−2)

s

)
+W1

(
µ(n−1)
s , µ(n−2)

s

))
ds.

(55)

Taking supremum over ψ in (54) and (55) and adding both together gives

W1

(
ν
(n)
t , ν

(n−1)
t

)
+W1

(
µ
(n)
t , µ

(n−1)
t

)
≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)∫ t

0

(
W1

(
ν(n−1)
s , ν(n−2)

s

)
+W1

(
µ(n−1)
s , µ(n−2)

s

))
ds

≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)n−1

×

×
∫ t

0

∫ t1

0

. . .

∫ tn−2

0

(
W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
+W1

(
µ
(1)
tn−1

, µ
(0)
tn−1

))
dtn−1 . . . dt2dt1

≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)n−1 tn−2

(n− 2)!

∫ t

0

(
W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
+W1

(
µ
(1)
tn−1

, µ
(0)
tn−1

))
dtn−1,

where in the third inequality we used the bound
∫ tn−2

0
dtn−1 ≤

∫ t

0
dtn−1. Hence, we obtain∫ T

0

(
W1

(
ν
(n)
t , ν

(n−1)
t

)
+W1

(
µ
(n)
t , µ

(n−1)
t

))
dt

≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)n−1 Tn−1

(n− 1)!

∫ T

0

(
W1

(
ν
(1)
tn−1

, ν
(0)
tn−1

)
+W1

(
µ
(1)
tn−1

, µ
(0)
tn−1

))
dtn−1.
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Using the definition of W [0,T ]
1 , the last inequality becomes

W [0,T ]
1

(
(ν

(n)
t , µ

(n)
t )t∈[0,T ], (ν

(n−1)
t , µ

(n−1)
t )t∈[0,T ]

)
≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)n−1 Tn−1

(n− 1)!
W [0,T ]

1

(
(ν

(1)
t , µ

(1)
t )t∈[0,T ], (ν

(0)
t , µ

(0)
t )t∈[0,T ]

)
.

By choosing n sufficiently large, we conclude that
(
(ν

(n)
t , µ

(n)
t )t∈[0,T ]

)∞
n=0

is a Cauchy se-

quence. By completeness of
(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
, the sequence admits a limit

point (νt, µt)t∈[0,T ] ∈
(
P1(Rd)[0,T ] × P1(Rd)[0,T ],W [0,T ]

1

)
.

Step 2: The limit point (νt, µt)t∈[0,T ] is a fixed point of φ. From Step 1, we obtain that for Lebesgue-
almost all t ∈ [0, T ] we have

W1(ν
(n)
t , νt) → 0, W1(µ

(n)
t , µt) → 0, as n→ ∞.

Therefore, by (39) and (40), for Lebesgue-almost all t ∈ [0, T ], we have that

W1

(
Ψσν

[
ν
(n)
t , µ

(n)
t

]
,Ψσν

[νt, µt]
)
→ 0, W1

(
Φσµ

[
ν
(n)
t , µ

(n)
t

]
,Φσµ

[νt, µt]
)
→ 0, as n→ ∞.

Hence, letting n → ∞ in (52) and in (53) and using the dominated convergence theorem (which
is possible since Ψσν ,Φσµ are uniformly bounded in n due to Assumption 3.1), we conclude that
(νt, µt)t∈[0,T ] is a fixed point of φ.

Step 3: The fixed point (νt, µt)t∈[0,T ] of φ is unique. Suppose, for the contrary, that φ admits two
fixed points (νt, µt)t∈[0,T ] and (ν̄t, µ̄t)t∈[0,T ] such that ν0 = ν̄0 and µ0 = µ̄0. Then repeating the
same calculations from (54) and (55), we arrive at

W1(νt, ν̄t) +W1(µt, µ̄t) ≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)∫ t

0

(W1(νs, ν̄s) +W1(µs, µ̄s)) ds.

For each t ∈ [0, T ], denote f(t) :=
∫ t

0
(W1(νs, ν̄s) +W1(µs, µ̄s)) ds. Observe that f ≥ 0 and

f(0) = 0. Then, by Gronwall’s lemma, we obtain

0 ≤ f(t) ≤ e

(
L

Ψσν ,Uξ+LΦσµ ,Uρ

)
t
f(0) = 0,

and hence
W1(νt, ν̄t) +W1(µt, µ̄t) = 0,

for Lebesgue-almost all t ∈ [0, T ], which implies

νt = ν̄t, µt = µ̄t,

for Lebesgue-almost all t ∈ [0, T ]. Therefore, the fixed point (νt, µt)t∈[0,T ] of φ must be unique.

From Steps 1, 2 and 3, we obtain the existence and uniqueness of a flow (νt, µt)t∈[0,T ] satisfying (8)
for any T > 0.

Having proved Lemma C.6, we return to the proof of Theorem C.5.

Step 2: Existence of the flow on [0,∞).

From Lemma C.6, for any T > 0, there exists unique flow (νt, µt)t∈[0,T ] satisfying (8). It remains to
prove that the existence of this flow could be extended to [0,∞). Let (νt, µt)t∈[0,T ], (ν

′
t, µ

′
t)t∈[0,T ] ∈

P1(Rd). Then, using the calculations from Lemma C.6, we have that

W1(νt, ν̄t) +W1(µt, µ̄t) ≤
(
LΨσν ,U

ξ + LΦσµ ,Uρ

)∫ t

0

(W1(νs, ν̄s) +W1(µs, µ̄s)) ds,

which shows that (νt, µt)t∈[0,T ] does not blow up in any finite time, and therefore we can extend
(νt, µt)t∈[0,T ] globally to (νt, µt)t∈[0,∞). By definition, Ψσν

[ν, µ] admits a density of the form

Ψσν
[νt, µt](x) =

exp
(
− 1

σν

δF
δν (νt, µt, x)− Uξ(x)

)
∫
Rd exp

(
− 1

σν

δF
δν (νt, µt, x′)− Uξ(x′)

)
dx′

.
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For any fixed x ∈ Rd, the flat derivative t 7→ δF
δν (νt, µt, x) is continuous on [0,∞) due to the fact that

νt, µt ∈ C
(
[0,∞),P1(Rd)

)
and (ν, µ) 7→ δF

δν (ν, µ, x) is continuous. Moreover, the flat derivative
δF
δν (νt, µt, x) is bounded for every x ∈ Rd and all t ≥ 0 due to Assumption 3.1. Therefore, both

terms Zσν (νt, µt) and exp
(
− 1

σν

δF
δν (νt, µt, x)− Uξ(x)

)
are continuous in t and bounded for every

x ∈ Rd and every t ≥ 0. Hence, we have that Ψσν
[νt, µt](x) is continuous in t and bounded for

every x ∈ Rd. Since by assumption ν0 ∈ P1(Rd) admits a density ν0(x), we define the density of
νt by

νt(x) := e−ανtν0(x) +

∫ t

0

ανe
−αν(t−s)Ψσν

[νs, µs] (x)ds.

By definition [0,∞) ∋ t 7→ νt(x) is continuous for every x ∈ Rd. Since s 7→
e−αν(t−s)Ψσν [νs, µs] (x) is continuous and bounded in s for every t ≥ 0, it follows that
t 7→ νt ∈ C1

(
[0,∞),Pλ

1 (Rd)
)

and νt(x) satisfies (51) The same argument gives that Φσµ
[νt, µt](y)

is continuous in t and bounded for every y ∈ Rd, consequently that µt admits a density µt(y) that
satisfies (51) and t 7→ µt ∈ C1

(
[0,∞),Pλ

1 (Rd)
)
.

D Notation for MDPs

In this section, we present standard notation for MDPs, following the conventions used in [24]. Let
(E, d) denote a Polish space, i.e., a complete separable metric space. We endow E with its Borel
σ-alebra B(E). Let Bb(E) denote the space of bounded measurable functions f : E → R endowed
with the supremum norm |f |Bb(E) = supx∈E |f(x)|. Let M(E) denote the Banach space of finite
signed measures m on E endowed with the total variation norm |m|M(E) = |m|(E), where |m| is
the total-variation measure. We denote by M+(E) ⊂ M(E) the subset of finite positive measures.
For a measure m ∈ M+(E) and measurable function f : E → R, let

ess sup
x∈E

f := inf{c ∈ R : m{x ∈ E : f(x) > c} = 0}.

For given Polish spaces (E1, d1) and (E2, d2), denote by bK(E1|E2) the Banach space of bounded
signed kernels k : E2 → M(E1) endowed with the norm |k|bK(E1|E2) = supx∈E2

|k(x)|M(E1); that
is, k(U |·) : E2 → R is measurable for all U ∈ M(E1) and k(·|x) ∈ M(E1) for all x ∈ E2. For a
fixed reference measure η ∈ M+(E1), we denote by bKη(E1|E2) the space of bounded kernels that
are absolutely continuous with respect to η. Every kernel k ∈ bK(E1|E2) induces a bounded linear
operator Tk ∈ L(M(E2),M(E1)) defined by

Tkη(dy) = ηk(dy) =

∫
E2

η(dx)k(dy|x).

Moreover, we have

|k|bK(E1|E2) = sup
x∈E2

sup
h∈Bb(E1)

|h|Bb(E1)≤1

∫
E1

h(y)k(dy|x) = |Tk|L(M(E2),M(E1)), (56)

where the latter is the operator norm. Thus, bK(E|E) is a Banach algebra with the product defined
via composition of the corresponding linear operators. In particular, for given k ∈ bK(E|E),

Tn
k µ(dy) = µkn(dy) =

∫
En

µ(dx0)k(dx1|x0) · · · k(dxn−1|xn−2)k(dy|xn−1) . (57)

Let P(E1|E2) denote the convex subspace of bK(E1|E2) such that P (·|x) ∈ P(E1) for all x ∈ E2.

We denote by
(
(S ×A)N,F

)
a sample space, where the elements of (S ×A)N are state-action pairs

(sn, an)
∞
n=0 with (sn, an) ∈ S × A, for each n ∈ N, and F is the associated σ-algebra. By [3,

Proposition 7.28], for a given initial distribution γ ∈ P(S) and policy π ∈ P(A|S), there exists a
unique product probability measure Pπ

γ on
(
(S ×A)N,F

)
such that for every n ∈ N, we have

1. Pπ
γ (s0 ∈ S) = γ(S),

2. Pπ(an ∈ A|(s0, a0, . . . , sn)) = π(an|sn),
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3. Pπ
γ (sn+1 ∈ S|(s0, a0, . . . , sn, an)) = P (S|sn, an),

for all S ∈ B(S) and A ∈ B(A). Thus, {sn}n≥0 is a Markov chain with transition kernel Pπ ∈
P(S|S) defined by

Pπ(ds
′|s) :=

∫
A

P (ds′|s, a′)π(da′|s). (58)

The expectation corresponding to Pπ
γ is denoted by Eπ

γ . For given s ∈ S, we denote Eπ
s := Eπ

δs
,

where δs ∈ P(S) denotes the Dirac measure at s ∈ S.

E Auxiliary results for MDPs

In this section, we present two sets of auxiliary results, each corresponding to Section 2 and Section
3, respectively.

E.1 Single-agent optimization

First, we prove that the value function Vτ in the MDP setting of Section 2.2 satisfies Assumption 2.1.
Our proof closely follows the argument in [24, Theorem 2.4], but we include it here for completeness.

Before we give the proof, we need to derive an alternative expression of Vτ to (2.2). Again, for full
details on notation, we refer to Appendix D. By the Bellman principle (see, e.g., [20, Lemma B.2]),
for all π ∈ Pη(A|S) and s ∈ S, it follows that

V π
τ (s) =

∫
A

(
Qπ

τ (s, a) + τ log
dπ

dη
(a|s)

)
π(da|s). (59)

For a given policy π ∈ Pη(A|S), the occupancy kernel dπ ∈ P(S|S) is defined by

dπ(ds′|s) = (1− δ)

∞∑
n=0

δnPn
π (ds

′|s), (60)

where P 0
π (ds

′|s) := δs(ds
′), for the Dirac measure δs at s ∈ S, Pn

π is a product of kernels in
the sense of (57), and the convergence of the series is understood in bK(S|S). For a given initial
distribution γ ∈ P(S), the state occupancy measure dπγ ∈ P(S) is defined by

dπγ (ds
′) :=

∫
S

dπ(ds′|s)γ(ds).

Using (12) and (58) in (59) gives for all s ∈ S that

V π
τ (s) =

∫
A

(
c(s, a) + τ log

dπ

dη
(a|s)

)
π(da|s) + δ

∫
S

V π
τ (s′)Pπ(ds

′|s).

Applying this identity recursively and using (60) yields for all s ∈ S that

V π
τ (s) =

1

1− δ

∫
S

∫
A

[
c(s′, a) + τ log

dπ

dη
(a|s′)

]
π(da|s′)dπ(ds′|s).

Finally, integrating over γ ∈ P(S) leads to

V π
τ (γ) =

1

1− δ

∫
S

∫
A

[
c(s′, a) + τ log

dπ

dη
(a|s′)

]
π(da|s′)dπγ (ds′). (61)

Now, we introduce the following necessary notation for the proof. For k ∈ {0, 1}, let Ck be the set of
jointly measurable functions h : Rd × S × A → R such that for Lebesgue-almost all θ ∈ Rd, all
s ∈ S, and η-almost all a ∈ A, h is k-times differentiable in θ, and satisfies

|h|Ck := max
k∈{0,1}

ess sup
a∈A

sup
s∈S

ess sup
θ∈Rd

|∇k
θh(θ, s, a)| <∞,

where the essential supremum over A is defined relative to the reference measure η and the essential
supremum over Rd is defined relative to the Lebesgue measure.
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For each ν ∈ P1(Rd) and γ ∈ P(S) we define the maps

P1(Rd) ∋ ν 7→ Π(ν)(da|s) := πν(da|s) ∈ Pη(A|S),

and
P1(Rd) ∋ ν 7→ V̂τ (ν)(γ) := V πν

τ (γ) ∈ R,

where πν(da|s) and V̄τ (ν)(γ) are given by (13) and (61), respectively.

The proof will depend on the following key lemmas, which we state without proof, as they are
available in [24]. The first is Lemma [24, Lemma 2.2].

Lemma E.1 (Flat derivative of Π). If f ∈ C0, then the function Π : P1(Rd) → Pη(A|S) has a flat
derivative δΠ

δν : P1(Rd)× Rd → bKη(A|S) given by

δΠ

δν
(ν, θ)(da|s) =

(
f(θ, s, a)−

∫
A

f(θ, s, a′)Π(ν)(da′|s)
)
Π(ν)(da|s). (62)

The second is [24, Lemma 2.3], which can be viewed as a policy gradient theorem.

Lemma E.2 (Flat derivative of V̂τ ). If f ∈ C1, then the function V̂τ : P1(Rd) → R has a flat
derivative δV̂τ

δν : P1(Rd)× Rd → R given by

δV̂τ
δν

(ν, θ)(γ) =
1

1− δ

∫
S

∫
A

(
QΠ(ν)

τ (s, a) + τ log
dΠ(ν)

dη
(a|s)

)
δΠ

δν
(ν, θ)(da|s)dΠ(ν)

γ (ds).

(63)

We are ready to prove that V̂τ satisfies Assumption 2.1.

Proposition E.3. Let S and A be Polish spaces, c ∈ Bb(S ×A), η ∈ M+(A), and τ > 0. Then for
all γ ∈ P(S) the function F (·) := V̂τ (·)(γ) satisfies Assumption 2.1 with

CF :=
2

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C0 ,

LF := |f |C1

(
1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
max

{
2,

5

1− δ
|f |C0

}
+4τ |f |C0

)
.

Proof. For given (s, a) ∈ S ×A and ν ∈ P1(Rd), let

Q̄Π(ν)
τ (s, a) :=

1

1− δ

(
QΠ(ν)

τ (s, a) + τ log
dΠ(ν)

dη
(a|s)

)
.

Since c ∈ Bb(S ×A), f ∈ C0 and η ∈ M+(A), it follows by [24, Lemma A.4] that∣∣∣Q̄Π(ν)
τ (s, a)

∣∣∣ ≤ 1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
, (64)

for all ν ∈ P1(Rd), s ∈ S and a ∈ A η−a.e. Therefore, by Lemma E.2, we obtain∣∣∣∣∣δV̂τδν (ν, θ)(γ)

∣∣∣∣∣
≤
∫
S

∫
A

∣∣∣Q̄Π(ν)
τ (s, a)

∣∣∣ ∣∣∣∣f(θ, s, a)− ∫
A

f(θ, s, a′)Π(ν)(da′|s)
∣∣∣∣Π(ν)(da|s)dΠ(ν)

γ (ds)

≤ 2

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C0 =: CF ,

for all γ ∈ P(S) and (ν, θ) ∈ P1(Rd)× Rd, which proves that δV̂τ

δν is uniformly bounded.
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Next we show that, given γ ∈ P(S), (ν, θ) 7→ δV̂τ

δν (ν, θ)(γ) is Lipschitz. For any (ν′, θ′), (ν, θ) ∈
P1(Rd)× Rd, we have∣∣∣∣∣δV̂τδν (ν′, θ′)(γ)− δV̂τ

δν
(ν, θ)(γ)

∣∣∣∣∣
≤

∣∣∣∣∣δV̂τδν (ν′, θ′)(γ)− δV̂τ
δν

(ν′, θ)(γ)

∣∣∣∣∣+
∣∣∣∣∣δV̂τδν (ν′, θ)(γ)− δV̂τ

δν
(ν, θ)(γ)

∣∣∣∣∣ .
(65)

Note that since f ∈ C1, we have

|f(θ′, s, a)− f(θ, s, a)| ≤ |f |C1 |θ′ − θ|,

for all θ ∈ Rd, s ∈ S and a ∈ A η−a.e. Then, for the first term in (65), we obtain∣∣∣∣∣δV̂τδν (ν′, θ′)(γ)− δV̂τ
δν

(ν′, θ)(γ)

∣∣∣∣∣
=

∣∣∣∣∫
S

∫
A

Q̄Π(ν′)
τ (s, a)

(
δΠ

δν
(ν′, θ′)(da|s)− δΠ

δν
(ν′, θ)(da|s)

)
dΠ(ν′)
γ (ds)

∣∣∣∣
=

∣∣∣∣∣
∫
S

∫
A

Q̄Π(ν′)
τ (s, a)

(
f(θ′, s, a)− f(θ, s, a)

−
∫
A

(f(θ′, s, a′)− f(θ, s, a′))Π(ν′)(da′|s)

)
Π(ν′)(da|s)dΠ(ν′)

γ (ds)

∣∣∣∣∣
≤
∫
S

∫
A

|Q̄Π(ν′)
τ (s, a)|

(
|f(θ′, s, a)− f(θ, s, a)|

+

∫
A

|f(θ′, s, a′)− f(θ, s, a′)|Π(ν′)(da′|s)
)
Π(ν′)(da|s)dΠ(ν′)

γ (ds)

≤ 2|f |C1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|θ′ − θ|.

(66)

for all ν′ ∈ P1(Rd) and all θ′, θ ∈ Rd.

For the second term in (65), for θ ∈ Rd and ν, ν′ ∈ P1(Rd), we have

δV̂τ
δν

(ν′, θ)(γ)− δV̂τ
δν

(ν, θ)(γ)

=

∫
S

∫
A

Q̄Π(ν′)
τ (s, a)

δΠ

δν
(ν′, θ)(da|s)[dΠ(ν′)

γ − dΠ(ν)
γ ](ds)︸ ︷︷ ︸

:=I1

+

∫
S

∫
A

[
Q̄Π(ν′)

τ (s, a)− Q̄Π(ν)
τ (s, a)

] δΠ
δν

(ν′, θ)(da|s)dΠ(ν)
γ (ds)︸ ︷︷ ︸

:=I2

+

∫
S

∫
A

Q̄Π(ν)
τ (s, a)

[
δΠ

δν
(ν′, θ)(da|s)− δΠ

δν
(ν, θ)(da|s)

]
dΠ(ν)
γ (ds)

= I1 + I2 +

∫
S

∫
A

Q̄Π(ν)
τ (s, a)

∫
A

f(θ, s, a′)[Π(ν)−Π(ν′)](da′|s)Π(ν)(da|s)dΠ(ν)
γ (ds)︸ ︷︷ ︸

:=I3

+

∫
S

∫
A

Q̄Π(ν)
τ (s, a)

(
f(θ, s, a)−

∫
A

f(θ, s, a′)Π(ν′)(da′|s)
)
[Π(ν′)−Π(ν)](da|s)dΠ(ν)

γ (ds)︸ ︷︷ ︸
:=I4

.
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By [24, Corollary A.5], we have for all ν′, ν ∈ P1(Rd) that

|dΠ(ν′) − dΠ(ν)|bK(S|S) ≤ 2|f |C1

δ

1− δ
W1(ν

′, ν).

Hence, using (64), we obtain

|I1| ≤
4δ

(1− δ)3
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C0 |f |C1W1(ν

′, ν). (67)

By the proof of [24, Corollary A.5], we have for all ν′, ν ∈ P1(Rd) that

|Π(ν′)−Π(ν)|bK(A|S) ≤ 2|f |C1W1(ν
′, ν). (68)

Hence, by the definition of the bK(A|S)−norm (see (56)), for any measurable h : Rd ×S ×A→ R,
we have ∫

A

h(θ, s, a)(Π(ν′)−Π(ν))(da|s) ≤ 2|f |C1 |h|Bb(A)W1(ν
′, ν) .

Thus, using (68) and (64), we deduce

|I3 + I4| ≤
4

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C0 |f |C1W1(ν

′, ν). (69)

To estimate I2, applying Definition F.1 we observe that for all (s, a) ∈ S ×A, we have

log
dΠ(ν′)

dη
(a|s)− log

dΠ(ν)

dη
(a|s)

=

∫ 1

0

∫
Rd

(
f(θ, s, a)−

∫
A

f(θ, s, a′)Π(ν + ε(ν′ − ν))(da′|s)
)
(ν′ − ν)(dθ)dε

≤ 2|f |C1W1(ν
′, ν).

Now, taking γ = δs in V̂τ (ν)(γ) =
∫
S
V̂τ (ν)(s)γ(ds) gives

V̂τ (ν)(s) = V̂τ (ν)(δs),

for all s ∈ S, and therefore

QΠ(ν′)
τ (s, a)−QΠ(ν)

τ (s, a)

= δ

∫
S

(V̂τ (ν
′)(s′)− V̂τ (ν)(s

′))P (ds′|s, a)

= δ

∫
S

∫ 1

0

∫
Rd

δV̂τ
δν

(ν + ε(ν′ − ν), θ)(δs′)(ν
′ − ν)(dθ)dεP (ds′|s, a)

≤ δW1(ν
′, ν)

2

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C1

∫
S

P (ds′|s, a)

=
2δ

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C1W1(ν

′, ν),

where the first inequality follows from the fact that the map

θ 7→ δV̂τ
δν

(ν + ε(ν′ − ν), θ)(δs′)

is Lipschitz due to (66) and the definition of W1 (see (9)), and last equality follows from the fact that
P ∈ P(S|S ×A). Hence, we obtain

|I2| ≤ 4

(
δ

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ τ

)
|f |C0 |f |C1W1(ν

′, ν). (70)
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Putting together (67), (69) and (70) yields that∣∣∣∣∣δV̂τδν (ν′, θ)(γ)− δV̂τ
δν

(ν, θ)(γ)

∣∣∣∣∣
≤

[
4

(1− δ)2

(
δ

1− δ
+ 1 + δ

)
×

×
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ 4τ

]
|f |C0 |f |C1W1(ν

′, ν)

=

[
4

(1− δ)3

(
−
(
1

2
− δ

)2

+
5

4

)
×

×
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ 4τ

]
|f |C0 |f |C1W1(ν

′, ν)

≤
(

5

(1− δ)3
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ 4τ

)
|f |C0 |f |C1W1(ν

′, ν).

(71)

for all ν′, ν ∈ P1(Rd) and θ ∈ Rd. Combining (66) and (71) with (65) gives∣∣∣∣∣δV̂τδν (ν′, θ′)(γ)− δV̂τ
δν

(ν, θ)(γ)

∣∣∣∣∣
≤ 2|f |C1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|θ′ − θ|

+

(
5

(1− δ)3
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ 4τ

)
|f |C0 |f |C1W1(ν

′, ν)

≤ |f |C1 max

{
2

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
,

(
5

(1− δ)3
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
+ 4τ

)
|f |C0

}
(|θ′ − θ|+W1(ν

′, ν))

≤ |f |C1

(
max

{
2

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
,

5

(1− δ)3
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
|f |C0

}
+ 4τ |f |C0

)
(|θ′ − θ|+W1(ν

′, ν))

= |f |C1

(
1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
max

{
2,

5

1− δ
|f |C0

}
+ 4τ |f |C0

)
×

× (|θ′ − θ|+W1(ν
′, ν)) ,

for all ν′, ν ∈ P1(Rd) and θ′, θ ∈ Rd, where the last inequality follows from the standard estimate
max{a, c+ d} ≤ d+max{a, c}. Hence, we set

LF := |f |C1

(
1

(1− δ)2
(
|c|Bb(S×A) + τ (2|f |C0 + | log η(A)|)

)
max

{
2,

5

1− δ
|f |C0

}
+4τ |f |C0

)
.

Remark E.4. If A is a finite action space, a natural choice for η is the uniform distribution over A.
In contrast, when A is continuous, η can be taken as a Gaussian or any other probability measure
on A. Assuming η ∈ P(A), it follows that | log η(A)| = 0. Note that the constants CF and LF

in Proposition E.3 scale linearly with τ . Therefore, as indicated by condition (10), increasing τ
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necessitates a corresponding increase in σ. This is intuitive, since the mapping ν 7→ KL(πν |η) is
non-convex. As a result, choosing a large τ in (61) amplifies the non-convexity of V̂τ (ν)(γ), requiring
a larger σ to mitigate it.

Algorithm 1: Langevin-based Best Response for bandits

Input: cost function c, activation function f , potential Uξ, reference measure η chosen
according to Remark E.4, regularization parameter σ as prescribed by (10), where
CF , LF are explicitly computed in Proposition E.3, τ , initial distribution of parameters
ν0, outer and inner step sizes hout and hin, horizons T and K, learning rate α > 0, and
number of parameters N .

1 Generate i.i.d. (θi0)
N
i=1 ∼ ν0 and set (θi0,0)

N
i=1 := (θi0)

N
i=1;

2 for t = 0,..., T − 1 do
3 for k = 0, . . . , K − 1 do
4 for i = 1, 2, . . . , N do
5 θit,k+1 = θit,k − hin

(
∇θ

δV πν
τ

δν (νNt,k, θ
i
t,k) + σ∇θU

ξ(θit,k)
)
+

√
2σhin N i

t,k;
6 end
7 end
8 νNt+1 = (1− αhout)ν

N
t+1 + αhoutΨσ[ν

N
t ];

9 end
Output: νNT = 1

N

∑N
i=1 δθi

T
.

E.2 Two-player zero-sum Markov game

We demonstrate how our results on min-max games can be applied to policy optimization in a two-
player Markov game, thus extending the examples proposed in [21, Section 5] from convex-concave
to non-convex-non-concave value function with softmax parametrized policies.

The setup is largely analogous to the MDP setting in Section 2.2. The goal of both players is to learn
a policy that constitutes a Nash equilibrium of the game. For given strategies π, ζ : S → Pη(A), the
(τ1, τ2)-entropy regularized total expected cumulative cost is given by

V π,ζ
τ1,τ2(s) := Eπ,ζ

s

[ ∞∑
n=0

δn
(
c(sn, an, bn) + τ1 log

dπ

dη
(an|sn)− τ2 log

dζ

dη
(bn|sn)

)]
.

For a fixed initial distribution γ ∈ P(S), the players’ objective is then to solve

min
π∈Pη(A|S)

max
ζ∈Pη(A|S)

V π,ζ
τ1,τ2(γ), with V π,ζ

τ1,τ2(γ) :=

∫
S

V π,ζ
τ1,τ2(s)γ(ds). (72)

Assume that there exists a unique MNE (π∗
τ1 , ζ

∗
τ2) of the game (72) independent of γ, i.e., there exists

(π∗
τ1 , ζ

∗
τ2) such that

min
π∈Pη(A|S)

max
ζ∈Pη(A|S)

V π,ζ
τ1,τ2(γ) = max

ζ∈Pη(A|S)
min

π∈Pη(A|S)
V π,ζ
τ1,τ2(γ) = V

π∗
τ1

,ζ∗
τ2

τ1,τ2 (γ),

and it is given by

π∗
τ1(da|s) ∝ exp

(
− 1

τ1

∫
A

Q
π∗
τ1

,ζ∗
τ2

τ1,τ2 (s, a)ζ∗τ2(db|s)
)
η(da),

ζ∗τ2(db|s) ∝ exp

(
1

τ2

∫
A

Q
π∗
τ1

,ζ∗
τ2

τ1,τ2 (s, a)π∗
τ1(da|s)

)
η(db).

For example, such MNE exists for Markov games with finite state and action spaces [36].

To avoid requiring the players to search for the MNE (π∗
τ1(·|s), ζ

∗
τ2(·|s)) at each state s ∈ S across

the full space of probability measures, we assume that the strategies πν and ζµ are of the softmax
form

πν(da|s) ∝ exp (fν(s, a))η(da)
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and
ζµ(db|s) ∝ exp (gµ(s, b))η(db),

where fν and gµ are mean-field neural networks with activation functions f , g : Rd × S ×A→ R,
cf. equation (13). Thus, the goal of the players is now to find a global MNE of the game

min
ν∈P1(Rd)

max
µ∈P1(Rd)

V πν ,ζµ
τ1,τ2 (γ). (73)

Owing to the presence of the normalization constant in (13), the value function (ν, µ) 7→ V
πν ,ζµ
τ1,τ2 (γ)

is non-convex-non-concave. Consequently, convergence of gradient flows to a global MNE cannot
generally be expected without additional entropic regularization with respect to ν and µ (cf. (6)) as
supported by our theoretical findings. In contrast, [21] considered the setting with non-parametric
policies in (72), solving the problem by directly optimizing over the policies. This approach requires
computing the MNE at each individual state, which can be computationally infeasible for large state
spaces. By instead parametrizing the policies using the softmax form in (13) and optimizing over these
parameters as in (73), the players are able to learn the MNE of (72) across all states simultaneously.
Proposition E.5 states that (ν, µ) 7→ V

πν ,ζµ
τ1,τ2 satisfies Assumption 3.1, and hence all our main results

(Theorem B.2, Corollary B.3, Theorem B.4) and Theorem 3.3 apply to min-max problems (6)
corresponding to energy functions Fσν ,σµ(ν, µ) := V

πν ,ζµ
τ1,τ2 (γ) + σν KL(ν|ξ)− σµ KL(µ|ρ) for any

reference measures ξ, ρ satisfying Assumption 3.2.

As in the previous subsection, we state that the value function Vτ1,τ2 in the Markov games setting
satisfies Assumption 3.1.
Proposition E.5. Let S and A be Polish spaces, c ∈ Bb(S × A × A), η ∈ M+(A), and
τ1, τ2 > 0. Then for all γ ∈ P(S) the function F (ν, µ) := V

πν ,ζµ
τ1,τ2 (γ) satisfies Assump-

tion 3.1 with constants CF , LF > 0 depending on δ, τ1, |c|Bb(S×A×A), |f |C0 , |f |C1 , | log η(A)|,
as in Proposition E.3, and constants C̄F , L̄F > 0 depending in an analogous way on
δ, τ2, |c|Bb(S×A×A), |g|C0 , |g|C1 , | log η(A)|.

Proof. The proof follows the same argument as the proof of Proposition E.3.

F Additional notation and definitions

Following [6, Definition 5.43], we recall the notion of differentiability on the space of probability
measure that we utilize throughout the paper.
Definition F.1 (Flat differentiability on P1(Rd)). We say a function F : P1(Rd) → R is in C1, if
there exists a continuous function δF

δµ : P1(Rd) × Rd → R, with respect to the product topology
on P1(Rd) × Rd, called the flat derivative of F, for which there exists κ > 0 such that for all

(µ, x) ∈ P1(Rd)× Rd,
∣∣∣ δFδµ (µ, x)∣∣∣ ≤ κ (1 + |x|) , and for all µ′ ∈ P1(Rd),

lim
ε↘0

F (µε)− F (µ)

ε
=

∫
Rd

δF

δµ
(µ, x)(µ′ − µ)(dx), with µε = µ+ ε(µ′ − µ) , (74)

and
∫
Rd

δF
δµ (µ, x)µ(dx) = 0.

Remark F.2. One can show that if F : P1(Rd) → Rd admits a flat derivative δF
δµ , then for all

µ, µ′ ∈ P1(Rd), the function [0, 1] ∋ ε 7→ F (µε) is continuous on [0, 1] and differentiable on (0, 1)
with derivative d

dεF (µ
ε) =

∫
Rd

δF
δµ (µ

ε, x)(µ′ − µ)(dx) (see [19, Theorem 2.3]). Hence, by the

fundamental theorem of calculus, F (µ′)− F (µ) =
∫ 1

0

∫
Rd

δF
δµ (µ

ε, x)(µ′ − µ)(dx)dε, provided that
ε 7→

∫
δF
δµ (µ

ε, x)(µ′ − µ)(dx) is integrable.
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