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ABSTRACT

Binary classification involves predicting the label of an instance based on whether
the model score for the positive class exceeds a threshold chosen as per application
needs (e.g., maximizing recall at a precision bound). However, model scores are
often not aligned with the true conditional probability of the positive class. This is
especially true when the training involves differential sampling across classes or
there is distributional drift between train and test settings. In this paper, we pro-
vide theoretical analysis and empirical evidence of the dependence of model score
estimation bias on both uncertainty and score. Further, we formulate the decision
boundary selection in terms of both model score and uncertainty, prove that it is
NP-hard, and present algorithms based on dynamic programming and isotonic re-
gression. Evaluation of the proposed algorithms on three real-world datasets yield
25%-40% gain in recall at high precision bounds over the traditional approach of
using model score alone, highlighting the benefits of leveraging uncertainty.

1 INTRODUCTION

Many real-world applications such as fraud detection and medical diagnosis can be framed as bi-
nary classification problems, with the positive class instances corresponding to fraudulent cases and
disease prevalence, respectively. When the predicted labels from the classification models are used
to drive strict actions, e.g., blocking fraudulent orders and risky treatments, it is critical to minimize
the impact of erroneous predictions. This warrants careful selection of the class decision boundary
using the model output while managing the precision-recall trade-off as per application needs.

Typically, one learns a classification model from a training dataset. The class posterior distribution
from the model is then used to obtain the precision-recall (PR) curve on a hold-out dataset with
distribution similar to the deployment setting. Depending on the application need, e.g., maximiz-
ing recall subject to a precision bound, a suitable operating point on the PR curve is identified to
construct the decision boundary. The calibration on the hold-out set is especially important for ap-
plications with severe class imbalance, since it is a common practice to downsample the majorit
class during model training. This approach of downsampling followed by calibration on hold-out set
is known to both improve model accuracy and reduce computational effort (Arjovsky et al.,2022).

A key limitation of the above widely used approach is that the decision boundary is based solely
on the classification model score and does not account for the prediction uncertainty, which has
been the subject of active research (Zhou et al.| [2022; [Sensoy et al., [2018). A natural question
that emerges is whether two regions with similar scores but different uncertainty estimates should be
treated identically when constructing the decision boundary. Recent work points to potential bene-
fits of combining model score with estimates of uncertainty (Kendall & Gall [2017) for specialized
settings (Dolezal et al.,|2022) or via heuristic approaches (Pocevivciite et al.,[2022)). However, there
does not exist an in-depth analysis on why incorporating uncertainty leads to better classification,
and how it can be adapted to any generic model in a post-hoc setting.

In this paper, we focus on binary classification with emphasis on the case where class imbal-
ance requires differential sampling during training. For brevity, we refer to the conditional prob-

"Without loss of generality, we assume that the downsampling is performed on the -ve class (label=0) and
the model score refers to +ve class (label=1) probability.
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ability of the positive class as theositivity rate Cognizant of the differences between the un-
derlying distribution, train, and test sets, we refer to the corresponding positive class probabil-
ities astrue, train and test positivityespectively. We investigate four questionrRQ1: Does

model score estimation bias (deviation from test positivity) depend on uncertaiRi@?2: If

so, how can we construct an optimal 2D decision boundary using both model score and un-
certainty and what is their relative ef cacyRQ3: Under what settings of undersampling of
negative class and precision range do we gain the most in recall from incorporating uncer-
tainty? RQ4: Do uncertainty estimates also aid in better calibration of class probabilities?

Intuitively, choosing the decision boundary based
on test positivity rate is likely to yield the best per-
formance. However, the test positivity rate is not
available beforehand and tends to differ from the
model score as shown in Fig] 1(a). Our exami-
nation of RQ1 indicates that the score estimation
bias, i.e., difference between test positivity rate
and the model score often varies with uncertainty
@ (b) in a syster_nic fa_shion. Spe_ci cally,_for arepresen-
tative setting with Beta priors, using Bayes rule,
Figure 1: (a) Test positivity rate vs. model scorewe observe that for input regions with a certain
for different uncertainty levels oi€riteo  with empirical train positivity rate, the “true positivity”
33%undersampling of negatives during training. (0ang hence test positivity rate) is shifted towards

Heatmap of test pgsitivity fé)rdiffﬁrzrzt sg)org %ndbu e global prior, with the shift being stronger for
certainty ranges. Proposed method(red) yields betier. : . X .
recall over vanilla score-based threshold (yellow). %glons with low evidence. While Bayesian mod-

els try to adjust for this effect by combining the
evidence, i.e., the observed train positivity with “model priors”, there is still a signi cant bias when
there is a mismatch between the model priors and true prior in regions of weak evidence (high un-
certainty). Differential sampling across classes during training further contributes to this bias. This
nding that the same model score can map to different test positivity rates based on uncertainty lev-
els indicates that the decision boundary chosen using score alone is likely to be suboptimal relative
to the one optimized using uncertainty and model score.[Fig. 1(b) depicts maximum recall bound-
aries for a speci ed precision bound using score alone (yellow) and with both score and uncertainty
estimates (red) validating this observation, which motivates the subsequent qUBSIPHRQA.

Contributions. Below we summarize our contributions on leveraging the relationship between score
estimation bias and uncertainty to improve classi er performance.

1. To motivate the need for incorporating uncertainty into decision making, we consider a repre-
sentative Bayesian setting with Beta priors and Posterior Network (Charpentiel et al., 2020) as an
exemplary uncertainty estimation method, and demonstrate that the test positivity rate depends on
both score and uncertainty, and monotonically increases with score for a xed uncertainty. There is
also a dependence on the downsampling rate in case of differential sampling during training

2. We introduce the 2D decision boundary optimization problem in terms of maximizing recall for

a target precision (or vice versa) using both uncertainty and model score. Keeping in view com-
putational ef ciency, we partition the model scoreuncertainty space into bins, demonstrate that

the 2D decision boundary optimization problem is connected to bin-packing, and prove that it is
NP-hard (for variable bin sizes) via reduction from the subset-sum prolilem (Capraia et &l., 2000).
This formulation is independent of the choice of modeling and uncertainty estimation method.

3. We present multiple algorithms for solving the 2D binned decision boundary problem de ned over
score and uncertainty derived from any blackbox classi cation model. We propose an equi-weight
bin construction by considering uncertainty quantiles that are further split into score quantiles. For
this case, we present a polynomial time DP algorithm with optimality guarantees. Additionally, we
propose a greedy algorithm that rst performs isotonic regression (S$tout| 2013) independently for
each uncertainty level, and selects a global threshold on calibrated probabilities.

4. We present results on three real-world datasets to demonstrate that our proposed 2D decision
boundary algorithms yield 25%-40% gain in recall@precision over vanilla score-thresholding.

2 RELATED WORK

Uncertainty Modeling. Existing approaches for estimating uncertainty can be broadly categorized
as Bayesian methods (Xu & Akella, 2008; Blundell et [al., 2015b; Kendall & Gal, 2017), Monte
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Carlo methods (Gal & Ghahramani, 2016) and ensembles (Lakshminarayanan et al., 2017). Dropout
and ensemble methods estimate uncertainty by sampling probability predictions from different sub-
models during inference, and are compute intensive. Recently, Charpentier et al. (2020) proposed
Posterior Network to directly learn the posterior distribution over predicted probabilities, enabling
fast uncertainty estimation for input samples in a single forward pass and providing an analytical
framework for estimating both aleatoric and epistemic uncertainty, which makes it amenable for our
analysis of score estimation bias. While Bengs et al. (2022) provides a detailed discussion on Pos-
terior Networks highlighting the gaps in using learning with uncertain cross-entropy loss function
to accurately estimate epistemic uncertainty, this aspect is orthogonal to our results since we only
employ Posterior Network as an exemplar of uncertainty estimation.

Uncertainty-based Decision Making. (Blundell et al., 2015a) use uncertainty along with model
score to drive explore-exploit style online-learning, but leveraging uncertainty to improve precision
and recall has not been rigorously explored in the literature. Approaches in the digital pathology
domain either use heuristics to de ne a 2D decision boundary using model score and estimated un-
certainty (Pocevivdite et al., 2022), or use static uncertainty thresholds to withhold predictions for
low-con dence samples from the test dataset, to boost model accuracy (Dolezal et al., 2022; Zhou
et al., 2022). Troffaes (2007) and Denceux (2019) focus on decision-making using a risk-adjusted
utility function that incorporates uncertainty modeled via belief functions and is determined by ax-
iomatic criteria such as minmax and Hurwicz criterion without any data-based calibration.

Model Score Recalibration. These methods transform the model score into a well-calibrated prob-
ability using empirical observations on a hold-out set. Earlier approaches include histogram bin-
ning (Zadrozny & Elkan, 2001), isotonic regression (Stout, 2013), and temperature scaling (Guo
et al., 2017), all of which consider the model score alone during recalibration. Uncertainty Tool-
box (Chung et al., 2021) implements recalibration methods taking into account both uncertainty and
model score but is currently limited to regression. In our work, we propose an algorithm (MIST 3)
that rst performs 1D-isotonic regression on samples within an uncertainty level to calibrate prob-
abilities and then selects a global threshold. In addition to achieving a superior decision boundary,
this results in lower calibration error compared to using score alone.

3 RELATIONSHIP BETWEENSCOREESTIMATION BIAS AND UNCERTAINTY

To demonstrate the dependence of score estimation bias on uncertainty, we consider a representative
data generation scenario and a common uncertainty modeling method Posterior Network

Notation. Let x denote an input point anglthe corresponding target label that takes values from
the set of class labels = f 0; 1g with ¢ denoting the index over the labels. See Appendix I. We use

P () to denote probability anfi]i® to denote an index iterating over integers ib;  ;ubg.

3.1 Background: Posterior Network Posterior Network (Charpentier et al., 2020) estimates a
closed-form posterior distribution over predicted class probabilities for any new input sample via
density estimation as described in Appendix D. For binary classi cation, the posterior distribution
atx is a Beta distribution with parameters estimated by combining the model prior with pseudo-
counts generated based on the learned normalized densities and observed class counts. Denoting the
model prior and observed counts for the clagsC by £ andN¢, the posterior distribution of pre-
dicted class probabilities atis given byg(x) = Beta 1(x); o(x)) where ((x)= £+ <(x)
and (x) = N¢P(z(x)jc; ); 8c 2 C. Here,z(x) is the penultimate layer representatiorxond

denotes parameters of a normalizing ow. Model sc8f#%! (x) for positive class is given by

1P+ l(X) — 1(X)
wcl &+ c(X)] 1(X)+ o(x)’

Uncertaintyu(x) for x is given by differential entropy of distributiod (q()b))3. Sinceq(x) is Beta
distribution, for same score,(i.e.3(x)/ o(x)), uncertainty is higher when . (x) is lower.

Smodel (X) - p

)

3.2 Analysis of Score Estimation Bias For an input poinix, let S™¢ (x); S"n (x); S®st (x);
andS™o%! (x) denote the true positivity, empirical positivity in the train and test sets, and the model

2Theorem 3.1(a) connecting train, true, and test positilgity is independent of the uncertainty modeling.
SH(g(x))=log B( o; 1) ( o+ 1 2) ( o+ 1) oc( ¢ 1) ( ¢)where ()isthedigamma
function andB( ; ) is the Beta function.
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score respectively. Assuming the train and test sets are drawn from the same underlying distribution
with possible differential sampling across the classes, these variables are dependent on each other
as shown in Fig. 2. We consider the following generation mechanism (Appendix E) where the true
positivity rate is sampled from a global beta prior, ig"¥¢ (x) Beta( {; ). The labels/(x)
in the test set are generated from Bernoulli distribution center&44t(x). In the case of training
set, we assume that the negative class is sampled at retenpared to positive class. Note that

> lindicates undersampling, anck 1 indicates oversampling of the negative class. We de ne

P P
(x) = ﬁ i.e., the ratio of combined priors to the combined likelihood evidence.

Using Bayes' rule, one can estimate the expected true
and test positivity rates conditioned on train positivity
in terms of available evidence. For Posterior Networks,
one could further use the relationship between the train
positivity rate and the model score to obtain the expected
score estimation bias. For ease of presentation, we show
the result for = 1 in Theorem 3.1 below with the gen-
eral case (Theorem E.4) and proof details in Appendix E.

Theorem 3.1. For data generated as per Fig. 2 but no

differential sampling ( = 1), the below results hold: Figure 2: Dependencies among various
(a) The expected test and true positivity rate condition@dsitivity rates and the model score.

on the train positivity are equal and given by

st )+ (X)),
1+ (x)

E[Strue (X)jstrain (X)] — E[Stest (X)jstl’ain (X)] =

T T
where = —1— isthe positive global prior, and(x) = —1 o __jsits ratio to evidence.
17 0 1(X)+ o(x)

(b) For Posterior Networks, test and true positivity rate conditioned on model B! (x) can
be obtained usin@"@" (x) = SmModel (x) (I SModel (x)) (x). Hence, the estimation bias,

e di itivity is giveSBe A D! ) ().
i.e., difference between model score and test positivity is glvé?—HayW, where
I = 5’;3 and = Ei; = i;: 2; is the ratio of global and model priors.

P P
Relationship ofP(x) and u(x): Note that _ c(x) = [ . Pl + ﬁ). For
a xed score, _ ¢(x) varies inversely with uncertaintyu(x) = H(q(x)), mak-
ing the latter positively correlated with (x). Further details in Appendix E.2.

No differential sampling ( = 1). Since the
model scores are estimated by combining the
model priors and the evidenc&M% (x) =
s(x) differs from the train positivity rate in the
direction of the model prior ratib. On the other
hand, expected true and test positivity rate dif-
fer from train positivity rate in the direction of
true class prior ratio. When the model prior
matches true class prior both on positive class ra-
(@) (b) tio and magnitudeie;; =1; =1, thereis
Figure 3:Test positivity vs. model score curves fol'0 estimation bias. In practlce,_model priors are
(a) few choices of (x) with ! = 0:5; = 3, and qften _cho_sen to havellow magnitude and estima-
(b) few values of with! = 0:5and medium uncer- tion bias is primarily in uenced by global prior
tainty using data simulation as per Fig. 2. ratio with overestimation (i.e., expected test pos-
itivity < model score) in the higher score range
( < s (x)) and the opposite is true whén > s (x)). The extent of bias depends on relative
strengths of priors w.r.t evidence denoted k), which is correlated with uncertainty. For this
case, the expected test positivity is linear and monotonically increasing in model score. The trend
with respect to uncertainty depends on sigrisgik )( 1)+ ! ).

General case (> 1, Theorem E.4) Here, the expected behavior is affected not only by the inter-
play of the model prior, true class prior and evidence as in case=ofL, but also the differential
sampling. While the rst aspect is similar to the case= 1, the second aspect results in overes-
timation across the entire score range with the extent of bias increasing wiig. 3(a) shows
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the expected positivity rate for a few different choices ¢f) and a xed choice of = 0:5 and
=10 while Fig. 3(b) shows the variation with different choices ofWe validate this behavior by
comparison with empirical observations in Sec. 6.

The primary takeaway from Theorems 3.1 and E.4 is that the score estimation bias depends on both
score and uncertainty for common scenarios. For a given model score, different samples can corre-
spond to different true positivity rates based on uncertainty level, opening an opportunity to improve
the quality of the decision boundary by considering both score and uncertainty. However, a direct
adjustment of model score based on Theorems 3.1 and E.4 is not feasible or effective since the actual
prior and precise nature of distributional difference between test and train settings might not follow
Fig. 2 or even be known (see Appendix H). Further, even when there is information on differential
sampling rate used in training, class-conditional densities learned from sampled distributions tend
to be different from original distribution especially over sparse regions.

4 2-D DECISION BOUNDARY PROBLEM

Given an input spac¥ and binary label€, binary classi cation typically involves nding a map-
ping , : X ! C that optimizes application-speci c performance. Fig. 4 depicts a typical super-
vised learning setting where labeled training dBta;, , created via differential sampling along
classes, is used to learn a model. A hold-out labele®gg§ , disjoint from training and similar in
distribution to deployment setting is used to construct a labeling functidmased on model output.

Traditionally, we use the labeling function
b (X) = 1[s(x) b] with boundaryb =

[b] de ned in terms of a score threshold opti-
mized based on the hold-out 48,4 . When
the model outputs both score and uncertainty
(s(x);u(x)), we have a 2D space to be par-
titioned into positive and negative regions. In
Sec. 3, we observed that the true positivity rate
is monotonic with respect to score for a xed
uncertainty. Hence, we consider a boundary of
the form p(x) = 1[s(x)  b(u(x))], where

. . — ) o b(u) is the score threshold for uncertainty
Figure 4:Binary classi cation with model training fol-

lowed by decision boundary selection on hold-out setTo ensure tractability of decision boundary se-
lection, a natural approach is to either linbit

to a speci c parametric family or discretize the uncertainty levels. We prefer the latter option as it

allows generalization to multiple uncertainty estimation methods. Speci cally, we partition the 2D

score-uncertainty space into bins forming a grid such that the binning preserves the ordering over

the space. (i.e., lower values go to lower level bins). This binning could be via independent splitting

on both dimensions, or by partitioning on one dimension followed by a nested splitting on the other.

Let S andU denote the possible range of score and un-
certainty values, respectively. AssumikgandL de- argmax recall( )
note the desired number of uncertainty and score bing,s ¢ precision ( 5) :0 bli] L

)

let :U S7'f 1, ;Kg f 1 ;Lgdenotea
partitioning such that any score-uncertainty fairs)

is mapped to a unique bifi;j) = ( Y(u); S(s)) intheK L grid. We capture relevant infor-
mation from the hold-out setviatw$ L matriceqp(i;j )] and[n(i;] )] wherep(i;j ) andn(i;j )

denote the positive and the total number of samples in the hold-out set mapped to(ihg)dmthe

grid. Using this grid representation, we now de ne the 2D Binned Decision Boundary problem. For
concreteness, we focus on maximizing recall subject to a precision bound though our results can be
generalized to other settings where the optimal operating point can be derived from the PR curve.

2D Binned Decision Boundary Problem (2D-BDB):Given aK L grid of bins with positive
sample countfp(i;j )]k L and total sample counfa(i;j )]k L corresponding to the hold-out set
Dhoa and a desired precision bound nd the optimal boundanb = [I(i)]K,; that maximizes
recall subject to the precision bound as shown in Eqn. 2. Heeell( ) andprecision( )
denote the recall and precision of the labeling functigtx) = 1[ S(s(x)) > b( Y(u(x)))] with
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respect to true labels iDnog. While Dpog is used to determine the optimal boundary, actual
ef cacy is determined by performance on unseen test data.

Connection to Knapsack Problem.Note that the 2D decision boundary problem has similarities to

the knapsack problem in the sense that given a set of items (i.e., bins), we are interested in choosing
a subset that maximizes a certain “pro t” aspect while adhering to a bound on a speci ¢ “cost”
aspect. However, there are two key differences - 1) the knapsack problem has notions of cost and
pro t, while in our case we have precision and recall. On the other hand, our cost aspect is the false
discovery rate (i.e., 1- precision) which is not additive, and the change in precision due to selection
of a bin depends on previously selected bins, and 2) our problem setting has more structure since
bins are arranged in a 2D-space with constraints on how these are selected.

5 2-D DECISION BOUNDARY ALGORITHMS

We provide results of computational complexity of 2D-BDB problem along with various solutions.

5.1 NP-hardness Resulitlt turns out the problem of computing optimal decision boundary over a
2D grid of bins (2D-BDB) is intractable for general case where bins have different sizes. We use a
reduction from NP-hard subset-sum problem (Garey & Johnson, 1990) for the proof (Appendix F).

Theorem 5.1. The problem of computing an optimal 2D-binned decision boundary is NP-hard.

5.2 Equi-weight Binning CaseA primary rea- : : PP .
son for the intractability of 2D-BDB probIemg‘ﬂlgﬁir_l-trmrpesrl]ol(?Spﬂzmvs_lDEﬂAu-;-]Welght DP-based

is that one cannot ascertain the relative “goo — — —
ness” (i.e., recall subject to precision boundjiPut: Equi-sizedk L grid with positive sample
of a pair of bins based on their positivity rates ¢OUNSsIP(i-j )]k 1. total countN, precision level

alone. For instance, it is possible that a bdﬂjtput: maximum (unnormalized) recdR and corre-

A with Iow_er pos_itivit_y rate mi_g_h_t be prefer- sponding optimal boundatty for precision
able to a bin B with higher positivity rate since j/ nitialization
;obimi% = L

the choice would be based on the overall posi-R(i;m) = 1
tivity accounting for the current selected bins. g[ij& : [i95 : [m]k*-

Speci cally, for current selection, bin A, bin // Pre-computation of cumulative sums of positives
B with total samples and positives given by (i 0) =0 lil%

(N;P); (na;pa) and(ng;pg), we couldhave ~ (ij)= " foy . PG O (105 T

pa=na >pg=ng and(P + pg)=(N + ng) > // Base Case: First Uncertainty Level
(P+pa)=(N +np)forns 6 ng). Toaddress R(1;m)= (1;m);b(1;m;1)=L m; [m]g
this, we propose a binning policy that preserves// Decomposition: Higher Uncertainty Levels

the partial ordering along score and uncertaintyfor i =2 toK do
yielding equal-sized bins. We design an opti- for m =0 toiL do

mal algorithm for this special case using the I= %rgjmf‘* (G))+ RE - Lm )]

fact that a bin with higher positivity is prefer- R(@;m)= (ij )+ R({i Lm j)

able among two bins of the same size. bim; )= bi Lm | )
b(i;m;i)=1L ]

Binning strategy: To construct an equi-weight end for

K L grid, we rst partition the samples in  gnq for

Dhoi into K quantiles along the uncertainty /; Maximum Recall for Precision
dimension and then split each of these ihto m = argmax [R(K;m )]
guantiles along the score. The bin indexed by 0 m KLst XK R(km)

(i;j ) contains samples front" global uncer- R = R(K;m );b = bK;m ;)

tainty quantile and th¢™ score quantile local return (R ;b )

to i uncertainty quantile. This mapping pre-
serves the partial ordering that for any score level, the uncertainty bin indices are monotonic with
respect to its actual values. Note that while this yields equal-sized biDg &, using same bound-

aries on the similarly distributed test set will only yield approximately equal bins.

Dynamic Programming (DP) Algorithm: For equi-weight binning, we propose a DP algorithm
(Algorithm 1) for the 2D-BDB problem that identi es a maximum recall decision boundary for a
given precision bound by constructing possible boundaries over increasing uncertainty levels. For
1 i K;0 m KL,letR(i;m) denote the maximum true positives for any boundary over
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the sub-grid with uncertainty levels up to th& uncertainty level such that the boundary has exactly
m bins in its positive region. Further, 1&i; m; :) denote the optimal boundary that achieves this
maximum withb(i; m;i 9 denoting the boundary position for the uncertainty lefel i). Since
bins are equi-sized, for a xed positive bin count, the set with most positives yields the highest
precision and recall. For the base case 1, a feasible solution exists only f@ m L
and corresponds to picking exactly bins, i.e., score threshold indé¥l; m;1) = L m. For
i > 1, we can decompose the estimation of maximum recall as followsj betthe number of
positive region bins from thg" uncertainty level. Then the budget available for the logier 1)
uncertainty levels is exactip  j. Hence, we haveR(i;m) = 0maxL[ (i;))+ R Lm ),

i

where (i;j) = P jLozL j+1 P(i3] 9), i.e., the count of positives in thehighest score bins. The
optimal boundary(i; m; :) is obtained by setting(i;m;i)= L j and the remaining thresholds
tothatofb(i 1;m | ;:) wherej isthe optimal choice df in the above recursion. Performing
this computation progressively for all uncertainty levels and positive bin budgets yields maximum
recall over the entire grid for each choice of bin budget. This is equivalent to obtaining the entire
PR curve and permits choosing the optimal solution for a given precision bound. FEKnm ),

we can choose the largastthat meets the desired input precision bound to achieve optimal recall.
The overall computation time complexity@(K ?L?2). More details in Appendix G.

5.3 Other Algorithms Even though the 2D-BDB problem with variable sized bins is NP-hard,

it permits an optimal pseudo-polynomial time DP solution similar to the one presented above.
VARIABLE-WEIGHT DP BASED MULTI-THRESHOLDS (VW-DPMT)) (4) tracks best recall at
sample level instead of bin-level as in EW-DPMT (1). We also consider two greedy algorithms
with lower computational complexity than the DP solution that are applicable to both variable and
equal-size bins. The rst, @EEDY-MULTI-THRESHOLD (GMT), computes score thresholds that
maximize recall at a precision bound independently for each uncertainty level. The secarmd; M
ISOTONIG-SINGLE THRESHOLD (MIST) is based on recalibrating scores within each uncertainty
level independently using 1-D isotonic regression. We identify a global threshold on calibrated prob-
abilities that maximizes recall over the entire grid so that the precision bound is satis ed. Since the
recalibrated scores are monotonic with respect to model score, the global threshold maps to distinct
score quantile indices for each uncertainty level. This has a time complexagof log(KL )).

6 EMPIRICAL EVALUATION

6.1 BEXPERIMENTAL SETUP

Datasets For evaluation, we use three binary classi cation datasetsCriieo : An online ad-
vertising dataset consisting of45 MM ad impressions with click outcomes, each with 13 contin-
uous and 26 categorical features. We use the split286 : 18% : 10%or train-validation-test

from the benchmark, (iifAvazu : Another CTR prediction dataset comprisingt0 MM samples

each with 22 features describing user and ad attributes. We use the train-validation-test splits of
70% : 10% : 20%from the benchmark, (iiE-Com: A proprietary e-commerce dataset witl#

MM samples where the positive class indicates a rare user action. We create train-validation-test
sets in the proportiod0% : 12% : 38%from different time periods. In all cases, we train with
varying degrees of undersampling of negative class with test set as in the original distribution.

Training: For Criteo andAvazu, we use the SAM architecture (Cheng & Xue, 2021) as the
backbone with 1 fully-connected layer and 6 radial ow layers for class distribution estimation. For
E-Com, we trained a FT-Transformer (Gorishniy et al., 2021) backbone with 8 radial ow layers.
Binning strategies We consider two options: (iEqui-span  where the uncertainty and score
ranges are divided into equal siz&d and L intervals, respectively. Samples with uncertainty
in thei™ uncertainty interval, and score in th& score interval are mapped to bfij ). (i)
Equi-weight  where we rst partition along uncertainty and then score as described in Sec. 5.
Algorithms: We compare our proposed decision boundary selection methods against (i) the baseline
of using only score, 8IGLE THRESHOLD (ST) disregarding uncertainty, and (ii) a state-of-the-art
2D decision boundary detection method for medical diagnosis (Pocatéwti al., 2022), which we

call HEURISTIC RECALIBRATION (HR). The greedy algorithms (GMT, MIST), variable weight
DP algorithm (VW-DPMT) are evaluated on bdHqui-weight  andEqui-span settings, and

the equi-weight DP algorithm (EW-DPMT) only on the former. All results are on the test sets.
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[ [[ Criteo ,90% Precision | Avazu, 70% Precision E-Com, 70% Precision |
=3, Pos:Neg =1:3 =5, Pos:Neg =1:5 =5, Pos:Neg = 1:24
Algorithm Equi-Span | Equi-weight || Equi-Span | Equi-weight [ Equi-Span [ Equi-weight
Score only
ST H 2.3% 0:5% [ 2.2% 0:2% H 1.92% 0:6% [ 1.92% 0:6% H 17.6% 9:7% [ 17.6% 9:7%
Score and Uncertainty based
HR 1:2% 119 0:8% .79 0:4% .49 0:4% .49 11:5% o-gop 11:5% 980
GMT 2:4% 0:5% 2:6% 0:3% 2:6% 0:3% 2:6% 0:3% 17:8% 8: 7% 20:3% 6:7%
MIST 2:5% ¢.20 2:7% ¢:39% 2:7% ¢:39 2:7% ¢:39 18:7% .99 21:6% 479
EW-DPMT - 2:7% o:3% - 2:7% o:3% - 22:3% ¢.79
VW-DPMT 2:7% ¢:30 2:7% ¢:39% 2:4% (.30 2:4% (.30 20:0% g7 22:3% 430

Table 1:Recall@PrecisionBound of various decision boundary metho@ibeo , Avazu & E-Comdata.

6.2 RESULTS ANDDISCUSSION

RQL1: Estimation Bias Dependence on Score & UncertaintyFrom Sec. 3, we observe that the
estimation bias and thus the test positivity rate is dependent on both uncertainty and the model score.
Fig. 1 and Fig. 3 show the empirically observed behavior ortttito  dataset and synthetic data
generated as per Fig. 2 respectively with= 0:5; = 3; = 0:25in both cases. The observed
empirical trends are broadly aligned with the theoretical expectations in Sec. 3 even though the
assumption of a global Beta prior might not be perfectly valid. In particular, the separation be-
tween uncertainty levels is more prominent for the higher score range in these imbalanced datasets,
pointing to the criticality of considering uncertainty for applications where high precision is desir-
able. To validate this further, we examine subsets of data where the algorithms EW-DPMT and
ST differ on the decision boundary for 90% precision (with #score-bins = 500, #uncertainty-bins

= 3) onCriteo dataset. We observe that the fa(x); u(x)) = (0 :984 0)] with positivity rate

0:91is labeled as positive by EW-DPMT but negative by ST, while the reverse is true for the bin
[(s(x);u(x)) = (0 :996, 0:667)] with a positivity rate0:87. Note that((s(x); u(x)) are percentiles

here. This variation of positivity with uncertainty for the same score substantiates the bene ts of
exible 2D decision boundary estimation. More analysis of these bins in Appendix C.1.

RQ2: Relative Ef cacy of Decision boundary Algorithms. Table 1 shows the recall at high pre-
cision bounds for various decision boundary algorithms on three large-scale datasets with 500 score
and 3 uncertainty bins, averaged over 5 runs with different seeds. Suaze andE-com did not

have feasible operating points at 90% precision, we measured@®g684 precision. Across all the
datasets, we observe a signi cant bene t when incorporating uncertainty in the decision boundary
selection (paired t-test signi cance p-values in Table 3). At 90% precision, EW-DP MJriten

is able to achieve a 22% higher recall (2.7% vs 2.2%) over ST. Similar behavior is observed on
Avazu andE-com datasets where the relative recall lift is 42% and 26% respectively. Further, the
Equi-weight  binning results in more generalizable boundaries with the best performance coming
from the DP algorithms (EW-DPMT, VW-DPMT) and the isotonic regression-based MIST. The
heuristic baseline HR (Poceviute et al., 2022) performs poorly since it implicitly assumes that
positivity rate monotonically increases with uncertainty for a xed score. While both EW-DPMT
and MIST took similar time ( 100s) for 500 score bins and 3 uncertainty bins, the run-time of the
former increases signi cantly with increase in the bin count. Considering the excessive computation
required for VW-DPMT, isotonic regression-based algorithm MIST and EW-DPMT seem to be
ef cient practical solutions. Results on statistical statistical signi cance and runtime comparison are
in Appendix C.3 and Appendix C.4. Fig. 6(a) and Table 2 show the gain in recall for uncertainty-
based 2D-decision boundary algorithms relative to the baseline algorithm ST highlighting that the
increase is larger for high precision range and decreases as the precision level is reduced. Experi-
ments with other uncertainty methods such as MC-Dropout (Gal & Ghahramani, 2016) (see Table 5
) also point to some but not consistent potential bene ts possibly because Posterior networks capture
both epistemic and aleatoric uncertainty while MC-Dropout is restricted to the former.

RQ3: Dependence on choice of bins and undersampling ratioBinning con guration. Fig. 5(a)

and 5(b) show how performance (Recall@PrecisionBound) of EW-DPMT varies with the number
of uncertainty and score bins f@riteo andAvazu datasets. We observe a dataset dependent
sweet-spot (marked by star) for the choice of bins. Too many bins can lead to over tting of the
decision boundary on the hold-out set that does not generalize well to test setting, while under-
binning leads to low recall improvements on both hold-out and test sets.
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