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ABSTRACT

Generalizing to out-of-distribution (OOD) data or unseen domain, termed OOD
generalization, still lacks appropriate theoretical guarantees. Canonical OOD
bounds focus on different distance measurements between source and target do-
mains but fail to consider the optimization property of the learned model. As
empirically shown in recent work, the sharpness of learned minima influences
OOD generalization. To bridge this gap between optimization and OOD general-
ization, we study the effect of sharpness on how a model tolerates data change in
domain shift which is usually captured by "robustness" in generalization. In this
paper, we give a rigorous connection between sharpness and robustness, which
gives better OOD guarantees for robust algorithms. It also provides a theoreti-
cal backing for "flat minima leads to better OOD generalization". Overall, we
propose a sharpness-based OOD generalization bound by taking robustness into
consideration, resulting in a tighter bound than non-robust guarantees. Our find-
ings are supported by the experiments on a ridge regression model, as well as the
experiments on deep learning classification tasks.

1 INTRODUCTION

Machine learning systems are typically trained on a given distribution of data and achieve good
performance on new, unseen data that follows the same distribution as the training data. Out-of-
Distribution (OOD) generalization requires machine learning systems trained in the source domain to
generalize to unseen data or target domains with different distributions from the source domain. A
myriad of algorithms (Sun & Saenko, 2016; Arjovsky et al., 2019; Sagawa et al., 2019; Koyama &
Yamaguchi, 2020; Pezeshki et al., 2021; Ahuja et al., 2021) aim to learn the invariant components
along the distribution shifting. Optimization-based methods such as (El Ghaoui & Lebret, 1997;
Duchi & Namkoong, 2018; Liu et al., 2021; Rame et al., 2022) focus on maximizing robustness
by optimizing for worst-case error over an uncertainty distribution set. While these methods are
sophisticated, they do not always perform better than Empirical Risk Minimization (ERM) when
evaluated across different datasets (Gulrajani & Lopez-Paz, 2021; Wiles et al., 2022). This raises
the question of how to understand the OOD generalization of algorithms and which criteria should
be used to select models that are provably better (Gulrajani & Lopez-Paz, 2021). These questions
highlight the need for more theoretical research in the field of OOD generalization (Ye et al., 2021).

To characterize the generalization gap between the source domain and the target domain, a canonical
method (Blitzer et al., 2007) from domain adaptation theory decouples this gap into an In-Distribution
(ID) generalization and a hypothesis-specific Out-of-Distribution (OOD) distance. However, this
distance is based on the notion of VC-dimension (Kifer et al., 2004), resulting in a loose bound due to
the large size of the hypothesis class in the modern overparameterized neural networks. Subsequent
works improve the bound based on Rademacher Complexity (Du et al., 2017), whereas Germain
et al. (2016) improves the bound based on PAC-Bayes. Unlike the present paper, these works did
not consider algorithmic robustness, which has natural interpretation and advantages for distribution
shifts In this work, we consider algorithmic robustness to derive the OOD generalization bound.
The key idea is to partition the input space into K non-overlapping subspaces such that the error
difference in the model’s performance between any pair of points in each subspace is bounded by
some constant €. Within each subspace, any distributional shift is considered subtle for the robust
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model thus leading to less impact on OOD generalization. Figure 1 illustrates this with the two
distributions where the target domain has a distributional shift from the source domain. Compared to
existing non-robust OOD generalization bounds Zhao et al. (2018), our new generalization error does
not depend on hypothesis size, which is more reliable in the overparameterized regime. Our goal is to
measure the generalizability of a model by considering how it is robust to this shift and achieves a

tighter bound than existing works.

Although robustness captures the tolerance to dis-
tributional shift, it is intractable to compute robust-
ness constant € due to the inaccessibility of target
distribution. The robustness definition in Xu &
Mannor (2012) indicates that the loss landscape
induced by the model’s parameters is closely tied
to its robustness. To gain a deeper understanding
of robustness, we further study the learned model
from an optimization perspective. As shown in
(Lyu et al., 2022; Petzka et al., 2021), when the
loss landscape is "flat", there is a good general-
ization, which is also observed in OOD settings
(Izmailov et al., 2018; Cha et al., 2021). How-
ever, the relationship between robustness and this
geometric property of the loss landscape, termed
Sharpness, remains an open question. In this pa-
per, we establish a provable dependence between
robustness and sharpness for ReLU random neural
network classes. It allows us to replace robustness
constant € with the sharpness of a learned model
which is only computed from the training dataset
that addresses the problem mentioned above. Our
result of the interplay between robustness and
sharpness can be applied to both ID and OOD
generalization bounds. We also show an example
to generalize our result beyond our assumption
and validate it empirically.
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Figure 1: An example of a target distribution
(red) directly translated from a source distribu-
tion (blue). The 1D density reflects the marginal
distribution. Unlike existing works (left), we di-
vide the distributions into disjoint partitions as a
small change in distribution for a robust model
is negligible (right). The sharpness of the model
will decide the tolerance of change thus affecting
the partitions. If two sub-distributions .S, 7" have
small shifts such that they fall into the same par-
tition (red grid), their distance measure d’'(S, T")
by considering robustness will be zero.

Our main contributions can be summarized as follows:

* We proposed a new framework for Out-of-distribution/ Out-of-domain generalization bounds.
In this framework, we use robustness to capture the tolerance of distribution shift which

leads to tighter upper bounds generally.

* We reveal the underlying connection between the robustness and sharpness of the loss
landscape and use this connection to enrich our robust OOD bounds under one-hidden
layer ReLU NNs. This is the first optimization-based bound in Out-of-Distribution/Domain

generalization.

* We studied two cases in ridge regression and classification which support and generalize our
main theorem well. All the experimental results corroborate our findings well.

2 PRELIMINARY

Notations

We use [n] to denote the integers set FigjL,;. We use kK K to denote the ¢,-norm

(Euclidean norm). In vector form, w;j denotes the i-th instance while the wj is the j-th element of
the vector w and we use jwj for the element-wise absolute value of vector w. We use n, d for the
training set size and input dimension. O is the Big-O notation.

2.1 PROBLEM FORMULATION

Consider a source domain and a target domain of the OOD generalization problem where we use
Ds, Dt to represent the source and target distribution respectively. Let each D be the probability
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measure of sample z from sample space Z = X Y with X 2 RY. In the source domain, we have a
training set S = fz;g{L,,8i 2 [n],z; Ds while the target is to learn a model f 2 F with S and
parameters 2  where f : X A R generalizes well. Given loss function/ : R R ¥ R,
which is for short, the expected risk over the source distribution Dg will be

1 X
Ls(f ) » Ezupsll (2)] = Ezuns[U(F( . %), )], Bs(f) . sl @l

We use ¢ (z) as the shorthand. The OOD generalization is to measure between target domain

expected risk Lt (f ) and the source domain empirical risk Iog (f ) which involves two parts: (1)
In-domain generalization error gap between empirical risk and expected risk Ls(f ) in the source
domain. (2) Out-of-Domain distance between source and target domains. A model-agnostic example
in Zhao et al. (2018) gave the following uniform bound:

Proposition 2.1 (Zhao et al. Zhao et al. (2018) Theorem 2 & 3.2). With hypothesis class F and
pseudo dimension PAim(F) = d’, unlabeled empirical datasets from source and target distribution

Ibs and Bt with size n each, then with probability at least1 0, forall f 2 F,
1 P
Lt (/) Ips(f)"'idf F Br;bs +O0  d'/n

where dr ;(@T;Ibs) = ZSUpAfeAﬁ(X) o0rrrizEg P, [Af] Pp, [Af] and is the XOR
operator. Specific form of O(" jFj/n) is defined in Appendix C.6.

2.2 ALGORITHMIC ROBUSTNESS

Definition 2.2 (Robustness, Xu & Mannor (2012)). A learning model f on training set S is (K, €( ))-

robust, for K 2 N, if Z can be partitioned into K disjoint sets, denoted by fCig:(:l, such that8s 2 S
we have
5,22Ci, 8 2[K]1 D) jl (s) ¢ (2)] €(9).

This definition captures the robustness of the model in terms of the input. Within each partitioned set
Cj, the loss difference between any sample z belonging to Cj and training sample s 2 Cj will be
upper bounded by the robustness constant €(.S). The generalization result given by Xu & Mannor
(2012) provides a framework to bound the empirical risk with algorithmic robustness which has
been stated in Appendix C. Based on this framework, we are able to reframe the existing OOD
generalization theory.

3 MAIN RESULTS

In this section, we propose a new Out-of-Distribution (OOD) generalization bound for robust
algorithms that have not been extensively studied yet. We then compare our result to the existing
domain shift bound in Proposition 2.1 and discuss its implications for OOD and domain generalization
problems by considering algorithmic robustness. To further explain the introduced robustness, we
connect it to the sharpness of the minimum (a widely concerned geometric property in optimization)
by showing a rigorous dependence between robustness and sharpness. This interplay will give us a
better understanding of the OOD generalization problem, and meanwhile, provide more information
on the final generalization bound. Detailed assumptions are clarified in Appendix B.1.

3.1 ROBUST OOD GENERALIZATION BOUND

The main concern in OOD generalization is to measure the domain shift of a learned model. However,
existing methods fail to consider the intrinsic property of the model, such as robustness. Definition
2.2 gives us a new robustness measurement to the model trained on dataset S where the training
set S is a collection of i.i.d. data pair (X, y) sampled from source distribution Dg with size n. The
measurement provides an intuition that if a test sample from the target domain is similar to a specific
group of training samples, their losses will be similar as well. In other words, the model’s robustness
is a reflection of its ability to generalize to unseen data. Our first theorem shows that by utilizing
the "robustness" measurement, we can more effectively handle domain shifts by setting a tolerance
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range for distribution changes. This robustness measurement, therefore, provides a useful tool for
addressing OOD generalization.

Theorem 3.1. Let Dt be the empirical distribution of size n drawn from D. Assume that the loss ¢
is upper bounded by M. With probability at least 1 6 (over the choice of the samples S), for every
f trained on S satisfying (K, e(S))-robust, we have

r
2K In2+2In(2/6)

Lr(f ) Bs(f )+ Md( (S, Br) +2¢(S) +3M _ o
where the total variation distance d .k for discrete empirical distributions is defined by:
X (®
8i 2 [n],ni(S) :=#(@Z 2 S\ Ci), d(.x)(S,Dr) = ni(S)  ni(Dr) 2

R n
i=1

and n;i(S), ni(lﬁT) are the number of samples from S and Dt that fall into the set Cj, respectively.

Remark. The result can be decomposed into in-domain generalization and out-domain distance
Lt (f ) Ls(f )i (please refer to Lemma C.1). Both of them depend on robustness €(S).

See proof in Appendix C. The last three terms on the RHS of (1) are distribution distance, robustness
constant, and error term, respectively. Unlike traditional distribution measures, we partition the
sample space and the distributional shift separately in the K sub-groups instead of measuring it
point-wisely. We argue that the d¢ .y (S, IﬁT) can be zero measure if all small changes happen within
the same partition where a 2D illustrative case is shown in Figure 1. Under the circumstances, our
distribution distance term will be significantly smaller than Proposition 2.1 as the target distribution
is essentially a perturbation of the source distribution. As a robust OOD generalization measure, our
bound characterizes how robust the learned model is to negligible distributional perturbations. To
prevent a bound that expands excessively, we also propose an alternate solution tailored for non-robust
algorithms (X ¥ 1) as follows.

Corollary 3.2. If K ¥ 1, the domain shift bound Lt (f ) Ls(f )j can be replaced to the

distribution distance in Proposition 2.1 where

ILi(f) Ls( )i 3dr #8D1) 3dr ssiB+0Cam @)

where the pseudo dimension Pdim(F) = d'.

The proof is in Appendix C.1. As dictated in Theorem 3.1, when K ¥ 1, the use infinite number of
partitions on the data distribution leads to meaningless robustness. However, Corollary C.7 suggests
that our bound can be replaced by d #(Ds; D7) in the limit of infinite K. This avoids computing
a vacuous bound for non-robust algorithms. In summary, Theorem 3.1 presents a novel approach
for quantifying distributional shifts by incorporating the concept of robustness. Our framework is
particularly beneficial when a robust algorithm is able to adapt to local shifts in the distribution.
Additionally, our data-dependent result remains valid and useful in the overparameterized regime,
since K does not depend on the model size.

3.2 SHARPNESS AND ROBUSTNESS

Clearly, robustness is inherently tied to the optimization properties of a model, particularly the
curvature of the loss landscape. One direct approach to characterize this geometric curvature, referred
to as "sharpness,” involves analyzing the Hessian matrix (Foret et al., 2020; Cohen et al., 2021).
Recent research (Petzka et al., 2021) has shown that the concept of “relative flatness", the sharpness
in this paper, has a strong correlation with model generalization. However, the impact of relative
flatness on OOD generalization remains uncertain, even within the convex setting. To address this
problem, we aim to investigate the interplay between robustness and sharpness. With the following
definition of sharpness, we endeavor to establish an OOD generalization bound rooted in optimization
principles.

Pefinition 3.3 (Sharpness, Petzka et al. (2021)). For a twice differentiable loss function L(w) =
Lw(S), w 2 R™M with a sample set S, the sharpness is defined by

w(W, S, A) :=hw,wi tr (Hs;a(w)) “

where Hs.a is the Hessian matrix of loss L(w) w.r.t. w with hypothesis set A and input set S.

seS
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As per De nition 3.3, sharpness is characterized by the sum of all the eigenvalues of the Hessian
matrix, scaled by the parameter norm. Each eigenvalue of the Hessian re ects the rate of change of
the loss derivative in the corresponding eigenspace. Therefore the smaller valinelichites a atter
minimum. In Cha et al. (2021), they suggest that atter minima will improve the OOD generalization,
but fail to deliver an elaborate analysis of the Hessian matrix. In this section, we begin with the
random ReLU Neural Networks parameterized by (fa;gio(mj; W) wherew = [wq; i wn]™ is

the trainable parameter. LA&t=[aq;:::;anm], the whole function class is de ned as

1 X _ p__ .
FWAX), p= Wi (Ga)iw 2 Riay Unif(S* (" d));i 2 [m] (5)
i=1

where () is the ReLU activation function ana are random vectors uniformly distributed on

n-dim hypersphere whose surface isa a 1 manifold. We then de ne any convex loss function

“(F(w;A; x);y) ' R pR! R.. The corresponding empirical minimizer in the source domain will
be:wW = argmin, % i”:l “(f (w; A; xi);yi): With w, we are interested in loss geometry over the

sample domain'(s .4 (z) for short). Intuitively, a atter minimum on the loss landscape is expected
to be more robust to varying input. Suppose the sample spaan be partitioned int& disjoint

sets. Foreach s€;;i 2 [K], the loss difference is upper bounded §$; A). Givenz 2 S, we have

(SiA), max sup j'wa(z) “wa(z9: (6)
i2[K]z:z02¢;

As an alternative form of robustness, thH&; A) in (6) captures the "maximum®” loss difference
between any two samples in each partition and depends on the convexity and smoothness of the loss
function in the input domain. Given a training &and any initializatiorw, the robustnesqS; A)

of a learned moddl, will be determined. It explicitly re ects the smoothness of the loss function

in each (pre-)partitioned set. Nevertheless, its connection to the sharpness of the loss function in
parameter space still remains unclear. In order to address this gap, we establish a connection between
sharpness and robustness in Theorem 3.4. Notably, this interplay holds implications not only for
OOD hut also for in-distribution generalization.

Theorem 3.4. Assume for anyA, the loss function .4 (z) w.r.t. samplez satis es thel-
Hessian Lipschitz continuity (refer to De nition B.2) within every gt8i 2 [K]. Let
zi(A) = argmaxzzc,\s w:a(z). Dene M; to be the set of global minima i€;, sup-
pose9z; (A) 2 M ; such that for some(L) > 0; kzi(A) z; (A)k ) aimost
surely, then let max (L) = maxf ;(L);i 2 [K]g, kxk? R(d) andn® n;2 N*, wp

1 Psg=a 1 . —
p=min 2arccos R(d) z ; 1 {JZR"—(;‘)em overfaigl,  Unif(S? 1(p d)) we have

max (L)2
2L2

d 4 max(l—)

(S;A) n°+ O = (W;S;A) + 3 (7

Remark. Given the training se®, we can estimate factdrthatn® n by comparing the maximum
Hessian norm w.r.iz; to the sum of all the Hessian norms o¥ey g, ;. Note that the smoothness
condition only applies to every partitioned set (locally) where it is much weaker than the global
requirement for the loss function to be satis ed We also discuss the difference between our results and
Petzka et al. (2021) in Appendix F. The chosen family of loss functions that applied to our theorem
can be found in Appendix B.1.

Corollary 3.5. Let Wyin be the minimum value gi®j. Suppose8x Unif (s 1(p d))

and @ (f (W; A; x);y)=@%Fj is bounded byNr{;Nr,]. If m = Poly(d);d > 2, nax(L) <

(W2, |\7r1~(8; m))=(2d) taking expectation over ak; 2 S;j 2 [n] and alla; 2 A

Unif(S* (" d))8i 2 [m], we have

7 max (L)2
6L 2

P
where~(d;m) = E, ,ng o 1(Pqy) min( 1. aja; Gji) > 0Ois the minimum eigenvalue ai@j
is product constant of Gegenbauer polynomials (de nition can be founded in Appendix B).

Esa [ (S;A)] Esa n® (W;S;A)+ NIy : (8)
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See proof in Appendix D. From Theorem 3.4 we can see, the robustness co(Sta#qtis (pointwise)

upper bounded by the sharpness of the learned model, as measured by the qQéntiyA), and

the parametermax (L). It should be noted that the parametggy (L) depends on the partition,

and as the number of partitions increases, the regigr(L) of the input domain becomes smaller,
thereby making sharpness the dominant term in re ecting the model's robustness within the small
local area. In Corollary 3.5, we show a stronger connection when the partition satis es some
conditions. Overall, this bound states that the larger the sharpness of the i@q&l; A), the

larger the upper bound on the robustness paramgBeA). This result aligns with the intuition that

a sharper model is more prone to over tting the training domain and is less robust in the unseen
domain. While the dependency is not exact, it still can be regarded as an alternative approach that
avoids the explicit computation of the intractable robustness term. By substituting this upper bound
for (S;A) into Theorem 3.1, we derive a sharpness-based OOD generalization bound. This implies
that the OOD generalization error will have a high probability of being small if the learned model

is at enough. Unlike existing works, our generalization bound provides more information about
how optimization property in uences performance when generalizing to OOD data. It bridges the
gap between robustness and sharpness which can also be generalized to non-OOD learning problems.
Moreover, we provide a better theoretical grounding for an empirical observation that a at minimum
improves domain generalization (Cha et al., 2021) by pinpointing a clear dependence on sharpness.

3.3 CASE STUDY

To better demonstrate the relationship between sharpness and robustness, we provide two speci c
examples: (1) linear ridge regression; (2) two-layer diagonal neural networks for classi cation.

Example 3.6. In ridge regression models(S; A) has a reverse relationship to the regularization
parameter . ", the more probably atter minimum # and less sensitivity # of the learned model

could be. Following the previous notation, we h&e > 0such that (S;A) & (™;S) + 8q
wheresy has a smaller order than(”; S) for large d (proof refer to Appendix E.1).

As suggested in Ali et al. (2019), let's consider a generic response mpdel (X ; 21) where
X 2 R" 9:d>n. The least-square empirical minimizer of the ridge regression problem will be:

.1
":argmln%kx yk2+§k K=(X>X+nl,) X>y=M Xy (9)
Let S be the training set. It's trivial to get the sharpness of a quadratic loss function where

(":8) = KM2tr(X>X=n+ | )= k"K*tr(M) (10)

It's obvious that both of the above two equations depend on the same idatrixX > X=n + | .

For xed training sample , we have (™;S) = O( 1) inthe limit of . Then it's clear that
a higher penalty leads to a atter minimum. This intuition is rigorously proven in Appendix
E.1. According to Theorem 3.1 and Theorem 3.4, a atter minimum probably associates with lower
robustness constantS; A). Thus it enjoys a lower OOD generalization error gap. In ridge regression,
this phenomenon can be re ected by the regularization coef cientherefore, in general, the larger

is, the lower the sharpnes$”; S) and variance are. As a consequence, largierarns a more
robust model resulting in a lower OOD generalization error gap. This idea is later veri ed in the
distributional shift experiments, shown as Figure 2.

Example 3.7. We consider a classi cation problem using a 2-layer diagonal linear network with
exp-loss. The robustnestS; A) has a similar relationship in Theorem 3.4. Given training Set
after iterationst>T ,9¢, > 0, (S;A) e&sup 1+ ( (1);9).

In addition to the regression and linear models, we have obtained a similar relationship for 2-layer
diagonal linear networks, which are commonly used in the kernel and rich regimes as well as in
intermediate settings (Moroshko et al., 2020). Example 3.7 demonstrates that the relationship also
holds true when the model is well-trained, even exp-loss does not satisfy the P condition. By
extending our theorems to these more complex frameworks, we go beyond our initial assumptions
and offer insights into broader applications. Later experiments on non-linear NN also support
our statements. However, we still need a uni ed theorem for general function classes with fewer
assumptions.
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4 RELATED WORK

Despite various methods (Sun & Saenko, 2016; Sagawa et al., 2019; Shi et al.,, 2021;
Sha eezadeh Abadeh et al., 2015; Li et al., 2018; Cha et al., 2021; Du et al., 2020; Zhang et al.,
2022) that have been proposed to overcome the poor generalization brought by unknown distribution
shifts, the underlying principles and theories still remain underexplored. As pointed out in Redko
et al. (2020); Miller et al. (2021), different tasks that address distributional shifts, such as domain
adaptation, OOD, and domain generalization, are collectively referred to as "transfer transductive
learning" and share similar generalization theories. In general, the desired generalization bound
will be split into In-Distribution/Domain (ID) generalization error and Out-of-Distribution/Domain
(OOD) distance. Since Blitzer et al. (2007) establish a VC-dimension-based framework to estimate
the domain shift gap by a divergence term, many following works make the effort to improve this
term in the following decades, such as Discrepancy (Mansour et al., 2009), Wasserstein measurement
(Courty et al., 2017; Shen et al., 2018), Integral Probability Metrics (IPM) (Zhang et al., 2019b; Ye
et al., 2021) and -divergence (Germain et al., 2016). Among them, new generalization tools like
PAC-Bayes, Rademacher Complexity, and Stability are also applied. However, few of them discuss
how the sharpness reacts to data distributional shifts.

Beyond this canonical framework, Ye et al. (2021) reformulate the OOD generalization problem
and provide a generalization bound using the concepts of "variation" and "informativeness." The
causal framework proposed in Peters et al. (2017); Rojas-Carulla et al. (2018) focuses on the impact
of interventions on robust optimization over test distributions. However, none of these frameworks
consider the optimization process of a model and how it affects OOD generalization. Inspired by
previous investigation on the effect of sharpness on ID generalization (Lyu et al., 2022; Petzka
et al., 2021), recent work in Cha et al. (2021) found that atter minima can also improve OOD
generalization. Nevertheless, they lack a suf cient theoretical foundation for the relationship between
the "sharpness" of a model and OOD generalization, but end with a union bound of Blitzer et al.
(2007)'s result. In this paper, we aim to provide a rigorous examination of this relationship.

5 EXPERIMENTS

In light of space constraints, we present only a portion of our experimental results to support the
validity of our theorems and ndings. For comprehensive results, please refer to the Appendix G

5.1 RDGE REGRESSION IN DISTRIBUTIONAL SHIFTING

Following Duchi & Namkoong (2021), we investigated the ridge regression on distributional shift.
We randomly generatg, 2 RY in spherical space, and data from the following generating process:

X "N (0;1); y = X . To simulate distributional shift, we randomly generate a perpendicular
unit vector § to ,. Let §; o be the basis vectors, then shifted ground-truth will be computed
fromthe basisby = , cos( )+ ¢ sin( ). Forthe source domain, we usgas our training
distribution. We randomly sample 50 data points and train a linear classi er with a gradient descent
of 3000 iterations. By minimizing the objective function in (9), we can get the empirical optimum
" Then we gradually shift the distribution by increasingp get different target domains. Along
distribution shifting, the test Ios‘s{’f y ) will increase. As shown in Figure 2, the test loss will
culminate in aroun@® rads due to the maximum distribution shifting. Comparing different levels

of regularization, we found that the larger L2-penaltyrings lower OOD generalization error
which is shown as darker purple lines. This plot bears out our intuition in the previous section. As
stated in the aforementioned case, the sharpness of ridge regression should inversely depend on
Correspondingly, we compute sharpness using the de nition equation (4) by averaging ten different
results. For each trial, we use the same training and test data for evéhe sharpness of each ridge
regressor is shown in the legend of Figure 2. As we can see, laflgads to less sharpness.

5.2 SHARPER MINIMUM HURTS OOD GENERALIZATION

In our results, we proved that the upper bound of OOD generalization error involves the sharpness of
the trained model. Here we empirically veri ed our theoretical insight. We follow the experiment
setting in DomainBed (Gulrajani & Lopez-Paz, 2021). To easily compute the sharpness, we choose
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Figure 2: OOD test losses increase along dis- Figure 3: The relationship between out-of-
tributional shifting. The X-axis is the shifting domain test accuracy and model sharpness on
angle and the Y-axis is the test loss of the RotatedMNIST dataset. Here we show 4 dif-
model which is trained on distribution = 0. ferent OOD environmentsl5 ; 30 ;45 ;60
Lines are average test losses and shadows arerotation as the OOD test set respectively. Each
variances of 10 trials. Larger regularization marker denotes a minimum of an algorithm with
(darker color) causes a lower increase in test a speci c seed. The marker style means the
loss but smaller sharpness. models trained in the same environment.

the 4-layer MLP on RotatedMNIST dataset where RotatedMNIST is a rotation of MNIST handwritten
digit dataset (LeCun, 1998) with different angles ranging fféom15 ;30 ;45 ;60 ;75 ]. In this
codebase, each environment refers to selecting a domain (a speci c rotation angle) as the test
domain/O0D test dataset while training on all other domains. After getting the trained model of each
environment, we compute the sharpness using all domain training sets based on the implementation
of Petzka et al. (2021). To this end, we plot the performances of Empirical Minimization Risk (ERM),
SWAD (Cha et al., 2021), Mixup (Yan et al., 2020) and GroupDRO (Sagawa et al., 2019) with 6 seeds
of each. Then we measure the sharpness of all these minima. Figure 3 shows the relationship between
model sharpness and out-of-domain accuracy. The tendency is clear that at minima give better OOD
performances. In general, different environments can not be plotted together due to different training
sets. However, we found the middieenvironments are similar tasks and thus plot them together for

a clearer trend. In addition, different algorithms lead to different feature scales which may affect the
scale of the sharpness. To address this, we align their scales when putting them together. For more
individual results, please refer to Figure 8 in the appendix.

5.3 COMPARISON OF GENERALIZATION BOUNDS

To analyze our generalization bounds, we follow the toy example experiments in Sagawa et al. (2020).
In this experiment, the distribution shift terms and generalization error terms can be explicitly com-
puted. Furthermore, their synthetic experiment considers the spurious correlation across distribution
shifts which is now a general formulation of OOD generalization (Wald et al., 2021; Aubin et al.,
2021; Yao et al., 2022). Consider data [ Xcores Xspd 2 that consist of two features: core feature

and spurious feature. The features are generated from the following rule:

Xeore Y N Y1 Zela Xspuja N al; 214

wherey 2 f 1;1gisthe label,anéh 2 f 1;1gis the spurious attribute. Data with= a forms the
majority group of sizém,;, and data witty = a forms minority group of siz@min. Total number

of training pointsn = Nmaj + Nmin. The spurious correlation probabilityma; = ”;“a" de nes the
probability ofy = ain training data. In testing, we always hawg,; = 0:5. The metric, worst-group

error Sagawa et al. (2019) is de ned as

Errwg(w) := rpza% Exyijg [0 2(w; (X y))]

where’g 1isthe0 1lossin binary classi cation. Here we compare the robustness of our proposed
OOD generalization bound and the baseline in Proposition 2.1. We also give the comparison to other
baselines, like PAC-Bayes DA bound in the Appendix G.
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Figure 4: Spurious feature synthetic experiment. Each dot represents a trained model. The dash
curves are the smoothed function t by the test data points. The baseline is Propositi¢a) Zd):

the generalization error of the logistic regression models with increasing the model size/correlation
probability. (b): concentration error term in domain shift bour{d): comparison of distribution
distance bounds(c),(f): comparisons of generalization bounds. Note that modelsiZ®0is

the overparameterized regime. The further the correlation probability is@rbnthe greater the
distributional shift is.

Along model size We plot the generalization error of the random feature logistic regression along
the model size increases in Figure 4(a). In this experiment, we follow the hyperparameter setup of
Sagawa et al. (2020) by setting the number of paints500, data dimensio2d = 200 with 100

on each feature. majority fractigm,; = 0:9 and noises §pu =1; 2 .=100. The worst-group

error turns out to be nearly the same as the model size increases. However, in Figure 4(b), the
error term in domain shift bound Proposition 2.1(A) will keep increasing when the model size is
increasing. In contrast, our domain shift bound at ord&r is independent of the model size which
addresses the limitation of their bound. We follow Kawaguchi et al. (2022) to conkpurean

inverse image of the-covering in a randomly projected space (see details in appendix). We set the
same valu&k = 1;000in our experiment. Different from the baselir¢€,is data dependent and
leads to a constant concentration error term along with model size increases. Analogously, our OOD
generalization bound will not explode as model size increases (shown in Figure 4(c)).

Along distribution shift  In addition, we are interested in characterizing OOD generalization when
test distribution shifts from train distribution by varying the correlation probalylity during data
generation. As shown in Figure 4(d), whph, = 0:5, there is no distributional shift between
training and test data due to no spurious features correlated to training data. Thus, the training and test
distributions align closer and closer wheg, < 0:5 and increase, resulting in an initial decrease in

the test error for the worst-case group. Howevepag> 0:5 and deviates from 0.5, introducing the
spurious features, a shift in the distribution occurs. This deviation is likely to impact the worst-case
group differently, leading to an increase in the test error. As displayed in Figure 4(e) and Figure 4(f),
our distribution distance and generalization bound can capture the distribution shifts but are tighter
than the baseline.

6 CONCLUSION

In this paper, we provide a more interpretable and informative theory to understand Out-of-
Distribution (OOD) generalization Based on the notion of robustness, we propose a robust OOD
bound that effectively captures the algorithmic robustness in the presence of shifting data distribu-
tions. In addition, our in-depth analysis of the relationship between robustness and sharpness further
illustrates that sharpness has a negative impact on generalization. Overall, our results advance the
understanding of OOD generalization and the principles that govern it.
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A ADDITIONAL EXPERIMENTS

A.1 SHARPNESS VS. OOD GENERALIZATION ON PACSAND WILDS-CAMELYON17

Figure 5: The relationship between out-of- Figure 6: The relationship between OOD test
distribution (OOD) test accuracy on the test accuracy and model sharpness on BRCS
environment and model sharpness (of last FC dataset. Each marker denotes a model trained
layer) on theWilds-Camelyonl7dataset. Each  using ERM with different seeds and hyperpa-
marker denotes a model trained using ERM rameters. The marker style shows the out-of-
with different seed and hyperparameters. distribution test environment of the model.

To evaluate our theorem more deeply, we examine the relationship between our de ned sharpness
and OOD generalization error on larger-scale real-world dataa&is-Camelyon17Bandi et al.

(2018); Koh et al. (2021) anBACS Li et al. (2017). Wilds-Camelyonl17 dataset includes 455,954
tumor and normal tissue slide images from ve hospitals (environments). One of the hospitals is
assigned as the test environment by the dataset publisher. Distribution shift arises from variations
in patient population, slide staining, and image acquisition. PACS dataset contains 9,991 images of
7 objects in 4 visual styles (environments): art painting, cartoon, photo, and sketch. Following the
common setup in Gulrajani & Lopez-Paz (2021), each environment is used as a test environment
in turn. We follow the practice in Petzka et al. (2021) to compute the sharpness using the Hessian
matrix from the last Fully-Connected (FC) layer of each model. For the Wilds-Camelyon17 dataset,
we test the sharpness of 18 ERM models trained with different random seeds and hyperparameters.
Figure 5 shows the result. For the PACS dataset, we run 60 ERM models with different random seeds
and hyperparameters for each test environment. To get a clearer correlation, we align the points from
4 environments by their mean performance. Figure 6 shows the result. From the two gures, we can
observe a clear correlation between sharpness and out-of-distribution (OOD) accuracy. Sharpness
tends to hurt the OOD performance of the model. The result is consistent with what we report in
Figure 3. It shows that the correlation between sharpness and OOD accuracy can also be observed on
large-scale datasets.

B NOTATIONS AND DEFINITIONS

Notations We usdn] denote the integers skitg., . kK k represents;-normk ks for short. Without
loss of generality, we usdf ( ;x);y) for the loss function of moddl on data paiz = (x;y),
which is denoted as (z)) and we use; d for training set size and input dimension. Note that we
generally follow the notations in the original papers.

* Lg;Lt: expected risk of the source domain and target domain, respectively. The corre-
sponding empirical version will b®s; 5
« fCigk, : K partitions on sample space aGgddenotes each partitioned set.

e Dg; Dt distributions of source and target domain. Their sampled dataset will be denoted
asDs; D accordingly.
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* :lInoursetting, =(w;fag") denotes the model parameters wheres the trainable
parameters anflajg™ are the random features (we also dse= [ay;:::;;am] for short
notation in many placesy is the minimizer of empirical loss.

* M : upper bound of the loss function.
o S=f(Xi;yi)g'=X =[x1;:::Xn]: training data of size.
De nition B.1 (Robustness, Xu & Mannor (2012)A learning algorithmA on training ses is

(K; ())-robust, forK 2 N, if Z can be partitioned int& disjoint sets, denoted b‘y(:kgtz1 , such
thatforalls2 S;z2 Z we have

8s;22 Ci;8k 2 [KI;j" (As;s) " (As;2)]  (S;A):

De nition B.2 (Hessian Lipschitz continuous)-or a twice differentiable functioh : R" | R, it
hasL -Lipschitz continuous Hessian for domainy are vectors irC; if

r2f(y) r 2(x) Liky xk

whereL; > 0 depends on input domai® andk kis L, norm. Then for alk domaing K, Ci, let
L :=maxfL;ji 2 [K]gbe the uniform Lipschitz constant, so we have

r2f(y) r 2f(x) Liky xk Lky xk;8i2[K]:(x:y)2C;

which is uniformly bounded with. .

Lemma B.3 (Hessian Lipschitz Lemmalif f is twice differentiable and hds-Lipschitz continuous
Hessian, then

r2Ex)(y x)(y x) %ky xks:

NI =

f(y) f(x) hr f(x);y xi

Gegenbauer Polynomials

We brie y de ne Gegenbauer polynomials here whose details can be found in Appendix of Mei
& Montanari (2022). First, we deno® (r) = fx 2 RY : kxk = rg as the uniform spherical
distribution with the radius ond 1 manifold. Let 4 be the probability measure & ! and and
the inner product in functional spaté([ d;d]; 4) denoted a; i . andk k> :

Z

hEgiy p_ F()g(x) a(dx):
S

For any function 2 L2([ d;d]; 4), where 4 is the distribution ohx;yi:p d(x;y & l(p d)),
the orthogonal basitQYg forms the Gegenbauer polynomial of degtée  0), its spherical
harmonics coef cients 4 ( ) can be expressed as:

Z o_
()= oo 00QIV (" dx) 4(x);
p

pP-

then the Gegenbauer generating function holds3n[ =~ d; d]; 4 sense

R _
0= el NeQ® (a0
k=0

whereNy; is the normalized factor depending on the norm of input.
B.1 ASSUMPTIONS
We discuss and list all assumptions we used in our theorems. The purposes are to offer clarity

regarding the speci ¢ assumptions required for each theorem and ensure that the assumptions made in
our theorems are well-founded and reasonable, reinforcing the validity and reliability of our results.
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OOD Generalization

(Setting): Given a full sample spae source and target distributions are two different measures over
this whole sample domaia. The purpose is to study the robust algorithms in the OOD generalization
setting.

(Assumptions): For any sampBz 2 Z, the loss function is bounded (z) 2 [0;M]. This
assumption generally follows the original paper Xu & Mannor (2012). While it is possible to relax
this assumption and derive improved bounds, our primary objective is to formulate a framework for
robust OOD generalization and establish a clear connection with the optimization properties of the
model.

Robustness and Sharpness

(Setting): In order to give a ne-grained analysis, we follow the common choice where a two-layer
ReLU Neural Network function class is widely analyzed in most literature, i.e. Neural Tangent
Kernel, non-kernel (rich) regime Moroshko et al. (2020) and random feature models. Among them,
we select the following random feature models as our function class:

xn _
f(w;A;x), pl—a w; (X;ai):w 2 R;a; Unif(Sd 1(p d));i 2 [m]

i=1
wherem is the hidden size anl = [a3;::;;am] contains random vectors uniformly distributed on
n-dim hypersphere whose surface is a 1 manifold. (a” x) = (a” x)Ifa” xgdenotes the ReLU
activation function and is the indicator functionw = [wy;::;;wn ] is the trainable parameter. We
choose the common loss functions: (1) Homogeneity in regression; (2) (Binary) Cross-Entropy Loss;
(3) Negative Log Likelihood (NLL) loss;

(Assumptions):

(i) Let Ci;i 2 [K] be any set from whole partitiodst, C;, we assum&z 2 C;, the loss function

“wa (z) satis esL-Hessian Lipschitz for all 2 [K ] (See details in De nition B.2). Note that we
only require this assumption to hold within each partition, instead of holding globally. In general,
the smoothness and convexity condition is actually equivalent to locally convex which is a weak
assumption for most function classes.

(ii) Consider an optimization problem in each partitioni 2 [K]. Let one of the training points
zij(A) 2 S\ C; be the initial point and; (A) 2 M ; is the corresponding nearest local minima where
M i is the local minima set of partitio@;. For some (L) > O, we assumé&z; (A) z; (A)k

i(L)=L holds a.s.. It ensures the hessian n&ii(z; (A))k has the lower bound. Similar conditions
and estimations can be found in Zhang et al. (2019a).

(iii) To simplify the computation of probability, we assume= a7 x obeys a rotationally invariant
distribution.

(iv) For Corollary 3.5, we make additional assumptioagthat loss functiomatis ed a bounded
condition where the second derivati8e  Unif(S? (" d));j@ (f (W; A; x);y)=@#j with re-
spect to its argumerft(W; A; x).should be bounded bvr,; M;]. Note, we consider the case
phere the dat&x Unif(S? (" d)) whilem = Poly(d) is to ensure the positive de niteness of

M. aja; 2 RY 9 almost surely.

C PrROOF TODOMAIN SHIFT

Lemma C.1. LetD1 be the empirical distribution of size drawn fromD+. The loss is upper
bounded by M. With probability at least  (over the choice of the samples), for everytrained

onS, we have "

2K In2+2In(1=)

Lr(f ) L s(f )+ Md(x (SiBr)+ (S)+2M .

(11)

where
X ni(s)  ni(Br)
n n

8i 2 [n];ni(S):=#( z2 S\ C); d(;K)(S;IﬁT):: (12)

i=1
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andn; (S); n; (D7) are the number of samples fraBnand D1 that fall into the seC;, respectively.

Proof. In the following generalization statement, we Uék ; z) to denote the error obtained with
inputz and hypothesis functioh for better illustration. By de nition we have,

Lr(f ) L s(f ):= Ezop . (f ;29 E,p o (f ;2): (13)

Then we make the&K partitions for source distributio®s. Let n; be the size of collec-
tion set of pointsx fall into the partitionC; wheren; is the i.i.d.multinomial random vari-
able with (ps(C1); :::; ps(Ck ). We use parallel notation for target distributi®s with S?
(Pt(C1); 5 pe(Ck )) - Since

X
E;zp s (f 12)= E.o s C(f ;2%9jz 2 Ci)ps(Ci)
=1 (14)
Ezop . (f ;29 = Ezop . (C(f ;29iz°2 C)p(Ci)
i=1
and thus we have
X
L+(f) L s(f)= EC(f ;29jz°2 C)Hp(Ci) EC(f ;2)jz 2 Ci)ps(Ci)
i=1
EC(f ;29jz°2 C)ps(Ci)
X
= (EC(f ;29jz°2 C)) (p(Ci)  ps(Ci))
1=1 (15)

X
+  [EC(f ;29iz°2 C) E(C(f ;2)jz 2 Ci)] ps(Ci)
i=1

(EC(f ;29iz°2 C))(p(C))  ps(C)+ (S;A):

i=1

If we sample empirical distributios; Dt of sizen each drawn fronDs andD+, respectively.

(ny; 5 nk ) are the i.i.d. random variables belongs}o We use the parallel notatiof for target
distribution.

X . .
dy(sB= 1S O (16)
Further, we have
% !
ECH D2 ON(RE) pE) | (ECH 2z cy MO ME)
i=1 i1
X (B X _ i
=7 ECH 02 c) mey MO T e %2 ey picy MO
i=1 i=1
X . X .
v o) MO0 w” ey MO
i=1 i=1 (17)
With Breteganolle-Huber-Carol inequality we have
X ' -
ni(S) 0e(Ci) 2K In2+n2ln(1 ): (18)
i=1
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To integrate these two inequalities, we have

X
(EC(f ;29iz°2 CI(p(C)  ps(Ci))

i=1 !

r
2K In2+2In(1=)

(EC(F 529iz°2 C)) -

i=1

+2M

ni(Or)  ni(S)
n n

;
Md(x (S;D7)+2M

2K In2+2In(1=).

n
19)
In summary with probabilityl we have
r
2K In2+2In(1=
Lr(f ) Ls(f )+ Mdgy y(SiBr)+ (s)+am ZM2T2NAZ) o)
which completes the proof. O

With the result of the domain (distribution) shift and the relationship between sharpness and robustness,
we can move forward to the nal OOD generalization error bound. First, we state the context of ID
robustness bound in Xu & Mannor (2012) as follows.

Lemma C.2 (Xu et al.Xu & Mannor (2012)) Assume that for alh 2 H andz 2 Z , the loss is
upper bounded b i.e., (h;z) M. If the learning algorithmA is (K; ())-robust, then for any
> 0, with probability at leastl over an iid draw ofh samplesS = (zi)i”:1 , it holds that:
. 1 X r
B[ (Asi2)] (As;z)+ (S)+ M
i=1

2K In2+2In(1=)
n

As the conclusive results, we brie y prove the following result by summarizing Lemma C.2 and
Lemma C.1.

Theorem C.3(Restatement of Theorem 3.1)etD+ be the empirical distribution of size drawn
fromD+t. The loss is upper bounded by M. With probability at ledst  (over the choice of the
samples), for everly trained onS, we have

r
2K In2+2In(2=)

Lr( ) Bs( )+ Md k) (S:Dr)+2 (S)+3M .

(21)

Proof. Firstly, with Lemma C.1 and probability as ledst -, we have

r
2K In2+2In(2=) N
n

Lr(f ) L s(f )+ Md(x (Os;Br)+2M (S)

Secondly, with Lemma C.2 (Xu & Mannor (2012) Theorem 3) and probability asleast, we have
r

Ls(f) Cs(f) (S)+M

2K In2+2In(2=)
n

By taking the union bound, we conclude our nal result that with probability at I&ast
r

Lr(f) Us(f )+3M

+2 (S)+ Md(x (S;D7) (22)

2K In2+2In(2=)
n

O

Here (S) is the robustness constant that we can replace with any sharpness measure.
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C.1 PROOF TOCOROLLARY 3.2

De nition C.4. dr ¢ (D1;Ds) :==2SUpa(r)a, . iPros(A(f))  Prp, (A(f))jandF Fis
de ned as:
F F:=ff(x) fqx):f;f °2Fg
where is the XOR operator e.d(f (x) 6 f (x)).
Lemma C.5(Lemma 2 Zhao et al. (2018))f Pdim(F) = d° thenvVCdim(F F) 2d°.

Proposition C.6(Zhao et al. (2018))LetF be a hypothesis class with pseudo dimensidm(F ) =

d. If Bs is the empirical distributions generated withi.i.d.. samples from source domain, abe
is the empirical distribution on the target domain generated frosamples without labels, then with
probability at leastl.  , forallf 2 F , we have:

s

r
2d%log &1 log 2
Lr(f) Dbs(f)+E + Vo,
S2n
200In(2n) + In 4 (23)
f lde - By %
{z }

(Empirical div Error)

whereE = Ips(f )+ IPT(f ) is the total error of best hypothedis over source and target domain.

Proof. With Lemma 4 (Zhao et al., 2018), we have
Le(f) Bs(f)+ Sdr ¢ +E

where _
E = inf Ls(fY+ L (f9:

Lemma 6 (Zhao et al., 2018), which is actually Lemma 1 in (Ben-David et al., 2010), shows the
following results
s

VCdim(F F)In(2n)+In 2
B s +4 ( )In(2n) :
n
As suggested in Zhao et al. (2018)Cdim(F  F) is at most2d®. Further, with Theorem 2 (Ben-

David et al., 2010), we have at probability at least 5
S

d= ¢ (Dt;Ds) de F

i 2
VCdim(F F)In(2n) +1In +E

S N (24)

2d%In(2n) +In 2
Y

Lr(f) L s(f)+ 30 ¢ Bribs

L S(f)+%dF F DBrDs

Using in-domain generalization error Lemma 11.6 (Mohri et al., 2018), with probability atlleast

the result is ; s
2d0log &1 log t
Ls(f) Bs(f)+ M <+ M
s(f)  Bs(f) . o
Note in Zhao et al. (2018), thd = 1 for the normalized regression loss. Combine them all, we
conclude the proof. O

Corollary C.7. If K 1'1 ;M =1, domain shift boungLt(f ) L s(f )j will be reduced to
(Empirical div Error) in Proposition C.6 where

jiLt(f ) L s(f)j %dp £ (Ds;Dt) (Empirical div Error) (25)
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Proof. According to Theorem C.3, we have

X
Lr(f) L s(f )= EC(f ;29iz°2 C)m(C)) EC(f ;2)jz 2 Cps(Ci)  (26)

S
If K 11 ,let'sde ne adomain that) := i1:1 Ci. The equation (26) will be
z

z
Lr(f) L s(f)= (f 529p(z9dz (f 12)ps(z)dz
Zz°2U U
= “(f;29p(29dz (5 2)ps(2)z 27)
z%2D ¢ z2D s
= Eop . (f ;29 E,p o (f ;2):
In this case, we have,
jLr(f ) L s(f)j
:'&EZOD (2% Erp o(F 2))
1
. iPro. C(F(;x9;y9 >t)dt Prpg C(F( ;x);y) >t)dtj
Z,
= JPro, COCix9Y)> 1) Prog CEHCix)y) >0jdt M =1) 0
0

sup  sup jPrp, C(F(ix9;y9>t) Prog C(F( ;%)) >t)]
t2[0;1]f ( ;)2F

sup  jPrp. (A(f)) Prog(A(f))j
A(f)2AF ¢
= %dp £ (Ds;Dt) (Empirical div erroy

whereAr ¢ represents a learning algorithm under the hypottesis = ff (x) f9x):f;f °2
Fg, which completes the proof. O

D SHARPNESS ANDROBUSTNESS

Lemma D.1 (positive de niteness of Hessian).et Wy, be the minimum value i | Brldx =
arg minxzumf( ¢ 1@ (f (WF;A;X);y). ForanyA = (ai;:;am);ai  Unif(S4 1( d)8i 2
[5“] denote~(d;m) = in ( -”11 aja; Gj) > 0 be the minimum eigenvalue, wheg =

o G INZ, Q{®(haj;aji= d) is the polynomial product constant. i = Poly(d), the
hessiarH (x ) can be lower bound by

w2, ~(d; m)Nr
Ex unns :PapyHKX) ——r— (d ) g (29)

Proof. As suggested in Lemma D.6 of (Zhong et al., 2017), we have a similar result to bound the
local positive de niteness of Hessian. By previous de nition, the Hessian w.ittas a following
partial order

0 1
D2(x ; Xt
H(x )= Dilx y) g wiwaiay Ya’x ) Yayx )A
d i=1 j=1
0 1
NT XX
1o wiwaiay %a7x ) Yayx A (30)
i=ld=l 1

WZ- Nt XX
Zmin 71 @ wiwaiay %a’x ) Yaix A
i=1 j=1
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For the ReLU activation function, we further have
@>x) Ya’x) (31)

p_

We extend the 2 L?([ P d;  d]; 4) (where 4 is the distribution ofx 1; X »i :p d) by Gegenbauer

polynomials that
R @ P =
(x)= gt ( INg: Q¢ ( dx): (32)
t=0

LetA = (ag;:am) 2 R™ 9 We assuméx 2 Unif(S? 1(p d)). Lemma C.7 in (Mei &
Montanari, 2022), suggests that

. P= -
U= EX Unif( S 1(pa))[ (hai;x i= d) (haj;x i= d)] i;j2[m]2 R™ M (33)

which shows matriXJ is a positive de nite matrix. Similarly, taking the expectation oxer, terms
in RHS of (30) bracket can be rewritten as

0 1
@)(n X > 0 a> Of ~> A
Ex unics 1P ay) aia;] (aix ) (ax)
i=1 j=1 (34)
X

aia’ Ex [ (a] x 2P d) (aj x 2P d)]
i=1 j=1

Besides, we have the following property of Gegenbauer polynomials,

1. Forx;y 2 &¢ 1(p d)
1

D E
(d) iy Ol (- - - old i)
Q] (my I)!Qk (W’ I) LZ(S" 1(pa); d) - Nd;k ]k Qk (m!yl)

2. Forx;y 2 &¢ 1(p d)

. 1 d:k
U DRl R OM Rk
]

where spherical harmonicﬁé(”(d)gl i Ng forms an orthonormal basis which gives the following
results

o P Pare . P- p_
Ex [ (a7 x = d) (a7x = d]= 20ONGEc QP(haisx i= d)QP(hey;x i= d)
t=0
. P
= 1 ( )Ndz;thd)(mi;aﬂ: d=Gj <1:
t=0

(35)
Hence, we have

X > > pf > pf X >
aia’Ec [ (@x = d) (@ x = d]=  aa Gj + O(l=dVara)  (36)
i=1 j=1 i=1
P
Sincem = Poly(d)PandfagiZ[m] areiid, therank 1 aja Gi = rank AA~ = d. Let
~(d;m)= Ea mn( 2, @@ Gj) > Owe have

Wy ~(d; M

Ex H(x ) d d

@37
O
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S
LemmaD.2. Let Ezl Ck be the whole domain, the notion (0fK )-robustness is described by

(S:A),  max sup Jwa(@)  wal(2)i:
Ci k=1 Ck z;202Ci;z28

De ne M ; be the set of global minima i@;, where
Mi, fz(A)jz(A)=min "yw.a(2)9
z2C;
suppose for some maximum training loss point
zi(A) 2 zzmc?a\xs wia(Z) wa (Zi (A))

there9z; (A) where
z; (A), arg r2nN||n kz zi(A)k
z i

such thakz; (A) z (A)k ) almost surely hold for anf 2 Unif(S* 1(IO d)) and for any
A, “w:a (2) isL-Hessian Lipschitz continuous. Then tt§&; A) can be bounded by

(S;A)  max 1(L)? 74 i?EL)

2 0a(zi(A) +
MeX 12 r“wa(zi(A))

Proof. Letz 2 S be a collection ofx; y) from the training se§ andz? denote any collection from
the setC;. We de ne local minima set ; (which is the global minima set @;). Assume that for
some maximum p?)inzi (A) 2 maxz2c,\ s w:a(2), there exists a; (A) 2 M ; almost surely for

allA  Unif(S* (" d)) such that
z; (A) = arg rr21’l/|n f:=fz2M;:kzi(A) zkg s.t kzj(A) zk # (38)
z i
By de nition, (S;A) can be rewritten as

(SSA)=max  sup  Jwa(z) “wa(Zdi
i2[K1z;z02¢;z28

= max su Coa(Z2) Cwen(z
i2[K]z2(:‘\s;szi wa(2) e (z) (39)

= fg?z(]\w;A(Zi(A)) wia (z (A):
According to Lemma B.3, we have
(S;A) = rigi[ilz(] wa(Zi(A)  “wal(zi(A)

(i)
max hr “w.a (zi (A));zi(A)  zZ; (A)i

[

P2 Taalz (ANZA) Z (ANiz(A) 7(A) + cka(A) z K
“max 3 Zualz (AN(@A) 7 (ANiz(A) 7 (A) + gkalA) z (A
max 5 1 Zua(z (A) kai(A) zi (A

+ %kzi (A) z (A)k® (Cauchy-Schwajz
(40)
where(i) support by the faat " . (z ) = 0. With Lipschitz continuous Hessian we have

kr 2wa(z (A)k  Lkzi(A) z, (A)k+ kr 2 g.a(zi (A)k: (41)
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Overall, we have

(S;A) Ir?&x]% r 2wa(zi (A) kzi(A)  z; (A)K> + %kzi(A) z; (A)K®
Ir?[%% kr 2 g.a(Zi(A)k+ Lkzi(A) z; (A)k kzi(A) z; (A)Kk?
+ %kzi(A) z; (A)K® (42)
max 2 ke ZaAnks 0 S0 L)
iy o 24
which completes the proof. O

Lemma D.3(Lemma 2.1 Bourin et al. (2013))JFor every matrix inM |, ,, partitioned into blocks,
we have a decomposition

A X A
x B -Y o

for some unitaried);V 2 Mp+m .

Lemma D.4. Then, given an arbitrary partitioned positive semi-de nite matrix,

A X

0 00
OU+VOBV

X B k Aks + kBKks
for all symmetric norms.
Proof. In lemma D.3 we have
A X _ A O 0 O
x B Y oo YtV gp V

for some unitaried); V 2 M+ m . The result then follows from the simple fact that symmetric norms
are non-decreasing functions of the singular values wherek ks : M 7! R, we have

A X A O 0

0
fXB fUOOU+fVOB

\%

O

LemmaD.5. Fora  Unif(S? l(IO d)) andx are some vecta? RY with normkxk P R(d) d,
we have

8 9
pL o 2

P(hx;ai? k ak?) minEZ(leIrCCOS R i1 SZd 4exp 1 ) (43)
’ 2 T " R@) 4d 9 3

Proof. We can replace the unit vector afwith e by
P(hx;ai? k ak?)= P(hx;ei? 1) (44)
Similarly, we can replace by unit vectors such that

1
Al 2 — . A 2
P(hx; ei 1)=P ts;ei R@ (45)
Solvinghs; €i” = g5, we get
1 1
hs;ei?=cos® = —— = arccos p—— 46
R(@ "RO (46)
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In this case, the probability will converge 1casR(d) increases. As is known to us, surface area of
s? 1equals

2 d=2
Aq = I’d lid (47)
2
An areaCyq of the spherical cap equals
VA 2 (d 1)=2 4
AFP() = Ag a(rsin )rd = —5—r%* sin® 2 d: (48)
0 P 0
1 _ @~ )y P-—
where n 3 = 22(n D(n I

1) Whend = 1, almost surely we have
P(x €2 ¢&)=Px* 1)=1: (49)

2) Whend = 2, we havea  S? whereS? is a circler = 1 and the probability is the angle between
s; e how much the vectors span within the circle where

R
2 . rd
P Is;ei? R(ld) =0 :2—: (50)
3) Whend 3, the probability equals
1
cap ap
P oisiel p— = Ay AT (51)

R(d) 2Ad 3Ad
whereAg™ (r) is the remaining area of cutting the hyperspherical caps in half of the sphere,

2 @ v=2?

AP (r) = — sin? 2 d
2
5@ n=2Z,
=
2 (d 1)=2 (52)
diTl( cos§+cos )
2 (d 1)=2
=
3-a)lfdiseventhen § = ¢ 11 s0
ot @ 2P P g2 53
% T ood 2 % 112 2d 2 de .

Robbins' bounds (Robbins, 1955) imply that for any positive inteber

4d 1 2d 4d 1
P & 1 ° 4 “PTP g &9
So we have
2A%P (1) 2 ¢ 291 4 2
VLS az o cos
< il : (d 2= cos
2d 2exp 4d19 (55)
Pod
< — COoS
I exp ﬁ
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So the probability will be

o S
1 2d 4 1
Y e .
P bs;ei R@ > 1 p—— exp d 9 coSs: (56)
SupposeR(d) = kd; k > 1, we have
p r
lim p— 2d 4 S (57)
di kd exp 5t k
3-b) Similarly, if d is odd, then 41 = 93 | so
d 1 2d 2 d 32 od 2 d 3 1
2 = 2n — = p— : 58
N LS 8)
If d =3 then 2p _ 1
P tsjei? —— 1 Zp—cos =1 p——: 59
R(A) 2 R@ 59)
If d > 3then Robbins' bounds imply that
P— a1 d 4 1 P —
= 2 d 3 d 3)=2 1
2 —
2 & ~d 2 942 d 2 P @1 (60)
Thus, the probability will be at least
1 d 2 1
P hs;ei? —— >1 p————ex cos: 61
R(d) (d 3) P 4d 11 (61)
To simplify the result, we compare the minimum probability that§dr 3
1 d 2
Al 2
P bs;ei 7R(d) >1 pﬁexp d 11 cos
=1 p————=ex cos
P=ad 3P d 1 o
= nid exp 1 cos o
" 7(d 3)R@J 4 11
>1 p zid 4ex
"R (d) P 2d 9
Overall, we have8d 2 N, ,
8 9
pLl_ 2
P hsei2 —= > minE aarocos R@ 1 220'74 exp B (63)
’ R(d) 2 T T R(d) d 9 37
O

D.1 PROOF TOTHEOREM3.4

Proof. LetA® = (&i);,q 9 Unif( 9 l(p d)). We consider the random ReLU NN function class
to be ( )
1 X .
Frou (A% = f(W;A;x)= =W X ai 1w 2 R;i2[m]
i=1

whereA =[a1;:;am] 2 RY ™. The empirical minimizer of the source domain is

. 1 X

(F(w; A i) yi) = 5 wia (zZi): (64)
Xiyi2S zi2S

Sk

W = min
w2Rd
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Then with the chain rule, the rst derivative of any inputatw will be

@Tf (W;A; x);y) @ f(W;A; x) @ (AX)

ry (F(W;AX)y) =

@fw; A; x) (AX) @
Di(x;y) X .
= —p—— wWia;l a; X 0 (65)
=1
1 .
- ﬁxgin (xd,y)w> YAXx)

where a short notatioD ? (x ; y) denotes the rst order directional derivativefof ; A; x) YAx) 2

R™ 9 s the Jacobian matrix w.r.t. input Apparently, the second order derivative is represented as
D2(x;y), thus the Hessian will be

D2(x;y) X' X0
r2(f (W;A;x);y) = Dty wiwjaia’l ayx 0;a’x O
i=1 j=1 (66)

2(y -
- D) AAX)> WW> YAX)

d
Similarly, we have

ry(F(W;A X)) = DJ(x;y) (sgn(y))?  DF(x:y) (67)

wheresgn(y) is the sign function. holds under our choice of the family of loss functions.

1. Homogeneity in regression, i.e. L1, MSE, MAE, Huber Loss, we I'jﬁ)é{x;y)j =
iDF (< Y)i;

2. (Binary) Cross-Entropy Loss:
I

X x
Di(x;y)= @ y expx)= exp(xc) =@F=0;

i c=1

3. Negative Log Likelihood (NLL) IossDﬁ(x ;y)=0.

Besides, as a convex loss functi@¥(x;y) 0. Hence, the range @7 (x; y) will be [0; DZ(x; y)].

To combine with robustness, we denate (x;y);2 R . Therefore, the Hessian afwill be

2 2+ A v ) @ (f (WA X))
H(zjS;A) := a' X@((]: ((\?AAX));)){) ) @y.@. R (68)
— e ryCEMIAX)Y)
With Lemma D.4, the spectral norm of Hessiawill be bounded by

kH(z)k  r I (F(MsAX)y) + 1 3 (F(W5A X)) - (69)
The rsttermin (69) can be further bounded by
D7 (x;y) YAX)”wWw> YAx) | D7(x;y)j ww>  YAx) (Ax)>

= DE(x;y)kwk®  YAx) YAx)” (70)
where the convexity of loss functiosx ; y; sz(x ;y)  Osupports the last equation. The right term
has the facts that

k AAX) qAX)"k k YAx) YAX) ke =tr  YAx) YAx)” : (71)
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In summary, we have the following inequality:

kH(z)k D2(x;y) %kaz %Ax) Y(Ax)” +1

D2(x;y) Lkt AAx) YAx)” +1

d 72
0 1 (72)
1 x »
= D2(x;y) @akWKZ kayk’l a’x 0 +1A
j=1
In Lemma D.2, it depends on sorme= ( Xi;Yy;) 2 S\ C; that
(1 )2 .
(S;A)  max (L) kH (zi (A))k + 4iL)
i2[k] 2L2 3
0 0 1 1
(L2 @2y oy @WKk o AL 4i)p
By 2 DT @R ekt a0 e T g
0 1
max (L)? sz(xk?)’k) 2)(n 2 > 4 max (L)
oz @ kK kKl aixc 0+ Tt e A

i=1

- K — ~0Qf- . 2 P m 2 > —
where max (L) =maxf i(L)g%,,thee = OCNf; xi;ykwk? L) kajk“l aixx 0 d=m)
is a smaller order term compared to rst term, simee d. Last equality, the maximum can be

taken as we nd maximunix,;yx) 2 € 2 f G Oi2[k |- Becausexy;yx 2 S is one of the training
samplek 2 [n], there must exist®2 [0; n] that

X 2
Df(xi;yk)kwk®  kajk“l a’xy O
j=1

(74)
,no X DZ(xk;y) X 216>
= kWwk?— —q ka; k“Ifaj xx  Og:
N =1 j=1
Recall that the sharpness of parameteis de ned by
(W;S; A) := kwk?tr[Hs:a (W)]
1 X
= kwk®=  DP(xj3y) tr (Ax)) (Ax;)”
Mo (75)
X D2(xi:y ) X
= ka2% w (@’ x;))? ayx; 0 :

j=1 i=1

Letthe ; = a7 x D( ) and the expectation &( ; > 0) = g whereD ( ) is some rotationally
invariant distribution, i.e. uniform or normal distribution. Under this circumstance, the sample mean
of ; still obeys the same family distribution 85t ). Thus, we have
0 1 0 1
X X X Xi
P@ il f i Og ka,— k2| f i OgA P@ i ka,— kZA
j=1 j=1 j=1 j=1 (76)

= P((a” x)? k ak?®) = Exp(x)

With Lemma D.5, we have at least a probability at
( ) P o2 )
P((a>x)?2 k ak)=min ZarccosR(d) z ;1 p——e@ 3 (77)
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the following inequality holds,

2
(S: A) 7”"‘;_(2") n® (W;S;A)+ 4 max (L) mz‘(l‘)+ﬂ
78
O N R WiSIA)+ & (L "
= T o2 n m (W;S;A) 3 max (L)
O

D.2 PROOF TOCOROLLARY 3.5

Corollary D.6 (Restatgment of Corollary 3.5} et Wmin be the minimum value g#®j. Sup-
pose8x  Unif(S* 1(" d)) andj@ (f (W;A; x);y)=@%] is bounded b)[lvrl;l\?[gzl Ifm>d,
max (L) < (W2, NF1~(d; m))=(2d) for anyA = (as;=5am);a;  Unif(S? 1 d)8i 2 [m],
taking expectation over ak; 2 Unif(S* (" d)) in S, we have

7 max (L)2
b 6L2
where~(d;m) = Ea min ( i”ll aja; Gj) > 0is the minimum eigenvalue ar@}; is product
constant of Gegenbauer polynomials

Esa [ (S;A)]  Esa n® (W;S;A)+ N, (79)

X pi
Gi = 3, (N2 Q9 (i;aji= d):
t=0

Proof. In our main theorem, with some probability, we have the following relation
max(l-)2 4 max(l-) + d
2L2 3

So, we are concerned about the relation between e S; A) second term. Ifj(L) < (W;S;A),
we may say the RHS is dominated by sharpness t€sn S; A) as well as the main effect is taken
by the sharpness. As suggested in Lemma D.1, we have

(S:A) n® (W;S;A)+

W2 NFi~a(m;d
Eo uns 1PayHX) o ldA( )ld (80)

wherex is the global minimum over the whole set. As de ned in (38), the following condition holds
true

9z, (A) 2 M i;kzi(A) z; (A)k iLL); (81)
and with Hessian Lipschitz, the relation is almost surely for arbitxatiyat
E. (mkH(zi(A)) H(z; (A)k Lkzi(A) z;(A)k (L)
w2, N ~(d; m)I
2d d
(82)

Ea: x %kH (x )k
1
E., (a)3kH (2 (A)K:

Obviously, kH (z; (A))k > 2 ;(L). Following Lemma A.2 of Zhang et al. (2019a), for
z; (A);8z(A) 2 C;, we have a similar result that

~min (H(z(A)))  ~min (H(z; (A)) k H(z(A)) H(z; (A)k (L) (83)
where~n,n denotes the minimum singular value. With Lemma D.2, we know that
i(L)2

(84)

kH (z Ay + 21D

Esa (S;A Es.a max
sa ( ) S'AiZ[K] 2L 2
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We also have another condition that
@ (f (W;A;x);y)

iDF(x:y)j = L 2 [NFy; NI, 8x; y: (85)
Combine all these results, we nally have
, i(L)? 4 _
Esa (S;A)  Esa iry[% oL 2 1+ 3 kH (zi (A))k
! (86)
7 L 2 D2 Xk xn
6L 2 d - J
]:
Recall the de nition of (W;S;A) in the main theorem that
1 X D2(x;:y) X
Esa (WiSIA)  Eqcg kW~ M (a7 x;))% a7x; 0 (87)
j=1 i=1

Look at the second sum, we have

xXn N 5 S xXn

Eix;gnifaigm (@7 Xj)71 a7 x; 0
i=1

Ex, Ea, kaik?kx;k*cog'( )l a’x; O
=1
. (89)
Ex, Ea kaik’kl a7x; 0 dcos( ):
i=1
Suppose anda are i.i.d. from UnifS* (1)), letu = hx;ai, we have a well-known result that
Eu[u?] = E[hx;ai?]
E[kx k?kak? cog( )] (89)

1
E[cog( )] = 3 xaz R
Therefore, in (88),

xXn xXn
Ex,Ea kaik’kl a7x; 0 dcos( )=  Ey Eakajk’kl ajx; 0 (90)
i=1 i=1
and we have (based on proof of main theorem),
Esa (S;A
sa (SIA) .
7 max (L)?2 Zno)@ sz(xj Vi) X 215>
T@ka i T Ex, Ea kajK?Ifa’x;  0g+ N A (1)
i= i=
7 max(l-)2 0 . .
ES;AT n” (W;S;A)+ N
O

E CAsE StuDY

To better illustrate our theorems, we here give two different cases for clearly picturing intuition. The
rst case is the very basic model, ridge regression. As is known to us, ridge regression provides
a straightforward way (by punishing thie norm of the weights) to reduce the "variance" of the
model in order to avoid over tting. In this case, this mechanism is equivalent to reducing the model's
sharpness.

Example E.1. In ridge regression models, the robustness constéuais a reverse relationship to
regularization parameter where ", the more probably atter minimum # and less sensitivity #

of the learned model could be. Follow the previous notation tf&f A) denotes the robustness and

(™ S) is the sharpness on training s8t then we have
>0, c2(0;n]; (S;A) ¢ (7S)+ ey
wheresy is a much smaller order than(”; S).
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E.1 RDGE REGRESSION

We consider a generic response model as stated in Ali et al. (2019).
yi X 52
ridge regression minimization problem is de ned by

i 2, 2. n d. .
min anX yke + 2k ke, X 2 R" % n<d: (92)

The least-square solution of ridge regression is

"= XX +nl YX7y: (93)

With minimizer ", we now focus on its geometry w.nt. LetS = fzg! = (X;y) be the training
set,(Z; ; ) be ameasure space. Consider the bounded samesath that

IM> 0 (Z)<+1: (94)

TheZ can be partitioned int& disjoint setd C;g;»k ;. By de nition, we have robustness de ned
by each partitiorC;,

8z;2°2Ci; "(Nz) (NzZY)  (SiA): (95)
For this convex function(”; z), we have the following upper bound in the whole sample domain

(S)=max_ sup “(Mz) “("z9

i2[K]z:202¢C;
~ /N ~ N
= max su 1z 12 2 G
max, sup (5z2) (5iz; 2Gy) (96)
sup “(Nz) “(Mvz)
ijz\ S

S
where thez; ;z are the global minimum point i€; and whole domaiz = IK Ci, respectively.
z; is a training data point that has the maximum loss difference from the optimum. Speci cally, it as

well as the augmented form fcan be expressed as
z=[xgunxayl s e =10 1752 R
Then the loss difference can be rewritten as
A (@2)=("2)2=("x  y)?) H(~ (2))isP.S.D matrix
It is a convex function with regards tosuch that
(S) Sug‘x (zj) "~ ()

Zj2

=supr e (2) (2 z)* 2z 2 PHCAE N 2)
ZjZS
1 . (97)
= sup é(zj Z)YHCA(z )z z)
ZjZS

sup }kH(‘A (z )kkz; z K?
2,25 2 *

where the second equality is supported by convexity and the third equality is due(fp) = 0.
Further, with Lemma D.4, we have

2 AN @ -, (z ))3

. @y®@
KHC @ Ok= § g o) §
@y 1

+1: (98)
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In (97), we can also bound the norm of the input difference by
kz; z k* kx; x K+(y, y)? (99)

and then for simplicity, assumex k? k x; k? we have

1
(S) sup 5 MEr1l kg x KBH(y vy )?
XjZS

% +1  kxjk*+ kx K+(y; y)?
L (100)
5 kx; k% + kx k% + O(d)
A2 2
sup kx; k= + O(d)

2
where " kx;k? = O(d?) is the dominate term for large. Now, let's look at the relation to
sharpness. By de nition,

(M8) = K'KPtr HAC(™;S) = K K2 tr ¥+ | (101)
Since
> > > xXo
tr an+| =tr XX +tr( | )=tr XX + :% kxjk*+ ;  (102)
i
so we have
N Azlxn 2 N2
(7:8)= k'k" = kxiks+ k'ke: (103)
n ]

j
As is known to us, the "variance" of ridge estimator Ali et al. (2019) can be de ned by
var(, r ™ =tr XTX+nl XTyy>X XTX+nl ‘' : (104)

Note that""> is a PSD with rank"">) = 1, thus it has only one eigenvalu¢™">) = k"k2 > 0.

NN\>

Var( ) =tr = k™ =0( ? (105)

By de nition, the covariance matrig[yy > | is a diagonal matrix with entries of?. Averagely, we

have h . 1i
r "™ = 2 XX +nl X>X X>X +nl
" 2#
2 XX XX
= —1tr + 1
n n n (106)
_ 22X (X x=n)
n . (i(X>X=n)+ )?
N 1
where*—* and X;X + 1 are simultaneously diagonalizable and commutable. Therefore,
the greater is, the smalletr "> is.

Conclusions From our above analysis, we have the following conditions.

» Upper bound of robustnesgS) sup; 2s k"kzkxj k? + O(d):

P

1 k2
xi;ijSkXJk +

« Sharpness expressiof”;S) = k"k? 1
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« Variance expression Var) = k"k?:
1) First, let's discuss how in uences sharpness.

(":8) = K'KPtr HA((™;9))
0 1

X
VX X*Xx +nl 2x>y@l kxjk2+ A (107)
nXi?yJ‘ZS

=0( :

As dictated in above equation, thé¢™;S) = O( 1) where sharpness holds an inverse relationship
to

2) Now, it's trivial to get the relationship between robustness and sharpness by combining the rst
two points. Becausg;;y; 2 S in supermum is one of the training samples there exists a constant
¢ <n andey = 0(d?) such that

><1 N
(S) = k"k%kxjk? + 89
X 108
= k"k?kx;jk? + ¢ k"K? + ©q (108)
j
=c¢ (™;S)+ 8y
This relation is consistent with Theorem 3.4 where the robustness is upper bound®trbgs

sharpness(”; S). Besides, the relation is simpler here, where robustness only depends on sharpness
without other coef cients before(”; S).

3) Finally, the relation between and robustness will be

P
xn 2 xd . > Y= -nkX'k2
5) 7 var( )k Kk +eg= S (X7X=n) R
" Pn izn (i(XZX=n)+ ) n
2 xd (X X=n) id [ (X> X=n) (109)
= — + 9y
N (i X=n)+ )? n
=0( ?):

where the (S) somehow is the order @( 2) in the limit of . It's clear to us that the greateris,
the less sensitive (more robust) model we can get. In practical, we show that "over-robust" may hurt
the model's performance (we show the detail empirically in Figure 7).

E.2 241 AYER DIAGONAL LINEAR NETWORK CLASSIFICATION

However, our main theorem assumes the loss function satisfying Polyak- ojasiewicz (P ) condition.
To extend our result to a more general case, here we study a 2-layer diagonal linear network
classi cation problem whose loss is exponential-based and not satis ed the P condition.

Example E.2. We consider a classi cation problem using a 2-layer diagonal linear network with
exp-loss. The robustnestS; A) has a similar relationship in Theorem 3.4. Given training Set
afteriterationst>T ,9C, > 0, (S;A) Cosup + ( (1);9).

Given a training se® = (X;y); X =[x1;:5xn]; X 2 RY ", A depth2 diagonal linear networks
with parametersi = [u,;u ]> 2 R?? speci ed by:
f(u;x)=tu2 u?;xi

P
We consider exponential loss wherét) = 1~ " exp( x7 (t)y;) andy; 2f 1;1g. It has the

same tail behavior and thus similar asymptotic properties as the logistic or cross-entropy loss. WLOG,
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we assumeéi 2 [n] :y; = 1 such thai; = y;X;. Suggest by Moroshko et al. (2020), we have

t
(t)=2 2sinh 4X  r(s)ds
0

wherer (t) = Texp( X~ (t)) andkr(t)k; = L(t). Note that
d (t) _ 4P
dt n
whereA(t) = diag 4p 2(t)+4 41 .

2()+4 41 Xexp X~ (t) = AM)Xr(t) (110)

Part i, sharpness.First derivative and Hessian can be obtained by
roL)= (Xr(t)”

_o@xrw)” s (111)
H (L(t) = en ri(O)X X
With the de nition of sharpness, we can get

( (1);S)= k (K> tr(H [L(1)]) |

0 !

=k (t)k2tr ri(t)XiX;

i=1

! (112)

k (t)k2tr ri(X” X,
i=1 |

0 !
k (t)k? ri(tkxik? -

i=1
Part ii, robustness. Now, let's use the same discussion of the robustness constant in the previous
case. Follow the previous de nition of S; A), after some iteration numbg@r it is de ned by

(S;A)= sup jnrj(t) r (1) (113)
i2[nlit T

wherenr; (t) is the (denormalized) point-wise lossxf andr (t) denotes the minimum loss of
pointx . There exists®< n, we have

(S;A) = sup n(kr(t)ky r (t))  supn%r(t)ks: (114)
t T t T
Letkx min K = min ;> n) kXK, the above equation

(S;A) P tsqu(nokr (t)KKX min k?) ,

_n° X 2

= W{squ ~ ri (t)KX min K (115)
0 xXp 2!
X K2 tsqu B ri(tkxiks

Part iii, connection. Compare the last part of (112) and (115), we found that robustness and sharpness
depend on the same term. Further, we can say that for any,steft)k? will have the upper bound.

From Lemma 11 of Moroshko et al. (2020), we have the following inequality,
k (hky 2 2sinh %%t) (116)
2

whereL (t) = exp( ~(t)). Then, we can bound the (t)k? via:

x

C: k ()k?* dk (H)k?¥ =4d *sinh?

573 <1 (117)

NN
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Note thatC; > 0 In summary, we have

0

(S;A) sup ( (1);S) Casup ( (1);S) (118)
kt T t T

_n
Cl kx min

whereC, = > Qis a constant.

_n®
Ci1kXmin k

Part iv, sanity check— asymptotic. Asymptotically, ag ' 1 ,L(t) ! Owhilek (t)k, will be
explode. So if sharpnesg (t);X)!1 ,thenitwill fail to imply robustness.
I

0 !

((iS)=k O rikxik®
i=1 |

k (t)k? Fi (£)KX max K2 (119)
i=1

k (KPL( () KX max K

max ( (1);S)
Let max( (t);X) be a upper bound of( (t); X) at any time step. The dynamics will be

d max( (1);S)
dt

=r  max( (1);S) 1)
=KX max K2 tr( XX ™)k (D)K2LL) + 2L (1) (1) Lt)
=KX max K2 tr(XX ™)k (O)K3(Xr(t)” A@Xr ) +2L(t) (t)” A@)Xr(t)
=KX max K2 tr(XX 7)) 2L(t) (1) k (D)K3(Xr(t))” A(t)Xr(t)

(120)
Ast!1l ,wehave (t)! O, thusitiseasy to converge that

lim d max( (1);S) -

i it K Xmaxk2k (KX (1)” AM)XT(t) = K Xmaxk?k (D)K?L{t)=0

(121)
As we can see, the dynamics of the derivative gfx ( (t); X) is decreasingt@ast ! 1  which
means the sharpnes§ (t); X ) will be upper bounded by a converged numbér(t!1 );X) <
Ci < 1. So sharpness will not explode.

F COMPARISON TO FEATURE ROBUSTNESS

F.1 THEIR RESULTS

De nition F.1 (Feature robustness Petzka et al. Petzka et al. (20R&)) : Y Y ! R, denote
a loss function, and two positive (small) real number§, X Y a nite sample set, and
A2 R™ ™ amatrix. A modeF (x) = ( )(x) with (X) RM™iscalled(( ;S;A); )-feature

robust, if E- (f;S; A ) forall 0 . More generally, for a probability distributiofh on

perturbation matrices iR™, we de ne
h i
E-(f;S;A)= Ean E(fiS;A) |

and call the modeg{( ;S;A); )-feature robust on average overif E- (f;S; A) for 0

Theorem F.2(Theorem 5 Petzka et al. Petzka et al. (2020pnsider a moddi (x; w) = g(w (X))
as above, a loss functionand a sample s&%, and letO,, R™ ™ denote the set of orthogonal
matrices. Let be a positive (small) real number amd = | 2 RY ™ denote parameters at a
local minimum of the empirical risk on a sample Setlf the labels satisfy thag ( A (X)) =
y( (xi)) =y forall (xi;y;) 2 Sand allkAk 1, thenf (x;! )is((;S;O0m); )-feature robust

2
on average oveDy, for = — (!1)+ O 3.
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Proof sketch

1. With assumption thay[ a (xi)] = Vi for all (x;;yi) 2 S and allkAk 1, feature
perturbation around is

E (;S; A )+ Eemp(W;S) = Eemp(W + WA;S)

2. Since Taylor expansion for local minimum = ! will only remains second order term,
thus

2 xd
Eemp (W + WA;S) = Eemp(1;S)+ > (' sA)Hse (5 ()1 A)”

sit=1

3. With basic algebra, one can easily get

h i 2 h .
Ea on B(FSIA) & Ea o, ((sA)Hu(tA) +0 7
s;it=1
2 xd .
= — HS;!tl Tr(HS,t)+ O
2m sit=1
2 3
= 1)+
>m )+ O

F.2 COMPARISON TO OUR RESULTS
We rst summarize the commonalities and differences between their results and ours:

 Both of us consider the robustness of the model. But they de ne the feature robustness while
we study the loss robustness Xu & Mannor (2012) which has been studied for many years.

» They consider a non-standard generalization gap by decomposing it into representativeness
and the expected deviation of the loss around the sample points. But we strive to integrate
sharpness into the general generalization guarantees.

For point 1, their de ned feature robustness trivially depends on the sharpness. Becalswpiness

(the curvature information) is just de ned by the robust perturbation areas around the desired point.
From step 2 in the above proof sketch we can see, the hessian vigréxactly the second expansion

of perturbed expected risk. So we think this de nition provides less information about the optimization
landscape. In contrast, we consider the loss robustness for two reasons: 1) it is easy to get in practice
without nding the orthogonal matrice®,, rst. 2) we highlight its dependence on the data manifold.

For point 2, we try to integrate this optimization property (sharpness) into the standard generalization
frameworks in order to get a clearer interplay. Unlike feature robustness, the robustness de ned by
loss function will be easier analyzed in generalization tools, because it's hard and vague to de ne the
"feature" in general. Besides, our result will also bene t the data-dependent bounds Xu & Mannor
(2012); Kawaguchi et al. (2022).

G EXPERIMENTS AND DETAILS

G.1 RDGE REGRESSION WITH DISTRIBUTIONAL SHIFTING

As we stated before, we followed the Duchi & Namkoong (2021) to investigate the ridge regression
on distributional shift. We randomly generate2 RY in spherical space, and data from

X '"N (01 y=X (122)

To simulate distributional shift, we randomly generate a perpendicular unit vegtty ,. Let
o1 o be the basis vectors, then shifted ground-truth will be computed from the basis by

o cos( )+ ¢ sin( ). For the source domain, we usgas our training distribution. We randomly
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sample 50 data points and train a linear classi er with a gradient descent of 3000 iterations. Starting
from =0, we gradually increase theto generate different distributional shifts.

From the left panel in Figure 7 we can see that a larger penalty suffers from lower loss increasing
when ranges fron0 to 2. Since we consider a cycling shift of label spat8) corresponds to the
maximum shift thus leading to the highest loss increase. According to our analysis of ridge regression,
larger means a atter minimum and more robustness, resulting in a better OOD generalization.
This experiment veri es our theoretical analysis. However, it is important to note that too large a
coef cient of ", regularization will hurt the performance. As shown in Figure 7 (right panel), the
curse of under tting (indicated by brown colors) appears when 4.

Figure 7: OOD test losses are increasing along distributional shifting. The X-axis is the shifting
angle and the Y-axis is the test loss of the model which is trained on distributier0. Left: The

larger regularization causes a lower increase in test loss (Darker purple lines have lower test losses).
Right: Too large , penalty coef cient brings poor tting and thus fails to generalize on both ID

and OOD datasets (orange lines). Best viewed in colors.

G.2 ADDITIONAL RESULTS ON SHARPNESS

Here we show more experimental results on RotatedMNIST which is a rotation of MNIST handwritten
digit dataset with different angles ranging fr@m 15 ;30 ;45 ;60 ;75 (6 domains/distributions).

For each environment, we select a domain as a test domain and train the model on all other domains.
Then OOD generalization test accuracy will be reported on the test domain. In our experiments, we
run each algorithm witd 2 different seeds, thus gettirig trained models of different minima. Then

we compute the sharpness (see Algorithm 1) for all these models and then plot them in Figure 8. For
algorithms, we choose Empirical Risk Minimization (ERM), and Stochastic Weight Averaging (SWA)
as the plain OOD generalization algorithm which is shown in the rst column. In robust optimization
algorithms, we choose Group Distributional Robust Optimization Sagawa et al. (2019). We also
choose CORALSun & Saenko (2016) as a multi-source domain generalization algorithm. Among
these different types of out-of-domain generalization algorithms, we can conclude that sharpness will
affect the test accuracy on the OOD dataset.

Experimental con gurations are listed in Table 1. For each model, we ruB@@8iterations and
choose the last model as the test model. To ease the computational burden, we ch8dagethe
MLP to compute the sharpness.

Algorithms  Optimizer Ir WD batchsize MLPsize eta MMD

ERM(SWA) Adam  0.001 0O 64 265*3 - -
DRO Adam 0001 O 64 265*3  0.01 -
CORAL Adam  0.001 0 64 265*3 - 1

Table 1: Hyperparameters we use for different DG algorithms in the experiments.

From Figure 8 we can see, the sharpness has an inverse relationship with the out-of-domain general-
ization performance for every model in each individual environment. To make it clear, we plot similar
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tasks from environment 1 to 4 as the last row. Thus, we can see a clearer tendency in all algorithms.
It verified our Theorem 3.1. Note that all algorithms have different feature scales. One may need to
normalize the results of different algorithms when plotting them together.

Algorithm 1 Pseudocode of model sharpness computation

Require: feature layer f(x), training loss ¢

Ensure: Sharpness S
Get Jacobian matrix w.r.t. feature layer J = r£4(f(x),y)
for cach gradient vector Ji inJ' do

Compute Hessian w.r.t. element i, j of f(x) by @%J(ix)

end for
We store Hessian in the variable H
Initialize sharpness S = 0
for i in feature layer.shape[0] do
for j in feature layer.shape[0] do
Retrieve the hessian value of 7, j element via h ~ HI[:, j,1, ]
Sharpness sij  Trace(h) fij(x)?
S=5+ Sij
end for
end for

G.3 COMPARE OUR ROBUST BOUND TO OTHER OOD GENERALIZATION BOUNDS

G.3.1 COMPUTATION OF OUR BOUNDS

First, we follow Kawaguchi et al. (2022) to compute the K in an inverse image of the ¢ covering
in a randomly projected space. The main idea is to partition input space in a projected space with
transformation matrix A. The specific steps will be (1) To generate a random matrix A, we i.i.d.
sample each entry from the Uniform Distribution U(0,1). (2) Eig;h row of the random matrix
A 2 R®*9 j5 then normalized so that Az 2 [0,1]3, i.e. Aij = Aij/ ;-jzl Aij (3) After generating a

random matrix A, we use the e-covering of the space of u = Az to define the pre-partition FC;gi ;.

G.3.2 COMPUTATION OF PAC-BAYES BOUND

We follow the definition to compute expected dis in Germain et al. (2013) where

Definition G.1. Let H be a hypothesis class. For any marginal distributions Ds and Dt over X, any
distribution p on H, the domain disagreement dis (Ds, D7) between Dg and D+ is defined by,

dis (Ds, D7) & E L [Ro, (1) Rog (h.h")] .

Since the dis (Ds, D7) is defined as the expected distance, we can compute its empirical version
according to their theoretical upper bound as follows.

Proposition G.2 (Germain et al. Germain et al. (2013) Theorem 3). For any distributions Ds and
D+ over X, any set of hypothesis H, any prior distribution 7 over H, any ¢ 2 (0, 1], and any real
number o > 0, with a probability at least 1~ § over the choice of S T (Ds D)™, for every
pon H, we have

h
_ 20 dis (5,T)+ ZLCINE 4 g0
dis (Ds, Dr) 1 o2

. With dis (S, T’), we can then compute the final generalization bound by the following inequality

8p0n H,RPT (G) RPT GT RPS (G)
+dis (Ds,Dr)+Rp, G ,G _ +Rp, G ,G .
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Out-of-Domain Generalization Accuracy

Figure 8: Domain generalization test accuracy on RotatedMNIST. From top to the bottom: environ-
ment 0, 1, 2, 3, 4, 5 with angles: [0°,15°,30°,45°,60°, 75°] and a plot together. Each column shows
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Sharpness

38




Published as a conference paper at ICLR 2024

with pr = argmin Rp. (G) is the best target posterior, and Rp G ,G _ =
En~ Eno~ TRD (h,h).

Note that we ignore the expected errors over the best hypothesis by assuming the Rp G ,G . = 0.
We apply the same operation in E* of Proposition C.6 as well.

G.3.3 COMPARISONS

In this section, we add some additional experiments on comparing to other baselines, i.e. PAC-Bayes
bounds Germain et al. (2013). As shown in the first row of Figure 9, our robust framework has a
smaller distribution distance in the bound compared to the two baselines when increasing the model
size. In the second row, we have similar results in final generalization bounds. From the third and
fourth rows we can see, our bound is tighter than baselines when suffering distributional shifts.
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