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ABSTRACT

We present a scalable and effective exploration strategy based on Thompson sam-
pling for reinforcement learning (RL). One of the key shortcomings of existing
Thompson sampling algorithms is the need to perform a Gaussian approximation
of the posterior distribution, which is not a good surrogate in most practical set-
tings. We instead directly sample the Q function from its posterior distribution,
by using Langevin Monte Carlo, an efficient type of Markov Chain Monte Carlo
(MCMC) method. Our method only needs to perform noisy gradient descent up-
dates to learn the exact posterior distribution of the Q function, which makes our
approach easy to deploy in deep RL. We provide a rigorous theoretical analysis for
the proposed method and demonstrate that, in the linear Markov decision process

(linear MDP) setting, it has a regret bound of O(d3/ 2H3/2\/T ), where d is the
dimension of the feature mapping, H is the planning horizon, and T is the total
number of steps. We apply this approach to deep RL, by using Adam optimizer
to perform gradient updates. Our approach achieves better or similar results com-
pared with state-of-the-art deep RL algorithms on several challenging exploration
tasks from the Atari57 suite[l]

1 INTRODUCTION

Balancing exploration with exploitation is a fundamental problem in reinforcement learning (RL)
(Sutton and Barto, 2018). Numerous exploration algorithms have been proposed (Jaksch et al.
2010; (Osband and Van Royl 2017 |Ostrovski et al., 2017; |Azizzadenesheli et al.l 2018} [Jin et al.,
2018). However, there is a big discrepancy between provably efficient algorithms, which are typ-
ically limited to tabular or linear MDPs with a focus on achieving tighter regret bound, and more
heuristic-based algorithms for exploration in deep RL, which scale well but have no guarantees.

A generic and widely used solution to the exploration-exploitation dilemma is the use of optimism
in the face of uncertainty (OFU) (Auer et al.| [2002). Most works of this type inject optimism
through bonuses added to the rewards or estimated Q functions (Jaksch et al., 2010;|Azar et al., 2017;
Jin et al 2018} 2020). These bonuses, which are typically decreasing functions of counts on the
number of visits of state-action pairs, allow the agent to build upper confidence bounds (UCBs) on
the optimal Q functions and act greedily with respect to them. While UCB-based methods provide
strong theoretical guarantees in tabular and linear settings, they often perform poorly in practice
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(Osband et al., 2013} |Osband and Van Royl [2017). Generalizations to non-tabular and non-linear
settings have also been explored (Bellemare et al.| 2016} Tang et al., [2017} |Ostrovski et al., 2017}
Burda et al., [2018)).

Inspired by the well-known Thompson sampling (Thompson,|1933) for multi-armed bandits, another
line of work proposes posterior sampling for RL (PSRL) (Osband et al., 2013 |Agrawal and Jia,
2017), which maintains a posterior distribution over the MDP model parameters of the problem
at hand. At the beginning of each episode, PSRL samples new parameters from this posterior,
solves the sampled MDP, and follows its optimal policy until the end of the episode. However,
generating exact posterior samples is only tractable in simple environments, such as tabular MDPs
where Dirichlet priors can be used over transition probability distribution. Another closely related
algorithm is randomized least-square value iteration (RLSVI), which induces exploration through
noisy value iteration (Osband et al., 2016a} [Russo, [2019; [shfaq et al.,|2021). Concretely, Gaussian
noise is added to the reward before applying the Bellman update. This results in a Q function
estimate that is equal to an empirical Bellman update with added Gaussian noise, which can be seen
as approximating the posterior distribution of the Q function using a Gaussian distribution. However,
in practical problems, Gaussian distributions may not be a good approximation of the true posterior
of the Q function. Moreover, choosing an appropriate variance is an onerous task; and unless the
features are fixed, the incremental computation of the posterior distribution is not possible.

Algorithms based on Langevin dynamics are widely used for training neural networks in Bayesian
settings (Welling and Teh, 2011). For instance, by adding a small amount of exogenous noise,
Langevin Monte Carlo (LMC) provides regularization and allows quantifying the degree of un-
certainty on the parameters of the function approximator. Furthermore, the celebrated stochastic
gradient descent, resembles a Langevin process (Cheng et al.l 2020). Despite its huge influence in
Bayesian deep learning, the application of LMC in sequential decision making problems is relatively
unexplored. Mazumdar et al.|(2020) proposed an LMC-based approximate Thompson sampling al-
gorithm that achieves optimal instance-dependent regret for the multi-armed bandit (MAB) problem.
Recently, [Xu et al.| (2022) used LMC to approximately sample model parameters from the poste-
rior distribution in contextual bandits and showed that their approach can achieve the same regret
bound as the best Thompson sampling algorithms for linear contextual bandits. Motivated by the
success of the LMC approach in bandit problems, in this paper, we study the use of LMC to approx-
imate the posterior distribution of the Q function, and thus provide an exploration approach which
is principled, maintains the simplicity and scalability of LMC, and can be easily applied in deep RL
algorithms.

Main contributions. We propose a practical and efficient online RL algorithm, Langevin Monte
Carlo Least-Squares Value Iteration (LMC-LSVI), which simply performs noisy gradient descent
updates to induce exploration. LMC-LSVI is easily implementable and can be used in high-
dimensional RL tasks, such as image-based control. Along with providing empirical evaluation
in the RiverSwim environment and simulated linear MDPs, we prove that LMC-LSVI achieves a
O(d3/2H3/2\/T) regret in the linear MDP setting, where d is the dimension of the feature mapping,
H is the planning horizon, and 7' is the total number of steps. This bound provides the best possible
dependency on d and H for any known randomized algorithms and achieves sublinear regret in 7.

Because preconditioned Langevin algorithms (Li et al.,|2016)) can avoid pathological curvature prob-
lems and saddle points in the optimization landscape, we also propose Adam Langevin Monte Carlo
Deep Q-Network (Adam LMCDQN), a preconditioned variant of LMC-LSVIbased on the Adam
optimizer (Kingma and Ba,2014). In experiments on both N-chain (Osband et al.,[2016b)) and chal-
lenging Atari environments (Bellemare et al.,2013)) that require deep exploration, Adam LMCDQN
performs similarly or better than state-of-the-art exploration approaches in deep RL.

Unlike many other provably efficient algorithms with function approximations (Yang and Wang,
2020 [Cai et al., 20205 |Zanette et al., |2020a; | Xu and Gu, [2020; |Wu et al., [2020; |Ayoub et al.| 2020;
Zanette et al.| 2020b}; |Zhou et al., 2021} |He et al., 2023)), LMC-LSVI can easily be extended to deep
RL settings (Adam LMCDQN). We emphasize that such unification of theory and practice is rare
(Feng et al., 2021} Kitamura et al., 2023} [Liu et al., 2023)) in the current literature of both theoretical
RL and deep RL.
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2 PRELIMINARY

Notation. For any positive integer n, we denote the set {1,2,...,n} by [n]. For any set A, (-,-) 4
denotes the inner product over set A. ® and @ represent element-wise vector product and division

respectively. For function growth, we use (5(), ignoring poly-logarithmic factors.

We consider an episodic discrete-time Markov decision process (MDP) of the form (S, A, H, P, r)
where S is the state space, A is the action space, H is the episode length, P = {P}, }/1_, are the state
transition probability distributions, and = {rj,}?L are the reward functions. Moreover, for each
h € [H], Pr(- | z,a) denotes the transition kernel at step h € [H], which defines a non-stationary
environment. 75, : S X A — [0,1] is the deterministic reward function at step h A policy 7 is
a collection of H functions {mj, : & — A} Where 7, (z) is the action that the agent takes in
state x at the h-th step in the episode. Moreover, for each h € [H|, we define the value function
V7 +'§ — R as the expected value of cumulative rewards received under policy m when starting
from an arbitrary state x;, = x at the h-th time step. In particular, we have

Vhﬂ(l‘) = Eﬂ' [Zg:h Tho(acho,aho) ‘xh = !E]

Similarly, we define the action-value function (or the Q function) @} : & x A — R as the expected
value of cumulative rewards given the current state and action where the agent follows policy =
afterwards. Concretely,

Qn(x,a) = Eﬂ[ZhHo:h rro (o, ap) | 2n = @, ap = al.

We denote V¥ (z) = V;7 («) and Q; (z,a) = QF (z,a) where 7* is the optimal policy. To simplify
notation, we denote [P, Vi1 1](2, a) = Ezopp (- | 2,0) Va1 (2”). Thus, we write the Bellman equation
associated with a policy 7 as

QZ(CB,(I) = (rn + PthTrJrl)(xﬂ a), Vhﬂ(x) = Qp(x, mn(x)), VHWJrl(x) =0. 1

Similarly, the Bellman optimality equation is

Qhl@,a) = (rm +PuVi)(@a),  Wi(@) = Qe @), Via@=0. @

The agent interacts with the environment for K episodes with the aim of learning the optimal policy.
At the beginning of each episode k, an adversary picks the initial state %, and the agent chooses a
policy 7*. We measure the suboptimality of an agent by the total regret defined as

Regret(K) = Yopy [V (ah) — Vi (ah)].

Langevin Monte Carlo (LMC). LMC is an iterative algorithm (Rossky et al., 1978} [Roberts and
Stramer, 2002; |Neal et al., 201 1)), which adds isotropic Gaussian noise to the gradient descent update
at each step:

W1 = wg — MV L(wg) + /208 ey, (3)
where L(w) is the objective function, 7, is the step-size parameter, 3 is the inverse temperature
parameter, and ¢, is an isotropic Gaussian random vector in R?. Under certain assumptions, the
LMC update will generate a Markov chain whose distribution converges to a target distribution <
exp(—BL(w)) (Roberts and Tweediel |1996; Bakry et al.,2014). In practice, one can also replace the
true gradient V L(wy) with some stochastic gradient estimators, resulting in the famous stochastic
gradient Langevin dynamics (SGLD) (Welling and Teh| [2011) algorithm.

3 LANGEVIN MONTE CARLO FOR REINFORCEMENT LEARNING

In this section, we propose Langevin Monte Carlo Least-Squares Value Iteration (LMC-LSVI), as
shown in Algorithm [I| Assume we have collected data trajectories in the first k& — 1 episodes as
{(=7,a],7(x],a]),..., 25, a5, r(x%, ay))}*Zl. To estimate the Q function for stage h at the

k-th episode of the learning process, we define the following loss function:
k—1 T 4T T . T 4T 2
LZ(wh) = Z’T:l [Th(xha ah) + maXge QZ+1(xh+17 a) - Q(whv qb(xm ah))} + )‘”whHQv 4

>We study the deterministic reward functions for notational simplicity. Our results can be easily generalized
to the case when rewards are stochastic.
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where (; ) is afeature vector of the corresponding state-action paiCimg,; (x,;&;)) denotes

any possible approximation of the Q function that is parameterizeg:bgnd takes (x; ;&) as

input. At stageh, we perform noisy gradient descentlofi( ) for Ji times as shown in Algorithin 1,
wherelJy is also referred to as the update number for epidodéote that the LMC-LSVI algorithm
displayed here is a generic one, which works for all types of function approximation of the Q func-
tion. Similar to the speci cation of Langevin Monte Carlo Thompson Sampling (LMCTS) to linear
bandits, generalized linear bandits, and neural contextual bandits (Xu[et al., 2022), we can also de-
rive different variants of LMC-LSVIfor different types of function approximations by replacing the
functionsQ(wn; (x;;a;)) and the loss functiob § (wp).

In this paper, we will derive the theoretical analysis of LMC-LSVIunder linear function approx-
imations. In particular, when the function approximation of the Q function is linear, the model
approximation of the Q function, denoted Q'g in Line 11 of Algorithm 1 becomes

Qi(;) minf (;) wy”*;H h+1g": (5)
DenotingV¥,; () = maxaza QF,; (;a), we haver LE(wn) =2( Kwy H), where
K1 K1
K= (nian) (psan)” + 1oanddi = ra(xp;an) + Vs (et ) - (Xni@n): (6)
=1 =1

By settingr L{(wn) =0, we get the minimizer of K aswf = ( K) K.
We can prove that the iteramfJ ¥ in Equation (5) follows the following Gaussian distribution.

Proposition 3.1. The parametewﬁ;J ¥ used in episod& of Algorithm 1 follows a Gaussian distri-
butionN ( £7*;  K7x), with mean and covariance matrix:

X
kJk — Ik v oo A1, 10 Jk oo pdiet Ji i
Ko = Adcradiwd0h T Al AT A
i=1

_ X q ,
o= ZAkcoAlr 1 AP L e A) TALE Al
i=1

whereA; = | 2 | fori 2 [K].

Proposition 3.1 shows that in linear setting the parar’rw,ﬁérk follows a tractable distribution. This
allows us to provide a high probability bound for the param\szmﬁéjrk in Lemma B.3, which is then
used in Lemma B.7 to show that the estima@#ﬁfunction is optimistic with high probability.

We note that the parameter update in Algorithm 1 is presented as a full gradient descent step plus
an isotropic noise for the purpose of theoretical analysis in Section 4. However, in practice, one can
use a stochastic gradient (Welling and Teh, 2011; Zou et al., 2021) or a variance-reduced stochastic

gradient (Dubey et al., 2016; Xu et al., 2018; Zou et al., 2018; 2019) of the loss fullcﬁt(mfj l)
to improve the sample ef ciency of LMC-LSVI.

4 THEORETICAL ANALYSIS

We now provide a regret analysis of LMC-LSVIunder the linear MDP setting (Jin et al., 2020; Yang
and Wang, 2020; 2019). First, we formally de ne a linear MDP.

De nition 4.1 (Linear MDP) A linear MDP is an MDRS; A; H; P;r) with afeature : S Al

and an unknown vector, 2 RY, such that for anyx;a) 2S A , we have
Pn( jx;@)= h(x;a); n()i andra(x;a) = h (x;a); ni:

Without loss of generalgyi we assurmie (x;a)k; 1 for al (x;a) 2 S A, and
maxtk (S)kz; k nkag dforallh 2 [H].
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Algorithm 1 Langevin Monte Carlo Least-Squares Value lteration (LMC-LSVI)

1: Input: step size$ ¢ > Ogk 1, inverse temperatuffe gk 1, loss functiornL  (w)
2: Initialize w;'® = 0forh 2 [H],Jo =0

3: for episodeék =1;2;:::;K do

4:  Receive the initial statsf

5. forsteph=H;H 1;:::;1do

6: WO =y T

7: forj =1;:::;J¢ do

8 KON (1)

9: wil = wi e kw2 B
10: end for

11 QK(:)  minfQMWT*: (5))iH  h+lgh

122 VE()  maxaa Qf(;a)

13:  end for

14: forsteph=1;2;:::;H do

15: Take actioraf  argmax,,, QK(sK;a), observe rewardf (sk; ak) and next statsf ,,
16: end for

17: end for

We refer the readers to Wang et al. (2020), Lattimore et al. (2020), and Van Roy and Dong (2019)
for related discussions on such a linear representation. Next, we introduce our main theorem.

Theorem 4.2.Let =1 in Equation(4), 91—7 = O(H P d) in Algorithm 1, and 2 (3p3—;1). For
anyk 2 [K], let the learning rate x = 1=(4 max( {)), the update numbely =2 | log(4HKd)

where « = max( £)= min ( £) is the condition number of. Under De nition 4.1, the regret
of Algorithm 1 satis es

= 2P =
Regre(K ) = ©(d*?H32" T);
with probability at leastl

We compare the regret bound of our algorithm with the state-of-the-art resustn the literature of
theoretical reinforcement learning in Table 1. Compared t&ﬁe lower b¢udd T) proved in

Zhou et al. (2021)’[5’Er regret bound is worse off by a factor dH under the linear MDP setting.
However, the gap of d in worst-case regret between UCB and TS-based methods is a long standing
open problem, even in a simpler setting of linear bandit (Hamidi and Bayati, 2020). When converted
to linear bandits by setting = 1, our regret bound matches that of LMCTS (Xu et al., 2022) and
the best-known regret upper bound for LinTS from Agrawal and Goyal (2013) and Abeille and
Lazaric (2017).

Remark4.3. In Theorem 4.2, we require that the failure probability ?912—7 However, in
frequentist regret analysis it is desirable that the regret bound holds for arbitrarily small failure
probability. This arises from Lemma B.7, where we get an optimistic estimation with a constant
probability. However, this result can be improved by using optimistic reward sampling scheme pro-
posed in Ishfag et al. (2021). Concretely, we can gendaéstimates for Q functioﬁQE;m Om2[M]

through maintainind samples ofv: fwf'fJ M o im1- Then, we can make an optimistic estimate

of Q function by settingk ( ; ) = min fmaxmom ]fQﬁm (;)gH h+1g. We provide the regret
analysis for this approach, whose proof essentially follows the same steps as in that of Theorem 4.2,
in Appendix D. However, for the simplicity of the algorithm design, we use the currently proposed
algorithm.

5 DeepPQ-NETWORK WITH LMC EXPLORATION

In this section, we investigate the case where deep Q-networks (DQNs) (Mnih et al., 2015) are
used, which is used as the backbone of many deep RL algorithms and prevalent in real-world RL
applications due to its scalability and implementation ease.
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Table 1: Regret upper bound for episodic, non-stationary, linear MDPs. Here, computational
tractability refers to the ability of a computational problem to be solved in a reasonable amount
of time using a feasible amount of computational resources.

Algorithm Regretn Exploration C.?.gg? atgitlli(t);al
LSVI-UCB (Jin et al., 2020) B(d*?H*2" 1) ucB Yes
OPT-RLSVI (Zanette etal., 20208 G(d’H? _T) TS Yes
ELEANOR (Zanette et al., 2020b)  ®(dH**" T) Optimism No
LSVI-PHE (Ishfag etal., 2021)  ®(d*?H%*? T) TS Yes
LMC-LSVI (this paper) G(d*?H32" T) LMC Yes

While LMC and SGLD have been shown to converge to the true posterior under idealized settings
(Chen et al., 2015; Teh et al., 2016; Dalalyan, 2017), in practice, most deep neural networks often
exhibit pathological curvature and saddle points (Dauphin et al., 2014), which render the rst-order
gradient-based algorithms inef cient, such as SGLD. To mitigate this issue, Li et al. (2016) proposed
RMSprop (Tieleman et al., 2012) based preconditioned SGLD. Similarly, Kim et al. (2022) proposed
Adam based adaptive SGLD algorithm, where an adaptively adjusted bias term is included in the
drift function to enhance escape from saddle points and accelerate the convergence in the presence
of pathological curvatures.

Similarly, in sequential decision problems, there have been studies that show that deep RL algo-
rithms suffer from training instability due to the usage of deep neural networks (Sinha et al., 2020;
Ota et al., 2021; Sullivan et al., 2022). Henderson et al. (2018) empirically analyzed the effects
of different adaptive gradient descent optimizers on the performance of deep RL algorithms and
suggest that while being sensitive to the learning rate, RMSProp or Adam (Kingma and Ba, 2014)
provides the best performance overall. Moreover, even though the original DQN algorithm (Mnih
et al., 2015) used RMSProp optimizer with Huber loss, Ceron and Castro (2021) showed that Adam
optimizer with mean-squared error (MSE) loss provides overwhelmingly superior performance.

Motivated by these developments both in the sampling community and the deep RL community, we
now endow DQN-style algorithms (Mnih et al., 2015) with Langevin Monte Carlo. In particular, we
propose Adam Langevin Monte Carlo Deep Q-Network (Adam LMCDQN ) in Algorithm 2, where
we replace LMC in Algorithm 1 with the Adam SGLD (aSGLD) (Kim et al., 2022) algorithm in
learning the posterior distribution.

In Algorithm 2, r Eﬁ(w) denotes an estimate ofLE(w) based on one mini-batch of data sam-
pled from the replay buffer. ;1 and , are smoothing factors for the rst and second moments of
stochastic gradients, respectivelg.is the bias factor and; is a small constant added to avoid

zero-divisors. Hereyr'fJ can be viewed as an approximator of the true second-moment matrix

E(r BK(WST Yyr BE(wf? 1)>)andthe biastermn! 1 v/ 1+ 11 can be viewed as the
rescaled momentum which is isotropic near stationary points. Similar to Adam, the bias term, with
an appropriate choice of the bias factgiis expected to guide the sampler to converge to a global
optimal region quickly.

6 EXPERIMENTS

In this section, we present an empirical evaluation of Adam LMCDQN . For the empirical evaluation
of LMC-LSVIin the RiverSwim environment (Strehl and Littman, 2008; Osband et al., 2013) and
simulated linear MDPs, we refer the reader to Appendix F.1. First, we consider a hard exploration
problem and demonstrate the ability of deep exploration for our algorithm. We then proceed to
experiments with 8 hard Atari games, showing that Adam LMCDQN is able to outperform several
strong baselines. Note that for implementation simplicity, in the following experiments, we set all
the update numbedk and the inverse temperature valuggo be the same number for &ll2 [K].

We also emphasize that even though in Theorem 4.2, we specify a theoretical valye dsrwe

show in this section, in practice, a small value 3qr(we useJy = 4 for N-Chain andJx = 1 for
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Algorithm 2 Adam LMCDQN

1. Input: step sizeé ¢ > Ogk 1, inverse temperaturfe gk 1, Smoothing factors; and », bias
factora, loss functiorL  (w).

2: Initialize w,° from appropriate distribution fan 2 [H], Jo = 0, m$® = 0 andv}® = 0 for
h2 [H]andk 2 [K].

3: for episodek = 1;2;:::;K do

4:  Receive the initial stats.

5. forsteph=H;H 1;:::;1do

6 WE:O - WE 1,3« 1;mlr<];0 — mE 1,3« 1;VE;0 - VE L3k 1

7 forj =1;:::;J¢ do

8 KON (©O;1) q

9 wih = wik ek w4 am ! vl e g o+ 2y Bl
10: mﬁj = 1m_ﬁ;j v )r Eﬁ(wﬁj h _

11: Vil = v @ r BEwE Y 1 BRwl Y

12 end for

13 QN(:) QW (1)
14: V() maxaoa Q(:a)

15:  end for

16: forsteph=1;2;:::;H do

17: Take actioref  argmax,,, QF(sk;a), observe rewardy (sk; ak) and next statsf , .
18:  end for

19: end for

Atari) can yield good performance for our algorithm. We also emphasize that in our implementation
of Adam LMCDQN we use xed values of; =0:9, , =0:99 and ; =10 @ instead of tuning
them.

Remark6.1 We note that in our experiments in this section, as baselines, we use commonly used
algorithms from deep RL literature as opposed to methods presented in Table 1. This is because
while these methods are provably ef cient under linear MDP settings, in most cases, it is not clear
how to scale them to deep RL settings. More precisely, these methods assume that a good feature
is known in advance and Q values can be approximated as a linear function over this feature. If the
provided feature is not good and xed, the empirical performance of these methods is often poor.
For example, LSVI-UCB (Jin et al., 2020) computes UCB bonus function of thekost a)k 1,

where 2 RY 9 is the empirical feature covariance matrix. When we update the feature over
iterations in deep RL, the computational complexity of LSVI-UCB becomes unbearable as it needs
to repeatedly compute the feature covariance matrix to update the bonus function. In the same vein,
while estimating the Q function, OPT-RSLVI (Zanette et al., 2020a) needs to rely on the feature
norm with respect to the inverse covariance matrix. Lastly, even though LSVI-PHE (Ishfaq et al.,
2021) is computationally implementable in deep RL settings, it requires sampling independent and
identically distributed (i.i.d.) noise for the whole history every time to perturb the reward, which
appears to be computationally burdensome in most practical settings.

6.1 DEMONSTRATION OFDEEPEXPLORATION

We rst conduct experiments il -Chain (Osband et al., 2016b) to show that Adam LMCDQN is
able to perform deep exploration. The environment consists of a chaih sfates, namely

The agent receives a small rewarek 0:001in states; and a larger reward = 1 in statesy . The
horizon length iN + 9, so the optimal return i$0. Please refer to Appendix F.2 for a depiction of
the environment.

In our experiments, we considir to be25, 50, 75, or 100. For each chain length, we train different
algorithms for10® steps acros80 seeds. We use DQN (Mnih et al., 2015), Bootstrapped DQN
(Osband et al., 2016b) and Noisy-Net (Fortunato et al., 2017) as the baseline algorithms. We use
DON with -greedy exploration strategy, wherdecays linearly froni:0 to 0:01 for the rst 1; 000
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training steps and then is xed d@s01. For evaluation, we set = 0 in DQN. We measure the
performance of each algorithm in each run by the mean return of théQastaluation episodes.

For all algorithms, we sweep the learning rate and pick the one with the best performance. For
Adam LMCDQN, we sweep and  in small ranges. For more details, please check Appendix F.2.

In Figure 1, we show the performance of Adam

LMCDQN and the baseline methods under dif-

ferent chain lengths. The solid lines repre-

sent the averaged return over 20 random seeds

and the shaded areas represent standard er-

rors. Note that for Adam LMCDQN, we set

Jkx = 4 for all chain lengths. AsN in-

creases, the hardness of exploration increases,

and Adam LMCDQN s able to maintain high

performance while the performance of other

baselines especially Bootstrapped DQN and

Noisy-Net drop quickly. Clearly, Adam LM-

CDQN achieves signi cantly more robust per-

formance than other baselines Msincreases,

showing its deep exploration ability.
Figure 1. A comparison of Adam LMCDQN and
other baselines i -chain with different chain
lengthsN . All results are averaged ove@0 runs

6.2 EVALUATION IN ATARI GAMES and the shaded areas represent standard errors. As
N increases, the exploration hardness increases.

To further evaluate our algorithm, we conduct

experiments in Atari games (Bellemare et al., 2013). Speci cally, 8 visually complicated hard ex-
ploration games (Taiga et al., 2019) are selected, including Alien, Freeway, Gravitar, H.E.R.O., Pit-
fall, Qbert, Solaris, and Venture. Among these games, Alien, H.E.R.O., and Qbert are dense reward
environments, while Freeway, Gravitar, Pitfall, Solaris, and Venture are sparse reward environments,
according to Taiga et al. (2019).

Main Results. We consider 7 baselines: Double DQN (Van Hasselt et al., 2016), Prioritized DQN
(Schaul et al., 2015), C51 (Bellemare et al., 2017), QR-DQN (Dabney et al., 2018a), IQN (Dabney
et al., 2018b), Bootstrapped DOQN (Osband et al., 2016b) and Noisy-Net (Fortunato et al., 2017).
Since a largdy greatly increases training time, we dgt= 1 in Adam LMCDQN so that all exper-
iments can be nished in a reasonable time. We also incorporate the double Q trick (Van Hasselt,
2010; Van Hasselt et al., 2016), which is shown to slightly boost performance. We train Adam
LMCDQN for 50M frames (i.e., 12.5M steps) and summarize results across over 5 random seeds.
Please check Appendix F.3.1 for more details about the training and hyper-parameters settings.

In Figure 2, we present the learning curves of all methods in 8 Atari games. The solid lines corre-
spond to the median performance over 5 random seeds, while the shaded areas represent 90% con-
dence intervals. Overall, the results show that our algorithm Adam LMCDQN is quite competitive
compared to the baseline algorithms. In particular, Adam LMCDQN exhibits a strong advantage
against all other methods in Gravitar and Venture.

Sensitivity Analysis. In Figure 3a, we draw the learning curves of Adam LMCDQN with different

bias factorsa in Qbert. The performance of our algorithm is greatly affected by the value of the bias

factor. Overall, by setting = 0:1, Adam LMCDQN achieves good performance in Qbert as well as

in other Atari games. On the contrary, Adam LMCDQN is less sensitive to the inverse temperature
k, as shown in Figure 3b.

Ablation Study. In Appendix F.3.2, we also present results for Adam LMCDQN without applying
double Q functions. The performance of Adam LMCDQN is only slightly worse without using dou-
ble Q functions, proving the effectiveness of our approach. Moreover, we implement Langevin DQN
(Dwaracherla and Van Roy, 2020) with double Q functions and compare it with our algorithm Adam
LMCDQN . Empirically, we observed that Adam LMCDQN usually outperforms Langevin DON in
sparse-reward hard-exploration games, while in dense-reward hard-exploration games, Adam LM-
CDQON and Langevin DQN achieve similar performance.
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Figure 2. The return curves of various algorithms in eight Atari tasks over 50 million training
frames. Solid lines correspond to the median performance over 5 random seeds, and the shaded
areas correspond 80%con dence interval.

(a) Different bias factoa in Adam LMCDQN (b) Different temperatures, in Adam LMCDQN

Figure 3: (a) A comparison of Adam LMCDQN with different bias factoin Qbert. Solid lines
correspond to the average performance over 5 random seeds, and shaded areas correspond to stan-
dard errors. The performance of Adam LMCDQN is greatly affected by the value of the bias factor.

(b) A comparison of Adam LMCDQN with different values of inverse temperature parametar

Qbert. Adam LMCDQN is not very sensitive to inverse temperatyre

7 CONCLUSION AND FUTURE WORK

We proposed the LMC-LSVI algorithm for reinforcement learning that uses Langevin Monte Carlo
to directly sample a Q function from the posterior distribution with arbitrary precision. LMC-LSVI
achieves the best-available regret bound for randomized algorithms in the linear MDP setting. Fur-
thermore, we proposed Adam LMCDQN, a practical variant of LMC-LSVI, that demonstrates com-
petitive empirical performance in challenging exploration tasks. There are several avenues for future
research. It would be interesting to explore if one can improve the suboptimal dependéhderon
randomized algorithms. Extending the current results to more practical and general settings (Zhang
et al., 2022; Ouhamma et al., 2023; Weisz et al., 2023) is also an exciting future direction. On
the empirical side, it would be interesting to see whether LMC based approaches can be used in
continuous control tasks for ef cient exploration.
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A RELATED WORK

Posterior Sampling in Reinforcement Learning. Our work is closely related to a line of work

that uses posterior sampling, i.e., Thompson sampling in RL (Strens, 2000). Osband et al. (2016a),
Russo (2019) and Xiong et al. (2022) propose randomized least-squares value iteration (RLSVI)
with frequentist regret analysis under tabular MDP setting. RLSVI carefully injects tuned random
noise into the value function in order to induce exploration. Recently, Zanette et al. (2020a) and
Ishfaq et al. (2021) extended RLSVI to the linear setting. While RLSVI enjoys favorable regret
bound under tabular and linear settings, it can only be applied when a good feature is known and
xed during training, making it impractical for deep RL (Li et al., 2021). Osband et al. (2016b;
2018) addressed this issue by training an ensemble of randomly initialized neural networks and
viewing them as approximate posterior samples of Q functions. However, training an ensemble
of neural networks is computationally prohibitive. Another line of work directly injects noise to
parameters (Fortunato et al., 2017; Plappert et al., 2018). Noisy-Net (Fortunato et al., 2017) learns
noisy parameters using gradient descent, whereas Plappert et al. (2018) added constant Gaussian
noise to the parameters of the neural network. However, Noisy-Net is not ensured to approximate
the posterior distribution (Fortunato et al., 2017). Proposed by Dwaracherla and Van Roy (2020),
Langevin DQN is the closest algorithm to our work. Even though Langevin DQN is also inspired by
SGLD (Welling and Teh, 2011), Dwaracherla and Van Roy (2020) did not provide any theoretical
study nor regret bound for their algorithm under any setting. In a concurrent work, Kuang et al.
(2024) studied linear MDP with delayed feedback, where they also used an LMC-based posterior
sampling algorithm, which theoretically resembles similarity to part of our theoretical study with no
deep RL variant studied.

A recently proposed model-free posterior sampling algorithm is Conditional Posterior Sampling
(CPS) algorithm (Dann et al., 2021). Similar to Feel-Good Thompson Sampling proposed in (Zhang,
2022), CPS considers an opimistic prior term which helps with initial exploration. However, the
proposed posterior formulation in CPS does not allow computationally tractable sampling. Another
recently proposed algorithm Bayes-UCBVI (Tiapkin et al., 2022) uses the quantile of a Q-value
function posterior as UCBs on the optimal Q-value functions which can be thought of as a determin-
istic version of PSRL (Osband et al., 2013). While Bayes-UCBVI is extendable to deep RL, it does
not have any theory for the function approximation case and their analysis only works in the tabular
setting. Even for Bayes-UCBVI to work in deep RL, it needs a well-chosen posterior, and sampling
from the posterior is not addressed in their algorithm. Moreover, the Atari experiment in Tiapkin

et al. (2022) only shows average comparison against Bootstrapped DQN (Osband et al., 2016b) and
Double DQN (Van Hasselt et al., 2016) across all 57 games. However, in-average comparison across
57 games is not a suf cient demonstration of the utility of Bayes-UCBVI, especially when it comes

to hard exploration tasks.

Comparison to Dwaracherla and Van Roy (2020).Here we provide a detailed comparison of
Langevin DQN (Dwaracherla and Van Roy, 2020) and our work. On the algorithmic side, at each
time step, Langevin DQN performs only one gradient update, while we perform multiplel(ie.,

noisy gradient updates, as shown in Algorithm 1 and Algorithm 2. This is a crucial difference
as a large enough value fdg allows us to learn the exact posterior distribution of the parame-
tersf whgn2ny UP to high precision. Moreover, they also proposed to use preconditioned SGLD
optimizer which is starkly different from our Adam LMCDQN . Their optimizer is more akin to

a heuristic variant of the original Adam optimizer (Kingma and Ba, 2014) with a Gaussian noise
term added to the gradient term. Moreover, they do not use any temperature parameter in the noise
term. On the contrary, Adam LMCDQN s inspired by Adam SGLD (Kim et al., 2022), which
enjoys convergence guarantees in the supervised learning setting. Overall, the design of Adam LM-
CDON is heavily inspired from the theoretical study of LMC-LSVI and Adam SGLD (Kim et al.,
2022). Lastly, while Dwaracherla and Van Roy (2020) provided some empirical study in the tabular
deep sea environment (Osband et al., 2019a;b), they did not perform any experiment in challenging
pixel-based environment (e.g., Atari). We conducted a comparison in such environments in Ap-
pendix F.3.2. Empirically, we observed that Adam LMCDQN usually outperforms Langevin DQN

in sparse-reward hard-exploration games, such as Gravitar, Solaris, and Venture; while in dense-
reward hard-exploration games such as Alien, H.E.R.O and Qbert, Adam LMCDQN and Langevin
DQN achieve similar performance.
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B PROOF OF THEREGRETBOUND OFLMC-LSVI

Additional Notatioﬁ. For any setA, h; i denotes the inner product over et For a vector

x 2 RY, kxk, = = x> x is the Euclidean norm at. For a matrixV 2 R™ ", we denote the
operator norm and Frobenius norm ky k, and kVFg(F respectively. For a positive de nite matrix

V 2 RY 9 and avectox 2 RY, we denotékxky = x>V X.

B.1 SUPPORTINGLEMMAS

Before deriving the regret bound of LMC-LSVI, we rst outline the necessary technical lemmas
that are helpful in our regret analysis. The rst result below shows that the parameter obtained from
LMC follows a Gaussian distribution.

Proposition B.1. The parametewﬁ;J ¥ used in episodk of Algorithm 1 follows a Gaussian distri-
butionN ( E;J “ E;J ¥), where the mean vector and the covariance matrix are de ned as

Koo Adcc AW+ Al AT 1 AY W 7
i=1
. X oq .
W= SaYe Al 1 AR U+ A) TAN Al (8)
i=1 !
whereA; = | 2 | fori 2 [K].

De nition B.2 (Model prediction error) For any(k; h) 2 [K] [H], we de ne the model prediction
error associated with the rewargl,

IK(x;a) = rh(x;a) + PhV i (xa)  QK(x;a):

LemmaB.3. Let =1 in Algorithm 1. For any(k;h) 2 [K] [H], we have
s

. 16 P— 2K _
k;J k 3=2 ._ .
W —Hd K+ —d*“:=8B;
h 2 3 3«

with probability at leastl
Lemma B.4. Let =1 in Algorithm 1. For any xed0 < < 1, with probabilityl , we have
forall (k;h) 2 [K] [H],
KL
(Xni@h) Visa (Xns1)  PhViss (Xpsay)
=1 ( k) 1
" p ! #i=2

P 2" 2KB -,
3H d %Iog(K+1)+Iog TZ +I0gg ;

9 —
whereB = 13—'5HdIO K+ g2 d%=2
K
LemmaB.5. Let =1 in Algorithm 1. De ne the following event
E(K;H; )

pP—
= (xa)’ Wy ra(¢a) PaVpyg(xa)  BH dC k (xa)kg k) 1;

8(h;k) 2 [H] [K]and8(x;a)2S A ; 9)

h 2” 2B 1=2
where we denot€€C = Ilog(K +1)+log =2 +log 2 and B is dened in

Lemma B.4. Then we ha®¢E(K;H; )) 1
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Lemma B.6 (Error bound) Let =1 in Algorithm 1. For any 2 (0; 1) conditioned on the event
E(K;H; ),forall (h;k) 2 [H] [K]and(x;a)2S A ,with probability atleasL. 2, we have
s I

210902 4 423 k (xa)k 1, 1 (10)
3k h

p_
IK(x;a) 5H dC +5

whereC is de ned in Lemma B.5.

Lemma B.7 (Optimism) Let =1 in Algorithm 1. Conditioned on the eveB(K;H; ), for all

(h;k) 2 [H] [K]and(x;a)2S A ,with probability at Ieastip%, we have
IK(x;a) O (12)

B.2 REGRETANALYSIS

We rst restate the main theorem as follows.

Theorem B.8. Let = 1in (4), + = @(Hpa) in Algorithm 1 and 2 (;p3—;1). For any
k 2 [K], let the learning rate x = 1=(4 max( F)), the update numbel, = 2 | log(4HKd)
where « = max( K)= min ( K) is the condition number ofK. Under De nition 4.1, the regret
of Algorithm 1 satis es P
Regre(K ) = ©(d*?H3*2" T);
with probability at leastl

Proof of Theorem B.8By Lemma 4.2 in Cai et al. (2020), it holds that

X K
Regret(T) = Vi (x§) v (x¥)

k=1
X . _ o _ . X .
= E  hQR(Xn; ); n(]Xn) RO Xn)i X1 = X7 + Dy
i {z (R ek
0] (i)
x X k x X K(y, - Dy = yk Ky k. oky -
+ My + E  h(xnran) jxi=x37  Ih(Xp &) s (12)
Ly fLh= {z }
(iii) (iv)
whereDK andM § are de ned as
DE = QK Q)X )i KGxXE) (QF Qu ) (xS a):; (13)
ME = PV Ve DOXGaE) (Vs Ve )(XS): (14)

Next, we will bound the above terms respectively.

Bounding Term (i): For the policy £ at time stegh of episodek, we will prove that

E [MQEMXn; ) n(ixn) F(ixn)ijxi=xX] O (15)
k=1 h=1

To this end, note thatX acts greedily with respect to action-value funct@f. If ¥ = ,,thenthe
difference . ( j xn)  K( j xn) isO. Otherwise, the difference is negative sin¢ds deterministic
with respect taQK. Concretely, § takes a value of where |, would take a value of 0. Moreover,
Qﬁ would have the greatest value at the state-action pair wi’ﬁem}uals 1. This completes the
proof.

Bounding Terms (ii) and (iii): From (5), note that we trunca@f to the rangg0;H  h+1]. This
implies for any(h;k) 2 [K] [H], we havgiDfj 2H. Moreover,E[DKjF K] = 0, whereF ¢

20



Published as a conference paper at ICLR 2024

is a corresponding ltration. Thuf is a martingale difference sequence. So, applying Azuma-
Hoeffding inequality, we have with probability =3,

X p
Df 2H2T log(3=):
k=1 h=1
whereT = KH . Similarly, we can show thdtl £ is a martingale difference sequence. Applying
Azuma-Hoeffding inequality, we have with probability =3,

X p
M K 2H2T log(3= ):
k=1 h=1
Therefore, by applying union bound, we have that for any 0, with probabilityl 2 =3, it holds
that
XX XX p
DY + MK 2 2H2Tlog(3=); (16)
k=1 h=1 k=1 h=1
whereT = KH .

Bounding Term (iv):

Suppose the eve®(K; H; 9 holds. by union bound, with probability ( @+ ?12?), we have,

XX k ; k k(oK. ok
E [Iln(Xnian) j X1 = x3]  In(Xp;ap)
k=1 h=1
XX
I (x5 @)
k=1 h=1
XX p S|7 !
5H dCo+5 Zolcggiﬂ)w%:g k (i a)k 1y
k=1 h=1 K
M ! XX
= 5H dCo+5 Zjbégi(’)+4:3 k (i a)k 1y
K k=1 h=1
s ! X I 120
5Hpaco+5 Zdlos?io)wzs P k (i ake i
K h=1 k=1 "
s !
51" dCo+5 Zdlos;qio)M:s " 20K Tog(L + K)
K
s !
= suldce+s 24109029 s P oaRTog@ )

K
o 32oP =
= B(d*?H>* T):
Here the rst, the second, and the third inequalities follow from Lemma B.7, Lemma B.6 and the

Cauchy-Schwarz inequality res;bei:tively. The last inequality follows from Lemma E.4 The last
equality follows frompl—T =10H dC o+ § which we de ned in LemmaB.7.

By Lemma B.5, the everE(K; H; 9 occurs with probabilityl ~ ° Thus, by union bound, the
eventE(K; H; 9 occurs and it holds that

E [KGaian) =] KGdial) @@ T)

k=1 h=1
with probability atleas(l  ( %+ @+ -p1—)). Since 2 (0;1), setting °= =6, we have
1 1
1 (% %+ p=—) 1 = —p—:
( 2 2e ) 3 2 2
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The martingale inequalities from Equation (16) occur with probabﬂitya =3. By Equation (15)

and applying union bound, we get that the nal regret bour@(d®=?H 372" T) with probability at
leastl ( + ?912—7). In other words, the regret bound holds with probability at ldast where

1 .
2 (5= D).

O

C PRrROOF OFSUPPORTINGLEMMAS

In this section, we provide the proofs of the lemmas that we used in the regret analysis of LMC-
LSVIin the previous section.

C.1 PROOF OFPROPOSITIONB.1

Proof of Proposition B.1.First note that for linear MDP, we have
rLi(wy) =2( Kwh  H):
The update rule is:

ki — ki 1 Kkl 1 1 kij .
Wyt = Wy kI La(Wp” )+ 2 7 s
which leads to

kiJkx 1 KKk 1
Wh 2k (W b
q

k;J a
Wk
Wy +

1 k;J
2kk hk

= 1 2 FowTe T2 (e 2 B
X 1 qg ——
. I .
= 125 KW T 2 K 2 2y !
1=0
. X1 | q X1 |
=2y w2 T 2 ke 20 B 2 Kk
1=0 1=0
Note thatin Line 6 of Algorithm 1, we warm-start from previous episode anW$8t= wﬁ B,
DenotingA; = 1 2§ }, we note tha#; is symmetric. Moreover, when the step size is chosen
suchthaD< ; < 1=(2 max( })), A satisesl A; 0. Therefore, we further have
: : X1 q b
WiTE = ARy T2 0 AL KBk 2 P AR
1=0 1=0
1
= Awl PRt A AR AL+ A Tk 2 b AL !
1=0
1
= Adwl PRt Al ek 2 P AL
1=0
= AV APWEO+ A AT T AT )+ 2 AN A Al Pt
i=1 i=1 1=0
where in the rst equality we uselk =  Kw¥, in the second equality we used the de nition df,

and in the third equality we used the fact that A + :::+ A" 1 = (1 A" A) 1. We
recall a property of multivariate Gaussian distribution: ifN (0;14 4), then we havé\ +

N(;AA T)foranyA 2 RY dand 2 RY. This implieswS”* follows the Gaussian distribution
N( % K96, where

K= Ader AW+ Al AV AN 17
i=1
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q
We now derive the covariance matri>§”k. Fora xedi, denoteM; = 2 ; ; 'A) :::Af;;1 :
Then we have,
Xt oooxi X 1 | x1 b
M AR TS MAL PPN 0 MAIMIADT N oM, A? M7
1=0 1=0 1=0 1=0

Thus we further have
. X X 1
h = M AP M7
i=1 1=0

|
1

— 2 . lAJk .. .AJi+1 % A2| A-]i+1 .. .AJk

- [ k V4l i i+1 -k
i=1 =0

= 2 AN AYE L AR L A2 AV Al
i=1
X q .

= ZAFcAlE L AR L T A AV A
i=1 !

This completes the proof. O

C.2 PROOF OFLEMMA B.3

Before presenting the proof, we rst need to prove the following two technical lemmas.
Lemma C.1. Forany(k;h) 2 [K] [H], we have

kikk  2H P kd=":

Proof of Lemma C.1We have

1

1
kiofk = h Fh(Xn; @) + Vie Xnat)  (Shian)
=1
=2
1p_—_ X1t ] K ) 2
p= k 1 rh(Xnsan) + Vier (Xne1) (Xn: ay) (K
=1
I 1=
Hp X!
= k 1 k (xp;an)k? () 1
=1
2Hp kd=;

where the rst inequality follows from Lemma E.5, the second inequality is dug toVik  H
and the reward function being bounded by 1, and the last inequality follows from Lemma EJ3.

Lemma C.2. Let =1 inAlgorithm 1. Forany(h;k) 2 [H] [K]and(x;a)2S A ,we have
s I

- N 2dlog(1=) 4
(x;a)” Wil (x;a)” Wk 5 %+ 3 K (sa)k g o

with probability at leastl. 2.
Proof of Lemma C.2By the triangle inequality, we have

(a)wy™ e (ca)wl (ca)” wylt T+ () g bl (18)
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Bounding the term  (x;a)> wf’x K¢ :we have
: . gy 1=2 . 1=2 . .
(X, a)> WE,J Kk E,J K (X, a)> E,J k E,J k WE.J k E,J k
2 2
: . . . 1=2 . )
Sincewf?* N (K% K9K) we have K7 wiTe KT N (051 g). Thus, we
have
P ke Pk ki P idioai=y 2.
h h h og(1=) : (19)
2
When we choosey  1=(4 max ( E)) for all k, we have
1
SISAK=T 2 i< 1 2k mn( )
5 (20)
SI<l +A=2 2 K<
Also note thatA, and( ) *commute. Therefore, we have
1 1
AP K = 2 ki 2k 20 kR
=1 2 K2k okt ok (21)

Je kL.
Ay h Ak

Recall the de nition of [’*. Then

(xa)” 7% (xa)

X 1 3 . i1 1,3
= = (Ga)” Al AT 1 AP L T+ A TAL A (xa)
i=1
32ii>i (X;a)>Aik333Aijﬁl h ' A 1Aﬂk Al A (%)
= 32K.)i (x;a)” Adk o AYr 0t 1 Ada A (xa)
T (Ga)” Al Al L TAl AN (xa)+ % xa)” £ T (xa);

where the rstinequality is due to (20) and the last equality is due to settimg ¢ foralli 2 [K].
By Sherman-Morrison formula and (6), we have

P i 1 P ; Do O 1
h A Wt (Xhian) (xhiah)”
h (Xh:ap) (Xpsap)™
coh
Tk (iak? |
This implies
(x;a)>Aﬂk:::Af;11 A ! A ! Alin A (%)

L edia) Giap) g
Lrk (i a)ke )

= (xa)” Al AL Al AN (xa)

(X.a)>AJk o pdin i 1 (Xi .ai) 2
’ k - i+1 h h»“h

Ji vanpdiv 1= 2 12 iy 2
AjALE (xa) b (xhiah)
K o2

j I ioaiy 2 . 2 .
. 1 2] min h (thaalh) ( ih) 1k (X1a)k( ) 1
J=1
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where the last inequality is due to (20). So, we have

_ 2 X ¥ .23 Sy
(xa)” W (xa) 1 25 mn b (hiah) o ok (Ga)kE
3 K . 1i=i+1 ( h) h
i=1 j=i

2 RN .
+ ﬁk (X,a)k( k) 1

Using the inequalit)? a2+ ¥ a+ bfora;b> 0, we thus get

F 2 RV p U i
k (x;a)k 6 3 k(X a)k Ky 1t 1 25 min (Xh: an) () k(5 a)k 1y 1
i=1 j=i+l
(22)
Let's denote the R.H.S. of (22) &( (x;a)).
Therefore, it holds that
. > Kk . > ki k . pi_
P (xa)” w, (x;a)” | 285( (x;a)) dlog(1=)
) ) | S
P (xa)yw (xa)” K% 2 dlog(1= )k (x;a)k «
h
) 1=2 ) 1=2 ) ) p___
P (xa)” [ K wiTe Kk 2 dlog (1= )k (x;a)k s,
2 2 h
2.
(23)
where the last inequality follows from (19).
Bounding the term (x;a)> K’% Wk : Recall that,
k;J « Jk v oo AJd1y,,1;0 X( Jk oo aditl Ji i
K= Adcn AlwEO o AT T AY W)
i=1
K1 . .
=AY ARWEO Al AT Wl Wit Al Al + wE
i=1
l . .
=AY Al Wm0 Al AN W Wit e w
i=1
This implies that
K1 , .
(xa)” ok = (a)t Al oAl wie \brl,}+ (xa)” AM:AN wh bt
Z i=
) | —{z }
2
(24)
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In Algorithm 1, we choosevi® = 0 andw} = ( %) bl = 0. Thus we have,;l = 0. Using
inequalities in (20) and Lemma C.1, we have

1

. (ca)  AloAll b wt
i=1
K1 _ .
= (x;a)” A Al bl wltt
i=1
K1 oW N . .
1 2 mn £k (xa)kekb wks
i=1 j=i+1
b( 1 \k . Jj . .
1 2 mn h k (x;a)ky ki ko + kg™ ko
i=1 j=i+l
X1 ¥ C [(J— P
1 2§ mn H k (x;a)ky 2H id= +2H (i+1)d=
i=1 j=i+l
p K1 T
4H Kd= 1 2§ mn § kK (x;a)ks:
i=1 j=i+l
So, it holds that
. p K1 BN
(x;a)” ¢ WK 4H Kd= 1 2 mn H k (x;a)ka:  (25)
i=1 j=i+l

Substituting (23) and (25) into (18), we get with probability at lelast 2,

(@) wy'* (xia)” wf

s
P K1 ¥k . J —
4H Kd= 1 2 mn 1 Tk (xa)kg+2 2dlog(1= ), (x;a)k ) 1
L 3« h
i=1 j=i+l
® ¥
2dlog (1=) I o
+2 3. 1 2§ mn § (Xhian) ) ckoOGa)ke iy

izl j=i+l
(26)

Let's denote the R.H.S. of (26) & Recall that, for any 2 [K ], we require j  1~(4 max ( jh)).
Choosing j =1=(4 max( 1)) yields

. Jj
1 25 mn(f) =@ 152 ),

where ; = max( jh): min ( L). In order to havél 1=(2 ;))’i < , we need to pickl; such
that
log (1=
3 og ( : ) .
log =5y

Now we use the well-known fact that * > 1 x for0 < x < 1. Sincel=2 ;) 1=2, we
havelog (1=(1 1=2 ;)) 1=2 j. Thus, it sufces to set 2 jlog(1=) to ensure(l
1=2 )’ . Also, note that since}, > 1, we havel k (x;a)kz k (x;a)k iy 1 Setting
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=1=(4HKd) and =1, we obtain

5(1 | G S — 5(1 |
Q k igH @k (x;a)ks + 2 % k (X a)k Ky 1t K Tk (x;a)ka
i=1 K i=1
r
Kt KdP -
k I4-H —_— kk (X,a)k( h) 1
i=1
s K 1 !
= iP-
+2 %}El) k (x;a)k K 1+ k™ kk (x; @)k Ky 1
. s % " |
U )k k42 2D09WE) e eank kK Tk (a)k, b s
-~ h 3« h . n
|—lS - I =1
2dlog(l=) 4 . .
5 T+ 3 k (x;a)ke ) 1

where the second inequality is duekto(x; a)k Ky 1 1:p kk (x;a)ko and the fourth inequality

isdueto " kK1 1="K?2i<1=1 ) 4=3 So,wehave
s !
P (xa) wd  (xa) wk 2log(1=) , 4 (a)k 1) :
3« 3 n

P (xa)” wil (x;a)>wk  Q

1 2

This completes the proof. O

Proof of Lemma B.3From Proposition B.1, we knovwv,'fJk follows Gaussian distribution

N ( K7 ¥9%), Thus we can write,

kid k — K;J k KiJ k kiJ k K;J k
w = + + :
hoo, h h o, hoo, hoo,
k;J . kJ
where ;7 N (0; 7).
Bounding k E;J “ky: From Proposition B.1, we have,
k;J « — AJk ...AJl 1;0+ ><( AJk ...A-]i+1 I AJ| wi
oo, T Ak AT Wy koo oA i h
i=1 2
Jk v oo pdie J i .
A AT T AT Ay )

i=1
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where the inequality follows from the fact that we m#o = 0in Algorithm 1 and triangle inequal-
ity. Denoting the Frobenius of a matri by kX kg , we have

ACHALT LA
i=1
X( N RN ] Ji i
Al Al A W,
i=1r F
Kd X .
2H —~— AM:iAl 1 A) i
; i=1
Kd X p_ |
on K d Aloali 1 Al
2
; i=1
KX .
2Hd = KA kA k)t 1 AY ,
i=1
T ROX ¥ oy
2Hd — 1 25 mn(}) ki ko + KA k;
i=1 j=i+1
P X % . ;
2Hd — 1 2 i min( Jh) ki k2+ kAikzI
i=1 j=i+l
X ¥ oy o
2Hd — 1 2] min( Jh) 1+ 1 2i min( h)
i=1 j=i+l
!
e B o
2Hd — 1 2j min( Jh) + 1 2] min( ]h) ’
i=1 j=i+1 j=i

where the second inequality is from Lemma C.1, the third inequality is due to the fact that

rank(Aﬁk :::Afi;1 (I AiJi ) d, the fourth one uses the submultiplicativity of matrix norm,
and the fth one is from Lemma E.6 and (20).

As in Lemma C.2, setting; 2 jlog(1=) where ; = max( L): min ( jh) and =
1=(4HKd), =1, we further get
r X
ACALT LA Wy 2Hd = KT
i=1 i=1
r
ad &7
i=0
"X 1
=4Hd — ——
1
"X 4
4Hd — -
" 3
16 K
= —Hd —:
3
Thus, setting = 1, we have
K 16 P—
kK 7 ko §Hd K:
Bounding k [’ *k,: Since 7% N (0; K?*), using Lemma E.1, we have
| S
. 1 .
P ST 1
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Recall from Proposition B.1, that

K = * i_Aﬂ" AN T AP L e A) AN Al
oy
Thus, |
T R X iTr Al AT T AP L T+ A AT A
=1 !
X1 1

ST A T ALY TrL AP T L T T (1A Y

i=1 !
T AL T A

where we used Lemma E.7. Note that if mathixand B are positive de nite matrix such that

A>B > 0, thenTr(A) > Tr(B). Also, recall from (20) that, when, — 1=(4 max ( £)) for all
k, we have

%I<Ak=l 2 K< 1 2 mn(B) I
g|<| +A=21 2 f<o
So,wehaved’ < 1 2, mn( K) 71 and
A T 1 2% mn( )T

d1l 2k min( E)Jj
d
d
4HKd
1

where third inequality follows from the fact that in Lemma C.2, we chdsesuch that
‘]J

1 25 min( L) and the rst equality follows from the choice of= 1=(4HKd ). Simi-

larly, we havd  A¥' < 1 A | andthus,

Tr | A 1
Likewise, using(l + A;) * 31, we have

T (1+A)? %d:

Finally, note that all eigenvalues of, are greater than or equal to 1, which implies all eigenvalues of

( L) Yarelessthan or equal to 1. Since the trace of a matrix is equal to the sum of its eigenvalues,
we have

(Y di1=ad:
Using the above observations and the choicejaf ¢ foralli 2 [K], we have
X 1 2 2
Tr K« = 2 = = Kd3:
" i k3 3«

Thus we have

. 1 2 . 1 3.
P [ S SKdd P ST 1
2
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So, with probability atleast  , we have
s

. 16, P 2K
w1y, A
2 3 K

d3=2.
which completes the proof. O

C.3 PROOF OFLEMMA B.4

Proof of Lemma B.4Applying Lemma B.3, with probabilitth. =~ =2, we have
s

K g2 .- g -5 (27)

. 16 P—
K;J

“OHd K +
Yoo, 3 3« -

h

Now, considering the function clads := fminfmaxaoa (;a)” w;Hg : kwk; B-,gand
combining Lemma E.8 and Lemma E.10, we have that for'any0 and > 0, with probability at
leastl =2,

b( 1
(Xhi@n) Vier (Xna1)  PaViis (Xnsap)
=t (!
, d k + B-» 2 a2 P
4H EIog —— +dlog —; +log - +
= pf
B._ 1=2 "
2H glog k; + dlog - 2 +log 2 + 249&: (28)
Setting =1," = 50 We get
5( 1
(Xnian) Viba (Xnaz)  PnVida (X ap)
=1 (0t
" ! #Hi=2
p— B .-
21" d Liog(k +1)+log 2 tlog?  +H
2 .
" 2 2k
pi I #1:2
P- 1 =2 2 )
3H d EIog(K + 1) +log +log — : (29)

with probabilityl =2. Now combining (27) and (29) through a union bound, we obtain the
stated result. O

C.4 PROOF OFLEMMA B.5
Proof of Lemma B.5We denote the inner product ov@rby h; is. Using De nition 4.1, we have
PhViis (G@) = (x8)7h niViisis
xa)” & T khaWis
1 b( !
(x;a)” & (Xnian) (Xnian)” + 1 honiViigis (30)
=1
1

xa” K ° (Xn; an)(PaVE 1 ) (Xpian) + 1 h VK is
=1
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Using (30) we obtain,

(Ga) Wy rn(;a)  PaVil (@)
K 1

= (a7 KT et Vi (ne)  (nian)  ra(xa)
=1
1 b( ! !
(x;a)” E (Xh;ah)(Pthk+1)(Xh;ah)+ I h h?th+1iS
K 1 N !
= (xa)”( f)* (Xhi @) Viser (%ns1)  PnVib (Xnsay)
| - {z }
0} I
i 1 '
+ (x;a)” ( E) ! rh(Xp: a,) (Xp;ay) rn(x;a)
| . }
(if)
| (x;a)” ( hg?)lh h;vhkﬂi?: (31)

We now provide an upper bound for each of the terms in (31).
Term(i). Using Cauchy-Schwarz inequality and Lemma B.4, with probability at east, we have

1
(x;a)” ( E) ! (Xns ay) th+1 (Xn+1) Pthk+1 (Xns @)
=1
I 1
(Xhian) Vila (Xhat)  PViq (Xns @) k (G a)k )
=1 (9
' p_ ! #1o2
P- 1 2 2KB -» 2
3H d éIog(K +1) +log —a +log - k (x;a)k( Ky i (32)
Term (ii). First note that,
!
iK1
a)”(§) " r(Xn;an) (Xpsay)  ra(x;a)
=1
K 1 !
= (x;a)”( E) ! rh(Xpian) (Xpsay) (x;a)” n
=1
K 1 !
= (xa)( E) ! rn(Xp;an) (Xp;ap) E h
=1
K 1 K 1 !
= (x;a)”( E) ! rh(Xp;an) (Xpsay) (Xn:an) (Xpsaq)” n | o
=1 =1
K 1 K 1 !
= (x;a)”( E) ! rm(Xpran) (Xpsay,) (Xpsan)rm(Xpsa,) 1 on
=1 =1
= (x;a)”( §) *n (33)
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Here we used the de nitiomy(x;a) = h (x;a); ni from De nition 4.1. Applying Cauchy-
Schwarz inequality, we further get,
ca)” (1) 'h k (ca)k k) ik nki g s
p_
k (x;a)k( k) 1K hka (34)

Pak (Ga)k k) o

Here we used the observation that the largest eigenval(iefof * is at mostl= andk pk; P d

from De nition 4.1. Combining (33) and (34), we get,
I
> ky 1 X1 P—
(x;a)7 ( n) rh(Xn:ay) (Xpiap)  re(xa) dk (x;a)k k) 12 (39)
=1

Term(iii). Applying Cauchy-Schwarz inequality, we get,
(6a)” (1) *haiVibais  k (Ga)ke k) 1kh ni Vi iske 1
P—
k (x;a)k ) 1kh i VW isko

|
p_ ¥ ook (36)
k (a)kg ) 1 k hk2  kV&, ke
=1

p__
H dk (x;a)k Ky 1,
P
where the the last inequality follows from d:l k ,k? dinDe nition 4.1. Combining (32), (35)
and (36), and letting = 1, we get, with probability at leadt

x a)” W ra(xa)  PaViy (xa)

b ! #i= 1

@SHpH %Iog(K +1) +log -2 +Iogg +pF+ HpFAk(x;a)k( () 1
b 1 Paxs_, NG
5H d Zlog(K +1)+log —"""=2 +jog S Kk (x;a)k «, :
2 H Cn)
:5H'°ac k (G a)ke o) 1
hl P e ., 2i1=2
where we denot€ = 3log(K +1)+log —F—— +log = . O

C.5 PROOF OFLEMMA B.6

Proof of Lemma B.6First note that,
lk(xa)= Qh(xia) rn(xa) PaViy (x;a)
min f (x;a)>w,'§;Jk;H h+1g rh(x;a) PpVik, (x;a)
(x;a)” Wk rp(xa)  PaVig (x;a)
(x;a) wile  (xa)wk+ (xa) Wl ra(xa)  PaVikg(xa)
(a)”we't  (xa)” W £ 6T th0pa)  PoVin (xia),

Z
| Ei) (i)

Applying Lemma C.2, for anyh; k) 2 [H] [K]and(x;a)2S A ,we have
s I
2dlog (1=)

(a)” wile (x;a)” W 5
3k

A
+ 3 k (x;a)ke «y 1

32



Published as a conference paper at ICLR 2024

with probability at leasil. 2.
From Lemma B.5, conditioned on the evéf(K;H; ), for all (h;k) 2 [H] [K]and(x;a) 2
S A ,we have
p_
(x;a)7 Wk rn(xa) PaVii (@) 5H dC k (x;a)k () o
So, with probabilityl 2,

IK(x;a) (i) +(ii) |
2dlog (1=)

K

o !
5H dC +5 +4=8 k (x;a)kg ) 1

This completes the proof. O

C.6 PROOF OFLEMMA B.7

Proof of Lemma B.7We want to showQk (x;a)  rn(x;a)+ Pn Vi, (x;a) with high probability.

Recall thaQk (x;a) = min f (x;a)” wf”*;H h+1g. Also note thaty(x; a)+ Py Vi¥,; (X )

H h+1. Thus, when (x;a)>wS?* H h+1, we trivially haveQk(x;a)  rn(x;a) +

Ph V¥, (x;a). So, we now consider the case, whem; a)” wi’ % H  h+1 and thuQ¥ (x; a) =
(x;a)” wi .

Based on the mean and covariance matrix de ned in Proposition B.1, we have(¥yai)” w,'j” k

follows the distributiorN ( (x;a)> K7 (x;a)> 7% (x;a)).

. k . . k;J
rh(x,a)a PhVisy (xa)  (xa)” K

Dene, Zy =
“ xa)> =k (xa)

. WhenjZyj < 1, by Lemma E.2, we have

P (xa) wy™*  ra(a)+ PaVilis (%)
0 1
. K . k; . . . ki
_p@ (x,qa)>whJk (x;a)> K7 rh(x,a)w;1 PaVika (52)  (x8)7 17" 5

(xa)” ¢ (xa) xa)> % (xa)

1
—exp( Z22=2
?327 p( Z(=2)
L.
2 2
We now show thajZxj < 1 under the evenE(K; H; ). First note that by triangle inequality, we
have

rn(xa)+ PaViK, (a)  (xa)” K7«

rmi;a)+ PaVik, (xa)  (xa) ek +  (xa) wf  (xa)” [

By de nition of the eventE(K; H; ) from Lemma B.5, we have,

r(xa)+ PaVisy (xa)  (xa)”wE  5H IoaC k (xa)ke Ky 1
From (25), we have
K1 ¥

C > ek oy Kk P po AL -
(x;a)” Wy, (x;a)” 4H Kd= 1 2§ mn k (x;a)ks:
i=1 j=i+1
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As in proof of Lemma C.2, setting; = 1=(4 max( })), J; 2 j log(1=), we have for all
J.

j2[KL 1 2; mn L+ 7 . Setting =1=4HKD ), we have,
3 P—X1
(x;a) Wk (xa)” ¢ 4H Kd K Tk (x;a)kz
i=1
S | P__p__
k 1 .
- ! 4HKd 4H Kd Kk (X,a)k( h) 1
l .
KK (xa)k, () 1
i=1
K2
'k (x;a)k Ky 1
i=0
1
Tk (X,a)k( h) 1

4
§k (x; @)k Ky 1
So, we have

rm(xa)+ PhVi, (xa)  (xa)” K7 5Hpac + g k (xa)kg 1 (37)

Now, recall the de nition of £”* from Proposition B.1:

(xa)” ' (xa)

X 4 |
= = (xa)”A¥ AN AR L a4 a) AN A (%)
i=1 !
1 Jis , i 1 adia L, Ay
5 (Ga) Ak ALY L AP L AT DAY (xa);
i=1

where we used the fact thdt < (I + Ay) *. Recall that in (21), we showetl?” & =
Al Kk TAl S0,

(x;a)” 7% (xa)
X

1 | . _ |
Loar Al h C AR b AR AL Al (a)

i=1 !

1 Xt caY> AdK - adiH i 1 i+1 1 Jivr ... A Jk .

= 2« (ca)” Ak tALY (n) ho) T AL DAY (xa)

i=1
1 1
5 (x;a)” Al AN 1) ATTIAK (xa)+ 5 (x;a)” ( ) ! (xa);

where we used the choice of = ¢ foralli 2 [K]. By Sherman-Morrison formula and (6), we
have

1 1

bt (hian) (xhiah)”
" Odiah) Odial) b
1+k (Xih;aih)k(2 1y 1 ,
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which implies
(x;a)” Al Al () ! Ly LAY Al ()
(Xhray) (Xpan)”  h

i
- . >AJk :::Aqi+1 h
(X,a) k i+1 1+ k (Xh ah)k( |) .

Al AL (xa)

(xa)” A Al () ! (xh a)

. _ 2
Al AL (R 2 a) L ()M (i)
YK o2y o
1 2j min( ]h) k (th;ah)k 0 1K (X a)k( 0 14
j=i+l
where we use@< 1=i k (x;a)kc iy : 1. Therefore, we have

(x;a)” 7% (xa)

1 ¥ i
( k) 1 ﬁ 1 2i min( h)
i=1

23

z—k (x;a)k? k (x;a)k?

(51t
1 X%

: L2 mn(h) kO aKZ 1) ik (xa)k? )

Kjz1 j=i+1
Similar to the proof of Lemma C.2, when we chodge Iog(3 k), we have

1 k (xaks X' 1
k (x;a)k « —-b— k (x;a)k 1 p— p—k (x;a)k
( ) EJk il ( ) ) (BP k)k - (r' 3k)k i ( e}

1 1 1 38)
— k (x;a)k 1 —k (x;a)k —k (x;a)k (
?97 ( )(E) épik (x;a)kz ?T( (x; a)kz

1
?e:Kk (x;a)ke ky 1

where we used the fact that,in (( ﬁ) 1) 1=k. Therefore, according to (37) and (38), it holds
that

rn(x;@)+ PaVilyy (@) (@) -
9

1Zkj = =
. > ™k .
o (x;a)> | (x;a) (39)
5H dC + %_
=
which impliesjZyj < 1whems»1—T = 10H P dc + &. O

D REMOVING THE INTERVAL CONSTRAINT ON IN THEOREM4.2

As discussed in Remark 4.3, one shortcoming of Theorem 4.2 is that it requires the failure probability

to bein the intervaq?lzT; 1). However, in frequentist regret analysis it is desirable that the regret
bound holds for arbitrarily small failure probability. Motivated from optimistic reward sampling
scheme proposed in (Ishfaq et al., 2021), below we propose a modi cation of LMC-LSVI for which
we have the same regret bound that holds with probatility for any 2 (0;1). We call this
version of the algorithm MS-LMC-LSVI where MS stands for multi-sampling.

D.1 MULTI-SAMPLING LMC-LSVI

Multi-Sampling LMC-LSVI follows the same algorithm as in LMC-LSVI (Algorithm 1) with one
difference. In Algorithm 1, we maintain one parameterizatignfor each stefh 2 [H]. After
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performing noisy gradient descent on this param&teimes in Line 7 to 10, we use this perturbed
parameter to de ne our estimated Q function in Line 11. We follow exactly the same procedure
in MS-LMC-LSVI but instead of maintaining one estimate of Q function, we gendvhtesti-
mates for Q functiofi Q'™ g2 v through maintaining samples ofv: fwf” "™ gy, 1 where
QE™(5)= () we? ™ andfwy %™ gnam) are intialized as zero vector. Then, we can make

an optimistic estimate of Q function k?}/ setting the following o

Qf(;)=min  maxfQ™(;)gH h+1 : (40)
m2[M]
D.2 SUPPORTINGLEMMAS

First, we outline the supporting lemmas required for the regret analysis of MS-LMC-LSVI.
LemmaD.1. Let =1 in(4). Forany(k;h) 2 [K] S[H] andm 2 [M ], we have

g 16 P— 2K oo
plkme - Hd K+ —d* 2= B
N 3. ¢ !
with probability at leastl
Proof of Lemma D.1The proof is identical to that of Lemma B.3. O

LemmaD.2. Let =1 in(4). Forany xed0 < < 1, with probability1 , we have for all
(k;h) 2 [K]T [H],

5( 1
(Xpian) Viha (Xns1)  PaVi (Xniap)

L (8
P- 1 2P 5B | 2#1:2

3H d 510g(K +1)+ M log % +log =
9 —
whereB = %Hdp K+ G2d3=2
K

Proof of Lemma D.2 Applying Lemma D.1 and applying union bound overrall with probability

1 =2 forallm 2 [M], we have S

. 16, P AIMK .-

wilk™ HA K+ —d®2 = B (41)
2 3 3 K

Similar to the proof of Lemma B.4, considering the function clads =

fmaxaoa min maxpomy (587 W™ H 0 8m 2 [M] kw™kz B -(m)g9 and combin-

ing Lemma E.8 and Lemma E.11, we have that for amy O and > 0, with probability at least

1 =2

K1
(Xhi @) Vi1 (Xne1)  PnVia (Xnsap)
=1 (6 D
+ B._ 1=2 Sy
2H glog k— + dM log (M) +Iogg + zﬂez,L: (42)
As in the proof of Lemma B.4, setting=1," = P50 We get
K1
(Xhi@n) Visea (Xns1)  PnVis (Xnsap)
= (52
b1 P ok | 2
3H d 510g(K +1)+ M log % +log £ (43)
with probabilityl  =2. Applying union bound completes the proof. O
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LemmaD.3. Let =1 in (4). De ne the following event
E(K;H;M; )

= (x;a)’ W ry(x;a)  PaVK, (x;a) 5HpaC;M k (x;a)k k) 13
8(h;k) 2 [H] [K]and8(x;a)2S A ; (44)

h P i1=2
where we denot€.,y = 3log(K +1)+ M log thﬂ +log 2 andB is de ned

in Lemma D.2. Then we ha®E(K; H;M; )) 1

Proof of Lemma D.3The proof is exactly the same as that of Lemma B.5. We just need to replace
Lemma B.4 with Lemma D.2 when it is used. O

Lemma D.4 (Error bound) Let = 1 in (4). For any 2 (0;1) conditioned on the event
E(K;H;M; ),forall(h;k) 2 [H] [K]and(x;a)2S A ,with probability atleastL. 2, we
have

s I

2dlog(1=) | 43 (G a)ke k) 15 (49)
K

p_
I¥(x; @) 5H dC +5

whereC .y is de nedin Lemma D.3.

Proof of Lemma D.4.The proof is exactly the same as that of Lemma B.6. We just need to replace
Lemma B.5 with Lemma D.3 when it is used. O

Lemma D.5(Optimism) Let =1 in(4)andM =log(HK= )=log(1=(1 c)) wherec = EplzT

and 2 (0;1). Conditioned on the eve®(K;H; M; ), forall (h;k) 2 [H] [K]and(x;a) 2
S A , with probability at leastt ~ , we have

IK(x;a) O (46)

Proof of Lemma D.5We haveQl(x;a) = H h+1, whenmaxmomiQE™ (x;a) H  h+1,
and we trivially havef(x;a) 0.

Now, we consider the case, wh&X (x; a) = max m2[M] Qﬁ;m . Using the exact same proof steps
as done in Lemma B.7, we can rst show that for gkyh) 2 [K] [H]andanym 2 [M]

P Q™ (x;a) ra(xia)+ PhVi (x;a) gslz—?; (47)

whereQ(™ = (x;a)” wil K™,

Note that
P IK(x;a) O; 8(x;a)2S A
= P QK(x;a) rp(x;a)+ PaVK, (x;a); 8(x;a)2S A (48)
=1 P9(xa)2S A :Qf(xa) rn(xa)+ Py (xia)
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Now,
PO(xa)2S A :Qf(xa) rn(x;a)+ PhViy (x;a)

P 9(xa)2S A : rg?Mx]Qﬁ’“ (x;a) ra(xa)+ PaVik, (X a)
m

P 9(x;a)2S A :8m2[M]; Qfm (x;a) rp(x;a)+ PaV, (x;a)

P 8m2[M];, 9(Xm;am)2S A :Qﬁ;m (Xm;am) rh(Xm;am)+ Pthk+1(Xm;am)

P 9(xa)2S A QM (x;a) ra(xa)+ PhVk, (x;a)

m=1
= 1 P Qﬁ;m (x;a) rp(x;a)+ Pthk+l (x;a); 8(x;a)2S A
m=1
1 491— §
2 2
= K’

where the last inequality follows from (47).
Thus, from (48), we have

P IK(X; ; 8(x;a)2S A 1
p(x;a) O; 8(x;a)2S HK
Denotingc = ?glzT and solving foM , we haveM = log(HK= )=log(1=(1 c)).

Applying union bound oveh andk, 8(x;a) 2 S A and8(h;k) 2 [H] [K],with probability
1 ,wehavelk(x;a) 0. This completes the proof. O

D.3 REGRETANALYSIS OF MS-LMC-LSVI

Theorem D.6. Let =1 in (4), L = O(H pa). For anyk 2 [K], let the learning rate =
1=(4 max( K)),the update numbel, =2 | log(4HKd ) where x = max( )= min ( K)isthe
condition number of §. Forany 2 (0;1),letM =log(HK= )=log(1=(1 c)) wherec= pi_—.
Under De nition 4.1, the regret of MS-LMC-LSVI satis es

RegrefK ) = ©(d**2H 3=2P .
with probability at leastl

Proof of Theorem D.6The proof is essentially same as that of Theorem B.8. The only difference is
in computing the probabilites while applying union bound. Nevertheless, we highlight the key steps.

We use the same regret decomposition from (12). We bound the term (i), (ii) and (iii) in (12) exactly
in the same way as in the proof of Theorem B.8 and thus with probability? =3, we have

X X p
Df + MK 2 2H2Tlog(3=); (49)
k=1 h=1 k=1 h=1

Now we bound term (iv) in (12). Suppose the eve(K;H;M; 9 de ned in Lemma D.3 holds.
Using Lemma D.4 and Lemma D.5 with union bound, similar to the proof of Theorem B.8, we can
show that with probabilith.  (d® + d%, we have

XX _ P
E [§(n;an) jxa= x5 I8(x5;ak)  ©(d*2H32 T): (50)
k=1 h=1
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By Lemma D.3, the everi(K; H; M; 9 occurs with probabilityt ~ °. By union bound the event
E(K;H;M; 9 occurs and (50) holds with probability at ledst ( ®+ %+ 9. As 2 (0;1),
setting °= =9, wehavel ( %+ %+ O 1 30=1 =3

Applying another union bound over the I%sgnequality and the martingale inequalities from (49), we

have, the regret is bounded B(d®>“?H 32" T) with probability at leasi. ~ and this completes
the proof. O

E AUXILIARY LEMMAS

E.1 GausSIAN CONCENTRATION

In this section, we present some auxiliary technical lemmas that are of general interest instead of
closely related to our problem setting.

Lemma E.1. Given a multivariate normal distributioX N (0; 4 4), we have,
r |

P kXke  1TH() 1

Proof of Lemma E.1From the properties of multivariate Gaussian distributign,= =2 for
N (0;lg ¢). As 2 is symmetric, it can be decomposed as? = Q Q~, whereQ is
orthogonal and is diagonal. Hence,

2

2 2
5 C

PkXk, C?2 =P kxk; C?> =P Q Q' cz2 =P Q ;

since orthogonal transformation preserves the norm. Another property of standard Gaussian distri-
bution is that it is spherically symmetric. That (3, 2 for any orthogonal matriQ. So,

P Q -2 c2=Pk K C°;

P

asQ” is also orthogonal. Observe thiat k5 = &, 2 2 is the sum of the independent-
distributed variables witle k k3 = %, 2=Tr( 2)= & Var(X;). From Markov's
inequality,
2 1 2

Pk ki, C* 1 oz Ek Kk

So, v
1 fo1x "1
=& Ek kg, c=t = var(xp)= =T() ;
i=1

which completes the proof. O

Lemma E.2 (Abramowitz and Stegun (1964)BSuppose&Z is a Gaussian random variablg
N(; 2?),where > 0.ForO0 z 1, we have

1 22 1 ZZ
PZz> +2z) QS:eT; P(zZ < z) p?eT:
Andforz 1, we have
e 22=2 . . e z%2=2
z—pj P(jz iz ) —p=:
z z
E.2 INEQUALITIES FOR SUMMATIONS
P
Lemma E.3 (Lemma D.1in Jin et al. (202Q))Let , = | + itzl i 7,where ; 2 RYand

> 0. Then it holds that "

T(n) i d

i=1
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Lemma E.4 (Lemma 11 in Abbasi-Yadkori et al. (2011)Jsing the same notation as de ned in
this paper
+ K
(skia) ()2 2dlog —— :
k=1

Lemma E.5(Lemma D.5 in Ishfaq et al. (2021)).etA 2 R? 9 be a positive de nite matrix where
its largest eigenvalue nax (A) . Letxy;:::: X« bek vectors inRY. Then it holds that

! =
X =2
A Xj k kXiki
i=1 i=1
E.3 LINEAR ALGEBRA LEMMAS

Lemma E.6. Consider two symmetric positive semide nite square matrkesdB. If A B,
thenkAkz k Bk2

Proof of Lemma E.6Note thatA B is also positive semide nite. Now,

kBky = sup x>Bx sup X’ Bx+ x> (A B)x = sup x” Ax = kAk,:  (51)
kxk=1 kxk=1 kxk=1

This completes the proof. O

Lemma E.7 ((Horn and Johnson, 2012))f A andB are positive semi-de nite square matrices of
the same size, then

0 [Tr(AB))? Tr(A?)Tr(B?) [Tr(A)]J?[Tr(B)]?:

E.4 COVERING NUMBERS AND SELFNORMALIZED PROCESSES

Lemma E.8 (Lemma D.4 in Jin et al. (202Q))Letfs;gl.; be a stochastic process on state space
S with corresponding ItrationfF gl ; . L%f 1 be anRY-valued stochastic process where

i 2F; 1,andk jk 1. Let (= | + k_ i 7. Then forany > 0, with probability at
leastl ,forallk 0, andanyV 2V with supSZS jV(S)J H, we have

X 2 h [ 22
i V(si) E[V(s)iFi 1] 4H? gIog kr +IogN— , B ;

i=1 K

1

whereN- is the"-covering number o with respect to the distance dist; V9 = sup ¢,5 jV(s)
VAs)j.

Lemma E.9(Covering number of Euclidean ball, Vershynin (2018Fpr any" > 0, the"-covering
numberN-, of the Euclidean ball of radiuB > 0in RY satis es

2B d 3B d

N 1+

Lemma E.10. LetV denote a class of functions mapping fr&no R with the following parametric
form

V()=min max (;a)’w,H ;
a2A
where the parametexr satisieskwk B andforall(x;a) 2S A ,wehavek (x;a)k 1. Let

Ny be the'-covering number of with respect to the distance dist; VO = sup, jV(x) VYx)j.
Then

logNy~» dlog(1+2B=") dlog(3B="):
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Proof of Lemma E.10Consider any two functiond;; V> 2 V with parametersv; andw, respec-
tively. Since bothminf ; H g andmax, are contraction maps, we have

dis(Vi; Vo)  sup (x;a)”wi  (x;@)" wp
X;a

sup Twig Tw,
k k1

= sup T(wi W) (52)
k k1

sup k kokw;  waks
k k1

k w1 wok;

LetNy~ denote the-covering number ofw 2 RY jkwk Bg. Then, Lemma E.9 implies
2B d 3B d
+

Nys 1

Let Gy~ be an"-cover offw 2 RY jkwk Bg. For anyV; 2 V, there existsv, 2 G, such that
\, parameterized bw, satis es dis{Vi;V,) ". Thus, we have,

logNy  logNy~ dlog(1+2B=") dlog(3B=");
which concludes the proof. O

Lemma E.11. LetV denote a class of functions mapping fr&nio R with the following parametric
form

V()=maxmin max (;a w";H ;
a2A m2[M]

where the parameten™ satisi es kw™k B forallm 2 [M], and for all(x;a) 2 S A ,
we havek (x;a)k 1. Let Ny be the"-covering number oV with respect to the distance
dist(V; V9 = sup, jV(x) VIYx)j. Then

logNy» dM log(1+2B=") dM log(3B="):

Proof of Lemma E.11The proof is analogous to that of Lemma E.10. We provide the detailed proof
for completenes.

Consider any two functiong;; V, 2 V with
Vi =max min max (;a)”wj;H
a2A m2[M]
and

Vo =max min  max (;a)” wj;H
a2A m2[M]

Since botminf ; H g andmax, are contraction maps, we have

dis(Vi; Vo) sup max  (x;a)”w] max (x;a)” wy
x;a 2 m2[M]

m2[M] M
sup  max ~wy  max T wy
k k 1 m2[M] m2[M]

(53)
sup max k kokwi'  wi'k,
k k 1M2[M]

max_kwy'  wj'ky;
m2[M]
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Figure 4: Comparison of LMC-LSVI, OPPO (Cai et al., 2020), LSVI-UCB (Jin et al., 2020) and
LSVI-PHE (Ishfaq et al., 2021) in randomly generated non-stationary linearly parameterized MDPs
with 10 states, 4 actions, horizon lendgth= 100 and a sparse transition matrix.

For anym 2 [M], letC™ be an"-cover offw™ 2 RY j kw™k  Bg with respect to the 2-norm.
By Lemma E.9, we know,

d d
TR
It holds thatN - szl jC™j. Thus, we have,
Y
logNy-  log iC"i dMlog(1+2B=") dM log(3B=");
m=1
which concludes the proof. O

F EXPERIMENT DETAILS

In this section, rst, we provide experiments for LMC-LSVI in randomly generated linear MDPs and
the riverswim environment (Strehl and Littman, 2008; Osband et al., 2013) and compare it against
provably ef cient algorithms designed for linear MDPs. Then, we provide more implementation
details about experiments M-Chain and Atari games. In total, all experiments (including hyper-
parameter tuning) took about 2 GPU (V100) years and 20 CPU years.

F.1 EXPERIMENTS FORLMC-LSVI
F.1.1 RANDOMLY GENERATED LINEAR MDPs

In this section, we use randomly generated non-stationary and linearly parameterized MDPs with
10 states, 4 actions, horizon lengthtbf= 100 and a spares transition matrix. As a training setup,

we use 4 randomly generated linear MDPs. For each MDP, we use 5 seeds for a total of 20 runs
per hyperparameter combination. In Figure 4, we compare our proposed LMC-LSVI against OPPO
(Cai et al., 2020), LSVI-UCB (Jin et al., 2020) and LSVI-PHE (Ishfaq et al., 2021).
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F.1.2 THE RIVERSWIM ENVIRONMENT

In the Riverswim environment, there are N states which are lined up in a chain. Figure 5 depicts
the case when N = 6. The agent begins in the leftmost state s; and in each state can take one of
the two actions — “left” or “right”. Swimming to the left, with the current, deterministically moves
the agent to the left while swimming to the right against the current often fails. The optimal policy
is to swim to the right and reach to the rightmost state sy . Thus, deep exploration is required to
obtain the optimal policy in this environment. We experiment with the variant of RiverSwim where
N =12 and H = 40. We use LSVI-UCB (Jin et al., 2020), LSVI-PHE (Ishfaq et al., 2021), OPPO
(Cai et al., 2020) and OPT-RLSVI (Zanette et al., 2020a) as baselines. As shown in Figure 6a, LMC-
LSVI achieves similar performace to LSVI-UCB and outperforms other baselines. Figure 6b shows
the performance of LMC-LSVI as we vary the update number J;. As we see, even with a relatively
small value of J,, LMC-LSVI manages to learn a near-optimal policy quickly.

0.4 0.6 0.6 0.6 0.6
0.6 0.35 0.35 0.35 0.35
R O OO IO, OO
e e e e 1

Figure 5: The 6 state RiverSwim environment from Osband et al. (2013). Here, state s; has a
small reward while state sg has a large reward. The dotted arrows represent the action “left” and
deterministically move the agent to the left. The continuous arrows denote the action “right” and
move the agent to the right with a relatively high probability. This action represents swimming
against the current, hence the name RiverSwim.

F.2 N-CHAIN

There are two kinds of input features ¢1po(s:) = (1{x = s:}) and Pmerm(st) = (1{z < s¢}) in
{0,1}"V. Osband et al. (2016b) found that ¢yerm (s¢) has lightly better generalization. So following
Osband et al. (2016b), we use ¢perm (1) as the input features.

For both DQN and Adam LMCDQN, the Q function is parameterized with a multi-layer perceptron
(MLP). The size of the hidden layers in the MLP is [32,32], and ReLU is used as the activation
function. Both algorithms are trained for 10° steps with an experience replay buffer of size 10%.
We measure the performance of each algorithm by the mean return of the last 10 test episodes. The
mini-batch size is 32, and we update the target network for every 100 steps. The discount factor
~v = 0.99.

DQN is optimized by Adam, and we do a hyper-parameter sweep for the learning rate with grid
search. Adam LMCDQN is optimized by Adam SGLD with a; = 0.9, a; = 0.99, and \; =
10~8. For Adam LMCDQN, besides the learning rate, we also sweep the bias factor a, the inverse
temperature 3, and the update number .J;,. We list the details of all swept hyper-parameters in Table
2.

Table 2: The swept hyper-parameter in N-Chain.

HYPER-PARAMETER VALUES

LEARNING RATE 7y, {1071,3x1072,1072,3 x 1073,1073,3 x 1074, 1074}
BIAS FACTOR a {1.0, 0.1, 0.01}

INVERSE TEMPERATURE f3;, {106, 1014, 10'2, 1019, 10%}

UPDATE NUMBER J, {1,4,16,32}
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https://github.com/deepmind/dqn_zoo/blob/master/results.tar.gz
https://github.com/thu-ml/tianshou/blob/master/examples/atari/atari_dqn.py
https://github.com/thu-ml/tianshou/blob/master/examples/atari/atari_dqn.py
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