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The well-known regularity property allows the Pareto optimal solutions of a multiobjective optimization
problem (MOP) to be embedded in some latent spaces by the manifold structure of the Pareto optimal
set. This paper proposes an efficient regularity augmented evolutionary algorithm (RAEA) for multiobjective
optimization, which aims to adopt such latent spaces for use with offspring generations. In this algorithm,
a singular value decomposition method is adopted at each iteration to extract such latent space from the
population with the regularity property. The enhancements of regularity in RAEA include: (1) an acceleration
of convergence by incrementally projecting the dominated solutions into the latent space built with elite
solutions (i.e., the non-dominated solutions); and (2) a novel dual-space search strategy (DSS) is developed for
the generation of promising offspring solutions by searching in both latent and decision space. The developed
algorithm was empirically compared with five well-known multiobjective evolutionary algorithms on several
complicated MOP test suites. Experimental results suggest that RAEA outperforms the compared algorithms
on these test instances in terms of two commonly-used indicators. Both the effectiveness of the convergence

acceleration scheme and the developed dual-space searching strategy are also validated.

1. Introduction

In real-world applications, many optimization problems are sub-
jected to multiple conflicting objectives, termed multiobjective op-
timization problems (MOPs) [1,2]. Due to the conflicts among the
objectives, there does not exist a single solution that can optimize
all objectives simultaneously. Therefore, Pareto optimal solutions, the
best-possible tradeoffs among the objective functions, are usually ex-
pected by decision-makers. The set of all the Pareto optimal solutions in
the decision space is called the Pareto optimal set (PS), and its mapping
in the objective space is denoted as the Pareto front (PF).

Since multiobjective evolutionary algorithms (MOEAs) can approx-
imate the Pareto optimal solutions of a MOP in a single run, they
have flourished in the last two decades [3]. In MOEAs, a population
of promising solutions is driven to approximate the Pareto optimal
solutions. The basic iterative steps of a general MOEA can be defined
as follows:

Pop, (1)
Pop,,, = Sel(Pop,, Gen(Pop,))

where Pop, is the initial solution set given randomly. The offspring gen-
eration operator Gen(-) is performed to generate new trail solutions in
MOEAs, while promising or high-quality solutions are selected for the
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next generation by the environment selection operator Sel(-). The above
two operators are executed in a loop until the algorithm converges and
obtains a set of well-approximated Pareto optimal solutions.

In fact, many studies suggest that key points to improve the perfor-
mance of MOEAs are to design the efficient generation and selection op-
erators [4,5]. However, as seen from the literature, most of the existing
MOEAs mainly focus on designing and improving selection operators,
and directly adopt the offspring generation operators developed for sin-
gle objective optimization problems without any modifications [4,6].
In terms of the selection methods, MOEAs can be roughly classified
into three categories based either on the Pareto dominance [7,8],
performance indicators [9-11] or decomposition strategies [12-14].

In most cases, the existing MOEAs can drive the population to
approximate the PF given enough computational resources with differ-
ent generation operators, but their main difference is the search effi-
ciency [13]. There is no doubt that effective offspring generators could
accelerate the search process by generating high-quality solutions.
However, the existing offspring generation operators, e.g., the differen-
tial evolution (DE) [15,16], particle swarm optimization (PSO) [17,18]
and estimation of distribution algorithms (EDAs) [19], may not be
always efficient when dealing with MOPs, due to the lack of consid-
eration of the characteristics of MOPs [20,21].
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In the case of continuous MOPs, it has been proved that under
mild assumptions induced from the Karush-Kuhn-Tucker (KKT) con-
dition, the Pareto optimal solutions of a continuous MOP form a
piecewise (m — 1)-dimensional continuous manifold in the decision
space [22], where m is the number of the objectives. This manifold
characteristic of continuous MOP is called regularity property [23,24].
Several regularity models (RMs) based offspring generations mainly
benefit from the regularity property of MOPs [4,25-27], where the RM-
based multiobjective EDA (hereafter RM-MEDA [4]) might be the first
implementation of this method.

In terms of the existing regularity model based evolutionary ap-
proaches, some latent spaces are commonly involved in these methods,
which are built to approximate the manifold structure of the population
explicitly, according to the manifold property. For example, RM-MEDA
aims to approximate the manifold structure by a set of hyperplanes
indicated by principal component subspaces, e.g., a line segment for
the bi-objective (i.e. m = 2), and a 2-D rectangle for tri-objective
(i.e. m = 3), with a segmented principal component analysis (local PCA)
approach. These hyperplanes (or principal component subspaces) could
be regarded as latent spaces. The Latin hypercube sampling or uniform
sampling procedures can be performed in such built latent spaces to
generate offspring solutions in RM-MEDA, which have been verified
that perform well on MOPs with variable lineages.

Inspired by the success of RM-MEDA, among a number of RM-MEDA
improvements or variants, two specific methods attempt to search in
the built latent space(s) with some genetic operators. In [28], instead of
the Latin-like sampling method in RM-MEDA, the population solutions
are projected into the latent spaces, and a DE mutation search (DES)
strategy is performed among these latent spaces for RM-MEDA. Very
recently, a PCA-assisted search approach has been proposed in [29],
which builds a new principal component subspace (i.e. a new co-
ordinate system) by the PCA method, and genetic reproduction is
conducted for searching in the latent space. However, the number of
latent spaces is hard to be determined in RM-MEDA/DES, which is
problem-dependent. At the same time, the PCA-assisted search may fail
to work in the early stage and has to combine with other generation
operators. In a word, the studies of searching with the latent space for
offspring generation are still very small and inefficient in evolutionary
multiobjective optimization, and it is worth investigating further.

Given the above considerations, this study aims to make new con-
tributions with the regularity latent space by proposing a regularity
augmented evolutionary algorithm (short for RAEA) for multiobjec-
tive optimization. Instead of sampling from the latent space, a novel
dual-space search (DSS) strategy is proposed in RAEA which adopts
the genetic generation operators to search in both latent and deci-
sion spaces for offspring generation, that is also different from the
above DES and PCA-assisted methods that only perform the genetic
procedures in the latent space.

The proposed RAEA has the following new features:

+ In RAEA, a singular value decomposition (SVD) approach is used
to extract the regularity for the construction of latent space. To
accelerate the convergence, at each generation, such latent spaces
are built with the elite solutions (i.e. nondominated solutions) of
the current population, while these dominated solutions are incre-
mentally projected into the built latent space by the incremental
computation procedures of SVD;

To generate new trial solutions, the proposed DSS generation is
performed with projected population points to search in the built
latent space and then map back into the original decision space.
Finally, these reconstructed trial vectors are adopted to generate
new trial solutions with the parents sampled from the population.
Moreover, the above generations adopt a simple neighborhood
relationship obtained in the latent space by K-nearest-neighbors
to choose neighbor parents.
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The rest of this paper is organized as follows. In Section 2, we briefly
provide the background and motivation of this work. The details of
the proposed RAEA for continuous multiobjective optimization are pre-
sented in Section 3. Experimental analyses and comparisons of RAEA
with some representative MOEAs on various benchmark problems are
presented in Section 4. Conclusions are drawn in Section 5.

2. Background and motivation
2.1. Problem definition

Without loss of generality, this paper considers the following uncon-
strained MOP [2,3]:

minimize  F(x) = (f{(x), f1(x), ... ,fm(x))T 2)
s.t. x=(xq,...,X,) €2
where x = (x;,x,,...,x,) is a n-dimensional decision vector, 2 =

1, [%;, %] is the decision space, and X; and %, are the lower and upper
boundaries of the ith variable. F(x) consists of m objective functions
fi(x): 2 > R™ i=1,...,m, where R™ is the objective space.

Definition 1 (Pareto Dominance).
Let x;, x, € Q be decision vectors, x; Pareto-dominates x, denoted
by x, < x, in minimization cases, if and only if

fi(x) < fi(xy), Vi=1,...,m
. 3
fi(x) < fi(xy), 3Fi=1,....m
Definition 2 (Pareto Optimal Solution).
A solution x* € Q is a Pareto-optimal solution if
x*e€eQA-Ixe Q: F(x) < F(x*) (©)]

that the PS is the set of all Pareto-optimal solutions in £2, and the PF is
the set of all corresponding objective vectors in R”.

2.2. Theory of regularity property

Let the objectives f;(x),i = 1,...,m be continuously differentiable
for the MOP defined in Eq. (2). If a solution x* € Q2 is Pareto optimal,
then there exists a vector « that

m
a € R™ with «; > 0 and Zai =1,
i=1
such that
m
Z%Vfi (x*)=0 (5)
i=1

where these Pareto optimal solutions are called KKT points which sat-
isfy Eq. (5), while not all KKT points are (local) Pareto optimal solutions
as the above theorem is not a sufficient condition. Thus, under certain
smoothness conditions, the Pareto optimal solutions of a bi-objective
optimization problem define a piece-wise continuous curve, while the
Pareto optimal solutions of the three objective optimization problems
define a piece-wise continuous surface'. More details of theoretical
proofs can be found in [22].

2.3. Applications of regularity property in MOEAs

As mentioned in Section 1, the PS of a continuous MOP indicates a
piece-wise (m—1)-D manifold structure in the decision space. This man-
ifold structure of PS has shown great potential for offspring generation
in MOEAs that follows two aspects.

! In some cases, we note that some complicated MOPs, the degenerated
or equality constrained problems, may not meet the regularity property [30,
31], but this paper mainly focuses on the continuous MOPs with the (m —
1)-dimensional manifold structure.
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Fig. 1. Final populations of SMEA on GLT4 test instance after 300 generations with
different mating restriction probability, where the population size is 100. (a) SMEA
cannot cover the entire PF if the parent is only allowed to select from the neighbors
(B = 1.0); (b) SMEA still does not approximate PF well when sampling from neighbor
or population in half.

On the one hand, several learning based MOEAs are proposed
to design mating restriction mechanisms for local exploitation with
the help of manifold structure. Generally, the clustering learning al-
gorithms, such as k-means [32] and spectral clustering [33,34], are
adopted to learn the manifold structure to select neighborhood parents
for offspring generation. For instance, in [20], a self-organizing map
learning method [35] is adopted to define the neighborhood relation-
ship among the population in the SMEA. This algorithm suggests that
parent solutions are selected from the neighboring solutions or the
entire population with a predefined probability for each solution in
the population. As one can expect, such fixed probability might be
hard to balance the local and global search, which determines the
exploitation and exploration of an algorithm. The results in Fig. 1
show different mating restriction probabilities significantly impact the
performance of SMEA. Moreover, Sun and Zhang et al. [6] design
some efficient improvement strategies, e.g., Gaussian-perturbed sam-
pling and clustering reusing, to generate promising trial solutions in an
adaptive evolutionary algorithm (AMEA). Then, several efforts focus
on the adaption of probability in mating restrictions [36,37]. Further-
more, some incremental learning methods are designed to reduce the
computational overhead for use with neighborhood mating in offspring
generation [38,39].

On the other hand, some efforts aim to explicitly approximate the
manifold of PS by estimated (or probability) models which are used to
sample new trial solutions. The RM-MEDA is such a typical algorithm.
Although RM-based evolutionary algorithms have been well-developed
in the past years [25-27,40,41], most of these methods share the sim-
ilar offspring generation procedures: building low dimensional latent
space(s) to approximate the manifold and sampling among these spaces
for generating offspring solutions. Recently, although some efforts have
not explicitly discussed their method in the context of the regularity
modeling procedures, they aim to extract this regularity property for
help with the generation of offspring in large-scale multiobjective
optimization [42,43].

2.4. Evolutionary search in latent space

Several studies have shown that a new rebuilt latent space may
enhance the search for offspring generation, where the PCA method or
its variants, is widely used for building latent space. Examples include
PCA-mutation search for diversity maintenance [44], PCA or kernel-
PCA crossover in new coordinate system [45,46], PCA-projection search
with valley direction for constrained optimization [47] and others.
However, we also notice that these searching approaches are designed
for single-objective or global optimization. Moreover, their searches are
all enhanced with decreased correlations or linkages among variables in
the latent space seen in the literature.
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Fig. 2. Illustration of Latent space and Projection obtained by regularity models in
RM-MEDA where the number of clusters is set to K = 3.
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Fig. 3. Final populations of RM-MEDA on GLT4 test instance after 300 generations
with different extension rates of latent space, where the population size is 100. (a)
no extension on the latent space (¥ = 0) may result in a lack of global exploration
by RM-MEDA; (b) a larger expansion (¥ = 100%) leads to the inefficiency of offspring
generation.

As aforementioned, RM-MEDA is proposed for offspring generation
by adopting this manifold property where the manifold latent spaces
are extracted from the population by the PCA method. In RM-MEDA,
at each generation, a set of (m—1)-D latent spaces is extracted from the
current population by the local PCA approach. New trial solutions are
sampled from these latent spaces together with some Gaussian white
noise vectors.

Let S be a finite subset of R", such as a cluster. The latent space
and projection procedures are performed as follows:

Step 1: Calculate mean value S and covariance matrix Cov:

= 1

S=— 6
lSIxezsx 6
__ 1 _Sye_ T

Cov = ISI—I(S S)S - S) 7)

where || is the cardinality of S;
Step 2: Built the latent space £ (r principal component subspace):

V=A{v,05,...,0,} (8
where the ith principal component, v;(i = 1,...,r), is a eigen-
vector associated with the ith largest eigenvalue of the matrix
Cov;

Step 3: Project the population:
Y= -9V ©)]

where ¥ € R’ in the r-dimensional principal component
subspace of S.

In fact, RM-MEDA assumes a (m — 1)-D manifold structure, hence
the (m — 1)-D £,% € R""! is required. An illustration of latent space
and projection are shown in Fig. 2. In this way, the latent space £ and
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Fig. 4. Illustration of the incremental projection procedures of SVD adopted in RAEA for population convergence acceleration where the A denote the matrix of nondominated

solutions and the X denote the matrix of dominated solutions.

projection ¥ are obtained, and offspring generation procedures can be
further performed in these implementations.

1. In RM-MEDA, the range of latent space V is defined by the
projection ¥ of the population and often extended along each
principal component for better manifold approximation of the
PS. In this way, trial solutions are sampled from thus extended
latent spaces. As shown in Fig. 3, it is clear that RM-MEDA
performs quite differently with different extensions of the latent
space, which implies that the extension rate has a significant
effect on the performance of RM-MEDA.

2. In terms of DES and PCA-assisted search strategies, they focus
on the projection ¥ of the population for use with genetic
operators for offspring generation. In fact, the genetic search in
the latent space might remove the setting of the extension of
latent space to some degree. However, such a latent space based
search strategy may be inefficient and have to combine other
generation procedures, such as the Gaussian noise in the DES
and other converged populations obtained by other generation
operators before the PCA-assisted search.

In a word, searching in the latent space extracted from the manifold
structure can help generate promising solutions. However, we also note
that only searching the latent space is inefficient. This is why the dual-
space search strategy is proposed to search in both latent and decision
space. Moreover, we suggest adopting the population projection to
accelerate the convergence by the incremental projection method. This
convergence acceleration scheme is efficient yet straightforward.

3. The proposed method

The basic idea of the developed algorithm in this work is to enhance
the evolutionary multiobjective optimization (EMO) approach for use
with the built latent space for population convergence acceleration and
dual-space search of offspring generation. Therefore, this section intro-
duces the acceleration for population convergence and the search in
both latent and decision space for offspring generation in detail. Then,
by integrating such newly developed strategies into the framework of
MOEA, the framework of the proposed RAEA and the details of each
step are presented. It should be noted here that all the described latent
spaces are given in the context of the regularity property.

3.1. Population convergence acceleration

It is clear that the nondominated solutions are closer to the PF
than the relative inferior solutions (i.e. dominated solutions). This
motivates us to extract latent spaces from the nondominated solutions,
and then project the dominated solutions into such built latent space
incrementally, to accelerate the convergence. We acknowledge that the
incremental projection technique of the SVD approach can achieve this
goal.

3.1.1. Building latent space via SVD

SVD, as an important matrix factorization method in linear algebra
and statistical analysis [48-51], has been developed with a complete
theoretical system [50,52]. SVD is used to decompose the data matrix
to extract the latent information of the data, where the latent semantic
indexing (LSI) [53] and recommender systems (RS) [54] might be the
most well-known applications of SVD.

In RAEA, we adopt the SVD method to extract the regularity prop-
erty for building latent space. The SVD of the matrix indicates that for
any non-zero p-by-g real matrix A (i.e. the decision variable matrix of
nondominated solutions), A € R?%4, it can be expressed as the product
of three matrices as follows:

(] v
03

: <
B S PETANE)

A=UZVT =[upuy, ... 0] 10)

Gj \

]

where U is a p-by-p orthogonal matrix, V is a g-by-q orthogonal matrix,
and X is a diagonal matrix with j = min(p,q) non-negative diagonal
elements in descending order that oy > 0, > =+ 2 0} > 04y = = =
6; = 0,k = rank(A). The first r columns of U and V represent the
orthogonal eigenvectors associated with the r nonzero eigenvalues of
AAT and AT A, respectively. In other words, the r (r < k) columns of U
corresponding to the nonzero singular values span the columns space.

Actually, these reduced columns spaces can be regarded as the latent
spaces L in the proposed RAEA. What is more, the r-dimensional of
latent space £ in RAEA is defined with a threshold 6:

r k
o200
i=1 i=1

where the threshold 0 < 6 < 1. As seen from literature [26], this
threshold is usually set as 0.9-0.99, while we set it as 6 = 0.95 in this

paper.

1D

3.1.2. Incremental projection for convergence acceleration

The incremental computation property of SVD could be allowed
to project additional (or new) data into the built latent space. This
incremental projection technique is known as folding-in procedures in
SVD literature [55,56]. To project new solutions (i.e. the dominated
solutions) into the reduced r latent space, we calculate the coordinates
for those vectors on the basis U,.

Let X be a thus new vector, a projection P with folding-in pro-
cedures that projects X onto the r-D latent space £ computed as:

P=XxV,xx! 12)

where the projection P is also allowed to map back into the decision
space £ as a trial vector X’ defined by:

X' =Pxz xVl 13)
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Fig. 5. 1000 new trial solutions on GLT4 obtained by the incremental projection and
mapping back the decision space with 1000 random dominated solutions.

In this work, as shown in Fig. 4, we aim to extend the folding-in
method to multiobjective evolutionary computation for convergence
acceleration by incremental projection. Specifically, we first compute a
latent space with the elite solutions, and then incrementally project the
inferior solutions upon such built latent spaces. Note that, in Egs. (12)
and (13), both the folding-in dominated solutions onto the latent space
and mapping back onto the decision space are based on the existing
components (i.e. the orthogonal matrix V, and diagonal matrix X,)
that new projections do not affect them (more details on the folding-in
procedures can be seen in Refs. [55,56]). In practice, it is possible to
refine these dominated solutions for convergence acceleration.

To facilitate understanding, we use the data representation in Fig. 5
as an example. In the figures, a well converged 100 nondominated solu-
tions on GLT4 test instance is shown in Fig. 5 while has 1000 dominated
solutions deviated from real PF. It is clear that these 1000 domi-
nated solutions are driven to approximate the PF with the incremental
projection procedures.

3.2. Dual-space search for offspring generation

The primary features of the developed dual-space search (DSS) strat-
egy aim to perform an evolutionary search operator (i.e. DE operator)
in both the above built latent space £ and original decision space Q.
Based on the projections (coordinates) on the latent space, a simple
neighborhood relationship is defined with K-nearest-neighbors in the
latent space among the population. Each solution x has:

+ a projected position in the latent space: p = (p;,...,p,) € L;
» K neighbor parents: P in the latent space £ and corresponding Q
in the decision space ;

In this way, to generate a new trial solution y, a general paradigm
of DSS can be summarized as:

xeEL->peLl
p' = Gen(p, P)
pPeEL-Xx e
y = Gen(x', Q)

DSS : a4

To implement the above idea, we use the DE operator as the
generation operator to search the dual-spaces where the DE operator
is performed with the current solution x and its mating pool P and
Q. Moreover, a polynomial mutation (PM) operator is also performed
to mutate the trial vector in the decision space after DE operations, as
most MOEAs do. The procedure details are given in Algorithm 1.

In Algorithm 1, first, DE is used to generate a trial r-dimensional
vector p’ by taking a projection p and its two neighbors p’' and p™
selected from the mating-pool P in the low-dimensional latent space
(lines 1-2). Then, the new trial vector p’ is mapped back into the
decision space for further DE search procedure with its two parents x"!
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Algorithm 1: Offspring Generation with DSS

Input
a projection in the latent space p;
the neighborhood mating pool P and Q;
the latent space matrix V, and X,;

Output:
an offspring solutions y;

// Searching in the latent space L

1 Randomly select two parents p’' and p’? form P in the latent
space;

2 Generate a trial vector p’ = (p'l, e pl), =1

pl=p + Fx@'—p?)

// Searching in the decision space 2
3 Map back to the decision space as a trial solution x’

X' =p xZxVTl

4 Randomly select two parents x"! and x"? form Q in the
decision space;

5 Generate a trial solution y’ = (y’l, Y i=1n
Y=y + Fx ! —x?)

6 Repair the trial solution by (i = 1,---,n)

v sty
% ify <%

"o_
yi =

=

; elseif y > %;
y;  otherwise
7 Mutate the trial solution by (i =1, -+, n)

if rand() < p,,
1"

_f Y+ xAx
Yi by otherwise

where i = 1, -+, n, Ax; = &; — X;, rand() generates a random
number from [0, 1], r = rand(), and
1
a 7R
2+ =2m (32)™]™ -1
i i 1
N
1- [2 ~2r - (222 ]""’ otherwise

X=X

if r<05

8 Repair y if necessary;
o Return the offspring solution y.

and x"? to generate a new trial solutions in the decision space (lines 3-
5). Finally, a repair mechanism is employed to correct any component
outside the search boundary (line 6). After repair, PM is applied to
generate a new solution (line 7). If necessary, the new solution is
repaired, and the final solution y is returned (line 9).

3.3. RAEA framework

In RAEA, the algorithmic parameters include the population size N
and the maximum number of generations T. At each generation, the
proposed RAEA maintains a population Pop with N solutions, where
Archy,,, is the nondominated solution set, and Archp,, contains the
dominated solutions. The framework of RAEA is presented in Algorithm
2, and its components are explained as follows:

+ Population Initialization: Pop is initialized by randomly gener-
ating a set of N solutions from the search space 2 (line 1);

» Termination Condition: if the termination condition, the max-
imum number of generations 7', is met, stop and return all the
final solutions in Pop (line 2);
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Algorithm 2: RAEA Framework
Input :
the population size N;
the maximum number of generations T;
Output:
the population Pop;
// Population Initialization
1 Randomly initialize Pop = {x',x2,---,xV};
// Termination Condition
2 fort=1,--,T do
// Decomposing by SVD and Folding-in
3 Perform SVD on Archy,, -
[UNord | 5, VT = SV D(Archy,g);
4 Incremental project Archp,,: Ur””"‘ = Folding —in(Archp,,,);
5 foreachie 1,---,N do
// Generation with DSS

6 Set the mating pool P and Q for x;
7 Generate a trial solution y with Algorithm 1;
// Selection
8 Update the population Pop by y;
9 end
10 end

11 Return Pop.

+ Latent Space and Projection: to build the latent space, the SVD
method is performed with the nondominated solutions Archy 4,
while these dominated solutions Archy,,, are incrementally pro-
jected onto (or folding-in) thus built latent space (lines 3 and
4);

Generation: in lines 6 and 7, with the projection of the latent
space, each solution in the population searches in the latent space,
and then is mapped back into the decision space for further off-
spring generation by the developed dual-space searching method
indicated in Algorithm 1;

Selection: Whenever offspring solutions are generated, a selec-
tion method based on the hypervolume (HV) indicator in SMS-
EMOA [10] is used to update the population Pop with the new
solution y (line 8).

Finally, RAEA returns the final population (line 11). The HV-based
environment selection, computational complexity and some notes on
the proposed RAEA are represented in the following.

3.4. Environment selection

Algorithm 3: Environment Selection

Input :
the new trial solution y;
the population Pop;
Output:
the updated population Pop;
1 Partition Pop U {y} into L fronts by

{B,---, B } = NDS(Popu {y}).
* in A B;).
2 Set x arg min (- BL)

3 Set Pop = Pop U {y}\{x*}.
4 Return the updated Pop.

The environment selection operation aims to update the population
Pop by removing the worst solution from Pop U {y}. In this paper, we
adopt the HV-based selection approach for RAEA, and the details of the
update method are shown in Algorithm 3.
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Fig. 6. Illustration of difference of the built latent spaces between RM-MEDA and PCA-
assisted reproduction. (a) In RM-MEDA, the (m—1)-D latent spaces aim to approximate
the manifold; (b) In RAEA, the latent space aims to cover the manifold of PS.

In line 1 of Algorithm 3, Pop u {y} is divided into L different
non-dominated fronts by the fast non-dominated sorting proposed in
NSGA-II [7], where the B, is the best front and the B, is the worst.
Then, the individual with the least amount of hypervolume in the
worst front B; is removed (lines 2-3). The details of the calculation
of hypervolume 4, can be found in [10].

3.5. Computational complexity

In this section, we consider the overall time complexity of RAEA
at each generation, where the computational cost of RAEA is mainly
due to the proposed dual-space search strategy. First, it is known the
decomposition of SVD requires a run-time of ©(p?) for the construction
of the latent space and the projections onto the built latent space cost
O((N - p)nr) [55], where N is the size of population size, p is the
number of the nondominated solutions, » is the dimension of variable
vector and r is the dimension of latent space. For the search in both
latent and decision spaces, the time complexity is O(Nn) with the DE
operator to generate a population of offspring solutions. For the HV-
based selection, the runtime is O(N™) in our implementation. In a word,
the time complexity of RAEA is O(p® + (N — p)nr + Nn + N™) at each
generation, while the runtime is O(N? + Nn+ N™) that all solutions in
the population are non-dominated solutions.

3.6. Notes on RAEA

3.6.1. Connections between the PCA and SVD

Both PCA and SVD can be regarded as matrix decomposition ap-
proaches for the extraction of latent information, where PCA performs
eigendecomposition on the covariance matrix (i.e. Egs. (6), (7) and (8))
and SVD directly decomposes the original data matrix. Although the
PCA method can also perform incremental projection, it may mislead
the search of RAEA when reconstructing these projected solutions as
the mean value has not changed. This is why we adopt the SVD to
accelerate convergence in RAEA.

3.6.2. Difference between RAEA and RM-MEDA

Although both RAEA and RM-MEDA adopt the regularity property
in the design of algorithms, RAEA allows the population to lie on
any subspaces of the decision space instead of the strict (m — 1)-D
assumption in RM-MEDA. As shown in Fig. 6, an intuitive cognition
is that the proposed RAEA aims to contain the manifold of PS, while
the built latent spaces in RM-MEDA are proposed to approximate the
PS explicitly. RAEA also benefits from the covered latent space that
clustering is not required in manifold modeling.

3.6.3. Implementation details

In practice, we find that there may be few nondominated solutions
in the population, especially in the initial population and the early stage
of the algorithm. Although such cases are sporadic, we give a simple
trick to handle this issue: the incremental projections are performed
when the number of nondominated solutions is greater than or equal to
5. Moreover, the solutions in best front B, are set as the nondominated
solutions to define the archive Archy,,, at each generation.
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Table 1
Properties of the test instances.
Instance Characteristics Instance Characteristics Instance Characteristics Instance Characteristics
GLT1 Disconnected, Nonlinear LzZ6 Convex, Complex PS IMF8 Concave, Nonlinear WFG1 Mixed, Biased
variable linkage variable linkage
GLT2 Convex, Nonlinear 177 Convex, Local PF, IMF9 Convex , Multimodal, Nonlinear WFG2 Convex, Discontinuous,
variable linkage Complex PS variable linkage Non-separable
GLT3 Convex, Nonlinear LZ8 Convex, Local PF, IMF10 Convex, Multimodal, Nonlinear WFG3 Degenerate,
variable linkage Complex PS variable linkage Non-separable
GLT4 Convex, Disconnected, LZ9 Convex, Complex PS IMOP1 Convex, Sharp-tailed WFG4 Convex, Multimodal
Nonlinear variable linkage
GLT5 Convex, Nonlinear IMF1 Convex IMOP2 Concave, Sharp-tailed WFG5 Concave, Deceptive
variable linkage
GLT6 Convex, Disconnected, IMF2 Concave IMOP3 Convex, Discontinuous WFG6 Concave, Non-separable
Nonlinear variable linkage
LZ1 Convex, Complex PS IMF3 Concave IMOP4 Degenerate WFG7 Concave, Biased
1z2 Convex, Complex PS IMF4 Concave IMOP5 Disconnected WFG8 Concave, Non-separable,
Biased
LZ3 Convex, Complex PS IMF5 Convex , Nonlinear IMOP6 Separable WFG9 Concave, Non-separable,
variable linkage Deceptive, Biased
LZ4 Convex, Complex PS IMF6 Concave, Nonlinear IMOP7 Concave
variable linkage
LZ5 Convex, Complex PS IMF7 Concave, Nonlinear IMOP8 Disconnected
variable linkage
Table 2 1. AMEA [38]: one hybrid MOEA combined Gaussian mixture
Reference points of test instances. model and DE operator in a probabilistic way;
Reference points Instances 2. IM-MOEA [5]: an inverse Gaussian model based MOEA, which
GLT1, GLT3 samples trial solutions from the objective space and then maps
a1, 1.1 LZ1-LZ5, L.27-1.29 them into the decision space;
1, 1.
IMF1-IMF3, IMFS-IMF7, IMF9-IMF10 3. MOEA/D-CMA [57]: a decomposition based MOEA that the
IMOP1, IMOP2 . . . .
> Covariance matrix adaptation (CMA) evolution strategy and DE
(1.1, 11.0) GLT2 operator are used to generate offspring solutions;
(1.1, 2.2) GLT4 4. RM-MEDA [4]: a kind of multiobjective estimation of distribu-
(1.0, 1.3) IMOP3 tion algorithm based on regularity model;
GLTS5. GLT6 5. SMEA [20]: one learning-based MOEA, which performs a general
5 . o . .
WL 111D LZ6 mating restriction strategy by extracting the regularity property;
I IMF4, IMF8
IMOP4, IMOP6, IMOP7
(0.6, 0.6, 1.3) IMOP5 4.1. Experlmental settings
(1.1,1.1, 3.3) IMOPS8
4.1.1. Test problems
(2.2, 4.4, 6.6) WFG1-WFG9 p

4. Empirical studies

To empirically indicate the performance of the proposed RAEA in
dealing with complicated MOPs, two parts of experiments have been
performed:

+ Parameter Analysis and Ablation Study: The role of the control
parameters in RAEA are studied, e.g., the size of neighborhood
mating pools K and the scaling factor F in the DE operator.
Furthermore, some ablation studies are conducted to investi-
gate the effect of different factors, convergence acceleration and
dual-space searching strategies, in RAEA on its performance in
MOPs.

Comparsion Study: RAEA is compared with some representative
MOEAs to indicate the performance of RAEA, including the sta-
tistical analysis, convergence speed and visual observation. More-
over, the scalability analysis of RAEA is also represented in the
number of decision variables.

To be specific, five state-of-the-art MOEAs are involved in this work
which also focus on offspring generation and cover the main categories
of MOEA in the literature:

MOPs with complicated characteristics are focused in this paper.
The GLT [58], LZ [13], IMF [5], IMOP [59] and WFG [60] test suites,
including a total of 42 test instances, are adopted for comparisons. As
summarized in Table 1, the characteristics of the selected problems
are various, i.e., convex, concave, mixed and disconnection in PF,
multimodal, biased and nonlinear variable linkage in PS, that challenge
MOEA:s.

4.1.2. Performance indicators
With the inverted generational distance (IGD) and hypervolume
(HV) indicators, both indicators can measure the convergence and
diversity of the solutions found by EMO approaches [61]. The details
of the IGD and HV indicators are illustrated here.
For IGD, let X = {x;,....xy | and ¥ = {y|, ...
defined by

M 1/p
IGD (X, ) = <$ Y dist, (y,.,x)>
i=1

where dist,, (y,-, é\,’) is the minimal distance between the objective vector
y; and all vectors in the set X, and we choose p = 1 in this paper. Let
P* be a set of uniformly distributed points in the theoretical PF, and P
be an approximation to the PF, we computer IGD, (P*, P) to indicate its
performance. A smaller IGD indicates better algorithmic performance.

Yu }» IGD,(X. D) is
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Table 3

Statistical results (Mean(Std. Dev.))

indicator.
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obtained by five RAEA variants with different K values over 30 independent runs on the GLT test suite in terms of the IGD

Instances(m,n)

K=2

K=4

K=6

K=8

K =10

2.9903e-2 (5.96e-2)
2.7683e-2 (5.70e—4)
5.1694e-3 (6.78e—4)
3.7232e-2 (9.58e-2)
2.9244e-2 (2.17e—4)
1.1291e-1 (1.80e-1)

1.6374e-2 (4.55e-2)
2.7671e-2 (5.53e—-4)
5.3142e-3 (1.34e-3)
2.7218e-2 (5.97e-2)
2.9303e-2 (2.26e—-4)
6.4978e—2 (1.33e—1)

1.7396e-2 (4.82e-2)
2.7918e-2 (7.37e-4)
5.1948e-3 (1.31e—4)
2.5704e-2 (8.50e—2)
2.9442e-2 (2.65e—4)
6.6938e-2 (1.63e-1)

GLT1(2,10) 2.2267e-2 (4.66e—-2)  2.7378e-2 (5.94e-2)
GLT2(2,10) 2.8818e-2 (1.03e—-3) 2.7621e-2 (4.95e—4)
GLT3(2,10) 6.1651e-3 (2.50e—3) 4.9951e-3 (1.29e-4)
GLT4(2,10) 7.5238e-2 (1.02e—1)  4.5637e-2 (9.57e-2)
GLT5(3,10) 2.9767e-2 (4.30e—4)  2.9321e-2 (2.48e-4)
GLT6(3,10) 1.0020e-1 (7.33e-2) 1.0985e—-1 (1.72e-1)
N GLTI - GLT2
o —0—RAEA* —0—RAEA*
—6—RAEA 10° —6—RAEA
= =
a a
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Fig. 7. The mean IGD indicator values versus numbers of generations for the RAEA
with or without convergence acceleration mechanism over 30 independent runs on
GLT1-GLT6.

For HV, the hypervolume indicator is defined as:

HV(P,r)=VOL { U [£1G 1] X oo [fn (), 7] } ,
xEP

where a reference vector r = (r|,...,r,) is dominated by any objective

vectors in the objective space, and V' OL(-) is the Lebesgue measure. The

larger the HV indicator value is, the better convergence and diversity

of AFs corresponding to P. In terms of these test instances used in this

paper, their reference points are shown in Table 2.

4.1.3. Parameter settings

Parameter settings have a significant influence on the performance
of the algorithms. Therefore, we choose the same parameters in the
original literature for each comparison algorithm. For each test in-
stance, the population size of all six algorithms is set to 100. What
is more, the DE control parameters: F = 0.5; and the PM control
parameters: p,, = 1/n, n,, = 20. To ensure the fairness of the experiment,
the parameter CR = 1 is set for all algorithms with DE operator. The
specific parameters of each algorithm are set as follows.

» Parameters of AMEA
- number of clusters: K = 5.
» Parameters of IM-MOEA

- size of random group: L = 3;
- number of reference vectors: K = 10.

» Parameters of MOEA/D-CMA
- number of groups: K = 5.
» Parameters of RM-MEDA

- cluster number in local PCA: K = 5;
- extension rate of sampling: ¢ = 0.25.

» Parameters of SMEA

- initial learning rate: = = 0.7;
- size of neighborhood mating pools: H = 5;
- probability of mating restriction: g = 0.7.

» Parameters of RAEA

- number of neighborhood mating pools: K = 8 recommended
by the following experiments.

4.2. Algorithm analysis

In this subsection, we investigate three factors that may affect the
performance of the proposed RAEA, i.e., the sensitivity of parameter K,
the effect of the convergence acceleration, and the effect of the dual-
space search strategy. The analysis and comparisons are conducted on
10-D GLT test instances with 300 generations.

4.2.1. Parameter sensitivity of the mating pool size K

In the proposed RAEA, the size of the neighborhood mating pool is
determined by the parameter K that controls the mating parents in both
the latent and decision spaces. To be specific, a larger K value with a
bigger neighborhood size may prefer global exploration while a smaller
K value helps local exploitation. Actually, this parameter might control
the balance between the global and local search to some degree.

To learn about the sensitivity of the probability of the mating pool
size K, K = 2,4,6,8,10 are separately tested. The GLT test suite is
adopted for this analysis, and the stopping condition is determined
by the total number of generations which is 300 in each run of five
algorithms. The statistical IGD values obtained by RAEA with different
settings of K are given in Table 3.

The experimental results indicate that the five compared variants
have achieved similar results where RAEA with K = 8 achieves the
best results, followed by algorithms with K = 4, K = 10, K = 6
and K = 2. A reason why RAEA does not work well with a smaller
neighborhood mating pool might be that it reduces the capability of
global search of RAEA. Therefore, we adopt the RAEA with K = 8
for the following analysis and comparisons. Moreover, we should point
out that the appropriate size of a neighborhood mating pool is still
problem-dependent.
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Statistical results (Mean(Std. Dev.)) obtained by four RAEA variants with different search strategies over 30 independent runs on the GLT test suite in terms

of the IGD indicator.

Instances(m,n) RAEA-A RAEA-B RAEA-C RAEA-DSS
GLT1(2,10) 3.0856e-2 (6.06e—2) — 1.2462e-2 (4.11e-2) — 3.3975e-2 (6.09e-2) — 7.2641e-3 (3.03e-2)
GLT2(2,10) 2.8856e-2 (6.81e—4) — 2.7707e-2 (6.11e-4) = 2.7690e-2 (3.86e—4) = 2.7660e—-2 (4.68e—4)
GLT3(2,10) 5.4089%¢e-3 (1.82e-3) = 7.6994e-3 (1.33e-2) — 6.0746e-3 (4.94e-3) = 5.1099e-3 (1.07e—4)
GLT4(2,10) 5.2405e-2 (1.04e-1) — 3.7492e-2 (9.35e-2) — 5.9442e-2 (1.25e-1) — 7.6298e-3 (1.48e-2)
GLT5(3,10) 2.9203e-2 (2.22e-4) = 2.9383e-2 (2.54e-4) — 2.9485e-2 (2.93e-4) — 2.9237e-2 (2.33e—4)
GLT6(3,10) 1.1801e-1 (1.42e-1) = 6.9026e-2 (6.40e-2) = 8.4327e-2 (8.34e-2) — 5.1827e-2 (5.60e—2)
+/-/= 0/3/3 0/4/2 0/4/2

Table 5

Statistical results (Mean(Std. Dev.)[rank]) obtained by AMEA, IM-MOEA, MOEA/D-CMA, RM-MEDA, SMEA and RAEA over 30 independent runs on the GLT, LZ, IMF, IMOP and

WEFG test suites in terms of the IGD values.

Instances(m,n) AMEA IM-MOEA

MOEA/D-CMA

RM-MEDA SMEA RAEA

GLT1(2,20) 4.6709e—-2(3.01e-2)[5]— 3.1807e-2(2.95e-3)[4]— 5.1341e-3(4.96e—4)[2]— 6.8693e—2(3.58e—2)[6]— 2.8969e-2(1.42e-2)[3]- 1.9360e—3(3.62e-5)[1]
GLT2(2,20) 3.2550e-2(7.5%e-3)[2]- 7.1958e-1(2.46e-1)[6]— 2.8187e-1(8.45e-2)[5]— 4.6602e—-2(1.97e-2)[3]— 4.9277e-2(5.78e-2)[4]— 2.7714e-2(4.46e-4)[1]
GLT3(2,20) 9.2540e-2(3.93e-2)[5]— 1.5361e-1(2.97e-2)[6]- 8.9923e-2(4.31e-2)[4]— 7.2058e-2(2.39%e-2)[2]— 8.1398e-2(2.33e-2)[3]- 5.1273e-3(1.05e-4)[1]
GLT4(2,20) 1.5911e-1(1.07e-1)[6]— 5.8231e-2(1.3%e-2)[2]— 8.4383e-2(8.69e-2)[3]— 1.0982e—-1(7.59e—-2)[5]— 1.0840e—1(6.44e—2)[4]- 5.0820e—-3(3.54e-5)[1]
GLT5(3,20) 8.5032e—-2(9.28e-3)[4]— 7.6442e-2(3.66e-3)[3]— 4.8817e-2(2.41e-3)[2]— 8.9084e—-2(7.33e—-3)[5]— 9.1870e—2(7.26e-3)[6]— 2.9636e—2(2.58e—4)[1]
GLT6(3,20) 1.4935e-1(1.27e-1)[6]— 1.1876e—1(4.62e-2)[4]— 1.4451e-1(5.35e-2)[5]— 9.6596e—-2(2.33e—2)[3]— 8.5824e-2(3.49e-2)[2]— 3.2918e—-2(5.63e—2)[1]
1Z1(2,30) 7.2440e—-3(1.32e-3)[5]— 7.4160e—-3(3.82e—4)[6]— 4.0779e-3(3.98e—-5)[4]— 3.6368e—-3(2.91e-5)[2]= 3.6909e—-3(2.18e—-5)[3]— 3.6268e—3(1.46e-5)[1]
LZ2(2,30) 1.2825e-1(2.98e-2)[6]- 7.1765e-2(1.36e-2)[5]— 4.7540e-2(6.70e-3)[2]= 7.0799e-2(1.45e-2)[4]— 5.2612e-2(5.64e-3)[3]— 4.6702e—-2(6.35e—3)[1]
1LZ3(2,30) 8.9006e—-2(3.23e—-2)[6]— 4.5555e-2(1.80e-2)[5]— 3.1216e-2(2.21e-2)[4]— 2.9759%e-2(8.38e-3)[3]— 2.7211e-2(3.39%e-3)[2]— 2.0089e—-2(3.66e—-3)[1]
LZ4(2,30) 1.0117e-1(3.47e-2)[6]- 3.2241e-2(1.49e-2)[3]- 3.4490e-2(1.42e-2)[5]— 3.3277e-2(6.45e-3)[4]— 2.9709e-2(5.27e-3)[2]— 2.1637e—-2(2.78e-3)[1]
LZ5(2,30) 4.9718e-2(6.78e—-3)[6]— 3.2024e-2(6.44e-3)[5]— 2.6795e-2(3.68e-3)[3]— 2.6780e-2(7.41e-3)[2]— 2.6953e-2(4.77e-3)[4]— 1.8926e—2(2.20e-3)[1]
LZ6(3,30) 4.4760e-1(9.54e-2)[5]— 2.6042e-1(2.70e-2)[2]— 2.8482e-1(7.83e-2)[3]= 3.3345e-1(6.63e-2)[4]— 5.7278e-1(1.61e-1)[6]— 2.5639e-1(1.00e-1)[1]
LZ7(2,30) 4.5687e-1(5.82e-2)[5]— 3.3939%e-1(4.98e-2)[2]+ 3.2211e-1(1.42e-1)[1]+ 1.2081e+0(5.31e-1)[6]— 3.9481e-1(9.99e-2)[4]= 3.7129e-1(4.48e-2)[3]
LZ8(2,30) 2.7369e-1(3.07e-2)[6]— 1.0629e—-1(1.47e-2)[5]- 4.6344e-2(2.94e-2)[1]+ 8.5502e—-2(5.10e—-2)[4]= 6.5065e—-2(2.95e-2)[2]= 8.3636e—2(4.36e—2)[3]
LZ9(2,30) 1.3945e—1(5.22e-2)[6]- 6.7757e-2(1.45e-2)[4]— 5.4153e-2(7.66e-3)[2]— 8.2963e—-2(1.71e—-2)[5]— 5.5288e-2(1.07e-2)[3]— 4.7015e—-2(6.30e—3)[1]
IMF1(2,30) 6.7320e—-2(2.54e—-2)[6]— 6.1077e—3(1.82e-3)[5]— 4.0220e—-3(5.42e-5)[3]— 3.8401e-3(3.25e-4)[2]= 4.4094e—3(1.88e-3)[4]— 3.7557e—-3(2.95e-5)[1]
IMF2(2,30) 1.1838e-1(3.46e-2)[5]= 1.8775e-2(3.43e-2)[3]= 4.3967e-2(1.51e-1)[4]= 3.3620e-1(3.06e-1)[6]— 4.4333e-3(1.11e-4)[1]+ 4.5215e—-3(5.55e—4)[2]
IMF3(2,30) 3.0407e-1(6.37e-2)[6]- 5.3353e-3(1.79e-4)[4]- 3.3027e-3(4.72e-5)[3]- 5.9155e-2(6.40e-2)[5]— 3.0632e-3(2.76e-5)[2]— 3.0126e-3(1.24e-5)[1]
IMF4(3,30) 1.1157e+1(3.81e+0)[6]- 1.5338e—-1(1.14e-2)[5]- 8.6978e-2(3.86e-2)[2]— 9.0553e-2(7.40e-3)[3]— 1.1371e-1(2.62e-2)[4]- 7.5553e-2(9.01e-4)[1]
IMF5(2,30) 2.3720e—-2(1.24e-2)[6]— 5.3585e—3(1.54e—-4)[4]— 4.9698e—-3(1.71e—4)[3]— 1.0332e—2(5.68e—3)[5]— 4.7863e—3(3.73e—4)[2]= 4.7803e—-3(2.08e—4)[1]
IMF6(2,30) 6.0223e—-2(1.93e—-2)[6]— 7.5529e-3(2.61e—-4)[1]+ 2.4937e-2(4.88e-3)[4]— 2.4917e-2(1.29¢-2)[3]= 2.5649e-2(3.84e-3)[5]— 2.1292e-2(2.08e-3)[2]
IMF7(2,30) 2.3086e—-1(2.15e-2)[6]— 7.2947e-3(3.82e—-4)[4]- 4.9255e-3(1.03e-3)[2]= 5.9937e-2(4.76e—-2)[5]— 3.6266e—3(5.49e—4)[1]+ 5.5163e—-3(2.34e—-3)[3]
IMF8(3,30) 8.7962e-1(7.08e-2)[6]— 1.4391e-1(4.75e-3)[1]= 2.2987e-1(1.18e-1)[4]— 2.2402e-1(1.35e-1)[3]- 3.0275e-1(9.45e-2)[5]= 2.1573e-1(1.30e-1)[2]
IMF9(2,30) 1.1344e-1(3.21e-2)[5]- 6.0029e-3(1.01e-3)[2]— 2.3765e-2(2.54e-2)[3]— 1.1513e-1(3.24e-2)[6]— 2.6967e-2(2.81e-2)[4]— 4.0577e-3(9.27e-5)[1]
IMF10(2,30) 6.1405e+1(1.30e+1)[5]— 6.5029e+0(2.79e+0)[2]— 1.9692e+1(8.05e+0)[3]- 7.4964e+1(1.98e+1)[6]— 3.2355e+1(1.88e+1)[4]— 9.7130e-1(8.55e—1)[1]
IMOP1(2,10) 8.0540e—2(1.18e—2)[4]— 3.3705e-1(8.68e-3)[6]— 1.0407e—1(3.82e-3)[3]- 3.2058e—2(8.36e—3)[2]— 1.1768e—1(1.78e-2)[5]- 5.3107e-3(1.97e-4)[1]

IMOP2(2,10)
IMOP3(2,10)
IMOP4(3,10)
IMOP5(3,10)
IMOP6(3,10)
IMOP7(3,10)
IMOPS(3,10)

7.5403e—-2(7.75e-3)[4]—
1.6359e—-1(1.34e-1)[4]-
4.2831e-2(3.79e-3)[4]—
1.2168e-1(2.52e-2)[3]—
1.7618e-1(5.44e-2)[5]—
9.2107e-2(3.13e-2)[3]—
1.9500e-1(5.90e—-2)[3]+

3.6076e—-1(1.36e—2)[6]—
5.2823e-1(1.42e-2)[6]—
4.3849e-1(1.34e-2)[6]—
2.8312e-1(1.05e-2)[6]—
2.8529e-1(2.13e-2)[6]—
5.3092e-1(1.73e-2)[6]—
4.3795e-1(3.52e-2)[6]—

1.6638e—2(8.80e—3)[1]+
1.0536e—-2(1.86e—-3)[2]—
2.9473e-2(9.66e—-4)[2]—
8.0075e—2(1.40e—2)[2]—
1.4505e-1(7.98e-2)[3]-
7.5662e—2(1.63e—2)[2]—
1.6404e—1(7.97e-3)[1]1+

5.8971e-2(8.63e-3)[3]—
1.3699e-1(1.41e-1)[3]-
2.8387e-2(6.81e-3)[3]—
1.9991e-1(2.20e—-2)[5]-
1.0849e-1(8.22e-2)[2]—
2.2713e-1(4.06e-2)[5]-
1.7994e-1(9.04e-2)[2]+

1.2478e-1(6.66e—3)[5]—
3.8581e-1(1.71e-1)[5]—
1.1481e-1(2.26e-2)[5]—
1.5024e-1(3.35e-2)[4]—
1.6118e—1(2.84e-2)[4]—
1.9213e-1(1.60e—-2)[4]-
2.2806e-1(6.16e—2)[4]1+

3.2596e—-2(4.11e-3)[2]
3.6853e—3(6.94e—-5)[1]
7.0857e-3(1.23e-4)[1]
7.6193e—2(1.91e-2)[1]
4.9250e—2(1.26e—3)[1]
5.9675e—2(6.06e—3)[1]
3.1868e—1(9.56e—-2)[5]

WFG1(3,20) 1.6701e+0(3.05e-2)[4]+ 1.4580e+0(2.62e-2)[1]+ 1.5016e+0(4.51e-2)[2]+ 2.0371e+0(8.60e-2)[6]— 1.6195e+0(2.25e-2)[3]+ 1.8037e+0(2.21e-2)[5]
WFG2(3,20) 3.9121e-1(1.30e-1)[6]- 2.6183e-1(1.21e-2)[3]- 2.8240e-1(1.92e-2)[5]— 2.6019e-1(8.51e-3)[2]— 2.6331e-1(1.28e-2)[4]— 2.3709e-1(6.25e-3)[1]
WEFG3(3,20) 2.275%e-1(5.05e—-2)[5]— 2.1896e-1(1.07e-2)[4]— 1.8013e-1(2.19e-2)[2]- 3.4911e-1(2.40e-2)[6]— 2.1435e-1(3.34e-2)[3]— 5.3740e—-2(1.79e-2)[1]
WFG4(3,20) 3.368%e-1(2.11e-2)[3]— 3.2668e—1(1.15e-2)[2]— 3.4265e—-1(1.44e-2)[4]— 3.6046e—1(1.24e-2)[5]— 3.6766e—1(1.38e—2)[6]— 2.8826e-1(8.17e-3)[1]
WEFG5(3,20) 3.5889e-1(3.90e-2)[6]— 3.3196e-1(8.91e-3)[5]- 3.0425e-1(9.46e-3)[3]— 3.2755e-1(2.24e-2)[4]— 3.0299e-1(1.69e-2)[2]— 2.8486e—1(7.23e—3)[1]
WFG6(3,20) 4.3299e-1(4.68e-2)[6]— 3.6605e-1(1.45e-2)[3]— 2.9040e-1(1.57e-2)[2]= 3.9317e-1(3.73e-2)[5]— 3.6713e-1(2.08e-2)[4]— 2.8479e-1(1.47e-2)[1]
WFG7(3,20) 3.9651e-1(6.04e-2)[6]— 3.5616e-1(1.41e-2)[3]— 3.1429e-1(7.37e-3)[2]— 3.6427e-1(1.05e-2)[4]- 3.9388e-1(2.03e-2)[5]— 2.8653e-1(4.71e-3)[1]
WEFG8(3,20) 5.3124e-1(4.72e-2)[6]— 3.7985e-1(9.81e-3)[3]— 3.705%e-1(1.03e-2)[2]— 4.6083e—-1(1.95e—-2)[4]— 4.7704e-1(1.65e-2)[5]— 3.0219e-1(9.97e-3)[1]
WFG9(3,20) 3.3455e-1(3.57e-2)[3]— 3.4367e—1(1.01e-2)[4]- 3.2424e-1(1.75e-2)[2] - 3.5498e—1(1.49e-2)[6]— 3.4618e—1(1.06e-2)[5]— 2.7278e-1(1.71e-2)[1]
Ranking 5.0476 3.8095 2.9286 4.1190 3.5714 1.5238

+/=/= 2/39/1 3/37/2 5/32/5 2/36/4 4/34/4

4.2.2. Effect of acceleration mechanism

In Algorithm 2 Steps 3-4, the latent space is constructed with the
nondominated solution, while these dominated solutions are incremen-
tally projected thus built space for the acceleration of population by
the folding-in procedures of SVD method. In order to investigate the
effects of the convergence acceleration mechanism on the performance
of the proposed RAEA, we compare two variants of RAEA, one using
the acceleration mechanism (same as in the above section), and the
other not that the entire population is adopted to build the latent space
(denoted as RAEA* hereafter).

As observed from Fig. 7, although the RAEA and RAEA* have similar
IGD values after 300 generations, RAEA has the fastest convergence

speed for overall GLT1-GLT6 test instances compared with the variant
RAEA* without the acceleration mechanism, especially in the early evo-
lutionary stages. It can be summarized that the proposed acceleration
mechanism will accelerate the population convergences of RAEA in
solving MOPs.

4.2.3. Effect of dual-space searching strategy

During the offspring generation, the dual-space search strategy is
proposed to adopt the DE operator for searching in both latent and
decision space to generate offspring solutions. To be specific, three
different searching strategies can be used in RAEA to form the following
variants to validate the effectiveness of RAEA with DSS strategy (called
RAEA-DSS):
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Statistical results (Mean(Std. Dev.)[rank]) obtained by AMEA, IM-MOEA, MOEA/D-CMA, RM-MEDA, SMEA and RAEA over 30 independent runs on the GLT, LZ, IMF, IMOP and
WEFG test suites in terms of the HV values.

Instances(m,n) AMEA IM-MOEA MOEA/D-CMA RM-MEDA SMEA RAEA

GLT1(2,20) 3.7250e-1(5.81e-2)[5]— 4.0781e-1(9.83e-3)[3]— 4.7880e-1(8.24e—-4)[2]— 3.6410e-1(5.43e-2)[6]— 3.9334e-1(2.58e-2)[4]— 4.8116e—1(2.10e—4)[1]
GLT2(2,20) 8.1632e-1(3.56e—-3)[2]— 6.9390e—-1(2.48e—-2)[6]— 7.6748e—1(1.56e—-2)[5]— 8.0511e-1(6.90e-3)[4]— 8.0890e-1(2.07e-2)[3]— 8.1882e—-1(1.27e-4)[1]
GLT3(2,20) 9.4966e—1(3.36e-3)[4]- 9.4196e—1(1.48e-3)[6]- 9.4879%e-1(2.25e-3)[5]- 9.4978e—1(1.88e-3)[3]- 9.5062e-1(1.95e-3)[2]- 9.5776e-1(2.34e-5)[1]
GLT4(2,20) 4.9928e-1(9.8%e-2)[5]— 5.5038e-1(7.12e-3)[2]- 4.9699e-1(9.94e-2)[6]- 5.4871e-1(2.33e-2)[3]- 5.2718e-1(6.68e—2)[4]- 5.8384e—1(9.16e-5)[1]
GLT5(3,20) 9.3477e-1(6.69e-3)[4]— 9.3785e—1(4.30e-3)[3]- 9.6321e-1(1.53e-3)[2]- 9.3161e-1(5.58e-3)[6]- 9.3218e-1(5.04e-3)[5]- 9.7585e—1(1.59e—-4)[1]
GLT6(3,20) 8.3407e-1(1.34e-1)[6]— 8.9002e-1(2.84e—-2)[5]— 8.9599e-1(3.50e-2)[4]— 8.9678e—1(2.93e-2)[3]— 9.1385e—-1(4.28e-2)[2]— 9.5775e—1(6.23e—2)[1]
1LZ71(2,30) 7.1305e-1(2.52e-3)[6]— 7.1409e-1(5.30e-4)[5]— 7.1931e-1(1.10e-4)[4]- 7.2061e—1(1.00e—4)[1]+ 7.2034e-1(5.58e-5)[3]— 7.2060e—1(2.43e-5)[2]
172(2,30) 5.4788e-1(3.41e-2)[6]— 6.2010e-1(1.67e—-2)[5]— 6.5461e—1(1.02e-2)[2]= 6.2323e—1(1.96e-2)[4]— 6.4669e—1(9.42e-3)[3]— 6.5602e—1(1.05e—2)[1]
1Z3(2,30) 6.3926e—1(1.51e-2)[6]- 6.7740e-1(8.39e-3)[5]- 6.8595e—1(1.65e-2)[4]- 6.8997e—1(7.90e-3)[3]- 6.9000e—1(4.30e-3)[2]- 6.9871e—1(4.5%e-3)[1]
1Z4(2,30) 6.3623e—1(1.85e-2)[6]— 6.893%-1(8.71e-3)[2]- 6.8006e—1(1.52e-2)[5]- 6.8579e—1(6.50e—3)[4]- 6.8690e—1(6.57e—3)[3]- 6.9749e—1(3.14e-3)[1]
LZ5(2,30) 6.6460e—1(6.02e-3)[6]— 6.8734e-1(3.84e-3)[5]— 6.8930e-1(3.81e-3)[4]— 6.9506e—1(5.59e-3)[2]- 6.9137e-1(3.79e-3)[3]- 7.0004e—1(2.82e-3)[1]
176(3,30) 1.3809e—1(7.07e-2)[5]— 3.1467e-1(5.93e-3)[3]— 3.2354e-1(3.94e-2)[2]- 1.7797e-1(7.04e-2)[4]— 4.6331e—-2(4.13e-2)[6]— 4.2847e—1(5.96e—2)[1]
1Z7(2,30) 1.7366e—1(4.23e-2)[5]- 2.8056e—1(4.35e-2)[2]+ 3.2587e—1(1.4%e-1)[1]+ 3.6166e—2(6.64e—2)[6]— 2.3658e—1(7.84e-2)[3]= 2.3183e-1(5.74e-2)[4]
178(2,30) 3.5067e-1(2.68e-2)[6]— 5.5628e—1(2.55e-2)[5]- 6.5681e—1(3.64e—2)[1]+ 6.0431e-1(6.51e-2)[4]= 6.3301e-1(3.83e-2)[2]= 6.1120e-1(5.67e-2)[3]
179(2,30) 2.8113e-1(4.27e-2)[6]— 3.4818e-1(1.86e-2)[5]- 3.5891e-1(1.45e-2)[3]- 3.4990e-1(1.87e-2)[4]- 3.6979e-1(1.32e-2)[2]- 3.7781e-1(1.23e-2)[1]
IMF1(2,30) 6.1620e-1(3.16e-2)[6]— 7.1578e-1(2.27e-3)[5]- 7.1949e-1(1.41e-4)[3]- 7.1986e—1(8.3%e-4)[2]= 7.1913e-1(2.75e-3)[4]- 7.2023e—-1(1.01e-4)[1]
IMF2(2,30) 3.2686e-1(3.60e-2)[5]= 4.2361e-1(3.86e-2)[3]= 4.1908e-1(8.76e-2)[4]= 2.5042e-1(1.79e-1)[6]— 4.4481e—-1(1.06e—-4)[1]+ 4.4421e-1(1.46e-3)[2]
IMF3(2,30) 1.2655e—1(4.81e-2)[6]— 3.8523e-1(2.95e—-4)[4]— 3.8805e—-1(1.28e—-4)[3]— 3.3001e-1(6.43e—-2)[5]— 3.8868e—1(9.42e-5)[2]— 3.8876e—-1(4.78e—-5)[1]
IMF4(3,30) 0.0000e+0(0.00e+0)[6]— 3.6531e-1(2.02e-2)[5]- 5.0128e-1(8.40e-2)[2]- 4.8085e-1(1.35e-2)[3]- 4.3897e-1(5.21e-2)[4]- 5.6460e—1(7.18e—4)[1]
IMF5(2,30) 6.8448e-1(2.17e-2)[6]— 7.1515e-1(4.98e-4)[4]- 7.1747e-1(2.92e-4)[2]= 7.0603e—1(1.24e-2)[5]- 7.1737e-1(1.28e-3)[3]= 7.1764e-1(3.66e—4)[1]
IMF6(2,30) 3.8955e-1(1.64e-2)[6]— 4.3863e—1(3.70e-4)[1]+ 4.3442e-1(2.55e-3)[4]- 4.3071e-1(1.29e-2)[5]= 4.3641e-1(2.00e-3)[3]= 4.3693e—-1(1.11e-3)[2]
IMF7(2,30) 1.9634e—1(1.41e-2)[6]— 3.8237e-1(4.66e—-4)[4]— 3.8528e-1(1.41e-3)[2]= 3.3167e-1(4.08e-2)[5]— 3.8739e-1(9.03e-4)[1]+ 3.8478e-1(2.84e-3)[3]
IMF8(3,30) 5.6527e—-3(1.49e-2)[6]— 3.6631e-1(8.44e-3)[5]— 4.6649e—1(6.08e—-2)[2]— 4.1606e—1(1.01e-1)[4]—- 4.2431e-1(3.58e-2)[3]—- 4.8602e—1(7.32e—2)[1]
IMF9(2,30) 5.7344e-1(3.77e-2)[5]- 7.1563e-1(2.15e-3)[2]- 6.9331e-1(2.93e-2)[3]- 5.7075e-1(3.98e-2)[6]- 6.905%e-1(3.17e-2)[4]- 7.1903e-1(2.37e-4)[1]

IMF10(2,30)

0.0000e+0(0.00e+0)[4]-

5.3863e—3(2.26e—2)[3]-

0.0000e+0(0.00e+0)[5]-

0.0000e+0(0.00e+0)[6]—

1.1131e—2(3.46e-2)[2]—

1.1143e-1(2.07e-2)[1]

IMOP1(2,10)
IMOP2(2,10)
IMOP3(2,10)
IMOP4(3,10)
IMOP5(3,10)
IMOP6(3,10)
IMOP7(3,10)
IMOPS(3,10)

9.8373e-1(2.5%e-3)[4]—
2.2694e-1(1.54e-3)[4]-
4.7837e-1(9.44e—2)[4]-
3.8591e-1(5.29e-3)[4]-
4.8725e-1(1.95e-2)[5]—
4.3167e-1(2.67e-2)[5]—
4.7697e-1(2.97e-2)[3]-
4.2138e-1(3.50e—-2)[3]+

7.3032e-1(1.99e-2)[6]—
1.0392e-1(2.91e-3)[6]—
2.3645e—1(1.46e—-2)[6]—
1.2142e-1(7.15e-3)[6]—
5.4953e-1(2.23e-2)[1]+
2.9290e-1(1.32e-2)[6]—
1.8094e-1(6.23e-3)[6]-
2.4558e—1(2.00e—2)[6]—

9.8500e—1(8.28e-5)[3]—
2.3099e-1(3.01e-4)[2]-
6.5634e—-1(6.66e—4)[2]—
4.2423e-1(4.50e-4)[3]-
5.1210e-1(6.88e—3)[3]=
4.6428e-1(5.53e-2)[3]—
5.0579e-1(8.72e-3)[1]+
4.6556e—1(8.54e—3)[1]+

9.8774e-1(1.31e-4)[1]+
2.2864e-1(1.01e-3)[3]-
5.1673e-1(1.01e-1)[3]-
4.0926e—1(1.22e-2)[2]—
4.7360e—1(1.24e-2)[6]—
4.7750e-1(4.71e-2)[2]—
3.9590e-1(2.67e-2)[5]-
4.3109e-1(5.75e-2)[2]+

9.4550e-1(2.43e-2)[5]—
2.0984e-1(2.47e-3)[5]—
3.0640e—-1(1.00e-1)[5]—
3.0024e-1(3.07e-2)[5]—
4.9886e—-1(1.56e—2)[4]—
4.4590e-1(2.01e-2)[4]-
4.2378e-1(1.35e-2)[4]—
3.9658e-1(3.67e—2)[4]+

9.8722e-1(5.54e-5)[2]
2.3226e—-1(1.36e—4)[1]
6.5881e—1(3.60e—5)[1]
4.3489e-1(8.41e-5)[1]
5.1270e-1(8.03e-3)[2]
5.1596e—1(8.26e—4)[1]
4.9447e-1(8.87e-3)[2]
3.4758e—1(6.84e—2)[5]

WEFG1(3,20) 1.9949e—-1(1.39e-2)[4]+ 3.0029e-1(1.42e-2)[1]1+ 2.8021e-1(1.19e-2)[2]+ 5.7783e-2(2.95e-2)[4]— 2.5131e-1(5.11e-3)[4]+ 1.3690e—1(1.32e-2)[5]
WEFG2(3,20) 8.0987e-1(3.96e—-2)[6]— 8.8229e-1(5.07e-3)[2]— 8.5931e-1(1.12e-2)[5]— 8.6945e-1(4.92e-3)[3]- 8.6630e—1(6.47e-3)[4]- 9.1229e-1(5.67e-3)[1]
WFG3(3,20) 3.3154e-1(1.79e-2)[5]- 3.3638e—1(5.25e-3)[4]- 3.4708e—1(1.20e-2)[2]- 2.7321e-1(7.94e-3)[6]- 3.3900e-1(1.19e-2)[3]- 3.9636e—1(8.09e-3)[1]
WFG4(3,20) 4.4761e-1(9.23e-3)[4]- 4.9984e-1(3.78e-3)[1]= 4.6483e-1(7.62e-3)[3]- 4.4112e-1(6.12e-3)[5]- 4.3310e-1(7.26e-3)[6]- 4.9959%e—1(5.10e-3)[2]
WFG5(3,20) 4.1447e-1(2.02e-2)[6]— 4.7408e-1(7.29e-3)[2]— 4.6207e-1(9.32e-3)[3]- 4.4318e-1(9.40e-3)[5]— 4.5645e-1(1.17e-2)[4]- 5.1639e—1(2.79e-3)[1]
WEFG6(3,20) 3.9194e-1(1.53e-2)[6]— 4.6707e-1(1.31e-2)[3]— 4.7009e-1(1.16e—-2)[2]— 4.1939e-1(1.83e-2)[5]— 4.2930e-1(1.11e-2)[4]- 5.4305e—-1(1.78e—-2)[1]
WFG7(3,20) 4.2177e-1(2.38e-2)[5]- 4.9356e-1(3.98e-3)[2]- 4.9000e-1(9.94e-3)[3]- 4.3710e-1(6.35e-3)[4]- 4.1709e-1(1.01e-2)[6]- 5.5738e—1(1.05e-3)[1]
WFG8(3,20) 3.3438e-1(1.42e-2)[6]— 4.3933e-1(4.63e-3)[2]- 4.1281e-1(7.77e-3)[3]- 3.6500e—1(1.29e-2)[4]- 3.5256e—1(7.86e—3)[5]- 4.6271e-1(9.17e-3)[1]
WFG9(3,20) 4.3707e-1(1.66e-2)[4]— 4.8423e-1(6.46e-3)[2]- 4.4221e-1(2.67e-2)[3]- 4.1618e-1(9.72e-3)[6]- 4.2080e-1(5.07e-3)[5]- 5.3161e-1(2.35e-2)[1]
Ranking 5.2308 3.4359 3.0256 4.2051 3.3590 1.4103

+/=/= 2/39/1 4/36/2 5/32/5 3/36/3 5/33/4

1. RAEA-A: the DE operator is only conducted in the decision space;

2. RAEA-B: the DE operator is only conducted in the latent space;

3. RAEA-C: the DE operator is conducted in both the latent and
decision space, while the parents in the decision are sampled
from the mapped trial vectors.

The statistical results are summarized in Table 4. From the table,
we can see that RAEA-DSS achieves 5 best IGD indicator values out
of 6. Moreover, RAEA-DSS yields 3, 0, 3 significantly better, worse and
similar indicator values than RAEA-A, 4, 0, 2 significantly better, worse
and similar indicator values than RAEA-B, and 4, 0, 2 better, worse
and similar ones than RAEA-C, respectively. Moreover, a reason RAEA-
C does not work well is that only searching by the latent space and
corresponding mapped trial vectors may be inefficient and mislead the
search without the current population solutions. We thus may conclude
that the dual-space search strategy has a dramatic contribution to the
performance of RAEA.

4.3. Comparisons with state-of-the-art MOEAs

In this section, we compare RAEA with AMEA, IM-MOEA, MOEA/D-
CMA, RM-MEDA and SMEA on 42 test instances that each instance
will terminate after 600 generations over 30 independent runs. The
statistics of IGD and HV results achieved by these compared algorithms
are displayed in Table 5 and 6, respectively. In these tables, the mean

10

and standard deviations are recorded. Moreover, the mean IGD and HV
values for each instance are sorted in ascending order, and the numbers
in the square brackets of Tables are their ranks. The Wilcoxon’s rank
sum test at a 5% significance level is performed in terms of the indica-
tors obtained by each pair of algorithms. “+”, “-”, and “=" in Tables 5
and 6 denote the performance of the comparison algorithm is better
than, worse than, and similar to that of RMDE according to Wilcoxon’s
rank sum test, respectively. The bold data with gray background in the
table are the optimal mean indicator values yielded by the algorithms
for each instance.

As can be seen in Table 5, in terms of the IGD indicator values,
considering all problems, we observe that according to the ranking, the
algorithms with the best to worst performance are RAEA, MOEA/D-
CMA, SMEA, IM-MOEA, RM-MEDA and AMEA. Specifically, according
to Wilcoxon’s rank sum test, in the comparisons, RAEA achieves 39,
37, 32, 36 and 34 better, 2, 3, 5, 2 and 4 worse, and 1, 2, 5, 4 and 4
similar mean indicator values than AMEA, IM-MOEA, MOEA/D-CMA,
RM-MEDA and SMEA, respectively.

Taking each test suite individually, we see that for the GLT test
suite, RAEA achieves the overall best IGD indicator values. For the LZ
test suites, RAEA obtains 7 best IGD indicator values out of 9, and 6
best results out of 9 on the IMF test suites. For the IMOP and WFG
test suites, RAEA obtains 12 best IGD indicator values out of 17 that
IM-MOEA achieves the best result on WFG1 test instance, and MOEA/D-
CMA achieves the best results on IMOP2 and IMOPS8 test instances,
respectively.
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Fig. 8. The representative PFs and the evolution of IGD indicator value obtained by six compared algorithms on GLT1-GLT6 test instances associated with median IGD indicator

values over 30 run.

Table 6 shows the statistics of the HV values obtained by the com-
pared algorithms. As can be seen from the table, RAEA has significantly
better HV values than AMEA, IM-MOEA, MOEA/D-CMA, RM-MEDA
and SMEA for 39, 36, 32, 36 and 33 out of the 42 test instances, respec-
tively. Regarding the overall mean rankings, RAEA is best, followed by
MOEA/D-CMA, SMEA, IM-MOEA, RM-MEDA and AMEA. In a word, the
performance of RAEA in IGD and HV indicator is similar.

For visual observations, Fig. 8 shows the representative approx-
imation fronts (AFs) and the evolution of IGD values obtained by
the six compared algorithms, associated with median IGD values of
GLT1-GLT6. RMDE performs well in convergence and diversity for
GLT1-GLT6 test instances. Specifically, RAEA covers the whole PFs
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better for each instance than the other five compared algorithms.
Furthermore, RAEA could reach the lowest mean IGD indicator values
for GLT1-GLT6 within 600 generations, which denotes that RAEA has
the fastest convergence speed for this test suite.

The scalability of RAEA to the number of decision variables is
examined by varying the number of decision variables on the tri-
objective WFG test instances. WFG1-WFG9 test instances with 50, 80,
100 and 200 dimensional variables are used in this work where the
50, 80 and 100-D instances will terminate after 1000 generations and
200-D instances will terminate after 2000 generations. The IGD results
achieved by six compared MOEAs on 36 WFG test instances are given
in Table 7, where RAEA achieves the 26 best results out of 36, followed



S. Wang et al.

Table 7

Statistical results (Mean(Std. Dev.)[rank]) obtained by AMEA, IM-MOEA, MOEA/D-CMA, RM-MEDA, SMEA and RAEA over 30 independent runs on
different variable dimensions in terms of the IGD indicator.
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the WFG test suites with

Instances n AMEA IM-MOEA MOEA/D-CMA RM-MEDA SMEA RAEA
50 1.6533e+0(4.16e-2)[4]+ 1.4645e+0(1.83e-2)[1]+ 1.5605e+0(3.00e—2)[2]+ 2.1088e+0(5.68e—2)[6]— 1.6161e+0(2.76e—-2)[3]+ 1.8004e+0(1.82e—-2)[5]
WFG1 80 1.6339e+0(4.04e-2)[4]+ 1.4898e+0(1.60e—2)[1]+ 1.5701e+0(2.60e—-2)[2]+ 2.1239e+0(7.81e—2)[6]— 1.6105e+0(2.45e—2)[3]+ 1.7998e+0(3.06e—2)[5]
100 1.6431e+0(4.14e-2)[4]+ 1.5047e+0(1.68e—2)[1]+ 1.5635e+0(3.05e—2)[2]+ 2.1491e+0(7.13e-2)[6]— 1.6238e+0(3.18e-2)[3]+ 1.8020e+0(2.28e—-2)[5]
200 1.5943e+0(3.21e-2)[3]+ 1.4854e+0(1.60e—2)[1]+ 1.5487e+0(2.32e—2)[2]+ 2.1464e+0(7.17e-2)[6]— 1.6066e+0(3.30e—-2)[4]+ 1.7791e+0(2.39e-2)[5]
50 4.1104e-1(1.02e-1)[6]— 2.6871e—1(7.40e-3)[2]- 2.8378e-1(1.77e-2)[3]- 3.1439e-1(1.84e—-2)[5]— 3.1278e-1(1.65e—2)[4]— 2.4397e-1(5.20e-3)[1]
WFG2 80 4.4366e—-1(1.11e-1)[6]— 2.8341e-1(9.28e-3)[2]- 3.0434e-1(1.50e—-2)[3]— 3.9536e—-1(2.56e—2)[5]— 3.5452e—-1(1.60e—2)[4]— 2.4968e—1(5.65e—3)[1]
100 4.3647e—-1(7.10e-2)[5]— 2.9067e—-1(9.28e—3)[2]- 3.1255e-1(1.60e—2)[3]— 4.6317e—1(4.64e—2)[6]— 3.7457e-1(1.66e—2)[4]— 2.5516e—1(7.79e-3)[1]
200 3.9169e—-1(4.98e—2)[5]— 2.9231e-1(1.29e-2)[2]—- 3.4093e-1(1.50e—-2)[3]— 4.9737e-1(4.15e-2)[6]— 3.8961e-1(1.35e-2)[4]- 2.5404e-1(4.95e-3)[1]
50 3.4993e-1(3.26e—2)[5]— 2.4498e—-1(1.30e-2)[2]— 2.9056e—-1(2.30e—2)[3]— 5.0815e—-1(2.33e-2)[6]— 3.4887e—-1(3.85e—2)[4]— 1.1066e-1(1.91e—2)[1]
WEG3 80 3.765%e-1(3.12e-2)[4]- 2.6842e-1(1.47e-2)[2]- 3.3926e-1(2.47e-2)[3]- 5.8595e-1(2.36e—2)[6]— 4.1981e-1(2.43e-2)[5]- 1.4030e-1(1.33e—2)[1]
100 3.9314e-1(4.01e-2)[4]— 2.8336e—-1(1.69e—2)[2]- 3.5189%e-1(1.85e—-2)[3]— 6.1119e-1(2.54e—2)[6]— 4.3978e-1(2.64e—2)[5]— 1.5244e-1(1.33e—-2)[1]
200 3.6723e—-1(3.29e—-2)[3]- 2.8413e-1(2.11e-2)[2]- 3.9007e—1(1.20e—2)[4]— 6.4126e—-1(1.79e—2)[6]— 4.6302e—-1(2.30e—2)[5]— 1.6979e-1(9.35e—-3)[1]
50 3.5393e-1(2.17e-2)[4]- 3.1634e—-1(9.13e-3)[2]- 3.5036e-1(7.39e—-3)[3]- 4.0269e—1(1.47e—-2)[6]— 3.8293e-1(1.11e-2)[5]- 3.0459e-1(7.26e-3)[1]
WFG4 80 3.5471e-1(2.43e-2)[3]- 3.1963e—-1(6.75e-3)[2]— 3.6101e-1(1.19e—-2)[4]- 4.6543e—1(4.31e-2)[6]— 3.8753e—-1(1.14e-2)[5]— 3.1235e—-1(8.93e-3)[1]
100 3.5503e-1(2.32e-2)[3]- 3.2453e-1(9.82e-3)[2]- 3.6475e-1(1.07e-2)[4]- 5.1494e-1(5.38e—-2)[6]— 3.9666e—-1(1.19e-2)[5]- 3.1251e-1(9.04e-3)[1]
200 3.5243e-1(2.26e—2)[3]- 3.2890e—-1(9.48e—-3)[2]- 3.6228e—1(1.08e—2)[4]— 5.4696e—1(6.23e—2)[6]— 3.9884e-1(1.15e-2)[5]- 3.1050e—1(8.50e—3)[1]
50 3.7306e—-1(4.68e—2)[5]— 3.2688e—-1(9.16e—3)[4]- 3.1625e-1(4.34e—-3)[3]- 3.9074e-1(2.68e—2)[6]— 2.988%e-1(1.72e-2)[2]- 2.7817e-1(6.34e-3)[1]
WFG5 80 3.5768e-1(5.76e—2)[5]— 3.3070e—-1(7.84e—-3)[4]- 3.1566e—1(4.96e—3)[3]— 4.3465e—1(2.18e—2)[6]— 2.9895e—-1(1.93e-2)[2]- 2.8105e—1(7.44e-3)[1]
100 3.5476e—-1(5.50e—2)[5]— 3.4152e—-1(1.14e-2)[4]- 3.1681e-1(3.71e-3)[3]— 4.4117e-1(2.43e—-2)[6]— 3.0519e—-1(1.64e—2)[2]- 2.7956e—1(6.59e—3)[1]
200 3.1907e-1(4.02e-2)[3]— 3.3436e—-1(1.07e-2)[5]— 3.1915e-1(4.27e-3)[4]- 4.6742e—-1(2.99e-2)[6]— 2.9094e-1(1.86e—-2)[2]- 2.8076e-1(7.09e—3)[1]
50 4.2786e—1(4.10e—2)[6]— 3.4696e—1(1.25e—-2)[4]— 2.4771e-1(1.63e-3)[1]1+ 3.6944e—-1(3.16e—2)[5]— 3.1037e—-1(2.85e-2)[3]= 3.0601e—1(1.30e—-2)[2]
WEG6 80 4.3053e-1(5.79e-2)[6]— 3.5036e—-1(1.00e—2)[4]- 2.5115e-1(1.81e-2)[1]+ 3.5683e-1(3.73e—2)[5]— 2.9311e-1(2.35e-2)[2]= 3.0448e-1(1.18e-2)[3]
100 3.9300e-1(3.38e—2)[6]— 3.5918e-1(1.50e—2)[4]- 2.5012e-1(1.63e-2)[1]+ 3.8130e-1(4.35e—2)[5]— 2.8258e-1(3.17e-2)[2]+ 3.0048e-1(1.13e—-2)[3]
200 3.5556e—-1(3.08e—2)[5]— 3.4530e—-1(9.88e—-3)[4]- 2.4355e—-1(8.59e—-3)[1]1+ 4.1740e-1(7.02e—2)[6]— 2.7630e—-1(2.44e—-2)[2]+ 3.0099e-1(1.02e—-2)[3]
50 4.5101e-1(5.49e—-2)[6]— 3.5927e-1(1.27e-2)[3]- 3.1887e-1(9.22e—-3)[2]- 4.2692e-1(1.87e—-2)[4]— 4.3396e—-1(1.49e—-2)[5]— 2.7654e—1(5.54e-3)[1]
WEFG7 80 4.5457e—-1(5.06e—2)[4]— 3.6891e—-1(1.08e-2)[3]—- 3.3360e-1(1.15e—2)[2]— 4.7740e-1(2.07e—2)[6]— 4.6243e—1(1.49e-2)[5]— 2.7953e-1(6.07e-3)[1]
100 4.5504e—-1(5.38e—2)[4]— 3.8214e-1(1.73e-2)[3]- 3.4723e-1(1.46e-2)[2]- 5.0766e—-1(2.01e—2)[6]— 4.6853e—1(1.42e-2)[5]- 2.8460e-1(5.22e—3)[1]
200 4.6246e-1(5.21e-2)[4]- 3.8295e-1(1.42e-2)[3]- 3.6672e-1(9.16e-3)[2]— 5.3541e-1(2.93e-2)[6]— 4.7754e-1(1.65e—2)[5]— 2.9062e—1(5.50e—3)[1]
50 5.5087e-1(5.77e-2)[6]— 3.5211e-1(1.05e-2)[2]- 4.2527e-1(1.19e-2)[3]- 5.1994e-1(1.97e-2)[5]- 5.1846e—-1(1.79e-2)[4]- 3.2093e-1(8.46e—3)[1]
WFGS 80 4.8561e—1(5.40e—2)[4]— 3.4544e-1(7.95e-3)[2]= 4.4934e-1(1.02e-2)[3]- 5.5763e-1(2.81e-2)[6]— 5.3003e—-1(1.45e—2)[5]— 3.4288e-1(8.73e-3)[1]
100 4.5568e—1(6.31e—2)[3]— 3.4525e—-1(8.41e-3)[1]+ 4.5751e—1(1.34e-2)[4]- 5.7758e—1(2.89e—2)[6]— 5.4060e—1(1.58e—2)[5]— 3.5402e-1(8.51e—-3)[2]
200 3.8762e—-1(5.85e-2)[3]= 3.3831e-1(6.33e—3)[1]+ 4.4260e—1(2.06e—-2)[4]— 5.8245e-1(2.91e-2)[6]— 5.3621e—-1(1.68e—2)[5]— 3.6378e—-1(7.17e-3)[2]
50 3.4246e—-1(2.94e-2)[4]—- 3.5133e—-1(1.48e-2)[5]— 3.1067e-1(4.41e-3)[2]- 4.7677e—-1(2.90e-2)[6]— 3.4084e-1(2.31e-2)[3]- 2.6981e—1(8.56e—3)[1]
WFGO 80 3.1714e-1(2.77e-2)[3]- 3.5287e-1(1.29e-2)[4]- 3.0686e—1(7.99e-3)[2]- 5.9833e-1(4.48e—-2)[6]— 3.5690e-1(3.37e-2)[5]- 2.6511e—1(1.21e-2)[1]
100 3.1762e-1(2.76e—2)[3]- 3.5747e-1(1.45e-2)[4]- 3.0648e-1(9.93e-3)[2]- 6.7060e—1(4.79e—2)[6]— 3.6216e—-1(2.93e—2)[5]- 2.6323e—1(1.32e-2)[1]
200 2.8671e—-1(2.53e—2)[2]— 3.6211e—1(1.56e—2)[5]— 3.0536e-1(9.46e—-3)[3]— 7.5066e—-1(7.17e—2)[6]— 3.6055e—1(2.60e—2)[4]— 2.5729e-1(1.58e-2)[1]
Ranking 4.2500 2.6944 2.6667 5.7778 3.9167 1.6944
+/=/= 4/31/1 6/29/1 8/28/0 0/36/0 6/28/2

by IM-MOEA and MOEA/D-CMA with 6 and 4 best results, respectively.
Considering the shapes of the WFGI1 test instance, RAEA may perform
unsatisfactorily on WFG1 due to the irregularity of PF.

In summary, we may conclude that RAEA performs better than the
compared algorithms on the five test suites in terms of both IGD and
HV indicator values. This suggests that RAEA is very competitive with
these state-of-the-art MOEAs.

5. Conclusions

In this work, we propose a regularity augmented evolutionary algo-
rithm, RAEA, for continuous multiobjective optimization. In RAEA, at
each generation, we aim to accelerate the convergence of population
by incrementally projecting these dominated solutions into the latent
space built by the SVD method on these nondominated solutions. New
trial solutions are generated by a newly developed dual-space search
strategy (called DSS) that a DE operator is adopted to search in both
the latent and decision space for offspring generation.

We have conducted a series of algorithm analyses, parameter set-
tings and ablation studies, to examine the proposed algorithm. The
research indicates that the proposed acceleration mechanism and DSS
strategy can improve the performance of RAEA in continuous multi-
objective optimization. Comparison experiments with five well-known
MOEAs, including AMEA, IM-MOEA, MOEA/D-CMA, RM-MEDA and
SMEA, were conducted on 42 instances with complex PSs and PFs to
verify the performance of RAEA. Experimental results suggested that
RAEA significantly outperforms the compared algorithms in conver-
gence and diversity measured by IGD and HV indicators.

12

In the future, we intend to extend the proposed RAEA or its basic
idea to deal with different kinds of MOPs:

1. Embedding the proposed dual-space search strategy in some
representative MOEAs, i.e., 2REA [62], I¢pp, [63], MOEA/D-
AWA [64] and CA-MOEA [65], to deal with MOPs with many-
objective or irregular PFs;

2. Extending RAEA to attack large-scale MOPs. The scalability of
RAEA on the WFG test suite indicates that RAEA has potential
in dealing with large-scale MOPs by combining some large-scale
optimization techniques [66].

3. As aforementioned, the degenerated MOPs may not meet the
regularity property [30]. Moreover, the constrained MOPs with
equality constraints may reduce the dimension of the manifold
of Pareto optimal solutions [31]. Therefore, the effect of the
proposed RAEA needs to be further investigated in these cases.
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