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ABSTRACT

Perception is often viewed as a process that transforms physical variables, ex-
ternal to an observer, into internal psychological variables. Such a process can
be modeled by a function coined perceptual scale. The perceptual scale can be
deduced from psychophysical measurements that consist in comparing the relative
differences between stimuli (i.e. difference scaling experiments). However, this
approach is often overlooked by the modeling and experimentation communities.
Here, we demonstrate the value of measuring the perceptual scale of classical
(spatial frequency, orientation) and less classical physical variables (interpolation
between textures) by embedding it in recent probabilistic modeling of perception.
First, we show that the assumption that an observer has an internal representation
of univariate parameters such as spatial frequency or orientation while stimuli are
high-dimensional does not lead to contradictory predictions when following the
theoretical framework. Second, we show that the measured perceptual scale corre-
sponds to the transduction function hypothesized in this framework. In particular,
we demonstrate that it is related to the Fisher information of the generative model
that underlies perception and we test the predictions given by the generative model
of different stimuli in a set a of difference scaling experiments. Our main conclu-
sion is that the perceptual scale is mostly driven by the stimulus power spectrum.
Finally, we propose that this measure of perceptual scale is a way to push further
the notion of perceptual distances by estimating the perceptual geometry of images
i.e. the path between images instead of simply the distance between those.

1 INTRODUCTION

Difference Scaling Difference scaling methods allow us to measure the relative perceptual differences
of multiple stimuli in human observers. Such methods have been used as early as in the 1960s to
measure the relative differences of perceived color, contrast or loudness (see Maloney & Yang
(2003)) and references therein). This is only at the beginning of our century that a fitting method,
called Maximum Likelihood Difference Scaling (MLDS), was developed (Maloney & Yang||[2003};
Knoblauch & Maloney, |2008)) to infer the function that maps the physical to the perceptual space.
This function is called perceptual scale. The critical assumption behind the fitting methods dates
back to Thurstone’s law of comparative judgment (see case V [Thurstone| (1927)): the difference
between two values along a psychological dimension is corrupted by noise that has a constant
variance. The perceptual scale informs us about how a stimulus is perceived when modified along
a continuous physical scale (e.g. color, contrast, ...). When the slope of the perceptual scale is
steep, perception changes rapidly with small physical changes i.e. the observer is highly sensitive to
physical variations. When the slope is shallow, perception is stable even for large physical variations
i.e. the observer is weakly sensitive to physical variations. Recently, the MLDS method has been used
to measure the perceptual scales of surface texture (Emrith et al., 2010), watercolor effect (Devinck &
Knoblauch, [2012), slant-from-texture (Aguilar et al.,[2017)), lightness (Aguilar & Maertens| [2020) or
probabilities (Zhang et al.| 2020). However, perceptual scales of more fundamental physical variables
such as orientation and spatial frequency have not been measured nor related to existing probabilistic
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theory of perception. Additionally, while relations between standard Two-alternative Forced Choice
(2AFC) measurements and perceptual scales have been sfudied (Aguilar et al., 2017), it was a theory
of perception that was previously described (Wei & Stocker, 2017) that has been used to derive
predictions.

Probabilistic modeling of perception Thurstone's law of comparative judgmentis a rst brick in the
history of probabilistic modeling of perception (Thurstgne, 1927). Indeed, it introduced the incipient
concept of random variable (Chebyshev, 1867; Kolmogporoff, 1933) in psychophysics. Then, the
development of computer science and information theory had major impact in perception studies,
bringing concepts such as redundancy reduction and information maximization (Attheave, 1954;
Barlow et all.] 196/1). More speci cally, when applied to texture perception, these concepts led to
Julesz' hypothesis that perception of textures is statistical (Victor|et al.| 2@&1 Aextures with

similar statistics are indistinguishable. Later on, together with advances in image processing, Julesz'
hypothesis led to modern texture synthesis algorithms (Portilla & Simaoricelli] 2000; Gatys et al.,
2015). In parallel, a core theorem of probabilities, namely Bayes rule, was found to ef ciently
predicts human perceptual behaviors (Knill & Richards, 1996). Further works have been dedicated to
solve the inverse problem of identifying observers' prior that best explain their perception (Stocker
& Simoncelli,[2006| Girshick et al., 2011; Vacher et al., 2018; Manning gt al.,|2023). Inspired by
neural population coding models, an optimal observer theory is now described in details by Wei &
Stocker[(201]7). The main consequence of this theory is the existence of a simple relation between
perceptual bias and sensitivity. Yet, the theory is limited to a hypothesized scalar perceptual variable
while it is established that only part of the neurons of the primary visual cortex is tuned to scalar
variables such as spatial and temporal frequencies or orientation (Olshausen|& Fie|d, 2005). In
higher visual areas, it is more and more dif cult to identify scalar variables that uniquely drive
single neurons as they respond to increasingly complex patterns (Bashivan et al., 2019). In some
previous work, Wainwright (Wainwright, 1999) have used higher dimensional natural image statistics
(auto-correlation and power spectrum) to explain various psychophysical observations. Though, it is
unclear how this approach relates to the univariate Bayesian framework.

Fisher information in neural populations The theory behind the work of Wei & Stocker (2017)

is largely inspired by previous work on neural population coding (Brunel & Nadal, 1998). In this
and subsequent works (Yarrow et al., 2012; Kanitscheider et al., 2015; Bethge et al., 2002; Wei &
Stocker, 2016), it is often ultimately assumed that neurons are Poisson ring neurons parameterized
by the tuning curve of a scalar variable. Variants of this optimal coding framework have been
explored to explain the response of single neurons Laughlin (1983); von der Twer & MacLeod
(2001). As stated previously, it is a quite restrictive framework as all neurons are not tuned to a
scalar variable (Olshausen & Field, 2005). By applying this framework to perception, Wei and
Stocker remove these unnecessary assumptions. They derive the relation between perceptual bias and
sensitivity which at its core comes from the relation between Fisher information and prior under the
optimal coding assumption (Brunel & Nadal, 1998)

Ps(s)/ T T (9 1)

whereS is a stimulus variable. Fisher information is used to quantify the variance of a stimulus
estimator from a neural population encoding (Cramer-Rao lower bound). In contrast, priors are
introduced in observer models to explain perceptual biases. Therefore, Equafioks neural
population models and perceptual models. However, less attention is dedicated to the underlying
encoding model, where a stimulus variaBlés non-linearly related to an internal measuremént
through a function plus an additive Gaussian noisewith constant variance,

M= (S)+ N: ()

Interestingly, such an encoding model is very similar to the assumptions behind the observer model
underlying the MLDS method. However, the precise nature of these internal measurements has so far
remained abstract.

Perceptual distanceA perceptual distance is a score of image quality used to quantify and to
compare the performances of image restoration or generation methods. Perceptual distances have
been introduced to overcome the limitation of the Signal-to-Noise Ratio (also known as SNR).
Indeed, images with similar SNR could vary subjectively in quality when presented to human
observers (Wang et al., 2004). The Structural SIMilarity index (SSIM) is a score that is popular to
provide a better account of perceptual similarity as compared to SNR. Since then, variations of SSIM
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have been proposed to more speci ¢ purposes such as estimating photo retouching (Kee & Farid,
2011). However, these scores require to compare the image to be rated to a reference image. In recent
years, the success of deep generative modeling have led to the emergence of new scores such as the
Inception score (Salimans et al., 2016) or the Fréchet Inception Distance (FID) (Heusel et al., 2017).
These scores have in common that they compare the generated image distribution to the true empirical
image distribution instead of a generated image to a reference image. In addition, they are based on
Deep Neural Network (DNN) features. Overall, it has been shown that such DNN features-based
scores are better aligned with human perception than SSIM or SNR for example (Zhang et al.,
2018). One possible explanation is that DNN are able to capture high-order image statistics and
that as hypothesized in vision, our perception is deeply related to image statistics (see Hepburn
et al. (2022) and references in previous paragraphs). Yet, these coined perceptual distances are not
exempt of limitations as they could be subject to bias when classes speci c features are present or
not (Kynkaanniemi et al., 2023). Overcoming these biases will likely require to move away from
training by measuring higher-order statistics on the image directly without relying on some learned

or random lters (Amir & Weiss, 2021). One other limitation of perceptual distances is that they do

not provide any information about how well a model has captured the perceptual geometry of images.
Providing a full account of perceptual geometry is more demanding, it requires to compare the path
when moving from one image to another and not only their distance along this path.

Contributions Our work brings several contributions to overcome the limitations introduced above.
First, we explain that a convergence theorem of discrete spot noises is a way to resolve the tension
between univariate Bayesian theories of perception (Wei & Stocker, 2017) and the high dimensionality
of images (Wainwright, 1999). More precisely, the hypothesis that an observer has a univariate
representation of the distribution of the parameter of inteeegt §patial frequency), is compatible

with the assumption that an observer is measuring the spectral energy distribution of the image in that
both assumptions leads to similar predictions. Second, we show that the fungtidroduced in
Equation 2, can be interpreted as the perceptual scale as measured by a difference scaling experiment.
Then, we demonstrate again that this functionan be predicted from the Fisher information of the
stimulus when using the true distribution of the noisy internal stimulus representation knowing the
presented stimuluse. the distribution of the measuremeids that we give explicitly. Therefore, we
provide a clear link between theory and experiment. Third, we propose to go further in exploring
perceptual distances by estimating how well the geometry of natural images captured by models
matches the perceptual geometry. For this purpose, we empirically test the prediction given by the
Fisher information of Gaussian vectors and processes in a series of experiments (codeland data
texture interpolation codginvolving stochastic stimuli characterized by their power spectrum or
their higher-order statistics captured by VGG-19 (Gatys et al., 2015). In particular, we collapse the
high dimensionality of these statistics by interpolating between single textures (Vacher et al., 2020)
and we measure the corresponding perceptual scale when going from one texture to another. Finally,
we propose the Area Matching Score (AMS) score to quantify the mismatch between the predicted
and the measured perceptual scales providing a clear method to evaluate the perceptual alignment
between generative image models and human vision.

Notations Unless stated differently, upper case lettexrg (X ) are random variables and lower case
letters €.g. x) are samples or realizations of those random variables. The probability density at
X = x is denotedPx (x). Similarly, the conditional probability density &t = x knowingyY = vy is
denotedPy jy (X;¥). The setS = [ siyt; Snar] is the stimulus segment.

2 METHODS

2.1 STOCHASTICVISUAL STIMULATION

We recall some theoretical results about the arti cial textures we use in the current work. Firstly,
we use textures that are stationary Gaussian Random Fields (GRFs) fully characterized by their
scalar mean and their auto-correlation function (or equivalently their power speiotrihe auto-
correlation Fourier transform). Interestingly, such GRFs can be seen as the limit of high intensity
discrete spot noises. This result allows one to relate the densities of local image features such as
orientation and scales to the power spectrum of the image (seen as a GRF). In summary, it provides a
link between scalar densities and the high-dimensional Gaussian distribution of the image. We will

https:/lgithub.com/JonathanVacher/perceptual_metric
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see in later sections that this result leads both approach to similar predictions for perceptual scales.
Secondly, we use naturalistic textures that are obtained by imposing high-order and high-dimensional
statistics obtained using VGG-19. However, the result mentioned above and detailed below does not
hold for naturalistic textures. It is unknown at this stage if similar results could be obtained with
some feature under some (non-linear) transformation.

Asymptotic Discrete Spot NoiseLet ¢ = (1;0). Letg be a Gabor function de ned for all> 0

and for allx 2 R by g (x) = 1= cosk o)e 2ixi%; |n addition, let .. be a scaled rotation
denedforall(z; )2 R+ [0; 1by' ., (X) = zR (x) whereR is the rotation of angle.
Now, letF. be a discrete ppot noise of intensity 0 de ned as the following random eld for
alx 2 R, F. (x)= P N9 Cze (X X)) where(Xy; Zk;  «k)ken are iid random
variables. Speci cally(X)kzn is a 2-D Poisson process of intensity 0and(Zk; «)x2n have
densitieqPz ;P ).

Proposition 1 (Convergence and Power Spectruri) the limit of in nite intensity ( ! +1 ) and
purewave (! 0),F. converges towards a Gaussian efdwith the following power spectrum
forall 2 RZ?,
1 ..
") = j7Pz(1 neP Q)

where =(j jcos{ );j jsin(\ )).

Proof. This is a special case of Proposition 2 in Vacher et al. (2018). The general result is Theorem
3.1 in Galerne (2010). O

In practice, the distributioP; andP are parametrized b§Zo; z) and( o; ) respectively.

By providing a relation between local feature statistics (orientation and scale) and the image power
spectrum, Proposition 1 will allow us to justify the common assumption made when modeling
psychophysical data that is, the feature of interest is directly used by the observer instead of the
image (Knill & Richards, 1996; Stocker & Simoncelli, 2006; Girshick et al., 2011). See Section 2.3.

Interpolation of Naturalistic Textures Even though for experimental purposes the GRFs described
above can be parameterized by just a few scalar variables (Vacher et al., 2018), naturalistic textures
depend on the statistics of high-dimensional features extracted at different layers of VGG-19 (Gatys
et al., 2015; Vacher et al., 2020). Previous algorithms widely used in vision studies (Portilla &
Simoncelli, 2000; Vacher & Briand, 2021) were using fewer parameters, but the number was still
too large to derive clear and interpretable results (Okazawa et al., 2015). One way to ef ciently
collapse the dimension parameterizing those textures is to use interpolation (Vacher et al., 2020). As a
consequence the texture features of an interpolation of textures extracted aklayeisterpreted as
realizations of a random variabbg (s) with mean y (s) and covariance  (s) (see Appendix C).
Assuming Gaussiannity, it will become possible to derive predictions for the perceptual scale measured
along the interpolation path.

2.2 THURSTONESCALE, FISHERINFORMATION AND MLDS

First, we de ne more precisely the encoding model given in Equation 2 as follows
M =R+ N where R= (S) with ;S!S )

We use the above description to highlight the fact tgtR andN are random variables that are
internal to the observer whilg is external to them, it is an environment variable, an external stimulus.
In practice, the noisBl is often assumed to be Gaussian with variantelt corrupts the internal
representation of the stimulisto give what we call the internal measurembht Then, we de ne
Fisher information for two abstracts unidimensional random variables.

De nition 1 (One-dimensional Fisher information).et X andY be two random variables de ned
respectively on two abstract spacésaandY and letPy ;y be the conditional density & knowing
Y . The Fisher information carried b¥ aboutY isafunctionl : Y ! Rdenedforally 2 Y by

!
@og(Px jy) 2

Iy (y) = Exjy @y (X;y) ; 4)
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perceptual scale

physical scale

Figure 1: Texture samples and predicted perceptual scales for the spatial frequencygydbe (
spatial frequency bandwidtho() and the orientation bandwidth (). Bottom-right : prediction
obtained by combining Appendix A and Equation (5)

In statistics, Fisher information is used as a upper bound of the precision of an estimation (see
Cramér-Rao bound). This is also how we interpret it for an observer, namely the maximal precision
of their estimation of a stimuluS.

The precise de nition given above is helpful to realize that the Fisher information carribtl higout
S (I s) is different from the one carried by aboutR (I g). We can go one step further though, and
establish the following relation between those two

Is(9)= As)*Ir( (9)): ®)

A reformulation of Thurstone law of comparative judgment (Thurstone, 1927) is to assume that
the Fisher information of an observer's internal representatiois constant. It is not so obvious

to understand why this assumption is relevant. The idea is that an observer has only access to her
internal states, she never observes any realization of an external stwery external variable

is transformed to an internal one through the psychological functioherefore, without any
knowledge about the external world, a fair assumption is to allocate equal resources to every possible
internal state in order to be equally precise in our estimates of different states (without knowing to
what they correspond to in the external world). This assumption is also equivalent to assuming that
internal observer's noise (a common notion used in psychophysics) is constant. If the internal Fisher
information is constant we can now express the psychological function simply in terms of external
Fisher information. This is summarized in the following proposition.

Proposition 2. Assume Equatio(8), the internal Fisher informatiohg is constant if and only if for
all s 2 Sthe psychological function veri es
Z, D
(s)/ I s(t)dt: (6)

Sinit
Proof. See Appendix D. O

Relation to the MLDS observer model.In the MLDS framework, an observer has to judge which
pair of stimuli is more similar to another. Assuming three stinfsilj s; ; s¢), those are transformed
through the psychological scaleand the observer responds by comparing the difference of differ-
ences between the patlfg, = j (si) (s)i i (s) (sk)j- This difference is assumed to

be corrupted by an internal noidgygs of constant variance,znlds ie. ik = dijk + Nmigs Those
assumptions are suf cient to recover an estimate gknoblauch & Maloney, 2008). In addition,

it is often assumed that there is no speci c internal ordering of the variables so that the difference
dijx can be written without absolute value. In that case, assuming the encoding (@)idetnough

to recover the MLDS observer model, we have the following relation between the noise variances

2 — 2
mids — 4 °.
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perceptual scale

interpolation weight

Figure 2: Texture samples and predicted perceptual scales for various interpolation between arbitrary
textures. Red corresponds to the early sensitivity graep ghallow-to-steep slope). Blue corre-
sponds to the late sensitivity groupe( steep-to-shallow slope). Yellow corresponds to con icting
prediction across VGG-19 layers. Bottom-right : prediction obtained by combining Proposition 4
and Equatior{5). For pixels, images and wavelet, we also assume Gaussiannity as in Eq8ation
(pixel and wavelet) and as in Equation (7) (images). See details in Appendix F.

2.3 HSHERINFORMATION CARRIED BY THE IMAGE VSBY THE LOCAL FEATURES

In the previous section, we have introduce an observer model based on an abstract random internal
measurementl . It is often unclear what those measurements are. Ideally inspired by neurophysiol-
ogy, the measurements are responses of neurons to the image often modeled by Linear/Non-linear
operations, even though those modeling stages are often dropped in perceptual studies. In the case of
GRFs parameterized by spatial frequency (or scale) and orientation distributions, it is often accepted
to assume that the measurements are samples of an appropriate distebgitiarog-Normal
distribution for the spatial frequency or a Von-Mises distribution for the orientation. Using the
notation of the previous section, these cases correspond to measuhMmern? with stimulus

S = Zg and measurememd =  with stimuliS = 3. We will see that in both cases this is
equivalent to consider that measurements are the imageMselfF with S = ZgorS= . This

is because Fisher information is given in closed-form and that perceptual scale can be predicted using
Proposition 2. Similar results hold f& = Bz andS = (note tha{Zy;Bz) and( o; ) are
parameters oPz andP introduced in Section 2.1). The predictions are given in Figure 1.

Fisher Information of Log-Normal and Von-Mises Distributions We give the precise parametriza-
tion and the corresponding Fisher information of the Log-Normal and Von-Mises distributions in
Appendix A.

Fisher Information of Parametric GRFs Now, we consider a GRF textufe with mean 2
R and autocorrelation function (or equivalently power spectrumy) parameterized bg 2 S.
Mathematically, the texture can be expressed fox @IR? ands 2 S, as

z

F(xs)= + k(x y;s)dW(y) (7)
RZ

P —— . . )
wherek(;s) = F (" ~(;s)) andW is a classical Wiener process.
Proposition 3. The Fisher Information carried by aboutS is

z z
)= L 1 @Gs)®, _ 17 @og(*(is) * .
2 e J™(;8)j? @s 2 g2 @s :
Proof. This is a speci ¢ case of Whittle formula (Whittle, 1953, Theorem 9). O
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We combine Proposition 3 with Proposition 1 using the Log-normal and the Von-Mises distributions

to express the power spectrUnparameterized b = 2o, S=Bz,S= oorS= . Therefore,
the Fisher information carried by measuremevitss F comes down to the Fisher information
carried by measuremenité = Z (spatial frequency) oMl =  (orientation) as described above

up to a multiplicative constant é&. As a consequence both approaches lead to similar predictions
about the perceptual scales measured for these parameters.

Fisher Information of Parametric Gaussian Vectorsin the case of interpolation between naturalis-

tic textures, we do not have a direct generative model of the texture conditionally on the interpolation
parametes. Instead, the texture is generated using a gradient descent to impose the statistics of
VGG-19 features at multiples layers for which we have a generative model. Therefore, &t &ayebr

for s 2 Sthe activatiorA (s) of textureFy(s) is

di

A(S)= k(S)+ k(SN with (2C' SR* and ,2C' SR™ (8)

whereN N (0;1g4,) is a standard normal random vector afds the feature dimension of laykr
Proposition 4. The Fisher Information carried by aboutS is

()= R(s) «(s) * R(9)+ %Tf k(8) 1 R(S) k() PR

Proof. See Appendix B. O

As stated earlier in the manuscript,
no link can be made with inter-
pretable feature distributions as
it is the case for GRFs. Though,
precise expressions fog and

are available in close forms in the
Gaussian case as assumed here

(see Appendix C). In practice, theFigure 3: Measured and predicted perceptual scales for the spatial
feature activations are not Gausrequency mode (left), the spatial frequency bandwidth (middle)
sian (Vacher et al., 2020). and the orientation bandwidth (right).

2.4 PREDICTIONS AND EXPERIMENTAL METHODS

The calculated Fisher informations together with Proposition 2 allows us to predict the perceptual
scales corresponding to the parameters described in the previous section. These predictions hold
under the assumed generative models for measurements.

Predictions In the case of GRFs textures, we recall that assuming that spatial frequency or orientation
are directly measured or that the image as a whole is measured makes no differences in the prediction
(see bottom-right of Figure 1). In the case of naturalistic textures, the measurements are assumed
to be the feature activations of the texture in VGG-19 at layer 2 to 5 (see bottom-right of Figure 2).
For the naturalistic, we alternatively propose that measurements are the single pixel gray levels, the
image itself {.e. the power spectrum as for GRFs) or the wavelet activations.

Experimental Methods The experiment consists of trials where participants have to make a similarity
judgment. Participants are presented with 3 stimuli with paramstefss, < s3 and are required to
choose which of the two pairs with parametéss; s,;) and(sy; s3) is the most similar. We used four

sets of textures (see Figure 1 and 2): (i) the rst set consists of parameterized arti cial textures where
we measured the perceptual scales of spatial frequency, spatial frequency bandwidth and orientation
bandwidth (see Appendix E for details); (ii) the other three sets consist of interpolations between
arbitrary textures. A set of textures for which the perceptual scale corresponds to an early sensitivity
(i.e. steep-to-shallow slope, see top-left of Figure 2). Another one for which the perceptual scale
corresponds to late sensitivityd. shallow-to-steep slope, see top-right of Figure 2). And a last set for
which the predictions are inconsistent from one layer of VGG-19 to another (bottom-left of Figure 2).
All stimuli had an average luminance of 128 (rarj@g255) and an RMS contrast of 39.7. For each
texture pair, we use 13 equally spacegd%£ 0:083) interpolation weights. To ensure that stimulus
comparisons are around the discrimination threshold we only use triplets sugs; that s;j

3 5. For each texture pair, a group of 5 naive participants performed the experiment. Participants
were recruited through the platform proli dtps://www.prolific.com ), performed the
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