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ABSTRACT

Multi-agent learning faces a fundamental tension: leveraging distributed collab-
oration without sacrificing the personalization needed for diverse agents. This
tension intensifies when aiming for full personalization while adapting to unknown
heterogeneity levels—gaining collaborative speedup when agents are similar, with-
out performance degradation when they are different. Embracing the challenge,
we propose personalized collaborative learning (PCL), a novel framework for het-
erogeneous agents to collaboratively learn personalized solutions with seamless
adaptivity. Through carefully designed bias correction and importance correction
mechanisms, our method AffPCL robustly handles both environment and objective
heterogeneity. We prove that AffPCL reduces sample complexity over independent
learning by a factor of max{n 1, §}, where n is the number of agents and § € [0, 1]
measures their heterogeneity. This affinity-based acceleration automatically inter-
polates between the linear speedup of federated learning in homogeneous settings
and the baseline of independent learning, without requiring prior knowledge of
the system. Our analysis further reveals that an agent may obtain linear speedup
even by collaborating with arbitrarily dissimilar agents, unveiling new insights into
personalization and collaboration in the high heterogeneity regime.

1 INTRODUCTION

Heterogeneity is a defining yet formidable characteristic of multi-agent systems. When agents differ
significantly, their incentives to collaborate diminish, as leveraging experience from others can
introduce bias and impede their own learning. This challenge intensifies in scenarios where strategic
agents seek highly accurate, tailored solutions. Collaborative multi-agent systems commonly adopt a
federated learning (FL) setup, where agents communicate via a central server to jointly learn a unified
solution. However, in the presence of heterogeneity, such unified solutions often prove suboptimal or
even irrelevant for individual agents. Consequently, effective personalization becomes essential for
collaborative learning among heterogeneous agents.

This need is evident in real-world applications: personalized recommendations drive user engagement
(Good et al [1999; [Anand & Mobasher}, 2003} [Khribi et al} 2008)), autonomous transportation must
accommodate local traffic conditions (Huang et al.l 2021 [You et al.| [Jalota et al.| 2023), robots
need to adapt to different operating environments (Richards et al.| 2023} [Tang et al.|, [2025)), diverse
patient profiles require tailored treatments (Chen et al}[2022} Tang et al}[2024), and agentic language
models need to adapt to specific user styles and task contexts (Li et al., 2024} [Wozniak et al.l 2024}
[Bose et al| [2025} [Nobari et al.,[2023).

These considerations motivate the following multi-agent decision-making setup.

1. Personalized. Agents are intrinsically heterogeneous, each with arbitrarily distinct environments
and objectives, and act strategically to optimize their own goals.

2. Collaborative. Agents communicate through a central server that aggregates information from
agents and broadcasts back the aggregated result.

3. Learning. Agents have no prior knowledge of their systems and interact only with local environ-
ments that generate stochastic observations of system parameters.
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Such a complex, stochastic, and heterogeneous multi-agent system demands, but also challenges,
the design of a personalized collaborative learning algorithm that can (1) find fully personalized
solutions for all agents, (2) achieve performance gains through collaboration, (3) and adapt to unknown
heterogeneity among agents without prior knowledge, automatically harnessing greater collaboration
benefits when agents are similar, and falling back to, while ensuring no worse performance than,
non-collaborative independent learning when agents are markedly different.

This work reveals that the key to achieving these goals lies in identifying and exploiting affinity, i.e.,
similarity among agents. Formally, we capture agent heterogeneity through a score 6 € [0, 1], with
0 = 0 indicating homogeneous agents and larger values of J indicating greater heterogeneity. For any
agent, our method finds its personalized solution with a mean squared error of

Ot - max{n~!,6}), (1

where ¢ is the number of samples collected by each agent and n is the number of agents. This finite-
sample complexity enjoys federated speedup linear in n when agents are similar, while it gracefully
reduces to the baseline rate of independent learning O (¢ 1) when agents are highly heterogeneous,
but never worse. In intermediate regimes, affinity-based acceleration manifests.

We summarize our main contributions:

1. We formulate a novel multi-agent decision-making paradigm of personalized collaborative learning
(PCL), encompassing applications and problems in supervised learning, reinforcement learning
(Appendix [C.6), and statistical decision-making.

2. We develop a simple yet effective method that realizes the vision of PCL, called AffPCL, which
finds fully personalized solutions and adaptively harnesses collaboration benefits when agents are
similar while ensuring no worse performance than independent learning when they are highly
heterogeneous. Our method robustly handles arbitrary objective and environment heterogeneity
through principled personalized bias correction and importance correction mechanisms.

3. We establish finite-sample convergence guarantees for AffPCL, achieving the rate in (1)) and thus
demonstrating the desired phenomenon of affinity-based variance reduction. This rate adaptively
interpolates between the linear speedup of FL and the minimax optimal rate of independent
learning. This is the first result that proves efficiency gains for learning fully personalized
solutions through collaboration among arbitrarily heterogeneous agents.

4. We further enhance AffPCL with features including asynchronous importance estimation and agent-
specific update schemes. Our agent-specific analysis reveals that an agent may achieve linear
speedup even when it is dissimilar to all others, a phenomenon unattainable in prior frameworks.

1.1 RELATED WORK

We focus on the most relevant works in heterogeneous collaborative learning that motivate this study.

Personalization falls short in federated learning. Classical FL. methods (McMahan et al} 2017)
aim for a unified solution for all agents without personalization guarantees. The unified objective
mitigates heterogeneity; for instance, bias correction in heterogeneous FL (Karimireddy et al.} 2020b}
Guo et al] 2023} [Karimireddy et al. [2020a; [Gao et al} [2022)), which prevents local updates from
drifting away from the central update direction, is averaged across all agents and thus enjoys federated
variance reduction (see also Section [2)). In contrast, personalization requires adjusting the central
update relative to each agent’s unique local direction, which precludes federated variance reduction.

The growing literature on (partially) personalized FL highlights the importance of personalization. A
common strategy combines global and local models through regularization or mixtures (Li et al.| [2020;
[Hanzely & Richtdrik, [2020; [T Dinh et al} 2020} [Li et al.| 2021} [Deng et al.| 2020), but such methods
offer only partial personalization and the trade-offs may be heuristic. Similarly, clustering-based
methods (Sattler et al, [Mansour et al} 2020}, [Ghosh et al.| [2020} [Briggs et al.|[2020} [Chai et al.,
2020}, [Grimberg et al.,[2021)) do not offer personalization within each cluster and may be sensitive
to hyperparameter tuning or prior knowledge. In contrast, PCL aims for full personalization and
seamless adaptivity, requiring neither prior knowledge of heterogeneity nor hyperparameter tuning.

Slower rates in independent learning. Other personalized learning approaches combine FL and
independent learning. A sequential strategy uses FL as a warm start followed by independent fine-

tuning (Fallah et al) 2020} [Cheng et al, 2021)); while effective in some cases, this approach is
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generally rate-suboptimal, as the small initialization error through FL diminishes faster than the
variance from independent learning, making its change in finite-time complexity marginal. A parallel
approach simultaneously learns a shared global component and a personalized local component
(Pillutla et al.} 2022} [Xiong et al} 2025} [Liang et al] [2020)); this approach requires certain global-local
structures, and similarly, the independent learning component dominates the overall complexity,
obscuring collaborative speedup. In contrast, PCL imposes no structural assumptions, accommodates
arbitrarily heterogeneous agents, and aims for provably faster rates than independent learning.

Curse of heterogeneity in collaborative learning. Closest to our setup, [Chayti et al.| (2021});
also study full personalization with arbitrarily heterogeneous systems, but with
fundamentally different approaches from ours in handling heterogeneity to achieve collaborative
variance reduction. First, they selectively collaborate with similar agents, effectively reducing to
clustering-based methods or low heterogeneity regimes, whereas AffPCL enables collaboration among
all agents regardless of similarity. With AffPCL, an agent may attain linear speedup even when it’s not
similar to any other agent (Section[6.3), which is unattainable in their frameworks. Second, achieving
optimal speedup in their setting requires either knowledge of objective heterogeneity
or access to a bias estimation oracle whose variance reduces linearly in the number of agents
(Chayti et al} 2021)), which is a strong assumption as bias estimation for personalization is inherently
agent-specific, and its variance does not reduce with more agents. In contrast, AffPCL requires no prior
knowledge or bias estimation oracle, and enjoys affinity-based variance reduction fully adaptively.

1.2 PROBLEM FORMULATION

We consider a general multi-agent linear system:

Algt =b', i=1,...,n, )
where sym(A%) = $(A’ + (A")T) - 0. Each agent aims to find the fixed point 2, of its system with
access to only stochastic observations A(s?) € R?*4 and b?(s?) € RY evaluated at its local random

state s € S independently sampled from its distinct environment distribution ut e A(S) at time
step t. The stochastic observations are unbiased such that A* = i A(s") and b* = E ;0" (s").

Terminology and notation. Our system modeling draws inspiration from various fields, including
supervised learning, reinforcement learning, and statistical decision-making, where (A, b, ) are
commonly referred to as (feature, label, covariate distribution), (function approximation, reward,
stationary distribution), and (measurement, response, data distribution), respectively. To appeal to a
broader audience and align with our setup, we refer to A as the feature embedding matrix, b as the
objective vector, and y as the environment distribution. As is common in practice, we assume that all
agents share the same feature extractor A, but may have different objectives b° and environments i,
referred to as objective heterogeneity and environment heterogeneity, respectively.

Throughout the paper, superscript ¢ denotes quantities related to agent ¢ and superscript 0 denotes the
averaged quantity across all agents, i.e., f0 = %L Z?:l f* for any quantity f. The averaged quantity
may be explicitly aggregated by the central server, or it can represent a virtual quantity only used
for analysis. We write [n] := {1,...,n}. For any function f* on S, f* denotes the expectation of f?
under the corresponding environment distribution 4i‘, i.e., f* = E,: f*(s*). For an unknown quantity

f, its estimate learned at time step ¢ is denoted by ft. The default norm is the Euclidean norm for
vectors, operator norm for matrices, and total variation norm for distribution differences. Appendix
contains a complete list of notation.

Roadmap. This paper adopts a progressive approach to first develop insights in stylized settings
and then incrementally extend to more complex scenarios. We start with a simplified FL setup
(Section [2), then gradually introduce personalization (Section [3), adaptivity (Section4), environment
heterogeneity (Section[5.1)), and finally arrive at the most general setup (2)) in Section[5.2] Several
theoretical extensions are discussed in Section[6|and numerical results are presented in Section

2  WARM-UP: HETEROGENEOUS FEDERATED LEARNING

We start by reviewing heterogeneous FL, a variant of (2) where agents with distinct objectives
collaborate to find a unified solution z¢ satisfying

A%2¢ =1, A3)
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where A° = 13" E i[A(s)] and 5° = 137 E,:[b'(s)][] This warm-up section assumes
homogeneous environment distributions p* = i for all i € [n], and thus we can drop the superscript
of A. Since sym(A) is positive definite, in a federated stochastic approximation setting, each agent
adopts the following fixed-point iteration:

Ty = 1y — augy(wy),  where gi(x}) = A(sp)ag — b(sp),
where q is the step size and the update direction g! is the stochastic residual at time step .

To focus on the main ideas, this work considers a simplified communication scheme, where agents
communicate with a central server at every time step. In FL, agents send their local updates to
the server, which aggregates them to get the central decision variable x{, ; and broadcasts it back

x4 < x7,,. The resultant central update rule is then given by

n

c c c c 1 S i nC 1 i\ ,.C 1 - ()
Tip1 = Ty — ag) (xf), where g7 (xf) ::ﬁ th(xt) ) ZA(St)xt T Zb (st). D
i=1 i=1

i=1

We note that in this FL setting, the local decision variables are always synced with the central one, and
thus we have g;(z}) = g;(z7). Moreover, we can write the central decision variable as the average
of the local ones: 2§ = L 3" 2! = 2. However, this equivalence becomes obsolete when we

n
introduce heterogeneous environments and personalization.

Constants. We define the following constants used throughout. A := min; Ay, (sym(A?)) > 0
ensures strong monotonicity of the fixed-point iteration and controls the convergence rate; an
analogous condition in optimization is A-strong convexity or A-PL condition of the objective function
. G = max;sup, ||A%(s)||, Gy = max;sup, ||b’(s)||, and G, = max; ||xi]|
upper bound the system parameters. Let 0 := 2max{G 4G, Gy} represent the scale of the system,
which can also be thought of as the variance proxy of the update direction at the solution point,
since || gi(x1)|] < ||A(sH)||[|2L]] + |68 (s8)|| < GaGy + Gy < o3 its analogy in optimization is the
objective function gradient’s Lipschitz constant. We then define x := o/ as the condition number of
the stochastic system. Without loss of generality, we use 1 as the variance proxy of the environment
distributions, in the sense that tr Var,,(f(s)) = E,| f(s)||* < G?%, which holds for any zero-mean

operator f with esssup,._,, [|f(s)|| < Gy.

We have the following convergence guarantee for heterogeneous FL

Proposition 1. With a constant step size o = Int/(At), (4) satisfies
Bl — 252 = O '),

where O suppresses the logarithmic dependence on In t.

The mean squared error (MSE) of FL vanishes linearly as ¢ goes to infinity, with the rate scaled by the
problem scale o and controlled by \. The federated collaboration contributes linear speedup in terms
of the number of agents n. Proposition|[I]is tight in &, ¢, and n (Woodworth et al| 2020; [Karimireddy]

et al| [2020b} [Glasgow et all, [2022)), and serves as a baseline for our subsequent results.

3 INTRODUCING PERSONALIZATION: PERSONALIZED BIAS CORRECTION

Due to heterogeneity, the unified solution described in Section[2]is generally suboptimal for individual
agents, and becomes less relevant as the heterogeneity level grows. More realistically, strategic agents
seek personalized solutions: ' ‘

Azl =b', i€ [n].

'The unified-solution setting is also related to distributed linear-system solvers (Azizan-Ruhi et al.| [2019}
[Velasevic et al [2023), but those assume that the equations are partitioned across agents.

“All proofs are deferred to Appendices to where we progressively establish the main result Theorem
and cover all the propositions in the main text.

The In ¢ dependence can be removed by using a linearly diminishing step size and considering a convex
combination of the iterates {x}._, as specified in Lemma This refinement applies to all results in the
main text. For brevity, we defer the related discussion to the appendix and omit this remark in subsequent results.
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To build intuition, this section makes two simplifications to be relaxed in the next two sections:

agents have the same environment distribution, and the central objective b°(si) = L+ 31" | bi(s}) is

known to agent i upon observing si. With access to the central objective, we propose affinity-aware
personalized collaborative learning (AffPCL), a simple yet effective update rule for each agent:

, . » » - 0 0sir 0
@iy =2y — gy, where  gi = gj(af) + g7 (af) — g7 (7)), ®)
where the update direction consists of three components:

gi(xy) = Alspay = '(s1),  gf(at) = £ XL, 6i(af), g7 (2]) = A(sp)af — b(s}).

Recall that 29 = L 3" | 2% is synced with the central server. Alternatively, inspired by Section we

can replace 29 with an explicitly maintained central decision variable ¢ and update it using (4) within
the same communication round for computing the central update direction. Both implementations
have the same convergence guarantee in current setting, while the latter proves robust to heterogeneous
environment distributions, as detailed in Section[5.2] See Appendix [C.1|for further discussion.

Unlike FL, the convergence of AffPCL depends on how similar the objectives of agents are.
Definition 1 (Objective heterogeneity). The objective heterogeneity level is defined as

dobj = max Supr’( ) = b (s)][2/(2Gy) € [0, 1].
i,j€n] ses

Proposition 2. With a constant step size o = Int/(At), (3) satisfies
E|lz} —l]* = O(s*~" - max{n~", du;}), Vi€ [n],
where Sobj < min{1, néobj} is the effective objective heterogeneity level.

The precise definition of the effective heterogeneity level is Sobj = min{1, uéobj}, where v is the
stochastic condition number that is trivially bounded by x. We defer the definition of v and the
discussion of how the stochastic conditioning affects the effective collaboration gain to Section|6.2]

and In most cases of interest, v is close to 1, reducing Sobj to the raw heterogeneity level dqp;.
Thus, the following discussion of d.p; can be understood as applying to dgp; as well.

Proposition [2| previews the phenomenon of affinity-based variance reduction. Compared to indepen-
dent learning, Proposition |2 iachieves a convergence rate accelerated by a factor of max{n !, Nobj}

capturing speedup from both federated collaboration and agent similarity. When agents have sim-
ilar objectives ((SObJ < n~1), this factor recovers the linear speedup n~! from FL (Proposition |1) '

with abundant collaborating agents (n > 5obj ), objective affinity dominates variance reduction.
Importantly, since 5Obj € [0, 1], AffPCL’s worst-case complexity is always upper bounded by that
of independent learning, 5(/@275_1 ), ensuring collaboration never degrades performance. As agents
have markedly different objectives (Sobj 1 1), collaboration benefits vanish and AffPCL falls back

to independent learning, as expected. Proposition [2]showcases that AffPCL seamlessly interpolates
between FL and independent learning, offering full adaptivity without imposing artificial restrictions.

To provide intuitions for affinity-based variance reduction, we discuss three interpretations of AffPCL.

Bias correction. g} (z%) — gY*"(xY) in (5) corrects the bias in the aggregated update direction g? ()
to achieve personalization. Spe01ﬁcally, one can verify that E,,[g;] = E,[g;(z})]. In collaborative
learning, agents want to leverage the aggregated update direction for its lower variance, but also need
to correct its bias towards the central solution rather than the personalized solution. We remark that
this bias correction is fundamentally different from those used in the heterogeneous FL literature
(Karimireddy et al.} [2020b} Mangold et al.,[2024), which correct for local drift away from the central
direction. In other words, our novel bias correction term is personalized for each agent.

Control variates. Although g;(x%) — g°**(2?) is personalized and thus cannot benefit from federated
averaging, it enjoys affinity-based variance reduction via control variates (Defazio et al, [2014}
IRubinstein & Kroesel[2016). Specifically, g, 9+%(29) serves as a control variate that positively correlates
with the local update direction gi (%), and thus reduces the variance of the overall update. Then, a low-
variance version (sample average) of the control variate, g (z?), is added to correct the introduced
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bias. The variance reduction effect scales with the correlation in the control variate, which in turn
scales with the affinity between the local and central systems. This control variate perspective offers
a clear explanation for affinity-based variance reduction in AffPCL, and motivates our design choice
of the bias correction term g;”*(z?), which correlates with g; (z}) through the underlying sample s,

unlike other potential candidates (e.g., Aiz9 — b?) that would be nearly independent of s:.

Central-local decomposition. To perceive how this variance reduction scales with affinity, we can
view (5)) as performing central and local learning in parallel. The central learning happens at the
server side, seeking a unified point 2" that solves the central system (3), and the local learning
happens at the client side, solving the local residual system Az*'°° = bi — 0. Then, 2" + "¢
gives the personalized solution to . Specifically, g?(29) = A%29 — b? drives the central learning
and g (z?) — g2 (2)) = Al(xl — 20) — (b® — b°)(s?) drives the local learning. Intuitively, the
local residual system is simpler to solve when agent’s objective is close to the central one, leading
to affinity-based variance reduction.Identifying this low-complexity local residual system is key to
AffPCL’s success. If the local learning problem were as complex as the original one (e.g., fine-tuning),
such a central-local decomposition would offer only marginal speedup over independent learning.

4 INTRODUCING ADAPTIVITY: CENTRAL OBJECTIVE ESTIMATION

Knowing the central objective amounts to knowing other agents’ objectives, which may not be
realistic in practice. This section removes this assumption by enabling agents to adaptively learn the
central objective while learning their personalized solutions. A practical challenge is that when the
state space S is large or infinite, b° becomes high- or infinite-dimensional, and learning it inevitably
dominates the overall complexity. To match the dimension of other system parameters, we consider a
linear parametrization of the objective function: b%(s) = ®(s)0% for all i € [n], where ® € R¥*?isa
feature embedding function such that sym(E,®(s)) > 0, and 6% € R? is the weight. This structure
covers finite state spaces as a special case; see Appendix for more discussion.

Interestingly, central objective estimation (COE) is a special case of heterogeneous FL in Section 2}

95 =17, ©)
where 0 = E,®(s) and b° = L 3" E,b(s) = E,b(s). Therefore, agents can federatedly
estimate the central objective using the same algorithm in Section [2}

1< ) 1< . .
Co =05 — g’ (65), where g)"(65) = - > o(sh)os — - > b(sh). (7
=1 i=1

Without loss of generality, we use normalized features ||®(s)||2 < 1 for all s € S. With linear
parametrization, we redefine the objective bound G}, := max{max; ||6%]|, ||05| } and heterogeneity
level dobj '= max; jer [|0% — 01]]2/(2G3) € [0, 1], which imply the original bound and Deﬁnition
Then, COE directly enjoys the same guarantee as in Proposition with A replaced by Apin (sym(®Y)).

We denote I;? = ®(s)0¢ as the estimated central objective at time ¢. Then, agents use Bg(s;) in place
of bY(st) in AffPCL (5)), asynchronously with COE in (7). This scheme enjoys the same convergence
guarantee as in Proposition [2|as proven in Appendix |G|

5 INTRODUCING ENVIRONMENT HETEROGENEITY: IMPORTANCE CORRECTION

5.1 CENTRAL LEARNING REVISITED

Section E| discusses the central-local decomposition of AfPCL. With homogeneous environments,
central learning happens implicitly by considering the dynamics of the averaged decision variable
2) = % S, @i, which converges to the solution z¢ = % S zl to . However, this is no longer
true with heterogeneous environment distributions (;* # /), because

o = 2 Tlial = 1 X0 () 7F) 2 GELA) T (X8 = ()71 =t

That is, as % converges to the personalized solution % for all i € [n], their average will not converge
to ¢, invalidating the implicit central learning through 9.
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Fortunately, we manage to show that if agents explicitfly maintain a unified central decision variable
x¢ (£ 29) and update it federatedly using , then = still converges to = with the same convergence
rate in Proposition |1} even in the presence of environment heterogeneity. We refer to this explicit
approach as central decision learning (CDL). The same argument applies to COE in Section[4} i.e.,
converges to the solution to (6) with the same rate under heterogeneous environment distributions.
We defer the proof to Appendices [E|and [F Intuitively, this works because a sample from the mixture
distribution . is equivalent to first sampling an index 4 uniformly and then sampling s from p’.
Therefore, a federated update direction that equally weights local sample information from all agents
is unbiased towards the central solution.

Beyond algorithmic implications, we remark that in Sections Eland@ the averaged decision variable
naturally corresponds to a virfual system with parameters p* = L 3"  pand b = L 3" bl
The affinity among agents directly translates to the affinity between each agent and this “central agent”
with index 0. Environment heterogeneity perplexes this concept: who is the “central agent” now, and
does it inherit the affinity among agents? Our central objective characterization in (6) helps answer
the first question by defining b°(s) := ®(s)0¢, and then the “central system” (3)) corresponds to a
virtual system with environment distribution £° and objective b¢ (Z b°). Pinpointing this relocated
central agent is crucial for deriving agent-specific affinity-based variance reduction in Section

The second question is more subtle, as now the central agent, unlike the “averaged agent”, can have a
drastically different objective b¢ from all actual agents, even when the latter have similar objectives.
For instance, an ill-conditioned system can amplify a small Jp; (Deﬁnition such that |[b¢ — b?||
reaches its maximum possible value 2G}, for some agent . This divergence, which also applies to
the relationship between the central and personalized decision variables, presents a fundamental
challenge introduced by environment heterogeneity in achieving affinity-based variance reduction.
Fortunately, our analysis reveals that what is crucial is the affinity in feature space, e.g., terms like
|A(s) (2L — z¢)| and || A% (2l — 2¢)]||, which are well controlled by the raw affinity among actual
agents. Please refer to Lemmas and in Appendix |F for more discussion.

5.2 PCL WITH IMPORTANCE CORRECTION

We now arrive at the most general setup (2), where agents have heterogeneous environment dis-
tributions and objectives and seek personalized solutions. In addition to the challenges posed by
environmental heterogeneity discussed in Section |5.1} a further obstacle emerges in the design of
AffPCL: the bias correction mechanism in Section|§| alone is no longer sufficient. To overcome this,
we propose integrating a novel importance correction to the central update direction before it gets
sent to each agent, resulting in the following AffPCL update rule:

Ty =7 — o), where i = gi(x}) + g7 (xf) — g7 (), 8)
cHi

where the bias correction term ¢¢** () = A(si)x — b¢(s?) now uses the estimated central objective
c3i

(A)g(si) from COE , and g, is the importance-corrected central update direction:
; 1 . ; 1 o= p(s?) ; fo
c31 — (.0 c>) . t J c(od
a7 = L Do @ = 3G (AlsDz = b5(sD))

AffPCL (8) with asynchronous COE (7)) and CDL (4) gives the complete algorithm for solving (2). We
provide the pseudocode and discuss implementation details in Appendix

AffPCL effectively handles environment heterogeneity by (i) correcting bias: E[gS* (2) — ¢¢>* ()] =0
(Lemma|G.T)), and (ii) reducing variance based on agents’ environment affinity (Lemmas and|G.3).

Definition 2 (Environment heterogeneity). The environment heterogeneity level is defined as

ey = max ||,u2 - Mj”TV € [0,1].
i,j€[n]

The interpretations discussed in Section [3] still account for a portion of the variance reduction
effect, especially w.r.t. objective affinity. For the newly introduced importance-corrected central
update direction g **_its variance has three key properties: (i) it decomposes into a federated

term, an affinity-dependent term similar to the variance of the bias correction term, and a term that
. . . 2 y . . .
characterizes the environment heterogeneity: %xz (u?, u®), where x? is the chi-square divergence;
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(ii) the chi-square divergence is bounded by the total variation distance, which defines the environment
heterogeneity: x*(p, n°) < max{||p’||oc, 1 }deny; (iii) the density ratio p* has a natural upper bound:
p'(s) = pi(s)/ (% Z?Zl 1 (s)) < p'(s)/ (L (s)) = n. Combining the three observations gives an

.. . . . 2 ;
upper bound of the additional variance from environment heterogeneity: 7 X2t 1°) < 02 0eny-
This means that our method automatically adapts to the level of environment heterogeneity, enjoys
affinity-based variance reduction, and never performs worse than independent learning, since de, < 1.

These observations motivate the design of server-side importance correction. If this correction
were performed on the client side, the additional variance term in (i) would lack the mitigating n~!
factor, and the density ratio u°(s)/u?(s) would not be bounded by n as in which could result in
potentially unbounded variance that degrades performance.

We are now ready to present the main result, which shows that AffPCL achieves affinity-based variance
reduction characterized by both environment and objective affinities, generalizing Section 3|

Theorem 1. With a constant step size o = Int/(At), APCL (8) with COE (7)) and CDL (4) satisfies
El|lz} — %) = O(s*™" - max{n™", der, doy }), Vi € [n],

where Sep < min{1,k0eny }, Sobjg min{1,kdqn; } are effective environment and objective heterogeneity.

6 DISCUSSION

6.1 DENSITY RATIO ESTIMATION

Section requires that the density ratios p(s) = Z"Ei)) of environment distributions are known

to the central server. This is a common assumption in supervised learning (Cortes et al.l 2010}
Ma et al.| 2023, controlled sampling (Rubinstein & Kroese} [2016)), and off-policy reinforcement
learning (Precup et al} 2000} [Thomas & Brunskill, [2016). It is satisfied, for example, when data are
pre-collected or the covariate shift is induced by known mechanisms. When p is unknown, we can
incorporate asynchronous density ratio estimation (DRE) into AffPCL. Similar to COE in Section [4}
DRE with linear parametrization (Sugiyama et al.} 2012} [Zhang et al,[2023)) is also a special variant
of (2) (see Appendix|C.4). However, unlike COE, which enjoys affinity-based variance reduction
without importance correction, DRE seeks personalized solutions, which, according to our previous
analysis, requires a known density ratio for importance correction to achieve affinity-based variance
reduction. This creates a chicken-and-egg problem, settled by the following information-theoretic
lower bound.

Theorem 2. Let pi be any estimator of the true density ratio p', given n agents, t independent
samples per agent, and no communication or computation constraint. There exists a system such that

inf 5; By0]py(s) — p*(s)[* > min {(96t) ", 62, } -

Theorem 2] rules out the possibility of achieving variance reduction linear in the environment hetero-
geneity level d,, without knowing the density ratio a priori. This hardness result can be circumvented
if additional structure presents, such as sparsity (environment distributions differ only in a few
dimensions) or coupling (environment distributions are dependent). That is, the key difference from
previous problems is that affinity in DRE should be measured by criteria other than total variation
distance. Our analysis of AffPCL assumes access to a DRE oracle capable of exploiting such structure
to achieve affinity-based variance reduction, thereby proving Theorem [I]in full generality and further
showcasing the adaptivity of AffPCL. Appendix|C.3|proves Theorem 2, and Appendix |[C.4|contains an
extended discussion on DRE in our setting.

6.2 NOISE ALIGNMENT

We formally define the effective heterogeneity levels in Proposition [2| and Theorem |1 as Sony =
min{1,0eny } and dgp; =min{1, vdop; }, where v characterizes the system’s “stochastic conditioning”.

Definition 3 (Stochastic condition number). v = max; ||D?(A%)~!|| where D(s) := \/A(s)T A(s).

v is trivially upper bounded by « (see Appendix [C.5), and we refer to v= > k™! as the noise
alignment constant. Note that the polar decomposition gives A(s) = U(s)D(s), where the positive
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semidefinite matrix D(s) defined as above stretches the vector it acts on, and the orthogonal matrix
U (s) rotates it. If U(s) maintains a similar orientation for almost all s € S, A(s) is “well-aligned”
and one can see that v~ ! is large. Conversely, if U (s) varies significantly, ' tends to be small. The
impact of affinity on variance reduction is thus modulated by this noise alignment (Lemma [D.2)).

We remark that while v bears resemblance to the matrix condition number and is upper bounded
by &, the condition number « pertains solely to the deterministic parameters of the system, whereas
v captures the conditioning of the system’s stochastic structure. Consequently, a large « does not
necessarily imply a large v, and vice versa. Fortunately, in many cases of interest, the noise alignment
constant v~ is large. A particularly relevant example is a positive semidefinite A(s), a propert
often imposed on feature embedding matrices by design. In this case, v~! = 1. See Appendix
for three more examples with large v ! and further discussion on noise alignment.

6.3 AGENT-SPECIFIC AFFINITY-BASED VARIANCE REDUCTION

For ease of exposition, previous sections use the worst-agent heterogeneity levels (Definitions
and [2)) to characterize the worst-agent performance (Theorem [I)). Intuitively, agents closer to the
“center” should enjoy greater affinity-based variance reduction. In Appendix |G| we analyze AffPCL in
full generality and obtain an agent-specific convergence guarantee:

Ellz) — 2% |* = O((k")*t™" - max{n~',8!,,}), Vi€ [n], ©)

where k% = ¢ /A", X = A (sym(A?)), 6., = min{1, v}, and &’_, is a more natural measure

> rcen cen

of agent ¢’s closeness to the “center agent”, defined as
6261’1 = ma‘X{H:u’z - /’(’OHTVa ||Bl - BOH/(QGZ))} € [0’ 1]

Notably, 5., is affected by both objective and environment heterogeneity, and admits a trivial bound
8ten < min{l, deny + donj } (LemmaD.1)). @) confirms that AffPCL inherently offers agent-specific

affinity-based variance reduction, with agents closer to the center benefiting more from collaboration.
An interesting consequence is that in the high heterogeneity regime, an agent that is not close to
any other actual agent (deny = Oobj =~ 1) may still get a “free ride” by being close to the virtual

central agent (5écn < 1), thereby gaining significant speedup. Taking this a step further, an agent

can collaborate with agents that are arbitrarily heterogeneous to it but still benefit from collaboration
maximally and obtain linear speedup when 6/, < n~'. These insights are not captured by works that

focus on linear speedup only in the low heterogeneity regime (Chayti et al} 2021} [Even et al [2022).

7 NUMERICAL SIMULATIONS

Synthetic data. We first compare AffPCL, independent learning, federated averaging
FedAvg), fine-tuning (FedAvg followed by local independent learning), regularized
(T Dinh et al] 2020} [Li et al}, 2021] pFedMe and Ditto), and clustered (Ghosh et al} 2020)) FL methods,
in a synthetic system with 20 agents at different heterogeneity levels deny = dopj € {0,0.05,0.3,0.8},
with results presented in Figure The average MSE’ = % > MSE" is reported. For AffPCL, we
also report the MSE of the agent closest to the center to highlight the agent-specific speedup effect.

Real-world data. We further evaluate AffPCL on the real-world dataset. For clarity, we
use only independent learning and FedAvg as baselines. To introduce objective heterogeneity, we
consider a task where each user determines if a handwritten character is a digit and if it is a curved
letter, with different users potentially having different preferences on these two objectives. We train
10 users across four levels of objective heterogeneity and report the average test MSE in Figure 2|

Reinforcement learning. We extend our method to the fundamental reinforcement learning algorithm
SARSA, a temporal difference method that encompasses TD(0); see Appendix for details. SARSA
solves a non-linear policy optimization problem, showcasing the versatility of AffPCL beyond linear
systems. We consider 10 agents with different reward functions (objectives) and transition kernels
(environments). We incorporate in this experiment the asynchronous DRE module discussed in
fig(s)mi(al 5)
W iy At (s)mi(als)
distribution of agent i at time ¢ via naive Monte Carlo, and ¢ (a | s) is the behavior policy of agent i
at time ¢. The average MSE with respect to the optimal Q-function is reported in Figure

Section Specifically, we have pi(s,a) = , where /it (s) is the estimated state
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Figure 1: AffPCL matches FedAvg in the homogeneous setting and independent learning in the high
heterogeneity regime. Across all scenarios, AffPCL consistently achieves the lowest MSE, while other
methods’ relative performance varies with the heterogeneity level. In the high heterogeneity regime
where all agents are dissimilar, the agent closest to the center still enjoys significant speedup.
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Figure 2: AffPCL matches FedAvg in the homogeneous setting and consistently achieves the lowest test
MSE across all heterogeneity levels. The relative performance of FedAvg and independent learning
varies with the heterogeneity level.
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Figure 3: Consistent with other experiments, AffPCL achieves the lowest MSE across all heterogeneity
levels in the reinforcement learning setting. Incorporating asynchronous DRE does not hinder the
performance of AffPCL, suggesting that density estimation is of relatively low complexity compared
to policy optimization.

Please refer to Appendix [B|for the detailed setup and additional results. These simulations validate
the superiority and practicality of AffPCL and our theory of adaptive affinity-based variance reduction.

8 CONCLUSION AND FUTURE DIRECTIONS

AffPCL affirms that collaboration among arbitrarily heterogeneous agents can yield fully personalized
solutions with adaptive affinity-based speedup, opening new avenues for harmonizing personalization
and collaboration in multi-agent learning. We advocate for future endeavors in the following topics:
(i) personalized feature embeddings; (ii) trade-offs between collaboration benefit and communication
sophistication such as cost, privacy, and security; (iii) lower bounds on information exchange to
achieve collaborative speedup; (iv) nonlinear systems, regret minimization, and stochastic optimiza-
tion problems; and (v) other affinity structures such as sparsity, correlation, and low-rankness.

10
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ORGANIZATION OF APPENDIX

The appendix is organized as follows. Notation and symbols are summarized in Appendix [Al
The detailed setup and additional results of numerical simulations are provided in Appendix
Appendix |C| supplements omitted discussions in the main text.

The remaining sections are dedicated to proving Theorem [I}in full generality, incorporating asyn-
chronous density ratio estimation and agent-specific step sizes, and subsuming all other results in the
main text. We first collect several useful lemmas in Appendix [D|to facilitate later analysis. The three
components of AffPCL are then examined in sequence: central objective estimation (Appendix [E),
central decision learning (Appendix [F), and personalized local learning (Appendix [G).

A NOTATION

We summarize the key notation and symbols used throughout this paper in Tables |I| and 2| We
reiterate that the superscript 0 denotes the averaged quantity across all agents, i.e., f0 = % Yo f ‘
for any quantity f. Due to symmetry, f° usually satisfies the same property as f* for all i € [n].
Therefore, in addition to the notation [n], we also use [nY] to denote {0,1,...,n}. The overline
denotes the mean quantity under the corresponding environment distribution, i.e., f* = E i f*(s") for
any operation f?. We remark that the aggregation of the mean values is not necessarily equal to the
mean under the aggregated environment distribution:

_ 1 & o
fO = EZ]E;HJM(SZ) i—é E;LO
=1

However, we have two special cases where the equality holds: (i) f* = f7 for all i,j € [n]; or
(i) u* = p’ forall i, j € [n]. The superscript c denotes the explicitly maintained central quantity
that aims to bridge the above discrepancy, e.g., the central objective b¢ and central decision variable
x¢. Generally, f¢ # f° for any quantity f, but the equality may hold in the two special cases above.

For the ease of presentation, we use the following shorthand notation throughout the analysis: Az;
represents the optimality gap 2z; — 2. at time step ¢ for any decision variable z; for a function f on
S, f} represents its evaluation at the observation s}, and f = 1 3" | f(s}); Ei = Eg ., and
E; = Esg'N uisieln)s EF,_, represents the conditional expectation given the history filtration JF;_;
that contains all the randomness up to time step ¢t — 1.

We use -, =, <, < to denote the Loewner order and 2, <, < to denote the asymptotic order as
t — oo.

Table 1: Notation.

Notation Description
[n],[n°]  {1,2,...,n},{0,1,...,n}
Az decision variable optimality gap z; — 2«
P i-th agent’s quantity, and its realization at time step ¢ (if a random variable)
' 1 or evaluation at observation s (if a function)
1O averaged quantity across agents = > | f0
fe explicitly maintained central quantity
fi expected quantity under agent ¢’s environment distribution IE,,; f i(s)
1o aggregated expected quantity L 3" | E i f(s)
ft estimation of f at time step ¢
g%, g°>*  bias correction from aggregated/central update direction to agent i
g importance-corrected update direction from central to agent ¢
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Table 2: Symbols.

Symbol Description Symbol Description
A feature matrix Q@ step size
b objective B8 Young’s inequality parameter
C constant x? chi-square divergence
d system dimension ) heterogeneity level
& Estimation error A(S) probability measure space
F Filtration i density ratio weight
g update direction v reward discount factor
G system parameter bound K condition number
1,7,k  agentindex A minimal eigenvalue

L Lyapunov function W environment distribution
n number of agents v stochastic condition number

s, S state, state space ¢, P,¢, ¥ feature map

t, T time step p density ratio
w weight o problem scale/ variance proxy

T,z decision variable 0 objective weight

B ADDITIONAL NUMERICAL SIMULATIONS

Synthetic setup. We run our simulations in a synthetic multi-agent linear system with n = 20
agents in a d = 5 dimensional space. Agents possess distinct multivariate Gaussian distributions
u' = N(mj, 1) as their environments, and their personalized objectives are given by linear models
bi(s) = ®(s)0L. We construct the stochastic feature embedding matrices A(s) and ®(s) to have
a multiplicative noise structure (Example : A(s) = (Ig+ €a - 857) Apase and ®(s) = (I +
€p - ssT)(I>base, where Apase and Py, are randomly generated positive definite matrices for each
problem instance with condition numbers of O(1). We set 04 = 1 and o, = 0.5 to control the level
of stochastic noise alignment. The reference personalized solutions z* are calculated using Monte
Carlo estimation with 5000 samples.

To generate heterogeneous environments, we set m; = e,y C'4v;, Where v; is a random unit vector
and C'4 = 4 satisfies that |N(0, I4) — N (Cal,I4)|lrv > 0.9. This ensures that the environment
heterogeneity level goes to 1 as deny approaches 1 (Definition[2). Similarly, heterogeneous objectives
are generated by setting 02 = 0pa50 + dobji, where u; is a random unit vector and O,ee ~ N(0, I).
This construction ensures that the objective heterogeneity level is of Op(doh;) (Definition . For
reference, we fix the first agent’s environment as ' = A (0,1;) and 91 = Opase, making it close to
the “center” when the number of agents 7 is large.

We compare our proposed AffPCL algorithm against the following baselines:

1. Independent learning, where each agent learns its own solution using its local data without
communication.

2. Federated averaging (FedAvg), where all agents collaboratively learn a unified solution by
averaging their update directions.

3. Fine-tuning, where agents first run FedAvg for 30 steps to learn a common model, and then
fine-tune their personalized models independently for another 30 steps;

4. Regularized FL, pFedMe (T Dinh et al.| [2020) and Ditto (Li et al.} 2021)) specifically, where agents

collaboratively learn a global model, and then learn personalized models by solving a regularized
objective that penalizes the distance to the global model. The regularization parameter is set to 15
for both methods.

5. Clustered FL (Ghosh et al}[2020), where agents are iteratively clustered based on the similarity
of their local systems, and then collaboratively learn a model within each cluster. The number of
clusters is set to 10.

The results are reported in Figure [} All algorithms are run for ¢ = 60 steps with a fixed learning
rate of @ = 0.01. All experiments are repeated for 10 runs, and we report the mean squared error
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averaged over all agents MSE? = 1 3" | ||2¢ — 2|2, along with the 90% confidence region. To
showcase the agent-specific affinity-based variance reduction, we also report the error of the first
agent MSE' = ||z} — z1 2.

Comparison with baselines. We evaluate the performance of all algorithms under different hetero-
geneity levels (e, dobj). Figure [1|reports the homogeneous setting (0.0, 0.0), low heterogeneity
(0.05,0.05), medium heterogeneity (0.2,0.2), and high heterogeneity (0.5, 0.5). Results of exhaus-
tive sweeps over (Jdeny, dobj) are presented in Figure where we report the improvement of AffPCL
over independent learning and FedAvg, measured by the average MSE over the last 10 time steps. We
remark that when agents’ environment distributions vary greatly (0, > 0.9), all algorithms experi-
ence high variance and thus the results may not be statistically significant. Figure[4aldemonstrates that
AffPCL consistently outperforms independent learning, with the affinity-based speedup increasing as
the heterogeneity level decreases. Figure [4b]shows that AffPCL matches FedAvg in the homogeneous
setting, while FedAvg fails to provide any personalization in the presence of heterogeneity.

100 100

Improvement (%)
5
Improvement (%)

0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 09
0y d

(a) Over independent learning. (b) Over FedAvg.

Figure 4: Improvement of AffPCL.

Federated vs. affinity-based speedup. Our theory identifies two factors in the variance reduction of
AffPCL: federated speedup n~! and heterogeneity level 5. We conduct exhaustive sweeps over the
number of agents n € [2, 50] and heterogeneity level § = dem = dopj € [0.02, 0.5]. Iso-performance
contours of AffPCL are plotted in Figure 5, where each curve represents the combinations of (n =1, §)
that yield the same average MSE? over the last 10 steps. As expected, the contours form Pareto-type

curves, confirming that max{n~', §} characterizes the trade-off between collaboration and affinity
in AffPCL.

2e-2

1e2 &
=

Figure 5: Iso-performance contours of AffPCL.
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Agent-specific performance. Another highlight of our theory is the agent-specific affinity-based vari-
ance reduction effect, where agents closer to the center benefit more from collaboration (Section @
We examine this phenomenon in a high heterogeneity setting (depny, don;) = (0.7,0.7) and report
the performance of independent learning and AffPCL for a generic agent and for the agent closest to
the center in Figure 6| Looking at the performance of generic agent, AffPCL performs similarly to
independent learning, as the collaboration benefit gets diminished by the high heterogeneity. However,
the agent closest to the center still gets a “free ride” and achieves significant speedup, compared to
learning on its own, through collaborating with other agents. We remark that in the high heterogeneity
regime, the agent closest to the center may not be close to any other agents, yet the collaboration
benefit remains.

Generic agent Agent close to center

10° 10°

w 107! 10t
wn
=

1072 1072

0 20 40 60 0 20 40 60
# Samples

—e— Independent @ —&— PCL

Figure 6: Agent-specific performance.

Real-world setup. For the real-world dataset, we first pre-train a numerical network
using some training data as the feature extractor ¢ shared across all users. The dimensionality of the
extracted feature is d = 84. To introduce varying levels of objective heterogeneity, we consider the
following label for input character image z:

y(z; A) = X - 1{character z is a digit} + (1 — A) - 1{character z is a curved letter}.

Then, the least squares linear regression problem corresponds to the following linear system:
E, [6(2)6(=)"] @ = By [p(2)y(=A)], i=1,...,m,

where % is the data distribution of user 7. In our implementation of AffPCL for this task, we omit
the importance correction. We test four levels of objective heterogeneity by setting the range of A
as [0.5 — dob;/2,0.5 + donj /2] with dgr; € {0,0.2,0.6,1}. 10 users have evenly distributed A\* in
the specified range. All three algorithms share the same hyperparameters: learning rate o = 0.002,
batch size is 32, and the number of samples between two communication rounds is 70. The test MSE
averaged over all users is reported in Figure |2, The results are consistent with those in the synthetic
experiments, validating the practicality of AffPCL.

Reinforcement learning setup. We follow the derivation in Appendix [C.6|and setup in[Zhang et al |
(2024) to implement AffPCL, independent learning, and FedAvg versions of SARSA. We consider
10 agents, 10 states, 5 actions, and a feature dimension of d = 20 for the state-action space. The
other RL hyperparameters are set as follows: reward discount factor v = 0.1, behavior policy is
softmax with temperature 10, and step size o = 0.1. We perturb a nominal reward function and
transition kernel to generate heterogeneous objectives and environments, with relative perturbation
levels dobj, denv € {0.0,0.2,0.5,1.0}. The reference optimal Q-function is calculated using offline
value iteration with the true model. For the asynchronous DRE module, we use the following density
ratio estimator: ] ]
fii(s)m(a]s)
2 i i (s)ml(als)
where /i¢(s) is estimated using the naive Monte Carlo, i.e., average state visitation frequency up to

time step ¢ for agent 4, and 7 (a | s) is the behavior policy of agent i corresponding to its current Q-
function estimate. The average MSE with respect to the reference optimal Q-functions is reported in

ﬁi(sva) =
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Figure[3] The results are consistent with other experiments and show that incorporating asynchronous
DRE does not hinder the performance of AffPCL.

C FURTHER DISCUSSIONS

C.1 IMPLEMENTATION DETAILS

We present in Algorithm [I| the pseudocode of AffPCL with asynchronous COE and CDL.

Algorithm 1: Personalized collaborative learning (AffPCL)

initialize: =5, 05, z for i € [n].
fort=0,1,... do
foreach agent i € [n] in parallel do
sample s} ~ '
evaluate residuals g; (<), g} («5), 9" (65), 95" ()
send (st g3(25), 91 (65), 95 (25)) to the server
at central server: _
aggregate central residuals gi"(z), g (6%), g (x5) for i € [n]

send central residuals back to agents
oreach agent ¢ € [n] in parallel do

c _ pC 0,c/,.c
Tip1 = Ty atgg , (xf)
0f 1 =07 —aug, (6F)

Tio1 = o) — aulgile)) + 977" () — g (7))

)

We provide several remarks on central decision learning (CDL). First, if the central server has memory,
the central decision variable x§ and central objective parameter 0§ can also be maintained and updated

(Lines 1041 1)) at the server side.

Second, when agents share the same environment distribution, the central decision variable can be
replaced by the average decision variable ¥, since the solution to the central system (3) coincides
with the average of personalized solutions, i.e., z¢ = z¥. In this way, CDL happens implicitly
without executing (4), reducing computation complexity. However, this implementation requires an
additional communication round to compute ! 1 after each local update, increasing communication
complexity.

Third, when agents have different environment distributions, note that the central update direction

g7 (x5) in (8) now involves ¢ (x5) (which uses the estimated central objective b¢(s?)), instead

of gi(z¢) (which uses personalized objective b’(s?)) as in . This modification is necessary for

the importance correction to work. That said, it should be unsurprising that if we also use gf” to

compute the central update direction in central learning, i.e., using g (z§) = 2 37" | g7 () in
(4), the convergence guarantee still holds. For completeness, we also prove convergence for both

implementations in Appendix

Remark 1 (Communication and computation complexity). To provide a clearer picture of scalability
in our stylized setup, we compare the communication and computation complexity of AffPCL with
federated averaging (FedAvg), both with immediate communication after each local update. In
FedAvg, each round involves the communication of all local residuals and one averaged residual,
resulting in a communication complexity of comm(FedAvg) = ©(2nd) per round, where d is the
system dimension. Updating the local decision variable results in a computation complexity of
comp(FedAvg) = O(d) per agent per round. In AffPCL with COE, CDL, and DRE, as detailed in
Algorithm [I} each round has a communication complexity comm(AffPCL) < 4 comm(FedAvg).

Suppose we calculate the central update direction using gf” as discussed above, and suppose the

density ratio is known a priori, then the communication complexity reduces to comm (AffPCL) <
2.5 comm(FedAvg) = O(5nd). Similarly, the computation complexity per agent per round in AffPCL
(Algorithm |1)) is comp(AffPCL) = 6 comp(FedAvg) = ©(6d), where the extra factor comes from
CDL, COE, importance correction, and composing the personalized update direction.
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The above analysis shows that, although sharing the same asymptotic communication and compu-
tation complexity as FedAvg, AffPCL incurs a larger constant factor (specifically, up to 4 times for
communication and 6 times for computation per iteration) due to the additional components and
personalization. This inherent trade-off calls for future research into developing more sophisticated
communication schemes to reduce the communication and computation overhead of AffPCL, and
deriving lower bounds on the information exchange to achieve collaborative benefits in personalized
learning. Additionally, we remark that numerous techniques from federated and decentralized learn-
ing that reduce the number of communication rounds, such as multiple local updates, compression,
and partial participation, can be readily incorporated into AffPCL. We consider the stylized setting of
immediate communication to focus on the main ideas.

C.2 LINEAR PARAMETRIZATION OF OBJECTIVE AND DENSITY RATIO

We first note that linear parametrization covers finite state spaces as a special case. For DRE, 1(s) =
e, is the one-hot encoding of state s, and then . = (p(s1), ..., p(ss|))” simply records the density
ratio for all states. For COE, we transform the original objective as b’(s) + e, @ b(s) € R4USI,
where ® denotes the Kronecker product. Then, ®(s) = esel ® I; € RUSI¥4S| and §7 similarly
records the objective vector for all states.

Linear parametrization is also widely used in supervised learning (parametric regression) and re-
inforcement learning (linear value function approximation). COE performs parametric estimation

with a linear function class: #2 = argmingga |0} — b’||, where bj,(s) = ®(s)6, and we omit the
discussion of approximation error when the model is misspecified, i.e., b’(s) ¢ {®(s)0 : § € R?}.
See[Sugiyama et al.| (2012)) for more details on DRE with linear parametrization.

When applied to reinforcement learning, our linear parametrization subsumes linear Markov reward
processes (Bhandari et al.l 2018), where b°(s) = ¢, (s)r(s) = ¢,(s)¢r(s)T 0%, with r' as agent i’s
reward function and ¢, ¢, as feature maps. See Appendix for more details on this application.

We choose linear parametrization for its simplicity, allowing us to focus on the main ideas. Our
method readily extends to other (non)parametric models, provided the function class has complexity
polynomial in d rather than in |S]|.

C.3 PROOF OF THEOREM[Z]

We restate and establish the lower bound of DRE MSE. Our proof generally follows the standard
Le Cam’s method with two special treatments: (i) we show that DRE is lower bounded by a special
density estimation problem, (ii) we show that collaborating with other agents does not help in
estimating one agent’s own density ratio.

Theorem Let pi(s) be the estimate of true density ratio p, given by any algorithm with n agents
and t independent samples per agent, with no communication or computation constraint. There exists
a problem instance such that

inf 5 E 0 pi(s) — p'(s)|*> > min {(96t) 71,62, } .

Proof. In this proof, we omit the agent index i and thus p = u/u®. We build the hard problem
instance step by step. We first consider a finite state space S = [d] and thus p and p; are vectors in R?
(this is equivalent to a linear function approximation with feature map v(s) = es, the s-th standard
basis vector). Then, the minimax risk w.r.t. the MSE loss is defined as

R* =inf sup sup E (s p0yot Eyolpe(s) — p(s)|?,

Pt 0<p<n {p,u0 €A(S):p/u0=p}

where p;, a random vector, is the estimate learned from the sample drawn from (u x p°)®%. We use
the convention that if any constraint set is empty, the risk is zero. We note that although samples
across time steps are i.i.d., the samples from p and p° at the same time step are correlated as
p == >i—1 1. However, this correlation scales as O(n~") and diminishes as n increases. We

then apply several reductions. By set equivalence,

R* =inf sup sup E(uxpuoyetEyuo|pe(s) — p(s)|?.
Pt p0eA(S) p=pp®,0<p<n
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We now fix 4° = d='1 € A(S) and define a convex set M == {0 < p < n: pp® € A(S)}}| Then,

R* >inf sup E(MX#O)®tEHO|ﬁt(S) - p(s)‘z
Pt p=pul,peM

=d inf sup E 2,
uf sup, (uxpoyet ||pe — pll3

For a sufficiently small € to be determined, we can choose p1, p2 € M such that ||p; — paj2 > 2e.
Following Le Cam’s method, we construct a test ¢ = argmin,,,co; |9+ — pm ||2. Then,

2
1
R* >d 'inf = 2P (¢
zd i 2m§:16 (Pr #m)
1 2
1.2 o
f—§ P,
¢ 1S£lt 2m:1 (@t#m)

62

7d (1— P, — Ps||Tv), (10)

where P,, = (1 x pu°)®t. By Pinsker’s inequality and properties of KL divergence,
2Py - P2ty <Dkr(Prl|lP2)
=tDxr(p1 x p°|p2 x p1°)

=t(Dxr(pallp2) + Dxr (1914 | 1)), (11)
H, Hoy

where 12, is conditional distribution of s given s ~ ji,,, and (s, s°) ~ g, x pu¥. Recall that p is
the aggregated distribution of agents’ distributions.

We proceed to construct p;, p2 and bound the KL divergence terms. Suppose d is even. Let
i (s) = d™ +d 73 2e(=1)**™ ) s e [d],m e [2].

Let ¢ < v/d. One can verify that y,,, € A(S) and
lpr = pollz = dllpn — palla = d - 243 - Vd = 2¢.

Further, let ¢ < V/d /2. Then, for the first KL divergence term, we bound it using the chi-square
divergence:

‘ 2(5))? _ o~ Ad 3 1.2
H, < E — < E =8d™ €.
1 X ,LL1||/$2 = = e d_1/2 €
For the second KL divergence term, we first have the decomposition of p° = + um + =Ly for

m € [2], where p!,, is the aggregated distribution of all agents except agent i and is 1ndependent of
L. Then, the conditional distribution given s ~ i, is simply p2, = 7(5 + o=l ==y, form € [2]. If

n < 1, then p = 9 and Hy = 0. Thus, we consider n > 2. By the convexity of KL divergence and
Jensen’s inequality,

1 n—1 n—1
Hy < —Dxr (65105 | 1) + —— D (il | 1) = ——Drer. (p | 12)-

Again, bounding it by chi-square divergence gives

ISH

Notice that

1 n—1 1 n—1 M1 — K2 2 4d 362
0 / / / /1\2
u = Uy = — G+ — Uy == Uy — = = .
n n ! TL'U2 n 2 ( ! ,LLZ) ( n—1 (n - 1)2

*Here pyu° is the element-wise product as we treat them as functions on S.
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Together with iy (s) = d~! — —25d=3/%¢(—1)* > d~'/2, we have

—1.2
H, < 8d7€ < 4dte2.
n(n —1)

Plugging H; and H> back into and combining gives

€2 6t
s> 1o/ 2. 12
R—2d< ¢ d> (12)

We are left to determine e. There are two cases. The first is that dg, < 4%/&, i.e., p is close to ,uo, or

we do not have many samples. In this case, one would constrain the estimator to get a smaller error.
Note that

1
[t — p°ll v = gd d3%e, me 2.
Thus, pushing 1 and ps to the boundary of the ball {1z : || — p°||rv < Geny } gives € = 2Wery vV d.
Plugging this into (12)) gives
R* > 262 (1 — 20 V61) > 62

_1
4/6t”

discrimination harder. In this case, we set € = %1 / %. Then ||ty — p°||Tv = 4%/5 < Oeny SO 1 and
po are feasible. Plugging e into (12) gives

The second case is that 0oy > where we need to make yp; and ps closer to make their

1
R* > —
96t
Combining the two cases gives

R* > min{62, (96t)"'}.

C.4 DENSITY RATIO ESTIMATION

This subsection first shows that DRE with linear parametrization is a special variant of (2)) and then
discusses several environment affinity structures that help circumvent the lower bound in Theorem 2]
and enable affinity-based variance reduction in DRE.

A linear parametrization of density ratio (Sugiyama et al.l[2012) takes the form p(s) = 9(s)Tni
for all i € [n], where ¢(s) € R% is a measure basis and . € R% is the true weight. Let

U(s) = 1p(s)(s)T. Then,
E, 00 (s)n = / (g ()0 (s)ds = / W) (s)ds = E,utp(s).
Therefore, a simple stochastic fixed point iteration for (2) described in the paper (see also Example [2)

finds ¢ with an MSE of O(¢~!), but the affinity-based variance reduction is unattainable because of
Theorem 21

Alternatively, notice that p'(s) — 1 directly measures the affinity between x‘ and u° and is the
quantity through Wthh p* enters the analys1s Thus, we can dlrectly apply linear parametrization to
pi(s) =1 =1(s)Tni. Then at time step ¢, p: = 1 + 1)(s¢)Tn¢. The DRE problem becomes

E,0 0 (s)y’ = /S (s) (p'(s) — 1) W0(s)ds = /S W(s) (i (s) — 1°(s)) ds = B0t (s).
This problem formulation is easier to work with because 1: ~ 0 when u* ~ u°; in such cases,
regularization can be applied if it is known a priori that agents’ environments are similar.

Theoretically, this regularization will not work if our prior knowledge of environment similarity is
measured in total variation distance, i.e., deny, due to Theorem 2l Nonetheless, several other affinity
structures can help.
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Example 1 (Sparsity). 1! encodes the difference between p* and 1° (recall that in the tabular case,
ni(s) = p'(s) — 1 = (u'(s) — u°(s))/u’(s); see Appendix . If 1* and pO differ only in a
few dimensions, i.e., 1)’ is Jenyd-sparse such that ||1%]|o < Sevd, then we can use {g-constrained
or /;-regularized least squares to estimate 1), which can be calculated efficiently online and has a

standard MSE of O (2t~ - enyd).

Example 2 (Coupling). Suppose DRE uses coupled samples from ¢ and 1, such that P(si =s9) =
1 — Seny- Note that P(st = s¥) <1 — ||u® — pu°||7v and the equality is attained when p* and p° are
optimally coupled. Then, a simple fixed-point iteration

Mepr = mp =y gy (ng) =y — of (R(sP)m; — ((st) — P(s7)))
with a properly chosen step size o = O(¢t™1) has an MSE of O(k2t™ 1 - feny ).
Proof. We only need to show that the update is monotone and its variance at the fixed point enjoys

affinity-based variance reduction; then the result follows from standard stochastic approximation
analysis (see e.g., Appendix [E). First, we have

Egy”(n}) = B ¥(s)i; — By ot (s) = ¥0(nf —11.).
The montonicity follows from
(A, WOADL) > Ainin (2°) | Aty |12

For the variance, without loss of generality, we assume normalized feature ||¢(s)|| < 1. Then,
Bllgh ()12 =Bl W (2 — (b(s}) — w(s0)
—EJl(s2) (" (1) — 1) — ((s5) — ()1
<OEh(s9) (1 — ' (sD) |2 + 2E|b(s}) — (D))
<23 (', 1%) + 2 4P(s) # s7)
<2l 14 — il + 8(1 — P(s} = )
=0 (0env)-
O

These examples indicate that DRE requires a stricter affinity measure to achieve affinity-based variance
reduction. To enable maximum generality, we make the following assumption.

Assumption 1 (DRE oracle). We assume access to a DRE oracle that returns an estimate weight nt or
density ratio p% such that |p%(s) — p*(s)| = O(1) throughout the learning process and

E|pi(s) — o' ()I* = O((+")*¢ " - max{n", 50, }), (13)
where «” captures the conditioning of the DRE problem.

Assumption 1] ensures that DRE does not become a bottleneck for achieving affinity-based speedup.
Our analysis incorporates asynchronous DRE through Assumption|[I}; see Appendix |Gl

C.5 NOISE ALIGNMENT

We first establish the trivial bound of the stochastic condition number (noise alignment constant)
defined in Definition [3] In this subsection, we omit the agent index ¢ for simplicity and generality.
For a general stochastic matrix A(s), recall its stochastic condition number is

vi=| DA™,
where A = EA(s), D = ED(s), and D(s) = y/A(s)T A(s). For the upper bound, we have
v < | D[ A7

The “numerator” satisfies

D[l = [ED(s)|| < E|[D(s)]| = Eomax(D(5)) = Eomax(A(s)) < Ga,
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where we use the polar decomposition A(s) = U(s)D(s), where U(s) is an orthogonal matrix, and
thus A(s) and D(s) share the same singular values. The “denominator” satisfies | A~ = o1 (A),

min
and we have

i (A)= min | Ae]| = i | A ] > min o Ao = min &7 sym( )= Anin(sy( ).
‘ (14)

Note that A > Apin(sym(A)) and G4 < . Thus,
v<o/\=k.

To illustrate the idea that »~' measures the alignment of noise in A(s), we describe one example
where v~ ! is small.

Example 3 (Misaligned noise). Suppose & = [0,27 — €] C R and A(s) = U(s)I € R?*?, where
U (s) is a rotation matrix with angle s. Then, D(s) = I, D = I, and

2m—e€ . . € s €

T COSSsS —sSsIs —SIne cose — 1 e [TCOS5  —SIng
A= . ds = . = 2sin £ s 2 |,

0 S s COS s 1 —cose —Sine 2 s 3 —COS 3

whose smallest singular value is 2 sing ~ € when ¢ > 0 is small. Thus, v — oo and v~! — 0 as
€ — 0. This is an example where the orientation of A(s) is uniformly random, and thus the noise is

completely misaligned.

We then give several examples where the noise is well-aligned and the stochastic condition number v
equals or is close to 1.

Example 4 (Constant orientation). Suppose A(s) = UD(s) for all s € S, where U is a constant

orthogonal matrix and D(s) = 0. Then, A=UD and v = 1.

Example 5 (Positive semi-definite matrix). Suppose A(s) = 0 forall s € S. Then, D(s) = A(s)
andv = 1.

Example 6 (Low rank feature embedding). Suppose the feature embedding matrix A(s) has a low-
rank structure: A(s) = (¢(s) — y1b(s))¢T (s), where ¢(s),1(s) € R? are two normalized feature

maps such that ||¢(s)|| = [|¥(s)|| = 1 and ¢(s) 4 (s) forall s € S. This is the case of temporal
difference learning with linear function approximation (Bhandari et al.} 2018]), where ~ is the reward

discount factor. Then, v < }i%

Proof. We have
D(s)* =(s)¢(s)" (6(s)9(s) — 279(5) 9 (s) +770(s) ()
=6(5)8(5)" (6(s) = 1(s)) T (4(s) = 79(s)),

which implies

D(s) = 125 S )0 < 1+ o100
On the other hand,
A(s) = B()6()T — 2(B()6(5)” +0(s)0()7) £ (1= 1)o(5)0(s)"
Thus, )
A (1= )E($)9() 7] = 1D,
which gives
oY R
L=y
Thus, v < % ]
Remark 2. While strict normalization ||¢(s)|| = [|¢(s)|| = 1 is required to show v < %’

Lemma D.2] the only place where v is directly used, also holds with [|¢(s)]|, [|¢(s)|| < 1. That s,
we define v for interpretability and ease of calculation, but it can be relaxed in certain cases.
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Example 7 (Multiplicative noise). Suppose the noise is multiplicative: A(s) = (I + U(s))A, where
U(s) is zero-mean and ||U(s)|| < eforall s € S. Then, v < 1 +e.

Proof. We have

D(5)2: ( +U(s )) (I+U(s ))A5(1+e) AT A
— A TD(s)247! j(1+)
— v=ED(s)A"| <1+

O

Finally, we refer readers to Lemma|D.2} which illustrates how noise alignment affects the translation of
the raw affinity into an effective affinity for variance reduction. Intuitively, when A is ill-conditioned,
a small perturbation in the objective can lead to a large perturbation in the solution. Then, if A(s)
does not align well with A, the large perturbation in the solution may be further amplified by the large
eigenvalues of A(s), leading to a large variance in the update direction. On the other hand, when A(s)
aligns well with A, the perturbation in the solution is only stretched by the small eigenvalues in A(s),
maintaining a similar magnitude to the objective perturbation and preventing noise amplification in
the ill-conditioned subspace.

C.6 APPLICATION TO REINFORCEMENT LEARNING

This subsection gives a concrete application of our method to the policy evaluation problem in
reinforcement learning (RL) resulting in personalized collaborative temporal difference (TD) learning.

Heterogeneous federated RL has garnered traction recently (Zhang et al} [2024}; [Wang et al.} 2024}
[Xiong et al.| 2025} [Li & Azizan| [2024) due to its practicality by accommodating heterogeneity in
multi-agent decision-making. However, existing works either fail to personalize and hence only
work well in low heterogeneity regimes (Wang et al} [2024} [Zhang et al, [2024)), or deliver slower
convergence rates (Xiong et al.}[2025)). Our framework encompasses the setting of heterogeneous
federated RL and our method provides the first personalized collaborative reinforcement learning
algorithm that accommodates arbitrary heterogeneous agents while achieving affinity-based variance
reduction.

Consider n agents with distinct Markov reward processes (O, P?, R, v), where O is the state
space, P? is the transition kernel induced by agent 7’s behavior policy, R’ : O x O — R is the
reward function, and v € [0, 1) is the discount factor. Following (Bhandari et al., 2018]), we write
R'(0) = E[R(0},,0},,) |0}, = 0]. Agents want to evaluate their behavior policies by calculating
their infinite horizon value functions V' (s) = E[}_;", 7" R'(0},) | 0f = 0], where o}, ; ~ P(-|0},).
With a linear function approximation V(o) ~ ¢(0)T 2% for some 2. € R9, the expected projected
Bellman equation can be cast into (2) as

E'[¢(5)(6(s) — v9(s") |z = E'[p(s) R’ (s, )], (15)
A(s,s’) bi(s,s’)

where E! = ESN# s/~Pi(-|s)- Lhe stochastic residual of 1| is the TD error, and the corre-
sponding fixed point iteration gives the TD(0) algorlthm pecifically within our framework,
each observation tuple is s{ = (0}, , 0}, 41 IA s1) = ¢(0},)(0(0},)T = vp(0}, 1)), V' (s}) =
¢(0},,)R' (0}, , 0}, 1) and the environment distribution is i (0, o) = m*(0) x P(0’|0), where m
is the stationary distribution of the agent 4’s transition kernel. Then g} () represents the TD error
and AffPCL (8) gives personalized collaborative TD(0).

With a normalized feature map [¢(0)|| < 1 and constants G, > max{max;e[, [|%|], ||},
Gy > max;c(y) | R [|oo, we have G4 < 14+ < 2and 0 < 2max{(1 +7)G,, Gy} < Go + Gy
As shown in |Bhandar1 et al (2018, Lemma 3), A’ > (1 — 7) Amin(Ex: [¢(5)9(s)T]). As shown in

SHere we assume an offline RL setting where we have i.i.d. samples from a pre-collected dataset consisting
of observation tuples (0}, 05,1 ~ P*(-|0}), R (0}, 0h+1))-
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Example@, the stochastic condition number in this example is v < % <2(1— 7)_1. Therefore,
by Theorem |1} the sample complexity of personalized collaborative TD(0) reads

(Gx + Gb)2 _
¢ <(1—7)3(wl)2t -max{n™", S, Sy} |

where w? = Apin (Exi [0(5)d(5)T]) and Sy, don; represent kernel and reward heterogeneity levels,
respectively. This complexity matches the best known result for homogeneous federated TD learning
[2024), while offering new insights in high heterogeneity regimes.

D PRELIMINARY LEMMAS

Lemma D.1 (Affinity). Given the universal scores 0eny = max; ; ||u* — p/||ryv and dop; =
max; ; |05 — 01[|2/(2Gy), along with the agent-specific scores 8, = ||’ — p|lrv and 6 =
|62 — 6°||/(2Gy), we establish bounds on various parameter differences in terms of these scores.

(a) ||b'(s) — b (s)|| < 2Gpdan; for any i, j € [n°).
(b) |Ib*(s) = 0°(s)|| < 2GydYy,, for any i € [n].
(c) ||b" — V|| < 2Gp(Seny + dobj), for any i,j € [n0].

(d) [[b" = b°|| < 2Gymin{1, 8%, + ob, ey + Gy}, for any i € [n].
We thus define 6., = max {6, [|b' — 8°||/(2Gy) } < min{1, 6%, + Sobjs Genv + 5ébj}.
(e) |E,i[b'(s) — b°(s)]|| < 2006y, where j € {0,4}, for any i € [n).
(f) (Naive) |0 — 05|| < 22" 0 (deny + o), for any i € [n].
(g) |A% — AT|| < 2G ASeny, for any i, j € [n°].
(h) || A" — A°|| < 2G AbL,, forany i € [n)].
(i) |E,.i[A(s)(a — 29)]|| < 20067, where j € {0,i}, for any i € [n].
(j) (Naive) ||z — 25| < 227 0 (Jeny + donj), for any i € [n].

Proof. For Item|(a)} by the linear parametrization of the objective,
16°(s) = (s)|| = [|@(s) (0, — 01| < (|65 — 01| < 2Gydony, (16)

where we use the fact that ||®(s)|| < 1 and the definition of doy; in Section 4 Item [(b)| follows from
the same argument with agent-specific score 5gbj used.

For any function f such that || f(s)|| < Gy forall s € S, and for all i € [n], by Definition 2}

1By £(s) — Eps £(s)] = H JRCICRE

<2G|u’ — 1 ||lrv

< QGf(SenV, ]E[n]
~ 1 2Gf0h,, 7=0

(7)

This bound first gives Item (g)|and Item|(h)| by letting f(s) = A(s) and Gy = G .
Then, combining and (17) with f(s) = b*(s) and Gy = G, gives Item|(c)}

6" — b || = ||E'D"(s) — Eb (s) + E'b (s) — BP0/ (s)|| < 2Gp00b + 2Gp0eny = 2Gp(Sobj + Seny)-
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Specifically for the difference between the personalized and central expected objectives, we have
67 — 80| = ||E*bi(s) — = ZEW

= B () — 30 (EV(s) B (s) + BV ()

j=1

<I[E(s) = ()]l + % Z (" —E) [ (s)]

§2Gb6ébj + 2Gb5cnv~
Similarly, we have

n

. 1 o .
6 — 8°|| = ||Eb (s HZ (E7b'(s) — BIb'(s) + E7 0 (s))
=1

<[I(B* — E")[p*(s)]l| + — ZHJE]b’ — v (s)l|

<2Gy00h; + 2055
The above two bounds give Item [(d),

env -

We then look at the naive bounds Items [(f) and ()| on the difference between optimal solutions. For
any ¢, j € [n], we have
Aty —al) + (A" = A2l — (0" = V') =0,
which gives , 4 B L ' o
e = @llla < (A2 (147 = A7 2]l [l + 5" = &7]|2) -
Combining the previous bounds on system parameter differences gives

2 — 29 la < ol (AD)(2G Abeny - G + 2G (S + Feny ) < Tt (A) - 20 (Sobj + Oeny)-

min min

The above bound also holds for the difference between the personalized solution and the central
solution satisfying A%z¢ = bY. Specifically, the same argument gives

ok — 222 < opnby (A°) - 20 (Bt + benn).

Let A := min;e(,,) min{Amin (sym(A%)), Amin (sym(®7))}; (14 . gives Itemn (j), and a similar argu-
ment gives Item. )l Notably, the upper bound of the optimal solution difference scales with A~ L
which can be large when A’ is ill-conditioned. This indicates that the affinity in objectives or
environments do not translate well to the affinity in optimal solutions.

Fortunately, the bound is tamer when the optimal solutions are left-applied by A’:
14" (@ — 2%) |2 =[|A'2l — A%af + (A" — A%)ag]la = [|b* — 0° + (A" — A®)a]|2
<2Gy0%, +2GA0% - Gy < 2068,
Left-applying A° gives the same bound, thus giving Item Item can be derived similarly.
Items |(e)|and |(1)| are saying that the affinity is well-preserved in the feature space, i.e., the image of

the feature embedding matrix. This is also a key to our analysis: we will never directly bound the
difference between optimal solutions, but always inspect them in the feature space. O

Lemma D.2 (Effective affinity). Denote 5%, = min {1,060, }. Then,

cen

E,:

E

As) (' — a5)|* < 208

cen’

®(s) (0L — 09)|* < 2075

cen’

Vi € [n].

wi
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Proof. We only prove the first inequality; the second one can be proved similarly. We have
E'[|A(s) (2} — 22)|? =(a} — 29)TE'[A(s)T A(s)] (), — 2?)

=(a, — 25)"E'[D(s)*)(a} — %)
<l = 2SI D)l B [D(s) (2} — 25)]
<2GAG | D'(x), — 29)]
=2G 4G, || D'(A") 1A' (2} — af)|
<2GAG,V|| AN (] — 7))
<2G 4GV - 206"

cen’

where the last inequality follows from Item [(1)|in Lemma[D.1| On the other hand, by the trivial bound,
we have

E'[[A(s) (2} — 22)|* < (2GAG.)™.
Combining the two bounds gives
E||A(s) (2l — 29)[|* < 202 min {1, 06}, } < 2075}

cen cen*

O
Lemma D.3. For any two distributions i, i’ over S, we have
X2 (s 1) < max {[lu/p lloo, 1} |1 — 4[|
Proof. Let Sy = {s € S: u(s) > 1/(s)}. We have
2
2 ’/: 1_:“(3)) "(s) ds
X (s 1) /S< 7(s) p'(s)
1(s) )2 /
= + 1-— s)ds
</So /6>< 1 (s) w(s)
1(s) _ o . (s) e\
< [ (B 1) ) = s ds+ [ (1= B (1) — ps)) ds
So \ K (8) Sg p'(s)
—_——— Y—— —_—— ——
>0 >0 >0,<1 >0
<(max {[lu/p oo, 1} = Dllpw = ' llvv + I = p vy
=max {||p/p|loc, 1} |10 — 1l TV
O

Lemma D.4 (Uni-timescale Lyapunov analysis for asynchronous learning). Consider asynchronous

learning of multiple decision variables zF, k € [K], which satisfies the following one-step contraction:
k—1

E[AzF]” < (1= SafAE|AZE|? + (af)*CF +af Y CHME|AE|P, k=1
k=1

K.

geeey

. .. . ! .
That is, the convergence of zF also depends on the other decision variables zf , k' < k. aF is the
step size for zF; we set them using a unified effective step size o

XN =a, <1, k=1,...,K.
Let

K
wh =1, wf=2 Y WO k=1, K1
k' =k+1
Consider the following overall Lyapunov function:

K
L= w'E[AZf|.
k=1
Then, we have

K
Lipr < (1—a)le+af Yy wFCFOF)=2,
k=1

29



Published as a conference paper at ICLR 2026

Proof. By definition, we have

K
Lip1 = Z wkEHAZerl ||2
k=1

IN

k—1
ot ((1 30BN E|AEE 4 (@BPCH ok 3 CHVE| A ||2)
k'=1

K
((wk(l —SafA)+ Y wk’af’c’“”k> El|Azf ) + wk(af)20k> (18)

k'=k+1

((wk(l — %ozt) + %wkat]l{;KK}) ]E||Azf||2 + wk(af)QC’k) (19)

M= T 10 10>

IN

(1 = an)u B Azf|)* + w*(af)*CF)

£
Il
—

K
:(1 — Oét)[.:t + O[f Z ’wkck(kk)_Q,
k=1

where follows from rearranging the summation and grouping the coefficients of E||AzF||2, and
O

follows from the definition of w* and of.

Lemma D.5 (Constant and diminishing step size). Suppose we have the following one-step contrac-
tion:

£t+1 S (]. - O[t)ﬁt + Oé?C

Then, with a constant step size o = Int/t, we have

£,=0 <C’int>.

With a linearly diminishing step size ar = 4/((T +to + 1)), 7 = 0,...,t, the following convex
combination

t
~ T+ to
SR I awenrn

=0 7=0 (T + t())

satisfies

Proof. With a constant step size « = Int/t, telescoping the one-step contraction gives

Lo+ Clnt _0 <C’lnt> _

L;<(1—0a)'Lo+at-a?C<e™Ly+aC = " ;

With a linearly diminishing step size o, = 4/((t +to + 1)), 7 =0, ..., the one-step contraction
first gives

1 11 1 to+T—1. totr+1 aC
< L,— —L, .C= L. - Loy +—
( > PAE I 1 4 IR
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Thus, the convex combination satisfies

t

X 2 to+7—1 to+7+1 ac

Ly=—— t L, — Loj1+—"
¢ (t+1)(t+2to);)(7+0)< 4 4 R Ar——

1 t
:m Tgo ((to+7—D)(to+7)Lr — (to +7)(to + 7+ 1) Lry1)

to+ 71

8C i
+
(t+1)(t+2to)§::oto+7'+1

:m ((to = 1)toLo — (to +t)(to + 1 +1)Let1)

t

8C to+7’
+
(t+1)(t+2to);)to+7+1

Lo, st
- 2t2 t2

(%)

The convex combination removes the logarithmic dependence, and the ¢y dependency diminishes
quadratically. O

E ANALYSIS OF CENTRAL OBJECTIVE ESTIMATION

This section directly considers central objective estimation (COE) with environment heterogeneity in
Section 5] which covers Section4]as a special case. We restate the learning problem in (6):

509 = 1P,

where @0 = E,,0[®(s)], u® = 237" |y, and b0 = L 3" | E,ib%. Recall that ||®(s)||2 < 1 for all
s € §. The COE algorithm is

05,1 = 0F — abg " (65), (20)

where

. 1 - i, c % c i\pc i
90" (07) =~ > g’ (07), 0" (0F) = ®(s})0F — by
i=1

The additional superscript b distinguishes the objective estimation parameters from other learning
modules. We denote Afy = 6 — 6.

The one-step mean squared error (MSE) dynamics of (20) can be decomposed as
c c brne c brpe
E[ A0 |1* = E| A6 — 2a7E(g;"" (67), AG;) + (of)*El g, (6)]%. 21

We first analyze the cross term, then the variance term, and finally combine them to give the one-step
progress. The analysis of other learning modules follows a similar pattern.

Lemma E.1 (COE descent). Let A\’ := A\, (sym(®°)). The cross term in satisfies
E(A07, 97" (05)) = \E|| A0
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Proof. We use the following shorthand notation: [E; := ES{NW jemn)’ Ei :=E andEr, | =

E[- | Fi—1], where F;_ is the history filtration up to time step ¢ — 1. The cross term satisfies

B(AGF, 07" (67) =B, [(Bil?" (65), 207 )]

=Ez,_, < ZE 5)0¢ — bi(s)], A9§>
=EF,_, <Eu0 [<I>(s)]0§ - %ZEW [bz(s)]»Agtc>
i=1

s, [(8% — 19, A65)].
Note that the solution 0¢ satisfies $°9¢ — b° = 0. Thus,
E(A67, 9. (67)) =Kz, , [((2°6; —1°) — (%65 —b°), AG;)]
—Er,_, [(8°A6F, AGF)]
> Amin (sym(®°))E[| A6¢ 1.

s;r\/‘u’i’

Lemma E.2 (COE variance). The variance term in satisfies
Ellg;"(05)|* < 2E[| 65| + 2070

Proof. The variance term can be first decomposed as
b pe i(pc c c c brpe
Ellg (0517 = Ell§ S0, @405 — 65) + 9" (0911 < 2E[|A05|12 + 2E| g7 (65)] .

where we use the fact that ||®?|| < 1. The second term can be further decomposed as

b b
Ellg?* (021> = QZEtng G+ 5 S (Eigi(65), Blgf (62)).
i#]
Hy Ho
H, enjoys linear variance reduction:

[V

1 O : . 1 o
Hy = — S E|2305 b < — - n(2G,)* < =
i=1
The cross term Hs involves all pairs of independent local update directions. However, since each
local update direction in H2 is evaluated at the central solution, its expectation is not zero. One
solution is to notice that g;*" is Lipschitz continuous in its argument. Thus, we have [|[Eigi®(0¢)|| =

[Ei[gi(0) — gi®(00)]] = O(||0E — 65]]) = O(Seny + Oon;). However, this will introduce an
affinity-dependent term in the variance. We adopt a more “federated” approach:

— Z <E;gz” S Elgl <ef>>

J=1,j¢z

=;Z< j9(62) ZE] igéb(9")>

<2Eigib ), > Elgl’(0 > ZIIEigin" )17

j=1

F0nc 7 i i,b/pc
=[|®%; - b°|* — ZH]Etgt Calls

=0 =0(n=1),>0
<0.
We see that by analyzing the cross terms collectively, we obtain a much tighter bound that does not
depend on the affinity. Plugging the bounds of H; and Hy back gives the desired result. [
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Combining Lemmas [E.T|and [E.2| with (21) gives the one-step progress of COE.
Corollary E.1 (COE one-step progress). Let af < \°/4. Then, for any time step t, (m) satisfies

E[AG7 4[5 < (1= 3oy A")EIAG? + 2(af)?0n .

Combining Corollary [E.T|and Lemmas and [D.5|gives the convergence guarantee of COE.
Corollary E.2 (COE convergence). With a constant step size o’ = Int/(t\b), for any time step

t > 0, (20) satisfies
2Int
Eoc — o> =0 22" ).
H t *H (()\b)2nt)

With a lmearly dlmmlshmg step size ol = 4/((T +tg + 1)AY), 7 =0,...,t, where ty > 0 ensures
that o8 < \b/4, (20) satisfies

2
E||6 — 65 < E[|A6¢)2 = O | s
16— 051” < EI86612 = O (57 )

where f; represents the convex combination specified in Lemma and we use Jensen’s inequality.

F ANALYSIS OF CENTRAL DECISION LEARNING

This section directly considers central decision learning (CDL) with environment heterogeneity and
asynchronous COE (20). CDL without COE is covered as a special case with zero estimation error.
We restate the learning problem (3)) in Section [5;

A%z =10,
where A = L5 EiA(s) = A%and 80 = L3 Eibi(s) = E,o0b°(s). We consider two
variants of CDL:
wi = wf — agg) (@), (22)

where
t th (xf), g/°(xf) :Aimf_bié @2
or gy (xf;07) = ng 107), g8 (g 07) = Ajaf — bi(s)). 222)

The first variant 1) corresponds to the CDL algorithm (4) in the main text, where g,? *“is different
from the central update direction used in the personalized local learning module. In the second variant

- bc = ®(s)6¢ is the estimated central objective function at time step t, and we highlight

this dependence by 1nclud1ng 07 in the arguments. As remarked in Appendix gt ¢ in the second
variant (22F2) is consistent with the central update direction in the personalized local learning, and
thus saves some server-side computation and communication. We will show that both variants enjoy
the same convergence rate. The additional superscript ¢ distinguishes the central learning parameters
from other learning modules. We denote Az§ = zf — x¢<.

The one-step MSE dynamics of can be decomposed as
c c c 0, c c c 0, c
EHA”%H”Q = EHA%HZ - 207E(g, “(x7), Axy) + (at)QE”gt c(xt)”Q- (23)

We first analyze the first variant (22}-1)), which is similar to the analysis of COE in Appendix [E]as it
does not involve the asynchronous COE error.

Lemma F.1 (CDL descent). Let \° := Apin(sym(A°)). With , the cross term in satisfies

E(Aaf, g, («f)) = AEl|lAzg]®.
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Proof. Similar to the proof of Lemma [E. | the cross term satisfies

R ;
<n > E{A(s)af — b (s)], Am§>
i=1
=Kz, , [(A%¢ — 5, Axt)]
=Er,_, [((A%F — %) — (A% —0°), Axf)]
>Amin (sym(A°))E[| Az ||

E(Agf, g, (a5)) =BF,_,

O
Lemma F.2 (CDL variance). With (22F]), the variance term in satisfies
Ellg)“(«)|* < 2GRE|Azf||? + 20°n !
Proof. Similar to the proof of Lemma|E.2| the variance term can be first decomposed as
O0,c/,.c n Q[ nC c 0,/ .c c 0,¢(,.c
Ellg,“(D)I* = Ell 5 2%, Al(af — 2%) + g7 (@9)|1? < 2GLE| Aag]|® + 2B g, (25) 1%,
where the second term can be further decomposed as
Elg?(2$) |2 =— ZEtngt WP+ 5 S (Bl (e5), Bl (22))
i#£j
2
(GAG + Gyp)? Z Elg
<o’n~' +0.
O

Combining Lemmas [F.1|and [F.2 with (23)) gives the one-step progress of the first variant of CDL.

Corollary F.1 (CDL one-step progress). Let af < \°¢/(4G?). Then, for any time step t,
satisfies

E[lAzf I3 <(1 = SafATE[AZE]S + 2(af)?0*n
Next, we analyze the second variant (22F2), which involves the asynchronous COE error.
Lemma F.3 (CDL +COE descent). With (22[2)), the cross term in satisfies
¢ O,c/ c.pc c c c\— c
E(Azf, g, (af; 07)) = SAE[Axg]* — 2(x°) " E[ A7 .

Proof. The cross term can be further decomposed as

E (Aaf, g7 (af:05) )

—Er,_, (Eugp (a5 05), Az
“Ef, <E 2l ah0) — 05— 00) Aw§>
—Er._, (Bl A(s)]25 — E,ob(s)], Aaf) — Ex,_, (E,o[®(s)]A65, Aat)
=E (A%; — b°, Az§) — E (®°AG;, Axf). (24)
The first term in follows a descent direction; by the definition of x¢,
E (205 — 30, Aat) =E (A% — 1) — (A%< — 3°), Axf)
=E (A°Axf, Axj)
> Amin (sym(A%))E[| Azf 3. (25)

n

1
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The second term in (24) involves the estimation error from COE; by the Cauchy-Schwarz inequality
and Young’s inequality,

Be

T c c c c 1 c
|E<<I)OA0thxt>| < E[lAag;|I[[Aazg|l] < EHA t||2 + 23 EHAGtHQ, (26)

where (3, > 0 is a constant to be determined. Plugging and into gives
c cr..c c ﬂC c 1 c
E(Asf, g0°(5)) 2 (A° = ) ElAag]? - 5Bl A0
2 206,
Setting 5. = A¢/4 gives the desired result. O

Lemma F.4 (CDL +COE variance). With (2212), the variance term in satisfies
Ellgy(«f:67)1* < 2GLEl|Axg]|* + 4E[ AGF|* + 4o”n !

Proof. Similar to the proof of Lemma|E.2} the variance term can be first decomposed as
0,c/ .c. pc 0, c c c c c
Ellgy " (f: 07)|1” = Ellg; (25, 07) + A7 (af — %) — 9767 - 0)|,
where we write AY = 13" Al and ®) = L 3" | &I, Therefore,
Ellgy(«f;67)1* < 2GLEI|AZ]|* + 4E| AG7|1* + 4E|| g, (25, 05) >

Similarly, for the variance term at the stationary point, we have

Ellg: (a5, 09)* = ZEtngC”x 0:) ||2+7Z Ejg; " (x5, 09), Blgi ™ (22,07)
i#]
<oint 4 || A% — @00¢?
=o?n~t.

Plugging this back gives the desired result. O

Combining Lemmas [F.3|and [F.4] with (23)) gives the one-step progress of the second variant of CDL.

Corollary F.2 (CDL +COE one-step progress). Let o < \¢/(8G%). Then, for any time step t,
satisfies

E|Azf |5 <(1 - SafA)E A3 + 8af(A) T E[ A3 + 4(af)?o*n ",

where we use thefact that )\C/GA < 1, which implies of < (\°/G4)?/(8)\) < (X°)~L, and thus
af(A) ™+ (af)? < 205 (X)) 7

Combining Corollaries and [F.2| and Lemmas and [D.5| gives the convergence guarantee of
CDL with asynchronous COE.

Corollary F.3 (CDL convergence). With a constant step size a°\¢ = o’ \b = Int/t, for any time step
t>0, satisfies
o?lnt
O ——— 22F1);
(Ga) vz
0 o2lnt h
m fOrm wit (@)

With a linearly diminishing step size aS\¢ = a2\’ = 4/(1 +to+ 1), 7= 0,...,t, where ty > 0
ensures that o) < X\¢/(8G?) and o < \b/4, satisfies

2
(i) e

2
o <(>\b)(\70)2nt) for (22£2) with (20),

where T, represents the convex combination specified in Lemma|D.5]

Ellzf — 5] =

Elzf - 5] =
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Proof. Corollaries [E.1| and [F.2/fit into Lemma [D.4] with z} = 6 and 27 = ¢, along with o, =
by\b cye
oy A’ = afA° and

cl = 2a2rf17 C? = 4o2n’1, >t = 8()\0)’1.
Thus,

El|Azfy|* +16(X) E[ A0, |2

. - . 202 6402
<(1 = o) (EfAzg|® +16(X%) QIEIIA@IIQ)W?((Ac)zn+ ()\C)\")Qn>
oo o2 s , 6602

<(1— o) (B Az§]? + 16(\°) "2E| Adf| )+atm’

where the last inequality uses the fact that \> < ||®°|| < 1. Plugging the above Lyapunov function
into Lemma D.5| gives the desired results. O

G ANALYSIS OF PERSONALIZED COLLABORATIVE LEARNING

This section analyzes the local component of personalized collaborative learning (AffPCL), with
environment heterogeneity, asynchronous COE, and asynchronous DRE that satisfies Assumption I}
The learning problem is the most general form in (2)):

Azl =0, Vi€ [n],
where A" = E ;i A(s) and b = E ,:b'(s). We restate the local update rule for agent i:
c+i

Ty =) — oug) = o) — (@) + g7 (@53 05 mh) — g5 (@5 05)), 27)

where

and

Recall that l;f and p! are estimated objective and density ratio functions at time step ¢; and with linear
parametrization, they satisfy

bi(s) = ®(s)05,  pi(s) = (s)T .

Thus, we highlight the dependence on estimation weights by including 6§ and 7! in the arguments of
update directions. We denote Axy = x} — x°.

We first show that the local update rule follows an unbiased direction towards the local solution plus
estimation errors.

Lemma G.1 (Correction). The expected local update direction satisfies
E[g;] = Elg; (z})] + E[E(An;, Axf, AG7)],
where

IE[E(An;, Axg, AGD]| = O(o || Angll + Gall Azl + [|AG]).
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Proof. We first inspect the importance-corrected term:
S e ne
Elg;™" (af; 65, m1)]

“Er, | [y [(0(s) + 0(s)" M) (Als)af — b(s))]]

—Er,_\Eyo [0()(A(s)a5 - b5 (5)| + B, Eo [0(5) T Ani (A(s)as — @()65)].  (28)
£
We notice the bias correction term exactly removes the bias in the first term above:

Ez,, o [o'(s)(A(s)a5 - 55(s))]
[ /’LZ(S) c _7c 0 :|
:IEFI/ A(s)zi — bi(s)) p (s)ds
Fi _S,LLO(S)( ()t t( )) ()
5 | [ (Al ~ o) 51|
—Er,_, [ElA(s)af — b(s)]]
—E [A(s})af - bi(s1)]
=Elgi™ («7)]-
The additional £ encompasses all the estimation error:
1€ (A, Az, AG; s) ()" Ay (A(s)Axg — () A07 + A(s)as — b°(s))
_| t( ) = P ()IIA(s) Azfl| + @ () AGF || + | A(s)S — b(s)l])
<Ipi(s) — p*()(GallAzill + [ AG7] + o)
SollAni| + GallAzi] + A6,
where the last inequality uses Assumptionlthat |pi(s) — p'(s)] = O(1). Therefore, we have
E[3] = Elgi ()] +Elg;™ ()] — Elgi ™ (27)] = Elgj («})] + E[E(Anj, Aaf, AGf; 5)).

O

Corollary G.1 (AffPCL descent). Let A\ := Apin(sym(A?)). The expected local update direction
satisfies

E (gi, Azy) > NE[ Az — 2N T'E[€]*.

Proof. By Lemma|G.1|and Young’s inequality,

E(g;,Az}) =Er, ,(E, )]+ E, Az})
=Er, , (E,:[A xt—bf( )], Az}) + E (€, Ax})
=Egr,_ 1< zt— b Axt>+]E<€ Amt>

=Er,_, ((A Algl — ') — (Ala’ — bl),Amt> —|—E<8,Awi>
=E <AiAxi, Ax§> +E (¢, Aw@

1

2 /\z
=Emin (AD)E[ Az — 2(\) T'E[1€]1%.

>NE|A? - 3 TEIAE - 5 - ElE)
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For the variance, we inspect the importance-corrected aggregated update direction and biased-
corrected local update direction separately.

Lemma G.2 (Federated variance reduction). The variance of the importance-corrected aggregated
update direction satisfies

E|lgy™ («f; 67, 1) 1> < 24GHE| Aaf]|? + 40E[ AG7||* + 640 (n ™" + 207,,) + 2E[|€]1%.

Proof. Similar to (28)), we decompose the importance-corrected aggregated update direction as the
direction that uses the true density ratio plus an estimation error term:

. . 2
Ellg ™ (a: 05, mi)||° < 2E | |+ 2Bl

977 (255 05,

We can then focus on the direction with true density ratio, which again can be decomposed into local
variances and covariances:

2
) ) 1 < . . )
Ellg;™" (x5; 67, m0)1* =E EZPZ(SDQE”(I‘?)
i=1
1 . i I\ ACHI (. c\[12 1 i/ I\ CHi[ . .C i . k\ c3k/ .c
ZEZEHP (s1)g; 7 (@) +EZE<P (s2)g; " (2%), p"(st) gy " (%)) -
j=1 ik
H;y H>

Different from federated variance reduction using data sampled from i.i.d. distributions, [ also
depends on how close the agents’ heterogeneous environment distributions are. Suppose F;_1-a.s.
c>g

that || g, («%)|| < Hs for all j € [n]. Conditioned on F;_1, we then have

Hg - 7 2
H, S? ZE;N‘p (S)|
i=1

202 = ;
ST; n+ Y Eull—p'(s)
j=1
203 pi(s) |

< 1—|—Euo 1-—
n 10 (s)

2 H2 .
STP’ (L4 x>, 1))

where 2 is the chi-squared divergence. By Lemma we know that

x(u', 1) < max {[lp* oo, 1} - 1" = 1w < max {[["[loo, 1} iy

We notice that the essential supremum of the density ratio has a natural upper bound:

i 1 (s) 1 (s) pi(s)
[0 |lcoc = sup = sup — <su ,
ses HO(s)  ses £ ;L:l pi(s) = ses pi(s)

where we use the convention that 0/0 = 0. Combining the above two bounds together gives

Hy <2H(n ™' + 6}

env)'

:7’L7

We now bound Hj. Conditioned on F;_1, we have
lgg™ (@) = (| Af (Axg + %) — B (Ab5 + 69)|| < 0 + GallAzf]| + [|A6].
Thus, we set H3 = 0 + GAE||A¢|| + E||Af||. Plugging this back gives
Hy <2(2GLE||Axf|® + 4E[ A6 |1* + 40%) (n ™" + 64) 29)
<8GLE|Azf|* + 16E||AGL|1* + 802 (n ™t + 64y,

where we use the fact that n=1, 5 < 1.
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The covariances Hs also needs special treatment for heterogeneous environments. Unlike the
homogeneous case where the local update directions are perpendicular in the sense that their
covariances are zero, here the importance correction alters the geometry and requires a more careful
anatomy of the covariance terms. Conditioned on F;_1, we have

n22< z c—>] ZE c-)k:( tvs)]>

k#j

— <E,u-[p1< ZEk c+k<x;;s>]—E,u[pi<s>g‘3”<$“8”>
j=1
:% <Euj[Pz( HJ ZEk cak($t73)]>
j=1
L S et
j=1
<0
giz<ZEW[pf(s)g%:as>J,ZEMPZ(”WW”>
- =
:% > Brulp' ()97 (i 9)]
:% E,; [0 (s)(A(s)z¢ — b¢(s))]
j=1

Note that the only inequality above omits a term of O(n 1), and thus the bound is tight when n
is large. Recall that g°**(z¢) corresponds to the bias in the aggregated update direction. Thus, we
show that the covariance reduces nicely to the bias term, further showcasing the power of importance
correction. The bias term (conditioned on F;_1) can be further decomposed as

[Elge (@)]|]” = | A (A +af — o +al) — B(A6 + 65 — 0L+ 61)|”
= || (A + 2§ —al) - (05 + 05— 02)]
<4 (GHIAZT|? + A" (25 — &)1 + | AGF]1* + (@795 — 2)11%) -
Plugging in the bounds in Items|(e)| and|(1)| in Lemma D.1] gives

[Blg™ (@)]||” < 4G [ A5 + 4] A05 1% + 3207 (8%y)?
Removing the conditioning on F;_; gives

Hy < AGHE|Azf|? + 4E|| A6 ||* + 3207 (6L,,)°. (30)

Plugging (29) and back gives the desired result:
Ellg:™ (x5)|° < 24GLE||Azf || + 40E[| AG7|1* + 640° (n ™" + 26%.,,) + 2E[ €%,
where we use the fact that 62, < 8%, < 1. O

We then inspect the variance of the bias-corrected local update direction.
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Lemma G.3 (Affinity-based variance reduction). The variance of the bias-corrected local update
direction satisfies

Ellgi(x}) — g7 (25: 65)|° < 4GLE[Axt))? + 8GLE|| Axf || + 8[| A6F]|* + 16070,
= min{1,vd’,}.

where 0!,

Proof. Similarly, the variance term can be decomposed as the variance at the optimal solution plus
the estimation error:

Ellgi(w}) — g5 (255 05)II” =Bl Af(f — 2F) — (0°(s) — b (s)) |
—F || Ai(Axi 4 2t — 2 — Aaf) — D10 — 67 — A6Y)||°
<AGAE| Axi|]? + 8GAE| AxS||? + SE| AGS||? (estimation)
+4E|| A (2l — )| + B[ @6 — 62| (affinity)
For the affinity terms, by Lemma|D.2]
max {E[ Aj(e — 2%) |2, E|@§(6% — 0)[*} < 20°5L.
Combining the above bounds gives the desired result. O

We are now ready to prove the one-step progress of the local update in AffPCL.
Corollary G.2 (AffPCL one-step progress). Suppose o < A\'/(40G?). Then, for any time step t and

agent 1, satisfies
E||Azi,, |? <(1 — SaiN)E||AZ[? + 64(af)*GLE| Al + 96(a})*E[| AG ||
+ 40t (A TIE|E)? + 144(ad) %0 (nt + 20,
<(1 - $aiX)E| Adj[?
+(64(a)°C% + 16af(X)) "' G2GA)E | Aaf|”
+ (96(cp)® + 160 (A) "' G2)E| A6 |2
+ 40 (A) T o’ El| Ang |
+ 144(ad) 202 (n~t + 257 ).
Proof. Combining Lemmas and gives
E[|i[12 <2(Ellgs* («; 05, m)|> + Ellgi (2f) — 957" (a5 69)])
<8GAE|| Az + 64GLE| AzS||? + 96E| A0S + 14402 (n~t + 20%,,) + 4E||E|2.
Combining the above bound with Corollary gives
E|Azy 4 |* =E[Azi||* — 204E (g}, Axt) + o E| ;1
<E||Azj]|* = JoiNEl| Ay |* + 204 (A) TE[E]* + 4(a)*E[ €]
+8(c)*(GAE|| Az} ||* + 8GLE| Azf > + 12E[ A0 ||+ 1802 (n ™" + 26%,))
<(1— TaiN' + 8(a})>G3)EI| A |2 + 64(a})>GAE] A + 96(af)*E[| A6
+ 201 (AL + 200 E| €% + 144(ai)? 0 (n ™1 + 25%,,).
Setting af < \*/(32G%), which implies 2a} < (A?) ™1, gives
E|Azy 4 |* <(1 = Sai\)E[| Az |* + 64(ay)* GLE| Azf[|* + 96(af) *E[| A6 |
+4ai(XN)TIE (€ + 144(af) 20 (Rt + 26%,).-
Finally, we expand E||£||2. By Assumption |1}

2
i c c 1 - i A 7 c i AC i,.C ipc
]E”g(Ant?Axthgt)”? =E n Z%Am(AtAfﬂt — Q;AF + Azl — 367)
i=1
<20°E[ A || + 4(GLE[ Axg® + EI|AGF?).
Plugging it back gives the desired result. O
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G.1 PROOF OF THEOREM[I]

Invoking Lemmas [D.4|and [D.5| with Corollaries and gives us the main result. We restate
a more general version of Theorem I}

Theorem (1, We synchronize the step sizes across all learning modules by setting oy = ai\' =
al AP = af\°. Then, with a constant step size o, = Int/(\t), 7 = 0,...,t, AfPCL with various
learning modules satisfies

a?Int

i a2 '
Bl — 11 =0 (T 0)

where
max{n~', ¥} for @7) + 221) + (20);
Séen—kmax{l,)\i‘—;c}Q-n_l for (27) + 22F2) + (20);
0= (;p2)2~géen+m-n_l for 27) + @2F1) + (20) + (13);
(A":)z ~5§en+max{m,/\i‘—j\c}2-n’l for 27) + 22F2) + (20) + (13).

where Oen = min{1, vdcen }-
Specifically, we highlight that AffPCL with access to the true density ratio (i.e., without (I3)) achieves
Ellaf — al|® = O((+")*t " - max{n ", 8%, }),

where £ = o /A is the agent-specific condition number, which further recovers Theorem in the
main text by noting that 8%, < denv, Open < Oemv + Oobj» and £° < k.

On the other hand, AffPCL with DRE has a worst-case complexity bounded by
Elzi —zi||> =0 ((n%p)Qt_l -max{v’n"t, 8, ) ,

- p P _ Ap MNP
where k? = g /) and v = max{imin{)\b’)\c}, e

DRE.

12, which now depends on the conditioning of

Proof. We only prove the first and last cases, as the other two cases follow similarly. For the last case,

similar to the proof of Corollary Corollaries and fit into Lemmawith 2t =0,

2 _ 3 4 _ :
zy = x¢, 2y =1, and 2, = x}, along with

C'=<C*=0(*n™"), C*=<C*=0(*(n"" + k)
CPL = O((A)7Y), O3l =032=0, O =02 =% =0(\) lo?).
Then, the corresponding weights in Lemma [D.4] are
w* =1,
w3 =203\ 71 = O(s2(A)72),
w? =2C*?*(A\) 71 40 = O(c? (A1) 72),
w' =2CH1 (X)) T 42071 (M) T = O(6®(N) TP+ () 7).

Thus, the overall MSE with a constant step size In ¢/t is
C 2Int 1 o? i
Ellzt — 2t 2 =0 g § . . -1 Ky
||xt x*” ( t (((}\2)2 + ()\z)\p)2> (n + cen)
(e ] -1
A2 T iz T ez )"

=0 (il)ngf (&2)2 O + <(min{)\pa,2)\b,/\c})2 ’ (A(?A);) 'n_1>> '
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For the first case without DRE, £ = 0. Thus, Corollaries [E.1] [F.1] and [G.2]fit into Lemma [D.4] with
2t =05, 22 = x¢, and 2} = 2, along with
Cl=C?*=0(c*n7Y), C*=0(c*(n"t+d.,))
c*t =0, O =<0C%?=0(ap(\) to?).

Then, the corresponding weights in Lemma [D.4]are

w? =1,

w? =2C32(A\) 7 = O(apo?(N)72),

wh =2C*T (AT 40 = O(apa®(\) 72).
Thus, the overall MSE with a constant step size Int/t is

S 21nt - ago?
Fllzt — 24112 = U_ -1 i 0 |
e = 1* =0 G (07" 4 ) + (g
o?lnt

=0 (()\)Qt -max{n—l,és‘gen}) .

Similarly, by using a linearly diminishing step size and a convex combination of the iterates, we can
remove the logarithmic factor in the numerator. O
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