Published as a conference paper at ICLR 2024

PARTICLE GUIDANCE: NON-I.I.D. DIVERSE
SAMPLING WITH DIFFUSION MODELS

Gabriele Corso*!, Yilun Xu', Valentin de Bortoli?, Regina Barzilay', Tommi Jaakkola'
LCSAIL, Massachusetts Institute of Technology, 2ENS, PSL University

ABSTRACT

In light of the widespread success of generative models, a significant amount of
research has gone into speeding up their sampling time. However, generative mod-
els are often sampled multiple times to obtain a diverse set incurring a cost that is
orthogonal to sampling time. We tackle the question of how to improve diversity
and sample efficiency by moving beyond the common assumption of independent
samples. We propose particle guidance, an extension of diffusion-based genera-
tive sampling where a joint-particle time-evolving potential enforces diversity. We
analyze theoretically the joint distribution that particle guidance generates, how to
learn a potential that achieves optimal diversity, and the connections with meth-
ods in other disciplines. Empirically, we test the framework both in the setting
of conditional image generation, where we are able to increase diversity with-
out affecting quality, and molecular conformer generation, where we reduce the
state-of-the-art median error by 13% on average.

1 INTRODUCTION

Deep generative modeling has become pervasive in many computational tasks across computer vi-
sion, natural language processing, physical sciences, and beyond. In many applications, these mod-
els are used to take a number of representative samples of some distribution of interest like Van
Gogh’s style paintings or the 3D conformers of a small molecule. Although independent samples
drawn from a distribution will perfectly represent it in the limit of infinite samples, for a finite num-
ber, this may not be the optimal strategy. Therefore, while deep learning methods have so far largely
focused on the task of taking independent identically distributed (I..D.) samples from some dis-
tribution, this paper examines how one can use deep generative models to take a finite number of
samples that can better represent the distribution of interest.

In other fields where finite-samples approximations are critical, researchers have developed various
techniques to tackle this challenge. In molecular simulations, several enhanced sampling methods,
like metadynamics and replica exchange, have been proposed to sample diverse sets of low-energy
structures and estimate free energies. In statistics, Stein Variational Gradient Descent (SVGD) is an
iterative technique to match a distribution with a finite set of particles. However, these methods are
not able to efficiently sample complex distributions like images.

Towards the goal of better finite-samples generative models, that combine the power of recent ad-
vances with sample efficiency, we propose a general framework for sampling sets of particles using
diffusion models. This framework, which we call particle guidance (PG), is based on the use of a
time-evolving potential to guide the inference process. We present two different strategies to instan-
tiate this new framework: the first, fived potential particle guidance, provides ready-to-use potentials
that require no further training and have little inference overhead; the second, learned potential par-
ticle guidance, requires a training process but offers better control and theoretical guarantees.

The theoretical analysis of the framework leads us to two key results. On one hand, we obtain
an expression for the joint marginal distribution of the sampled process when using any arbitrary
guidance potential. On the other, we derive a simple objective one can use to train a model to
learn a time-evolving potential that exactly samples from a joint distribution of interest. We show
this provides optimal joint distribution given some diversity constraint and it can be adapted to the
addition of further constraints such as the preservation of marginal distributions. Further, we also

*Correspondence to gcorso@mit .edu



Published as a conference paper at ICLR 2024

Figure 1: Comparison of I.1.D. and particle guidance sampling. The center gure represents each
step, with the distribution in pink and the samples as yellow crosses, where particle guidance uses
not only the score (in blue) but also the guidance from joint-potential (red), leading it to discover
different modes (right-hand samples vs those on the left). At the bottom, Van Gogh cafe images
samples generated with Stable Diffusion with and without particle guidance. A more detailed dis-
cussion on the suboptimality of I.I.D. sampling is presented in Appendix B.1.

demonstrate the relations of particle guidance to techniques for non-1.1.D. sampling developed in
other elds and natural processes and discuss its advantages.

Empirically, we demonstrate the effectiveness of the method in both synthetic experiments and two
of the most successful applications of diffusion models: text-to-image generation and molecular
conformer generation. In the former, we show that particle guidance can improve the diversity of

the samples generated with Stable Diffusion [ , ] while maintaining a quality
comparable to that of I.I.D. sampling. For molecular conformer generation, applied to the state-of-
the-art method Torsional Diffusion [ , ], particle guidance is able to simultaneously

improve precision and coverage, reducing their median error by respectively 19% and 8%. In all
settings, we also study the critical effect that different potentials can have on the diversity and sample

quality.

2 BACKGROUND

Diffusion models Letp(x) be the data distribution we are interested in learning. Diffusion models
, ] de ne a forward diffusion process that pass the initial distribution and is

described bydx = f(x;t)dt + g(t)dw, wherew is the Wiener process. This forward diffusion

process is then reversed using the corresponding reverse diffusiod8BE[ f(x;T t) +

g(T t)°r ylogpr ((x)]dt+ g(T t)dw (using the forward time convention) where the evolving

scorer logp:(x) is approximated with a learned functien(x;t).

One key advantage of diffusion models over the broad class of energy-based models [ .
] is their nite-time samplingproperty for taking a single sample. Intuitively, by using a
set of smoothed-out probability distributions diffusion models are able to overcome energy barri-
ers and sample every mode in nite time as guaranteed by the existence of the reverse diffusion
SDE [ ]. In general, for the same order of discretization error, reverse diffusion
SDE can ef C|ently sample from data distribution in much fewer steps than Langevin dynamics in
energy-based models. For instance, Theorem 1 of [ ] shows that, assuming accurate
learning of score, the convergence of diffusion SDE is independent of the isoperimetry constant of
the target distribution. Langevin dynamics mixing speed can be exponentially slow if the spectral
gap/isoperimetry constant is small. This critical property is orthogonal to the ef ciency in the num-
ber of samples one needs to generate to cover a distribution; in this work, we aim to achieve sample
ef ciency while preserving thenite-time samplingof diffusion models.
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Diffusion models were extended to Riemannian mamfolds by [ ], this formula-
tion has found particular success [ , ]in scienti ¢
domains where data distributions often lie close to prede ned submanifolds [ , 1

Classi er guidance (CG) [ , ] has been another technical development that

has enabled the success of diffusion models on conditional image generation. Here a classier
p (yjxt;t), trained to predict the probability of; being obtained from a sample of clasds used
to guide a conditional generation of clgsfllowing:

dx = f;t)+ g(td2(s (x;t9+ 1 «logp (yjx;t9))]dt + g(t)dw wheret’= T t

where in theory should be 1, but, due to overspreading of the distribution, researchers often set it
to larger values. This, however, often causes the collapse of the generation to a single or few modes,
hurting the samples' diversity.

3 PaRTICLE GUIDANCE

Our goal is to de ne a sampling process that promotes the diversity of a nite number of samples
while retaining the advantages and exibility that characterize diffusion modelsp(x§tbe some
probability distribution of interest and  log p; (x) be the score that we have learned to reverse the
diffusion processix = f (x;t)dt + g(t)dw. Similarly to how classi er guidance is applied, we
modify the reverse diffusion process by adding the gradient of a potential. However, we are now
sampling together a whole set of particles ..., X, and the potentidbg ; is not only a function

of the current point but a permutation invariant function of the whole set:

dx; = f(xi;t)+ g?(tY 1« logpo(xi)+ 1, l0og o(X1;:5%xn)  dt+ gthaw: (1)

where the points are initially sampled I.1.D. from a prior distributggn We call this idegarticle
guidance(PG). This framework allows one to impose different properties, such as diversity, on the
set of particles being sampled without the need to retrain a new score model operating directly on
the space of sets.

We will present and study two different instantiations of this framework:

1. Fixed Potential PGwhere the time-evolving joint potential is handcrafted, leading to very
ef cient sampling of diverse sets without the need for any additional training. We present
this instantiation in Section 5 and show its effectiveness on critical real-world applications
of diffusion models in Section 6.

2. Learned Potential PGwhere we learn the time-evolving joint potential to provably opti-
mal joint distributions. Further, this enables direct control of important properties such as
the preservation of marginal distributions. We present this instantiation in Section 7.

4 CONNECTIONS WITHEXISTING METHODS

As discussed in the introduction, other elds have developed methods to improve the tradeoff be-
tween sampling cost and coverage of the distribution of interest. In this section, we will brie y
introduce four methods (coupled replicas, metadynamics, SVGD and electrostatics) and draw con-
nections withparticle guidance

4,1 CoOUPLEDREPLICAS AND METADYNAMICS

In many domains linked to biochemistry and material science, researchers study the properties of the
physical systems by collecting several samples from their Boltzmann distributions using molecular
dynamics or other enhanced sampling methods. Motivated by the signi cant cost that sampling each
individual structure requires, researchers have developed a range of techniques to improve sample
ef ciency and speed by, for example, reducing the correlation of subsequent samples from slow-
mixing Markov chains. The most popular of these techniques are parallel sampling with coupled
replicas and sequential sampling with metadynamics.

As the name suggests, replica methods involve directly takisgmples of a system with the dif-
ferent sampling processes, replicas, occurring in parallel. In particular, coupled replica methods
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; , ] create a dependency between the replicas by
adding, likeparticle gmdance an extra potential to the energy function to enforce diversity or
match experimental observables. This results in energy-based sampling procedures that target:

y
p(X1;::0:%n) = ( xl;:::;xn)_ p(x;i):

Metadynamics [ , ] was also developed to more ef-
ciently sample the Boltzmann d|str|but|on of a given system. Unlike replica methods and our
approach, metadynamics is a sequential sampling technique where new samples are taken based
on previously taken ones to ensure diversity, typically across certain collective variables of interest
s(x). In its original formulation, the Hamiltonian at the&' sample is augmented with a potential as:

X 0y}2

Hi=H ! exp ksb) SO 5 sz(x’ A
j<k

whereH is the original Hamiltoniam(jO are the previously sampled elements &ndnd param-

eters set a priori. Once we take the gradient and perform Langevin dynamics to sample, we obtain
dynamics that, with the exception of the xed Hamiltonian, resemble thogauicle guidancdan

Eqg. 4 where

X ks(xi)  s(xD)k?
ry log «(x1;  Xn) 1 ! exp —%37

j<i
Although they differ in their parallel or sequential approach, both coupled replicas and metadynam-
ics can be broadly classi ed as energy-based generative models. As seen here, energy-based models
offer a simple way of controlling the joint distribution one converges to by simply adding a poten-
tial to the energy function. On the other hand, however, the methods typically employ an MCMC
sampling procedure, which lacks the criticaite-time samplingproperty of diffusion models and
signi cantly struggles to cover complex probability distributions such as those of larger molecules
and biomolecular complexes. Additionally, the MCMC typically necessitates a substantial number
of steps, generally proportional to a polynomial of the data dimension [ , ]. With
particle guidance, we instead aim to achieve both properties (controllable diversity and nite time
sampling) at the same time. We can simulate the associated SDE/ODE with a total number of steps
that is independent of the data dimension.

4.2 SVGD

Stein Variational Gradient Descent (SVGD) [ , ]is a well-established method in the
variational inference community to iteratively transport a set of particles to match a target distribu-
tion. Given a set of initial particlefx{ : ::x3g, it updates them at every iteration as:

k(x; )1 Iogpx;) + 1 k(x;:x)] (2)
i=1
wherek is some (similarity) kernel and the step size. Although SVGD was developed with the

intent of sampling a set of particles that approximate some distribptisithout the direct goal of
obtaining diverse samples, SVGD and our method have a close relation.

x; t

X, + + (x;) where (x)=

This relation between our method and SVGD can be best illustrated under speci ¢ choices for drift
and potential under which the probability ow ODE discretizationpairticle guidancecan be ap-
proximated as (derivation in Appendix A.5):

1 X

U Xt () (xD) where  (x)= -

[ke (X} 5 X)r x logpe(x) + 1 X! k(x};x)]  (3)

j=1
Comparing this with Eq. 2, we can see a clear relation in the form of the two methods, with some
key distinctions. Apart from the different constants, the two methods use different terms for the total
score component. Interestingly both methods use smoothed-out scores, however, on the one hand,
particle guidance uses tlffusedscore at the speci ¢ particlg;, r «, logp:(x;), while on the
other, SVGD smoothesdt out by taking a weighted gyerage of the score of nearby particles weighted
by the similarity kerne( i K(Xi;xj)r x; logp(x;))=( i k(xi;%j)).

4
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The reliance of SVGD on other particles for the “smoothing of the score”, however, causes two
related problems, rstly, it does not have thete-time samplingguarantee that the time evolution

of diffusion models provides and, secondly, it suffers from the collapse to few local modes near
the initialization and cannot discover isolated modes in data distribution [ ,

]. This challenge has been theoretically [ , ] and empirically [

] studied with several works proposing practical solutions. In particular, relevant works use
an annealing schedule to enhance exploration [ , ] or use score matching
to obtain a noise-conditioned kernel for SVGD | , ]. Additionally, we empirically

observe that the score smoothing in SVGD results in blurry samples in image generation.

4.3 HB.ECTROSTATICS

Recent works [ ; ] have shown promise in devising novel generative models
inspired by the evolutlon of pomt charges in high-dimensional electric elds de ned by the data dis-
tribution. It becomes natural therefore to ask whether particle guidance could be seen as describing
the evolution of point charges when these are put in the same electric eld such that they are not
only attracted by the data distribution but also repel one another. One can show that this evolution
can indeed be seen as the combination of Poisson Flow Generative Models with particle guidance,
where the similarity kernel is the extension of Green's functioMNifl -dimensional space,e:,

k(x;y)/ 15jx yjjN 1. We defer more details to Appendix A.6.

5 FIXED POTENTIAL PARTICLE GUIDANCE

In this section, we will present and study a simple, yet effective, instantiation of particle guidance
based on the de nition of the time-evolving potential as a combination of prede ned kernels. As
we will see in the experiments in Section 6, this leads to signi cant sample ef ciency improvements
with no additional training required and little inference overhead.

To promote diversity and sample ef ciency, in our experiments, we choose the potewgtia
to be the negative of the sum of a pairwise similarity kerkdbetween each pair of particles
log t(X1;:Xn) = - i Kt (Xj;X;) obtaining:

X
dxi = F(xit)+ Pt 1ok logpe(xi) wor ko Ke(xisxj) dt+ g(thdw  (4)

j=1
Intuitively, the kernel term will push our different samples to be dissimilar from one another while
at the same time the score term will try to match our distribution. Critically, this does not come
at a signi cant additional runtime as, in most domains, the cost of running the pairwise similarity
kernels is very small compared to the execution of the large score network architecture. Moreover,
it allows the use of domain-speci ¢ similarity kernels and does not require training any additional
classi er or score model. We can also view the particle guidance Eq. (4) as a sum of reverse-time
SDE and a guidance term. Thus, to attain a more expedited generation speed, the reverse-time SDE
can also be substituted with the probability ow ODE [ ,

5.1 THEORETICAL ANALYSIS

To understand the effect thparticle guidancehas beyond simple intuition, we study the joint dis-
tribution of sets of particles generated by the proposed reverse diffusion. However, unlike methods
related to energy-based models (see coupled replicas, metadynamics, SVGD in Sec. 4) analyzing
the effect of the addition of a time-evolving potentiad)  in the reverse diffusion is non-trivial.

While the score component jparticle gu@iances the score of the sequence of probability distri-
butionspr(X1;:::;Xn) = (X151 Xn) =1 Pr(Xi), we are not necessarily sampling exagy
because, for an arbitrary time-evolving potentig this sequence of marginals does not correspond

to a diffusion process. One strategy used by other works in similar situations [ , ] relies
on taking, after every step or at the end, a number of Langevin steps to reequilibrate and move the
distribution back towardp;. This, however, increases signi cantly the runtime cost (every Langevin
step requires score evaluation) and is technically correct only in the limit of in nite steps leaving
uncertainty in the real likelihood of our samples. Instead, in Theorem 1, we use the Feynman-Kac
theorem to derive a formula for the exact reweighting that particle guidance has on a distribution
(derivation in Appendix A.1):
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Theorem 1. Under integrability assumptions, samplirg ; ::;; X! from pr and following the par-
ticle guidance reverse diffusion process, we obtain samples from the following joint probability
distribution at timet = 0:

Bo(X1;:::iXn) = E[Zexp[ g(t)thlr log «(X¢);r logp(X¢)i + log (X ¢)gdt]];
with Z (explicit in the appendix) such that

ON . po(xi) = ELZ];

(Xt)t20;7] is a stochastic process driven by the equation

dX( = ff(Xi;t)  g(t)?r logp(X()gdt + g(t)dw;  Xo = fxigl;:

Hence the densitpy can be understood as a reweighting of the random varialiteat represents
I.I.D. sampling.

Riemannian Manifolds.  Note that our theoretical insights can also be extended to the manifold
framework. This is a direct consequence of the fact that the Feynman-Kac theorem can be extended
to the manifold setting, see for instance [ ].

5.2 PRESERVINGINVARIANCES

The objects that we learn to sample from with generative models often present invariances such as
the permutation of the atoms in a molecule or the roto-translation of a conformer. To simplify the
learning process and ensure these are respected, it is common practice to build such invariances in
the model architecture. In the case of diffusion models, to obtain a distribution that is invariant to
the action of some grou@ such as that of rotations or permutatlons it suf ces to have an invariant
prior and build a score model that@-equivariant [ , ]- Similarly,

in our case, we are interested in distributions that are mvarlant to the act@ronfany of the set
elements (see Section 6.2), we show that a suf cient condition for this invariance to be maintained
is that the time-evolving potential; is itself invariant toG-transformations of any of its inputs (see
Proposition 1 in Appendix A.4).

6 EXPERIMENTS

Fixed potential particle guidance can be implemented on top of any existing trained diffusion model
with the only requirement of specifying the potential/kernel to be used in the domain. We present
three sets of empirical results in three very diverse domains. First, in Appendix C, we work with

a synthetic experiment formed by a two-dimensional Gaussian mixture model, where we can vi-
sually highlight some properties of the method. In this section instead, we consider text-to-image
and molecular conformer generation, two important tasks where diffusion models have established
new state-of-the-art performances, and show how, in each of these tasks, particle guidance can pro-
vide improvements in sample ef ciency pushing the diversity-quality Pareto frontier. The code is
available ahttps://github.com/gcorso/particle-guidance

6.1 TEXT-TO-IMAGE GENERATION

In practice, the most prevalent text-to-image diffusion models, such as Stable Diffusion [

, ] or Midjourney, generally constrain the output budget to four images per given prompt.
Ideally, this set of four images should yield a diverse batch of samples for user selection. However,
the currently predominant method of classi er-free guidance [Ho, ] tends to push the mini-batch
samples towards a typical mode to enhance delity, at the expense of diversity.

To mitigate this, we apply the proposed particle guidance to text-to-image generation. We use Stable
Diffusion v1.5, pre-trained on LAION-5B [ , ] with a resolutidilaf 512

as our testbed. We apply an Euler solver with 30 steps to solve for the ODE version of particle
guidance. Following [ ], we use the validation set in COCO 2014 [ ,

for evaluation, and the CLIP [ , J/Aesthetic score [ , ] (higher is better) to
assess the text-image alignment/visual quality, respectively. To evaluate the diversity within each
batch of generated images corresponding to a given prompt, we introdugelihtch similarity
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