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Abstract

Machine learning models are often brittle under distribution shift, i.e., when data
distributions at test time differ from those during training. Understanding this
failure mode is central to identifying and mitigating safety risks of mass adoption
of machine learning. Here we analyze ridge regression under concept shift—a
form of distribution shift in which the input-label relationship changes at test time.
We derive an exact expression for prediction risk in the thermodynamic limit. Our
results reveal nontrivial effects of concept shift on generalization performance,
including a phase transition between weak and strong concept shift regimes and
nonmonotonic data dependence of test performance even when double descent is
absent. Our theoretical results are in good agreement with experiments based on
transformers pretrained to solve linear regression; under concept shift, too long
context length can be detrimental to generalization performance of next token
prediction. Finally, experiments on MNIST and FashionMNIST further validate
our theoretical predictions, suggesting these phenomena represent a fundamental
aspect of learning under distribution shift.

1 Distribution shift

It is unsurprising that a model trained on one distribution does not perform well when applied to data
from a different distribution. Yet, this out-of-distribution setting is relevant to many practical applica-
tions from scientific research [1, 2] to medicine and healthcare [3—6]. A quantitative understanding of
out-of-distribution generalization is key to developing safe and robust machine learning techniques.
A model that generalizes to arbitrary distribution shifts of course does not exist. The generalization
scope of a model, however, needs not be limited to the training data distribution. A question then
arises as to how much a model’s scope extends beyond its training distribution.

Answering this question requires assumptions on the test distribution. For example, covariate shift,
a well-studied setting for distribution shift, assumes a fixed input-label relationship while allowing
changes in the input distribution (see, e.g., Refs [7-11]).

We consider concept shift—a relatively less-studied setting, in which the input-label relationship
becomes different at test time' [13, 14], see Fig 1. While many works have studied how to detect
and mitigate concept shift [15, 16], characterizing how concept shift affects generalization behavior
in neural networks has remained underexplored. In our work, we formulate a minimal model
which enables continuous modulation of the input-label function, based on high dimensional ridge
regression—a solvable setting that has helped develop intuitions for some of the most interesting
phenomena of modern machine learning (see, e.g., Refs [17-25]). We derive an analytical expression
for prediction risk under concept shift in the high-dimensional limit and demonstrate that its behavior
can change from monotonically decreasing with data for the in-distribution case to monotonically

“DIS and VN contributed to this work equally.
1Concept shift or concept drift is sometimes defined to be equivalent to distribution shift [12]. Here, we adopt
a narrower definition in which concept shift describes only the change in the input-label relationship [13, 14].
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Figure 1: Two flavors of distribution shift. Distribution shift describes the scenarios in which the
joint input-label distribution of training data {(x1, y1), (x2,y2), ... } (filled circles) differs from that
of test data {(%1,¥1), (X2, ¥2), . . . } (empty circles). Covariate shift (left) assumes a fixed input-label
relationship but the input distribution differs at test time, i.e., Py|x = Py|x but Px # Px. For linear
regression, this condition means that the regression coefficient 8 is unchanged. Concept shift (right)
allows the input-label function to change at test time, which corresponds to a shift in regression
coefficient B# 3 in the linear regression setting. See §2.

increasing, and to nonmonotonic, depending on the degree of concept shift and the properties of the
input distribution.

To differentiate these effects from double descent phenomena which can also cause nonmonotonic
data dependence of prediction risk [26, 27], we focus on optimally tuned ridge regression which
completely suppresses the risk divergence at the interpolation threshold and for which in-distribution
prediction risk decreases monotonically with more data [17, 18, 28]. The nonmonotonic behavior we
observe is also distinct from effects due to model misspecification [18]. While misspecification—a
property of a model relative to the true data-generating process—can produce similar generalization
behavior, distribution shift represents a fundamentally different setting in which the data-generating
process changes at test time. Our work isolates and characterizes the effects of concept shift, a type
of distribution shift, in correctly specified, optimally regularized models.

Our theoretical results in the thermodynamic limit agree well with experiments, based on transformers
trained to solve finite-dimensional regression using in-context examples. We show that more in-
context examples help improve model performance when concept shift is weak, but can lead to
overspecialization for strong concept shift. Finally, we illustrate similar qualitative changes in
generalization behavior in classification problems, using MNIST and FashionMNIST as examples.
Our work contributes a new theoretical framework for analyzing concept shift that complements an
extensive body of work on concept shift detection (see, e.g., Ref [29] for a recent review).

Our main contributions are:

1. We develop an analytically solvable framework that isolates the effects of concept shift—an
important yet often overlooked mode of distribution shift.

2. We explain precisely why and how more training data can hurt generalization performance under
concept shift, illustrating its effects in several specific settings, including coefficient shrinking,
rotation, and feature robustness.

3. We identify and characterize a sharp transition, separating weak and strong concept shift regimes.

4. We show that feature anisotropy creates qualitatively different patterns of risk nonmonotonicity
depending on whether concept shift affects high or low-variance features.

Our experiments on transformers and simple classification tasks are in good qualitative agreement
with our theoretical findings, hinting at universal behavior that generalizes beyond our relatively
simple theoretical settings.

2 Regression setting

Data. The training data consists of N iid input-response pairs {(xy, y1), ..., (xn,yn)}. The input
x € RP is a vector of Gaussian features and the response y € R is a noisy linear projection of x, i.e.,

y=px+& with (x,8) ~N(C.Z)XN(.0}), 4))



where S€R? denotes the coefficient vector, &£ € R Gaussian noise with variance a'fc, and X e RP*P

the covariance matrix. Similarly, a test data point is an input-response pair (#, ), drawn from the
same process as the training data, Eq (1), but with a generally different set of parameters—that is,
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Model. We consider ridge regression in which the predicted response to an input x reads $(x; X,Y) =
x - Ba(X,Y), with the coefficient vector resulting from minimizing Lj-regularized mean squared
error,

R 1
Ba(X,Y) =arg min —|IY = X"b|? +2|b||> = (XX" + ANIp)~' XY. 3)
berP N
Here 1> 0 controls the regularization strength, and Y =(yy, ..., yn)  €RN and X=(x,...,xy) €

RPXN denote the training data.

Risk. We measure generalization performance with prediction risk,”
R(X) =E[[[9(5:X.Y) -EF | DI | X] = BOXO) +V(X), @
where the last equality denotes the standard bias-variance decomposition with
B(X) =E[|E(GE:X.Y) | X.5) ~EF | DI | X]
V(X) =E[II3(%X.Y) -EQE:X,Y) | X,9)7 | X].
Substituting the predictor from ridge regression into the above equations yields
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where ¥ =X X' /N is the empirical covariance matrix.

It is instructive to consider the idealized limits of N =0 and N — . First, when N =0, inductive
biases (e.g., from model initialization and regularization) dominate. For ridge regression, Eq (3), all
model parameters vanish, 2, =0, and the resulting predictor outputs zero regardless of the input, i.e.,
$(x) =0 for any x. As aresult, Ry—o(X)=E[E(5|%)%] =8"ZB, see Eq (4). Second, when N — oo,
the empirical covariance matrix approaches the true covariance matrix ¥ — X and, taking the limit
1— 0%, we obtain Ry_.e(X)=(8 - B)"S(B8 — )7 When =g, we see that Ry—o(X)=8"E8>0
whereas Ry, (X)=0 (see also Fig 2). That is, infinite data is better than no data, as expected.

This intuitive picture breaks down under concept shift, 3 # 8. Consider, for example, 5 =0 which
indicates that none of the features predicts the response at test time. In this case, Ry=o(X) =0 and

RN oo (X)=B"E8>0 (see also Fig 2); that is, even infinitely more data decreases test performance
in the presence of concept shift.

3 High dimensional limit

To better understand this counterintuitive phenomenon in the context of high dimensional learning,
we focus on concept shift without covariate shift, i.e., §# 8 and X =%, and take the thermodynamic
limit N, P— oo and P/N — 7y € (0, c0). In this limit, prediction risk becomes deterministic R(X) — R
with the bias and variance contributions given by (see Appendix for derivation; see also Ref [30]),
FTEGE(-1)p
+ Tr[ZG2(-2)]
V(X) =V =0ozy [v(=1) -/ (-1)], (7

B(X) — 8 =2%'(-2) —28"2Gs () (B-B)+(B-P=B-B (6

2We follow the convention in Ref [18] where the risk is the expected squared error between the predictor and
the mean of the test-time conditional distribution, effectively subtracting the irreducible noise variance.
3As N — oo at fixed P, the variance term vanishes, V (X) ~O(N~!), and the optimal regularization is 1*=0.
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Figure 2: More data hurts performance when concept shift is strong. We depict the data
dependence of asymptotlc prediction risk for isotropic features, Eq (9), under three concept shift
settings of varying degree, parametrized by coefficient alignment cos 6 =3- B/1181113 and | scaling
factor =||B]|/118I| (see legend). a Shrinking coefficients: B= =kf3. b Rotating coeﬁ‘iczents 1811= 18]l
but 6 varies. ¢ Mixture of robust and nonrobust features: B; = f8; if feature i is robust, otherwise
Bi=0. This setting is parametrized by g =«>=cos” §. We set SNR=1 in a-c, and the regularization is
in-distribution optimal =7 /SNR.
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Figure 3: Concept shift induces a phase transition in generalization behavior. We depict minimum
prediction risk Rpin of optimally tuned ridge regression (1=7y/SNR) as « and cos 6 vary, see Eq (10)
for definitions. No concept shift corresponds to x =cos @ =1 (star). The thick curve, k cos 6 =1/2,
separates the weak and strong concept shift regimes. More training data improves generalization only
when concept shift is weak, « cos # > 1/2. Outside this region, any data hurts generalization.

where we define Gx(z) = (m(2)X — zIp)~', m(z)=(1 +yv(z))~" and v(z) is the unique solution of
the self-consistent equation,

v(z) = %Tr[ZGz(z)] with v(z) € C*. )

We note that concept shift enters prediction risk only through the last two terms of the bias, Eq (6),
whereas the variance, Eq (7), is completely unaffected.

3.1 Isotropic features

When X =1p, the bias contribution to prediction risk reads (see Appendix for a closed-form expression
for v(z))

M(l_;<(;059)+1—21<c056?+K2 , )

8= ||ﬁ||2[/12v’(—/l) T+ (1 +y7(=2)

where we quantify concept shift via two parameters

Coefficient alignment: cos@ = ’B—[i
IB11Al (10)
Scaling factor: x = |1BII/11B]l-
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Figure 4: Anisotropic features can lead to risk nonmonotonicity. We illustrate prediction risk
for the two-scale model, Eq (11), with aspect ratio s_/s, = 0.1, spectral weights p, = p_ =1/2
and signal fraction 7, =7_ =1/2. Concept shift is parametrized by coefficient alignments cos 6.. =
Bs-B=/NIB<Il|B+ |l and scaling factors k. = ||3+||/]|8=| where the subscripts indicate the variance
s+ of the affected features. We consider the settings in which concept shift affects either low or
high-variance features and either alignment or scale; that is, we vary only one out of four parameters,
0. and k., at a time (see legend). a Shrinking coefficients of low-variance features. b Rotating
coefficients of low-variance features. ¢ and d Same as Panels a and b, but concept shift affects high-
variance features via k4 and cos 8,, respectively. Here SNR=1 and regularization is in-distribution
optimal.

Figure 2 depicts thermodynamic-limit prediction risk for isotropic features under concept shift. We
focus on in-distribution optimal ridge regression which corresponds to setting =7 /SNR, ensuring
that double descent is absent (see, e.g., Refs [17, 18]). This choice is motivated by its practical
relevance (as it can be approximated via cross-validation) and because it allows us to isolate the
effects of concept shift from the confounding non-monotonicity of double descent.

In Fig 2a, we consider the effects of shrinking coefficients—the coefficient vector becomes smaller
at test time without changing direction, # =0 and « < 1. When « =1, concept shift is absent and
prediction risk monotonically decreases with more training data, as expected for optimally-tuned
ridge regression. As « decreases and the features become less predictive of the response at test time,
prediction risk starts to increase with training sample size. This transition occurs at k=1/2, at which

R/BI>=1/4.

In Fig 2b, we observe a similar crossover when the magnitude of the coefficient vector is fixed but
its direction changes at test time, k=1 and 6 > 0. Examples of this concept shift setting include the
case where some features have the opposite effects at test time, described by 3; =—p; for the affected
coefficient. Here we see that more data hurts when cos 6 < 1/2 (or equivalently 6 > 7/3).

In Fig 2c, we consider a mixture of robust and nonrobust features with ,éi =3; if feature i is robust,
otherwise B[ =0. That is, the robust features have the same effects at test time whereas the nonrobust
ones become uninformative of the response variables. In this case, we have x =cos § = /g where
0< g <1 denotes the fraction of robust features. We see again that adequately strong concept shift
changes the data-dependent behavior of generalization properties from improving to worsening with
more training data.

Indeed we can make a more general statement about the transition between weak and strong con-
cept shift. First, we observe that for in-distribution optimal ridge regression, 4 = y/SNR, the
thermodynamic-limit risk is always monotonic in y. To determine whether more data improve
generalization, we only need to compare the limits of no data and infinite data: Ry—o=«?||3||*> and
RN—oo = (1 =2k cos @ + «%)||8]|>. It follows immediately that two qualitatively distinct regimes
exist. When kcos8 > 1/2, concept shift is weak and more data improves generalization. When
kcos 6 < 1/2, concept shift is strong and more data hurts, see Fig 3. In the thermodynamic limit,
this sharp boundary manifests as a nonanalyticity in the minimal prediction risk, analogous to a
phase transition in statistical mechanics. When « cos 6 = 1/2, prediction risk becomes completely



independent of training sample size—i.e., R = Ry=0 = Ry e = k2||B8]|>. Quite remarkably, this
analysis does not depend on SNR.*

3.2 Anisotropic features

To study the effects of anisotropy, we consider a two-scale model in which the spectral density of
the covariance matrix is a mixture of two point masses at s_ and s, with weights p_ and p,=1-p_,
respectively. Without loss of generality, we let s, > s_ throughout this section. These two modes
define subspaces into which we decompose the coefficients, 8 = S_ + B with 28, = s.., and
similarly for 3. We write down the bias contribution to prediction risk

1 (_ 2 _
B :ﬁTZIBZ . [/12 v'( /1)87(2/1) ~ 248 (=) (1 = krcos6) + 1 =2k cos O, + &% |, (11)
TEx Zvet PuSugy(—4)

where g.(z) = (m(z)s: —z)~! and 7, = ﬁlZ,Bi/,BTZ,B denotes the signal fraction at each scale.
Similarly to the isotropic case, we quantify concept shift using coefficient alignments cos 6. =
B+-B+/11B=||lB=|| and scaling factors k. =||B+]|/||B=||, both of which now depend also on variance.

Figure 4 illustrates prediction risk under concept shift for two-scale covariates. We numerically tune
the ridge regularization strength A such that the in-distribution risk is minimized and the divergences
associated with multiple descent phenomena are completely suppressed. We consider the cases
where concept shift affects only low-variance features via either «_ or cos 6_ (Fig 4a and b), or only
high-variance ones via either «; or cos 8, (Fig 4c and d). In all cases, we see that test performance
develops nonmonotonic data dependence as test data deviates from in-distribution settings; however,
its behavior is qualitatively distinct for low and high-variance concept shift. To isolate the effects of
covariate statistics, we set the signal fraction to m, =m_= % so that low and high-variance features
carry the same signal strength.

In Fig 4a and b, we depict the effects of concept shift on low-variance features. Panel a corresponds
to the case where the low-variance coefficients S_ shrink at test time, x_ < 1, thus suppressing the
signal associated with low-variance features. Similarly to the isotropic case (Fig 2a), prediction
risk decreases with N for weak concept shift. However, as ||3-|| becomes smaller, we see that
generalization performance exhibits nonmonotonic behavior; too much training data can worsen
generalization. Panel b turns to the case in which S_ rotates at test time, cos §_ < 1 (cf. Fig 2b).
We observe a similar crossover in the data dependence of prediction risk as concept shift becomes
stronger. While generalization improves with more data in the low-data limit, this improvement
continues monotonically only for adequately weak concept shifts.

In Fig 4c and d, concept shift affects only high-variance features via shrinking coefficients (panel a)
and rotated coefficients (panel b). We see again that strong concept shift leads to nonmonotonic data
dependence of prediction risk. However, strong concept shift on high-variance features results in risk
maximum at intermediate training data size N. This behavior contrasts sharply with low-variance
concept shift, depicted in Fig 4a and b.

Indeed we could have anticipated the intriguing differences between concept shift affecting low and
high-variance features. The data dependence in Fig 4 results from the fact that it takes more data to
learn low-variance features and their effects. At low N, high-variance features dominate prediction
risk; more data hurts when these features do not adequately predict the response at test time, Fig 4c
and d. On the other hand, low-variance features affect test performance only when the training sample
size is large enough to influence the model. Sufficiently strong concept shift on these features thus
results in detrimental effects of more data at larger N (compared to high-variance concept shift),
Fig 4a and b. We emphasize that the nonmonotonic data dependence of prediction risk due to concept
shift is unrelated to double descent phenomena (which describe risk nonmonotonicity in suboptimally
tuned models).

4 Transformer experiments

To test the applicability of our theoretical framework to realistic scenarios, we train transformers to
perform in-context learning (ICL) of (noisy) linear functions, which were argued to perform optimal

4SNR controls how prediction risk depends on training data size N (Fig 2), but not the transition between
weak and strong concept shift regimes (Fig 3).
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Figure 5: Longer context can hurt in-context learning performance. We depict prediction risk
of transformers (circles), trained to solve linear regression tasks using in-context examples (see 4
for details). We compare in-context regression We consider two concept shift settings. a Coefficient
shrinking parametrized by « (see legend; cf. Fig 2a). b Coefficient rotation parametrized by 6 (see
legend; cf. Fig 2b). We compare the asymptotic prediction risk of transformers on isotropic data with
the predictions from our theory (Section 3) under two concept shift settings. Circles depict MSE
loss attained by the transformer whereas lines depict the optimally regularized asymptotic limit. We
observe strong agreement between experimental results and thermodynamic limits. Here, SNR=128.

ridge regression [31-33]. As many-shot prompting, enabled by recently expanded context windows,
has shown promise in improving performance [34], it is timely to investigate how distribution shift
affects whether longer context is beneficial. These experiments serve as a validation of our theory,
confirming that the key phenomena derived from our analytical model persist in a more complex,
data-driven setting.

In our experiment, a transformer takes as its input a series of points (x;, y;) on an unknown function
yi = f(x;) fori=1,2,...,n — 1, terminating with a ‘query’ x,, whose function value y, is the
prediction target. The model is trained to minimize the mean square loss £=E[(y, — $,)*]. This
setup has proved valuable in developing intuitions about ICL [31-33, 35-38]. Here, we focus on noisy
linear functions— f3 (x) = BTx + & with & denoting the noise term—and investigate the generalization
properties of the learned ICL solution, implemented by a transformer, under concept shift at test time.

We consider linear regression in P =32 dimensions. The training tasks, parametrized by (3, are drawn
iid from a standard normal distribution and kept fixed during training. We generate a total of 2%°
training tasks, which are sufficient to elicit general-purpose ICL [33, 37]. An input sequence is
drawn from y=8"x + £ with (x, &) ~N (0, Ip) x N(0,5%). We choose o->=0.5. The input-response
pairs are newly generated each time the model takes an input sequence. We adopt the nanoGPT
architecture [39] with eight layers, an embedding dimension of 128, learnable position embeddings,
and causal masking. The model is trained to minimize the next token mean squared error (MSE)
using Adam with a learning rate of 0.0001. At test time, we sample 10,000 new tasks and compute
the in-distribution prediction risk simply as the MSE of the transformer on test tasks. To compute
risk under concept shift, the transformer is presented with a context, (x, yi,-..,Xn—1, Yn—1,X), in
which y; = 8Tx; + £. But the query £ is related to the final prediction target ¥ via a linear function
§=p"% with 3# 3 in general.

Figure 5 depicts ICL prediction risk for linear regression under concept shift as a function of in-
context sample size N. We parametrize the degree of concept shift using the scaling factor and cosine
similarity, described in Eq (10). We consider two specific settings: in panel a, k <1 and cos =1,
and in panel b, k=1 and cos # <1 (cf. Fig 2a and b). In both cases, we compare ICL prediction risk
(symbols) with our thermodynamic-limit theory (lines). We see that they are in good quantitative
agreement. In particular, the context-length dependence ICL prediction risk changes from improving
to worsening with longer context as concept shift becomes more severe.

To further investigate how transformers handle concept shift with anisotropic features, we conducted
experiments comparing models trained on isotropic versus anisotropic data. Figure 6 illustrates how
feature anisotropy influences the generalization behavior of transformer-based in-context regression
under varying degrees of concept shift. When exposed to two-scale anisotropic data (see §3.2) where
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Figure 6: Feature anisotropy modulates concept shift effects in transformer-based in-context
regression. We depict prediction risk on two-scale, anisotropic data (see §3.2) for optimal ridge
regression (curves) and transformers (symbols) trained to solve linear regression tasks using in-context
examples. The theoretical results are for optimally tuned isotropic and structured ridge penalties
(dashed and solid curves, respectively). The transformers’ results are for isotropic and anisotropic
pretraining data (circles and plus symbols, respectively). Concept shift affects only high-variance
features via the scaling factor K%_ =1.0,0.6,0.3 in a, b, and ¢, respectively (k_ =cos 6. =1 throughout).
Transformers trained on anisotropic data (pluses) closely follow the solid curve, suggesting that
they effectively implement a structured regularization that adapts to feature anisotropy—effectively
isotropizing the features and averaging the impact of concept shift (k? = (k2 + «%)/2= (1 + «2)/2).
Transformers trained on isotropic data (circles) exhibit nonmonotonic risk under concept shift, but
with much more pronounced peaks compared to theoretical predictions (dashed). Here s_ /s, =0.1,
pr=p_=12, my=n_=1/2 and SNR=I.
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concept shift affects only high-variance features, transformers exhibit markedly different behaviors
depending on their training data distribution. Transformers pretrained on anisotropic data closely
align with theoretical predictions for optimally tuned ridge regression with structured penalties,
indicating that they can apply different penalties to features based on their variances. This strategy is
equivalent to whitening the features, resulting in an isotropized regression problem with an effective
concept shift scale parameter x> = (1 + k2)/2. In contrast, transformers trained on isotropic data
struggle to adapt optimally to anisotropic test data, exhibiting more pronounced nonmonotonic risk
curves than theoretically predicted for isotropic ridge penalties. This difference becomes particularly
evident as concept shift strengthens (panel c), suggesting that the priors learned during pretraining
significantly influence how transformers adapt to concept shift in features with different scales. These
results highlight the importance of data structure in determining how models respond to distribution
shifts and demonstrate that transformers can implicitly learn sophisticated regularization strategies
when exposed to appropriately structured training data. We note that this agreement between theory
and experiments is not trivial, as transformers perform in-context regression on finite data, in finite
dimensions, and via a learned, data-driven algorithm, whereas our theoretical analyses are based on
optimally tuned ridge regression in the thermodynamic limit.

S Classification experiments

So far we have focused on regression prob-
lems. In this section, we experimentally
test whether the key insights from our the-
ory extend to the qualitatively different set-
ting of classification, demonstrating that they
likely capture more general phenomena of
learning under concept shift. We consider
standard multinomial logistic regression for
MNIST [40] and FashionMNIST [41], using
Adam optimizer with a minibatch size of 500
and a learning rate of 0.001 for 2,000 epochs.

a MNIST b FashionMNIST N
> 0.9
g
3 0.8
g
Z 0.7
5]
0.6 1 1 1
0 12 1 0 1h 1

Fraction of robust principal components

Figure 7: Concept shift qualitatively changes data
dependence of test accuracy in (a) MNIST and (b)
FashionMNIST experiments for various training data
size N (see legend). See §5 for details.



To vary training sample size N, we choose training data points at random (without replacement); all
of the training data is used when N =60,000.

We modify the test datasets by performing principal component analysis (PCA) on the images and
designating the resulting features as either ‘robust’ or ‘nonrobust’ (cf. Fig 2c; see also §3.1). We
shuffle nonrobust features across data points to decorrelate them from the labels while preserving
marginal statistics, whereas robust features are unchanged. In Fig 7, we let lower-variance features
be nonrobust and parametrize concept shift strength with the variance threshold that separates robust
from nonrobust features. We depict the test accuracy as a function of concept shift strength, and
observe that when concept shift is strong and few features are robust, more data hurts test accuracy,
in qualitative agreement with our results for linear regression problems (cf. Figs 2 and 5). The
qualitative agreement between our theoretical results and experiments on transformers, MNIST,
and FashionMNIST suggests that the phenomenon we identify is not specific to linear regression,
providing further validation for the broader relevance of our theory.

6 Related works

There is a significant body of work on out-of-distribution generalization with covariate shift, i.e.,
domain generalization (see, e.g., Refs [8, 42]), but significantly less work has been done on concept
shift generalization. However, even within covariate shift, an understanding of out-of-distribution
generalization remains elusive [11]. Within concept shift, work has tended to focus instead on detec-
tion and mitigation strategies rather than generalization (see, e.g., Ref [29]). Our work contributes to
a distinct paradigm. We use tools from statistical mechanics and random matrix theory to derive an
exact, analytical characterization of generalization behavior under a discrete shift. This approach
allows us to uncover new phenomena, such as the sharp phase transition between weak and strong
concept shift regimes.

Linear regression has proved a particularly useful setting for investigating learning phenomena.
Random matrix universality makes it well-suited for theoretical investigations, yielding much-needed
insights into high-dimensional learning [18, 19, 21-25, 43], including covariate shift generaliza-
tion [44]. Linear models have also contributed substantially to our developing understanding of
in-context learning in transformers [31-33, 35-38]; our work leverages this setting for experimental
validation of our theory. Other works use linear attention mechanisms to analyze transformer models
(see, e.g., Ref [45]).

The nonmonotonic behavior we identify is distinct from double descent phenomena [26, 27]. Indeed,
our theoretical results in Figs 2-4 are for optimal regularization, for which double descent is absent [17,
18, 28], thus demonstrating that concept shift induces risk nonmonotonicity through fundamentally
different mechanisms.

We build on analytical techniques developed for high-dimensional ridge regression, but address a phe-
nomenon distinct from prior works. In particular, optimally tuned models can exhibit nonmonotonic
risk due to model misspecification [18]—i.e., a mismatch between model class and data-generating
process, irrespective of test-time shift. This mechanism differs from distribution shift, in which the
data-generating process itself changes at test time. Our framework specifically isolates the effects of
concept shift in correctly specified models.

In-context learning of transformers has been studied under covariate shift [36, 46, 47] but not with
respect to concept shift. Song et al. [48] studied how transformers generalize to out-of-distribution
tasks through symbolic manipulation via induction heads, but the scenario of within-context concept
shift remains underexplored. While Agarwal ef al. [34] showed that longer context windows typically
benefit in-context learning, they also observed performance degradation in tasks such as MATH.

7 Conclusion and outlook

We introduce a ridge regression model for concept shift. Our model is exactly solvable in the high
dimensional limit. We show that concept shift can change the qualitative behavior of generalization
performance; for sufficiently strong concept shift, ridge regression fails to generalize even with infinite
data (Figs 2 and 3). In addition, we demonstrate that input anisotropy can lead to nonmonotonic data
dependence of prediction risk. In particular, too much data can harm generalization (Fig 4a and b) and



more data may only improve generalization above a certain threshold (Fig 4c and d). We emphasize
that our results are for optimally tuned ridge regression and thus differ from risk nonmonotonicity
due to double and multiple descent phenomena which are absent under optimal regularization [28].

Taken together, our work provides a fresh perspective on a lesser-studied mode of distribution shift.
Our model offers a relatively simple setting for building intuitions and testing hypotheses about
concept shift generalization. Although our theoretical analyses are exact only for ridge regression
in the high-dimensional limit, the qualitative conclusions generalize beyond this idealized setting.
Indeed, our theoretical prediction agrees quantitatively with experiments on regression in finite
dimensions from finite samples, using the in-context learning ability of a transformer model as a
learning algorithm. Additionally, our classification experiments suggest that the insights from our
theory may apply in more general settings. Finally, our theoretical results for anisotropic features have
implications for understanding data dimension reduction techniques—such as principal component
regression in which low-variance features are discarded—under concept shift. While we acknowledge
that real-world concept shifts occur in more complex contexts, our approach allows us to isolate and
precisely characterize key phenomena, establishing a theoretical foundation in tractable models and
providing a critical step toward understanding more complex settings.

Our work has limitations that open avenues for future research. First, our theoretical results are
derived for linear models in the high-dimensional limit and may not quantitatively hold for complex
nonlinear systems. Second, we analyze a discrete concept shift, leaving the study of gradual or
continuous shifts for future work. Finally, our work characterizes a failure mode but does not propose
an algorithm for mitigating its effects. We hope our work provides a foundation for addressing these
important questions and encourages further systematic investigations of the rich learning phenomena
induced by concept shift
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contributions. We have also added a section detailing our contributions.
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e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discussed the limitations of our analytic results, which are for linear ridge
regression.
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* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
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* The authors should reflect on the factors that influence the performance of the approach.
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3. Theory assumptions and proofs
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a complete (and correct) proof?
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Justification: Full derivations provided in Appendix.
Guidelines:
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* All the theorems, formulas, and proofs in the paper should be numbered and cross-
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* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
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by formal proofs provided in appendix or supplemental material.
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4. Experimental result reproducibility
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perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: All details to reproduce numerical experiments are presented in their relevant
sections.
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» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer:
Justification: While we do not have open-source code for now, we will open source our code
once the anonymity period for submission is over.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
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* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: All details to reproduce numerical experiments are presented in their relevant
sections.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: Our error bars are
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or

figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).
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8.

10.

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: All details to reproduce numerical experiments are presented in their relevant
sections.
Guidelines:
* The answer NA means that the paper does not include experiments.
* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our research conforms to the NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [NA]
Justification: NA
Guidelines:
* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).
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Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: NA

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: NA

Guidelines:

» The answer NA means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: NA

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
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Answer: [NA]
Justification: NA
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: NA

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: NA

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Prediction risk in the thermodynamic limit

To derive prediction risk in the thermodynamic limit, we rewrite the nonasymptotic bias and variance
contributions [Eq (5)] in terms of the resolvent operator (¥ + A/ p)_l,

BOX) = (B-BTE(B-F) 2T (BB - H Sk ) + 2 Tr (B g Sl ) (12

V) =02 [§ T (St ) - A T (St ) |- (13)

In the thermodynamic limit—N,P — oo and P/N — 7y € (0, c0)—the above traces become
deterministic (see Appendix B), and the bias and variance converge to (see also Patil et al. [30])

B (B BTS(B B G Co (VB — B 4 12y () B CECDECE(-)B
B(X) > B=(B-B)E(B=B) =248 Gx(=)Z(B =) + 1V (=) TG ()]

BT65(=-) (Tr[iZG%(—/l)]Z - Tr[ZQGg(—A)]i) Gs(-)B

A2ym(=)*V' (-1) Tr[2G2(-1)] v
«A r[£G4 (-
V(X) =V = 0'57 V(= ﬁ)%_ﬂv,(_ﬁ)ﬁ (15)

where Gy (z) = m, m(z)= W and v(z)= % Tr[2Gx(z)] with v(z) e C*. We note that the

last term of the bias vanishes for ©=%, and covariate shifts affect the variance term but concept shift
does not.

B Spectral convergence for random matrix traces

Let ¥, ® and A denote P X P matrices, /p the identity matrix in P dimensions and z a complex scalar
outside the positive real line. Assume the following: (i) A € RF*P is symmetric and nonnegative
definite, (ii) ® € RP*P has a bounded trace norm Tr[(0©'0©)!/2] € [0, co) and (iii) ¥ = %Z‘.I/ZZZTE]/2
where the entries of Z € RP*N are iid random variables with zero mean, unit variance and finite

8 + & moment for some £ > 0, and = € RP*P is a covariance matrix. In the limit P, N — co and
P/N —vye€ (0, ), we have [49]

1
Tr(@———| > Tr |0 (16)
( ‘I‘+A—z1p) —1+yc(zA)Z+A_ZIP)
where c4(z) €C* is the unique solution of
1 1
c(zA)= 5 Tr(x . (17)
l+yc(z A)E+A

First we consider the trace of terms linear in the resolvent (¥ — zIp)~!, appearing in Eqs (12) &(13).
Setting A=0 in Eq (16) gives

1
Tr (@ ) — Tr 6—) (18)
_ 1
b ZIP WZ - ZIP
where v(z) =c(z;0) is the solution of
1 1
v(z) = FTr (E ; ) with v(z) € C*. (19)
I1+yv(z) - p

In general, this self-consistent equation does not have a closed-form solution. One exception is the
isotropic case X =1p for which

1
VZ_IP(Z)=2—W[1—7—z—\/(l—y—z)2—47z . (20)
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Next we obtain the asymptotic expression for the trace of terms quadratic in the resolvent, such as
those in Eqs (12) &(13). We let A = uB with u > 0. Differentiating Eq (16) with respect to u and
taking the limit u — 0* yields

1 1
Tr[© B T
f lP—ZIP \P—ZIP)_) r

O (d(zB)z+ B)I; . @D

1
1+yv(z) —Zip l+yv(z) z- ZIP

Here we define

d 1
d(z;B)s ———— (22)
du 1+yc(z uB) |, o
1 b
_velr (B <2—<1+yv<z>>zzp>2) 23)
- 1 =
- YP TI‘[( >—(1+yv(z))zlp )2]
1 b
sTr{B—/—————
oy P ( (v Z‘ZIP)2) 24)
T (1+ 2 1l =2 7
@ 3T —=—,
where the last equality follows from
e 3
, PTr(WE‘Z)Z
V(2) = 1 - —. (25)
1- VP Tr[(Z—(1+yv(z))zIp) ]
For B=1p, the spectral function d(z; B) reduces to
V' (z
d(z:1p) = — 22 (26)

(1+yv(2)*

Our result for prediction risk in the thermodynamic limit is based on the asymptotic traces in
Eqgs (18) & (21).
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