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ABSTRACT

The computational design of novel protein structures has the potential to impact
numerous scientific disciplines greatly. Toward this goal, we introduce FOLDFLOW
a series of novel generative models of increasing modeling power based on the
flow-matching paradigm over 3D rigid motions—i.e. the group SE(3)—enabling
accurate modeling of protein backbones. We first introduce FOLDFLOW-BASE
a simulation-free approach to learning deterministic continuous-time dynamics
and matching invariant target distributions on SE(3). We next accelerate training
by incorporating Riemannian optimal transport to create FOLDFLOW-OT leading
to the construction of both more simple and stable flows. Finally, we design
FOLDFLOW-SFM coupling both Riemannian OT and simulation-free training to
learn stochastic continuous-time dynamics over SE(3). Our family of FOLDFLOW
generative models offers several key advantages over previous approaches to the
generative modeling of proteins: they are more stable and faster to train than
diffusion-based approaches, and our models enjoy the ability to map any invariant
source distribution to any invariant target distribution over SE(3). Empirically,
we validate FOLDFLOW on protein backbone generation of up to 300 amino acids
leading to high-quality designable, diverse, and novel samples.

1 INTRODUCTION
Proteins are one of the basic building blocks of life. Their complex geometric structure enables
specific inter-molecular interactions that allow for crucial functions within organisms, such as acting
as catalysts in chemical reactions, transporters for molecules, and providing immune responses.
Normally, such functions arise as a result of evolution. With the emergence of computational
techniques, it has become possible to rationally design novel proteins with desired structures that
program their functions. Such methods are now seen as the future of drug design and can lead
to solutions to long-standing global health challenges. Some recent examples include rationally
designed protein binders for receptors related to influenza (Strauch et al., 2017), COVID-19 (Cao
et al., 2020a; Gainza et al., 2023), and cancer (Silva et al., 2019).
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RFDiffusion ✗ ✗ ✓ ✗
FrameDiff ✗ ✗ ✓ ✗
FOLDFLOW-BASE ✓ ✗ ✗ ✓
FOLDFLOW-OT ✓ ✓ ✗ ✓
FOLDFLOW-SFM ✓ ✓∗ ✓ ✓

Figure 1: Left: Conditional probability paths learned by FOLDFLOW-BASE (left), FOLDFLOW-OT (mid), and
FOLDFLOW-SFM (right). We visualize the rotation trajectory of a single residue by the action of SO(3) on its
homogenous space S2. Right: Table with the properties of each model: whether they can map from a general
source distribution, perform optimal transport, are stochastic, or require the score of the IGSO(3) density.

In protein engineering, the term de novo design refers to a setting when a new protein is designed to
satisfy pre-specified structural and functional properties (Huang et al., 2016). Chemically, a protein is
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a sequence of amino acids (residues) linked into a chain that folds into a complex 3D structure under
the influence of electrostatic forces. The protein backbone can be seen as N rigid bodies (correspond-
ing toN residues) that contain four heavy atoms N�Cα�C�O. Mathematically, each residue can be
associated with a frame that adheres to the symmetries of orientation-preserving rigid transformations
(3D rotations and translations), forming the special Euclidean group SE(3) (Jumper et al., 2021); the
entire protein backbone is described by the group product SE(3)N . The problem of protein design
can be formulated as sampling from the distribution over this group, which is a perspective used in
our paper. Recently, generative models have been generalized to Riemannian manifolds (Mathieu
& Nickel, 2020; De Bortoli et al., 2022). However, they are not purpose-built to exploit the rich
geometric structure of SE(3)N . Furthermore, several approaches require numerically expensive steps
like simulating a Stochastic Differential Equation (SDE) during training or using the Riemannian
divergence in the objective (Huang et al., 2022; Leach et al., 2022; Ben-Hamu et al., 2022).
Our approach. We introduce FOLDFLOW, a family of continuous normalizing flows (CNFs) tailored
for distributions on SE(3)

N (fig. 1). We use the framework of Conditional Flow Matching (CFM),
a simulation-free approach to learning CNFs by directly regressing time-dependent vector fields that
generate probability paths (Lipman et al., 2022; Tong et al., 2023b). In particular, we introduce three
new CFM-based models that learn SE(3)

N -invariant distributions to generate protein backbones.
In contrast to the previous SE(3) diffusion approach of Yim et al. (2023b), our FOLDFLOW is able
to start from an informative prior. This enables new applications of generative models for protein
design such as equilibrium conformation generation (Zheng et al., 2023).
Main contributions. Our first model FOLDFLOW-BASE extends the Riemannian flow matching
approach (Chen & Lipman, 2023) by introducing a closed-form expression of the ground truth condi-
tional vector field for SO(3) needed in the loss computation—thus greatly increasing speed and stabil-
ity of training. Next, in FOLDFLOW-OT, we accelerate the training of our base model by constructing
shorter and simpler flows using Riemannian Optimal Transport (OT) by proving the existence of a
Monge map on SE(3)

N . Finally, we present our most complex simulation-free model, FOLDFLOW-
SFM, which learns a stochastic bridge on SE(3)

N . Empirically, we validate our proposed models
by learning to generate protein backbones of up to 300 residues. We observe that all FOLDFLOW
models outperform the current SOTA non-pretrained diffusion model in FrameDiff (Yim et al., 2023b)
for in-silico designability with FOLDFLOW-OT being the most designable. Moreover, for novelty
FOLDFLOW-SFM is competitive with the current gold-standard RFDiffusion (Watson et al., 2023)
with a fraction of the compute and data resources. We highlight the importance of novel and designable
proteins as a key goal in AI-powered drug discovery where useful drug candidates are necessarily be-
yond the available training set (Schneider, 2018; Schneider et al., 2020; Marchand et al., 2022). Finally,
we show the utility of FOLDFLOW on equilibrium conformation generation by learning to simulate
molecular dynamics trajectories starting from a reference empirical distribution in comparison to an
uninformed prior. Our code can be found at https://github.com/DreamFold/FoldFlow.

2 BACKGROUND AND PRELIMINARIES

2.1 RIEMANNIAN MANIFOLDS AND LIE GROUPS

Riemannian manifolds. Informally, an n-dimensional manifoldM is a topological space locally
equivalent (homeomorphic) to Rn. This implies that one has the notion of ‘neighbourhood’ but not of
‘distance’ or ‘angle’ onM. The manifold is said to be smooth if it additionally has a C∞ differential
structure. At every point x 2M, one can attach a tangent space Tx. The disjoint union of tangent
spaces forms the tangent bundle. A Riemannian manifold1 (M; g) is additionally equipped with
an inner product (Riemannian metric) gx : TxM�TxM! R on the tangent space TxM at each
x 2M. The Riemannian metric g allows to define key geometric quantities onM such as distances,
volumes, angles, and length minimizing curves (geodesics). We consider functions defined onM and
the tangent bundle, referred to as scalar- and vector fields, respectively. The Riemannian gradient
is an operator rg : C∞(M)! X(M) between the respective functional spaces. Given a smooth
scalar field f 2 C∞(M), its gradientrgf 2 X(M) is the local direction of its steepest change.
Lie groups. A Lie group is a group that is also a differentiable manifold, in which the group operations
� : G�G! G of multiplication and inversion are smooth maps. It has a left action Lh : G! G
defined by x 7! h�x that is a topological isomorphism and whom the derivative is also an isomorphism
between the tangent spaces on G. Since a group has an identity element, its tangent space is of special
interest and is known as the Lie algebra G. The Lie algebra is a vector space with an associated bilinear

1We tacitly assume M to be orientable, connected, and complete and admit a volume form denoted as dx.
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operation called the Lie bracket that is anticommutative and satisfies the Jacobi identity. Lie algebras
elements can be mapped to the Lie group via the exponential map exp : G! G which has an inverse
called the logarithmic map log : G! G. For matrix Lie groups where the group action is the matrix
multiplication, the exp and log maps correspond to the matrix exponential and matrix logarithm.
The orientation-preserving rigid motions form the matrix Lie group SE(3) �= SO(3)⋉ (R3;+), a
semidirect product of rotations and translations (see §A.1 §A.2, and Hall (2013) for details).

2.2 FLOW MATCHING ON RIEMANNIAN MANIFOLDS

Analogous to Euclidean spaces, probability densities can be defined on Riemannian manifolds as
continuous non-negative functions � :M! R+ that integrate to

R
M �(x)dx = 1.

Probability paths on Riemannian manifolds. Let P(M) be the space of probability distributions
onM. A probability path �t : [0; 1]! P(M) is an interpolation in probability space between two
distributions �0; �1 2 P(M) indexed by a continuous parameter t. A one-parameter diffeomorphism
 t :M ! M is known as a flow onM and is defined as the solution of the following ordinary
differential equation (ODE): d

dt t(x) = ut ( t(x)), with initial conditions  0(x) = x, for u :
[0; 1]�M!M a time-dependent smooth vector field. We say the flow  t generates �t if it pushes
forward �0 to �1 by following the time-dependent vector field ut—i.e. �t = [ t]#(�0). As  t is a
diffeomorphism, �t verifies the famous continuity equation and the density can be calculated using
the instantaneous change of variables formula for Riemannian manifolds (Mathieu & Nickel, 2020).
Riemannian flow matching. Given a probability path �t that connects �0 to �1, and its associated
flow  t, we can learn a CNF by directly regressing the vector field ut with a parametric one
vθ 2 X(M). This technique is termed flow matching (Lipman et al., 2022, FM) and leads to a
simulation-free training objective as long as �t satisfies the boundary conditions �0 = �data and
�1 = �prior. Unfortunately, the vanilla flow matching objective is intractable as we generally do not
have access to the closed-form of ut that generates �t. Instead, we can opt to regress vθ against a
conditional vector field ut(xtjz), generating a conditional probability path �t(xtjz), and use it to
recover the target unconditional path: �t(xt) =

R
M �t(xtjz)q(z)dz. The vector field ut can also

be recovered by marginalizing of conditional vector fields: ut(x) :=
R
M ut(xjz)ρt(xt|z)q(z)ρt(x)

dz. The
Riemannian CFM objective (Chen & Lipman, 2023) is then,

Lrcfm(�) = Et,q(z),ρt(xt|z)kvθ(t; xt)� ut(xtjz)k
2
g; t � U(0; 1): (1)

As FM and CFM objectives have the same gradients (Tong et al., 2023b), at inference, we can
generate by sampling from �1, and using vθ to propagate the ODE backward in time.

2.3 PROTEIN BACKBONE PARAMETRIZATION

Figure 2: Protein backbone parametrization.

Our protein backbone parameterization follows the
seminal work of AlphaFold2 (Jumper et al., 2021,
AF2) in that we associate a frame with each residue
in the amino acid sequence. For a protein of length
N this results in N frames that are SE(3)-equivariant.
Each frame maps a rigid transformation starting
from idealized coordinates of four heavy atoms
N∗;C∗

α;C
∗;O∗ 2 R3, with C∗

α = (0; 0; 0) being
centered at the origin, and is a measurement of experimental bond angles and lengths (Engh & Huber,
2012). Thus, residue i 2 [N ] is represented as an action of xi = (ri; si) 2 SE(3) applied to the
idealized frame [N;Cα;C;O]i = xi � [N∗;C∗

α;C
∗;O∗]. To construct the backbone oxygen atom O,

we rotate about the axis given by the bond between Cα and C using an additional rotation angle
’. Finally, we denote the full 3D coordinates of all heavy atoms as A 2 RN×4×3. An illustration for
this backbone parametrization is provided in fig. 2 with rotations being parametrized as r = v � w.

3 FOLDFLOW FOR CONDITION FLOW MATCHING ON SE(3)

We seek to learn an SE(3)
N invariant density �t by training a flow using the objective in eq. (1). To

do so we can pushforward an SE(3)
N -invariant source distribution �1 to the empirical distribution

of proteins �0 using an equivariant flow. One way to guarantee the existence of a translation-invariant
measure is to construct a subspace that is invariant to global translations. This can be achieved by
simply subtracting the center of mass of all inputs to the flow (Rudolph et al., 2021; Yim et al., 2023b).
Formally, this leads to an invariant measure on SE(3)

N

0
which is a subgroup of SE(3)N . We then note

that SE(3)N
0

is a product group and thus the Riemannian metric extends in a natural way to the product
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space: the exponential and logarithmic maps decompose across each manifold, and the geodesic
distance inSE(3)N

0
is simply the sum of each individual distance in the product. As such, a �ow on

SE(3)N

0
can be built from separate �ows for each residue in the backbone, onSE(3), after centering.

DecomposingSE(3) into SO(3) and R3. As Lie groups are manifolds, they can be equipped with a
metric to obtain a Riemannian structure. In the case ofSE(3) �= SO(3) n (R3; +) there are multiple
possible choices, but a natural one ishx; x0i SE(3) = hr; r0i SO(3) + hs; s0i R3 (see §A.2). Moreover,
the disintegration of measures implies that everySE(3)-invariant measure can be broken down to
a SO(3)-invariant measure and a measure proportional to the Lebesgue measure onR3 (Pollard,
2002). Thus, we may simply build independent �ows onSO(3) and R3. In this section, we
focus on designingFOLDFLOW models onSO(3), as CFMs onRd are well-studied in Albergo &
Vanden-Eijnden (2023); Lipman et al. (2022); Tong et al. (2023b) (we provide a complete description
in §B). We use the notation� t , q, and� for densities whose support is determined by its context.

3.1 FOLDFLOW-BASE

To construct a �ow onSO(3) that connects the target distribution� 0 to a source distribution� 1,
we must �rst choose a parametrization of the group elements. The most familiar and natural
parametrization is by orthogonal matrices with unit determinant (see §A.1 for a discussion on other
parametrizations e.g. rotation-vector). The Lie algebraso(3) contains skew-symmetric matrices
r that are tangent vectors at the identity ofSO(3). The last important component that we require is
a choice of Riemannian metric forSO(3). A canonical bi-invariant metric forSO(3) can be derived
from the Killing form (see §A.1), and is given by:hr; r0i SO(3) = tr( rr0T )=2.

SO(3) conditional vector �elds and �ows . We seek to construct a conditional vector �eldut (r t jz),
lying on the tangent spaceTr t SO(3), that transportsr 0 � � 0 to r 1 � � 1. Following, Tong et al.
(2023b) we set the conditioner toz = ( r 0; r 1). Next, we construct a �ow t that connectsr 0 to r 1.
We follow the most natural strategy which is to build the �ow using the geodesic betweenr 0 andr 1.
For generalM , the geodesic interpolant between two points, indexed byt, has the following form:

r t = exp r 0
(t logr 0

(r 1)) : (2)
For rotation matrices, eq. (2) involves computing theexp andlog maps which are both in�nite matrix
power series. Unfortunately, controlling the approximation error oflogr 0

map is computationally
expensive as the de facto inverse scaling method for computing matrix logarithms requires estimating
and calculating fractional matrix powers (Al-Mohy & Higham, 2012). Instead, we use a numerical
trick by convertingr 1 to its axis-angle representation which gives a vector representation of
r1 2 so(3) and, by de�nition, lives at the tangent space at the identity and is equivalent tologe(r 1).
Next, we can parallel transportr1 to the tangent space ofr 0 since Lie algebras of all tangent spaces
are isomorphic andSO(3) carries a free action which gives us the desired end resultlogr 0

(r 1).

Givenr t , we can build constant velocity vector �elds by directly leveraging the ODE associated with
the conditional �ow: d

dt  t (r ) = _r t (Chen & Lipman, 2023). As a result, computingut (r t jz) boils
down to computing the pointr t along the ODE and taking its time derivative. In practice, taking the
time-derivative to computeut = _r t amounts to using autograd to compute the gradient during a for-
ward pass. We can overcome this unnecessary overhead without relying on automatic differentiation
but instead by exploiting the geometry of the problem. Speci�cally, we calculate theso(3) element
corresponding to the relative rotation betweenr 0 andr t , given byr >

t r 0. We divide byt to get a
vector which is an element ofso(3) and corresponds to the skew-symmetric matrix representation of
the velocity vector pointing towards the targetr 1. Finally, we parallel-transport the velocity vector to
the tangent spaceTr t SO(3) using left matrix multiplication byr t . These operations can be concisely
written aslogr t

(r 0), where we use our numerical trick to calculate the matrix logarithm. The closed
form expression of the loss to train theSO(3) component of FOLDFLOW-BASE is thus

L FOLDFLOW-BASE� SO(3) (� ) = Et �U (0 ;1) ;q( r 0 ;r 1 ) ;� t ( r t j r 0 ;r 1 )




 v� (t; r t ) � logr t

(r 0)=t



 2

SO(3) : (3)

In eq. (3) the conditioning distributionq(z) = q(r 0; r 1) is the independent couplingq(r 0; r 1) = � 0� 1,
where� 1 = U(SO(3)) and is left-invariant w.r.t. to the Haar measure. Also, note that the vector �eld
in eq. (3) is on the tangent spacev� 2 Tr t SO(3) and the norm is induced by the metric onSO(3).

3.2 FOLDFLOW-OT

The conditional vector �eldut (r t jz) generates the conditional probability path� t (r t jz) which
deterministically evolves� 0 to � 1. However, there is no reason to believe the conditional probability
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path isoptimalin the sense that it is a length-minimizing curve, under an appropriate metric, in the
space of distributionsP(SO(3)). We seek to rectify this by constructing conditional probability paths
that are not only shorter and straighter, but also more stable from an optimization perspective. This is
motivated by previous research (Tong et al., 2023b; Pooladian et al., 2023a) which has shown optimal
transport to lead to faster training with a lower variance training objective in Euclidean spaces.

To this end, we proposeFOLDFLOW-OT, a model that acceleratesFOLDFLOW-BASE by constructing
conditional probability paths usingRiemannian optimal transport. The interpolation measure� t con-
nects� 0 ! � 1 and is built from Riemannian OT which solves the Monge optimal transport problem:

OT( � 0; � 1) = inf
	:	 # � 0 = � 1

Z

SE(3) N
0

1
2

c(x; 	( x))2 d� 0(x): (4)

Herec is the geodesic cost induced by the metric (cf. eq. (25) in §A.2) and	 a pushforward map:
� 0 ! � 1. A related problem, called the OT-Kantorovich formulation, relaxes the Monge problem by
looking for a joint probability distribution� minimizing the displacement cost of transporting� 0 to
� 1 (see §C.1). The uniqueness of the Monge map overSE(3)N

0
is guaranteed under some assumptions

on the measures� 0; � 1 as stated in the following proposition and proven in §C.2.

Proposition 1. Let us considerSE(3)N

0
with the product distancedSE(3) N

0
and two compactly

supported probability distributions� 0; � 1 2 P(SE(3)N

0
). In addition, suppose that� 0 is abso-

lutely continuous with respect to Riemannian volume form (i.e., � 0 � dx). Then for the distance
c = 1

2 d2
SE(3) N

0
, the Kantorovich and Monge problems admit a unique solution that is connected as

follows� = ( id � 	) # � 0, where	 is almost uniquely determined everywhere� 0. Furthermore,
we have that	( x) = exp x (r � (x)) for somed2

SE(3) N
0

-concave function� .

Following this proposition, we de�ne the McCann interpolants as� t (x) = (exp x (� tr � (x))) # � 0.
While it is possible to approximate the Monge map and McCann interpolants usingc-concave
functions, it imposes practical limitations on the architecture of the �ow (Cohen et al., 2021). Instead,
we use the correspondence between the Monge and Kantorovich problems and rely on the optimal
transport plan� . Formally, we draw two samples fromq(z) = q(x0; x1) := � (x0; x1) and we
compute for a given frame� t (r t jr 0; r 1) = � (expr 0

(t logr 0
(r 1))) , where� is a Dirac. Since our

choice of metric forSE(3) factorizes into metrics onSO(3) andR3, we can use independent losses
on rotations and translations—similar toFOLDFLOW-BASE—and repeat this overN frames, as
long as each geometric quantity in� is coupled properly. De�ning�� (r 0; r 1) as the projection of
� (x0; x1) onSO(3), we present theSO(3) loss for a single frame in FOLDFLOW-OT as

L FOLDFLOW-OT� SO(3) (� ) = Et �U (0 ;1) ; �� ( r 0 ;r 1 ) ;� t ( r t j r 0 ;r 1 )




 v� (t; r t ) � logr t

(r 0)=t



 2

SO(3) : (5)

3.3 FOLDFLOW-SFM

We �nally presentFOLDFLOW-SFM, which builds on the foundations of bothFOLDFLOW-BASE
andFOLDFLOW-OT. Departing from the deterministic dynamics of the previous models, we aim to
build astochastic�ow over SE(3)N

0 by replacing these deterministic bridges with guided stochastic
bridges. Previous research has shown that, compared to ODEs, SDEs have the important bene�t
of being more robust to noise in high dimensions (Tong et al., 2023a; Shi et al., 2023; Liu et al.,
2023a). For proteins inSE(3)N

0 , this means the generative process has greater empirical calibre to
sampleoutsidethe support of the training distribution—crucial for generating designable proteins
that are alsonovel. In Euclidean space, we can build a translation invariant �ow on(R3)N

0 by using
a (reverse time) Brownian bridge as the conditional �ow between the points,

dSt =
St � s0

t
dt + 
 (t)dW t ; S1 = s1: (6)

This �ow, also known as Doob's h-transform (Doob, 1984), is easy to sample from in a simulation-free
manner and correctly maps between arbitrary samplable marginals in expectation. Speci�cally, we
can build a simulation-free bridge by sampling from the conditional probability� t (x t jx0; x1) =
N (x t ; tx 1 + (1 � t)x0; 
 2t(1 � t)) (Shi et al., 2023; Albergo et al., 2023). See §B for more details.

Brownian Bridge on SO(3). OnSO(3), we aim to model the dynamics between rotations matrices
by a guided diffusion bridge (Jensen et al., 2022; Liu et al., 2022), leading to the following dynamics,

dRt =
logR t

r0

t
dt + 
 (t)dB t ; R1 = r 1; (7)

5
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for Bt the Brownian motion onSO(3) (see §D.1 for further technical details on this SDE). Despite
the close resemblance of this SDE to the translation one in eq. (6), the corresponding Brownian
bridge—to the best of our knowledge—does not have a closed-form expression for� t (r t jr 0; r 1).
Thus, to sample from� t (r t jr 0; r 1) correctly, we start atr 1 and simulate the bridge backward in
time using algorithm 3 in §I.2. Given this form of the conditional bridge, we can make use of a
�ow-matching loss to optimize a �ow between source and target distributions onSO(3) as follows:

L SFM� SO(3) (� ) = Et �U (0 ;1) ; �� ( r 0 ;r 1 ) ;� t (~r t j r 0 ;r 1 )




 v� (t; ~r t ) � log~r t

(r 0)=t



 2

SO(3) : (8)

Here~r t is a sample from the bridge betweenr 0 andr 1. When� (x0; x1) is a valid coupling between� 0
and� 1—and thus�� (r 0; r 1) onSO(3)—this objective is equivalent in expectation to matching directly
the (computationally intractable) marginal lossL USFM = Et �U (0 ;1) ;� t (~r t ) kv� (t; ~r t ) � u(t; ~r t )k

2
SO(3) .

The correctness of this approach is established in the next proposition and proved in §D.3.

Proposition 2. Given� t (x) > 0, 8x 2 SE(3)N

0 , the conditional and unconditionalFOLDFLOW-
SFM losses have equal gradientsw.r.t. � : r � L USFM(� ) = r � L SFM(� ).

This result allows us to learn a stochastic �ow from any source to any target distribution supported on
SE(3)N

0 , only requiring samples from both distributions. However, it does require simulation of an
SDE to sample from the conditional probability� t (r t jr 0; r 1), limiting scalability.

An Ef�cient Simulation-free Approximation . Unfortunately, sampling from the correct conditional
bridge requires simulation and is thus computationally expensive for training. In practice, we use a
simulation-free approximation that closely matches the true conditional probability path onSO(3),
� t (~r t jr 0; r 1). Speci�cally, we approximate� t with the simulation-free alternative,

�̂ t (~r t jr 0; r 1) = IG SO(3)

�
~r t ; expr 0

(t logr 0
(r 1)) ; 
 2(t)t(1 � t)

�
; (9)

whereIG SO(3) denotes the isotropic Gaussian distribution onSO(3). This distribution can be seen as
an analog of the Gaussian distribution inRd. It is the heat kernel onSO(3) (Nikolayev & Savyolov,
1900) and it can be seen as the limit of small i.i.d. rotations in3D (Qiu, 2013). Additionally,
it has some of the desirable properties of the normal distribution, such as being closed under
convolution (Nikolayev & Savyolov, 1900). We provide both the training and sampling algorithms for
FOLDFLOW-SFM in §I, details onIG SO(3) in §A.3, and results on the approximation error in §D.2.

4 MODELING PROTEIN BACKBONES USINGFOLDFLOW

To model protein backbones usingFOLDFLOW models we parameterize the velocity prediction
v� (t; x t ) as a function that consumes a proteinx t on the conditional path at timet and predicts
the starting point̂x0. Speci�cally, the predicted velocity isv� (t; x t ) = r gd(x̂0; x t )2=t, with
x̂0 = w� (t; x t ). This choice of parameterization has two principal bene�ts. (1) It allows the usage of
specialized architectures speci�cally designed for structure prediction, and (2) it allows for auxiliary
protein-speci�c losses to be placed directly on thex̂0 to improve performance.

Architecture. Following by Anand & Achim (2022); Yim et al. (2023b) (FrameDiff) we use the
structure module of AF2 to modelw� . This begins with a time-dependent node and edge embeddings
N � (t; x t ) andE � (t; x t ), followed by layers of invariant point attention. We use a small MLP head
on top of the node embeddings to predict the torsion angle of the oxygen' as'̂ = MLP(N � (t; x t )) .

Full Loss. OurFOLDFLOW models are trained to optimize a �ow-matching loss onSO(3) andR3

for each residuei 2 [N ] in the backbone. These are denotedL FOLDFLOW� SO(3) andL FOLDFLOW� R3

(see §B for the complete expression inR3) respectively. In addition to the �ow-matching losses, we
also include auxiliary losses from Yim et al. (2023b) which enforce good predictions at the atomic
level in theR3 atomic representationA. These include a direct regression on the backbone (bb)
positionsL bb and a loss on the pairwise atomic distance in a local neighbourhoodL 2D ,

L aux = EQ [L bb + L 2D ] ; L bb =
1

4N

X
kA0 � Â0k2; L 2D =

k1f D < 6Åg(D � D̂ )k2
P

1D< 6Å � N

HereQ(t; x 0; x1; ~x t ) := U(0; 1) 
 �� (x0; x1) 
 � t (~x t jx0; x1) is the factorized joint distribution,1 is
the indicator function,A is in Angstroms (Å), D is anN � N � 4 � 4 tensor containing the pairwise
distances between the four heavy atoms, i.e.D ijab = kA ia � A jb k, andD̂ is de�ned similarly from
Â. We only apply auxiliary losses fort < 0:25, with scaling� aux for a �nal loss of:
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Figure 3:FOLDFLOW-SFM generated structures in green compared to ProteinMPNN�! ESMFold refolded
structures in grey. Samples with RMSD< 2Å for lengths 100, 150, 200, 250, 300 from left to right.

L FOLDFLOW(� ) = L FOLDFLOW� SO(3) + L FOLDFLOW� R3 + 1f t < 0:25g� aux L aux : (10)

5 EXPERIMENTS

5.1 SO(3) SYNTHETIC DATA

Table 1: Mean and std of the 1- and
2-Wasserstein distances, computed against
5000 points in the test set, over 5 seeds.

(� � � ) W1 (� 10� 2) W2 (� 10� 1)

FOLDFLOW-BASE 5:39� 0:88 1:52� 0:27
FOLDFLOW-OT 4:96� 0:27 1:25� 0:12
FOLDFLOW-SFM 4:92� 1:56 1:26� 0:49
Simulated SDE 5:13� 1:36 1:33� 0:44

We evaluate all ourFOLDFLOW models on synthetic
multimodal densities onSO(3) as done by Brofos et al.
(2021) (see §F.1 for details). We report the Wasserstein
distance between generated and ground truth samples in
table 1 and visualize the generated samples in �g. 7 in §F.2.
We �nd that all our proposed methods correctly model
all the modes of the ground truth distribution. However,
FOLDFLOW-BASE exhibits mode shrinkage in relation
to the ground truth.FOLDFLOW-OT, FOLDFLOW-SFM,
and the simulated SDE results in comparable performance, with the OT-based method being the best.
Importantly, this shows that our simulation-free approximation of the SDE does not hinder model
performance, and combined with its signi�cant speedup justi�es its use in protein experiments.

5.2 PROTEIN BACKBONE DESIGN

Table 2: Comparison of Designability (fraction of proteins with scRMSD <2:0Å and mean scRMSD),
Diversity (avg. pairwise TMscore), Novelty (max. TM-score to PDB and fraction of proteins with averaged max.
TMscore< 0:5 and scRMSD <2:0Å). Designability and Novelty metrics include standard errors.� RFDiffusion
and Genie have larger training sets that likely overestimate novelty with respect to our dataset.

Designability Novelty Diversity (#) iters / sec (" )

Fraction (" ) scRMSD (#) Fraction (" ) avg. max TM (#)

RFDiffusion 0.969� 0.023 0.650� 0.136 � 0.708� 0.060 � 0.449� 0.012 0.256 —
Genie 0.581� 0.064 2.968� 0.344 � 0.556� 0.093 � 0.434� 0.016 0.228 —
FrameDiff-ICML 0.402� 0.062 3.885� 0.415 0.176� 0.124 0.542� 0.046 0.237 —
FrameDiff-Improved 0.555� 0.071 2.929� 0.354 0.296� 0.112 0.457� 0.026 0.278 —

FrameDiff-Retrained 0.612� 0.060 2.990� 0.307 0.108� 0.083 0.684� 0.032 0.403 1.278
FOLDFLOW-BASE 0.657� 0.042 3.000� 0.271 0.432� 0.074 0.452� 0.024 0.264 2.674
FOLDFLOW-OT 0.820� 0.037 1.806� 0.249 0.484� 0.068 0.460� 0.020 0.247 2.673
FOLDFLOW-SFM 0.716� 0.040 2.296� 0.391 0.544� 0.061 0.411� 0.023 0.248 2.647

We evaluateFOLDFLOW models in generating valid, diverse, and novel backbones by training
on a subset of the Protein Data Bank (PDB) with22;248 proteins. We compareFOLDFLOW to
pretrained versions of FrameDiff (Yim et al., 2023b) (FrameDiff-ICML), the improved version on
the authors' GitHub (FrameDiff-Improved), Genie (Lin & AlQuraishi, 2023), and RFDiffusion,
which is the gold standard (Watson et al., 2023). We also retrain FrameDiff (FrameDiff-Retrained)
on our dataset, which contains� 10% more admissible structures, while inheriting the majority of
the hyperparameters ofFOLDFLOW. We provide a detailed description of all the metrics in §I.6.
Figures 3 and 10 visualize generated samples and ESM-refolded structures.

We report our �ndings in table 2 and observe thatFOLDFLOW outperforms FrameDiff-Retrained
on all three metrics. We identify FrameDiff as the most comparable baseline as it is the current SOTA
model that does not utilize pre-training while using comparable resources. In contrast toFOLDFLOW
we highlight that RFDiffusion uses a pre-trained backbone and a signi�cantly larger model (60m
vs. 17m parameters), training set, and compute resources (1800vs. 10 GPU days). We also note
that Genie is trained on a larger dataset (195k vs.22k), which hinders rigorous comparisons with
FOLDFLOW. Next, we analyze the performance of FOLDFLOW on each metric in detail.

Designability. We measure designability using theself-consistencymetric with ProteinMPNN (Dau-
paras et al., 2022) and ESMFold (Lin et al., 2022), counting the fraction of proteins that refold (C� -
RMSD (scRMSD) <2:0Å and mean scRMSD) over50proteins at lengthsf 100; 150; 200; 250; 300g.
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