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ABSTRACT

We introduce a unified framework for contextual and causal Bayesian optimisa-
tion, which aims to design intervention policies maximising the expectation of
a target variable. Our approach leverages both observed contextual information
and known causal graph structures to guide the search. Within this framework,
we propose a novel algorithm that jointly optimises over policies and the sets of
variables on which these policies are defined. This thereby extends and unifies
two previously distinct approaches: Causal Bayesian Optimisation and Contex-
tual Bayesian Optimisation, while also addressing their limitations in scenarios
that yield suboptimal results. We derive worst-case and instance-dependent high-
probability regret bounds for our algorithm. We report experimental results across
diverse environments, corroborating that our approach achieves sublinear regret
and reduces sample complexity in high-dimensional settings.

1 INTRODUCTION

Bayesian optimisation (Garnett, 2023) is a powerful approach for optimising expensive black-box
functions, often formulated as conditional expectations of a target variable given that intervenable
variables are assigned some specific values. In settings where intervenable variables exhibit causal
relationships, specialised Causal Bayesian Optimisation (CaBO) algorithms can achieve superior
performance by strategically focusing on select subsets of variables (Lee & Bareinboim, 2018). The
critical challenge is to identify these subsets efficiently, since an exhaustive search is computationally
intractable and sample inefficient.

On the one hand, existing CaBO research develops specific tools to reduce regret by leveraging the
causal graph assumed to be known. Consistent with prior work (Aglietti et al., 2020b; Zhang &
Bareinboim, 2022), we restrict attention to precise interventions (Pearl, 2009, Chapter 3) and assume
the graph is given. Although extensive work on causal discovery provides methods for inferring
such graphs (Spirtes et al., 2000; Hoyer et al., 2008; Hyttinen et al., 2013; Duong et al., 2025), this
direction lies beyond the scope of our study. On the other hand, Contextual Bayesian Optimisation
(CoBO) leverages observable context variables but is constrained by a fixed policy scope, that is, a
fixed tuple of intervenable and contextual variables. As we demonstrate in the example in Section 2,
this fixed scope constraint can lead to provably linear regret, which is suboptimal.

Optimising over multiple policy scopes arises in several domains. In complex environments such as
video games, fully specifying the state and action spaces is intractable, both computationally and from
an optimisation standpoint, so practitioners adopt alternative design choices (Berner et al. (2019),
Vinyals et al. (2019)), each inducing a distinct policy scope. In portfolio optimisation, multiple
strategies are proposed, each controlling particular sets of portfolio parameters conditioned on market
observables (Cakmak & Ozekici (2006), Cakmak et al. (2020)). In neural architecture search (Elsken
etal. (2019)), multiple strategies exist: one may monitor gradient and activation magnitudes and adjust
network width and weight initialisation accordingly; another may track test-time performance and
the generalisation gap, adjusting learning rate, gradient clipping, and depth. While jointly controlling
all architectural parameters and conditioning on all performance metrics might seem optimal, the
resulting search space is infeasible, so researchers adopt heuristic, scope-specific strategies. These
examples fit naturally within our framework of optimising over multiple scopes.
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The need for our proposed framework emerges from three critical observations discussed above: (1)
overcoming linear regret in CoBO requires extending beyond fixed policy scopes, (2) the exponential
growth of possible policy scopes with respect to the number of variables makes exhaustive search
computationally intractable, and (3) while causal relationships can inform policy scope selection,
existing CaBO approaches do not incorporate contextual variables. In response, we introduce a
unified framework for contextual and causal Bayesian Optimisation (BO).

Our framework, termed CoCa-BO for Contextual-Causal Bayesian Optimisation, is designed to reduce
the search space of policy scopes and guarantee convergence to the optimal policy. It addresses the
challenges of applying the causal acquisition function (Aglietti et al., 2020b) for policy selection
in contextual settings. We present analytical cases where existing methods fail, and show both
theoretically and experimentally that CoCa-BO converges to the optimum. Experimental results
further demonstrate that CoCa-BO achieves lower sample complexity in large-scale systems and
outperforms existing methods.

Below, we summarise our main contributions:

» We propose a novel method for context-aware causal Bayesian optimisation that addresses policy
selection in context-aware settings with multiple possible policy scopes.

* We provide a general, scalable, and practical framework for implementing causality-aware
optimisation algorithms, along with a suite of environments for evaluation and benchmarking.

* Assuming Gaussian process priors, we establish both worst-case and instance-dependent, high-
probability upper bounds on the regret of our method. These bounds are valid under mild
assumptions on the kernels of the Gaussian process priors and highlight the impact of the number
of steps on the cumulative regret.

Notation Random variables are denoted by capital letters like X and their values by corresponding
lowercase letters like x. The domain of random variable X is denoted X x. Sets of variables are
denoted by bold capital letters and the set of corresponding values by bold lowercase letters. Vectors
are always considered as 1-column matrices and for any vector x, we denote by xT its transpose.
Identity matrices are denoted by I without indicating the dimension, which is clear from the context.
We denote by N* the set of strictly positive integers, and by [m] the set of strictly positive integers
smaller than, or equal to, m € N*. Forx € R™, ||x[[1 = Y} .~ |#;| and || x| s = maxi<i<m |7;].

2 BACKGROUND

This section aims to provide a background on possibly optimal mixed policy scopes and on their
importance for the contextual decision making setup where the causal graph is available.

Preliminaries We consider the following general problem: in the absence of any intervention, the
environment generates a random vector V according to a probability distribution denoted by P on
Xv. We are allowed to perform certain interventions (a precise definition will be given later) on the
components of V, which result in modifications of their joint distribution. Each set of admissible
interventions 7, referred to as a policy, induces a new distribution FY; on Xv,. II denotes the set of all
admissible policies; it will be specified below and may be infinite and even uncountable in general.

We assume that our objective is to identify a policy that leads to a nearly maximal expected reward.
More precisely, for a given reward function r : Xy, — R, our goal is to find a policy 7 such that

() = Eps [r(V)],
the expected reward under 7, is close to the optimal expected reward sup . cy; Epg [r(V)]. We will

focus on the case where (V) = (e, V), where e is an element of the canonical basis. This is
equivalent to assuming that Y := (V) is a component of V.

To define what a policy is and how the set of admissible policies is specified, we follow (Lee &
Bareinboim, 2020). Assume that P), = P\g,ﬁ is given by a structural causal model 9t (Pearl, 2009,
Chapter 7). A structural causal model (SCM) 9t is a quadruple (V, U, F, Py), where V and U
are, respectively, a set of observed and latent variables. F is a collection of functions such that for
each V' € V, there exists fi, € F that determines the value of V' based on other variables in V U U.
That is, for some PAy C V\ {V}and Uy C U,V = fy(PAy, Uy ). The latent variables U are
jointly distributed according to Pyy. Consequently, the SCM )T induces a joint distribution P\g,jt over
the observed variables V.
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The SCM 90t also defines a directed acyclic graph (DAG) G with two types of nodes. First-type nodes
represent variables from V, while second-type nodes represent variables from U. Only first-type
nodes have incoming edges. An edge from a node corresponding to a variable Z to a first-type node
corresponding to V indicates that Z € PA UUy,. The policies we consider in this paper are defined
on mixed policy scopes (MPS), which should be compatible with the graph G of the SCM 931. The
following definitions and terminology are based on (Lee & Bareinboim, 2020).

Definition 1 (Mixed policy scope). Let X* C V \ {Y'} and C* C V \ {Y'} be two sets, termed the
set of intervenable variables and the set of contextual variables, respectively. A mixed policy scope S
compatible with G is defined as a collection of pairs (X; Cx) such that X € X*, Cx C C*\ {X},
and the following compatibility condition is satisfied. The graph Gs obtained from G by removing
edges into X and adding new ones from Cx to X, for every (X; Cx) € S, remains acyclic.

We denote the set of all MPSs compatible with G by S[G]. The notation X(S) designates the set of
intervenable variables for an MPS S, and C(S) the contextual ones.

Definition 2. A mixed policy w based on S is a collection 7w = {WX\CX }(X;CX)GS, where Tx|cy 18
a mapping from X¢, to Xx.

For every MPS S € S[G], the set of all policies based on S is denoted by IIs. We define IIg =
USeS[g] IIs as the space of all policies.

If G is the causal graph of an SCM 9t = (V, U, F, Py), every mixed policy = based on S € S[G]
defines a new SCM IMM™ = (V, U, F’, Py) with F’ obtained as follows. For each intervenable
variable X € X(S), replace the function fx from F by the new function 7x|c, : Xcx — Xx.
This new SCM 9™ induces a new distribution on 'V, denoted by Fy;.

The agent is given the graph G of an unknown SCM 9. Ateachstept =1,2,...,T
a) the agent chooses a mixed policy scope S; € S[G] and a mixed policy 7; € Ils,, based on
the past observations D' ~! = (S, 74, €7, yo)1<o<t—15
b) the environment generates v; according to the distribution P,

¢) the agent observes the components (c¢, y;) of v, corresponding to contextual variables of
S, and the reward.

The agent aims to minimise the regret Ry = T'supcp,, () — Zthl p(me), with pu(m) = Epz [Y].

Possibly-optimal mixed policy scopes Our work focuses on a special set of MPSs that are possibly
optimal under an SCM compatible with G (Lee & Bareinboim, 2020). Let p15 = sup, ¢ p(m) be
the largest expected reward corresponding to the MPS S.

Definition 3 (Possibly-Optimal MPS (POMPS)). Given (G,Y,X*, C*), we say that S € S[G] is a
possibly-optimal MPS if there exists an SCM )t compatible with the graph G such that p% > u%,
for any S’ € S[G] different from S'.

We denote by S*[G] the set of all POMPSs compatible with G. The policy considered in this work
selects S; from S*[G]. While further restricting the candidate set could reduce computational cost, it
would risk linear regret: for any S € S*[G], there exists an SCM 9t compatible with G for which
S is optimal. Thus, given only G, the agent cannot exclude any POMPS from the set of candidate
scopes without potentially discarding the optimal policy and incurring linear regret.

Example of CoBO/CaBO’s failure modes Let us illustrate through an example the role of incor-
porating both causal and contextual information. Specifically, we demonstrate that neglecting either
component can lead to regret that is not sublinear in the number of steps 7". Consider the example in
Figure 1, where the context variable C' influences both the intervenable variable X5 and the outcome
Y. The causal graph G also includes the intervenable variable X1, which affects Xs.

First, we observe that there exists a policy achieving an expected value of Y equal to 1/3. Specifically,

consider the mixed policy (1) defined on the MPS S; = {(X;;C)} by Wg(ll)l o(c) = —c. Under this

policy, we have E_1)[Y] = E_ ., [U2] - E..q) [ef(XlJrc)z] +E,[C] = E[U2] = 1/s.

'S must additionally be non-redundant under optimality. Please see Definition 4 of Lee & Bareinboim
(2020).
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Uy --- a Us Uy, Us ~ Uniform([—1,1])

: 2 : Xl = Ula C= Ul
) 4
X2 = UQ eXp{—(X1 + 0)2}
@ Y =UX5 + C
(a) Graph G (b) Structural causal model
Figure 1: An SCM and its DAG G for which CoBO and CaBO fail to converge to the optimum.

If we ignore the contextual information and rely solely on the causal relationships, at each step
the choice reduces to one of three options: no intervention, intervention on X1, or intervention on
Xs. Intervening simultaneously on both X; and X5 is excluded because, according to the graph
G depicted above, intervening on X5 renders the value of X irrelevant to Y. In the case of no
intervention, we have E[Y] = 1/3E [6’4U12 | < 1/6. If we intervene on X, it becomes independent
of U, and the expected value of Y reduces to zero. Finally, intervening on X by setting it to a fixed
value z yields Eqo(x,=¢)[Y] = 1/3E [e*(QHUl)Q} <1BE [e*Ulz] < 1/4. Therefore, for every policy
7 that does not incorporate the context, the expected reward is strictly less than 1/4, and consequently,
the cumulative regret of any such algorithm is at least 7'/12.

Finally, suppose we ignore the causal structure and rely solely on the contextual information. Then,
the decision reduces to selecting a function 7(?) : ¢+ (21, z3) that specifies the values of (X1, X>)
given C' = c. Under such a policy, E.»[Y] = E 2 [U2X2 + C] = E[U; 7r§2)(C) + C]. Note
that E[Uz] = E[C] = 0, and 7r§2)(C’ ) being a deterministic function of C, is independent of Us.

Therefore, E . 2)[Y] = 0. This shows that, for any context-only policies used across the T steps, the
expected reward is zero. Thus, neglecting the causal structure leads to a regret of at least 7'/3.

3 PROPOSED ALGORITHM

In this section, we provide high-level description of the identification of intervenable scopes and the
selection of optimal policies. We then formalise the contextual BO strategy used within each scope.
Finally, we discuss why CaBO’s POMPSs selection strategy is inadequate in contextual settings and
motivate our alternative approach.

At iteration ¢

. — [ Observe context ¢; ~ P(C},) } { GP;, with x¢, ¢4,y ]
{ 1% POMPS Si(n1) = Ui(n1) + p1(n1)/v/m1 ] ¢
iy = argmax S;(n;) [ + = argmax UCB,, », 11(x, ) | > [ n;, =mn;, +1 }
m" POMPS Sy (nm) = U () + pm(nm) /70 ] ¢ — ¢
[ i e e " { Set X;, = x; and observe y; ] { Ui, (ns,) with UCB;, 5, (x¢, €1) }
POMPS Selection Action Selection Update

Figure 2: At each iteration ¢, we select a POMPS using the running average of the UCB evaluated at
the points x; and c;, plus an exploration term p;(n;)/+/n;, where n; is the number of times POMPS
7 has been chosen so far. We then implement the intervention X;;,, observe the target y; under this
intervention, and update the parameters of the algorithm. For more details please see Algorithm 2.

High-level description Our method, outlined in Alg. 1, has 3 main components. The first compo-
nent is the POMPS function, which computes the set S* = S*[G] (Lee & Bareinboim, 2020) for a
given causal graph G. This computation involves a brute-force search over MPSs, with computational
complexity scaling exponentially in |V|. However, this step is highly parallelisable, a feature we
exploit in our implementation. Our definition of the contextual variables as C* =V \ (X* U{Y'})
suffices to ensure that optimal POMPSs are not missed (Lee & Bareinboim, 2020, Prop. 2). A visual
overview is provided in Figure 2.

The method proceeds as follows: at each step ¢, based on historical data D1 .=
{(Si, i, €3, Yi) Yig[t—1)» it first selects a POMPS S; from S*, then chooses a policy m; € Ils,.
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Algorithm 1 Contextual Causal BO (CoCa-BO)

Input: causal graph G on the nodes V, the target Y € V, the set of intervenable variables X* C V,
domain of variables Xv;, number of iterations 7. We consider C* =V \ (X* U {Y'}).
Compute S* = POMPS(G, X*) and create A = MAB(S")
for S € S* do Create Optg = BO(X(S), C(S), Xs)
fort =1toT do
Select a POMPS: S = A.suggest()
Implement 75 provided by Optg,
Observe y, Xs, ¢s drawn from Pg°
Optg.update(y, xs, cs); A.update(y, S, Optg)
end for

This amounts to choosing an interventional value for X, after observing the context c; asso-
ciated with the variables Cs,. Consequently, we may equivalently write the historical data as
DL = {(S;, ¢i, x4, Yi) Yie[t—1)- The second component is the selection of a POMPS from the
finite set S* using MAB. Each POMPS serves as an arm, and the algorithm aims to find the one
with the largest mean reward p5. Formally, we may view MAB as a mapping A : S* — R. At
each step ¢, it selects a POMPS S; € argmaxgcg- A(S), and after observing (c;, X, y), it updates
the value A at S; while keeping all others unchanged. Details of this update step are provided in
Algorithm 2. The third component of our method is Bayesian Optimisation routine with Gaussian
process surrogate, used to choose the intervention value of X, once the POMPS &, is selected and
the context c; is observed. This component is described in more detail later in this section. Finally,
the selected BO optimiser is updated at each iteration using the newly observed values. These updates
involve Gaussian process posterior updates, which require inverting a 7' x 1" matrix, and thus have
computational complexity O(T?).

Contextual Bayesian optimisation policy For a given scope S selected at step ¢, the contextual
Bayesian optimisation assumes that y; = g(x¢, Ct) 4+ 0,&;, Where g is a random Gaussian process
defined on Xx, X Xcg, C; is a random vector drawn from Pgs, and &; is a standard Gaussian
random variable. All three quantities (g, Cy, &) are assumed independent. To provide more details,
we define the set [t]s = {i € [t] : S; = S} and denote by D% = {(x%, ¢k, y")}ie[y)s the subsample
of Dt corresponding to those steps i where the scope S was selected. The Gaussian process g has
zero mean and covariance function k : (X¥x4 X Xcg)? — R. Given the dataset DY, the posterior
distribution of the output for a test point (x, ¢) is a Gaussian N (fpost (X, €), 0 (X, €) ), where

-1
[post (X, €) = k[Tt]S (x,c) (K[t]s + JEI) Ytls
—1
Ugost(xv C) = k((xa C)a (X7 C)) - kft]s (X? C) (K[t]s + 0’31) k:[t]s (X’ C)’ )

with I the identity matrix of appropriate size, y;] 5 the vector of observed targets in DL, K t)s the

kernel matrix of all (x, ¢) pairs in D%, and k;, (x,c) the vector of covariances between the test
point and each training point. The noise level o, is a tunable parameter.

In our method, we deploy HEBO (Cowen-Rivers et al., 2022) for each POMPS, as it is a state-
of-the-art BO algorithm (Turner et al., 2021) capable of optimising in contextual settings and
handling both continuous and discrete variables. HEBO’s Gaussian process model includes learnable
transformations of both input and output, which makes it robust to heteroscedasticity and non-
stationarity. All methods described in Section 6 use HEBO as the BO subroutine.

POMPS selection Our algorithm performs POMPS selection using historical values of the acquisi-
tion function combined with a margin (see Section B). In contrast, CaBO selects the next intervenable
set based on the values of the acquisition functions associated with each GP. This strategy is motivated
by the intuition that the optimal intervenable set, together with its optimal interventional values,
should yield the highest reward. Accordingly, acquisition functions are expected to reflect this pattern,
particularly in regions of low uncertainty. However, this approach becomes unsuitable in contextual
settings, where the optimal values of acquisition functions inherently depend on the observed context.
This dependence introduces a fundamental issue: the comparison is performed between acquisition
functions evaluated at different contexts, which undermines the validity of such comparisons. Such
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comparisons may lead the optimisation process to switch arbitrarily between scopes based on the
observed context, potentially causing instability or divergence.

Our selection criterion U;,, defined in Algorithm 2, is the running average of the UCB values over
the evaluation points for each POMPS instance. As shown in Lemma 2, this quantity simultaneously
upper and lower bounds the empirical mean of the target under the optimal policy, up to additive
terms. These terms decay sufficiently fast to ensure that suboptimal POMPS are selected only rarely,
as formalized in Lemma 4.

4 REGRET BOUND FOR COCA-BO

In this section, we prove that the CoCa-BO algorithm outlined in Algorithm 2 achieves sublinear
regret. For this purpose, we place ourselves in a more general setting, which we refer to as multi-
function BO. We assume that we are given an integer m € N*, together with two sequences of
sets (Xx(i))ieim) and (Xc(s))ie[m)- At each step t € N*, we first select an index i; € [m] and then
observe a random variable C; drawn from X¢;,). Based on C; and the past observations, we choose
X, from .’{X(i .) and subsequently observe the reward Y;. In this formulation, the indices ¢ € [m],
henceforth called arms, correspond to POMPSs; the variables C; correspond to contexts; and the
variables X;, henceforth called actions, correspond to interventional values.

We assume that for some random processes f1, ..., f, and for some unknown context distributions
Py, ..., Py, the reward takes the form Y;, = fzt (X¢, Ct) + €, where conditionally to i, f1, ..., fm,
C;is drawn from P;,, and conditionally to i, fi1, ..., fm and Cy, e;~N (0, 02). A more detailed

description of the setting can be found in Section B.1.

Assumption 1 (Convex-compact domains). For every i € [m], Xx(;) and X¢(;) are convex and
compact. Furthermore, there exist constants 7;,7; > 0, d;, d; € N such that Xx ;) C [0, ;)% and
Xc C [0, 7] for every i € [m]. We set 7 = r; V r} and d; = d; V d.

Assumption 2 (Smooth and bounded kernels). Processes f; are independent, each f; be Gaussian
with zero mean and covariance kernel k;. The covariance kernels k; are bounded, i.e., for some
Kly...,km > 0, we have maxy ¢ ki((x, c); (x, c)) < k;. Furthermore, there are constants 1, ¢ > 0
such that, for any ¢ € (0, 1) and for any 7 € [m], with probability at least 1 — §

supl|V fi(x, ¢)[l e < pv/log(div)/9). @

Note that these assumptions are not very restrictive compared to those usually imposed in Bayesian
optimisation. In particular, it follows from (Ghosal & Roy, 2006) that if the kernels k; admit
fourth-order mixed partial derivatives, then the path smoothness condition (2) is satisfied.

For brevity, we defer the precise definitions of the subroutines MAB-UCB and HEBO from Algo-
rithm 1 to Section B. We only mention here that, in the Bayesian optimisation subroutine, an upper
confidence bound is constructed from the posterior means %@1 and standard deviations o’,@ ; of
the i-th GP at time ¢, together with a sequence of tuning parameters (53;(1));c{m], nen-- As for the
arm-selection subroutine MAB-UCB, it chooses the arm with the largest average UCB over past
observations, plus a penalty term involving the sequence of tuning parameters (p;(7))ig[m], nen=- TO
ease that statement of the main theorem, we set

- : d = :
Br = {g%glg%ﬁ() an pr = }g%rgggp()

Letp; = E[ff(Cin1) | fi] = [ maxx fi(x, c) Pi(dc) and I* = argmax;c(,, 1. Clearly, u; depends
on f; and I* depends on f = (f1,..., fm), but for simplicity of notation we do not make this
dependence explicit. We also write (1" = maxX;c[ f4i- The cumulative regret is then

RT—Z{M —E[fi,(X¢,Cy) | £, D71}

In words, the regret is the difference between the context-averaged reward of an oracle strategy (which
always selects an arm with maximal context-averaged reward and plays a context-optimal action)
and the context-averaged reward of our algorithm. This notion of regret, specific to multi-function
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BO, differs from those considered in the MAB literature (Lattimore & Szepesvari, 2020) and the
BO literature (Srinivas et al., 2010). In MAB, the reward of a chosen arm is constant across rounds,
whereas in our setting, the expected reward evolves as the estimated maxima of f;, are progressively
refined. On the other hand, unlike in BO, our regret compares the context-averaged maximum of f;,
to ¥, which may correspond to the optimal value of another function f;. These distinctions introduce
additional challenges in establishing a bound for regret Ry of the procedure defined in Algorithm 1.

A key quantity characterising the regret of the algorithms commonly used in BO with Gaussian
process prior is the maximum information gain (Srinivas et al., 2010). Denoted by ~;(n), the
maximum information gain of the i*"* GP f; over horizon n, is defined by

1
(n) = “logdet(I+ o 2K, 4),
7i(n) A 5 logde I+o A)
where the maximum is over all sets A C Xx ;) X X (4) of cardinality n and K; 4 is the n x n matrix
with the general term K(z,2z’), 2,2’ € Xx(;) X X¢ (). We refer the reader to (Vakili et al., 2021) for
results on bounding the maximum information gain in terms of n and the kernel parameters. Based
on 7;(n), we define the worst-case-arm and arm-averaged information gains by

1 m
— A(T), d Ap= *E (ni),
o inel[?vi(ﬂ( ) o o nigi)i(:Tmi:lV(n)

where the last maximum is over all vectors n = (n1, ..., ny,) € N™ summing to 7.

Theorem 1. Let § € (0,1/2), A = (Aq,...,Ay,) be the vector of sub-optimality gaps defined by
A;=p* —p;and I* = {i : A; = 0}. Let Assumptions 1 and 2 be fulfilled. There exist constants
A1, Aa, As depending only on o, @, ¥, (K, T4, ré)ie[m}, such that if the parameters 3; and p; satisfy

Bi(n) A ps(n) > Aid; log (Alme/é)

for every i € [m] and every n € N*, then regret (6) of UCB-BO Algorithm 2 applied up to horizon T,
with probability at least 1 — 206, satisfies for all T € N* the following inequalities

Ry < Ag{v/mT (VBr7r + pr)} + | Al 3)
R < A VIFTE (VBrar + 1) + (Brrr 4 73) 3 1 +m(VB +pr) L+ 1AL @)

igr= ¢

We now provide several comments on the upper bounds in Theorem 1. First, the term || A||; in the
regret bounds is unavoidable. It arises because the algorithm plays each of the m arms independently
during the initial m rounds. However, since this term is O(m) and independent of T, its impact on
the asymptotic regret is negligible. Aside from this O(m) term, the bound in (3) is independent of the
functions (f1, ..., fm); we therefore refer to it as a worst-case bound. For kernels with exponential
eigendecay (e.g., the squared exponential kernel), the parameter vy is at most polylogarithmic in
T (see Table 3 in the supplementary material). Hence, with appropriate tuning, the worst-case
regret is of order v/mT max; d;, up to polylogarithmic factors in m and T'. Notably, this yields a
VT polylog(T) dependence on T, a significant improvement over a linear regret.

One might expect the regret dependence on m to improve beyond +/m when there is a significant
gap between the optimal and sub-optimal arms. This is indeed the case, as captured by the instance-
dependent bound in (4). Under mild assumptions on the Gaussian processes (see Section C.2), the
set of optimal arms [* is almost surely a singleton. In such cases, the leading term of (4) is of
order /T max; d; (up to polylog factors), improving upon the worst-case bound by a factor of \/m.
This improvement holds when the sub-optimality gaps A; for i ¢ I* are bounded away from zero;
otherwise, the term ;. 1/A; may dominate.

To the best of our knowledge, Theorem 1 presents the first regret bound not only for our proposed
contextual-causal BO framework, but also for the more established Causal BO (CaBO) setting.

5 RELATED WORK

The integration of causal knowledge to improve policy learning is an active area of research (Lee
& Bareinboim, 2018; 2019; 2020), with recent progress on both conditional and unconditional
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policies (Aglietti et al., 2020b; Zhang & Bareinboim, 2017; 2022). Our work builds on and extends
this literature. Below, we summarize the most related lines of work and contrast them with our
contributions.

Causal Bayesian Optimisation (Aglietti et al., 2020b) uses the causal graph and a causal acquisition
function (cAF) to search over policy scopes, treating non-intervenable variables as unobserved.
In contrast, our method explicitly leverages contextual variables and searches the joint space of
intervenable and contextual variables. This not only leads to better solutions but also overcomes the
instabilities of cAF in contextual scenarios. Contextual Bayesian Optimisation conditions interven-
tional choices on observed contexts but typically treats all controllable variables as intervenable. This
can prevent recovery of the optimal policy. By searching over the set of POMPSs, our method avoids
this suboptimality.

Functional Causal BO (Gultchin et al., 2023) places a GP prior on p(7) via a finite RKHS expansion,
w() = Zf\il a;k’s(c?,+). Although this permits distance-based kernels, the critical choices of N,

o, and ¢ are unspecified, hindering reproducibility. Furthermore, the optimisation of acquisition
functions within this framework is also not addressed. In contrast, our method requires no such
finite expansion, avoids the associated optimisation overhead, provides theoretical guarantees, and is

accompanied by a public implementation tested on diverse environments.

Model-Based Causal BO (Sussex et al., 2023) assumes specific structural causal models (V =
fv(PAy) + Uy) with restrictions on the noise terms and requires no unobserved confounders.
Without any reduction of the search space, it considers only a limited family of interventions
representable as parameter perturbations of the structural functions fy,. Sussex et al. (2023) prove that
Ry < O(|V| (K Br)Y/Tyr), where K is the maximum in-degree, N is the length of the longest
path to Y, 37 and 7 are similar to those defined in Section 4. Note that both the factor (K 7)™
and | V| can be very large (see Section A.3). In contrast, our theory applies under more general
conditions and the bounds scale more favorably; in the setting with no unobserved confounders, the
set of POMPS is a singleton (Lee & Bareinboim, 2020), leading to significantly improved scaling.

The method of (Zhang & Bareinboim, 2022) also optimises over POMPS. However, it restrictively
assumes that the domain X+, is discrete and finite, an assumption not required by our approach. The
regret bound established for causal-UCB™ is sublinear in T, but it scales at least as the sum of the
square roots of the cardinalities of the domains of the variables in V.

Another MAB-based method that utilises causal knowledge is proposed by Lattimore et al. (2016). It
is the first to show that a causal bandit framework subsumes the classical setting. Their method enjoys
favourable regret bounds and is computationally efficient. As with Zhang & Bareinboim (2022), it
assumes all variables have finite support. However, it does not consider contextual interventions and
assumes the absence of unobserved confounding.

Multitask GPs (Bonilla et al. (2007)) learn similarities across the outputs of multiple functions and
are useful for optimisation over multiple tasks that share inputs. Aglietti et al. (2020a) formalise when
information sharing is possible under a known causal graph: tasks differ in their sets of interventional
variables but share the same target variable. They show that sharing is possible only if every variable
confounded with the target does not simultaneously have unconfounded incoming and outgoing
edges. However, they study optimisation without contextual variables, and their information sharing
mechanism requires computing high-dimensional integrals. Identifying assumptions that enable
information sharing between POMPS without strong restrictions, and a computationally efficient
mechanism to realise it, remains an open problem.

6 EXPERIMENTS

We evaluate the proposed method against CaBO and CoBO across a series of experiments. For each

. . . . . 5 1 T ~
experiment and optimiser, we report the time-normalised cumulative regret R = 7 ), 7, where
7t = B+ [Y] — y; is the immediate pseudo-regret at iteration ¢t. We also track the cumulative MPS
selection frequency, i.e., the fraction of times each MPS has been selected up to iteration t. We
consider two configurations.

Configuration I: Both the proposed method and the benchmark method can achieve the optimum.
We aim to assess the additional cost introduced by the proposed method in terms of sample com-
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Figure 3: Top: frequency of selecting the corresponding POMPS or POMIS (omitted when there is
only one candidate). Bottom: time-normalised cumulative regret Ry

plexity. In environments with many observed variables, CoBO results in an expansive optimisation
domain, requiring a substantial sample size. Our method leverages the independencies encoded
within the causal graph to reduce the optimisation domain. For instance, in another example
reported in Appendix A.3, the dimensionality of the domain is reduced by a factor of 22.

Configuration II: The benchmark method cannot achieve the optimum. We empirically confirm
that there are cases where neither CoBO nor CaBO converges to the optimum, leading to linear
cumulative regret. In the same cases, we demonstrate that CoCa-BO converges to the optimum

policy and has sub-linear cumulative regret.

All experiments were conducted with 110 random seeds over 700 iterations, corresponding to 700
distinct interventions. We used a single-node system with 120 CPUs, though the experiments can
also be reproduced on a single-core machine with 16 GB RAM. Results are reported as averages,

with error bars denoting 1.96 standard errors.

CaBO vs CoCa-BO To compare CaBO and CoCa-BO under the two aforementioned configurations,
we consider two SCMs based on the graph of Fig. 4 below (Ferro et al., 2015; Thompson, 2019).

In this example, the variables PSA, age, BMI, cancer, aspirin and statin are observable, but only
the last two are intervenable. Prostate-specific antigen (PSA) (Wang et al., 2011), used to detect
prostate cancer, is our target. Here, the set of POMISs is {&, { Aspirin}, {Statin}, { Aspirin, Statin} }
and there is only one POMPS, namely {(Aspirin; Age, BMI); (Statin; Age, BMI) }.

First Configuration: When SCM is such that the optimal value of the target is the same across all values
of the contextual variables, CaBO can attain the optimum. This requires specific alignment of the
SCM parameters, which may be unstable and sensitive to small fluctuations (Pearl, 2009, Ch. 2). Such
an SCM is defined in Section A.1.1. The optimal values at which Statin and Aspirin are controlled to
minimise PSA are the same for all values of Age and BMI, that is V( age,bmi) € X Age X XpMmI:

argmin E[Y | do(aspirin, statin), age,bmi] = argmin E[Y | do(aspirin, statin)].

(aspirin,statin) (‘aspirin, statin)

We show that the minimum above is attained for aspirin= 0 and statin= 1. Empirical results for this
SCM appear in the first column of Fig. 3a. Since CaBO selects POMISs via the causal acquisition
function, the top plot shows that its choices are highly variable, which harms optimiser convergence
(bottom plot). In contrast, CoCa-BO achieves much smaller regret, as illustrated in the bottom plot.

Second Configuration: The SCM for the second configuration, defined in Appendix A.1.2, is consis-
tent with the causal graph in Fig. 4. It implies that controlling Aspirin and Statin based on Age and
BMI yields a lower expected PSA than fixing them to constant values. Fig. 3b depicts the results for
this setup. Since CaBO marginalises the contextual variables, it cannot control medications based
on Age and BMI, and therefore fails to converge (bottom plot). The top plot shows again the high
variability in POMIS selection under CaBO. As expected, CoCa-BO attains a much smaller regret.

9
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Figure 4: Causal graph of PSA level. White Figure 5: Robustness to the noise: Normalised
nodes: intervenable variables; gray nodes: ob- regret under varying noise levels.
servable variables; shaded node: target variable.

Normalised cumulat

CoBO vs CoCa-BO We consider two SCMs based on the graph of Fig. 1.

First Configuration: Appendix A.2 describes an SCM consistent with the causal graph in Fig. 1,
where intervening on both X; and X5 does not hinder the agent’s ability to reach the optimal
outcome. Fig. 3c (bottom plot) shows both methods converge to the optimum, as evidenced by
the decreasing normalised cumulative regret, with CoBO converging faster than CoCa-BO. In this
configuration, CoCa-BQO’s advantage over CoBO emerges in environments with many variables, as
shown in Section A.3.

Second Configuration: The second configuration examined in this study is the SCM of Fig. 1.
We have shown analytically that the CoBO method is unable to attain the optimal solution. Our
method, CoCa-BO, has been demonstrated to effectively achieve the desired optimum, resulting in
sub-linear regret. The top sub-figure of Fig. 3d illustrates the cumulative frequency of selecting the
corresponding POMPS. We observe that CoCa-BO converges to the policy scope (X7; C) yielding
the optimal value. The lower sub-figure of Fig. 3d illustrates that the normalised cumulative regret
remains constant for CoBO, indicating its linear cumulative regret. On the other hand, CoCa-BO
attains sub-linear cumulative regret, as evidenced by the decreasing trend of the blue curve.

Robustness to Noise The target variable Y is pivotal, as its observed values guide both policy scope
and selection. Consequently, higher noise in Y slows the convergence of optimisation algorithms
(Lattimore & Szepesvdri, 2020; Krause & Ong, 2011; Srinivas et al., 2010). To assess the robustness
of CoCa-BO to noise in Y, we vary the standard deviation of ey in the example of Appendix A.2,
adjusting o (ey) from 0.01 to 6.25. As shown in Fig. 5, CoCa-BO converges for o up to 1.25, while
convergence becomes unclear under extreme noise, e.g., o(ey ) = 6.25.

7 CONCLUSION

We provided evidence that existing Bayesian optimisation methods that incorporate causal knowledge
are not capable of integrating contextual information without incurring substantial computational
and statistical costs. To overcome these challenges, we introduced CoCa-BO, a novel method that
efficiently optimises over mixed policy scopes. We derived worst-case and instance-dependent regret
bounds, which also address theoretical gaps in previous methods. We conducted experiments across
various environments and demonstrated that CoCa-BO consistently reached the optimum even where
existing methods could not. Moreover, our experiments showed that CoCa-BO is robust to noise
and reduces sample complexity by identifying smaller optimisation domains in environments with a
large number of variables. To support reproducibility, we provide our Pyro-based implementation
(Bingham et al., 2018; Phan et al., 2019), offering a unified framework for future research.
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Acronym | Full text

BO Bayesian Optimisation
CaBO Causal Bayesian Optimisation
CoBO Contextual Bayesian Optimisation

CoCa-BO | Contextual Causal Bayesian Optimisation
POMIS Possibly Optimal Minimal Intervention Set

SCM Structural Causal Model

GP Gaussian Process

UCB Upper Confidence Bound

DAG Directed Acyclic Graph

MPS Mixed Policy Scope

POMPS Possibly-Optimal Mixed Policy Scope
MAB Multi-Armed Bandit

Table 1: This table presents the main acronyms used throughout the paper.

A ADDITIONAL DETAILS ON THE EXPERIMENTAL RESULTS

In this section, we present the details necessary to understand and reproduce the experiments reported
in Section 6.

A.1 CABO vs CoCa-BO

We describe and analyse SCMs used for comparing CaBO with CoCa-BO in this section.

A.1.1 FIRST CONFIGURATION

The SCM that is used for the comparison of CaBO vs CoCa-BO in a scenario where CaBO can
achieve the optimum is given below: Age ~ U(55,75), € ~ N(0,0.4) and?
BMI ~ N(27.0—0.01 x Age,0.7)
Aspirin = p(—8.0+0.10 x Age + 0.03 x BMI)
Statin = o(—13.0 + 0.10 x Age + 0.20 x BMI)
Cancer = 0(2.2 —0.05 x Age + 0.01 x BMI — 0.04 x Statin + 0.02 x Aspirin )
PSA =€+ 6.84+0.04 x Age — 0.15 x BMI — 0.60 x Statin + 0.55 x Aspirin + Cancer

We first note that for any values of Age and BMI

E[PSA | do(asp, sta), age, bmi]
=E[e + 6.8 +0.04 Age — 0.15BMI — 0.60 Sta + 0.55 Asp + Can | do(asp, sta), age, bmi]
= 6.8 4 0.04age — 0.15bmi — 0.6sta + 0.55asp + E[ Can | do(asp, sta), age, bmi]
= 6.8 + 0.04age — 0.15bmi — 0.6sta + 0.55asp
+ 0(2.2 — 0.05age + 0.01bmi — 0.04sta + 0.02asp)
It is easy to see that
argmin E[PSA | do(aspirin, statin), age, bmi] =
asp,sta
argmin — 0.6 sta + 0.55 asp + 0(2.2 — 0.05age + 0.01bmi — 0.04sta + 0.02asp).
asp,sta
In summary, to minimise PSA, Statin should be controlled at its highest value and Aspirin at its
lowest value. Since the domains of both variables are [0, 1], the solution of the optimisation problem
is Aspirin = 0 and Statin = 1, which is independent of Age and BMI. This implies that the optimal
control values for Aspirin and Statin are the same for all values of Age and BMI. This is why the
optimum is achievable by CaBO.

“Here, o denotes the sigmoid function.
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Notation | Meaning

U,V,X Vectors/sets composed of random variables

u,v,Xx Values taken by vectors/sets of random variables

UV, X random variables

Xu,Xy,Xx | The domains of the random variables U, V, X; i.e., the sets in which
U,V, X take their values.

Xu, Xv,Xx | The domains of the random vectors U, V, X.

P%' A probability distribution of the random vector V; [J can be replaced by
different symbols, for instance, by 0 or by 7.

Epg 2] The expectation of the random variable Z = g('V') assuming that V is
drawn from Pg.

F Set of functions with elements usually denoted by f.

SCM A structural causal model given by the quadruple (V, U, F, Py).

g A directed acyclic graph.

PA When V is a node in a DAG, PA y is the set of its parent nodes.

Cx When X is an intervenable variable, Cx is its scope, ie., a set of
observable variables that can be used for planning an intervention on X.

S A mixed policy scope, i.e., a collection of pairs (X, Cx).

X(S) The set of intervenable variables of S.

C(S) The set of contextual variables of S.

Gs The graph obtained from G by removing edges into X and adding new
ones from each element of Cx to X for every (X,Cx) € S.

TX|Cx a mapping from X¢, to Xx.

S[F] All mixed policy scopes S compatible with the DAG G.

0 A mixed policy, i.e., a collection of mappings x|

IIs The set of all mixed policies 7 based on the mixed policy scope S.

IIg The set of all mixed policies 7 based on a mixed policy scope S € S[G].

mr The SCM obtained from 91 by applying the policy 7.

() The expected reward under the mixed policy m. For a well specified
Y € V,itis defined as p(m) = Epg [Y].

J7ys The highest expected reward among all mixed policies 7 based on the
scope S.

E,[Z] For a random variable Z = ¢g(V) and a mixed policy , this is a short-
hand for Epg [Z].

S*[G] The subset of S[G] consisting of only those S that are possibly optimal.

Dt Historical data up to time ¢ € N, consisting of quadruplets (S;, ¢;, X;, ;)
fort=1,...,t.

ugi), at(i) Posterior mean and standard deviation of the i*” Gaussian process after
time ¢.

e, Ry, Ry Instantaneous regret at time ¢, cumulative regret at time ¢, and time-
normalised cumulative regret at time ¢.

Table 2: This table summarises the main notations used throughout the paper.

A.1.2 SECOND CONFIGURATION

The SCM that is used for this setup is such that an agent should control Aspirin and Statin based on
Age and BMI to achieve the minimum expected value for PSA. It is defined by Age ~ U(55,75),
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e ~N(0,0.01) and

BMI ~ A/(27.0 — 0.01 x Age,0.1)
Aspirin = p(—8.0+ 0.10 x Age + 0.03 x BMI)
Statin = o(—13.0 4 0.10 x Age + 0.20 x BMI)

Cancer = Statin® + AgeBMI? + 0.5 x Aspirin®
PSA = ¢ + Cancer + 0.5 x Asp? + AgeBMI? — 2 x AgeBMI x (Asp + Sta),

where we used the notation

Age — 55)’BMI - 27‘
21 4 '
Plugging in the structural equation of Cancer into PSA, we get

PSA = € + Asp® + Sta? + 2AgeBMI? — 2 x AspAgeBMI — 2 x Sta x AgeBMI
= (Asp — AgeBMI)” + (Sta — AgeBMI)” + ¢

AgeBMI = (

An agent controlling both Aspirin and Statin at (%) ’W| level achieves the minimal

expected value of PSA, namely 0. CaBO fails as it does not consider Age and BMI while controlling
Aspirin and Statin.

A.2 CoBO vs CoCa-BO

We introduce an SCM such that CoBO which by default controls both X; and X5 based on C' is still
capable of getting to the optimum value. The SCM is based on the causal graph depicted in Fig. 1
and the following equations

Ui, Us ~ Uniform(—1,1)
€c,€ex,, ~N(0,0.1), ey ~ N(0,0.01)
C=U+¢c
X1 =Ui +ex,
Xy = |C — Xi| +0.20s
Y =cos(C — X3) + 0.1Us + €y

This SCM has two POMPSs, namely (X;; C) and (X2; C).

We first note that intervening on both X; and X5 is redundant in the sense that intervening on X5
destroys the directed causal path from X; to Y and renders the intervention on X; irrelevant to Y.
Let the intervention on X be given by an arbitrary function 7 : X¢ — Xx,. Then the expectation of
Y under such control can be expressed as:

E,[Y] =Ex[cos(C — X2) + 0.1U3 + €] = Er[cos(C — X2)] = Ex[cos(C — w(C))].

It is trivial to see that to maximise the above expectation, one should set X5 at the value of C, i.e., 7
is the identity. This yields max, E[cos(C — n(C))] = 1.

Therefore intervening on X5 based on C' yields the optimal value, as 1 which is the highest value that
the expectation of Y may achieve under any policy E,[Y] = E [cos(C — X3) + 0.1Us + 0.1¢,] =
Er[cos(C — X3)] < 1. We conclude that CoBO can achieve the optimal value for this SCM.

A.3 ENVIRONMENT WITH A LARGE NUMBER OF VARIABLES

This example highlights a key advantage of CoCa-BO: it can yield significant gains in sample
efficiency over standard CoBO, even when both methods converge to the same optimum. The
advantage stems from using the causal graph to identify and remove superfluous variables from the
policy scope. The resulting reduction in dimensionality often accelerates learning. We demonstrate
this in a challenging, high-dimensional setting with 57 contextual and 29 intervenable variables,
where the improvement from a simplified scope outweighs the cost of searching over the policy space.
The underlying Structural Causal Model is defined as follows.
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Figure 6: (a) A causal graph with a large number of variables. The rectangular nodes represent plates
of variables. The number below the rectangles represents the number of variables within each plate.
Variables Cy, and X, over-specify the environment and are redundant for optimising the expected
value of Y. (b) Both methods converge, but CoCa-BO has lower cumulative cost due to smaller

policy scopes ({(X1; C1,Cs), (X2; C1)}-

Uy, Uy ~ Uniform(—1,1), Co ~ N(0,0.2)
XlNN(U1,0.1), ClNN(CO—Ul,O.].)
Cy ~ N(C1,0.1), C3 ~ N(Cs,0.1) Cy ~ N(Cs5,0.1)
50
_ 1
Cti NN(O,OQ) Vi € {1,,50} Cso = % t;
=1
1 27
X;, ~ Uniform [ — 1,1 + 0.1C50] vjie{l,...,27} Xo7 = —ZXt.
J 27 j:1 J
C5 ~ N (Cy +0.01X57,0.1) Cs ~ N (C5,0.1)

X ~ N(0.5(Cy + Cg) + X1 +0.3|Us],0.1)
Y ~ N(COS(Cl — XQ) + 0.1U5, 001)

We also provide the causal graph corresponding to the above SCM in 6a, where we use rectan-
gular nodes to represent the plate notation (Koller & Friedman, 2009). This example has purely
contextual variables Cy, and X, that only influence the rest of the system only through Cs. It
is not necessary to control or observe these variables to achieve highest expectation of the target
variable Y. This is reflected in the POMPSs {(X1; C1, Cg), (X2; C1)} corresponding the causal
graph. Both POMPSs contain noticeably fewer variables than the policy scope considered by CoBO
(X1, X2, Xty.57;5 Co:6, Cty.50) Where Xy = {Xi | m < i <n}.

One may note that this SCM is similar to the SCM from A.2. Indeed, the structural equations for Y’
are the same. The same derivations apply to this SCM, proving that CoBO can achieve the optimum,
which is reflected in Fig. 6b, which shows that both methods converge to the optimum, yielding
a decreasing trend in the normalised cumulative regret. Moreover, CoCa-BO converges faster as
it utilises the causal graph and derives policies with a smaller scope. As we see, this significantly
improves the convergence speed over CoBO even if it achieves the optimum.
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Figure 7: Left: CoCa-BO performance under different BO implementations. Right: CoCa-BO
performance with contextual information preserved versus discarded.

A.4 ROBUSTNESS TO NOISE

We note that the total variance of Y under the optimal policy is actually higher than the variance of ey
due to an unobserved confounder Us, which has a variance of 1/3. Thus, var,(Y) = % + var(ey)
under the optimal policy 7. We emphasise that var,(Y") under any other policy 7’ is greater than or
equal to var, (Y).

A.5 ROBUSTNESS TO GP BACKEND AND IMPORTANCE OF CONTEXT

This subsection examines the effect of the underlying BO optimisation on our method. We ablate the
backend across HEBO (Cowen-Rivers et al. (2022)), BoTorch (Balandat et al. (2020)), and GPflow
(Matthews et al. (2017)). HEBO and BoTorch utilise GPyTorch (Gardner et al. (2018)) for GP
inference, whereas GPflow provides its own TensorFlow-based implementation (Abadi et al. (2015)).

We conduct the study on the SCM described in Appendix A.2 and summarise the results in Figure 7a.
We observe that our method converges regardless of the underlying BO routine, though HEBO
appears slightly better.

In the same environment, we ablate context by removing the contextual variables from all POMPS
while preserving the interventional variables and the hierarchical design of CoCa-BO. The results in
Figure 7b show that, without contextual information, the algorithm quickly converges to a suboptimal
solution and cannot escape it, due to the missing context.

B MAIN THEORETICAL RESULTS

B.1 DESCRIPTION OF THE SETTING AND THE ALGORITHM

Our algorithm, described in Algorithm 2, does not distinguish between two POMPSs that share the
same sets of intervenable and contextual variables. Hence, we say that two MPSs S and S’ are
equivalent if X(S) = X(8’) and C(S) = C(S’). Let m denote the number of distinct equivalence
classes of POMPSs. We index these equivalence classes by ¢ € {1,...,m}. For the i-th equivalence
class, we denote its intervenable variables by X (i) and its contextual variables by C(). We denote
by P; the distribution of the random vector C(3).

We assume that the reward obtained under a POMPS S belonging to the i-th class is given by
Y = f;(X(i),C>)) + &,

where f; : Xx(;) X X¢(;) — R and ¢; is independent Gaussian noise, ; ~ N (0, o?). Furthermore,
for every equivalence class, we assume f; ~ GP(0, k;) independently across 4, where k; are known
covariance functions such that #; := supy . . o ki((%,€), (X', ¢)) < 0.
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This means that we assume that the following arrays of independent random objects are generated by
the nature

i=1: fi; (C11,C12,Ci3,...,Cip,...) ~ GP(0, k) @ PEY,
i=2: fy;  (C21,C22,Cas,...,Cou,...)  ~GP(0,k) ® P,

1=m: f’m; (Cm,lvcm,%cm,Sa---aCm,éa---) ~ gP(O7km)®P®N*7

m
(51782,...,575,...) NN(O,U2)®N*.

Here, for a probability distribution Q, we denoted by Q®N" the probability distribution of the
sequence (Z;);en+ of independent random variables drawn from the same distribution (). We denote
the contextual best reward for arm ¢ by

fz'*(c) = sSup fi(xac)a
xE€EXx(4)
and the corresponding contextual best action by

x;(c) = argxg;&)i) fi(x,¢),

which we refer to as the optimal policy of arm .

Throughout this section, we will use the notation P(Z | f) and E[Z | f] to denote, respectively, the
conditional probability and the conditional expectation of a random vector Z given f = (f1,..., fm)-
The conditioning is understood with respect to the Gaussian process f = (f1,. .., fm), Which means
that the integration is carried out over all realisations of the noise variables ¢;.

An agent, without prior knowledge of the functions f;, interacts with this bandit in a sequential
manner. At each time step ¢:

1. the agent chooses i; € [m)],
2. the agent observes c; ~ F;,,
3. the agent selects x; € Xx(j,)»
4.

the agent observes y: = fi, (X¢, ¢t) + £¢, where &, ud N(0,02).

We use x;  and c;  to refer to the interventional and contextual values of the ith equivalence class of
POMPSs when it has been selected for the s™ time. Additionally, we refer to an equivalence class as
an arm, reflecting the similarity of our problem to the m-armed bandit setting. Each arm i has f; as
its expected payout function, where Xx ;) is assumed to be convex and compact.

In our causal optimisation framework, contexts for each arm are sampled i.i.d. from a fixed distribution.
A key aspect of our setting is that the agent actively selects which contextual variables to observe, a
decision determined by the chosen POMPS. The agent’s objective is to maximize (in expectation) the

cumulative reward Zthl y over an unknown time horizon 7.
Our proposed algorithm relies on the upper confidence bound (UCB) as the selection criterion for the
evaluation point. Recall that the posterior mean and variance of the GP are denoted by y; 5(x, ) and

0;.5(x, c), respectively, after the i arm has been played s times. The UCB at the point (x, c) after s
plays is defined as

UCB; (%, ¢) = i e—1(x,¢) + /Bi(€) 05 0—1(%x,¢), 5)
for some tuning parameters (3;(¢). We summarise our method in Algorithm 2, where §; s and 7 are
free parameters to be specified later.

Regret Definition Let 1, = E[f(C; 1) | f;] = [ maxx fi(x,c) P;(dc) and [* = Argmax;e ) Hi-
Clearly, 1; depends on f;, whereas Rr and I* depend on f, but for the sake of simplicity of writing,
this dependence will not be highlighted in the notation. We also write ©* = max;cy, i;- The regret
then is defined as:

T
Rr = Z {,u* - E[fit(Xt7Ct) | f,Dt_l]}. (6)

t=1
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Algorithm 2 Intervention selection algorithm UCB-BO

Input: m := number of equivalence classes of MPSs from S*
Parameters: (ﬂi(n))ie[m];neN* > (pi (n))ie[m];nEN* :
fort =1to...do
if t < m then
Select an equivalence class: 7; := t.
Observe context ¢, = c;, 1.
Select an action: x; = X;,,1 = arg MaXxexx;,, UCB;, 1(x, ¢;,,1). (See Eq. (5) for UCB.)
Set: sz(].) = UCBit,l(Xit,lacit,l); n;, = 1.
Observe: y;
Update the posterior for the 7, Gaussian process based on x;, 1,¢;,,1, and y;.
else
Select an equivalence class: 7; = arg max;e (Ui (n;) + L\/;ﬁ))
Update: n;, = n;, + 1.
Observe context: ¢; = Ciyni,
Select an action: X; = X;,,n,, = arg MaXocexx, UCB;, n,, (%, ¢t)
Observe: y;
Update the posterior for the ¢; Gaussian process based on x;, c¢;, and y;.

Set: Uy, (ns,) = =20, (ni, = 1) + 7 UCBy, n,, (x4, 1)
end if
end for

The regret R7 can be decomposed into two components:

T
Re=3"{ @ —m, Bl CO | £ DY,

t=1

Arm Selection Regret Context-averaged Action Selection Regret

The context-averaged action selection regret measures how much the mean reward f;, of the action
x; chosen by the agent deviates from the mean reward of the best possible action x} (c;, ), averaged
over all values of the context. We note that it is localised to the chosen arm. The arm selection regret
compares the rewards of each arm if the agent plays according to the optimal policy of that arm.

B.2 PROOF OF THE MAIN RESULT

Our next lemmas motivate the choice of the index for arms in Algorithm 2. Recall that X ; is an
element of Xx ;) that maximises x UCB, 4(x,C; 0).

Lemma 1. Let 6 € (0,1) and (7, )nen+ be a nondecreasing sequence of positive numbers such
that ), o 7,1 = 1. Let N ,, be an c-net of Xx (i) in L1-norm, with ¢ = 1/(mn,rid;). If for all
n € N¥,
Bi(n) > 2log(2/(md)) + 4d; log , (mr;d;my),
there is an event A; () of probability at least 1 — § such that on A;(9), the following properties hold
fi(Xi6, Cir) > UCB; ¢(X.0,Ci0) — 24/ Bi(€) 040—1(Xi 0, Cig); forall £ € N*, @)

£7(Cig) < UCB; ¢(X;.0,Cig) + %Mlog@o&b/é); forall x € Xx(); £ € N*.  (8)
4

Proof. We define the events
Qo = {|f¢(x,c) — fi(x',¢)| < p\/log(2d;/6) ||x — x'||1, forall x,x" € Xx(i), € € xc(i)},

Qo1 = {fi(x,Ci¢) SUCB;4(x,C;,); forall x € Nj,},

Qo = {f{k(ci,z) > UCB; ¢(Xi,0, Cip) — 24/ Bi(£) 0i,0-1(Xi e, Ci,f)}-
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Assumption 2 implies that P(€9) > 1 — §/2. Furthermore, we recall that for any (x, c) € Xx ;) X
Xc(s) the conditional distribution of f;(x, c) given D; ;1 is Gaussian with mean p; 1 (x, c) and
variance 07, (x,c). This implies that

P(fi(X, c) < pip—1(x,¢) ++/2log(1/6) 04 0—1(x, €) ’Di,pl) >1—4¢/2,

for every d; € (0,1). Note that the above inequality holds not only for any deterministic (x, c),
but also for every random pair (x, ¢) provided that it is independent of f; given D; ,_;. Therefore,
applying this inequality to all pairs {(x, C; ¢) : x € N ¢} and taking the union bound, we get

N ol
P(fi(& Civ) < pio—1(%,Ci0) +V/Bi(0) 0i0—1(%,Cip); Vx € Ny ‘ Di,éfl) >1-— %7

as soon as (3;(¢) > 2log(1/d,). Taking into account the definition of UCB,,, we arrive at
P(,1|Dip—1) > 1 — |N; ¢|d¢/2. Since this inequality holds for any set of values taken by the
data D; o1, we get

P(1) > 1—(6/4m), provided that 3;(€) > 2log(2me| N e|/0).

Since X, is the maximiser in Xx ;) of x ~— UCB;(x,C; ), it is clearly independent of f;
conditionally to D; ,_;. Therefore, the argument used above can be repeated to infer that the
following inequalities hold with probability > 1 — §/(4m):

filXi 0, Cie) > piv—1(Xip, Cip) — /2log(2me/d) 04.0-1(Xi e, Cig)
> UCB(X, Ci) — 2/ Bi(€) i 0-1(Xie, Cip),

provided that 3;(¢) > 2log(2m,/d). We conclude that as soon as 3;(€) > 2log(2m|N; ¢|/0), we
have P(A;(6)) > 1 — 6 for

DL

Ai(8) = Qo0 { (1N Q“)}.

4

I
-

The fact that (7) holds on .A(0) is obvious. To show that (8) holds as well, it suffices to notice that for
all x € Xx ;) and for all { e N*,

fi(x,Ci0) < max fi(x,Ci0) + @dirin/log(2d;vp /8) (mmerid;) ™
X il

< UCB, ¢(x, Ci ) + ¢+/log(2d;1 /5) (mme)
< UCB; ¢(X;.4,Cip) + p\/log(2di1 /8) (mmp) .

The first inequality above follows from the fact that €2 is realised, the second inequality follows from
.1 and the third inequality is due to the fact that X ¢ is the maximiser of x — UCB; ¢(x, C; ¢).

Since we assumed that Xx ;) C [0,7;]%, we have [N ¢| < (rid;/e)% v 1 = (mr2d?m;)% V 1. This
implies that it suffices to choose (3;(¢) satisfying

Bi(0) = 2log(2/(md)) + 4d; log  (mridimye).

This completes the proof of the lemma. O
Lemma 2. Let (7, )nen- be a nondecreasing sequence of positive numbers such that ), . T, L=
1. Define

n

1 1 n .
Ui(n) = - ZUCBi,Z(Xz’,Za Ci), fii(n) = - Zfi (Cie).
=1 /=1

If (7) and (8) are satisfied for some 6 € (0, 1), then for every n € N*,

in) — PVIBCEIL) )y g 2\/%6@)7(71)

Hals mn nlog(l+ o0 %k;)
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Proof. From (8), we infer that
[ (Cir) <UCB; (X, Ciy) to— log(2d;1)/9).
Averaging over £ = 1, ..., n, and using the inequality Z o1 1 / mp < 1, we obtain

_ - @dz T
fi(n) < Ui(n) + ——==/lo g(2d;1/0).

To get a lower bound on [i;(n), we average over £ = 1,... n inequalities (7), then apply the
Cauchy-Schwarz inequality, to obtain

ﬂz(n)z _72\/61 04,0— 1 zé; ZZ)
> Ui(n) — 2 ﬂl ZUM 1(

7,27 zé)

v

: 1/2
Ui(n) — \/%n{ Z o7 0-1(Xie, Ci,é)} . )
=1

The definition of O'Z +(x, ¢) as the posterior variance of f;(x, c) given D, ,_1 and formula (1) imply
that o7, (x, c) < #; for every (x, c). Therefore, the increasingness of the function z — z/log(1 + )
yields
‘772‘71'2,#1(7(7 Civ) o %k;
log (1407202, ,(x,Ciy)) ~ log(l+02k;)’

This can be rewritten as

K log (]. —+ 0720'1127€71(Xi’g, Ci,l))

01‘2,6—1(Xi,évci,€) < log(1 + o—2k;) ’ vee N
Therefore, we have
Ki
Zm 1(Xir, Cig) < —Zlog (1+07%07,1(Xis, Cix))

= 2
log(1 + 0 2k;) pet

2r7i(n)

= Tog(1 + 0 2ry)’ (1o

The last inequality above follows from the definition of ,, and (Srinivas et al., 2010, Lemma 5.3).

Combining (9) and (10), we arrive at

Ui(n) < i) + 2\/ 20,y (n) ()

nlog(l +o-2k;)

This completes the proof of the lemma. O

Lemma 3. Let 6 € (0,1) and let X¢(;) be convex and compact, included in [0, ré]dé, for some
di € N* and some 1, > 0. Let us denote

Xi(0) = diriplog(2(dith + 27p) /). (11
There exists an event A}(5) of probability at least 1 — § such that on A}(), it holds

1 n
eI A
w2 H

Vn € N*.
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Proof. If we set A f = max. f;(c) — min. f;(c), the Hoffding inequality implies that

( zn: Ciy) — i < Af \/W‘f)>1—51, Vi € [m).
0=
(

Choosing §; = ¢/(2m,) and using the Bonferroni inequality, we get

P( log(47,/9)

2n
On the other hand, since fc(i) is convex and compact, included in [0, ré]dé, Assumption 2 implies
that there exist kernel dependent positive constants ¢, ¥ such that, with probability at least 1 — §/2,

|fi(x,¢) — fi(x,c")| < p/log(2div/0) |lc — c'||1;  forall x € Xx(;), ¢, € X
Hence, with probability at least 1 — §/2, we have

AfF < diri.p/1og(2divp /9).

Combining with (12), this implies that on an event of probability at least 1 — §, denoted by A%(d),
we have, for any n € N*,

Zf — M

1
n

n

1
n Z fi(Cie) — i
=1

<Aff for all n € N*

f) >1-6/2.  (12)

< dir/Toga0 ) || <2

log(2(di + 2m)/8) _ X.(9)
Vo V'

This completes the proof of the lemma. O

< dirip

Our next step is to upper bound the number of times a suboptimal arm ¢ & I* is played.

Lemma 4. Let 6 € (0,1/2) and (w,) be a positive nondecreasing sequence satisfying
> ens 1/mn = 1. Let C; = 8k /1og(1 4 0~ 2k;). Assume that the parameters 3;(n) and p;(n) are
selected so that, for every i € [m] and every n € N*,

Bi(n) > 2log(4/8) + 4d; log(mr;d;my,),
pi(n) > o\/log(4md;vp /6) + dirjlog (4m(dih + 2m,)/5).

Let A(6) = N~ (Ai(6/2m) N A[(6/2m)) be the intersection of the events defined in Lemma
and Lemma 3. Then P(A(6)) > 1 — ¢ and on A(9), the number of times n; = n;(T) a suboptimal
arm with a gap A; > 0 has been played over the horizon T satisfies

V(D) < Ciﬁi("”mA@i) + 2p:(ns) \/1, vI>1vigrI.

Proof. The fact that P(.A(6)) > 1 — ¢ follows from Lemma 1, Lemma 3 and the union bound. Let
us use the notations

bi(n) = /CiBi(n)vi(n)

and \; as defined by (11). For all pairs (T, ¢) such that n;(T") = 1, the desired inequality is obviously
satisfied. Consider now the pairs (7', ¢) such that n;(7") > 2. Let ¢; be the last time the arm 4 has been
played among the first T rounds. To ease notation, let us set n; = n;(t;) = n;(T). Let j = j(f) be
an optimal arm, that is, an integer from [m] maximising ¢ — ;. Since at round ¢; arm ¢ has been
preferred to the optimal arm j, we have

Oi(ni) + ”é? > Ti(n;) + pi/(g)' (13)
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Under our choice of 3;(n) and m,,, Lemma 1 and Lemma 2 applied with §/(2m) instead of d, imply
that on A(9), for all T > 1 and for all 7 ¢ I*, it holds that

= bi(n;
Ui(n:) < fii(ng) + \;%)7 (14)
Ty(n5) > fiy(ny) — i/ 10g(4mdj1/fj/5). (15)

mnj

Combining (13), (14) and (15), we check that with probability at least 1 — /2, for all T > 1 and for

all ¢ ¢ I*, it holds that
pi(ng)  pjy/log(dmd;;/6) (16)

(. > (. .
lu‘l(nl) + \/TTZ = luJ (TL]) + \/TT] mn;
Since we work under A(J) that is included in |~ , A}(5/2m), we have

AL(6/2m)
fi(n) — pil < ————-—=,
|i(n) — pil o
In conjunction with (16), this implies that for all 7" > 1 and for all s &€ I*, j € I*,
bi(ni) + pi(ni) | Ai(6/2m) pi(ny)  ¢j\/log(dmd;;/6)  Aj(6/2m)
i + + >y + — — .
NG V2n; VN, mn; 2n;

In the rest of this proof, we work under this event.

foralli € [m].

When p;(n) is chosen so that for all j € [m)],

pi(n) > ‘fé\/w+ )‘Q‘(f//gm),

bi(ni) + pi(ni) + Ni(6/2m)

we infer that

> A, forall i & I'*.

Vi
This implies that
\/777 S bz(nz) +pz(nz) +>\1(5/2m) S bz(m) +2Pz(n1)
A'L' A'L
This completes the proof of the lemma. O

From now on, we use the notation

C=maxC;, x=maxk;, d=maxd;, d =maxd,
3 1 1 1
B(T) = miaxglggﬂi(n), p(T) = miaxglgagspi(n),

and

1’m
T) =max~;(T), H(T)= max — i\Ni),
) =max (D), AT) = e O3 i)

the last maximum being over all the sequences of positive integers summing to 7. We omit the
dependence of n;(T") on the horizon T" and write n; for brevity. We denote 8; = max;e §; 1 and
upper bound Rz under Lemma 4.

Proposition 1. Ler 6 € (0,1/2) and (w,) be a positive nondecreasing sequence satisfying
>ens 1/mn = 1. Let C = 8k/log(1 + 0 %k). Let A = (Aq,...,Ay,) be the vector of sub-
optimality gaps defined by A; = p* — p; and I* = {i : A; = 0}. Ler Assumption 1 and
Assumption 2 be fulfilled, and assume that the parameters [3; and p; of the algorithm satisfy

Bi(n) = 2log(4/6) + 4d; log(mrid;my),
pi(n) > o+/log(dmdp/5) + diriplog (4m(d§z/1 + 27Tn)/5)
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for every i € [m] and every n € N*. If the UCB-BO Algorithm 2 is applied up to horizon T then,
with probability at least 1 — 26, the regret defined by (6) satisfies the following two inequalities

Ry <5V'mT (V/CB(T)A(T) + p(T)) + | A1,
Ry < 2/[I[T (v/CB(T)A(T) + p(T)) + 22(CA(T)H( Z ~

i I* Z
+ A1+ 2m(VEBQ) + p(T)).

forall T € N*.

Proof. Throughout the proof, we assume that the event .A(9), of probability at least 1 — J, defined
in Lemma 4, is realised. We will also repeatedly use the following inequalities, that are direct
consequences of the Cauchy-Schwarz inequality:

S V(D) < VT, > V/ni(@)pi(ni(T)) < /mTp(T), forall J C [m].
ied ieJ
‘We will also use the notation

:W—Fpn
=/ CB(n)¥(n) + p(n),

for any n € N*. Let us define the functlons fP(x,c) = f(c) — fi(x,c). With this notation, the
regret R can be written as:

I
M=

Ry =Y {w* ~Elfi, (X, C) | £,071]}

~
Il
-

I
M=

{I = i, +Elf5 (X0, € | £,

o~
Il
—

I
MH

{w —mt}+Zf“ X;,Cy) +Z{E 2(X0,C) | £,D7) = FX0, €}
t=1

t=1
This leads to a decomposmon of the regret into three components

Ry =Ryp1+ Rro+ R
with

T T
Rry = Z{M* —pi},  Rra=)» f (X, Cy)

t=1

RTg—Z{]E (X, C) | £,0'71] = f2(X0,Co) -

One can check that for any functlon h defined on the appropriate set, we have

T m m ni(T)
Zh(itaxtact) :Z Z h(iz, X, Cy) = Z Z h(i, X0, Cir).
t=1 i=1 trig=i i=1 £=1

This yields

Rpi = Z ni(T) A
igr
m ni(T) m

Rra=3 3 S0 0 =3
i=1 f=1 i=1
m ni(T)

Rrs = Y A{E[ff(Xiz,Ci) | £, D] = 7 (X, Cie) }-
i=1 f=1

We will upper bound the three components of the regret, 21 1, Rt 2 and R 3, separately.

=

n,',

i (Cip) = fi(Xie, Cie) }

TM
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Bounds on the arm selection regret 7 1: We have

Ry < Z Vi (T) /i (T) A +ZA

iEI* n; (T)>1

< VD) (VCBi(na)vi(na) + 2pi(na)) + > A
igI* i=1
1/2 1/2 m
< {T > Ciﬁi(”i)%(ni)} + {4T > pf(m)} +) A
igI* igI* i=1

The first inequality above is obtained by simple algebra using the fact that A; > 0 for every 1,
the second inequality follows from Lemma 4, while the third inequality is a consequence of the
Cauchy-Schwarz inequality and the fact that the terms n;(7") sum to 7". Since all the functions /3;(-)
and p;(-) are nondecreasing, we get

Rpy < VmT (v/CB(T)F(T) + 2p(T) +ZA < 2e(T)VmT + [|Al. (17)

An alternative bound can be obtained by using Lemma 4 to infer that

RT1<Z<{\/ Cifi(ni) % ni) +2pi(n;) } 1>A-

2

iZI*
4c%(ny) 1
< Z{Aimi} §4C2(T)ZE+”A”1' (18)
igI* igI*

Bounds on the action selection regret Rr,: Let us use the shorthand notation A\ =

©+/log(4mdip/5). In view of Lemma 1, on the event A(J) C (-, A;(6/2m), for any arm i € [m)]
and for any n € N*, we have

n

Z(fz( ) fl( 0,05 zf <22\/6z O 0— 1 zla zf)""%
=1
ZJ'LE 1 7,[7 1€)+%
nﬂl {201/ 1 1/7 zi }
A
nC;Bi(n)v:(n) + poog (19)

Here, for the first inequality, we used (7) and (8), for the second inequality, we used the fact that /3;(-)
is a nondecreasing function, the third line follows from the Cauchy-Schwarz inequality, whereas the

forth line is a consequence of inequality (10). This leads to a first bound on the second component of
the regret:

Rra < Z n;CiBi(ni)vi(ng) + A
im1

< \/Cﬂ Z \/nz’Yz nz +p T)
< /mTCs(T )+ p(T) =vVmTe(T). (20)

An alternative bound can be obtained by replacmg in (1 9) n by n; = n;(T) and, for ¢ & I'*, using
Lemma 4:

" (g 42(T)
; (£7(Cip) = fi(Xie, Cie)) < 2¢/KB(1) + A,
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The first term in the right hand side above comes from the fact that if n; = 1, then instead of using
Lemma 4, we can simply use the fact that Ci'yi(l) < 4k;. Summing over all i € [m], we get

Ry < /T e(T) + 2m\/kB(1) + 5¢3(T) %. 1)

igrs ¢

Bounds on the stochastic-error-term 73 Let us denote by F; ,, the o-algebra generated by
{D"", f) and define M, o = 0 and

Min =Y {E[f?(Xis,Cin) | £, D' = f7(Xin,Ci)},  forn e N*.

It is clear that M, , is a F; ,-martingale, in the sense that E[M; ,, | F; n—1] = M; —1. To upper
bound M; ,,, we will apply the Azuma-Hoeffding inequality (Azuma, 1967; Hoeffding, 1963). To
this end, note that f?(x, c) > 0 for every x and c. Furthermore, as seen in the proof of Lemma 3, the
set of functions f; satisfying the inequalities

fio(Xi,faCi,f):mf‘xfi(xaci,é) fiXi6,Ci)

< AfF < d'r'p\/log(d4mdeyp/8) == N
is of probability at least 1 — &/2m. My — Mip 1| < N.

Therefore, we can apply the Azuma-Hoeffding inequality to infer that

P(M;, < XN/2nlog(1/61) | £) =21 -6

with probability at least 1 — 6/2 over the randomness in f. Choosing §; = §/(2m,, ), and using the
union bound, we arrive at

0

P(M;n < XN/2nlog(2mm, /6), foralln e N*, i€ [m] | f) > 1— 3
with probability at least 1 — /2 over the randomness in f. From this, we readily get

P(M; ., < X/2nlog(2mm, /5), foralln € N*, i € [m]) > 1 —6.

Hence, on an event 3(0) of probability at least 1 — &, we have

Rrs=Y M;,, ) < Xv/2log@mmr/8) > /ni(T) (22)

< N\/2mT log(2mmr /6). (23)

The alternative upper bound on the term R7 3 is obtained by combining (22) with Lemma 4. This
yields

1
Ry 3 < p(T) (\/T|I*|+m+20(T) Z A) (24)
igr= "
Combining upper bounds (17), (20) and (23), we get
Ry <3VmT &T) + ||A|ly + N /2mT log(2mmr/6)

<5vmTe(T) + ||AlL
with probability at least 1 — 24.

Similarly, combining bounds (18), (21) and (24), we get

1 1
RT§4c2(T)ZK+||A||1+\/T|I*|c( )+ 2m/KB(1) + 5c%(

igr= ¢ z€]*
1
) (\/T|I*| +m+2e(T) Y K)'
igrs "
Regrouping the terms, we arrive at
1
Ry < A1) Y~ o + 1Al + 2T e(T) +m(2y/kB(1) + p(T)).
igls "
This completes the proof of the proposition. [
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B.3 PROOF OF THEOREM 1
We denote » = ¢ V 1 and 1)—%) V 1, and take 7,, = 7w2n?/6. Proposition 1 assumes that
Bi(n) > 2log(4/d) + 4d; log(mr;d;my, ),
where the right-hand side can be upper bounded by
2log(4/0) + 4d; log(mr;d;my,) < 4d; log(2m,r;md; /0)
< 84, log (w\?{ﬁ ' mdm) ’

]
since d; > 1.
Now we analyse the assumption on p;(n):
pi(n) = @\/log(4md;p/§) + dirjplog (4m(div + 2m,)/6),
where the right-hand side can be upper bounded by

o\/log(4md;ap/8) + diriplog (4m(div + 2m,) /)
< ¢ (log(4md; v /8) + dir;log (4m(d;¢ + 27,)/6))

7 202
< 2pdi(r; vV 1)log <4m (dz;/) + 7r3n ))
< 2¢dj(r} v 1)log (8md;ipm°n?/(36)) , as a + b < 2ab, Va,b > 1
2\/5771/_1 mnd;
< dpdi(riVv1)lo : “ .
< 4pd;(r; v 1) log ( 7 5 )

Hence, (3;(n) and p;(n) satisfy the conditions of Proposition 1 if

,Bl(n) AN pl(n) > 8@6?,‘(?1' vV 1) log (5.141;\/ 7 V1- mncﬁ/(;) .

By taking A; = 8@ (7; V 1), then 3;(n) and p;(n) satisfy the conditions of Theorem 1 whenever
they satisfy the conditions of Proposition 1.

Under Section 3 the regret is upper bounded
Ry < 5VmT (v/CB(T)7 +p ) + Al
<5V/CV 1{Vm (\/ T)+p(T))} + | A1,
which implies Ay = 5vC V 1.

For the instance dependent upper bound, Section 3 implies that

Rr < 2/|I[T (v/CB(T)F(T) + p(T)) + 22(CH(T)NT) + p*(T)) %
igr+
+ (Al +2m(V/kB(1) + p(T))
< 2VCV V(T (VBT)A(T) + p(T))} + 22(C v 1) (BT)(T) + p*(T)) A%-

il
+2(vEV )m(VB(Q) + p(T)) + | A1
Consequently, we take Az = 2(11C V /K V 11).

In summary, if we take A; = 8¢9 (7; V 1), Ay = 5v/CV 1, and A3 = 2(11C V /k V 11) then
Section 3 implies Theorem 1.
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Kernel ‘ yr | MaX,, eN:S =T Doreq i
Matérn-v 3 O(TTid log% (T)) | O(m2+a wia Twva logzv+d nia (T)+m)
Squared exponential 3 O(]Ogd+1 (T)) O(m logt(T (T))

2d%42d41 2d%42d41
Cauchy spectral mixture 4 O(T 2442442 log(T)) | O(m 5775073 T24%+2a+2 log(T) +m)
D-dimensional feature-map ° O(Dlog(T)) O(mD]log(T))
3-polynomial eigendecay 3 O(TYB1og' VB (T)) | O(m*=VBTVB10g" "V 3(T) 4 m)
B-exponential eigendecay 3 Oog'/%(T)) O(mlog™/%(T))

Table 3: Bounds on maximum information gains and their sums on a domain of dimension d.

C ADDITIONAL THEORETICAL RESULTS

In this section, we provide some additional mathematical results that support the discussion conducted
after Theorem 1.

C.1 BOUNDS ON THE INFORMATION GAINS

This subsection aims to upper bound sums of the following form

max i (1) 25
max Zv i (25)
S =T "=

where ; are the maximum information gains for possibly different Gaussian processes (i.e., with
different kernels) but satisfying our assumptions (0 mean, covariance function is bounded by &, etc.).
We set v;(¢) = 0, V¢ < 0 for convenience.

To upper bound (25), we use results of Vakili et al. (2021) that imply that

1
» for kernels with exponential eigendecay yr < O(logHE) where 3. is a positive constant,

* for kernels with polynomial eigendecay vr < O(T 7 10g17% T), where 8, > 1.

As an example, for widely used kernels, such Matern-v v < O(Tﬁ logﬁ T) and vr <
O(log™™* T') for the squared exponential kernel.
Hence, we write that v,(T) < A, 7% logb" T + B; for some A;,B;,b; > 0and 0 < a; < 1.

For simplicity, we take A, B,b and a to be the maximums of the corresponding constants, e.g.
a = MaX;c[m) &;- SO we have that

Yi(T) < AT%1og T + B, Vi € [m). (26)

We note that B > +;(1), Vi € [m] which under the assumption that kernels are bounded by & is at
most 3 log(1+ 072k). So B > 3 log(1 + 07 2k).

Proposition 2. If the array (7;(n))ic[m] nen+ Satisfies (26), then

max. Z% n;) < Am'=eT® log” T+ mB.
z”ézEN Pt

3Please see Vakili et al. (2021)
“Please see Zhang & Hua (2025)
SPlease see Srinivas et al. (2010)
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Proof. Using that z +— log® x is increasing and that x — x® is concave, we upper bound (25) by

m m
max Z%" <A max>110ngZn? +mB

n;eNt n; ER, n; > .
215’}\]: =1 zez n;=T i=1
1 m a
<A b il .
< Amlog Tnie%,arig (m Z nl) +mB
> n;=T =1
= Am*~*T%log’ T + mB
and the claim of the proposition follows. O

We illustrate the implications of Proposition 2 for several widely used kernels in Table 3. Our results
also extend to composite kernels, i.e. sums and products of kernels. In particular, Theorem 3 of
(Krause & Ong, 2011) gives an upper bound on the maximum information gain of a sum kernel in
terms of the information gains of its components. Similarly, Theorem 2 of (Krause & Ong, 2011)
shows that when the component kernels are finite-rank, the information gain of their product can be
bounded likewise by those of the components.

C.2 ON THE UNIQUENESS OF THE OPTIMAL ARM

This section motivates the uniqueness of the optimal arm in the scenario where ( f;); are sampled
from Gaussian processes. We recall that the reward of arm ¢ is

pi=E | sup fi(x,C)| fil. 27)

xEXx

We next show when p; # p1; for distinct ¢ and j.
Lemma 5. Let i # j. If at least one of ; and p; is absolutely continuous, then P(u; = ;) = 0.

Proof. Note that y; is o( f;) measurable and 4 is o( f;) measurable. By Assumption 2, the random
variables f; and f; are independent, which implies that any random variables defined on their
respective o-algebras are also independent, in particular y; and 145 are independent.

We assume without loss of generality that u; is absolutely continuous. Under the established
independence we write that

P = 13) = (P @ By = 1) = [ Pl = ) Py (do)

= /0 P, (dxz) =0,
which concludes the proof. O
It follows from Lemma 5 that if all j1;, except possibly one, are absolutely continuous, then almost
surely no two distinct ones are equal.

The next lemma provides sufficient conditions for y; to be absolutely continuous.
Lemma 6. Let |X¢(;)| < oo and k; be strictly positive definite, then yi; is absolutely continuous.

Proof. Our Assumption 2 implies that f; is almost surely continuous and hence, thanks to the
compactness assumption made in Assumption 1, attain their maxima on Xx ;). We may rewrite the

expectation in (27) as a sum, assuming that X¢(;) = {c1,...,¢cs}:
pi= Y, P(C=0)fi(xj(c)c)
CG:{C(i)

J
= max z; vifi(xj, ¢)-
]:
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It is clear that the process

J
Fi(xla'“ aXJ) = Zykfi(xjacj)
j=1

is centered and Gaussian. For X = (x1,...,Xx) and X' = (x],...,X% ), we have
E[FX)F(X)] =vK;(X X )v, (28)
where T = (v4,...,v;) and
ki((xlacl),(xllacl)) ki((xlacl)a(xi]acJ))
ki((xJacJ)?(Xllvcl)) ki((XJ,C.j),(X{],CJ))

Note that K; (X, X') is strictly positive definite since k; is strictly positive definite. So (28) is strictly
greater than zero for all x and x’ from their respective domains.

We have that F; is a zero-mean Gaussian process whose index set is compact and separable, as it is a
compact subset of Euclidean space, and its variance is zero nowhere. This implies that sup, F'(X) is
absolutely continuous (Lifshits, 1984, Corollary, page 2), and so is j;.

Consequently, if we have that for all i, except possibly one, |X¢(;)| < oo and k; are strictly positive
definite, we can invoke Lemma 6 and Lemma 5 to conclude that all ; are almost surely distinct. So
I* set contains only one element almost surely.
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