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Abstract

The study of multimodality has garnered significant interest in fields where the
analysis of interactions among multiple information sources can enhance predictive
modeling, data fusion, and interpretability. Partial information decomposition (PID)
has emerged as a useful information-theoretic framework to quantify the degree to
which individual modalities independently, redundantly, or synergistically convey
information about a target variable. However, existing PID methods depend on
optimizing over a joint distribution constrained by estimated pairwise probability
distributions, which are costly and inaccurate for continuous and high-dimensional
modalities. Our first key insight is that the problem can be solved efficiently
when the pairwise distributions are multivariate Gaussians, and we refer to this
problem as Gaussian PID (GPID). We propose a new gradient-based algorithm
that substantially improves the computational efficiency of GPID based on an
alternative formulation of the underlying optimization problem. To generalize the
applicability to non-Gaussian data, we learn information-preserving encoders to
transform random variables of arbitrary input distributions into pairwise Gaussian
random variables. Along the way, we resolved an open problem regarding the
optimality of joint Gaussian solutions for GPID. Empirical validation in diverse
synthetic examples demonstrates that our proposed method provides more accurate
and efficient PID estimates than existing baselines. We further evaluate a series of
large-scale multimodal benchmarks to show its utility in real-world applications of
quantifying PID in multimodal datasets and selecting high-performing models.

1 Introduction

Multimodal machine learning is a fast-growing subarea of artificial intelligence research that aims to
develop systems capable of integrating and fusing many heterogeneous modalities [2,31]. In addition
to much empirical progress, there has been a recent drive toward building theoretical foundations to
understand when information in individual modalities is important and how this information becomes
contextualized in the presence of other modalities [32]. This aspect of quantifying interactions
provides valuable insights into the significance of different modalities, the necessary amount of data
required in each modality, and the methods most suitable for fusing multimodal representations [[15}
18, 261 27, 135, |61]]. Partial Information Decomposition (PID), an advanced framework rooted in
information theory, has been used as a formal framework to analyze how information is distributed
among multiple data sources for a target task variable [S} [17}55].

One fundamental challenge of PID is its high computational complexity, especially when the size and
dimensionality of the datasets are large [43]. Accurate estimation of information-theoretic measures,
such as mutual information (MI), from empirical data is non-trivial and even prohibitive, particularly
for high-dimensional or continuous distributions [38]]. Estimating PID also presents a significant
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challenge, as analytic approximations of these quantities can only be obtained when the features are
pointwise discrete or low-dimensional. However, for large-scale datasets, the number of optimization
variables can be exponential in the number of neurons [53]]. The computational burden requires
significant approximations or simplifications based on sampling that may compromise the accuracy of
PID estimation [[12]. Therefore, it is necessary to develop a PID estimator that applies to continuous
and high-dimensional multimodal data.

In this paper, we identify the first key insight that PID for Gaussian distributions, known as Gaussian
PID (GPID), is scalable for continuous modalities. We first develop a new algorithm for GPID,
which is exact and efficient in multivariate Gaussian distributions with high dimensionality. The
second insight is to learn feature encoders to transform arbitrary input distributions into a latent
Gaussian space, without violating the information interactions between the original modalities.
This transformation can be done by normalizing flows [39], whose invertible bijections preserve
information while bringing the joint distributions closer to Gaussians [7]]. Subsequently, the PID
estimate can be dramatically simplified in latent Gaussian distributions, which enjoy a closed-form
analysis of differential entropy and MI. We summarize the following contributions in this paper:

1. We propose a new gradient-based algorithm, called Thin-PID, which significantly enhances
the computational efficiency of PID estimates in latent Gaussian distributions.

2. We develop a new framework, called Flow-PID, to generalize Gaussian PID algorithms to
arbitrary input modalities using flow-based information-preserving encoders.

3. We demonstrate the improved accuracy and efficiency of our proposed Thin-PID and Flow-
PID on diverse synthetic datasets with ground truth information labels. Further evaluation
on a series of large-scale multimodal benchmarks shows its utility in real-world applications.

Finally, we release the data and code for Thin-PID and Flow-PID to encourage further studies of
multimodal information and modeling at https://github.com/warrenzha/flow-pid.

2 Background and related work

Let X7, X5,Y be three random vectors of dimension dx, , dx,, dy in their respective alphabets &,
X, and ). Denote A as the set of joint distributions in (X7, X2, )). In multimodal learning, we are
concerned with inferring on the class label or regression value Y, whether the modalities X; and Xo
can provide useful information together, beyond their unique information, and how much common
information for Y we can ascribe to both X; and X5.

2.1 Partial information decomposition

PID decomposes the total information I,,(X1, X2;Y"), where I,, denotes the Shannon mutual infor-
mation [9]] in joint distribution p, between the target Y and two basic features (X, X2) into four
non-negative parts [55]:

Ip(X1, X3 Y) = Ur (Y Xa\X2) + U2 (Y; Xo\ X0 ) + R(Y; X1, Xo) + S(Y; X3, Xp), (D)
where the four terms on the right-hand side respectively represent the information regarding Y that
is uniquely in X7, uniquely in X5, redundantly in either X; or X5, synergistically in both X; and
X,. It is also often required that the decomposition satisfy the conditions on individual information:
I,(Y; X1) = R(Y; X1, Xo) + Ur (V5 X1\ Xo), [, (Y3 Xo) = R(Y; X1, X2) + Uz(Y; X2\ X1).

The decomposition is not unique, since we only have three linear equations to specify four variables.
We adopt the definition of PID introduced by Bertschinger et al. [5]], which appears to align effectively
with multimodal learning applications and has been shown to facilitate model selection [27].

Definition 2.1 (PID). The redundant, unique, and synergistic information are given by

R = max I;(X1; X2;Y), )
quP
U = qﬂggi I,(X1;Y[X2), U= qlgi& I,(X2; Y[ Xy), 3
S = I,(X1, Xo;Y) — min I,(X1, Xa;Y), @)
qup

where A, == {qg € A : q(z;,y) = p(z;,y), Yy € V,x; € X;,i € [2]}, and I, is the mutual
information (MI) over the joint distribution ¢(z1, z2,y). Note that A, only preserves the marginals
p(x1,y) and p(z2, y), but not necessarily the joint distribution p(x1, x2,y).


https://github.com/warrenzha/flow-pid

2.2 Normalizing flows

Estimating MI and differential entropy in PID can be very challenging for high-dimensional data, un-
less in multivariate Gaussian distributions. Normalizing flows are a class of machine learning models
that are used to transform a simple, tractable probability distribution (e.g. Gaussian distributions) to a
more complex distribution, while preserving exact likelihood computation and invertibility [39]:

r=f(z):= frofr_10-0 fi(z), 5)

where f(-) is invertible and differentiable, = = f~*(z) and px (z) = pz(z) |det 22 ’71

Unlike generative modeling, we adopt the inverse process of normalizing flows in PID to transform
complex input modalities in such a way that MI can be preserved and computed using latent repre-
sentations I,(fx (X); fy (Y)) = I,(X;Y). Subsequently, information interactions are computed
efficiently in latent Gaussian distributions. This motivates us to design a novel framework for PID
estimators by training normalizing flows that preserve the total information I,(X;, X2;Y") and
transform input modalities into latent spaces that are well approximated by multivariate Gaussian
representations.

2.3 Related work

PID estimation: There have been some recent efforts on PID estimators. Liang et al. [27] introduced
the CVX estimator, which formulates the PID definition as a convex optimization problem that can be
solved if X; and X are discrete and small. Liang et al. [27] also developed the BATCH algorithm,
which approximates PID for large datasets by parameterizing the joint distribution ¢ with neural
networks and normalization to satisfy marginal constraints. Therefore, several of these methods are
limited in scope and do not scale well to continuous, high-dimensional data. Venkatesh et al. [52]]
introduced ~-PID, which restricts g(x1,22,y) € A, to joint Gaussian distributions, where PID
values are easier to estimate given the analytical entropy and MI. However, the optimality of joint
Gaussian distributions remains an open question, which implies that the joint Gaussian solution may
not be true in general and only provides an optimizing bound for GPID estimation.

Information theory estimation: Neural estimators of information-theoretic quantities have become
essential tools in machine learning due to their ability to scale to high-dimensional, continuous data.
Mutual Information Neural Estimator (MINE) leverages the Donsker—Varadhan representation of
the KL divergence to construct a variational lower bound on MI [4]. Alternative estimators based
on f-divergences, including NWJ [36] and InfoNCE [37]], provide tighter bounds in specific cases.
Entropy estimation has also been addressed via neural score matching and normalizing flows [44]].
More recent works include [7, [16} 22]]. These methods optimize variational bounds via gradient
descent, which is parameterized by neural networks [40]. Such approaches cannot be directly adapted
for PID estimation due to the additional optimization problem in Equations (2) to ().

Information-theoretic multimodal learning: Estimating multimodal information has been a critical
step toward developing better benchmarks and algorithms for multimodal learning. Several bench-
marks are categorized by the types of information that modalities contribute, which subsequently
inspire research into new multimodal fusion methods [30]. Deeper studies of multimodal information
have also inspired new ways to guide the collection of pre-training data [[6] and new multimodal
pre-training objectives [34]. Multimodal contrastive learning is a popular approach in which repre-
sentations of the same concept expressed in different modalities are matched together (i.e., positive
pairs) and those of different concepts are far apart (i.e., negative pairs) [13} 25, 41]]. It can be shown
that contrastive learning provably captures redundant information across the two views [47, 48], and
recent work has proposed extensions to capture unique and synergistic information [11} [28]].

3 A new Gaussian PID theory and algorithm

In this section, we present a new PID estimator for Gaussian distributions and establish the notation
set we use in the rest of the paper. The first contribution of this paper is to show that the optimal
solution of the restricted PID optimization is jointly Gaussian. Secondly, we propose a new algorithm
for GPID, which significantly enhances computational efficiency for high-dimensional features.



Definition 3.1 (GPID). Let AS be the set of joint distributions, where p(x1,y) and p(z2,y) are
pairwise Gaussian. The synergistic information S about Y in X; and X5 is given by

S =I,(X1,X2;Y) — min I,(X;, X2;Y), (6)
qEAS

where AS = {q € A% : q(xi,y) = p(xs,y), Yy € YV, x; € A;, i € [2]}. Subsequently,
redundant and unique information can be computed by R = max,¢ AS I,(X1; X2;Y) and Uy =
mingeas I (X1;Y|X), Us = minge g Iq (X2;Y|X1) respectively.

GPID is exactly the PID problem when the pairwise marginals are known to be Gaussians. We
adopt the following notation in the subsequent discussion. Suppose [X 7, Y T]T are jointly Gaussian
vectors. Without loss of generality, we assume that they have zero mean and use the following
notation to denote the covariance matrices. More detailed derivation can be found in Appendix [A]

* Yxy denotes the (dx + dy) x (dx + dy) auto-covariance matrix of the vector [X T, Y T]T.
. E‘jgfy denotes the dx X dy cross-covariance matrix (off-diagonal of ¥ xy) between X and Y.

3.1 Optimality of joint Gaussian solution

In [52], instead of solving GPID, the authors directly restricted the set Ag in GPID by placing

the additional constraint that g(x1, x2,y) is Gaussian, and then optimized within this restricted set,
without showing that doing so does not cause any loss of optimality. In other words, ~g-PID may
only provide a lower bound of S for GPID in general.

Question: Is joint Gaussian solution q(x1,x2,y) indeed optimal for GPID?
Answer: Yes. It is optimal as long as p(x1,y) and p(x2,y) are Gaussians.

Optimality: We next show that there always exists a jointly Gaussian optimizer ¢(z1, 22, y) for
GPID in Definition[3.1] Recall that we are interested in the following optimization problem:

min I, (X1, X2;Y) = min {he(Y) — hy (Y] X1, X2)}, @)
qeAS gqeAS

where h,(-) denotes the differential entropy of the distribution ¢. Since the marginal ¢(y) is preserved
to be the same as in both p(x1,y) and p(x2, y), the problem is clearly equivalent to:

hy (Y|X1,X5). 8
geli’éq(|1,2) (8)

The key to establishing the optimality of Gaussian solutions is the inequality given in Lemma/[3.2]
whose proof is given in Appendix [A.T] It now only remains to argue that the upper bound on the
right-hand side of @ can be achieved with a jointly Gaussian § € AS for any ¢ € Ag. This

is obvious since § has the same first and second moments as g(x1,x2,y), and we have ¢ € Ag’.
Therefore, it is without loss of optimality to restrict the set Ag to only joint Gaussians.

Lemma 3.2. For any q(x1,x2,y) with finite first and second moments, we have
hq (Y|X17X2) S h(j (Y|X1,X2), (9)

where §(x1,x2,y) is a jointly Gaussian distribution with the same first and second moments as
q(x1,22,y).

3.2 Thin-PID: a new algorithm for GPID

We are now in a position to discuss the problem of how to compute GPID. Recall that Venkatesh
and Schamberg [53] used a two-user Gaussian broadcast channel to interpret GPID, where Y is the
transmitter input variable, and X1, X are the channel outputs at the two individual receivers:

X1 :H1Y+n1 and X2:H2Y+7’l2. (10)

Without loss of generality, we assume that n; and ny are independent additive white noise, i.e.,
2”1 = Xx,|v = Iqy, and Enz’ = Yx,|y = IdXQ: .Otherw1se, we can perform receiver-side
linear transformations through eigenvalue decomposition. For the same reason, we can assume



Table 1: Complexity analysis of different GPID algorithms. The complexities of ED and SVD
are cubic in the values shown in the table. Thin-PID achieves better complexity on any scale of
computation.

ED SVD Lin-Eqn Solve Mul

Thin-PID - min(dxl ) dXQ) 2 x min(dX1 s dXQ) 4 % min(dxl ) dXQ)
Tilde-PID Xm +dx2 maX(Xm,d)Q) 2*(Xm +dX2) 8*(6{){1 +dX2)

Y ~ N (0, Xy ) has zero-mean. Although the constraints on p(z1,y) and p(z2,y) can be specified by
Y x,y and X x,y (or equivalent >J,,, and Emﬂ the joint distribution of n; and ng for ¢( X7, X5,Y)
remains to be optimized. However, they can be assumed to be jointly Gaussian with covariance
Yn,n, as shown in Section[3.1}

Using the interpretation of the Gaussian broadcast channel, synergistic information .S for GPID can
be recast as the cooperative gain with the input signal Y [46]. As a result, min¢ AG I, (X, X2;Y)

in S can be determined by optimizing the worst possible correlation between 11 and ns in the least
favorable noise problem [38]].

Theorem 3.3 (Thin-PID). The optimization problem of synergistic information S in Definition|3.1
can be recast as minimizing the following objective function:

. szyHT + anz\

|Znims | ’ (11)
subject to: X, =Xy, =1, Ypin, = 0,

minimize: L (E”ﬂ ) =1lo

ning

where H := [H|', Hy | is the concatenation of two channel matrices, and 3,,, ,, is the covariance
of two joint noise vectors ny and ng with cross-covariance Z;’g o

In this objective, H and ¥y are constants that can be estimated directly from the marginals and will
not affect the optimization. Similarly, ¥,,, and X,,,, which are diagonal block matrices of sizes
dx, X dx, and dx, X dx,, can be whitened as identity matrices before optimizing GPID. Therefore,

the only variable to be optimized is E‘,’Lflfnz , which is the off-diagonal block matrix of X, ,,,.

Proposition 3.4 (Projected gradient descent for Thin-PID). The gradient of the unconstrained
objective L(X ) in Equation with respect to X% is given by

ning nin2
off — — 0 off 0 -1
VL(S,,) =~ GiiGeB sl (-l s ) (12)

where B = G2 — GIzG;&GLQ, and we define the block matrix as

G |G1 G2l e gT s Gy, € RN, (13)
G1,2 G272 1n2 )

The gradient descent updates on X% : X% <« RProp(X%, ) [42]].

ninz® ninz ninz

The projection operator onto the constraint set can be obtained by taking the singular value decom-
position (SVD) on X0

ning*
SvD (41,,) = UAVT, (14)
Proj(220 )« UAVT, (15)

where A := diag(\;), \; :== min (max (0, \;), 1) and A := diag()\;).

Complexity analysis: In Thin-PID, the computational bottleneck comes from determining SVD
and inverting matrices. SVD on X9 requires O (min(dx,,dx,)?) complexity. For the inverse
matrices, note that G | is constant and only needs to be computed once. The other inverse can

be computed by solving linear equations with complexity O(d§(2). Without loss of generality, we

'The joint covariance Yx,y can be fully specified by ¥ X;|y = Xn,; since Xy is constant which can be
directly computed from target Y.
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Figure 1: Flow-PID learns latent Gaussian encoders, parameterized by the Cartesian flow f1 X fo X fy,
to transform input modalities (X7, X5,Y") into Gaussian marginal distributions. Then, PID values
can be computed efficiently via Thin-PID under the equivalent interpretation of GPID.

assume dx, > dx, since we can always exchange input modalities. In contrast, the state-of-the-
art Tilde-PIlﬂ proposed by Venkatesh et al. [52] requires the eigenvalue decomposition (ED) on
Y n,n, With the dominant complexity O ((d x, +dx, )‘3) As shown in Table Thin-PID achieves
significant improvement in computational efficiency, especially when the feature dimensions are high
and dx, > dx,. More detailed complexity analysis is shown in Appendix[A.4]

4 Learning a latent Gaussian encoder via normalizing flows

When the marginal distributions p(x1,y) and p(x2, y) are not Gaussian, computing PID from data
samples requires estimating the joint distribution in some manner. We propose a novel approach
where we learn a feature encoder transforming (X1, X5,Y") into a latent space, such that they are well-
approximated by Gaussian marginal distributions, then utilizing Thin-PID to perform the computation
in an efficient way when modalities are continuous and high-dimensional.

Let X = f1(X1), Xy = f2(Xo), Y = fv (Y) be three transformations that are defined by three

neural networks, respectively. Given the dataset D = {(x(lj ), xé] )yl ),j=1,2,...,N}, ideally
the transformations should satisfy the conditions: 1) The transformations are invertible such that the
MI does not change; 2) The marginal distributions p(&1, §) and p(&2, §) are well-approximated by
Gaussian distributions. Our goal is to learn a Cartesian product of normalizing flows f1 X fo X fy
which will preserve the total mutual information as I;(f1(X1), f2(X2); fy (Y)) = I,(X1, X2;Y)
according to Theorem[4.1] We refer to this method as Flow-PID, illustrated in Figure|[I]

Theorem 4.1 (Invariance of total MI under bijective mappings). Let X1, Xo,Y be absolutely contin-
uous vectors, f1 : X1 — RIxX1, fo : Xy — RIx2 and fy 1 Y — R be bijective piecewise smooth
mappings with tractable Jacobians. Then Is(f1(X1), f2(X2); fr (Y)) = L,(X1, X2;Y).

Corollary 4.2. Under the same conditions in Theorem the PID of (f1(X1), f2(X2), fy (Y)) is
the same as the PID of (X1, X5,Y).

Corollary 4.3. Let (X,Y') be absolutely continuous with PDF p(x,y). Let q(x,y) be a PDF defined
in the same space as p(x,y). Then |I, (X;Y) — I, (X;Y)| < KL (p(x,y)|lq(z, y)).

4.1 Gaussian marginal loss

Theorem [.1] and Corollary [4.2] imply that PID can be solved in a latent space through invertible
transformations that preserve the total information. However, it could restrict the possible distributions
to an unknown family. Instead, we approximate the PDF in latent space via variational Gaussian
marginals ¢(x1,y) and ¢(x1, y) with tractable pointwise MI, and train ¢ and f1 X f3 X fy to minimize
the discrepancy between the real and the approximated total MI.

To regularize the Cartesian flows with Gaussian marginal distributions, we simultaneously min-
imize KL(p(fchg))HN(ul,Zle)) and KL(p(:Eg,gj)|\/\/(u2,ZX2y)), where EX1Y and ZXQY
are the covariance of the variational Gaussian marginals, and KL(-||-) denotes the KL diver-
gence. Note that maximizing the likelihood of f1(X7) x fy (YY) and f2(X2) x fy (Y) also min-

imizes KL (px,y o (f{ ' x ¢~ )N (11, Ex,y)) and KL (px,y o (f5 ' % g7 )N (12, Ex,v)).

2We refer to ~-PID as Tilde-PID in the sequel.
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Figure 2: PID values for 1D Gaussian example with different types of interactions. Thin-PID and
Tilde-PID agree exactly with the ground truth.

Therefore, the Gaussian marginal regularizer is equivalent to maximize the log-likelihood of
{(xgj),y(j))}j-vzl such that 217 = f£71(21)), 4y = ¢=1(§), where (2, 1)) are sampled
from variational Gaussian distribution N (p1;, Xx,v ).

Proposition 4.4 (Gaussian marginal loss for Flow-PID). Given data samples {(xgj ), a:éj ), YN, the
Gaussian marginal objective for p(&;,§) is given by

det det

+ log

df1(z;)
3 ; (16)

€Ly

dfy (y)
dy

EN(xEj)’y(]')) - ﬁN(u,;,EXiy)(fS;j)a??(j)) +log

where (1; and X x,y are determined by the Gaussian maximum likelihood. The objective function of
the latent Gaussian encoder is

Liow({ X1, X2, Y}) = Ly ({(X1,Y)}) + Ly ({ (X2, Y)}). (17)

S Synthetic PID validation

In this section, we validate our Thin-PID and Flow-PID on synthetic Gaussian and non-Gaussian
examples with known ground truth, compared with Tilde-PID designed for GPID [52], CVX, and
BATCH designed for features with discrete support [27]. Details of experimental settings are
provided in Appendix[C]

5.1 Validating Thin-PID on canonical Gaussian examples

1D broadcast channel: We first validate the accuracy of Thin-PID on canonical Gaussian examples
withdx, = dx, =dy = 1. LetY ~ N(0,1). We design 3 cases with: 1) unique and redundant;
2) unique and synergistic; 3) redundant and synergistic information. Detailed settings can be found
in Appendix The ground truth can be solved exactly by MMI-PID [3] when p(x1, 22, y) is 1D
Gaussian. The degrees of interactions estimated by Thin-PID and Tilde-PID are shown in Figure 2]
We observe that Thin-PID exactly recovers the ground truth in all three canonical Gaussian cases,
which corroborates the correctness of our proposed Thin-PID algorithm for GPID.

GPID examples at higher dimensionality: (i) Cooperative Gain: Let X;; = aY; + ni 1,
Xo1=Y14+n21, X12=Y2+n1,2, Xoo =3Ys + ng o, where Y1, Y2, ny 5, n0,; ~ i.i.d. N(0,1),
i =1,2. Here, (X1,1,X2,1,Y1) is independent of (X1 2, X5 2, Y2). Using the additive property, we
are able to aggregate the PID values derived from their separate decompositions, each of which is
associated with a known ground truth, as determined by the MMI-PID, considering Y7 and Y> as
scalars. (ii) Rotation: Let X; = H; R(0)Y, where H; is a diagonal matrix with diagonal entries
3 and 1, and R(#) is a 2 X 2 rotation matrix that rotates Y at an angle §. When 6 = 0, X; has a
higher gain for Y7 and X5 has higher gain for Y5. When 6 increases to /2, X; and X, have equal
gains for both Y; and Y5 (barring a difference in sign). Since (X1 1, X2 1, Y1) is not independent of
(X1,2, X2a,2,Y2) for all §, we only know the ground truth at the endpoints.

Results. The results of examples (i) and (ii) are shown in Figure [3] We observe that Thin-PID
achieves the best accuracy with the error < 1072, while the absolute error of Tilde-PID is > 10~5.
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Figure 3: Left: PID values in Example (i); right: PID values in Example (ii); middle: absolute error
between different GPID algorithms and the ground truth. Thin-PID achieves the best accuracy with
< 1072 error, while the absolute error of Tilde-PID is > 10~8.

Table 2: Non-Gaussian multi-dimensional examples: Tilde-PID is estimated from a sample covariance
on le6 realizations of transformed non-Gaussian variables. Flow-PID is estimated on the latent
Gaussian representations by normalizing flows. Only Flow-PID agrees with the truth.

Dim 2.2,2) (10,5, 2) (30,10,2) (100,60, 2)
PID R U, U, 5 | R U, U &8 | R U, U, 8§ R U, U &8
197 0.13

Tilde-PID | 0.18 0.29 0.76 0.02 084 0 1.19 016 [ 1.09 0 088 0.19 | 148 0
Flow-PID | 0.62 091 050 0.1 236 032 019 045|218 113 0 017 | 434 036 0 0.25
Truth 079 146 058 0.18 | 296 054 026 058292 218 0 025|571 1.01 0 057

—=— Thin PID 50

Time analysis: As discussed in Table[T] Thin-PID sig- 200 Tilde-PID
nificantly improves the computational efficiency when — a0
the feature dimension is high. We report the execution 150
time of GPID algorithms when the feature dimension
increases in 2 cases: 1) both dx, and dx, increase; 2)
dx, increases from 100 to 1000 with fixed dx, = 100.
Figure 4] shows that Thin-PID costs much less time
than Tilde-PID with a speed of more than 10x when
min(dxl R dXQ) > 100.
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5.2 Flow-PID on non-Gaussian examples

Figure 4: Time analysis: Thin-PID achieves
Multivariate Gaussian with invertible nonlinear 10X speed of Tilde-PID.
transformation: Next we evaluate the Flow-PID when
p(z;,y) is no longer Gaussian. We sample from the joint Gaussian vectors (X1, X2,Y) ~
N(0,Xx, x,v), and transform samples to (X, X2, Y") through absolutely invertible nonlinear func-
tion (more details in Appendix . According to Theorem the MI of (X1, X5,Y") remains
the same as that of (X7, X5,Y"), but they are no longer pairwise Gaussian after the transformation.
For Tilde-PID, the degree of interactions are computed by directly estimating the covariance of
non-Gaussian samples. The “exact” PID is obtained by feeding the Gaussian covariance X x, x,y to
GPID directly. From Table 2] Flow-PID aligns with the exact truth in relative PID values, whereas
Tilde-PID fails with distorted nature and degree of interactions.

Specialized interactions with discrete targets: Although GPID is designed for continuous modalities
and targets, we evaluate its generalization to cases with discrete targets. Three latent vectors
21, 22, 2¢ ~ N(0,) are employed to quantify the information unique to x1, w2, and common
to both, respectively. [z1, z.| is transformed to high-dimensional x; using a fixed transformation
T;. Similarly, [z2, .| is transformed to zo via T». By assigning different weights to [z1, 22, 2],
we create ten synthetic datasets with different types of specialized interactions. As indicated in
Table [3] Flow-PID not only accurately assigns the prevalent type of interaction, but also provides
better quantification of the degrees of specialized interactions compared to BATCH. A noteworthy
observation is that the estimation of PID regarding synergy S proves to be the most challenging and



Table 3: Specialized interactions with discrete labels: Flow-PID provides more accurate PID values
than BATCH, especially on datasets with high synergistic interactions. The specialized interactions
determined by PID estimators are highlighted in bold.

Task DR DU; DU2 DS
PID R U, U, S|IR U U S|R U U S| R U, U, S
BATCH 029 002 002 0[]0 030 0 O[O0 O 030 O |011 002 002 0.15
FlowPID | 051 0 0 00 049 0 0|0 O 051 0012 0 0 030
Truth 058 0 0 0|0 05 0 0|0 0 05 0| 0 0 0 056
Task V= JCLs.%) V=122 v=1C1.%.2)
PID R U, U, S R Uy U, S [ S
BATCH 0.04 009 0 0.06 011 002 002 010011 0 002 0.05
Flow-PID | 0.06 017 0 012|020 0 0 023]010 O 0 0.08
Truth 0 025 0 025]0.18 0 0 036|022 0 0 0.22
Task y=J%,2) y =105,z y=J(5 %)
PID R Uy Us S R U U S R U U S8
BATCH 006 001 001 006|007 O 006 0 [019 0 006 0
Flow-PID | 0.08 0 0 023/010 O 011 O |030 O 012 O
Truth 0.13 0 0 027021 O 021 00]034 0 017 0

Table 4: Estimating PID on MultiBench datasets [30]. Flow-PID recognizes more modality
interactions than CVX/BATCH, and effectively highlights dominant modalities.

Datasets AV-MNIST UR-FUNNY
Modalities Vision, Audio Vision, Audio Vision, Text Audio, Text
PID R Uy U, S R U, U, S R U U S R U U S
CVX/BATCH | 0.10 097 0.03 0.08 | 0.02 0.04 0 006 | 006 0 0.04 011]0.02 0 0.08 0.07
Flow-PID 0.12  0.53 0 0.09 | 0.19 0 098 028004 O 119 003|003 0 122 0.2
Datasets MOSI MOSEI MUStARD
Modalities Vision, Audio Audio, Text Vision, Audio Vision, Text Audio, Text
PID R U, U, S R Uy U, S R U, U, S R Uy U, S R U, U, S
CVX/BATCH | 0.03 0.17 0.16 0.76 | 0.22 0.04 0.09 0.13 [ 014 001 0.01 0.2 [ 014 002 0.01 034]014 0.01 001 037
Flow-PID 058 0 060 044078 0 3.06 066 040 0 029 027045 0 054 041066 0 092 030

results in overestimated redundancy R in BATCH. Conversely, Flow-PID mitigates this issue by
achieving lower R and higher S.

6 Real-world applications of PID

Real-world multimodal benchmarks. We use a collection of real-world multimodal datasets in
MultiBench [30]], which spans 10 diverse modalities (images, video, audio, text, time-series), 15
prediction tasks, and 5 research areas. These datasets are designed to test a combination of feature
learning and arbitrarily complex interactions under different multimodal fusion models in the real
world. For datasets with available modality features (images, text), we use an end-to-end Flow-PID
estimator. For other modalities (audio, time-series), we first use pretrained encoders to obtain features
before Flow-PID (full dataset and experimental settings are available in Appendix [D).

Results. From Table |4} we observe that Flow-PID effectively highlights dominant modalities by
assigning higher unique information to sources with stronger predictive contributions. Although
the ground truth for real-world datasets is unknown (and may not be determined), this allows us to
quantitatively assess which modalities are most informative for the task, offering deeper insight into
modality importance beyond standard accuracy metrics. An interesting observation is that the total
information (R 4 U; + Uy + 5) recognized by Flow-PID is much larger than BATCH. The total
information in a dataset yields an upper bound on multimodal model performance. On many of these
datasets, multimodal models achieve over 75% accuracy, while the total information is often under
0.5 for BATCH in Figure[5]

Real-world datasets with task-driven and causally relevant interactions. We conducted Flow-
PID on 2 real-world datasets with expected interactions, which are causally relevant to the tasks,
to demonstrate our method in additional application areas and with unexplored modalities. 1) We
quantified the PID of predicting the breast cancer stage from protein expression and microRNA
expression on the TCGA-BRCA dataset. Flow-PID identified strong uniqueness for the modality of
microRNA expression as well as moderate amounts of redundancy and synergy. These results are



also in line with modern research, which suggests microRNA changes as a direct result of cancer
progression. 2) The results on VQA (Visual Question Answering) show the expected high synergy
since the image and question complement each other to predict the answer. The detailed experimental
results are shown in Table

Table 5: Flow-PID on real datasets with task-driven interactions.

Dataset dim-X; dim-X, R Uy U,y S Expected interaction

TCGA 217 1881 041 0.0 1.07 034 U,
VQA2.0 768 1000 022 026 0.0 0.76 S

Table 6: Model selection performance on new datasets D compared to the best-performing model.

Synthetic ~AV-MNIST ENRICO UR-FUNNY MOSI MUStARD

Flow-PID  99.76% 100% 100% 96.72% 99.67% 98.19%
BATCH 99.91% 99.85% 100% 98.58% 99.35% 95.15%

Model Selection. After conducting evaluations
on diverse multimodal datasets, we are interested in

whether GPID is beneficial in selecting the most ap- g, e

propriate model capable of addressing the requisite 5 | mm Flow

interactions for a dataset. Given a new dataset D, we g 3

measure the difference in normalized PID values be- 2

tween D and D’ among a suite of 10 pretrained syn- g’z

thetic datasets with different types of specialized in- g,

teractions. For each D’, we pretrain 8 different mul- S

timodal fusions, rank the similarities to the unseen ) )
datase, 3(D. D) = Ty, sy o — Il G Se G oo o

and recommend the top-3 models on the most sim-
ilar dataset D*. Table[6lindicates that the selected ) ) .
models achieve more than 96% of the accuracy of ~Figure 5: Total mutual information determined
the best-performing model. UR-FUNNY records by Flow-PID and BATCH/CVX estimators.
the comparatively lower accuracy, likely due to the

significantly higher amount of unique information in the text modality compared to vision and audio.

7 Conclusion

In this paper, we aim to develop a new and efficient PID framework for continuous and high-
dimensional modalities, of which PID estimates could be inaccurate and burdensome. We first
identified that PID is easier to solve in latent Gaussian distributions without loss of optimality, and
proposed a new GPID algorithm that significantly enhances the computational efficiency compared
to the state-of-the-art algorithms. Secondly, we develop a latent Gaussian encoder via normalizing
flows to generalize GPID algorithms to non-Gaussian cases. Through comprehensive experiments,
we demonstrated that our proposed method provides more accurate and efficient PID estimates than
existing baselines, and showed the utility in diverse multimodal datasets and applications by dataset
quantification and model selection.

Limitations: 1) The latent Gaussian encoders only approximate the marginal distributions through
invertible bijective mappings, which introduce bias when the divergence between approximated
Gaussian distributions and true underlying marginals is large. 2) Although Thin-PID is exact in GPID
cases, the accuracy of Flow-PID largely depends on the performance of latent Gaussian encoders, and
the optimization error could increase with more intricate underlying features or fewer data samples.
3) It is challenging to rigorously justify the quantification on real-world datasets, as the generation of
multimodal data is unknown.

Future work can leverage Flow-PID to expand datasets with specific objectives, enhance multi-task
representation learning within the context of higher-dimensional data and continuous targets, and
explore the fine-tuning or pretraining of a large model under the guidance of Flow-PID.
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either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes] .

Justification: The code is provided in a zip file for supplementary materials. Due to the size
limits, we only provide the source to download the data.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/

public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https !
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes] .
Justification: Detailed training and tests are shown in the appendix due to the pape limits.
We have a pointer in the main text.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer:
Justification: The error bar for GPID is unnecessary since it is exact. For PID values in real-
world datasets, the ground truth is unknown. Thus we do not include such measurements.
But we discuss the robustness in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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10.

11.

Answer: [Yes] .
Justification: We put the information on computer resources in the appendix due to the page
limits of the main text.
Guidelines:
* The answer NA means that the paper does not include experiments.
 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes] .

Justification: This is mainly a technical paper on designing algorithms and theories. All the
datasets used are open to the public.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA] .

Justification: This is a technical paper, which does not discuss the societal impact.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .

Justification: This is a technical paper on building theories and algorithms. Such risks are
not posed in this paper.
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Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes] .

Justification: We cited all the references and the code from existing baselines.

Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes] .

Justification: The code for reproducing experimental results are included as an anonymized
zip file.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] .

Justification: This is a technical paper, and does not involve crowdsourcing nor research
with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA] .
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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Appendix

A The Gaussian PID theory and algorithm

Information theory quantifies how much information one variable X offers about another variable
Y, which is formulated by Shannon’s mutual information [9], represented as I(X;Y"). It reflects
the decrease in entropy from H(Y) to H(Y|X) given X as input. However, extending mutual
information (MI) directly to three or more variables presents notable challenges. Specifically, the
three-way MI I(X; X2;Y") can be both negative and positive, leading to considerable difficulty in
its interpretation when quantifying interactions between multiple variables.

Partial Information Decomposition (PID) [55] was introduced as a framework to extend information
theory to multiple variables. It decomposes the total information that two variables offer about a task
I(X;, X2;Y) into four components: redundancy R shared between X; and X5, unique information
U, specific to X; and Us to X5, and synergy S. These components must collectively fulfill the
following consistency equations:

R+U, =I1(X1;Y), (18)
R+U; =I1(X2;Y), (19)
Ui+ S =I(X1;Y|X,), (20)
Us+ S = I(X2;Y|X1), Q1)
R—S=1I(X1;XaY). (22)

A definition of R was first proposed by Williams and Beer [55] and subsequently improved by
Bertschinger et al. 5], Griffith and Koch [[17]], which gives the PID definition we adopt in this work.

Definition A.1 (PID [27]]). The redundant, unique, and synergistic information are given by

R = max I;(X1; X9, Y), (23)
qup
Ur = qlglAli (X Y[X), U= qnglAnp I (X9 Y X)), (24)
S = IP(X17X2;Y) — min Iq(Xl,XQ;Y), (25)
qup

where A, == {q € A : q(z;,y) = p(zi,y), Yy € V,x; € X0 € [2]}, and I, is the mutual
information (MI) over the joint distribution g(z1, 2, y). Note that A, only preserves the marginals
p(z1,y) and p(z2, y), but not necessarily the joint distribution p(z1, 22, y).

The definition of PID enjoys two properties:

1. Non-negativity: all the four decomposed components (R, Uy, Us, S) are non-negative.

2. Additivity: For two independent subsystems (Y7, X; 1, X21) and (Y2, X1 2, X22), we
have Ul(Y : X1 \ XQ) = Ul(Yl : Xl,l \X271) + Ul(YQ : XLQ \ XQ,Q). This 1mphes that
the PID of an isolated system should not depend on another isolated system.

The fundamental challenge of PID is estimating information-theoretic measures when the size and
dimensionality of the datasets are large [43]]. Optimizing over the pointwise MI quantities can only be
obtained when the features are pointwise discrete or low-dimensional, and the number of optimization
variables is exponential in the number of neurons [53]. Our first key insight is that the measurement
of MI has a closed-form analysis when the pairwise distributions are multivariate Gaussians, and we
refer to this problem as Gaussian PID (GPID).

Definition A.2 (GPID). Let A° be the set of joint distributions, where p(z1,y) and p(z2,y) are
pairwise Gaussian. The redundant, unique, and synergistic information are given by

R = max I,(X1; X2;Y), (26)
q€A]

U1 = min Iq(Xl;Y|X2)7 Ug = min Iq(XQ;Y|X1), (27)

qeAS qeEAS
S =1,(X1,X2;Y) — min I,(X71, X2;Y), (28)

gqeAS
where

AY ={q€ A% qzi,y) = plriy), Yy €Y, z; € X;, i € [2]}). (29)
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Definition A.3 (~¢-PID [52]). Let p(x1,z2,y) be a joint Gaussian distribution. The redundant,
unique, and synergistic information are given by

R =max I,(X1; X2;Y), (30)
qEA,
U, = qrggl I,(X1;Y)Xs), Us= qHEHAI}D I,(X2; Y| X4), (31
S =1,(X1,X2Y) — réliAn I,(X1, X2, Y), (32)
q P

where

A, = {q is jointly Gaussian : q(x;,y) = p(x;,y), Yy € Y, z; € A;, i € [2]}. (33)

Connections between PID definitions: GPID is exactly the PID problem when the pairwise
marginals p(z1,y) and p(x2,y) are known to be Gaussians. If the optimal g(x1,x2,y) in PID
is Gaussian for some p(z1, z2,y), then ~-PID is identical to PID for that p(z1, z2,y). Venkatesh
et al. [52] introduced ~-PID by directly placing the additional constraint that (1, z2,y) is Gaus-
sian. In Section 3.1, we show that the joint Gaussian solution in ~-PID is also optimal in GPID, but
this was left as an open question in [52].

Broadcast channel interpretation of GPID: Let two Gaussian marginals in GPID have covariance
Y x,vy and X x,y, respectively. We can interpret GPID in the following two-user Gaussian broadcast
channel:

X1 =H\Y +n, (34)
X2 = H2Y+n27 (35)

where Hy, Ha, ny, no can be estimated from p(x1,y) and p(xs,y):

(X1, YT~ N (i, Ex,y ), (36)
Xy, YT ~ N2, Sx,v ), (37)
Hy =X%y, (38)
Hy = 3%y, (39)
Y., =2x, — HiXyH], (40)
Y, = Sx, — HoXy H,y . (41)

Full algorithm of Thin-PID: We derived the objective and the projected gradient descent method
in Theorem 3.3 and Proposition 3.4, respectively. The complete algorithm of Thin-PID is given as
follows.

Algorithm 1 Thin-PID algorithm.

Require: Channel matrix H = [H|", H, |, covariance Xy

Initialize: 30" \) = H,Hj, learning rate 7(©), o = 0.999, 8 = 0.9

while not converged do
Compute VL ( ‘:ff,(,g)) [(HSy HT 4 Sppny) "t — 571

"1”2} up-off

from Eq. (12-13)
Update X°%  using RProp [42]: E‘,’Lff,(ﬂ;rl) o yof (f ) _ i ind) VL (Z%f]f ,(32))

ning
SVD( G+ = Udiag(A;)V T from Eq. (14)
PIOJ(E?:I,%H)) Udiag (min (max();,0),1)) V" from Eq. (15)
Update 1) = 50) @ g~V O3 DOVETE) (ol ) = Sen(VL(EDW))
end while

off
return 307,
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A.1 Proof of Lemma 3.2

For any random vectors X1, X5, Y that follow the distribution ¢(z1, z2,y),

hq(Y\Xl,Xg) = hy Y —E(Y|X, X2)| X1, X2) 42)
< hg (Y —E(Y|Xy, X2)) (43)
< hg (N0, Sy _g(vix1,x2)) 44)
= hy (Y CE(V]X, XQ)) (45)
= hy (ffml,)zg) (46)

where for clarity we also use X 1, X 2, Y to denote the random variables that follow the distribution
G(z1, 2, y); the second inequality is because Gaussian distributions maximize the differential entropy
with the same second moment. A (./\/ (0, Yy _E(Y|X1, Xz)) denotes the differential entropy of Gaussian
vector with zero mean and covariance the same as Y — E(Y| X1, X3), and the last two equalities are
because of the joint Gaussian distribution.

A.2  Proof of Theorem 3.3
The optimization problem we need to solve in Gaussian PID is
S =1I,(X1,X2Y) — qrgiAr,}g I,(X1, X2;Y), (47)
where
AZG) .= {q € AS : ¢is jointly Gaussian, q(z;,y) = p(xi,y), Vy €Y, x; € X;, i € [2]}.  (48)

The random variables in the Gaussian PID interpreted by a Gaussian broadcast channel can be written

as
Xi| _ (Ha ni
=[]+ [) “
where Y ~ N(0,y), n1 ~ N(0,%,,), na ~ N(0,%,,), and H = [H,', H;|" is the channel
matrix which can be directly estimated from Gaussian marginals p(z1,y) and p(z2, y).

We firstly consider the objective function I, (X1, X2;Y'). The differential entropy of a Gaussian
random vector X ~ N (ux, X x) is given by

1 1
h(X) = glog(Qw) + 5 log|[Bx| + 5n, (50)

where n is the dimension of vector X. Therefore, the MI between two random vectors X ~
N(ux,Yx)and Y ~ N (uy,Xy) is given by

I(X;Y)=h(X)-h(X]Y) (51)
1 1Y x|
5 Og|EX\Y| (52)

Therefore, the objective we need to optimize in synergistic information S is

1 by
I, (X1, X0;Y) = = log Exxl (53)
2 7 Sy, )y
1. |HSyHT + S0,
= — log s (54)
2 |Enins |
where
En Eoff
En1nz = |:Eoffl n1n2:| . (55)
namni na
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The second equality is because X x, x,|y = Ynin, and Xx, x, = HXy H T4+ Yn1n, USINg properties
of multivariate Gaussian distributions.

Next, we consider the constraints on Gaussian marginals ¢(z1,y) = p(z1,y), ¢(z2,y) = p(z2,y).
Note that p(z1,y) and p(x2,y) are already preserved by X,,, and in,- Without loss of generality,
we can assume Xy |y = g, = Idx and Yx,y = Y, = Iq,, since we can always perform
receiver side linear transformations to 1nd1v1dually whiten the X and X, channels. Therefore, the

only optimization variable in I, (X1, X2;Y) is 30T, .

Therefore, the optimization problem can be recast as

|HSy H' + Sy, |

minimize: £ (E"ff ) = log

DR
. v (56)
subject to: X, =, =1,
Ynin, = 0.
A.3 Proof of Proposition 3.4
Gradient. LetG := HYyH'" +,,,,. Assuming that G is positive definite, then we have
Valogdet(G) = G (57)

Therefore, the gradient of the unconstrained objective function in Equation (11) with respect to X,
is given by

< = Gl-%., (58)

ninz

Vs

nyng 108 5

Using the block matrix formulas, the gradient with respect to Z‘;Lflan is thus given by

ff - 1
VL (2211712) = [G E”l”Z]up off ? (59)
where the subscript "up-off" denotes the upper off-diagonal block matrix.
We firstly compute the inverse of G := HXy H' + %, ,,,. Define the block matrices
Gi1 Gip DID ¥
HZYHT + Enlng = |:G1T72 G272 5 annz = E(;Lfg;l 2:122 5 (60)
where
Gy = HiXyH| +%,,, (61)
Gap = HySy Hy + X, (62)
Gio=H\SyH) +50 . (63)
Using the block matrix inverse formulas, the upper off-diagonal of G~ is given by
_ _ -1
—G11G12 (Gap — G| ,G1G1s) . (64)
Similarly, the upper of-diagonal of Zmnz is given by
-1
—Shn, (= Z00050,) (65)

if ¥,,, and ¥,,, are identity matrices without loss of generality.

Therefore, the gradient of the unconstrained objective is given by

VL(SST ) = — G2 (Gop — GLLGriGs) 4590 (T— 5T )70 (66)

ning nin2
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off

Projection operator. The optimization variable 330,

the matrix constrained by

is an off-diagonal block of 3, ,,,, which is

T Zoff :|
DI nins | (67)

Note that ,,, and ¥,,, can always be whitened by performing receiver-side linear transformations
after we estimate H,, H, Xy from the data. Therefore, the constraint on the projection we need to
consider is

I Zoff
|:Eoff nIan:| = 0. (68)

nomni

By the Schur complement conditions for positive definiteness,

Snng = 0= |20, ||, < 1. (69)

ning

off

Therefore, we only need to show that the projection of X7, .

onto the spectral norm ball

{zeff |29 |l2 < 1} is achieved by shrinking the singular values of X2 via
Proj(£9T ) = Udiag (min (max();,0),1)) VT, (70)
where X0 = UAV" is the SVD of X0 .
To find the projection onto the spectral norm ball, we want to solve
min |2 — 350,17 (71)
s.t |22 < 1. (72)

Let 339, = UAV" with A := diag(\;). We apply the same decomposition to 3> = UAV'T, where

ning
A is not necessarily diagonal. However, we can always set the off-diagonal blocks to zeros without
increasing the Frobenius norm.

Write ¥ = D + O, where D is the diagonal matrix of ¥ and O is the pure off-diagonal matrix. Since
the Frobenius inner product is the usual Euclidean one on entries, the diagonal and off-diagonal
subspaces are orthogonal. Hence, we have

1= =S50l = 1D = S + 1015 = 1D =35, - (73)

ning ning ning

For the feasibility of the spectral norm ball, it is obvious because

[diag(3)]], = max o] < 3] - (74)

Now it is feasible to restrict A to be a diagonal matrix. Because the Frobenius norm is unitary-
invariant, we can simplify:

(s

DEDHME IV ED SIOEPH as)

ning
i=1

Thus, we only need to solve:

s

r{nir}lzo\if)\i)z s.t. max || < L. (76)
T !

Note that the SVD of real matrices always gives nonnegative eigenvalues. Therefore, \; and );
should be non-negative, and the optimal solution is given by

A; = min(max();,0),1). (77)
Then the projection operator is given by

Proj (2T, ) « Udiag (\) V. (78)

nin2
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A.4 Computational complexity

In this section, we discuss the computational complexity of different GPID algorithms. The state-
of-the-art GPID algorithm is Tilde-PID [52], which is shown to be faster than other older baselines
(MMI-PID [3]], §-PID [53]]). We identify the difference between our work and Tilde-PID as follows:

(i) We compute the PID of a different objective function. Although the optimized variable is the same,
Yn.ny» the computation of the gradient in each iteration is significantly different. For Thin-PID, G f%
in Eq. (12) is a constant and does not need to be computed in each iteration. The other inverses
of the matrix in each iteration can be computed by solving a set of linear equations with variables
min(dx, ,dx, ), while Tilde-PID requires solving linear equations with dominant variables of size
d x, T d Xy

(i1) We use a different projection operator on X,,, ,,. Although the constraint is X,,, ,, >~ 0, we only
work on the upper off-diagonal E"flf , since the diagonal blocks are identity matrices. The Thin-PID

requires SVD in 39 which has O(min(dx, , dx,)*) complexity. However, Tilde-PID requires the

eigenvalue decomposition in X, ., of size (dx, +dx,) x (dx, +dx, ), which has O((dx, +dx,)?)
complexity, and additional SVD in the projector with O(max(dx, ,dx,)®) complexity.

Table A.1: Complexity analysis of different GPID algorithms. The complexities of ED and SVD
are cubic in the values shown in the table. Thin-PID achieves better complexity on any scale of
computation.

ED SVD Lin-Eqn Solve Mul

Thin-PID - min(dx,,dx,) 2*min(dx,,dx,) 4+*min(dx,,dx,)
Tilde-PID Xm + dXz IIlE%X(Xm7 ng) 2 % (Xm + dXz) 8 * (Xm + dXQ)

B Latent Gaussian encoders and normalizing flows

When the marginal distributions p(x1, y) and p(x2,y) are not Gaussian, we learn a feature encoder
transforming (X7, X5,Y") into a latent space such that they are well-approximated by Gaussian
marginal distributions, then using Thin-PID to compute PID values in the GPID problem.

Information-preserving encoder: Let X, = f1(X1), X, = f2(X2), Y = fy (Y) be three transfor-
mations defined by three neural networks, respectively. Ideally, the transformations should satisfy the
following conditions:

1. Transformations are invertible, so that the MI does not change.
2. p(#1,9) and p(&2,§) are well approximated by Gaussian distributions.

Flow-PID: This transformation can be performed by normalizing flows [39]], whose invertible
bijections preserve information while bringing the joint distributions closer to Gaussians [[7]. We
established the theory of invariant total MI and PID under bijective mappings in Theorem 4.1 and
Corollary 4.2. Our goal is to learn a Cartesian product of normalizing flows f; X fa X fy that
preserves the total mutual information as I;(f1(X1), f2(X2); fy (Y)) = L,(X1,X2;Y). For the
constraint set on AS, we proposed the regularization with the Gaussian marginal loss in Corollary
4.3 and Proposition 4.4.

B.1 Proof of Theorem 4.1

Lemma B.1 ([7]). Let : Q — R™ be an absolutely continuous random vector, and let g : R" — R™
be an injective piecewise-smooth mapping with Jacobian J, satisfying n > n' and det(J".J) # 0
almost everywhere. Let PDFs pe and pg, exist. Then,

I(&m) = 1(g(§);m)- (79)

By Lemma[B.1] we only need to show I(f1(X1), fo(X2);Y) = I(X1, X2;Y). Let (X1, X2) =
[f1(X1), f2(X2)] be the concatenation of f;(X7) and f2(X5). It is obvious that concatenation is
also bijective and invertible. Therefore, we have

I(f1(X1), f2(X2):Y) = I(g(X1, X2);Y) = (X1, Xp;Y), (80)
where the second equality is because g(X, X2) is invertible and bijective.
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Algorithm 2 Flow-PID algorithm

Require: Multimodal dataset X1 € A7, X9 € XA, Y € V",
Initialize Cartesian flow networks f1 x fo X fy.
while not converged do
for sampled batch X; € A", Xo € A", Y € Y™ do
Transform latent feature: X; = fl(Xl) Xy = fQ(XQ), Y = fr(Y).
Compute the marginal loss of (X;,Y) and (X27 Y) using Eq. (16).
Compute the sum of two marginal losses using Eq. (17).
Perform a gradient step on the loss.
end for
end while L
Calculate Hy, Ho, Xy from Eq. (10) using (X1, X2,Y)
Perform Thin-PID from Eq. (11-15) using Hy, Hy, Xy
return PID values: R, Uy, Us, S

B.2 Proof of Corollary 4.2

Let X; = f1(X1), X, = f2(X2), and Yy = fy(Y), where f1, fa, fy are invertible bijective
mappings. Define the set of distributions

Ap=1{q:a(21,9) = p(fiH(@0), [ (@), d(@2,9) = p(fa *(Z2), f5(9)} -

Since f1, fa, and fy are bijective mappings, this set is well-defined. Moreover, if (X1, X»,Y) are
jointly distributed according to p, then (X7, X2, Y") are jointly distributed according to

Plan, @2,9) = p(fi (@1), £ (32), f ' (9))-

We now show that there is a bijection between the sets A, and A;. Given any ¢ € A, define § € A,

by
Q(i1,22,9) = a(F7 " (@0), f5 ' (82), 7 (9)).

It is straightforward to verify that § satisfies the required marginal constraints in A, as the marginals
transform correctly under invertible mappings. Conversely, given any § € Ay, we can recover the
corresponding ¢ € A, via the inverse transformations. Thus, the mapping between A, and A is a
bijection.
We can now prove the main result. By Theorem 4.1, we have

I,(X1, X2, Y) = I;(X1, Xa; V). (81)

The PID solution in the original coordinates is given by minimizing the left-hand side of Equation
over A,, while the PID solution in the transformed coordinates minimizes the right-hand side over
Ap. Because of the bijection between A, and Ay, the optimization problems are equivalent, and the
minimum values are the same. Therefore, the synergy values in both sets of coordinates are the same.
We similarly conclude that all of the PID values are equal, as desired.

B.3 Proof of Corollary 4.3

Since g(z,y) is the PDF defined on the same space as p(zx, y), we have

V) = Eloe | P&Y | _ gioe | 4@8)  p(z:y) q(x)q(y)
f(5Y) = Elog L?(x)p(y)] Flog L(w)Q(y) q(z,y) p(y)} ®2
=1,(X;Y) +Elog [ng’zi] + Elog [ } + Elog [Q( } (83)
=1, (X;Y) + KL (p(z, y)lla(z, y)) — KL (p(2) @ p(y)lla(z) ® a(y (84)

Firstly, since KL (p(x) ® p(y)|lq(z) @ q(y)) > 0, we have
L(X;Y) = I(X;Y) <KL (p(z, y)llg(2,v)) - (85)
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Secondly, given the monotonicity of the KL divergence, we have KL (p(z,v)|q(z,y)) >
KL (p()[lq(x)) and KL (p(z, y)[l¢(x,y)) = KL (p(y)llq(y)). Therefore, we have

L,(X;Y) = I,(X;Y) > KL (p(z, y)|lg(z,y)) — 2 - KL (p(=, y)|lq(z, y)) (86)
= —KL (p(z,y)llq(z,y)) (87)

Combining the two directions, we have
[1,(X;Y) — 1,(X;Y)] <KL (p(z,9)llq(,y)) - (88)

B.4 Proof of Proposition 4.4

Let (X,Y) = f(X,Y) = fx(X) x fy(Y) be a Cartesian normalizing flow. Using the change of
variables formula, we have

. of (xyy)’
logp(z,y) = logp(z,y) + log |det . (89)
gp(z,y) = logp(Z,§) + log Dw.y)
For the Cartesian flow f = fx x fy, the Jacobian is block-diagonal. Therefore, we have
log detM = log |det Ofx (@) + log |det O (v) . (90)
d(z,y) oz dy

Given a dataset D = {(mgj), xéj), yU)),j =1,2,..., N}, note that maximizing the likelihood of
f1(X1) x fy(Y) and fQ(XQ) x fy (Y) also minimizes KL (px,y o (f{ ' x fy )N (1, 2x,v))
and KL (px,y o (f3 " x fyD)IN (12, Ex,v))- Therefore the Gaussian marginal regularizer is
equivalent to maximizing the log-likelihood of {( )yl ))}5L, such that x(j ) = (@ 20)), ) =

~1(39)), where (505 ),y(J)) are sampled from variational Gaussian distribution N (u;, Xx,y ).
Therefore, we use the maximum-likelihood estimates of p(z1,y) and p(xs,y) to regularize the
supremum in Gaussian marginals

j 1 (7)) ~(4 0 i3 0
L (29 y0)) :EN(M,EXiY)(xEJ),y(J))—|—10g det Jgi ) + log |det fgy(?/) , 91)
where Lyr(.; sx,v) (505] ), §9)) is the likelihood of the latent multivariate Gaussian variables
1 & bl :
wi= (ngomy) = | 55 2 Jile) 5 D) | (92)
j=1 j=1
1 N (4) () T
Sxy =<3 filey”) —pg \ [ filei?) —px, ©3)
Y Fy(y@) — ps WDy _ o |
= \frly ty ) \fy (") — py

L~

7§y = —§log|§]X vl 1 ( @ _ uz)TZ}fY (.’Iﬁz(j) B Mi) 94

To simultaneously ensure that both p(&1, ) and p(Z2, §) are approximately Gaussian, we train the
flow using the loss function

Laow({X1, X2, Y}) = Ly ({(X1, Y)}) + Ly ({(X2, Y)}), (95)
where L ({(X;,Y)}) is estimated by Monte Carlo sampling

£N(#iyzxiy)<:i

Ly ({(X:,Y)} ~—Z£N Dy @), (96)

C Experimental details for synthetic datasets

We provide the experimental details of Section 5: data generation, feature processing, model architec-
ture, and computing resources.
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C.1 Canonical Gaussian examples

1D broadcast channel: We illustrated results on canonical 1D Gaussian examples in Figure 1 and
corroborate the correctness of Thin-PID by designing three cases:

Unique and redundant information (left):

Y ~ N0, 1) 97)
X1 =Y +nq, ny ~N(0,1), ny 1LY, (98)
Xy = X1 + no, ng ~ N(0,0%), ne 1L X;. (99)
Unique and synergistic information (middle):
Y ~N(0,1) (100)
X, =Y +ny, n1,ma ~ N(0,0?), (n1,n) 1LY, (101)
X5 = no, Corr(ni,na) = p. (102)
Redundant and synergistic information (right):
Y ~ N(0,1) (103)
X; =Y +nq, ny,ng ~ N(0,1), (n1,m2) 1LY, (104)
Xo =Y +no, Corr(ny,ng) = p. (105)

Additional experiments on GPID at higher dimensionality: We next design additional examples
to validate Thin-PID at higher dimensionality, which are also benchmarks in [52].

Case 1: Let Xl,l = O[Yl + nini, Xg’l = Y1 + n21, X1’2 = }/2 + ni,2, X272 = 3Y2 + n2 2, where
Y1,Y2,n1 4,n9,; ~iid. N(0,1),7 = 1,2. Here, (X1 1, X2,1, Y1) is independent of (X1 2, X2 2, Y2).
Using the additive property, we are able to aggregate the PID values derived from their separate
decompositions, each of which is associated with a known ground truth, as determined by the
MMI-PID, considering Y7 and Y5 as scalars.

Case 2: Let Y and X, be the same as in Case 1. Let X; = H, R(6)Y, where H; is a diagonal matrix
with diagonal entries 3 and 1, and R(6) is a 2 x 2 rotation matrix that rotates Y at an angle §. When
6 = 0, X; has a higher gain for Y7 and X5 has higher gain for Y>. When 6 increases to 7/2, X7 and
X have equal gains for both Y7 and Y5 (barring a difference in sign). Since (X7 1, X2 1, Y1) is not
independent of (X 2, X2 2, Y2) for all 6, we only know the ground truth at the endpoints.

Results. The results in Cases 1 and 2 are shown in Figure[3] The left and right subfigures show the
PID values of different GPID algorithms, and the middle one shows the absolute error between each
PID algorithm and the ground truth. We observe that Thin-PID achieves the best accuracy with the
error < 10~ 12, while the absolute error of Tilde-PID is > 10~8.

Case 3: We test the stability of Thin-PID at a higher dimensionality of d := dx, = dx, = dy. We
repeat the process of Case 1 and use additive property to concatenate (X7, Xo,Y). Therefore, the
PID values should be doubled as we double the dimension d.

Results. The results of GPID with higher dimensionality are shown in Figure[C.I] The PID values of
Thin-PID match ground truth by doubling in value when the dimension of (X7, X5, Y') doubles.

Accuracy. Figure shows the absolute errors in PID values using the Thin-PID algorithm. It
is observed that the absolute error of the Thin-PID algorithm remains constrained below around
109, even as the dimensionality extends to 1024. However, the absolute error of Tilde-PID in [52]
increases with increasing dimension and will exceed 10~° when d > 1024. Therefore, Thin-PID is
not only more efficient but also more accurate than Tilde-PID.

C.2 Synthetic non-Gaussian examples

Multivariate Gaussian with invertible nonlinear transformation: ~We start with a multivariate
Gaussian distribution (0, S x, x,v ). The pointwise dataset {z\"’, 2§, VL, is sampled from
the joint Gaussian distribution. The "exact" truth of PID is obtained by calculating H;, Hs, and
Yy from X x, x,y directly, then performing Thin-PID. To show the necessity of Flow-PID in non-

Gaussian cases, we transform xgj ), xéj ), and y(j ) into non-Gaussian distributions using three nonlinear
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Stability of the Thin-PID over increasing dimensionality
I(Y; (X1,X2)) Ul U2 R S

Partial Information (bits)
e
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Figure C.1: GPID results when the dimension d := dx, = dx, = dy increases. Different shadings
represent different values of gain in X ; () in Case 1. The PID values of Thin-PID doubles every
time when d doubles.

Absolute error in the Thin-PID over increasing dimensionality
I(Y; (X1,X2)) Ul U2 R S

. W

10-13

10-15

Abs. error in PID value (bits)

NS OONTOON
—HMONWN A
N

1024 4

Dimension of each of ¥, X1 and X2

Figure C.2: Absolute errors of Thin-PID from Case 3.

invertible transformations z7 = (z1)?, T2 = ¢/, and § = ¥y. According to Theorem 4.1, the MI

of ()71, :)2/27 Y’) remains the same as that of (X7, X5, Y), but they are no longer pairwise Gaussian
after the transformation.

Flow-PID learns the flow-based latent Gaussian encoder first, and then performs Thin-PID in the
learned Gaussian marginal distributions. For Tilde-PID, the PID values are computed by directly
estimating the covariance of non-Gaussian samples (z7, z2,y). We did not include BATCH as a
baseline in this case because BATCH requires feature clustering that is not feasible with a continuous
target y. Therefore, BATCH cannot be generalized to regression or multitask scenarios where the
target value is continuous.

The results are shown in Table 2. Flow-PID aligns with the exact truth in the relative PID values,
whereas Tilde-PID fails with a distorted nature and degree of interactions.

Table C.1: Full results on non-Gaussian multi-dimensional examples.

Dim (2,2,2) (10,5,2) (30, 10, 2)

PID R U, U S| R U, U S| R U, U &8
Tilde-PID | 0.18 029 0.76 002 | 084 0 1.19 016|109 0 088 0.19
Flow-PID | 0.62 091 0.50 0.11 | 236 032 019 045|218 113 0 017

Truth 079 146 058 0.18 296 054 026 058|292 218 0 025
Dim (100, 60, 2) (256, 256, 2) (512,512, 2)
PID R U, U, S| R U, U &S | R U, U S

Tilde-PID | 1.48 0 197 0.13 | 1.94 0 231 0.10 | 1.09 0 0.88 0.19
Flow-PID | 4.34 0.36 0 0.25 | 3.79 0.15 0 036 | 048 098 047 0.11
Truth 571 1.01 0 057 | 785 0.14 0.05 090 | 0.81 145 0.58 0.19
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Specialized interactions with discrete targets: We followed the settings of the synthetic generative
model in [27]]. Let 21, 22, z. € R be a fixed set of latent variables from N (0, 02) with o = 0.5.
21, 22, 2 represent latent concepts for the unique information of X5, the unique information of X5
and the common information, respectively. The concatenated variables [z1, z.| are transformed into
high-dimensional x; € R'% using a fixed weight matrix 77 € R0%100 and also [z, 2.] to x5
through T5. The discrete label y is generated by a function of (z1, 22, z..). By assigning different
weights, the label y can depend on (1) only z., which reflects pure redundancy, (2) only z; or zo,
which reflects pure uniqueness in x; or x2, (3) the concatenation of [z, z2], which reflects pure
synergy. More specifically,

Xl = T1 . [Zl,Zc], (106)
X2 = TQ . [2'2726], (107)
Y = {Sigmoid (Eio / ([’; L2 zc””) > 0.5] : (108)

where f is a fixed nonlinear transformation with dropout rate p = 0.1.

As shown in Table 3, we generate 10 synthetic datasets, including four specialized datasets
{Dr, Dy, ,Dy,, Ds} with pure redundancy, uniqueness, or synergy. The rest are mixed datasets
with y generated from (z1, 22, 2.) of different weights.

The ground-truth interactions are estimated by the test performance of multimodal models. The test
accuracy P, is converted to the MI between the inputs and the label using the bound:

I(X1,X2;Y) < log Pac + H(Y). (109)

The information in each interaction is computed by dividing the total MI by the interactions involved
in the data generation process: if the total MI is 0.6 bits and the label depends on half of the common

information between modalities and half from the unique information in z1, then the ground truth
R =0.3and U; = 0.3.

C.3 Compute configuration and code Availability.

All experiments with synthetic datasets are performed on a Linux machine, equipped with 48GB
RAM and NVIDIA GeForce RTX 4080.

The code used to reproduce results on synthetic datasets is included in a ZIP file as part of the
supplementary material.

BATCH and Flow-PID require the training of neural networks (NNs). Before training NNs, we
preprocess the feature by standardizing the features and randomly shuffling the mini-batches. BATCH
follows the same training recipe as in [27]], and the NN architectures used in Flow-PID are given in

Table[C21
Table C.2: The NN architectures for Flow-PID.

NN Architecture
GLOW x1 : 4 (5) splits, 2 GLOW blocks between splits,
16 hidden channels in each block, leaky constant = 0.01
x1: Orthogonal linear layer

x3: RealNVP(AffineCouplingBlock(MLP(d/2, 64, d)), Permute-swap)
RealNVP  x6: RealNVP(AffineCouplingBlock(MLP(d/2, 64, d)), Permute-swap)

D Experimental details for real-world datasets

We provide the experimental details of Section 6 and introduce the real-world datasets from Multi-
Bench [30]. For the BATCH baseline, we follow the same experimental settings and training recipes
in [27]]. We release the data and code in an anonymous ZIP file attached with the supplementary
materials.
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Table C.3: Training recipe.

Parameter Value
Optimizer Adam

Initial learning rate le-4
Scheduler CosineAnnealingL.R
Weight decay le-4

Data augmentation Normalization
Batch size 128

D.1 Quantifying real-world datasets

MultiBench datasets: We use a collection of real-world multimodal datasets in MultiBench [30]],
which spans 10 diverse modalities (images, video, audio, text, time-series), 15 prediction tasks (humor,
sentiment, emotions, mortality rate, ICD-9 codes, image-captions, human activities, digits, robot
pose, object pose, robot contact, and design interfaces), and 5 research areas (affective computing,
healthcare, multimedia, robotics, and HCI). These datasets are designed to test a combination of
feature learning and arbitrarily complex interactions under different multimodal fusion models in the
real world.

Table D.1: MultiBench datasets used for quantifying interactions between diverse modalities, tasks,
and research areas.

Datasets Modalities Size Prediction task Research areas
AV-MNIST [54] | {image,audio} 60,000 logits Multimedia
MOSEI [60] {text, video, audio} 22,777 sentiment, emotions Affective Computing
UR-FUNNY [19] |{text, video, audio} 16,514 humor Affective Computing
MUSTARD [8] |{text,video, audio} 690 sarcasm Affective Computing

Real-world datasets with task-driven and causally relevant interactions: we conducted 2 addi-
tional experiments with real-world data to demonstrate our method in additional application areas
and with unexplored modalities.

* TCGA-BRCA is a multimodal dataset created to help study the causes and progression
of breast cancer. We quantified the PID of predicting the breast cancer stage from protein
expression and microRNA expression. Flow-PID identified strong uniqueness for the
modality of microRNA expression as well as moderate amounts of redundancy and synergy.
These results are also in line with modern research, which suggests microRNA changes as
a direct result of cancer progression.

* VQA (Visual Question Answering) is a multimodal dataset consisting of 10,000 images with
corresponding yes/no questions and their answers. Under the paradigm of using the image
and question to predict the answer, one would naturally expect high synergy since the
image and question complement each other. Our method, Flow-PID, recovers exactly
this — we find synergy is the dominant interaction between the modalities.

The detailed experimental results are shown in Table[D.2] Both of these experiments demonstrate
further applications and additional modalities to validate our method.

Table D.2: Additional experimental results of Flow-PID on real datasets with task-driven interactions.

. . Expected
Dataset  dim-X; dim-X5 R U, Us . .
interactions
VQA2.0 768 1000 022 026 0.0 0.76 S
TCGA 487 1881 041 00 1.07 034 Us

Information-preserving feature extractor: For datasets with available modality features (images,
text), we use the end-to-end PID estimator (Flow-PID, BATCH). For other modalities (audio, time-
series), we first use pretrained encoders to extract features. To preserve the MI of the extracted
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features, we add a contrastive loss to the encoder Enc(X') using MINE [4]:

N N
1 - - 1 O
- = )y @) _ - Ty (Enc(z®)),59?)
V(6) N ]Ezl Ty (Enc(ﬂc ),y ) log N E e . (110)

=1
D.2 Model selection

Setup: Given a new dataset D, we are interested in whether PID estimators are beneficial in
recommending the most appropriate model without training all models from scratch. We hypothesize
that the model with the best performance will likely perform well on the dataset most analogous to
it, given the similarity in the interactions. Therefore, we select the most similar pre-trained dataset
D* from a set of base data sets D’ (the 10 synthetic data sets presented in Table 3) by measuring the
difference in the normalized PID values:

D = i = i — Ip|.
arg min s(D,D") arg min Z |Ip — Ip| (111)
Ie{R,U1,U2,5}

The quality of the model selection is evaluated by the percentage of the performance of the selected
model with respect to the performance of the truly best-performing model on D:

% Performance(f, f*) = Acc(f)/Acc(f™). (112)

Choices of multimodal models: We implement 10 multimodal fusion models in 5 synthetic datasets
and 5 MultiBench datasets.

1. ADDITIVE: Suitable unimodal models are first applied to each modality before aggregating
the outputs using an additive average: y = 1/2(f1(x1) + f2(x2)) [20].

2. AGREE: Add another regularizer as prediction agreement (+A(f1(x1) — f2(x2))? [10]).

3. ALIGN: Add feature alignment (+Asim(x1, x2) like contrastive learning [41]).

4. ELEM: Element-wise interactions for static interactions (i.e., without trainable interaction
parameters): y = f(x; @ x2) [1,23].

5. TENSOR: Outer-product interactions (i.e., higher-order tensors): y = f (xlx;) (14,159,121,
29, 133].

6. MI: Dynamic interactions with learnable weights include multiplicative interactions W:
y = f(x1Wxy) [24].

7. MULT:Dynamic interactions with learnable weights through cross-modal self-attention,
which is used in multimodal transformers: y = f(softmax(x1x4 )x;) [51} 49} 57].

8. LOWER: Lower-order terms in higher-order interactions to capture unique information [33}
59

9. REC: Reconstruction objectives to encourage maximization of unique information (i.e.,
adding an objective Lrec = ||g1(Zmm) — X1|5 + [|92(Zmm) — X2||, Where g1, g2 are auxiliary
decoders mapping Zu, to each raw input modality [45} 50, 56].

10. EF (early fusion): Concatenating data at the earliest input level, essentially treating it as a

single modality, and defining a suitable prediction model y = f([x1, x2]) [31].

Architectures of multimodal models in different datasets: To make a fair comparison between
BATCH and Flow-PID, we adopt the same architecture of feature encoder, modality fusion, and
training hyperparameters in [27]]. For datasets with available modality features, we use data with
standard pre-processing as the input of multimodal models. For other datasets without available
modality features (UR-FUNNY, MUStARD, MOSEI), we first use pretrained encoders to extract
features, which are also provided along with those datasets. The NN architectures and training
hyperparameters are provided below.
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Table D.3: NN architectures for multi-modal fusion models. The input dimension is decided by
extracting d-dimensional features from the data. For datasets with available modality features, feature
dim d is identical to the data dim. For other datasets without available modality features, we first use
pretrained encoders to obtain features with output dim d.

Component Model Parameter Value
Identity / /
Encoder Linear Feature dim [d, d]
Hidden dim 512
. Feature dim [d,d]
Decoder Linear Hidden dim 512
Concat / /
Elem Output dim 512
MI [24] P
Fusion Output dim 512
LOWER [33] rank 32
Embed dim 512
MuLr [49] Num heads 8
Identity / /
. . Hidden size 512
Classification head | 5 ; . oo nrp Activation LeakyReLU(0.2)
Dropout 0.1
Loss Cross Entropy
EF & ADDITIVE & ELEM & TENSOR Batch size 128
MI & MULT & LOWER Num epochs 100
Optimizer/Learning rate Adam/0.0001
Loss Cross Eptropy .
+ Agree/Align Weight
Batch size 128
AGREE & ALIGN Num epochs 100
Optimizer/Learning rate Adam/0.0001
Cross Entropy Weight 2.0
Training Agree/Align Weight 1.0
Loss Cross Entropy
+ Reconstruction (MSE)
Batch size 128
Num epochs 100
Optimizer Adam
REC [20] Learning rate 0.0001
Recon Loss Modality Weight [1,1]
Cross Entropy Weight 2.0

Intermediate Modules

MLP [512, 256, 256]
MLP [512, 256, 256]
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Table D.4: Table of hyperparameters for affective computing datasets.

Component Model Parameter Value
Identity / /
Encoder GRU Input size 5, 20, 35,74, 300, 704
Hidden dim 32,64,128,512,1024
Input size 5,20, 35,74, 300, 704
Decoder GRU Hidden dim 32,64, 128, 512, 1024
Concat / /
f/}fr[“z 2l Output dim 400, 512]
Fusion Tensor Fusion [39] Output dim 512
Embed dim 40
Murr [29] Num heads 8
Identity / /
. . Hidden size 512
Classification head | 5 ;oo vipp Activation LeakyReLU(0.2)
Dropout 0.1
Loss L1 Loss
EF & ADDITIVE & ELEM & TENSOR Batch size 32
MI & MULT & LOWER Num epochs 40
Optimizer/Learning rate Adam/0.0001
Loss L1 L.OSS .
+ Agree/Align Weight
Batch size 32
AGREE & ALIGN Num epochs 30
Optimizer/Learning rate Adam/0.0001
Agree/Align Weight 0.1
Training Loss L1 Loss
+ Reconstruction (MSE)
Batch size 128
Num epochs 50
Optimizer Adam
REC [20] LeaI;ning rate 0.001
Recon Loss Modality Weight [1,1]
Intermediate Modules llt/lfltg {288: 288: 288}
Table D.5: Table of hyperparameters for AV-MNIST encoders.
Component Model Parameter Value
Filter Sizes [5,3,3,3]
Num Filters [6,12,24, 48]
Image Encoder | LeNet-3 | by - Strides / Filter Paddings | [1,1,1,1] /[2,1,1,1]
Max Pooling (2,2,2,2]
Filter Sizes [4,4,4,8]
Image Decoder | DeLeNet-3 Num Filters [24,12,6, 3]
Filter Strides / Filter Paddings 2,2,2,4)/]1,1,1,1
Filter Sizes [5,3,3,3,3,3]
. Num Filters [6,12,24,48,96,192]
Audio Encoder | LeNet-5 | by Syrides / Filter Paddings | [1,1,1,1,1,1/[2,1,1,1, 1, 1]
Max Pooling [2,2,2,2,2,2]
Filter Sizes [4,4,4,4,4,8]
Audio Decoder | DeLeNet-5 Num Filters [96,48,24,12,6, 3]
Filter Strides / Filter Paddings | [2,2,2,2,2,4]/[1,1,1,1,1,1]
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Table D.6: Table of hyperparameters for ENRICO dataset in the HCI domain.

Model Parameter Value
Unimodal Hidden dim 16
. Hidden dim 32
MI-Matrix [24] Input dims 16,16
MI Hidden dim 32
Input dims 16,16
Hidden dim 32
Lower [33]] Input dims 16,16
Rank 20
Loss Class-weighted Cross Entropy
Batch size 32
Activation ReLU
Training Dropout 0.2
Optimizer Adam
Learning Rate 107°
Num epochs 30
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