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ABSTRACT

In this work, we study the problem of clustering survival data — a challenging and
so far under-explored task. We introduce a novel semi-supervised probabilistic ap-
proach to cluster survival data by leveraging recent advances in stochastic gradient
variational inference. In contrast to previous work, our proposed method employs
a deep generative model to uncover the underlying distribution of both the ex-
planatory variables and censored survival times. We compare our model to the
related work on clustering and mixture models for survival data in comprehensive
experiments on a wide range of synthetic, semi-synthetic, and real-world datasets,
including medical imaging data. Our method performs better at identifying clus-
ters and is competitive at predicting survival times. Relying on novel generative
assumptions, the proposed model offers a holistic perspective on clustering sur-
vival data and holds a promise of discovering subpopulations whose survival is
regulated by different generative mechanisms.

1 INTRODUCTION

Figure 1: Survival clustering.

Survival analysis (Rodrı́guez, 2007; D. G. Altman, 2020) has
been extensively used in a variety of medical applications to
infer a relationship between explanatory variables and a po-
tentially censored survival outcome. The latter indicates the
time to a certain event, such as death or cancer recurrence,
and is censored when its value is only partially known, e.g.
due to withdrawal from the study (see Appendix A). Classical
approaches include the Cox proportional hazards (PH; Cox
(1972)) and accelerated failure time (AFT) models (Buck-
ley & James, 1979). Recently, many machine learning tech-
niques have been proposed to learn nonlinear relationships
from unstructured data (Faraggi & Simon, 1995; Ranganath
et al., 2016; Katzman et al., 2018; Kvamme et al., 2019).

Clustering, on the other hand, serves as a valuable tool in data-driven discovery and subtyping of
diseases. Yet a fully unsupervised clustering algorithm does not use, by definition, the survival
outcomes to identify clusters. Therefore, there is no guarantee that the discovered subgroups are
correlated with patient survival (Bair & Tibshirani, 2004). For this reason, we focus on a semi-
supervised learning approach to cluster survival data that jointly considers explanatory variables
and censored outcome as indicators for a patient’s state. This problem is particularly relevant for
precision medicine (Collins & Varmus, 2015). The identification of such patient subpopulations
could, for example, facilitate a better understanding of a disease and a more personalised disease
management (Fenstermacher et al., 2011). Figure 1 schematically depicts this clustering problem:
here, the overall patient population consists of three groups characterised by different associations
between the covariates and survival, resulting in disparate clinical conditions. The survival distribu-
tions do not need to differ between clusters: compare groups 1 (�) and 3 (�).

†Equal contribution. Correspondence to {laura.manduchi,ricardsm}@inf.ethz.ch
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Table 1: Comparison of the proposed model to the related approaches: semi-supervised clustering
(SSC), pro�le regression (PR) for survival data, survival cluster analysis (SCA), and deep survival
machines (DSM). Here,t denotes survival time,x denotes explanatory variables,z corresponds to
latent representations,K stands for the number of clusters, andL (�; �) is the likelihood function.

SSC PR SCA DSM VaDeSC
Predictst? 7 3 3 3 3
Learnsz? 7 7 3 3 3
MaximisesL (x ; t )? 7 3 7 7 3
Scalable? 7 7 3 3 3
Does not requireK ? 7 3 3 7 7

Clustering of survival data, however, remains an under-explored problem. Only few methods have
been proposed in this context and they either have limited scalability in high-dimensional, unstruc-
tured data (Liverani et al., 2020), or they focus on the discovery of purelyoutcome-drivenclusters
(Chapfuwa et al., 2020; Nagpal et al., 2021a), that is clusters characterised entirely by survival time.
The latter might fail in applications where the survival distribution alone is not suf�ciently informa-
tive to stratify the population (see Figure 1). For instance, groups of patients characterised by similar
survival outcomes might respond very differently to the same treatment (Tanniou et al., 2016).

To address the issues above, we present a novel method for clustering survival data —variational
deep survival clustering(VaDeSC) that discovers groups of patients characterised by different gener-
ative mechanisms of survival outcome. It extends previous variational approaches for unsupervised
deep clustering (Dilokthanakul et al., 2016; Jiang et al., 2017) by incorporating cluster-speci�c sur-
vival models in the generative process. Instead of only focusing on survival, our approach models
the heterogeneity in therelationshipsbetween the covariates and survival outcome.

Our main contributions are as follows: (i) We propose a novel, deep probabilistic approach to
survival cluster analysis that jointly models the distribution of explanatory variables and censored
survival outcomes. (ii ) We comprehensively compare the clustering and time-to-event prediction
performance of VaDeSC to the related work on clustering and mixture models for survival data on
synthetic and real-world datasets. In particular, we show that VaDeSC outperforms baseline methods
in terms of identifying clusters and is comparable in terms of time-to-event predictions. (iii ) We
apply our model to computed tomography imaging data acquired from non-small cell lung cancer
patients and assess obtained clustering qualitatively. We demonstrate that VaDeSC discovers clusters
associated with well-known patient characteristics, in agreement with previous medical �ndings.

2 RELATED WORK

Clustering of survival data has been �rst explored by Bair & Tibshirani (2004) (semi-supervised
clustering; SSC). The authors propose pre-selecting variables based on univariate Cox regression
hazard scores and subsequently performingk-means clustering on the subset of features to discover
patient subpopulations. More recently, Ahlqvist et al. (2018) use Cox regression to explore differ-
ences across subgroups of diabetic patients discovered byk-means and hierarchical clustering. In the
spirit of the early work by Farewell (1982) on mixtures of Cox regression models, Mouli et al. (2018)
propose a deep clustering approach to differentiate between long- and short-term survivors based on
a modi�ed Kuiper statistic in the absence of end-of-life signals. Xia et al. (2019) adopt a multitask
learning approach for the outcome-driven clustering of acute coronary syndrome patients. Chapfuwa
et al. (2020) propose a survival cluster analysis (SCA) based on a truncated Dirichlet process and
neural networks for the encoder and time-to-event prediction model. Somewhat similar techniques
have been explored by Nagpal et al. (2021a) who introduce �nite Weibull mixtures, named deep
survival machines (DSM). DSM �ts a mixture of survival regression models on the representations
learnt by an encoder neural network. From the modelling perspective, the above approaches focus
on outcome-drivenclustering, i.e. they recover clusters entirely characterised by different survival
distributions. On the contrary, we aim to model cluster-speci�cassociationsbetween covariates and
survival times to discover clusters characterised not only by disparate risk but also by different sur-
vival generative mechanisms (see Figure 1). In the concurrent work, Nagpal et al. (2021b) introduce
deep Cox mixtures (DCM) jointly �tting a VAE and a mixture of Cox regressions. DCM does not
specify a generative model and its loss is derived empirically by combining the VAE loss with the
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likelihood of survival times. On the contrary, our method is probabilistic and has an interpretable
generative process from which an ELBO of the joint likelihood can be derived.

The approach by Liverani et al. (2020) is, on the other hand, the most closely related to ours. The
authors propose a clustering method for collinear survival data based on the pro�le regression (PR;
Molitor et al. (2010)). In particular, they introduce a Dirichlet process mixture model with cluster-
speci�c parameters for the Weibull distribution. However, their method is unable to tackle high-
dimensional unstructured data, since none of its components are parameterised by neural networks.
This prevents its usage on real-world complex datasets, such as medical imaging (Haarburger et al.,
2019; Bello et al., 2019). Table 1 compares our and related methods w.r.t. a range of properties. For
an overview of other lines of work and a detailed comparison see Appendices B and C.

3 METHOD

Figure 2: Summary of the VaDeSC.

We present VaDeSC — a novel variational deep survival
clustering model. Figure 2 provides a summary of our
approach: the input vectorx is mapped to a latent repre-
sentationz using a VAE with a Gaussian mixture prior.
The survival density function is given by a mixture of
Weibull distributions with cluster-speci�c parameters� .
The parameters of the Gaussian mixture and Weibull dis-
tributions are then optimised jointly using both the ex-
planatory input variables and survival outcomes.

Preliminaries We consider the following setting: let
D = f (x i ; � i ; t i )g

N
i =1 be a dataset ofN three-tuples,

one for each patient. Herein,x i denotes the explana-
tory variables, or features.� i is the censoring indica-
tor: � i = 0 if the survival time of thei -th patient was
censored, and� i = 1 otherwise. Finally,t i is the po-
tentially censored survival time. A maximum likelihood
approach to survival analysis seeks to model the survival
distributionS(tjx ) = P (T > t jx ) (Cox, 1972). Two
challenges of survival analysis are (i) the censoring of
survival times and (ii ) a complex nonlinear relationship betweenx andt. When clustering survival
data, we additionally consider a latent cluster assignment variableci 2 f 1; :::; K g unobserved at
training time. Here,K is the total number of clusters. The problem then is twofold: (i) to infer
unobserved cluster assignments and (ii ) model the survival distribution givenx i andci .
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Figure 3: Generative model.

Generative Model Following the problem de�nition above, we
assume that data are generated from a random process consist-
ing of the following steps (see Figure 3). First, a cluster as-
signmentc 2 f 1; : : : ; K g is sampled from a categorical distri-
bution: c � p(c; � ) = � c. Then, a continuous latent em-
bedding, z 2 RJ , is sampled from a Gaussian distribution,
whose mean and variance depend on the sampled clusterc: z �
p(zjc; f � 1; :::; � K g; f � 1; :::; � K g) = N (z; � c; � c). The ex-
planatory variablesx are generated from a distribution conditioned
on z: x � p(x jz; 
 ), wherep(x jz; 
 ) = Bernoulli(x ; � 
 )
for binary-valued features andN

�
x ; � 
 ; diag

�
� 2




��
for real-valued

features. Herein,� 
 and� 2

 are produced byf (z; 
 ) – a decoder

neural network parameterised by
 . Finally, the survival timet de-
pends on the cluster assignmentc, latent vectorz, and censoring
indicator � , i.e. t � p (t jz; c). Similarly to conventional survival

analysis, we assumenon-informativecensoring (Rodr�́guez, 2007).

Survival Model Above, p(tjz; c) refers to the cluster-speci�c survival model. We follow an
approach similar to Ranganath et al. (2016) and Liverani et al. (2020); in particular, we as-
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sume that givenz andc, the uncensored survival time follows the Weibull distribution given by
Weibull

�
softplus

�
z> � c

�
; k

�
, where softplus(x) = log (1 + exp( x)) ; k is the shape parameter; and

� c are cluster-speci�c survival parameters. Note that we omitted the bias term� c;0 for the sake of
brevity. Observe that softplus

�
z> � c

�
corresponds to the scale parameter of the Weibull distribution.

We assume that the shape parameterk is global; however, an adaptation to cluster-speci�c parame-
ters, as proposed by Liverani et al. (2020), is straightforward. The Weibull distribution with scale�

and shapek has the probability density function given byf (x; �; k ) = k
�

�
x
�

� k � 1
exp

�
�

�
x
�

� k
�

,
for x � 0. Consequently, adjusting for right-censoring yields the following distribution:

p(tjz; c; � ; k) = f (t; � z
c ; k) � S(tjz; c)1� �

=
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� z
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�
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� z
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!# � "

exp

 

�
�

t
� z

c

� k
!# 1� �

;
(1)

where� = f � 1; : : : ; � K g; � z
c = softplus

�
z> � c

�
; andS(tjz; c) =

R1
t = t f (t; � z

c ; k) is the survival
function. Henceforth, we will usep(tjz; c) as a shorthand notation forp(tjz; c; � ; k). In this paper,
we only consider right-censoring; however, the proposed model can be extended to tackle other
forms of censoring.

Joint Probability Distribution Assuming the generative process described above, the joint prob-
ability of x andt can be written asp(x ; t) =

R
z

P K
c=1 p(x ; t; z; c) =

R
z

P K
c=1 p(x jt; z; c)p(t; z; c).

It is important to note thatx andt are independent givenz, so arex andc. Hence, we can rewrite
the joint probability of the data, also referred to as the likelihood function, given the parameters� ,
� , � , 
 , � , k as

p(x ; t; � ; � ; � ; 
 ; � ; k) =
Z

z

KX

c=1

p(x jz; 
 )p(t jz; c; � ; k)p(zjc; � ; � )p(c; � ); (2)

where� = f � 1; :::; � K g, � = f � 1; :::; � K g, and� = f � 1; :::; � K g.

Evidence Lower Bound Given the data generating assumptions stated before, the objective is to
infer the parameters� , � , � , 
 , and� which better explain the covariates and survival outcomes
f x i ; t i gN

i =1 . Since the likelihood function in Equation 2 is intractable, we maximise a lower bound
of the log marginal probability of the data:

logp(x ; t; � ; � ; � ; 
 ; � ; k) � Eq(z ;cjx ;t ) log
�

p(x jz; 
 )p(t jz; c; � ; k)p(zjc; � ; � )p(c; � )
q(z; cjx ; t)

�
: (3)

We approximate the probability of the latent variablesz andc given the observations with a varia-
tional distributionq(z; cjx ; t) = q(zjx )q(cjz; t), where the �rst term is the encoder parameterised
by a neural network. The second term is equal to the true probabilityp(cjz; t):

q(cjz; t) = p(cjz; t) =
p(z; t jc)p(c)

P K
c=1 p(z; t jc)p(c)

=
p(tjz; c)p(zjc)p(c)

P K
c=1 p(tjz; c)p(zjc)p(c)

: (4)

Thus, the evidence lower bound (ELBO) can be written as
L (x ; t) = Eq(z jx )p(cjz ;t ) logp(x jz; 
 ) + Eq(z jx )p(cjz ;t ) logp(tjz; c; � ; k)

� DKL (q(z; cjx ; t) k p(z; c; � ; � ; � )) :
(5)

Of particular interest is the second term which encourages the model to maximise the probability of
observing the given survival outcomet under the variational distribution of the latent embeddings
and cluster assignmentsq(z; cjx ; t). It can be then seen as a mixture of survival distributions, each
one assigned to one cluster. The ELBO can be approximated using the stochastic gradient variational
Bayes (SGVB) estimator (Kingma & Welling, 2014) to be maximised ef�ciently using stochastic
gradient descent. For the complete derivation, we refer to Appendix D.

Missing Survival Time The hard cluster assignments can be computed from the distribution
p(cjz; t) of Equation 4. However, the survival times may not be observable at test-time; whereas our
derivation of the distributionp(cjz; t) depends onp(tjz; c). Therefore, when the survival time of an
individual is unknown, using the Bayes' rule we instead computep(cjz) = p(z jc)p(c)P K

c =1 p(z jc)p(c)
.
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4 EXPERIMENTAL SETUP

Datasets We evaluate VaDeSC on a range of synthetic, semi-synthetic (survMNIST; Pölsterl
(2019)), and real-world survival datasets with varying numbers of data points, explanatory vari-
ables, and fractions of censored observations (see Table 2). In particular, real-world clinical datasets
include two benchmarks common in the survival analysis literature, namely SUPPORT (Knaus et al.,
1995) and FLChain (Kyle et al., 2006; Dispenzieri et al., 2012); an observational cohort of pediatric
patients undergoing chronic hemodialysis (Hemodialysis; Gotta et al. (2021)); an observational co-
hort of high-grade glioma patients (HGG); and an aggregation of several computed tomography
(CT) image datasets acquired from patients diagnosed with non-small cell lung cancer (NSCLC;
Aerts et al. (2019); Bakr et al. (2017); Clark et al. (2013); Weikert et al. (2019)). Detailed descrip-
tion of the datasets and preprocessing can be found in Appendices E and G. For (semi-)synthetic
data, we focus on the clustering performance of the considered methods; whereas for real-world
data, where the true cluster structure is unknown, we compare time-to-event predictions. In addi-
tion, we provide an in-depth cluster analysis for the NSCLC (see Section 5.3) and Hemodialysis (see
Appendix H.8) datasets.

Table 2: Summary of the datasets. Here,N is the total number of data points,D is the number of
explanatory variables,K is the number of clusters if known. We report the percentage of censored
observations and whether the cluster sizes are balanced if known.

Dataset N D % censored Data type K Balanced? Section
Synthetic 60,000 1,000 30 Tabular 3 Y 5.1, H.2
survMNIST 70,000 28� 28 52 Image 5 N 5.1, H.6
SUPPORT 9,105 59 32 Tabular — — 5.2
FLChain 6,524 7 70 Tabular — — H.7
HGG 453 147 25 Tabular — — 5.2
Hemodialysis 1,493 57 91 Tabular — — 5.2, H.8
NSCLC 961 64� 64 33 Image — — 5.3, H.9

Baselines & Ablations We compare our method to several well-established baselines: the semi-
supervised clustering (SSC; Bair & Tibshirani (2004)), survival cluster analysis (Chapfuwa et al.,
2020), and deep survival machines (Nagpal et al., 2021a). For the sake of fair comparison, in SCA
we truncate the Dirichlet process at the true number of clusters if known. For all neural network
techniques, we use the same encoder architectures and numbers of latent dimensions. Although the
pro�le regression approach of Liverani et al. (2020) is closely related to ours, it is not scalable to
large unstructured datasets, such as survMNIST and NSCLC, since it relies on MCMC methods for
Bayesian inference and is not parameterised by neural networks. Therefore, a full-scale comparison
is impossible due to computational limitations. Appendix H.3 contains a `down-scaled' experiment
with the pro�le regression on synthetic data. Additionally, we considerk-means and regularised
Cox PH and Weibull AFT models (Simon et al., 2011) as na�̈ve baselines. For the VaDeSC, we
perform several ablations: (i) removing the Gaussian mixture prior and performingpost hock-
means clustering on latent representations learnt by a VAE with an auxiliary Weibull survival loss
term, which is similar to the deep survival analysis (DSA; Ranganath et al. (2016)) combined with
k-means; (ii ) training a completely unsupervised version without modelling the survival, which is
similar to VaDE (Jiang et al., 2017); and (iii ) predicting cluster assignments when the survival time
is unobserved. Appendix G contains further implementation details.

Evaluation We evaluate the clustering performance of models, when possible, in terms of accu-
racy (ACC), normalised mutual information (NMI), and adjusted Rand index (ARI). For the time-
to-event predictions, we evaluate the ability of methods to rank individuals by their risk using the
concordance index (CI; Raykar et al. (2007)). Predicted median survival times are evaluated using
the relative absolute error (RAE; Yu et al. (2011)) and calibration slope (CAL), as implemented by
Chapfuwa et al. (2020). We report RAE on both non-censored (RAEnc) and censored (RAEc) data
points (see Equations 14 and 15 in Appendix F). The relative absolute error quanti�es the relative
deviation of median predictions from the observed survival times; while the calibration slope in-
dicates whether a model tends to under- or overestimate risk on average. For the (semi-)synthetic
datasets we average all results across independentsimulations, i.e. dataset replicates; while for the
real-world data we use the Monte Carlo cross-validation procedure.
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5 RESULTS

5.1 CLUSTERING

We �rst compare clustering performance on the nonlinear (semi-)synthetic data. Table 3 shows
the results averaged across several simulations. In addition to the clustering, we evaluate the con-
cordance index to verify that the methods can adequately model time-to-event in these datasets.
Training set results are reported in Table 12 in Appendix H.

As can be seen, in both problems, VaDeSC outperforms other models in terms of clustering and
achieves performance comparable to SCA and DSM w.r.t. the CI. Including survival times appears to
help identify clusters since the completely unsupervised VaDE achieves signi�cantly worse results.
It is also assuring that the model is able to predict clusters fairly well even when the survival time is
not given at test time (“w/ot”). Furthermore, performingk-means clustering in the latent space of a
VAE with the Weibull survival loss (“VAE + Weibull”) clearly does not lead to the identi�cation of
the correct clusters. In both datasets,k-means on VAE representations yields almost no improvement
overk-means on raw features. This suggests that the Gaussian mixture structure incorporated in the
generative process of VaDeSC plays an essential role in inferring clusters.

Interestingly, while SCA and DSM achieve good results on survMNIST, both completely fail to iden-
tify clusters correctly on synthetic data, for which the generative process is very similar to the one
assumed by VaDeSC. In the synthetic data, the clusters do not have prominently different survival
distributions (see Appendix E.1); they are rather characterised by different associations between the
covariates and survival times — whereas the two baseline methods tend to discover clusters with
disparate survival distributions. The SSC offers little to no gain over the conventionalk-means per-
formed on the complete feature set. Last, we note that in both datasets VaDeSC has a signi�cantly
better CI than the Cox PH model likely due to its ability to capture nonlinear relationships between
the covariates and outcome.

Figure 4 provides a closer inspection of the clustering and latent representations on survMNIST
data. It appears that SCA and DSM, as expected, fail to discover clusters with similar Kaplan–
Meier (KM) curves and have a latent space that is driven purely by survival time. While the VAE +
Weibull model learns representations driven by both the explanatory variables (digits in the images)
and survival time, thepost hock-means clustering fails at identifying the true clusters. By contrast,
VaDeSC is capable of discovering clusters with even minor differences in KM curves and learns

Table 3: Test set clustering performance on synthetic and survMNIST data. “VAE + Weibull”
corresponds to an ablation of VaDeSC w/o the Gaussian mixture prior. “w/ot” corresponds to the
cluster assignments made by VaDeSC when the survival time is not given. Averages and standard
deviations are reported across 5 and 10 independent simulations, respectively. Best results are shown
in bold, second best – initalic.

Dataset Method ACC NMI ARI CI

Synthetic

k-means 0.44� 0.04 0.06� 0.04 0.05� 0.03 —
Cox PH — — — 0.77� 0.02
SSC 0.45� 0.03 0.08� 0.04 0.06� 0.02 —
SCA 0.45� 0.09 0.05� 0.05 0.04� 0.05 0.82� 0.02
DSM 0.37� 0.02 0.01� 0.00 0.01� 0.00 0.76� 0.02
VAE + Weibull 0.46� 0.06 0.09� 0.04 0.09� 0.04 0.71� 0.02
VaDE 0.74� 0.21 0.53� 0.12 0.55� 0.20 —
VaDeSC (w/ot) 0.88� 0.03 0.60� 0.07 0.67� 0.07
VaDeSC (ours) 0.90� 0.02 0.66� 0.05 0.73� 0.05 0.84� 0.02

survMNIST

k-means 0.49� 0.06 0.31� 0.04 0.22� 0.04 —
Cox PH — — — 0.74� 0.04
SSC 0.49� 0.06 0.31� 0.04 0.22� 0.04 —
SCA 0.56� 0.09 0.46� 0.06 0.33� 0.10 0.79� 0.06
DSM 0.54� 0.11 0.40� 0.16 0.31� 0.14 0.79� 0.05
VAE + Weibull 0.49� 0.05 0.32� 0.05 0.24� 0.05 0.76� 0.07
VaDE 0.47� 0.07 0.38� 0.08 0.24� 0.08 —
VaDeSC (w/ot) 0.57� 0.09 0.51� 0.09 0.37� 0.10
VaDeSC (ours) 0.58� 0.10 0.55� 0.11 0.39� 0.11 0.80� 0.05
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