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ABSTRACT

Due to its empirical success in few-shot classification and reinforcement learning,
meta-learning has recently received significant interest. Meta-learning methods
leverage data from previous tasks to learn a new task in a sample-efficient manner.
In particular, model-agnostic methods look for initialization points from which
gradient descent quickly adapts to any new task. Although it has been empirically
suggested that such methods perform well by learning shared representations dur-
ing pretraining, there is limited theoretical evidence of such behavior. More im-
portantly, it has not been shown that these methods still learn a shared structure,
despite architectural misspecifications. In this direction, this work shows, in the
limit of an infinite number of tasks, that first-order ANIL with a linear two-layer
network architecture successfully learns linear shared representations. This result
even holds with overparametrization; having a width larger than the dimension
of the shared representations results in an asymptotically low-rank solution. The
learned solution then yields a good adaptation performance on any new task after
a single gradient step. Overall, this illustrates how well model-agnostic methods
such as first-order ANIL can learn shared representations.

1 INTRODUCTION

Supervised learning usually requires a large amount of data. To overcome the limited number of
available training samples for a single task, multi-task learning estimates a model across multiple
tasks (Ando & Zhang, [2005} |Cheng et al.,2011). The global performance can then be improved for
individual tasks once structural similarities between these tasks are correctly learned and leveraged.
Closely related, meta-learning aims to quickly adapt to any new task, by leveraging the knowledge
gained from previous tasks, e.g., by learning a shared representation that enables fast adaptation.

Meta-learning has been mostly popularized by the success of the Model-Agnostic Meta-Learning
(MAML) algorithm for few-shot image classification and reinforcement learning (Finn et al.|[2017).
MAML searches for an initialization point such that only a few task-specific gradient descent iter-
ations yield good performance on any new task. It is model-agnostic in the sense that the objective
is readily applicable to any architecture that is trained with a gradient descent procedure, without
any modifications. Subsequently, many model-agnostic methods have been proposed (Nichol et al.,
2018} |Antoniou et al., [2019; Raghu et al., |2020; Hospedales et al.| [2022). |Raghu et al.| (2020) em-
pirically support that MAML implicitly learns a shared representation across the tasks, since its
intermediate layers do not significantly change during task-specific finetuning. Consequently, they
propose the Almost-No-Inner-Loop (ANIL) algorithm, which only updates the last layer during
task-specific updates and performs similarly to MAML. However, to avoid heavy computations for
second-order derivatives, practitioners generally use first-order approximations such as FO-MAML
or FO-ANIL that achieve comparable performances at a cheaper cost (Nichol et al., 2018]).

Despite the empirical success of model-agnostic methods, little is known about their behaviors in
theory. To this end, our work considers the following question on the pretraining of FO-ANIL:

*This work was completed while E. Boursier was a member of TML Lab, EPFL.
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Do model-agnostic methods learn shared representations in few-shot settings?

Proving positive optimization results on the pretraining of meta-learning models is out of reach in
general, complex settings that may be encountered in practice. Indeed, research beyond linear mod-
els has mostly been con ned to the netuning phegse (Ju &t al.,|2022; Chua/et al., 2021). Hence, to
allow a tractable analysis, we study FO-ANIL in the canonical multi-task model of a linear shared
representation; and consider a linear two-layer network, which is the minimal architecture achieving
non-trivial performance. Traditional multi-task learning methods such as Burer-Monteiro factor-
ization (or matrix factorization) (Tripuraneni et|al., 2021; Du et/[al., 2021; Thekumparampi| et al.,
2021) and nuclear norm regularization (Rohde & Tsybakov, 2011; Boursief|et al|, 2022) are known
for correctly learning the shared representation. Besides being speci c to this linear model, they rely
on prior knowledge of the hidden dimension of the common structure that is unknown in practice.

For meta-learning in this canonical multi-task model, Saunshilét al. (2020) has shown the rst result
under overparametrization by considering a unidimensional shared representation, in nite samples
per task, and an idealized algorithm. More recently, (Collins ét al., 2022) has provided a multi-
dimensional analysis for MAML and ANIL in which the hidden layer recovers the ground-truth
low-dimensional subspace at an exponential rate. Similar to multi-task methods, the latter result
relies onwell-speci cationof the network width, i.e., it has to coincide with the hidden dimension

of the shared structure. Moreover, it requires a weak alignment between the hidden layer and the
ground truth at initialization, which is not satis ed in high-dimensional settings.

The power of MAML and ANIL, however, comes from their good performance despite mismatches
between the architecture and the problem; anfibimshotsettings, where the number of samples
per task is limited but the number of tasks is not. In this direction, we prove a learning result under a
framework that re ects the meta-learning regime. Speci cally, we show that FO-ANIL successfully
learns multidimensional linear shared structures with an overparametrised network width and with-
out initial weak alignment. Our setting of nite samples and in nite tasks is better suited for prac-
tical scenarios and admits novel behaviors unobserved in previous works. In particular, FO-ANIL
not onlylearnsthe low-dimensional subspace, but it alsdearnsits orthogonal complement. This
unlearning does not happen with in nite samples and is crucial during task-speci ¢ netuning. In
addition, we reveal a slowdown due to overparametrization, which has been also observed in su-
pervised learning (Xu & Du, 2023). Overall, our result provides the rst learning guarantee under
misspeci cations, and shows the bene ts of model-agnostic meta-learning over multi-task learning.

Contributions. We study FO-ANIL in a linear shared representation model introduced in Sec-
tion 2. In order to allow a tractable yet non-trivial analysis, we consider in nite tasks idealisation,
which is more representative of meta-learning than the in nite samples idealisation considered in
previous works. Section 3 presents our main result, stating that FO-ANIL asymptotically learns an
accurate representation of the hidden problem structure despite a misspeci cation in the network
width. When adapting this representation to a new task, FO-ANIL quickly achieves a test loss
comparable to linear regression on the hidden low-dimensional subspace. Section 4 then discusses
these results, their limitations, and compares them with the literature. Finally, Section 5 empirically
illustrates the success of model-agnostic methods in learned representation and at test time.

2 PROBLEM SETTING

2.1 DATA DISTRIBUTION

In the following, tasks are indexed by2 N. Each task corresponds todadimensional linear
regression task with parameter; 2 RY andm observation samples. Mathematically, we have for
each task observationgX;:y;) 2 R™ ¢ R™ such that

yi = Xi 2i +z wherez; 2 R™ is some random noise

Some shared structure is required between the tasks to meta-learn, i.e., to be able to speed up the
learning of a new task. Similarly to the multi-task linear representation learning setting, we assume
that the regression parameters all lie in the same smak-dimensional linear subspace, with

k < d. Equivalently, there is an orthogonal mati 2 RY ¥ and representation parameters

Woi 2 RK such that 2 = Bows; for any taski. To derive a proper analysis of this setting, we
assume a random design of the different quantities of interest, summarized in Assumption 1. This
assumption and how it could be relaxed is discussed in Section 4.
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Figure 1: Left: Regression tasks with parametesg 2 RY are con ned in a lower dimensional
subspace, equivalent to the column space of m&i2 RY . Center: This is equivalent to hav-

ing two-layer, linear, teacher networks whée is the shared hidden layer and the outputs layers
wo; 2 RK are task-speci c. The meta-learning task is nding an initialization that allows fast adap-
tation to any such task with a few samplédight: The student network has the same architecture
but it is agnostic to the problem hidden dimension, k8., k, which is the main dif culty in our
theoretical setting. On the contrary, previous works on model-agnostic and representation learning
methods assum’ = Kk, i.e., the hidden dimension &priori known to the learner.

Assumption 1 (random design) Each row ofX; is drawn i.i.d. according taN (0;14) and the
coordinates of; are i.i.d., centered random variables of variance Moreover, the task parameters
W, are drawn i.i.d withE[w-.; ] = 0 and covariance matrix , = E[wy; W;;i] = cly withc > 0.

2.2 FO-ANIL ALGORITHM

This section introduces FO-ANIL in the setting described aboveNfo? N tasks, as well as in

the idealized setting of in nite taskdN( = 1 ). The goal of model-agnostic methods is to learn
parameters, for a given neural network architecture, that quickly adapt to a new task. This work
focuses on a linear two-layer network architecture, parametrised:py( B;w) 2 RY ° Rk’

withk k° d. The estimated function is then givenby: x 7! x> Bw.

The ANIL algorithm aims at minimizing the test loss on a new task, after a small number of gradient

steps on the last layer of the neural network. For the sake of simplicity, we here consider a single

gradient step. ANIL then aims at minimizinﬁ; ovethe quantity ,
[

Lanie () = Ewy Xy L rwliC Xy (1)

whereL; is the (expected) test loss on the taswhich depends ow;; ; i ( :Xi:yi) is the empir-
ical loss on the observatiofX;;yi); and is the gradient step size. When the whole parameter is
updated at test time, i.&.,,, is replaced by , this instead corresponds to the MAML algorithm.

For model-agnostic methods, it is important to split the data in two for inner and outer loops during
training. Otherwise, the model would indeed over t the training set and would learn a poor, full rank
representation of the task parameters (Saunshi et al., 2021jniFer meye = m with miy, <m,

we split the observations of each task g ;y") 2 R™» ¢ RMn them;, rstrows of (Xi;yi);

and(X out;youty 2 RMow & RMauw themg, last rows of(X;;y;).

While training, ANIL alternates at each ste@ N between an inner and an outer loop to update the
parameter;. In the inner loop, the last layer of the network is adapted to each fadlbwing

wi o owe o WXy (2)
Again, updating the whole parametgs with r  would correspond to MAML algorithm. In the

outer loop, ANIL then takes a gradient step (with learning raten the validation loss obtained for
the observationgX 24t ; y°ut) after this inner loop. With; = ( By;w; ), it updates

P
t+1 t N iN:]_ |4t:i( )r t\i( g XUy, 3

where the matrid ti accounts for the derivative of the function7! ;. Computing the second-

order derivatives appearing iﬂh;i is often very costly. Practitioners instead prefer to use rst-order
approximations, since they are cheaper in computation and yield similar performances (Nichol et al.,

2018). FO-ANIL then replacdét;i by the identity matrix in Equation (3).
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2.2.1 DETAILED ITERATIONS
In our regression setting, the empirical squared error is givefi4B; w); Xi;vyi) = ﬁkyi
X;Bwk3. In that case, the FO-ANIL inner loop of Equation (2) gives in the setting of Section 2.1:

Wei =W, —B7(X{")” X" (Bewy  Bowai)+ —B{ (X{")7 Z": 4)
min mln

The multi-task learning literature often considers a large number of tasks (Thekumparampil et al.,
2021; Boursier et al., 2022) to allow a tractable analysis. Similarly, we study FO-ANIL in the limit
of an in nite number of task® = 1 to simplify the outer loop updates. In this limit, iterations are
given by the exact gradient of the ANIL loss de ned in Equation (1), when ignoring the second-order
derivatives. The rst-order outer loop updates of Equation (3) then simplify with Assumption 1 to

Wi+1 = Wi (|k0 B ?Bt)B; BtWt; (5)
Bt+1 = Bt B tE[Wt;i W;i ] + B ? ')B; Bt, (6)
wherew; is still given by Equation (4). Moreover, Lemma 15 in the Appendix allows with As-
sumption 1 to compute an exact expressiokfy; wy; | as
Ewei wi 1= (ke B {B)ww; (Ike B 7B+ 2By B> »B3 By

2 (7)

+ B Biww; B] + B> .B> + kBywik?+Tr( »)+ 2 I4 By:

in
The rst line is the covariance obtained for an in nite number of samples. The second line comes
from errors due to the nite number of samples and the label noise. As a comparison, MAML also

updates matriceB; inthe inner loop, which then intervene in the updatescdndB,. Because of
this entanglement, the iterates of rst-order MAML (and hence its analysis) are very cumbersome.

3 LEARNING A GOOD REPRESENTATION

Given the complexity of its iterates, FO-ANIL is very intricate to analyze even in the simpli ed set-

ting of in nite tasks. The objective function is non-convex in its arguments and the iterations involve
high-order terms in botlv; andB;, as seen in Equations (5) to (7). Theorem 1 yet characterizes
convergence towards some xed point (of the iterates) satisfying a number of conditions.

Theorem 1. LetBy andwy be initialized such thaB3 By is full rank,
1 BLLLITY

kBok%: O Y min F, — ;
in

kwok3 = O ( min( 2));
where i, ( ») is the smallest eigenvalue of,, =2 == Tr( ,)+ 2 and theO notation hides
universal constants. Let also the step sizes satisfy and = O (=).

Then under Assumption 1, FO-ANIL (given by Equati@and(6)) with initial parameterB; wp,
asymptotically satis es the following

H > —_ . H - .
tIlllm B7,Bt=0; tIlllm Biw; =0;

1 Min | Min +1 + ! . (8)
min 1 k - ? k )

. > > —_— —
lim B3B(B; B, = 3=

whereB,.» 2 RY (@ K) js an orthogonal matrix spanning the orthogonalol(B-), i.e.,

B;;? B?;? =14 x; and B; B?;? =0:

An extended version of Theorem 1 and its proof are postponed to Appendix C. We conjecture
that Theorem 1 holds with arbitrary task covarianceseyond the identity covariance in Assump-
tion 1. Before discussing the implications of Theorem 1, we provide details on the proof strategy.

The proof is based on the monotonic deca}(Bf_;? Biks, kBiw; ks and the monotonic increase of

B3 B(B{ B in the Loewner order sense. As these three quantities are interrelated, simultaneously
controlling them is challenging. The initialization given in Theorem 1 achieves this by conditioning
the dynamics to be bounded and well-behaved. The choicei®tlso crucial as it guarantees the
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decay ofkB;w;k; afterkB?>., Bk, decays. While these two quantities decay,= B; B{B; B-
follows a recursion WherB;;? B: andB;w; act as noise terms. The proof utilizes two associ-

ated recursions to respectively upper and lower boun¢in Loewner order) and then show their
monotonic convergence to,. A more detailed sketch of the proof could be found in Appendix B.

Theorem 1 states that under mild assumptions on initialization and step sizes, the parameters learned
by FO-ANIL verify three key properties after convergence:

1. B; isrank-de cient, i.e., FO-ANIL learns to ignore the entére k dimensional orthogonal
subspace given bg,., , as expressed by the rst limit in Equation (8).

2. The learned initialization yields the zero function, as given by the second limit in Equa-
tion (8). Note thatv; does not necessarily convergedichowever, it converges to the null
space 0B, thanks to the third property. Although intuitive, showing tBatv; converges
to the mean task parameter (assur@dutre) is very challenging when starting away from
it, as discussed in Section 4. This property is crucial for fast adaptation on a new task.

3. B B; B} B» is proportional to identity. Along with the rst property, this fact implies
that the learned matriB,; exactly spangol(B-). Moreover, its squared singular values
scale as !, allowing to perform rapid learning with a single gradient step of size

These three properties allow to obtain a good performance on a new task after a single gradient
descent step, as intended by the training objective of ANIL. The generalization error at test time
is precisely quanti ed by Proposition 1 in Section 3.1. In addition, the limit points characterized
by Theorem 1 are shown to be global minima of the ANIL objective in Equation (1) in Appendix F.

Interestingly, Theorem 1 holds for quite large step sizes and the limit points only depend on
these parameters by the ! scaling of ». Also note that » ! 11, whenm;, ! 1 . Yet, there

is some shrinkage of, for nite number of samples, that is signi cant when;, is of order of the
inverse eigenvalues e¥, . This shrinkage mitigates the variance of the estimator returned after a
single gradient step, while this estimator is unbiased with no shrinkageX 1 ).

Although the limiting behavior of FO-ANIL holds for any niten;,, the convergence rate can be
arbitrarily slow for largemj, . In particular, FO-ANIL becomes very slow to unlearn the orthogonal
complement otol(B-) whenm;, is large, as highlighted by Equation (14) in Appendix B. At the
limit of in nite samplesm;, = 1 , FO-ANIL thus does not unlearn the orthogonal complement and
the rst limit of Equation (8) in Theorem 1 does not hold anymore. This unlearning is yet crucial at
test time, since it reduces the dependency of the excess riskfrtmk (see Proposition 1).

3.1 FAST ADAPTATION TO A NEW TASK

Thanks to Theorem 1, FO-ANIL learns the shared representation during pretraining. Itis yet unclear
how this result enhances the learning of new tasks, often referrateaming in the literature.
Consider having learned parametés w) 2 R¢ ¥° Rk’ following Theorem 1,

B5,B=0, Bw=0;, B3BB>B,= o 9)

We then observe a new regression task withs; observationgX;y) 2 RMet d  RMest gnd
parametew- 2 R¥ such that
y = XBoWs; + Z; (10)

where the entries of are i.i.d. centered sub-Gaussian random variables and the entrieé afe
i.i.d. standard Gaussian variables following Assumption 1. The learner then estimates the regression
parameter of the new task doing one step of gradient descent:

Wiest = 1 WL((B;W); Xy)= v+ B™ e Bows + B>X”z; (11)

Miest

With et = —X X. As in the inner loop of ANIL, a single gradient step is processed here.
Note that it is unclear whether a single or more gradient steps should be run at test time. No-
tably, (B; W) has not exactly converged in practice, since we consider a nite training tinis:

thus full rank. The least squares estimator of the linear regression witf(>d&tay) might then

lead to over tting. Running just a few gradient steps can be helpful by preventing over tting since
it implicitly regularizes the norm of the estimated parameters (Yao et al., 2007; Neu & Rosasco,
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2018). The best strategy (e.g. the number of gradient steps) to run while netuning is an intricate
problem, independently studied in the literature (see e.g. Chua et al., 2021; Ren et al., 2023) and is
out of the scope of this work. Additional details are provided in Appendix I.

When estimating the regression parameter VB, the excess risk on this task is exactly
KBW test B?w?kg. Proposition 1 below allows to bound the risk on any new observed task.

Proposition 1. LetB; wies Satisfy Equation$9) and (11)for a new task de ned by Equatidqti0).
If mest K, then with probability at least  4e *, . .

+ = R
—1 min ( ')kW?kz + kwoko K + K

kKBWiest Bowoky = O
Min Miest Miest

A more general version of Proposition 1 and its proof are postponed to Appendix D. The proof
relies on the exact expressionwgg; after a single gradient update. The idea is to decompose the

differenceBwis;  B-W- in three terms, which are then bounded using concentration inequalities.

The rst two terms come from the error due to proceeding a single gradient step, instead of converg-
ing towards the ERM weights: the rst one is the bias of this error, while the second one is due to its
variance. The last term is the typical error of linear regression lodianensional space. Note this
bound does not depend on the feature dimengigror k%, but only on the hidden dimensidn

When learning a new task without prior knowledge, e.g., Witla a simple linear regression on the
d-dimensional space of the features, the error instead scales %‘:? (Bartlett et al., 2020).

FO-ANIL thus leads to improved estimations on new tasks, when it beforehand learned the shared
representation. Such a learning is guaranteed thanks to Theorem 1. Surprisingly, FO-ANIL might
only need a single gradient step to outperform linear regression ahdhreensional feature space,

as empirically con rmed in Section 5. As explained, this quick adaptation is made possible by the

1 scaling of8, which leads to considerable updates after a single gradient step.

4 DiscuUssION

No prior structure knowledge. Previous works on model-agnostic methods and matrix fac-
torization consider a well-speci ed learning architecture, i€.,= k (Tripuraneni et al., 2021;
Thekumparampil et al., 2021; Collins et al., 2022). In practical settings, the true diménisibid-

den, and estimating it is part of learning the representation. Theorem 1 instead states that FO-ANIL
recovers this hidden true dimensikrasymptotically when misspeci eckf > k) and still learns

good shared representation despite overparametrizationK&g.,d). Theorem 1 thus illustrates

the adaptivity of model-agnostic methods, which we believe contributes to their empirical success.

Proving good convergence of FO-ANIL despite misspeci cation in network width is the main tech-
nical challenge of this work. When correctly speci ed, it is suf cient to prove that FO-ANIL learns
the subspace spanned By, which is simply measured by the principal angle distance by Collins
et al. (2022). When largely misspeci e{= d), this measure is alwaylsand poorly re ects how

good is the learned representation. Instead of a single measure, two phenomena are quanti ed here.
FO-ANIL indeed not only learns the low-dimensional subspace, but it also unlearns its orthogonal
complement. More precisely, misspeci cation sets additional dif culties in controlling simultane-
ously the variablesy; andB; through iterations. Whek® = k, this control is possible by lower
bounding the singular values 8f;. A similar argument is however not possible wheh> k , as

the matrixB; is now rank de cient (at least asymptotically). To overcome this challenge, we use a
different initialization regime and analysis techniques with respect to Saunshi et al. (2020); Collins
et al. (2022). These advanced techniques allow to prove convergence of FO-ANIL with different
assumptions on both the model and the initialization regime, as explained below.

Superiority of agnostic methods. When correctly speci edk® = k), model-agnostic methods do

not outperform traditional multi-task learning methods. For example, the Burer-Monteiro factoriza-

tion minimizes the non-convex problem
min n Li(BW ;X yi); (12)

1
B2Rd kO W 2Rk N 2N

LAlthough Saunshi et al. (2020) consider a misspeci ed setting, the orthogonal complement is not unlearned
in their case, since they assume an in nite number of samples per task (site tasks modeparagraph).
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whereW () stands for the-th column of the matriW. Tripuraneni et al. (2021) show that any
local minimum of Equation (12) correctly learns the shared representation kfirerk. However

when misspeci ed (e.g., taking® = d), there is no such guarantee. In that case, the optBnal
need to be full rank (e.gB = |4) to perfectly t the training data of all tasks, when there is label
noise. This setting then resembles running independealimensional linear regressions for each
task and directly leads to a suboptimal performance of Burer-Monteiro factorizations, as illustrated
in Section 5. This is another argument in favor of model-agnostic methods in practice: while they
provably work despite overparametrization, traditional multi-task methqat#ori do not.

Although Burer-Monteiro performs worse than FO-ANIL in the experiments of Section 5, it still
largely outperforms the single-task baseline. We believe this good performance despite over-
parametrization might be due to the implicit bias of matrix factorization towards low-rank solu-
tions. This phenomenon remains largely misunderstood in theory, even after being extensively stud-
ied (Gunasekar et al., 2017; Arora et al., 2019; Razin & Cohen, 2020; Li et al., 2021). Explaining
the surprisingly good performance of Burer-Monteiro thus remains a major open problem.

In nite tasks model. A main assumption in Theorem 1 is the in nite tasks model, where updates
are given by the exact ( rst-order) gradient of the objective function in Equation (1). Theoretical
works often assume a large number of tasks to allow a tractable analysis (Thekumparampil et al.,
2021; Boursier et al., 2022). The in nite tasks model idealises this type of assumption and leads to
simpli ed parameters' updates. Note these updates, given by Equations (5) and (6), remain intricate
to analyze. Saunshi et al. (2020); Collins et al. (2022) instead consider an in nite number of samples
per task, i.e.mi, = 1 . This assumption leads to even simpler updates, and their analysis extends to
the misspeci ed setting with some extra work, as explained in Appendix G. Collins et al. (2022) also
extend their result to a nite number of samples in nite-time horizon, using concentration bounds
on the updates to their in nite samples counterparts when suf ciently many samples are available.

More importantly, the in nite samples idealisation is not representative of few-shot settings and
some phenomena are not observed in this setting. First, the superiority of model-agnostic methods
is not apparent with an in nite number of samples per task. In that case, marioaty spanning
col(B-) also minimise the problem of Equation (12), potentially making Burer-Monteiro optimal
despite misspeci cation. Second, a nite number of samples is required to unlearn the orthogonal of
col(B»). Whenm;, = 1 , FO-ANIL does not unlearn this subspace, which hurts the performance

at test time for larg&®, as observed in Section 5. Indeed, there is no risk of over tting (and hence
no need to unlearn the orthogonal space) with an in nite number of samples. On the contrary with
a nite number of samples, FO-ANIL tends to over t during its inner loop. This over tting is yet
penalized by the outer loss and leads to unlearning the orthogonal space.

Extending Theorem 1 to a nite number of tasks is left open for future work. Section 5 empirically
supports that a similar result holds. A nite tasks and sample analysis similar to Collins et al.
(2022) is not desirable, as mimicking the in nite samples case through concentration would omit
the unlearning part, as explained above. With misspeci cation, we believe that extending Theorem 1
to a nite number of tasks is directly linked to relaxing Assumption 1. Indeed, the empirical task
mean and covariance are not exa€tlgnd the identity matrix in that case. Obtaining a convergence
result with general task mean and covariance would then help in understanding the nite tasks case.

Limitations. Assumption 1 assumes zero mean task parameters, E[w».] = 0. Considering
non-zero task mean adds two dif culties to the existing analysis. First, controlling the dynamics of
w; is much harder, as there is an extra ternn its update, but alsB;w; converges t@, , 6 0
instead. Moreover, updates Bf have an extra asymmetric ratitkerm depending on,. Experi-
ments in Appendix | yet support that both FO-ANIL and FO-MAML succeed whe6 0.

In addition, we assume that the task covarianeeis identity. The condition number of ; is

related to thetask diversityand the problem hardness (Tripuraneni et al., 2020; Thekumparampil

et al., 2021; Collins et al., 2022). Under Assumption 1, the task diversity is perfect (i.e., the condi-
tion number isl), which simpli es the problem. The main challenge in dealing with general task
covariances is that the updates involve non-commutative terms. Consequently, the main update rule
of B3 B{B{ B~ no longer preserves the monotonicity used to derive upper and lower bounds on its
iterates. However, experimental results in Section 5 suggest that Theorem 1 still holds with any di-
agonal covariance. Hence, we believe our analysis can be extended to any diagonal task covariance.
The matrix -, being diagonal is not restrictive, as it is always the case for a properly clBasen
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Lastly, the featureX; follow a standard Gaussian distribution here. It is needed to derive an exact
expression oE[w; wg; ] with Lemma 15, which can be easily extended to any spherically symmet-
ric distribution. Whether Theorem 1 holds for general feature distributions yet remains open.

Additional technical discussion. For space reasons, we leave the technical details on Theorem 1
to Appendix A. In particular, we remark that our initialization only requires full-rank initialization
without any initial alignment and describe how to derive a rate for the rst limitin Theorem 1 which
shows a slowdown due to overparametrization similar to the previous work by Xu & Du (2023).

5 EXPERIMENTS

This section empirically studies the behavior of model-agnostic methods on a toy example. We
consider a setup with a large but nite number of tapks= 5000, feature dimension = 50, a
limited number of samples per tagk = 30, small hidden dimensiok = 5 and Gaussian label
noise with variance 2 = 4. We study a largely misspeci ed problem whéf®= d. To demonstrate

that Theorem 1 holds more generally, we consider a non-identity covariangeoportional to
diagl; ;k). Further experimental details, along with additional experiments involving two-layer
and three-layer ReLU networks, can be found in Appendix I.

Figure 2: Evolution of smallesidft) and largestright) squared singular value &3 B during
training. The shaded area represents the standard deviation observéf aves.

To observe the differences between the idealized models and the true algorithm, FO-ANIL with
nite samples and tasks is compared with both its in nite tasks and in nite samples versions. Itis
also compared with FO-MAML and Burer-Monteiro factorization.

Figure 2 rst illustrates how the different methods learn the ground truth subspace givBa.by
More precisely, it shows the evolution of the largest and smallest squared singular vBlgi&of

On the other hand, Figure 3 illustrates how different methods unlearn the orthogonal complement of
col(B-), by showing the evolution of the largest and averaged squared singular vadyge, &; .

Figure 3: Evolution of averageeft) and largestright) squared singular value &>3., By during
training. The shaded area represents the standard deviation observé@ nves.

Finally, Table 1 compares the excess risks achieved by these methods on a new task Wiftabhdth
30samples. The parameter is estimated by a ridge regressionBny), whereB is the represen-

tation learned while training. Additionally, we report the loss obtained for model-agnostic methods
after a single gradient descent update. These methods are also compared with the single-task base-
line that performs ridge regression on thelimensional feature space, and the oracle baseline that
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directly performs ridge regression on the ground trkttlimensional parameter space. Ridge re-
gression is used for all methods, since regularizing the objective largely improves the test loss here.
For each method, the regularization parameter is tuned using a grid-search over multiple values.

Table 1: Excess risk evaluated #800testing tasks. The number afteris the standard deviation
over 10 independent training runs. For model-agnostic methtdspP refers to a single gradient
descent step at test timRjdge refers to ridge estimator with respect to the learned representation.

Miest = 20 Miest = 30
Single-task ridge 1:84 0:03 163 0:02
Oracle ridge 0:50 001 034 0:.01
Burer-Monteiro 1:23  0:03 103 0:02

1-GD Ridge 1-GD Ridge

FO-ANIL 0:81 001 073 003 064 001 057 002
FO-MAML 0:81 0:01 073 004 063 001 058 001
FO-ANIL in nite tasks 0:77 001 067 003 060 001 052 001
FO-ANIL in nite samples 1:78 0:02 104 002 119 001 084 0.02

As predicted by Theorem 1, FO-ANIL with in nite tasks exactly converges o More precisely,

it quickly learns the ground truth subspace and unlearns its orthogonal complement as the singular
values ofB>., By decrease t@, at the slow rate given in Appendix H. FO-ANIL and FO-MAML

with a nite number of tasks, almost coincide. Although very close to in nite tasks FO-ANIL, they
seem to unlearn the orthogonal spaceal{B-,) even more slowly. In particular, there are a few
directions (given by the maximal singular value) that are unlearned either very slowly or up to a
small error. However on average, the unlearning happens at a comparable rate, and the effect of the
few extreme directions is negligible. These methods thus learn a good representation and reach an
excess risk approaching the oracle baseline with either ridge regression or just a single gradient step.

On the other hand, as predicted in Section 4, FO-ANIL with an in nite number of samples quickly
learnscol(B-), but it does not unlearn the orthogonal complement. The singular values along the
orthogonal complement stay constant. A similar behavior is observed for Burer-Monteiro factoriza-
tion: the ground truth subspace is quickly learned, but the orthogonal complement is not unlearned.
Actually, the singular values along the orthogonal complement even increase during the rst steps
of training. For both methods, the inability of unlearning the orthogonal complement signi cantly
hurts the performance at test time. Note however that they still outperform the single-task baseline.
The singular values alongpl(B-) are indeed larger than along its orthogonal complement. More
weight is then put on the ground truth subspace when estimating a new task.

These experiments con rm the phenomena described in Sections 3 and 4. Model-agnostic methods
not only learn the good subspace, but also unlearn its orthogonal complement. This unlearning yet
happens slowly and many iterations are required to completely ignore the orthogonal space.

6 CONCLUSION

This work studies rst-order ANIL in the shared linear representation model with a linear two-
layer architecture. Under in nite tasks idealisation, FO-ANIL successfully learns the shared,
low-dimensional representation despite overparametrization in the hidden layer. More crucially
for performance during task-speci ¢ netuning, the iterates of FO-ANIL not only learn the low-
dimensional subspace but also forget its orthogonal complement. Consequently, a single-step gra-
dient descent initialized on the learned parameters achieves a small excess risk on any given new
task. Numerical experiments con rm these results and suggest they hold in more general setups,
e.g., with uncentered, anisotropic task parameters and a nite number of tasks. As a consequence,
our work suggests that model-agnostic methods arematgtel-agnostién the sense that they suc-
cessfully learn the shared representation, although their architecture is not adapted to the problem
parameters. Extending our theoretical results to these more general settings or more intricate meth-
ods, such as MAML, remains open for future work. Lastly, our work presents a provable shared
representation learning result for the pretraining of meta-learning algorithms. Thus, it connects to
the literature on representation learning with pretraining; in particular, it demonstrates a slowdown
due to overparametrization that has been recently demonstrated in supervised learning.
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A ADDITIONAL DISCUSSION

Initialization regime. Theorem 1 requires a bounded initialization to ensure the dynamics of FO-
ANIL stay bounded. Roughly, we need the squared nor@3f Bo to beO (m i) ! to guar-

anteekBky ! for anyt. We believe then;, dependency is an artifact of the analysis and it is
empirically not needed. Additionally, we boumg to control the scale dE[wy; wy; ] that appears
in the update oB;. A similar inductive condition is used by Collins et al. (2022).

More importantly, our analysis only needs a full raBR B, which holds almost surely for usual
initializations. Collins et al. (2022) instead require that the smallest eigenvaBki Bf, is bounded
strictly away from0, which does not hold whed  k° This indicates that their analysis covers
only the tail end of training and not the initial alignment phase.

Rate of convergence. In contrast with the convergence result of Collins et al. (2022), Theorem 1
does not provide any convergence rate for FO-ANIL but only states asymptotic results. Appendix H
provides an analogous rate for the rst limit of TheorenkB';;? Bik3=0 " L Due to mis-

speci cation, this rate is slower than the one by Collins et al. (2022) (exponential vs. polynomial).
A similar slow down due to overparametrization has been recently shown when learning a single
ReLU neuron (Xu & Du, 2023). In our setting, rates are more dif cult to obtain for the second and
third limits, as the decay of quantities of interest depends on other terms in complex ways. Remark
that rates for these two limits are not studied by Collins et al. (2022). In the in nite samples limit, a
rate for the third limit can yet be derived whierr K°.

Relaxation to a nite number of tasks. In the limit of in nite tasks, Theorem 1 proves that

the asymptotic solution is low-rank and the complemBnt, is unlearned. Figure 3 shows this
behavior with a relatively big initialization. For pretraining with a nite number of tasks, the decay
is not towards0 but to a small residual value. The scale of this residual depends on the number
of tasks (decreasing ®when the number of tasks goes to in nity) and possibly on other problem
parameters such &sand . Most notably, when a very small initialization is chosen, the singular
values in the complement space can increase until this small scale.

This indicates that Theorem 1 relaxed to a nite number of tasks will include a non-zero but small
component in the orthogonal space. In our experiments, these residuals do not hurt the netuning
performance. Note that these residuals are also present for simulations of FO-ANIL with in nite
tasks due to the nite time horizon.

Theoretical analyzes of model-agnostic meta-learning. Other theoretical works on model-
agnostic meta-learning have focused on convergence guarentees (Fallah et al., 2020; Ji et al., 2022)
or generalization (Fallah et al., 2021). In contrast, this work focuses on pretraining of model-agnostic
meta-learning and learning of shared representations under the canonical model of multi-task learn-

ing.
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