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ABSTRACT

Set representation has become ubiquitous in deep learning for modeling the induc-
tive bias of neural networks that are insensitive to the input order. DeepSets is the
most widely used neural network architecture for set representation. It involves
embedding each set element into a latent space with dimension L, followed by a
sum pooling to obtain a whole-set embedding, and finally mapping the whole-set
embedding to the output. In this work, we investigate the impact of the dimension
L on the expressive power of DeepSets. Previous analyses either oversimplified
high-dimensional features to be one-dimensional features or were limited to com-
plex analytic activations, thereby diverging from practical use or resulting in L that
grows exponentially with the set size NV and feature dimension D. To investigate
the minimal value of L that achieves sufficient expressive power, we present two
set-element embedding layers: (a) linear + power activation (LP) and (b) linear
+ exponential activations (LE). We demonstrate that L being poly (N, D) is suffi-
cient for set representation using both embedding layers. We also provide a lower
bound of L for the LP embedding layer. Furthermore, we extend our results to
permutation-equivariant set functions and the complex field.

1 INTRODUCTION

Enforcing invariance into neural network architectures has become a widely-used principle to design
deep learning models (LeCun et al., |1995;Cohen & Welling, [2016; Bronstein et al.,2017; [Kondor &
Trivedi, [2018} [Maron et al.,|2018; Bogatskiy et al.|2020; Wang et al.| 2023). In particular, when a
task is to learn a function with a set as the input, the architecture enforces permutation invariance that
asks the output to be invariant to the permutation of the input set elements (Q1 et al.,[2017; Zaheer
et al., 2017). Neural networks to learn a set function have found a variety of applications in particle
physics (Mikuni & Canellil, 2021 |Qu & Gouskos| 2020), computer vision (Zhao et al 2021 Lee
et al.,|2019) and population statistics (Zhang et al.,2019; 2020; |Grover et al.,[2020), and have recently
become a fundamental module (the aggregation operation of neighbors’ features in a graph (Morris
et al2019; Xu et al.||2019; |Corso et al.,[2020)) in graph neural networks (GNNs) (Scarselli et al.,
2008; \Hamilton et al.| 2017) that show even broader applications.

Previous works have studied the expressive power of neural network architectures to represent set
functions (Qi et al., [2017; Zaheer et al., [2017; Maron et al.,2019; Wagstaff et al., 2019} 2022} [Segol
& Lipman, 2020; Zweig & Bruna, 2022). Formally, a set with N elements can be represented as
S = {m(l), e ,m(N)} where (") is in a feature space X, typically X = RP. To represent a set
function that takes S and outputs a real value, the most widely used architecture DeepSets (Zaheer
et al} [2017) follows Eq. [T}

N
f(S&)=p (Z qb(ac(i))) ,where ¢ : X — RL and p : RY — R are continuous functions. (1)
i=1

DeepSets encodes each set element individually via ¢, and then maps the encoded vectors after sum
pooling to the output via p. The continuity of ¢ and p ensure that they can be well approximated
by fully-connected neural networks (Cybenkol |1989; [Hornik et al., [1989), which has practical
implications. DeepSets enforces permutation invariance because of the sum pooling, as shuffling
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Table 1: A comprehensive comparison among all prior works on expressiveness analysis with L. Our
results achieve the tightest bound on L while being able to analyze high-dimensional set features and
extend to the equivariance case.

Prior Arts L D >1 ExactRep. Equivariance
DeepSets (Zaheer et al.[[2017) N+1 X 4 v/
Wagstaff et al. (Wagstaft et al.|[2019) N X v v
Segol et al. (Segol & Lipman![2020) "iP) -1 v X v
Zweig & Bruna (Zweig & Bruna|2022)  exp(min{v/N, D}) v X X
Our results poly(N, D) v v/ v/

the order of (¥ does not change the output. However, the sum pooling compresses the whole set
into an L-dimension vector, which places an information bottleneck in the middle of the architecture.
Therefore, a core question on using DeepSets for set function representation is that given the input
feature dimension D and the set size N, what the minimal L is needed so that the architecture
Eq. [I] can represent/universally approximate any continuous set functions. The question has attracted
attention in many previous works (Zaheer et al.,2017; Wagstaff et al.| 2019 2022} [Segol & Lipman),
2020; Zweig & Bruna, |2022)) and is the focus of the present work.

An extensive understanding has been achieved for the case with one-dimensional features (D = 1).
Zaheer et al. (Zaheer et al., 2017) proved that this architecture with bottleneck dimension L = N
suffices to accurately represent any continuous set functions when D = 1. Later, Wagstaff et al.
proved that accurate representations cannot be achieved when L < N (Wagstaff et al.|2019) and
further strengthened the statement to a failure in approximation to arbitrary precision in the infinity
norm when L < N (Wagstaft et al.| 2022).

However, for the case with high-dimensional features (D > 1), the characterization of the minimal
possible L is still missing. Most of previous works (Zaheer et al., 2017; |Segol & Lipman, [2020;
Gui et al., 2021)) proposed to generate multi-symmetric polynomials to approximate permutation
invariant functions (Bourbakil, |2007). As the algebraic basis of multi-symmetric polynomials is of
size L = (N ;D ) — 1 (Rydh, [2007) (exponential in min{D, N'}), these works by default claim
thatif L > L , f in Eq.[I[can approximate any continuous set functions, while they do not check
the possibility of using a smaller L. Zweig & Brunal (2022) constructed a set function that f
requires bottleneck dimension L > N 2 exp(O(min{D, v/N})) (still exponential in min{ D, vVN})
to approximate while it relies on the condition that ¢, p only adopt complex analytic activation
functions. This condition is overly strict, as many practical neural networks work on real numbers[ﬂ
and even allow the use of non-analytic activations, such as ReLU.|Zweig & Brunathus left an open
question whether the exponential dependence on N or D of L is still necessary if ¢, p work in the
real domain and allow using non-analytic activations.

Our Contribution. The main contribution of this work is to confirm a negative response to the above
question. Specifically, we present the first theoretical justification that L being polynomial in N
and D is sufficient for DeepSets (Eq.[I) like architecture to represent any real/complex continuous
set functions with high-dimensional features (D > 1). To mitigate the gap to the practical use, we
consider two architectures to implement ¢ (in Eq. |1) and specify the bounds on L accordingly:

» ¢ adopts a linear layer with power mapping: The minimal L holds a lower bound and an upper
bound, whichis N(D + 1) < L < N°D?.

» ¢ adopts a linear layer plus an exponential activation function: The minimal L holds a tighter
upper bound L < N*D?2.

We start from the real domain and prove that if the function p could be any continuous function, the
above two architectures reproduce the precise construction of any set functions for high-dimensional
features D > 1, akin to the result in Zaheer et al.|(2017) for D = 1. This result contrasts with[Segol
& Lipman! (2020); Zweig & Bruna|(2022) which only present approximating representations. If p

"Note that for ;, y 2 R, the function in the complex domain f; (z + ypT) = z is not complex analytic,
while the function with real variables f2([x,y]) = = can be simply and accurately implemented by practical
neural networks. Moreover, complex analytic functions are not dense in the space of complex continuous
functions, while polynomials (and thus real analytic functions) are dense in the space of real continuous
functions. So, the assumption considered in (Zweig & Bruna, [2022) substantially limits the space of the
functions that can be approximated.
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adopts a fully-connected neural network that allows approximation of any real continuous functions
on a bounded input space (Cybenko, 1989; Hornik et al.,|1989), then the DeepSets archifecture
can approximate any set functions universally on that bounded input space. We extend our theory to
permutation-equivariant functions and set functions in the complex eld, where the mihistares

the same bounds up to some multiplicative constants.

Another comment on our contributions is that Zweig & Bruna (2022) leverage difference in the
needed dimensioh, albeit with the complex analytic assumption, to illustrate the gap between
DeepSetq (Zaheer etlal., 2017) and Relational Network (Santorg et all, 2017) in their expressive
powers, where the latter encodes set elements in a pairwise manner rather than in an element-wise
separate manner. The gap well explains the empirical observation that Relational Network achieves
better expressive power with smallefMurphy et al., 2018; Wagstaff et al., 2019). Our theory does

not violate such an observation while it shows that without the above strict assumption, the gap can
be reduced from an exponential ordeNnandD to a polynomial order.

Practical Implications. Many real-world applications have computation constraints where only

DeepSets instead of Relational Network can be used, e.g., the neighbor aggregation operation in GNN

being applied to large networks (Hamilton et al., 2017), and hypergraph neural diffusion operations in

hypergraph neural networks (Wang et al., 2023). Our theory points out that in this case, it is suf cient

to use polynomial dimension to embed each element, while one needs to adopt a decoder network
with non-analytic activations.

2 PRELIMINARIES

2.1 NOTATIONS AND PROBLEM SETUP

We are interested in the approximation and representation of functions de ned ovef. sets
We start with the real eld and then extend the result. In conventionNasized setS =
fx@®; ;xMNg, wherex® 2 RP;8 2 [N](, f1;2;::;Ng), can be denoted by a data
matrix X = x@ x(N) 7 2 RN D Note that we use the superscrip} to denote

the i-tﬂ set element apd the subscripto denote thd-th column/feature channel of , i.e.,

>

xi = xM x™) . Let ( N) denote the set of aM -by-N permutation matrices. To
characterize the unorderedness of a set, we de ne an equivalence claBs'over

De nition 2.1 (Equivalence Class)If matricesX ;X °2 RN P represent the same $¢t then they
are called equivalent up a row permutation, denoted as X °. Or equivalentlyX X %if and
only if there exists a matri® 2 ( N) suchthaX = PX©.

Set functions can be in general considered as permutation-invariant or permutation-equivariant
functions, which process the input matrices regardless of the order by which rows are organized. The
formal de nitions of permutation-invariant/equivariant functions are presented as below:

De nition 2.2. (Permutation Invariance) A functioh : RN © 1 RP’is called permutation-
invariant iff (PX )= f (X ) foranyP 2 ( N).

De nition 2.3. (Permutation Equivariance) A functidn: RN 1 RN D°js called permutation-
equivariantiff (PX )= Pf (X ) foranyP 2 ( N).

In this paper, we investigate the approach to designing a neural network architecture with permutation
invariance/equivariance. Below we will rst focus on permutation-invariant function®N © !

R. Then, in Sec. 5, we show that we can easily extend the established results to permutation-
equivariant functions through the results provided in Sannai et al. (2019); Wang et al. (2023) and

to the complex eld. The obtained results fBr° = 1 can also be easily extended®d > 1 as

otherwisef can be written aff 1 fDo]> and eachi; has single output feature channel.

2In fact, we allow repeating elements$) therefore S should be more precisely called multiset. With a
slight abuse of terminology, we interchangeably use terms multiset and set throughout the whole paper.
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2.2 DEEPSETS AND THE PROOF FOR THEONE-DIMENSIONAL CASE (D =1)

The seminal work Zaheer et al. (2017) establishes the following result which induces a neural network
architecture for permutation-invariant functions.

Theorem 2.4(DeepSets (Zaheer et al., 201D),= 1). A continuous functiof : RN | R is
permutation-invariant (i.e., a set functlgn) if and only if there exists continuous functloﬁsl R-

and :R-! Rsuchthatf (X)= i1 (x1) |, whereL can be as small al . Note that,

herex() 2 R is a scalar.

Remark2.5. The original result presented in Zaheer et al. (2017) states the latent dimension should
be as large aNl + 1. Wagstaff et al. (2019) tighten this dimension to exabtly

Theorem 2.4 implies that as long as the latent space dimehsioiN , any permutation-invariant
functions can be implemented in a uni ed manner as DeepSets (Eqg.1). Furthermore, DeepSets
suggests a useful architecture forat the analysis convenience and empirical utility, which is
formally de ned below (in DeepSets, is setas | ):

De nition 2.6 (Power mapping) A power mapping of degrelé is a function ¢ : R! RX which
transforms a scalar to a power serieg:(z) = z 2z2 = 7.

However, DeepSets (Zaheer et al., 2017) focuses on the case that the feature dimension of each
set element is one (i.e = 1). To demonstrate the dif culty of extending Theorem 2.4 to high-
dimensional features, we reproduce the proof next, which simultaneously reveals its signi cance and
limitation. Some intermediate results and mathematical tools will be recalled later in our proof.

P .
We begin by de ning sum-of-power mapping (of degteg¢ ¢ (X)) = iN:1 k (x(), where g

is the power mapping following De nition 2.6. Afterward, we reveal that sum-of-power mapping
k has a continuous inverse. Before stating the formal argument, we formally de ne the injectivity
of permutation-invariant mappings:

De nition 2.7 (Injectivity). A set functionf : RN P I R! is said to be injective if and only if
8X ;X2 RN D f(X)=f(X?impliesx X°O

As summarized in the following lemma shown by Zaheer et al. (2017) and improved by Wagstaff
et al. (2019), n (i.e., whenK = N) is an injective mapping. If we further constrain the image
spacetobetherangeof:Z =f n(X):8X 2RNg RN, then \ becomes surjective and

is shown to have a continuous inverse. This result comes from homeomorphism between roots and
coef cients of monic polynomialsQurgus & Mascioni, 2006).

Lemma 2.8(Existence of Continuous Inverse of Sum-of-Power (Zaheer et al., 2017; Wagstaff et al.,
2019)) n :RN1Z isinjective, thusthere existsy* : Z! RN suchthat ' n(X) X.
Moreover, ! is continuous.

Now we are ready to prove necessity in Theorem 2.4 as suf ciency is easy to check. By choosing
= :R! RN tobe the power ma%)mg (cf. De nition 2.6), and= f . For any scalar-

valued sek = x@ x(N) 7 Ny =2 N(x)_ f(PX)=f(X)
forsomeP 2 ( N). The existence and continuity ole are due to Lemma 2.8.

Theorem 2.4 gives thexact decomposable forfWagstaff et al., 2019) for permutation-invariant
functions, which is stricter than approximation error based expressiveness analysis. In summary, the
key idea is to establish a mappingvhose element-wise sum-pooling has a continuous inverse.

2.3 CURSE OFHIGH-DIMENSIONAL FEATURES(D 2)

We argue that the proof of Theorem 2.4 is not applicable to high-dimensional set fe@ureg)(

The main reason is that power mapping de ned in De nition 2.6 only receives scalar input. It remains
elusive how to extend it to a multivariate version that admits injectivity and a continuous inverse. A
plausible idea seems to be applying power mapping for each chapmelependently, and due to

the injectivity of sum—of—power mappingy , each channel can be uniquely recovered individually
via the inverse N . However, we point out that each recovered feature chatthel x;, 8i 2 [D],

does not implyjx % x%] X, where the alignment of features across channels gets lost.
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Figure 1: lllustration of the proposed linear + power mapping embedding layer (LP) and linear +
exponential activation embedding layer (LE).

Hence, channel-wise power encoding no more composes an injective mapping. Zaheer et al. (2017)
proposed to adopt multivariate polynomials afor high-dimensional case, which leverages the fact

that multivariate symmetric polynomials are dense in the space of permutation invariant functions
(akin to Stone-Wasserstein theorem) (Boyybaki, 2007). This idea later got formalized in the work of

Se%ol & Lipman (2020) by setting(x (1)) = J.Z[D](xj(i)) j where 2 NP traverses
all' ;,p; j nandextended to permutation equivariant functions. Nevertheless, the dimension
L= N*P je. exponential iminfN; D gin this case, and unlike DeepSets (Zaheer et al., 2017)

which exactly recovers for D = 1, the architecture in Zaheer et al. (2017); Segol & Lipman (2020)
can only approximate the desired function.

3 MAIN RESULTS

In this section, we present our main result which extends Theorem 2.4 to high-dimensional features.
Our conclusion is that to universally represent a set function on sets of I8ngtid feature dimension

D with the DeepSets architecture (Zaheer et al., 2017) (Eq. 1jnihienalL needed for expressing

the intermediate embedding spacatsnostpolynomial inN andD.

Formally, we summarize our main result in the following theorem.

Theorem 3.1(The main result) Suppos® 2. For any continuous permutation-invariant function
f :RN D1 R, there exists tw%continuous mappingsR® |, R-and :Z! Rsuch thgtfor
N

everyX 2 RV P f(X)= No(x®)y , wherez = Noo(xMy:8X 2RV P
Rb is the image of the sum-pooling and

« L 2 [N(D +1);N°D?]when admitslinear layer + power mapping (LParchitecture:
x)= n~n(wix)” N (Wi x)” )
forsomew;; ;wg 2 RP,andK = L=N.
+ L 2 [ND;N “D?]when admitslinear layer + exponential activation (LEjprchitecture:
(x) = exp(vix) exp(v( x) ®3)
for somev,; v, 2 RP.

The bounds of. depend on the choice of the architecture pfvhich are illustrated in Fig. 1. In

the LP setting, we adopt a linear layer that maps each set elemeit idimension. Then we apply

a channel-wise power mapping that separately transforms each value in the feature vector into an
N -order power series, and concatenates all the activations together, resultiiélindimension

feature. The LP architecture is closer to DeepSets (Zaheer et al., 2017) as they share the power
mapping as the main component. Theorem 3.1 guarantees the existerenedof (in the form of Eq.

2) which satisfy Eq. 1 without the need to $etlarger tharN “D? while K D + 1 is necessary.
Therefore, the total embedding site= KN is bounded byN °D? above andN (D + 1) below.

Note that this lower bound is not trivial D is the degree of freedom of the inp&t. No matter
howw;::;;wgk are adopted, one cannot achieve an injective mapping by just Ndinglimension.

In the LE architecture, we investigate the utilization of the exponential activation in set representation,
which is also a valid activation function to build deep neural networks (Barron, 1993; Clevert et al.,
2015). Each set entry will be linearly lifted into &rrdimensional space via a group of weights

and then transformed by an element-wise exponential activation. The advantage of the exponential
function is that the upper bound bfis improved to beN “D?. The lower boundND for the LE
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architecture is a trivial bound due to the degree of freedom of the inputs. Essentially, a linear layer
followed by an exponential function is equivalent to applying monomials onto exponential activations.
If monomial activations are allowed as used in Segol & Lipman (2020), we can also replace the
exponential function with a series of monomial mappings while yielding the same upper bound.
However, in contrast to Segol & Lipman (2020), where exponentially many monomials are required,
our construction of the linear weights enables a mere reliance on bivariate monomials ofldegree
thus reducing the number of needed monomiald¢hl 2D).

Remark3.2 Unlike , the form of cannot be explicitly speci ed, as it depends on the desired
functionf . The complexity of remains unexplored in this paper, which may be high in practice.

Empirical Validation. In Appendix A, we run numerical experiments to verify our argument. Fig.
2 demonstrates the polynomial dependence between the set size, feature dimension, and the minimal
latent embedding dimension to achieve a small approximation error. See more details in Appendix A.

Importance of Continuity. We argue that the requirements of continuity oand are essential

for our discussion. First, practical neural networks can only provably approximate continuous func-
tions (Cybenko, 1989; Hornik et al., 1989). Moreover, set representation without such requirements
can be straightforward (but likely meaningless in practice). It is known that there exists a discon-
tinuous bijective mapping: RP | Rif D 2. If we letr map the high-dimensional features to
scalars, then its inverse exists and the same proof of Theorem 2.4 goes through, ie. Igt r

and =f r * ' However, we note bothand lose continuity.

Comparison with Prior Results. Below we highlight the signi cance of Theorem 3.1. A quick
overview has been listed in Table 1 for illustration. The lower bound in Theorem 3.1 corrects a
natural misconception that the degree of freedom (Les, ND for multi-channel cases) is not
enough for representing the embedding space (Wagstaff et al., 2022). Compared with Zweig &
Bruna's nding, our result signi cantly improves this bound anfrom exponential to polynomial

by allowing continuous activations that may not be complex analytic. Proof-wise, Zweig & Bruna's
proof idea is hard to extend to the real domain, while ours applies to both real and complex domains
and equivariant functions. Dym & Gortler (2024); Amir et al. (2024) present signi cant results that

L can be as small @&\D + 1. However, the continuity of decoderis not guaranteed when the
domain off is an open set.

4 PROOFSKETCH

In this section, we introduce the proof techniques of Theorem 3.1, while deferring a full version and
all missing proofs to the appendix. The proof is constructive and mainly consists of three steps below:

1. For the LP architecture, we construct a grougKofinear weightsv,  ;wx 2 RP with K

N “D?2, while for the LE architecture, we construct a groug_dfnear weights/, p VL2 RP
with L N“D?2, such that the summation over the associated embeddingg = |1, (x()
is injective Moreover, ifK D for LP layer or triviallyL < ND for LE layer, such weights do

not exist, which induces the lower bounds.

2. Given the injectivity of both LP and LE layers, we constrain the image spaces to be their ranges
f(X): X 2 RN Pg, respectively, and thus, the inverse of the sum-pooling exists.
Furthermore, we show that ! is continuous

3. Then the proof of upper bounds can be concluded for both settings by lettiniy 1 since
Noo(x®y = 1 (X)=f(PX)=f(X)forsomeP 2 ( N).

Next, we elaborate on the construction idea which yields injectivity for both embedding layers in Sec.
4.1 with the notion of anchor. In Sec. 4.2, we prove the continuity of the inverse map for LP and LE
via arguments similar t€urgus & Mascioni (2006).

4.1 INJECTIVITY

The high-level ideas of construction and proofs are illustrated in Fig. 3, in which we rst construct
ananchor, a mathematical device introduced in Sec. 4.1.1 to induce injectivity, and then mix each
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feature channel with the anchor through coupling schemes speci ed by LP (Sec. 4.1.2) and LE (Sec.
4.1.3) layers, respectively.

4.,1.1 ANCHOR

Constructing an anchor stands at the core of our proof. Formally, we daokoras below:

De nition 4.1 (Anchor). Consider the data matrix 2 RN P, thena 2 RN is called an anchor of
X if a; 8 a; foranyi;j 2 [N]such thax® & x0).

In plain language, by De nition 4.1, two entries in the anchor must be distinctive if the set elements
at the corresponding indices are not equal. As a result, the union alignment property can be derived:

Lemma 4.2(Union Alignment) Consider two data matrices ; X °2 RN P, a 2 RN is an anchor
of X anda®2 RN is an arbitrary vector. Ifa x;] [a® x%]foreveryi 2 [D],thenX X ©.

The same ancha will be concatenated with all channels forming a series of two-column matrices.
Once the permutation orbits of each coupled pair intersect, the permutation orbits of two data matrices
also intersect. Our strategy to generate an anchor is through a point-wise linear combination:

Lemma 4.3(Anchor Construction) There exists a set of weights; ; , in general positions
of RP whereK; = N(N 1)(D 1)=2 +1 such that for every data matrx 2 RN P there
exists) 2 [K1], X  isananchor oiX .

From a geometric perspective, if there are enough weights: j 2 [K ]gin general positions, at
least one of them will not be orthogonal to the difference between any two columns.

4,1.2 INJECTIVITY OF LP

In this section, we specify following the de nition in Eq. 2. Suppose sum-of-power mapping
n(Xw )= N (X O%;)foralli 2 [K],Lemma2.8 guaranteéav ; X %; foralli 2 [K]. The

main technical challenge is to ensure the alignment among all feature columns. This step combines

the construction of anchors and the following linear coupling scheme that ensures alignments between

all pairwise stackings of feature channels and anchors.

Lemma 4.4 (Linear Coupling) There exists a group of coefcients; ; k, whereK, =
N(N 1)+ 1 such that the following statement holds: Given anx%y;y°2 RN such that
x x%andy y%if(x ky) (x° y9foreveryk 2 [K,], then[x y] [x° y9.

Construction. Our construction divides the weighttsv; ;i 2 [K ]g into three groupsfe; : i 2
[Dlo.f j :j 2 [K{]g,andf i :i2[D];j 2 [K1];k 2 [K2]g. Each block is illustrated in Fig.
3b and outlined as below:

1. Let the rst group of weight®;; ;ep 2 RP buffer the original features, wheeg is thei-th
canonical basis.
2. Design the second group of linear weights; . k, 2 RP for K, as large adN (N

1)(D 1)=2+1, following the speci cations in Lemma 4.3. Then, we know at least one of
X ] 2 [K1] forms an anchor oK .
3. Design a group of weights;j fori 2 [D];j 2 [Ki];k 2 [Ko]Jwith Ky, = N(N 1) +1
that mixes each original channel with eachX ;;j 2 [K1] by ik = & k j,»where
k; 8k 2 [K] is the coef cient de ned in Lemma 4.4.

Injectivity.  With such con guration, injectivity can be shown by the following steps: First recalling
the injectivity of power mapping (cf. Lemma 2.8), we have:

X\l o(n) .
(xM) = x%M)) Xw; X %;;8i 2 [K]: )
n=1 n=1
It is equivalent to expand the RHS of Eq. 4 as;  x%, X X0, andX ik =

(Xi kX j) X% «=(x% X0 j)foreveryi 2 [D];j 2 [K1];k 2 [K2]. By Lemma
4.4, we can further induce:

Xwi  X%i;8i2[K]) [X j xi] [X°; x8];8 2 [D];j 2 [K4] (6)
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According to Lemma 4.3, there must pe 2 [K] such thaiX ; is an anchor oX . Then by
Lemma 4.2, Eq. 5 implies:
X ;5 x] [X°; x9%82[D]) X X (6)

The total required number of weights = D + K1 + DK 1K, N*“D?, and the embedding length
L =NK N°D?asdesired.

For completeness, we add the following lemma which implies LP-induced sum-pooling is injective
onlyifK D+1,whenD 2

Theorem 4.5(Lower Bound) Consider data matrice¥ 2 RN P whereD 2. IfK D, then
foreveryws;  ;wg ,there existX °2 RN P suchthatX 6 X CbutXw ; X %, 8i 2 [K].

Remark4.6. Theorem 4.5 is signi cant in that with high-dimensional features, the injectivity is
provably not satis ed when the embedding space has a dimension equal to the degree of freedom.

4.1.3 INJECTIVITY OFLE

In this section, we considerfollows the de nition in Eq. 3. Our rst observation is that instead of
applying univariate monomials to each linearly mixed channel individually, we can directly employ
bivariate monomials to pair channels with anchors and yield the same aIigFr)lment results as in LP.
Ilsemma 4.7(Monomial Coupling) For any pair of vectorsc;y; x%y?2 RN i xq, Kyk =

n2[N]XO|n Ky* foreveryl 2 [N],0 k I, then[x y] [x° y9.

The second observation is that each term in the RHS of Eq. 3 can be rewritten as a monomial of an
exponential function:
KYH- D
exp(v” x) = exp(u” log(exp( ~x))) = exp( X)i*; (1)
k=1
where the exponential and the logarithm are taken element-wigely, u for some 2
RP (K1*D) andu 2 RX1*P . Recall thatk ; is the needed dimension to construct an anchor

as shown in Lemma 4.3. Then, the assignmenyof ;v amounts to specifying the exponents
for D power functions within the product. Speci cally, we choose , u as follows.

Construction. We rstreindex and rewritév; : i 2 [L]gasfVijpq = Uijpq 12 [D];j 2
[Kil;p 2 [N];q 2 [p+1]g, where = [e1 ep 1 k,] 2 RP (P*K1) gnd
Uijpg 2 RP* K are speci ed as below. In Fig. 3c, we depict the forward pass of an LE layer.

1. The choice of weights follows from the construction of the LP layer, i.e;,2 RP;8i 2 [D]
are canonical basis arfd ; : 8] 2 [K{]Jgwith Ky = N(N 1)}(D 1)=2+ 1 are drawn
according to Lemma 4.3 so that an anchor is guaranteed to be produced.

2. Design a group of weightd = [ Uijipig ]2 R(P+K1) DKaN(N+3) =2 forj 2 [D];j 2
[Kil;p2 [N];q2 [p+1] suchthauijpq =(q 1)ei+(p g+l)ep.j.

Injectiy,i&/. Plugging andU into Eq. 7, we can examine each output dimension of the embedding
N

layer: N, (x™M) =" N exp(x;)d Texp(X ;)P 9*!.ThenbyLemma 4.7:
15pid

X
(x(™M) = x%™)) [exp(xi) exp(X ;)] [exp(x%) exp(X° );  (8)

n=1 n=1

8i 2 [D];j 2 [K,]. With above implication, the proof can be concluded via the following steps:
Lemma 4.3 guarantees the existencg¢ o2 [K ] such thatXw ; is an anchor oX , and so is
exp(Xw j ) due to the strict monotonicity @xp(); Lemma 4.2 and Eq. 8 together imply:

[exp(xi) exp(X ;)] [exp(x%) exp(X° j)]8i 2 [D]) exp(X) exp(X9): (9)

And nally, notice that an element-wise function does not affect equivalence under permutation. The
total number of required linear weightslis= DK 1(N +3)N=2 N*“D?, as desired.
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4.2 CONTINUITY

In this section, we show that the LP and LE induced sum-pooling are both homeomorphic. We note
that it is intractable to obtain the closed form of their inverse maps. Notably, the following remarkable
result can get rid of inversing a function explicitly by merely examining the topological relationship
between the domain and image space.

Lemma 4.8. (Theorem 1.2((:urgus & Mascioni, 2006)) LgtX ;dx) and(Z;dz) be two metric
spaces andl : X ! Z is a bijection such thafa) each bounded and closed subseXois compact,

(b) f is continuous(c) f ! maps each bounded setZninto a bounded set iX. Thenf !is
continuous.

Subsequently, we show the continuity in an informal but pore intuitive way while deferring a rigorous
version to the supplementary materials. DenftX ) = i2IN] (x1). To begin with, we set

X = RN P= withmetricdx (X ;X )=minp, ( ny)kX PX % ;1 andZ = f ( X)jX 2

Xg R with metricdz (z;z% = kz  z%; . Itis easy to show thaX satis es the conditionga)

and ( X)) satis es(b) for both LP and LE embedding layers. Then it remains to conclude the proof
by verifying the conditior(c) for the mappingZ ! X ,i.e., the inverse of X ). We visualize this
mapping following the chain of implication to show injectivity:

(LP) ( X) !Eq.4 [ PiXWi ];iZ[K] !Eqs.5+6 P X
Eq. 8 o . = Eq. 9 :
(LE) |(- >Z(_g ! fxp [Qij Xi  Qj; ?z],l 2 [Dl;j 2 [Klﬂ ! R{:Z(}

for someX dependenP, Q 2 ( N). Here,P; 2 ( N);i 2 [K]andQi; 2 ( N), aj =

X ;i 2 [DL;j 2 [K1]. All the weights have been specied as in Sec. 4.1. According to
homeomorphism between polynomial coef cients and roots (Corollary 3621hgus & Mascioni
(2006)), any bounded set ih will be mapped into a bounded setih Moreover, since elements in

R contain all the columns o (up to some changes of the entry orders), a bounded setilso
corresponds to a bounded sein Through this line of arguments, we conclude the proof.

5 EXTENSIONS

Permutation Equivariance. Permutation-equivariant functions (cf. De nition 2.3) are considered

as a more general family of set functions. Our main result does not lose generality to this class of
functions. By Lemma 2 of Wang et al. (2023), Theorem 3.1 can be directly extended to permutation-
equivariant functions witthe same lower and upper boundsated as follows:

Theorem 5.1(Extension to Equivariance)For any permutation-equivariant functidn: RN P |
RN, there exists continuous functions R° ! R-and :RP RY! Rsuchthaff (X); =

P )
x0;7 Ny (@) for everyj 2 [N], whereL 2 [N(D +1);N°D?] when admits LP
architecture, and. 2 [ND; N “D?] when admits LE architecture.

Complex Domain. The upper bounds in Theorem 3.1 is also true to complex features up to a constant
scale. When features are de ned o@Y P, our primary idea is to divide each channel into two

real feature vectors, and recall Theorem 3.1 to conclude the argumentsdn &R input. All of

our proof strategies are still applied. This result directly contrasts to Zweig & Bruna's work whose
main arguments were established on complex numbers. We show that even moving to the complex
domain, polynomial length df is still suf cient for the DeepSets architecture (Zaheer et al., 2017).
We state a formal version of the theorem in Appendix .

6 CONCLUSION

This work investigates how many neurons are needed to model the embedding space for set represen-
tation learning with the DeepSets architecture (Zaheer et al., 2017). Our paper provides an af rmative
answer that polynomial many neurons in the set size and feature dimension are suf cient. Compared
with prior arts, our theory takes high-dimensional features into consideration while signi cantly
advancing the state-of-the-art results from exponential to polynomial.

Limitations. The tightness of our bounds is not examined in this paper, and the complexitg of
uninvestigated and left for future exploration.
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A NUMERICAL EXPERIMENTS

To verify our theoretical claim, we conducted proof-of-concept experiments. Similar to Wagstaff
et al. (2019), we train a DeepSets wittand parameterized by neural networks to t a function that
takes thenmedianover a vector-valued set according to the lexicographical order. Speci cally, the
input features are sampled from a uniform distributiotis chosen as one linear layer followed by a
SiLU activation function (Elfwing et al., 2018), ands a two-layer fully-connected network with
ReLU activation. During the experiment, we vary the input size, dimension, and hidden dimension of
, and record the nal training error (RMSE) after the network converges. The critical width
taken at the point where RMSE rst reaches below 10% above the minimum value for this set size.
The relationship betwedn andN;D is plotted in Fig. 2. We obserdeg(L ) grows linearly with
log(N) andlog(D) instead of exponentially, which validates our theoretical claim.

Figure 2: The relationship among the critical widthset sizeN , and feature dimensidd. The
phenomenon thdbg(L) scales linearly withog(N ) andlog(D) validates our theory.
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B OTHER RELATED WORK

Most works on neural networks to represent set functions have been discussed extensively in Sec. 1
and 3. Here, we highlight a few concurrent works. One breakthrough by Dym & Gortler (2024); Amir

et al. (2024) provides both upper boudldD + 1 and lower boundN (D + 1) on the embedding
dimension for set representation. In their constructiois,chosen as a linear transformation followed

by an arbitrary elementwise analytic function. Their proof of moment injectivity is through extending
the nite-witness theorem to -subanalytic functions de ned over-subanalytic sets. Despite
generalization to a broader scope of invariant structures, their approach fails to show the continuity
of when the targeted function is de ned over an open set. Tabaghi & Wang (2023) has recently
improved the upper bound &f from 2ND + 1 to 2ND considering the input feature space is
compact. Whereas, our main claim (Theorem 3.1) guarantees the exact representation over the entire
ambient space. The dif culty of mirroring our proof via Lemma 4.8 perhaps arises from the lack of
explicit form of - verifying the boundedness of * becomes less tractable. Complementary to this

line of work on symmetric functions, Chen & Lu (2023) demonstrates polynomial relianbiton

exactly represent anti-symmetric functions.

We also review other related works on the expressive power analysis of neural networks. Early works
studied the expressive power of feed-forward neural networks with different activations (Hornik et al.,
1989; Cybenko, 1989). Recent works focused on characterizing the bene ts of the expressive power
of deep architectures to explain their empirical success (Yarotsky, 2017; Liang & Srikant, 2017;
Kileel et al., 2019; Cohen et al., 2016; Raghu et al., 2017). Modern neural networks often enforce
some invariance properties into their architectures such as CNNs that capture spatial translation
invariance. The expressive power of invariant neural networks has been analyzed recently in Yarotsky
(2022); Maron et al. (2019); Zhou (2020).

The architectures studied in the above works allow universal approximation of continuous functions
de ned on their inputs. However, the family of practically useful architectures that enforce permu-
tation invariance often fail in achieving universal approximation. Graph Neural Networks (GNNSs)
enforce permutation invariance and can be viewed as an extension of set neural networks to encode
a set of pair-wise relations instead of a set of individual elements (Scarselli et al., 2008; Gilmer
et al., 2017; Kipf & Welling, 2017; Hamilton et al., 2017). GNNs suffer from limited expressive
power (Xu et al., 2019; Morris et al., 2019; Maron et al., 2018) unless they adopt exponential-order
tensors (Keriven & Peyré, 2019). Hence, previous studies often characterized GNNs' expressive
power based on their capability of distinguishing non-isomorphic graphs. Only a few works have
ever discussed the function approximation property of GNNs (Chen et al., 2019; 2020; Azizian
& Lelarge, 2021) while these works still miss characterizing such dependence on the depth and
width of the architectures (Loukas, 2020). As practical GNNs commonly adopt the architectures
that combine feed-forward neural networks with set operations (neighborhood aggregation), we
believe the characterization of the needed size for set function approximation studied in Zweig &
Bruna (2022) and this work may provide useful tools to study ner-grained characterizations of the
expressive power of GNNs.

C SOME PRELIMINARY DEFINITIONS AND STATEMENTS

In this section, we begin by stating basic metric spaces, which will be used in the proofs later.

De nition C.1 (Standard Metric) De ne (KP;d; ) as the standard metric space, whdre :
KP K DI R gisthe’; -norminduced distance metric ouéP :

. _ i 0;.
dy (z;2% = max jzi  2%; (10)

De nition C.2 (Product Metric) Consider a metric spad¢& ; dx ). We denote the induced product
metric over the product spa¢¥ ¥ ; d ) asdf : XX X K1 R g

df (Z;2° = max dx (zi;29%); (11)
i2[K]
whereZ =[z; zx]2XK:z,2X;8i 2 [K].

We provide rigorous de nitions to specify the topology of the input space of permutation-invariant
functions.
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De nition C.3 (Set Metric) Equippedk™ P with the equivalence relation (cf. De nition 2.1),
we de ne metric spacékN P= ;d ),whered : (KN P= ) (KN P= )1 R 4isthe
optimal transport distance:

d (X;X9= Pr;]i(nN)kPX X%, i (12)

andK can be eitheR or C.

RemarkC.4. Thek k; ., norm takes the absolute value of the maximal emmgx;> 1 2(p1JX ij J-
Other topologically equivalent matrix norms also apply.

Lemma C.5. The functiond : (KN P= ) (KN P= )1 R 4is a distance metric on
KN D—

Proof. Identity, positivity, and symmetry trivially hold fod . It remains to show the triangle
inequality as below: for arbitran ; X %X 92 (KN P= :d),

X;X%9= min kPX X%, . in  kPX X% , +kQ X9 X%, .
d (X;xX% Pg“(nN) 1:1 Pgn('”N) Q 131 Q 131
= Przni(nN)kPX Q X% ., +kQ X° X%, .,
=d (X;X9+d (X;X%;
whereQ 2 argming, ( n)kQX © X %, ., . O

Also we reveal a topological property foKN P = :d ) which is essential to show continuity later.
Lemma C.6. Each bounded and closed subsef(! °= :d ) is compact.

Proof. Without loss of generality, the proof is done by extending Theorem Zdlaigus & Mascioni
(2006) to high-dimensional set elements. tet(KN P;d; )! (KN P= ;d ) maps a matrix
X to a set whose elements are the rows<of We notice thafois a continuous mapping due
to its contraction natured (%X );%X %) k X X %; .4 = d; (X;X9. Let%(Z) =
fX 2(KN P;d;):%X) Zg.DeneT (KN P;d;)suchthatse(Z)\T has only one
element for everg 2 (KN P=:d ). One example of picking elements fbris to sort every
Z 2 (KN P= .d )inthe lexicographical order. Now constraining the domaifd beT yields

a bijective mappindgfr , and its inversép, 1. We notice tha®s %y Yinduces an identity mapping
over(KN P= .d).

Now consider an arbitrary closed and bounded suset(KN P= ;d ). To showS is com-
pact, we demonstrate every sequeheg in S has a convergent subsequence. First observe
thatf%Tl(X k)g is also bounded igKN P;d; ). Thisis becausk%rl(x ki1 =d (X;0).
Hence, by Bolzano-Weierstrass Theorem, there exists a subseduenae f X g such that
f9%.*(Xj,)g converges to some 2 (KN P;d; ). As aforementioned, sindgis a continuous
mappingf% %, (X )gconvergest8g )in (KN P= :d ). SinceSisclosed% )2 S. This
islimy X, = % ), which concludes the proof. O

Then we can rephrase the de nition of a permutation-invariant function as a proper function mapping
between the two metric spacds: (KN P= :d )! (KP’;d; ).
We also recall the de nition of injectivity for permutation-invariant functions:

De nition C.7 (Injectivity). A permutation-invariant functiof : (KN P= ;d )! (KDo;dl ) is
injective if for everyX ; X °2 KN D suchthaf (X )= f (X 9,thenX X?©

De nition C.8 (Bijectivity/Invertibility). A permutation-invariant functiofi : (KN = :d )!
(KP°: d; ) is bijective or invertible if there exists a functign: (KP*;d; )! (KN P= ;d )such
that for everyXx 2KN P g f(X) X.

A well-known and useful result in set theory connects injectivity and bijectivity:

Lemma C.9. A function is bijective if and only if it is simultaneously injective and surjective.
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We give an intuitive de nition of continuity for permutation-invariant functions via the epsilon-delta
statement:

De nition C.10 (Continuity). A permutation-invariant function : (KN P= ;d )! (K;dy )is
continuous if for arbitrar)X 2 KN P and > 0, there exists> Osuch thatforever °2 KN D,
d (X;X9< thend; (f(X);f(X9) <

RemarkC.11 Sinced is a distance metric, other equivalent de nitions of continuity still applies.

D PROPERTIES OFSUM-OF-POWER MAPPING FORREAL AND COMPLEX
DOMAINS

In this section, we extend the sum-of-power mapping to both real and complex domains, and explore
their desirable properties that serve as prerequisites for our later proof. The proof techniques are
borrowed fromCurgus & Mascioni (2006). Belovi can be eitheR or C.

>

De nition D.1. De ne power mapping: v : K! K N, (2= z 72 zN 7 and
(complex) sum-of-power mappingy : (KN= ;d )! (KN;d; ), n(2)= iNl N (Zi).
Lemma D.2 (Existence of Continuous Inverse of Complex Sum-of-Powrgus & Mascioni,

2006)) n isinjective, thus thei mverseN :(KN;dy ) ! (KN= ;d ) exists. Moreover, Nl
is continuous.

Lemma D.3 (Corollary 3.2 Curgus & Mascioni, 2006)) Consider a function : (KN ;d; ) !
(KN=;d ) that maps the coef cients of a polynomial to its root multi-set. Then for any bounded
subsey (KN:d; ), theimage (U)= f (z):z 2 Ugis also bounded.

RemarkD.4. The original proof of Lemma D.3 is done for the complex domain. However, it is
naturally true for real numbers because we can constrain the domaito dfe real coef cients such

that the corresponding polynomials can fully split over the real domain, and the image to be all the
real roots. Then both domain and image turn out to be a subset of the complex-valued version.

Lemma D.5. COB3|der theN -degree sum-of-power mappingy : (KN= ;d )! (KN:;d;),
Where n(X) = L; n(Xi). Denote the range of y asZ , K N and its inverse mapping

(Z ;d)! (KN = ;d ) (existence guaranteed by Lemma D.2). Then for every bounded
setU (Z ,;d1),theimage '(U)=f \'(z):z 2Ugis also bounded.

Proof. We rst show this result wheiK = C, and naturally extend it t& = R. We borrow the
proof technique from Zaheer et al. (2017) to reveal a polynomial mapping be{&een d; ) and

coef cient space of complex polynomiag{€N ;d; ). Forevery 2 (CN= ;d ),letz= ()
and construct a polynomial:
W
P)=  (x )=xN ax™ '+ +( DV tay ix+( DVay; (13)

where are the roots oP (x) and the coef cients can be written as elementary symmetric polyno-
mials, i.e.,
X
an = j1 2 in;8n2[N]: (14)
11 j2 in N
On the other hand, the elementary symmetric polynomials can be uniquely expressed as a function of
z by Newton-Girard formula:

24 1 0 o 0>
1 Z Z1 1 0 0)
= ﬁdet ; : : Lo % = Q(z);8n 2 [N] (15)
Zn 1 Zn 2 Zn 3 Zn 4 1
Zy Zn 1 Zn 2 Zn 3 1
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where the determinar@(z) is also a polynomial ire. Now we establish the mapping between
(Z ,;di)and(CN= ;d):

. Q( N . lemmaBR3  ~N_ . .
i) EY (Clid) CALRE (16)
Coef cients Roots
Then the proof proceeds by observing that for any bounded subsetZ | ;d; ), the resulting
A = Q(U) is also bounded iGCN ; d; ). Therefore, by Lemma D.3, any bounded coef cientAet
will produce a bounded root multi-set (€= ;d ).

Now we show Lemma D.3 is also true for real numbers. By Remark D.4, we can constrain the
ambient space oA to be real coef cients whose corresponding polynomials can split over real
numbers, and then the same proof proceed. O

Corollary D.6. Consider channel-wise high-dimensional sum-of-pofigi(X ) : (KN K=
;d )1 (ZX ;di ) dened as below:

dy(X)=  n(x1)” N(xk) T 2(ZX, 5dy); 17)

wherez , = f yN(x):x 2KNg K N isthe range of the sum-of-power mapping. De ne an
associated mappingy’ : (Z Kidi)! (KN= ;d)K:

dy'2)= Xz Wzk) (18)

whereZ = z3 22 7,222 ;8 2 [K]. Then the mapping y* maps any bounded set
in (ZX ;d1)toaboundedsetitkN=;d )<.

Proof. Proved by noting that ifl; (zi;z%) C; for somez;;z% 2 (z ,;d; );8i 2 [K]and
aconstanC; 0, thend ( '(zi); o'(z%)) Cz;8i 2 [K]for some constan€, 0 by
Lemma D.5. Finally, we have:

d¢ dv(@2): 020 =maxd (@) W) o

which is also bounded above. O

E PROOFS FOR THEPROPERTIES OFANCHOR

The main ingredient of our construction is anchor de ned in De nition 4.1. Two key properties of
anchors are restated in Lemma E.1 and E.2 and proved below:

Lemma E.1. Consider the data matriX 2 RN D anda 2 RN an anchor ofX . Then if there
existsP 2 ( N) suchthatPa = a thenPx; = x; foreveryi 2 [D].

Proof. Prove by contradiction. SuppoBex; 6 x; for some 2 [D], then there existsone g2 [N]

such thab(i(p) 6 xi(q) while a, = aq. However, this contradicts the de nition of an anchor (cf.
De nition 4.1). O

Lemma E.2 (Union Alignment, Lemma 4.2)Consider the data matriX ;X °2 RN P a 2 RN
is an anchor ofX anda®2 RN is an arbitrary vector. Ifa x;] [a® x9%]for everyi 2 [D],
thenx X0

Proof. According to de nition of equivalence, there exisfg 2 ( N) for everyi 2 [D] such that
[a xi]=[Qia’° Qix%]. Moreover, sincda x;] [a° x9%], it musthold tham a9 i.e.,
there exist®® 2 ( N) such thaP a = a® Combined together, we have tf@iPa = a.

Next, we choos®?% = P~ Q7 soQ%a = QF Q Pa = a. Due to the property of anchors (Lemma
E.1), we haveQ%x; = x;. Notice thatx; = Q xi = P> Q7 Qix% = Px%. Therefore, we can
conclude the proof as we have found a permutatlon matr’(klat simultaneously aligns; andx %

for everyi 2 [D],i.e.,X =[X1 Xp]=[PX1 Pxp]=PX?O O
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Next, we need to examine how many weights are needed to construct an anchor via linear combining
all the existing channels. We restate Lemma 4.3 in Lemma E.4 with more speci cations as well as a
simple result from linear algebra (Lemma E.3) to prove it, as below:

Lemma E.3. ConsiderD linearly independent weight vectairs 1; ; p 2 RPg. Then for every
P;q2 [N]such thatx (P & x(@, there exists j;j 2 [D], such thax (> ; & x(9>

Proof. This is the basic fact of full-rank linear systems. Prove by contradiction. Suppose for

8j 2 [D]we havex(®> | = x(@> ;_ Then we form a linear systerP> [ , b]=
x(@> 1 4 p]. Since 1; ; p are linearly independent, it yields® = x (@, which
reaches the contradiction. O
Lemma E.4 (Anchor Construction) Consider a set of weight vectdrs 1;  ; «, 2 RP gwith
Ki= N(N 1)D 1)=2+1, of which everyD-length subset, i.ef, ; : 8 2 Jg;8J
[K1];jdj = D, is linearly independent, then for every data matkix 2 RN P there exists

J 2[K1],X j isananchoroi .

Proof. De ne a set of pairs which an anchor needs to distinguiisk: f (p;g) : x(P) 6 x(@g [N]?
Consider éD-length subsel ~ [K]withjJj = D. Sincef ; : 8 2Jg are linear independent,
we assert by Lemma E.3 that for every parq) 2 | , there existg 2 J , x> ; & x(@>

It is equivalent to claim: for every pa{p;q 2 | , atmostD 1 many j;j 2 [K;] satisfy
x> = x(@> ; Based on pigeon-hole principle, aslongés N(N 1)(D 1)=2+1=

(O 1)% +1 (D 1)jlj +1,there mustexigt 2 [K1]suchthax®> ; & x(@> ; for
8(p;0) 21 . By Denition4.1,X ; generates an anchor. O

Proposition E.5. The linear independence condition in Lemma E.4 can be satis ed with probability
one by drawing i.i.d. Gaussian random vectors, ; k, "N (0;1).

Proof. We rst note that generatingB K, Gaussian random matrid( K) is equivalent
to drawing a matrix with respect to a probability measure de ned dter= fX 2 RP K :
rank(X ) Dg. Since rankb matrices are dense M (Tsakiris, 2023; Yao et al., 2021), we can
conclude that foBJ [Ki],jdj = D, P(f ; :j 2Jg are linearly independent 1. By union
bound,P(f ; :j 2Jg forallJ 2 [K],jJj = D are linearly independent 1. O

F PROOFS FOR THELP EMBEDDING LAYER

In this section, we complete the proofs for the LP embedding layer (Eq. 2). First we constructively
show an upper bound that suf ciently achieves injectivity following our discussion in Sec. 4.1.2,
and then prove Theorem 4.5 to reveal a lower bound that is necessary for injectivity. Finally, we
show prove the continuity of the inverse of our constructed LP embedding layer with the techniques
introduced in Sec. 4.2.

F.1 UPPERBOUND FORINJECTIVITY

To prove the upper bound, we construct an LP embedding layerwithN °D? output neurons
such that its induced summation is injective.

We also restate Lemma 4.4 to demonstrate the weight construction for linear coupling:

Lemma F.1(Linear Coupling, Lemma 4.4)Consider a group of coefcients= f 1; ; k, 2 Rg
with ; 60;8i 2 [K2], i 8 ;8i;j 2 [K2],andK; = N(N 1)+ 1 such that for all 4-tuples
Cir i w1 ,if 6 ;i 6 then ;=; 6 =,. It musthold that: Given any

x;x%y;y%2 RN suchthatx  x%andy yO%if(x ky) (x° y9 foreveryk 2 [K],
then[x y] [x° y9.

Remarki.2 A handy choice of in Lemma F.1 are prime numbers, which are provably positive,
in nitely many, and not divisible by each other.
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@)

(b)

(©

Figure 3: (a) illustrates the overall idea to construct LP and LE embedding layers and prove
their injectivity. In the forward pass, LP and LE will 1) construct an anchor with redundant non-
anchor channels through a linear layer=[ 1 k,] (Lemma 4.3), 2) and couple each
feature channel with the both anchor and non-anchor channels with the their own coupling schemes,
respectively. To prove injectivity, the implication follows the converse agenda of construction: 1) by
the properties of coupling schemes speci ed by LP (Lemma 4.4) and LE (Lemma 4.7) layers, we
obtain pairwise equivalence with anchors, 2) and by union alignment lemma (Lemma 4.2), we recover
the global equivalence(b)(c) depict the detailed construction inside the LP and LE embedding
layers, respectively. LP embedding layer utilizes linear combination plus a power mapping to couple
feature channels with the anchor(s) and non-anchors, while LE adopts a linear combination plus an
exponential mapping, which is essentially an exponential function followed by a bivariate monomial.
The constructed components marked in gray represent the redundant pairs between feature channels
and non-anchor channels, which will not be used in the chain of implication to prove the injectivity.

Proof. We note thak ~ x%andy  y%imply that there exisPy; Py 2 ( N) such thaPxx = x°
andPyy = y% Also(x  «y) (X° «y9;8k 2 [K] implies there existQx 2 ( N);8k 2
[K 2] such thaQ (x ky) = x%  «y° Substituting the former to the latter, we can obtain:

I QrPx x= x| QpPxy; 8k2I[Ky] (19)

where for eaclk 2 [K ], Eq. 19 corresponds t8 equalities as follows. Here, we I€X ); denote
theith column of the matrixZ .

(I QgPyix

k(l QE Px)i y

: (20)
(I QePix = «(l  QgPRY

We compareentriesin=[ X, ] and for each entry indgx2 [N ], we de ne a set of non-zero

pairwise differences betweeqy and other entries in: D) = fXp Xq:02 [N]xp & Xq0.

Similarly, fory, we de neD§,p) =fyp Yq:92[N];yp 8 yq0. We note that for everp 2 [N],

either option (&)l Qg Px); X =0 oroption (b)(I Qg Px)ax 2 D for somep 2 [N] as
(Qr Px); x is one of the entries of.

Then, it is suf cient to show there must exist2 [K ;] such that all of equations in Eq. 20 are induced
by the option (a) rather than the option (b), i.e.,

9k 2 [K,];8p;n2[N]suchtha(l Qj Py);x 62 0": (21)
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