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ABSTRACT

Computing the matrix square root or its inverse in a differentiable manner is im-
portant in a variety of computer vision tasks. Previous methods either adopt the
Singular Value Decomposition (SVD) to explicitly factorize the matrix or use the
Newton-Schulz iteration (NS iteration) to derive the approximate solution. How-
ever, both methods are not computationally efficient enough in either the forward
pass or in the backward pass. In this paper, we propose two more efficient variants
to compute the differentiable matrix square root. For the forward propagation,
one method is to use Matrix Taylor Polynomial (MTP), and the other method is
to use Matrix Padé Approximants (MPA). The backward gradient is computed by
iteratively solving the continuous-time Lyapunov equation using the matrix sign
function. Both methods yield considerable speed-up compared with the SVD or
the Newton-Schulz iteration. Experimental results on the de-correlated batch nor-
malization and second-order vision transformer demonstrate that our methods can
also achieve competitive and even slightly better performances. The code is avail-
able at https://github.com/KingJamesSong/FastDifferentiableMatSqrt.

1 INTRODUCTION

Consider a positive semi-definite matrix A. The principle square root A
1
2 and the inverse square

root A−
1
2 (often derived by calculating the inverse of A

1
2 ) are mathematically of practical interests,

mainly because some desired spectral properties can be obtained by such transformations. An exem-
plary illustration is given in Fig. 1 (a). As can be seen, the matrix square root can shrink/stretch the
feature variances along with the direction of principle components, which is known as an effective
spectral normalization for covariance matrices. The inverse square root, on the other hand, can be
used to whiten the data, i.e., make the data has a unit variance in each dimension. Due to the appeal-
ing spectral properties, computing the matrix square root or its inverse in a differentiable manner
arises in a wide range of computer vision applications, including covariance pooling (Lin & Maji,
2017; Li et al., 2018; Song et al., 2021), decorrelated batch normalization (Huang et al., 2018; 2019;
2020), and Whitening and Coloring Transform (WCT) (Li et al., 2017b; Cho et al., 2019; Choi et al.,
2021).

To compute the matrix square root, the standard method is via Singular Value Decomposition (SVD).
Given the real Hermitian matrix A, its matrix square root is computed as:

A
1
2 = (UΛUT )

1
2 = UΛ

1
2UT (1)

where U is the eigenvector matrix, and Λ is the diagonal eigenvalue matrix. As derived by Ionescu
et al. (2015b), the partial derivative of the eigendecomposition is calculated as:
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∂l

∂Λ
)diag

)
UT (2)

where l is the loss function, � denotes the element-wise product, and ()diag represents the opera-
tion of setting the off-diagonal entries to zero. Despite the long-studied theories and well-developed
algorithms of SVD, there exist two obstacles when integrated into deep learning frameworks. One
issue is the back-propagation instability. For the matrix K defined in Eq. (2), its off-diagonal entry
is Kij=1/(λi−λj), where λi and λj are involved eigenvalues. When the two eigenvalues are close
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