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ABSTRACT

Proximal operators are ubiquitous in inverse problems, commonly appearing as
part of algorithmic strategies to regularize problems that are otherwise ill-posed.
Modern deep learning models have been brought to bear for these tasks too, as
in the framework of plug-and-play or deep unrolling, where they loosely resem-
ble proximal operators. Yet, something essential is lost in employing these purely
data-driven approaches: there is no guarantee that a general deep network repre-
sents the proximal operator of any function, nor is there any characterization of
the function for which the network might provide some approximate proximal.
This not only makes guaranteeing convergence of iterative schemes challenging
but, more fundamentally, complicates the analysis of what has been learned by
these networks about their training data. Herein we provide a framework to de-
velop learned proximal networks (LPN), prove that they provide exact proximal
operators for a data-driven nonconvex regularizer, and show how a new train-
ing strategy, dubbed proximal matching, provably promotes the recovery of the
log-prior of the true data distribution. Such LPN provide general, unsupervised,
expressive proximal operators that can be used for general inverse problems with
convergence guarantees. We illustrate our results in a series of cases of increas-
ing complexity, demonstrating that these models not only result in state-of-the-art
performance, but provide a window into the resulting priors learned from data.

1 INTRODUCTION

Inverse problems concern the task of estimating underlying variables that have undergone a degra-
dation process, such as in denoising, deblurring, inpainting, or compressed sensing (Bertero et al.,
2021; Ongie et al., 2020). Since these problems are naturally ill-posed, solutions to any of these
problems involve, either implicitly or explicitly, the utilization of priors, or models, about what
type of solutions are preferable (Engl et al., 1996; Benning & Burger, 2018; Arridge et al., 2019).
Traditional methods model this prior directly, by constructing regularization functions that promote
specific properties in the estimate, such as for it to be smooth (Tikhonov & Arsenin, 1977), piece-
wise smooth (Rudin et al., 1992; Bredies et al., 2010), or for it to have a sparse decomposition under
a given basis or even a potentially overcomplete dictionary (Bruckstein et al., 2009; Sulam et al.,
2014). On the other hand, from a machine learning perspective, the complete restoration mapping
can also be modeled by a regression function and by providing a large collection of input-output (or
clean-corrupted) pairs of samples (McCann et al., 2017; Ongie et al., 2020; Zhu et al., 2018).
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An interesting third alternative has combined these two approaches by making the insightful obser-
vation that many iterative solvers for inverse problems incorporate the application of the proximal
operator for the regularizer. Such a proximal step can be loosely interpreted as a denoising step
and, as a result, off-the-shelf strong-performing denoising algorithms (as those given by modern
deep learning methods) can be employed as a subroutine. The Plug-and-Play (PnP) framework is a
notable example where proximal operators are replaced with such denoisers (Venkatakrishnan et al.,
2013; Zhang et al., 2017b; Meinhardt et al., 2017; Zhang et al., 2021; Kamilov et al., 2023b; Tachella
et al., 2019), but these can be applied more broadly to solve inverse problems, as well (Romano et al.,
2017; Romano & Elad, 2015). While this strategy works very well in practice, little is known about
the approximation properties of these methods. For instance, do these denoising networks actually
(i.e., provably) provide a proximal operator for some regularization function? Moreover, and from
a variational perspective, would this regularization function recover the correct regularizer, such as
the (log) prior of the data distribution? Partial answers to some of these questions exist, but how to
address all of them in a single framework remains unclear (Hurault et al., 2022b; Lunz et al., 2018;
Cohen et al., 2021a; Zou et al., 2023; Goujon et al., 2023) (see a thorough discussion of related
works in Appendix A). More broadly, the ability to characterize a data-driven (potentially noncon-
vex) regularizer that enables good restoration is paramount in applications that demand notions of
robustness and interpretability, and this remains an open challenge.

In this work, we address these questions by proposing a new class of deep neural networks,
termed learned proximal networks (LPN), that exactly implement the proximal operator of a gen-
eral learned function. Such a LPN implicitly learns a regularization function that can be charac-
terized and evaluated, shedding light onto what has been learned from data. In turn, we present
a new training problem, which we dub proximal matching, that provably promotes the recovery
of the correct regularization term (i.e., the log of the data distribution), which need not be con-
vex. Moreover, the ability of LPNs to implement exact proximal operators allows for guaranteed
convergence to critical points of the variational problem, which we derive for PnP reconstruction
algorithms under no additional assumptions on the trained LPN. We demonstrate through exper-
iments on that our LPNs can recover the correct underlying data distribution, and further show
that LPNs lead to state-of-the-art reconstruction performance on image deblurring, CT recon-
struction and compressed sensing, while enabling precise characterization of the data-dependent
prior learned by the model. Code for reproducing all experiments is made publicly available at
https://github.com/Sulam-Group/learned-proximal-networks.

2 BACKGROUND

Consider an unknown signal in an Euclidean space1, x 2 Rn, and a known measurement operator,
A : Rn ! Rm. The goal of inverse problems is to recover x from measurements y = A(x) + v 2
Rm, where v is a noise or nuisance term. This problem is typically ill-posed: infinitely many
solutions x may explain (i.e. approximate) the measurement y (Benning & Burger, 2018). Hence, a
prior is needed to regularize the problem, which can generally take the form

min
x

1

2
ky �A(x)k2

2 +R(x); (2.1)

for a function R(x) : Rn ! R promoting a solution that is likely under the prior distribution of x.
We will make no assumptions on the convexity of R(x) in this work.

Proximal operators Originally proposed by Moreau (1965) as a generalization of projection oper-
ators, proximal operators are central in optimizing the problem (2.1) by means of proximal gradient
descent (PGD) (Beck, 2017), alternating direction method of multipliers (ADMM) (Boyd et al.,
2011), or primal dual hybrid gradient (PDHG) (Chambolle & Pock, 2011). For a given functional R
as above, its proximal operator proxR is defined by

proxR(y) := argmin
x

1

2
ky � xk2 +R(x): (2.2)

When R is non-convex, the solution to this problem may not be unique and the proximal mapping is
set-valued. Following (Gribonval & Nikolova, 2020), we define the proximal operator of a function

1The analyses in this paper can be generalized directly to more general Hilbert spaces.
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R as aselectionof the set-valued mapping:f (y ) is a proximal operator ofR if and only if f (y ) 2
argminx

1
2 ky � xk2 + R(x) for eachy 2 Rn . A key result in (Gribonval & Nikolova, 2020) is

that the continuous proximal of a (potentially nonconvex) function can be fully characterized as the
gradient of a convex function, as the following result formalizes.

Proposition 2.1. [Characterization of continuous proximal operators, (Gribonval & Nikolova,
2020, Corollary 1)] LetY � Rn be non-empty and open andf : Y ! Rn be a continuous
function. Then,f is a proximal operator of a functionR : Rn ! R [ f + 1g if and only if there
exists a convex differentiable function such thatf (y ) = r  (y ) for eachy 2 Y .

Figure 1: Sketch
of Prop. 2.1 for
R(�) = k � k1.

It is worth stressing the differences betweenR and . While f is the proximal
operator ofR, i.e. proxR = f , f is also the gradient of a convex , r  = f
(see Figure 1). Furthermore,R may be non-convex, while must be convex.
As can be expected, there exists a precise relation betweenR and , and we will
elaborate further on this connection shortly. The characterization of proximals
of convex functions is similar but additionally requiringf to be non-expansive
(Moreau, 1965). Hence, by relaxing the nonexpansivity, we obtain a broader
class of proximal operators. As we will show later, the ability to model proximal
operators of non-convex functions will prove very useful in practice, as the log-
priors2 of most real-world data are indeed non-convex.

Plug-and-Play This paper closely relates to the Plug-and-Play (PnP) framework (Venkatakrishnan
et al., 2013). PnP employs off-the-shelf denoising algorithms to solve general inverse problems
within an iterative optimization solver, such as PGD (Beck, 2017; Hurault et al., 2022b), ADMM
(Boyd et al., 2011; Venkatakrishnan et al., 2013), half quadratic splitting (HQS) (Geman & Yang,
1995; Zhang et al., 2021), primal-dual hybrid gradient (PDHG) (Chambolle & Pock, 2011), and
Douglas-Rachford splitting (DRS) (Douglas & Rachford, 1956; Lions & Mercier, 1979; Combettes
& Pesquet, 2007; Hurault et al., 2022b). Inspired by the observation thatproxR (y ) resembles the
maximum a posteriori(MAP) denoiser aty with a log-priorR, PnP replaces the explicit solution
of this step with generic denoising algorithms, such as BM3D (Dabov et al., 2007; Venkatakrishnan
et al., 2013) or CNN-based denoisers (Meinhardt et al., 2017; Zhang et al., 2017b; 2021; Kamilov
et al., 2023b), bringing the bene�ts of advanced denoisers to general inverse problems. While useful
in practice, such denoisers arenot in general proximal operators. Indeed, modern denoisers need not
be MAP estimators at all, but instead typically approximate a minimum mean squared error (MMSE)
solution. Although deep learning denoisers have achieved impressive results when used with PnP,
little is known about the implicit prior—if any—encoded in these denoisers, thus diminishing the
interpretability of the reconstruction results. Some convergence guarantees have been derived for
PnP with MMSE denoisers (Xu et al., 2020), chie�y relying on the assumption that the denoiser is
non-expansive (which can be hard to verify or enforce in practice). Furthermore, when interpreted
as proximal operators, the prior in MMSE denoisers can be drastically different from the original
(true data) prior Gribonval (2011), raising concerns about correctness. There is a broad family of
works that relate to the ideas in this work, and we expand on them in Appendix A.

3 LEARNED PROXIMAL NETWORKS

First, we seek a way to parameterize a neural network such that its mapping is the proximal operator
of some (potentially nonconvex) scalar-valued functional. Motivated by Proposition 2.1, we will
seek network architectures that parameterizegradients of convex functions. A simple way to achieve
this is by differentiating a neural network that implements a convex function: given a scalar-valued
neural network, � : Rn ! R, whose output is convex with respect to its input, we can parameterize
a LPN asf � = r  � , which can be ef�ciently evaluated via back propagation. This makes LPN a
gradient �eld—and a conservative vector �eld—of an explicit convex function. Fortunately, this is
not an entirely new problem. Amos et al. (2017) proposed input convex neural networks (ICNN) that
guarantee to parameterize convex functions by constraining the network weights to be non-negative
and the nonlinear activations convex and non-decreasing3. Consider a single-layer neural network
characterized by the weightsW 2 Rm � n , biasb 2 Rm and a scalar non-linearityg : R ! R. Such
a network, aty , is given byz = g(Wy + b). With this notation, we now move to de�ne our LPNs.

2In this paper, the “log-prior” of a data distributionpx means its negative log-likelihood,� log px .
3Other ways to parameterize gradients of convex functions exist (Richter-Powell et al., 2021), but come

with other constraints and limitations (see discussion in Appendix F.1).
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Proposition 3.1(Learned Proximal Networks). Consider a scalar-valued(K + 1) -layered neural
network � : Rn ! R de�ned by � (y ) = w T zK + band the recursion

z1 = g(H 1y + b1); zk = g(W k zk � 1 + H k y + bk ); k 2 [2; K ]

where � = f w ; b;(W k )K
k=2 ; (H k ; bk )K

k=1 g are learnable parameters, andg is a convex, non-
decreasing andC2 scalar function, andW k andw have non-negative entries. Letf � be the gradient
map of � w.r.t. its input, i.e.f � = r y  � . Then, there exists a functionR� : Rn ! R [ f + 1g
such thatf � (y ) 2 proxR �

(y ), 8 y 2 Rn .

The simple proof of this result follows by combining properties of ICNN from Amos et al.
(2017) and the characterization of proximal operators from Gribonval & Nikolova (2020) (see Ap-
pendix C.1). TheC2 condition for the nonlinearity4 g is imposed to ensure differentiability of the
ICNN  � and the LPNf � , which will become useful in proving convergence for PnP algorithms
with LPN in Section 4. Although this rules out popular choices like Rectifying Linear Units (Re-
LUs), there exist several alternatives satisfying these constraints. Following (Huang et al., 2021),
we adopt thesoftplusfunctiong(x) = 1

� log(1 + exp ( �x )) ; a � -smooth approximation of ReLU.
Importantly, LPN can be highly expressive (representing any continuous proximal operator) under
reasonable settings, given the universality of ICNN (Huang et al., 2021).

Networks de�ned by gradients of ICNN have been explored for inverse problems: Cohen et al.
(2021a) used such networks to learn gradients of data-driven regularizers, thereby enforcing the
learned regularizer to be convex. While this is useful for the analysis of the optimization problem,
this cannot capture nonconvex log-priors that exist in most cases of interest. On the other hand,
Hurault et al. (2022b) proposed parameterizing proximal operators asf (y ) = y � r g(y ), where
r g is L -Lipschitz withL < 1. In practice, this is realized only approximately by regularizing its
Lipschitz constant during training (see discussion in Appendix A). Separately, gradients of ICNNs
are also important in data-driven optimal transport (Makkuva et al., 2020; Huang et al., 2021).

Recovering the prior from its proximal Once an LPNf � is obtained, we would like to recover its
prox-primitive5, R� . This is important, as this function is precisely the regularizer in the variational
objective,minx

1
2 ky � A(x)k2

2 + R� (x). Thus, being able to evaluateR� at arbitrary points provides
explicit information about the prior, enhancing interpretability of the learned regularizer. We start
with the relation betweenf , R� and � from Gribonval & Nikolova (2020) given by

R� (f � (y )) = hy ; f � (y )i �
1
2

kf � (y )k2
2 �  � (y ): (3.1)

Given our parameterization forf � , all quantities are easily computable (via a forward pass of the
LPN in Proposition 3.1). However, the above equation only allows to evaluate the regularizerR� at
points in the image off � , f � (y ), and not at an arbitrary pointx. Thus, we must invertf � , i.e. �nd
y such thatf � (y ) = x. This inverse is nontrivial, since in general an LPN may not be invertible
or even surjective. Thus, as in Huang et al. (2021), we add a quadratic term to � ,  � (y ; � ) =
 � (y )+ �

2 kyk2
2, with � > 0, turning � strongly convex, and its gradient map,f � = r  � , invertible

and bijective. To compute this inverse, it suf�ces to minimize the strongly convex objective

min
y

 � (y ; � ) � h x; y i ; (3.2)

which has a unique global minimizer̂y satisfying the �rst-order optimality conditionf � (ŷ ) =
r  � (ŷ ; � ) = x: the inverse we seek. Hence, computing the inverse amounts to solving a con-
vex optimization problem—ef�ciently addressed by a variety of solvers, e.g. conjugate gradients.

Another feasible approach to invertf � is to simply optimizeminy kf � (y ) � xk2
2, using, e.g., �rst-

order methods. This problem is nonconvex in general, however, and thus does not allow for global
convergence guarantees. Yet, we empirically �nd this approach work well on multiple datasets,
yielding a solution̂y with small mean squared errorkf � (ŷ ) � xk2

2. We summarize the procedures
for estimating the regularizer from an LPN in Algorithm 2 and Appendix D.1.

4Proposition 3.1 also holds if the nonlinearities are different, which we omit for simplicity of presentation.
5Note our use ofprox-primitiveto refer to the functionR with respect to the operator proxR .

4



Published as a conference paper at ICLR 2024

3.1 TRAINING LEARNED PROXIMAL NETWORKS VIA PROXIMAL MATCHING

To solve inverse problems correctly, it is crucial that LPNs capture the true proximal operator of
the underlying data distribution. Given an unknown distributionpx , the goal of training an LPN
is to learn the proximal operator of its log,prox� log px

:= f � . Unfortunately, paired ground-truth
samplesf x i ; f � (x i )g do not exist in common settings—the prior distributions of many types of
real-world data are unknown, making supervised training infeasible. Instead, we seek to train an
LPN using only i.i.d. samples from the unknown data distributionin an unsupervised way.

To this end, we introduce a novel loss function that we callproximal matching. Based on the obser-
vation that the proximal operator is themaximum a posteriori(MAP) denoiser for additive Gaussian
noise, i.e. for samplesy = x + � v with x � px ; v � N (0; I ), we train LPN to performdenoising
by minimizing a loss of the form

E
x ;y

[d(f � (y ); x)] ; (3.3)

whered is a suitable metric. Popular choices ford include the squared̀2 distancekf � (y ) � xk2
2, the

`1 distancekf � (y ) � xk1, or the Learned Perceptual Image Patch Similarity (LPIPS, (Zhang et al.,
2018)), all of which have been used to train deep learning based denoisers (Zhang et al., 2017a; Yu
et al., 2019; Tian et al., 2020). However, denoisers trained with these losses do not approximate the
MAP denoiser, nor the proximal operator of the log-prior,prox� log px

. The squared̀2 distance,
for instance, leads to the minimum mean square error (MMSE) estimategiven by the mean of the
posterior,E[x j y ]. Similarly, the`1 distance leads to the conditional marginal median of the
posterior – and not its maximum. As a concrete example, Figure 2 illustrates the limitations of these
metrics for learning the proximal operator of the log-prior of a Laplacian distribution.

We thus propose a new loss function that promotes the recovery of the correct proximal, dubbed
proximal matching loss:

L P M (� ; 
 ) = E
x ;y

[m
 (kf � (y ) � xk2)] ; m
 (x) = 1 �
1

(�
 2)n= 2
exp

�
�

x2


 2

�
; 
 > 0: (3.4)

Crucially, L P M only depends onpx (and Gaussian noise), allowing (approximate) proximal learn-
ing given only �nite i.i.d. samples. Intuitively,m
 can be interpreted as an approximation to the
Dirac function controlled by
 . Hence, minimizing the proximal matching lossL P M amounts to
maximizing the posterior probabilitypx jy (f � (y )) , and therefore results in the MAP denoiser (and
equivalently, the proximal of log-prior). We now make this precise and show that minimizingL P M
yields the proximal operator of the log-prior almost surely as
 & 0.
Theorem 3.2(Learning via Proximal Matching). Consider a signalx � px , wherex is bounded
and px is a continuous density,6 and a noisy observationy = x + � v , wherev � N (0; I ) and
� > 0. Letm
 (x) : R ! R be de�ned as in(3.4). Consider the optimization problem

f � = argmin
f measurable

lim

 & 0

Ex ;y [m
 (kf (y ) � xk2)] : (3.5)

Then, almost surely (i.e., for almost ally ), f � (y ) = argmax c px jy (c) , prox� � 2 log px
(y ).

We defer the proof to Appendix C.2 and instead make a few remarks. First, while the result above
was presented for the loss de�ned in (3.4) for simplicity, this holds in greater generality for loss
functions satisfying speci�c technical conditions (see Appendix C.2). Second, an analogous result
for discrete distributions can also be derived, and we include this companion result in Theorem B.1,
Appendix B.1. Third, the Gaussian noise level� acts as a scaling factor on the learned regularizer, as
indicated byf � (y ) = prox � � 2 log px

(y ). Thus varying the noise level effectively varies the strength
of the regularizer. Lastly, to bring this theoretical guarantee to practice, we progressively decrease

until a small positive amount during training according to a schedule function
 (�) for an empirical
sample (instead of the expectation), and pretrain LPN with`1 loss before proximal matching. We
include an algorithmic description of training via proximal matching in Appendix D.2, Algorithm 3.
Connections between the proximal matching loss (3.4) and prior work on impulse denoising and
modal regression are discussed in Appendix A.

Before moving on, we summarize the results of this section: the parameterization in Proposition 3.1
guarantees that LPN implement a proximal operator for some regularizer function; the optimization

6That is,x admits a continuous probability densityp with respect to the Lebesgue measure onRn .
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problem in (3.2) then provides a way to evaluate this regularizer function at arbitrary points; and
lastly, Theorem 3.2 shows that if we want the LPN to recover the correct proximal (of the log-prior
of data distribution), thenproximal matchingis the correct learning strategy for these networks.

4 SOLVING INVERSEPROBLEMS WITH LPN

Once an LPN is trained, it can be used to solve inverse problems within the PnP framework
(Venkatakrishnan et al., 2013) by substituting any occurrence of the proximal stepproxR with the
learned proximal networkf � . As with any PnP method, our LPN can be �exibly plugged into a
wide range of iterative algorithms, such as PGD, ADMM, or HQS. Chie�y, and in contrast to pre-
vious PnP approaches, our LPN-PnP approach provides the guarantee that the employed denoiser is
indeed a proximal operator. As we will now show, this enables convergence guarantees absent any
additional assumptions on the learned network. We provide an instance of solving inverse problems
using LPN with PnP-ADMM in Algorithm 1, and another example with PnP-PGD in Algorithm 4.

Algorithm 1 Solving inverse problem with LPN and
PnP-ADMM
Input: Trained LPNf � , operatorA, measurementy ,

initial x0, number of iterationsK , penalty param-
eter�

1: u0  0, z0  x0
2: for k = 0 to K � 1 do
3: x k+1  argminx f 1

2 ky � A(x)k2
2 + �

2 kzk �
uk � xk2

2g
4: uk+1  uk + x k+1 � zk
5: zk+1  f � (uk+1 + x k+1 )
6: end for

Output: xK

Convergence Guarantees in Plug-and-
Play Frameworks Because LPNs are
by construction proximal operators, PnP
schemes with plug-in LPNs correspond
to iterative algorithms for minimizing
the variational objective (2.1), with the
implicitly-de�ned regularizerR� associ-
ated to the LPN. As a result, convergence
guarantees for PnP schemes with LPNs
follow readily from convergence analyses
of the corresponding optimization proce-
dure, under suitably general assumptions.
We state and discuss such a guarantee for
using an LPN with PnP-ADMM (Algo-
rithm 1) in Theorem 4.1—our proof appeals to the nonconvex ADMM analysis of Themelis &
Patrinos (2020).

Theorem 4.1(Convergence guarantee for running PnP-ADMM with LPNs). Consider the sequence
of iterates(x k ; uk ; zk ), k 2 f 0; 1; : : : g, de�ned by Algorithm 1 run with a linear measurement
operatorA and an LPNf � with softplus activations, trained with0 < � < 1. Assume further that
the penalty parameter� satis�es� > kA T A k. Then the sequence of iterates(x k ; uk ; zk ) converges
to a limit point(x � ; u � ; z� ) which is a �xed point of the PnP-ADMM iteration (Algorithm 1).

We defer the proof of Theorem 4.1 to Appendix C.4.2. There, we moreover show thatx k converges
to a critical point of the regularized reconstruction cost (2.1) with regularization functionR = �R � ,
whereR� is the implicitly-de�ned regularizer associated tof � (i.e. f � = prox R �

) and the regular-
ization strength� depends on parameters of the PnP algorithm (� = � for PnP-ADMM). In addition,
we emphasize that Theorem 4.1 requires the bare minimum of assumptions on the trained LPN: it
holds for any LPNs by construction, under assumptions that are all actionable and achievable in
practice (on network weights, activation, and strongly convex parameter). This should be contrasted
to PnP schemes that utilize a black-box denoiser – convergence guarantees in this setting require re-
strictive assumptions on the denoiser, such as contractivity (Ryu et al., 2019), (�rm) nonexpansivity
(Sun et al., 2019; 2021; Cohen et al., 2021a;b; Tan et al., 2023), or other Lipschitz constraints (Hu-
rault et al., 2022a;b), which are dif�cult to verify or enforce in practice without sacri�cing denoising
performance. Alternatively, other PnP schemes sacri�ce expressivity for a principled approach by
enforcing that the denoiser takes a restrictive form, such as being a (Gaussian) MMSE denoiser (Xu
et al., 2020), a linear denoiser (Hauptmann et al., 2023), or the proximal operator of an implicit
convex function (Sreehari et al., 2016; Teodoro et al., 2018).

The analysis of LPNs we use to prove Theorem 4.1 is general enough to be extended straight-
forwardly to other PnP optimization schemes. Under a similarly-minimal level of assumptions to
Theorem 4.1, we give in Theorem B.2 (Appendix B.2) a convergence analysis for PnP-PGD (Algo-
rithm 4), which tends to perform slightly worse than PnP-ADMM in practice.
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(a) (b)

Figure 3: Left: log-priorR� learned by LPN on MNIST (computed over 100 test images), evaluated
at images corrupted by (a) additive Gaussian noise, and (b) convex combination of two images
(1 � � )x + � x0. Right: the prior evaluated at individual examples.

5 EXPERIMENTS

Figure 2: The proximalf � , convex potential � , and log-priorR�
learned by LPN via the squared`2 loss,̀ 1 loss, and proximal matching
lossL P M for a Laplacian distribution (ground truth in gray).

We evaluate LPN on
datasets of increasing com-
plexity, from an analytical
one-dimensional example
of a Laplacian distribu-
tion to image datasets of
increasing dimensions:
MNIST (28 � 28) (LeCun,
1998), CelebA (128� 128)
(Liu et al., 2018), and
Mayo-CT (512 � 512)
(McCollough, 2016). We
demonstrate how the ability of LPN to learn an exact proximal for the correct prior re�ects on
natural values for the obtained log-likelihoods. Importantly, we showcase the performance of LPN
for real-world inverse problems on CelebA and Mayo-CT, for deblurring, sparse-view tomographic
reconstruction, and compressed sensing, comparing it with other state-of-the-art unsupervised
approaches for (unsupervised) image restoration. See full experimental details in Appendix E.

5.1 WHAT IS YOUR PRIOR?

Learning soft-thresholding from Laplacian distribution We �rst experiment with a distribu-
tion whose log-prior has a known proximal operator, the 1-D Laplacian distributionp(x j �; b ) =
1
2b exp

�
� j x � � j

b

�
. Letting � = 0 ; b = 1 for simplicity, the negative log likelihood (NLL) is thè1

norm,� logp(x) = jxj � log( 1
2 ), and its proximal can be written is the soft-thresholding function

prox� log p(x) = sign( x) max(jxj � 1; 0): We train a LPN on i.i.d. samples from the Laplacian and
Gaussian noise, as in (3.3), and compare different loss functions, including the proximal matching
lossL PM , for which we consider different
 2 f 0:5; 0:3; 0:1g in L PM (see (3.4)).

As seen in Figure 2, when using either the`2 or `1 loss, the learned prox differs from the correct soft-
thresholding function. Indeed, verifying our analysis in Section 3.1, these yield the posterior mean
and median, respectively, rather than the posterior mode. With the matching lossL P M (
 = 0 :1
in (3.4)), the learned proximal matches much more closely the ground-truth prox. The third panel
in Figure 2 further depicts the learned log-priorR� associated with each LPNf � , computed using
the algorithm in Section 3. Note thatR� does not match the ground-truth log-priorj � j for `2
and `1 losses, but converges to the correct prior withL P M (see more results for different
 in
Appendix G.1). Note that we normalize the offset of learned priors by setting the minimum value
to 0 for visualization: the learned log-priorR� has an arbitrary offset (since we only estimate the
log-prior). In other words, LPN is only able to learn the relative density of the distribution due to
the intrinsic scaling symmetry of the proximal operator.

Learning a prior for MNIST Next, we train an LPN on MNIST, attempting to learn a general
restoration method for hand-written digits—and through it, a prior of the data. For images, we
implement the LPN with convolution layers; see Appendix E.2 for more details. Once the model
is learned, we evaluate the obtained prior on a series of inputs with different types and degrees of
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