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ABSTRACT

Recurrent Spiking Neural Networks (RSNNs) have emerged as a computationally
efficient and brain-inspired learning model. The design of sparse RSNNs with
fewer neurons and synapses helps reduce the computational complexity of RSNNS.
Traditionally, sparse SNNs are obtained by first training a dense and complex
SNN for a target task, and, then, pruning neurons with low activity (activity-based
pruning) while maintaining task performance. In contrast, this paper presents
a task-agnostic methodology for designing sparse RSNNs by pruning a large
randomly initialized model. We introduce a novel Lyapunov Noise Pruning (LNP)
algorithm that uses graph sparsification methods and utilizes Lyapunov exponents
to design a stable sparse RSNN from a randomly initialized RSNN. We show
that the LNP can leverage diversity in neuronal timescales to design a sparse
Heterogeneous RSNN (HRSNN). Further, we show that the same sparse HRSNN
model can be trained for different tasks, such as image classification and temporal
prediction. We experimentally show that, in spite of being task-agnostic, LNP
increases computational efficiency (fewer neurons and synapses) and prediction
performance of RSNNs compared to traditional activity-based pruning of trained
dense models.

1 INTRODUCTION

Recurrent Spiking Neural Networks (RSNNs), inspired by the human brain’s information processing
mechanism, utilize spikes for efficient learning and processing of spatio-temporal data (Maass, |1997).
Recent advancements in SNN research have underscored the importance of leveraging heterogeneity in
neuronal parameters to optimize network performance (Chakraborty & Mukhopadhyayl [2023b; [Perez+
Nieves et al.| 2021 She et al., 2021)). These studies have demonstrated that RSNNs with diversity in
neurons’ integration/relaxation dynamics, referred to as the heterogeneous RSNN (HRSNN), enhance
the learning ability of RSNNs and show improved performance over homogeneous spiking neural
networks in tasks such as spatio-temporal classification of video activity recognition (Chakraborty &
Mukhopadhyay| 2022} 2023aj; (Chakraborty et al.| [2023; [Padmanabhan & Urbanl 2010).

Though the introduction of such heterogeneity in the neuronal parameters helps in improving the
performance of the model, it also increases the complexity of the model exponentially, especially as
the number of neurons increases. This makes optimizing the model hyperparameters extremely hard.
Moreover, standard sparse random initializations of the network make it very unstable, as observed
from their Lyapunov spectra [See Suppl. Sec. A.7] . The design of sparse HRSNN models with
fewer neurons and synapses helps balance computational demand and performance. Thus, getting a
sparse HRSNN model without sacrificing on the performance is of utmost importance. Traditionally,
sparse neural networks are designed by first training a dense (complex) network for a target task,
followed by pruning neurons/synapses to reduce computation while minimizing performance drop for
that task (Blalock et al.l 2020} (Chowdhury et al.,|2021b; |Chen et al., 2018]). Various task-dependent
pruning methods have been explored for feed-forward SNNs. For example, STDP-based pruning
of connections and weight quantization of SNNs have been studied for energy-efficient recognition
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(Rathi et al.| 2018). Likewise, the lottery ticket hypothesis has been studied for complex (large) SNNs
(Kim et all,2022b). Gradient rewiring has also been explored for pruning deep SNNs (Chén et al.,
2021). However, the pruned models derived from such task-driven pruning algorithms are extremely
over tted to the task it is trained on and demonstrate poor generalization performance.[See Suppl.
Sect. B.3]]. Also, since most of these methods are mostly adapted from pruning techniques of deep
neural networks (DNNS), they do not leverage the unique temporal dynamics and neuronal timescales
inherent to heterogeneous spiking networks. Further, as these methods consider performance on a
target task during pruning, the complexity of the nal pruned models varies from task to task and
even across datasets for a given task.

In this paper, we present a novialsk-agnostic methodreferred to as Lyapunov Noise Pruning (LNP),

for designing sparse HRSNN. In contrast to the conventional approach of designing sparse networks
by task-dependent pruning of trained dense networks, our approach starts with a randomly initialized
and arbitrarily initialized dense (complex) HRSNN model. We leverage the Lyapunov spectrum of an
HRSNN model and techniques from spectral graph sparsi cation algorithms (Spielman & Srivastava,
2011; Moore & Chaudhuri, 2020) to prune synapses and neurons while keeping the network stable
(Spielman & Srivastava, 2011; Moore & Chaudhuri, 2020; Vogt et al., 2020). The resulting random
sparse HRSNN can next be trained for different target tasks using supervised (backpropagation) or
unsupervised (Spike-Time-Dependent-Plasticity, STDP) methods.

Ourtask-agnostic sparse model desighelps develop universally robust and adaptable models and
eliminates the need for extensive task-speci c adjustments (You et al., 2022; Liu et al., 2022b).
Instead of minimizing (or constraining) performance loss for a given task, LNP optimizes the
model structure and parameters while pruning to preserve the stability of the sparse HRSNN. This
results in sparse models that are stable and exible, and maintain performance across multiple tasks.
We further show that the same sparse HRSNN obtained by LNP can be trained for various tasks,
namely, image classi cation and time-series prediction. For image classi cation on the CIFAR10,
CIFAR100 datasets, the sparse HRSNN from LNP shows similar performance but at a much lower
(as both neurons and synapses are pruned) computation cost. Likewise, we assess the ef cacy of
the proposed task-agnostic pruning approach by training the sparse HRSNN models for prediction
tasks. We consider (1) synthetic datasets of chaotic systems, such as Lorenz and Rossler, and
(2) real-world datasets, including Google Stock Price Prediction and Wind Speed Prediction. The
experimental results show that the proposed LNP enhances the pruning ef ciency (de ned as the
ratio of performance to synaptic operations) over conventional task-dependent activity-based pruning
methods. The key contributions of this paper are as follows:

» Sparse Recurrent Spiking Network Design MethodsWe present a methodology for de-
signing sparse recurrent spiking networks by task-agnostic pruning of a randomly initialized
dense model. This is in contrast to prior SNN pruning approaches that are task-dependent,
designed for feed-forward SNNs, and adapted from DNN pruning methods thereby ignoring
unigue temporal dynamics of recurrent spiking networks.

 Lyapunov Noise Pruning Algorithm. We present a novel Lyapunov-based noise pruning
algorithm, using spectral graph sparsi cation methods and the Lyapunov spectrum of a
HRSNN network. The proposed algorithm eliminates neurons and synapses from a randomly
initialized dense HRSNN model by preserving the delocalized eigenvectors for improved
stability and performance of the resulting sparse HRSNN, without training it on any dataset.

« Effective Utilization of Neuronal Timescale Heterogeneity. The proposed approach
leverages the diversity of neuronal timescales in an HRSNN to assist in pruning and enhance
the performance of the sparse HRSNN.

» Task-agnostic Sparse Model Designlhe pruning algorithms developed in this paper is
task-agnostic (unsupervised). The proposed approach do not optimize for performance on
a given dataset while pruning; rather, only optimizes the topology of the graph and the
neuronal time constants of the HRSNN network while ensuring stability of the network.

2 PRELIMINARIES AND DEFINITIONS

Models: For this paper, we use a Leaky Integrate and Fire (LIF) neuron model. The heterogeneity is
introduced by assigning distinct membrane time constapts, to each LIF neuron, creating a varied
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Figure 1: (a) Concept of HRSNN with variable Neuronal and Synaptic Dynamics (b) Figure showing
the task-agnostic pruning and training of the CHRSNN/HRSNN networks using LNP in comparison
to the current approach

distribution of these parameters. Using the above notion of heterogeneous LIF neurons, we de ne two
distinct HRSNN models, presented in Fig 1(a): First,iHiRSNN model, predicated on the framework
introduced in recent research (Chakraborty & Mukhopadhyay, 2023b; 2022), where the time constants
of each neuron are derived by sampling from a gamma distribution, engendering heterogeneity in
neuronal dynamics. Again, recent advancements in neuroscience have also elucidated that the human
brain comprises multiple regions, each exhibiting distinct temporal properties, conceptualized as
the multi-region network model (Perich et al., 2020; de Oliveira Junior et al., 2022). Inspired by
these, we propose tt@ustered Heterogeneous RSNN (CHRSNNhodel, wherein the recurrent

layer comprises multiple clusters of HRSNN models, each characterized by a unique distribution of
time constants. Each of these neurons is then connected randomly to form a small-world network
architecture of the overall CHRSNN.

Algorithm 1 Lyapunov Noise Pruning (LNP) Method

1. Step 1: Synapse Pruning using Spectral Graph Pruning
2: for eache; in A connectingn;;n; do

3: FindN g

4:  Compute  forkin N "g; « (Algorithm 2)

5: Dene W using harmonic mednye fork in N "e; « (Eq 1)
6: Useb"te at each node

7:  ComputeC of ring rates

8: Preserve each; with p; yielding ASP2*¥fori x j

9: end for

10: Step 2: Node Pruning using Betweenness Centrality
11: for eachn; in Networkdo

12:  ComputeB " n;e (Algorithm 3)

13: if B n;* @hresholdthen

14: Removen;
15: endif
16: end for

17: Step 3: Delocalization of the Eigenvectors

18: for eachAPU"®ddo

19:  Add edges to preserve eigenvectors and maintain stability

20: end for

21: Step 4: Neuronal Timescale Optimization

22: for each pruned modeh do

23:  Use Lyapunov spectrutn to optimize neuronal timescaleg i >R using BO.
24: end for

25: return APUned=Q
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Figure 2: Complete owchart showing the steps for the LNP pruning algorithm and the training
methodology to use the pruned HRSNN network

Methods: 1. Lyapunov Spectrum of RNNising the algorithm from (Mogt et al., 2020) by observing
the network's contraction/expansion over time sequences. The details are discussed in Suppl. Sec. A
and Algorithm2.

2. Spectral Graph Sparsi cation Methods(Feng, 2019; Liu & Yu, 2023) are crucial for simplifying
graphs while maintaining their fundamental structural and spectral attributes. They seek ultra-sparse
subgraphs that effectively approximate the original Laplacian eigenvalues and eigenvectors.

3. Betweenness CentralityCye In a network with recurrent connection§, gauges a node's
importance in facilitating communication between different network sections. Nodes witiChigh
form critical information channels connecting various parts of the network.

3 METHODS

3.1 LyArPUNOV NOISE PRUNING (LNP) METHOD

The proposed research presents a pruning algorithm employing spectral graph pruning and Lyapunov
exponents in an unsupervised model. We calculate the Lyapunov matrix, optimizing for ratios and
rates to handle extreme data values and incorporate all observations. After pruning, nodes with the
lowest betweenness centrality are removed to improve network ef ciency, and select new edges
are added during the delocalization phase to maintain stability and integrity. This method balances
structural integrity with computational ef cacy, contributing to advancements in network optimization.
Algorithm 1 shows a high-level algorithm for the entire process.

Step I: Noise-Pruning of Synapses: First, we de ne the Lyapunov matrix of the network. To
formalize the concept of the Lyapunov Matrix, let us consider a network represented by a graph
G"V;E« whereV is the set of nodes arfdl is the set of edges. For each edgeconnecting nodes,

let N " ze be the set of neighbors of nodesz  “i;j «. Thus, the Lyapunov exponents corresponding

to these neighbors are represented a§ “zes. The element ; of the Lyapunov Matrix () is then
calculated using the harmonic mean of the Lyapunov exponents of the neighbors of; hoakes

N S"N"ise 8 "N"jeS

1
P > "N"jee8 "N jee T

Lij )

4
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where denotes individual Lyapunov exponents from the set of all such exponents of inadég's
neighborsL, encapsulates the impact of neighboring nodes on each edge regarding their Lyapunov
exponents, which helps us evaluate the network's stability and dynamical behavior. Through the
harmonic mean, the matrix accommodates the in uence of all neighbors, including those with
extreme Lyapunov exponents, for a balanced depiction of local dynamics around each edge. Thus,
the linearized network around criticality is represented as:

X Dx Lx b'te Ax bte (2

Herex represents the ring rate dfl neurons, withx; specifying the ring rate of neuron b"te
denotes external input, including biases, anid the previously de ned Lyapunov matrix between
neuronsD is a diagonal matrix indicating neurons' intrinsic leak or excitability, & de ned as

A D L. The intrinsic leak/excitabilityD , quanti es how the ring ratex;, of neuroni alters
without external input or interaction, impacting the neural network's overall dynamics along with

L, and external inputls"te. PositiveD;; suggests increased excitability and ring rate, while negative
values indicate reduced neuron activity over time. We aim to create a sparse ne®ii3 fvith

fewer edges while maintaining dynamics similar to the original network. The sparse network is thus
represented as:

X ASP¥S§  pte suchthat &' “ASPA® AexTB K'AXT ! x >RN (3)

for some small A0. When the network in Eqg. 6 is driven by independent noise at each node, we
denebte b “te, whereb is a constant input vector,is a vector of [ID Gaussian white noise,
and is the noise standard deviation. Letbe the covariance matrix of the ring rates in response to
this input. The probability; for the synapse from neurgnto neuroni with the Lyapunov exponent
lj is de ned as:
! L ™ i ji 2 ije forw; AO (excitatory)
Pi ®g s jj 2+ forw; @0 (inhibitory) @
Here, determines the density of the pruned network. The pruning process independently preserves
each edge with probability; , yielding A% whereAZP*™® A ~p; , with probabilityp; and
0 otherwise. For the diagonal elements, denoted 48> representing leak/excitability, we either
retain the original diagonal, setting"*® A; , or we introduce a perturbation,;, de ned as
the difference in total input to neurénand adjust the diagonal &5°*° A; i. Speci cally,
i Pixi 38 Pjy 3 SThis perturbation, ;, is typically minimal with a zero mean and is
interpreted biologically as a modi cation in the excitability of neuriodue to alterations in total
input, aligning with the known homeostatic regulation of excitability.

Step II: Node Pruning based on Betweenness Centralityin addressing network optimization, we
propose an algorithm speci cally designed to prune nodes with the lowest betweenness centrality
(Cp) in a given graph, thereby re ning the graph to its most in uential componddggjuanti es the

in uence a node has on information ow within the network. Thus, we calculajéor each node

and prune the nodes with the least values below a given threshold, ensuring the retention of nodes
integral to the network's structural and functional integrity. The complete algorithm for the node
pruning is given in Algorithm 3 in Suppl. Sect. E.

Step IlI: Delocalizing Eigenvectors: To preserve eigenvector delocalization and enhance long-term
prediction performance post-pruning, we introduce a predetermined number of additional edges to
counteract eigenvalue localization due to network disconnectiorGL€etV; Es andG* "V;E%
represent the original and pruned graphs, respectively, wh&fe E. We introduce additional
edgesE ®%o maximize degree heterogenelty, de ned as the variance of the degree distribution
H T Q “d've de?, subject toE*8 E®SB L, wherel is a predetermined limit. This is
>V

formalized as an optimization problem to nd the optimal set of additional edg&Senhancing
eigenvector delocalization and improving the pruned network's predictive performance. Given graph
G "V;E-, with adjacency matriA and Laplacian matrix., we analyze the eigenvalues and
eigenvectors of to study eigenvector localization. To counteract localization due to pruning, we
introduce a xed numbem, of additional edges to maximize the variance of the degree distribution,
Var" D, within local neighborhoods, formalized as:

max VarDe subjectto E*¢ m; E®E®®g; E%H N~vie “vje (5)

Vi >V
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Figure 3: Comparative Evaluation of Pruning Methods Across Iterations. Figs. (a) and (b) show the
evolution of the number of synapses and neurons with the iterations of the LNP and AP algorithms.
Fig (c) represents how the RMSE loss changes when the pruned model after each iteration is trained
and tested on the Lorenz63 dataset

This approach ensures eigenvector delocalization while preserving structural integrity and speci ed
sparsity, optimizing the model's long-term predictive performance.

The goal is to maximize the variance of the degree distributiari,D ¢, by selecting the best set of
additional edge& ®Such that: (i) The number of additional edgesnis(ii) The additional edges are
not part of the original edge sEt* (iii) The additional edges are selected from the neighborhoods of
the vertices.

Step IV: Neuronal Timescale OptimizationIn optimizing RSNN, known for their complex dy-
namical nature, we employ the Lyapunov spectrum to re ne neuronal timescales using Bayesian
optimization. During optimization, RSNNSs are inherently unstable due to their variable parameters
and pruning processes, affecting training dynamics' stability and model learnability. Lyapunov
exponents, as outlined in (Vogt et al., 2020), are crucial for understanding system stability and are
linked to the operational ef ciency of RNNs. This paper utilizes the Lyapunov spectrum as a criterion
for optimizing neuronal timescales in pruned networks, aiming to maintain stability and functionality
while minimizing instability risks inherent in pruning. Further details on Bayesian optimization and
nalized timescales are in Suppl. Secs. D, B respectively.

4 EXPERIMENTS AND RESULTS

4,1 EXPERIMENTAL SETUP

The experimental process, depicted in Fig. 2, begins with a randomly initialized HRSNN and
CHRSNN. Pruning algorithms are used to create a sparse network. Each iteration of pruning results
in a sparse network; we experiment with 100 iterations of pruning. We characterize the neuron
and synaptic distributions of the "Sparse HRSNN" obtained after each pruning iteration to track the
reduction of the complexity of the models with pruning.

We train the sparse HRSNN model obtained after each pruning iteration to estimate performance on
various tasks. Notehe pruning process does not consider the trained model or its performance
during iterations. As outlined in Fig. 2, the sparse HRSNNs are trained for time-series prediction
and image classi cation tasks. For the prediction task, the network is trained using 500 timesteps of
the datasets and is subsequently used to predict the following 100 timesteps. For the classi cation
task, each input image was fed to the input of the network for Tinput = 100 ms of simulation time
in the form of Poisson-distributed spike trains with ring rates proportional to the intensity of the
pixels of the input images, followed by 100 ms of the empty signal to allow the current and activity
of neurons to decrease. For both tasks, the input data is converted into spike trains via rate-encoding,
forming the high-dimensional input to the XRSNN. The output spike trains are then processed through
a decoder and readout layer for nal predictions or classi cation results.
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Evolution of Complexity of Sparse Models during

Pruning: We plot the change in the number of neu-

rons and synapses for the 100 iteration steps for AP

and LNP Pruning algorithms. The results for the vari-

ation of the synapses and neurons with the iterations

of the pruning algorithm are plotted in Figs. 3(a) and

(b), respectively. The LNP methods perform better

than the activity-based pruning method and converge

to a model with fewer neurons and synapses. Also,

the inset diagram shows the variance of the distribu-

tion as we repeat the experiment 10 times for each

algorithm. We added the results for random ini-

tialization for each step of the iteration of the LNP

- initialized 10 different networks, trained them, and

showed their performance in 3(c). After each itera-

tion, we randomly created a network with an equal

number of synapses and edges as found by the LNP

method and trained and tested it on the Lorenz@&ure 4: Scatter Plot showing Accuracy
dataset to get the RMSE loss. We see that the R@g- Avg. SOPs for different pruning meth-
dom initialized network shows higher variance angds on CIFAR10. Results for CIFAR100 &
shows more jumps signifying the randomly initiakorenz63 are given in Suppl. Sec. B.4

ized model is unstable without proper netuning. In

addition, we see the performance consistently getting

worse as the model size keeps decreasing, signifying an optimal network architecture is more crucial
for smaller networks than for larger networks. We see that the nal distribution for both synapses and
neurons of the AP-based models has a higher variance than the LNP algorithm. This also highlights
the stability of the proposed LNP algorithm. In addition to this, we also plot the nal distributions of
the timescales observed from the two methods. The complete results are shown in Suppl. Sec. B.

Datasets: We evaluate the performance of the LNP pruning methods for (1) time-series prediction
on chaotic systems (i.e., Lorenz Xu et al. (2018a) and Rossler systems Xu et al. (2018b)) and two
real-world datasets - Google Stock Price Prediction and wind speed prediction datasets Samanta et al.
(2020) and (2) image classi cation on CIFAR10 and CIFAR100 datasets Krizhevsky et al. (2009).
Further details are given in Suppl. Sec. A.

Baselines: We use the activity-based pruning (AP pruning) method Resal. (1997) as the
baseline, where we prune the neurons with the lowest activations in each iteration. The details of
the AP pruning are given in Algorithm 4 and Suppl. Sec. A. This algorithm operates iteratively,
pruning the least active neurons and retraining the model in each iteration. We also compare the
LNP algorithm with current task-dependent state-of-the-art pruning algorithms from prior works, and
the results are shown in Table 1. In addition, we also introduce the Random initialization method,
where after each iteration of the LNP algorithm, we observe the number of neurons and synapses
of the LNP pruned network and then generate a random Erdos-Renyi graph with the same number
of neurons and synapses. We repeat this process for each step of the iteration. The results of the
Random initialization method are shown in Fig. 3(c).

Evaluation Metric First, we use the standard RMSE loss which is givenRAMSE"te

2
10 Zf "te ute _ _ o _
D Q %% whereD is the system dimension, is the long term standard devi-
i1 i .

ation of the time series, is an arbitrary threshold, and is the forecast. We also use another
measure to measure the performance of prediction called valid prediction time (VPT) (Vlachas et al.,
2020). The VPT is the timewhen the accuracy of the forecast exceeds a given threshold. Thus
VPTte Q I"RMSE"te @ * For these experiments,we sedrbitrarily to 0.1. Thus, a higher

VPT indicates a better prediction model.

3>

Energy Ef ciency: In assessing the energy consumption of neuromorphic chips, the central measure
is the energy required for a single spike to pass through a synapse, a notably energy-intensive process
Furber (2016). The overall energy consumption of a Spiking Neural Network (SNN) can be estimated
by counting the synaptic operations (SOPs), analogous to oating-point operations (FLOPS) in
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Table 1: Comparison of Pruning Methods(*=CIFAR10 pruned model trained & tested on CIFAR100)

CIFARIO CIFARI00
Method Spiking Baseline Accuracy  Neuron  Synapse SOP Baseline Accuracy Neuron  Synapse SOP
etho Model Accuracy Loss Sparsity  Sparsity Ratio Accuracy Loss Sparsity  Sparsity Ratio
ADMM
Deng etal (2021) 7Cony, 2FC 89.53 385 - 90 291
LSNN
Bellec otal (2018  600M2FC 92.84 353 - 97.96 16.59
Grad R
Chenotal (20z1)  6CoM.2FC 92,54 -0.30 - 7159 2.09 71.34 -4.03 - 97.65 19.45
IMP . .
Kim etal. (2022b) ResNet19 93.22 -0.04 - 97.54 1320 | 71.34 -2.39 - 97.54 18.69
STDS
Chenetal (2022a)  6COM:2FC 92.49 035 - 88.67 527
ESL-SNN
Shen st ol (2023) ResNet19 91.09 17 - 95 241 73.48 -0.99 - 95 14.22
ResNetl9 (Random) 9329074 215 019 9048 0432 0.36128 | 73.32 081 396 039 9048 9432 1204041
ResNet19 (converted) 004001 9367 9819  22.180.2 011 002 9444 9807 3115028
LNP - 26088 0.76 0. 01 0. 94 073 216 0. 21 0.
(ours) HRSNN-BP 9237 091 -081 008 2403 9506 356y 041] 7042 071 -2.37 032 9202 9421 45es 063
CHRSNN-STDP — 91.58 0.83 -0.62 0.07 50.37 0.61| 69.96 0.68 -1.65 0.21 57.44 0.68
CHRSNN-BP  93.45 0.87 -0.74 007 9204 9868 %535 0.58| 73.45 066 -1.11 023 2347 9704 5535 064

Table 2: Table comparing the performance on the Lorenz 63 and Google datasets. The complete
results for the Rossler system and Wind prediction are given in Suppl. Sec. B

Pruning Model Training Avg. SOPs Lorenz63 Google Dataset
Method Method (M) RMSE VPT RMSE VPT
BP 815.77 81.51 0.248 0.058 44.17 6.31 0.794 0.096 42.18 6.22

Unpruned HRSNN  sTpp 71076 79.65 0.315 0.042 3575 4.65 0:905 0.095 32.36 3.14
chReny  BP 86742 9312 0235 0.052 47.23 602 0.7820.001 _ 4528508

STDP  744.97 80.09 0285 0021 4017 513 1948 0179 19.25 3.54

iRouy  BP 11752 1437 1245 0554 3108 823 1457 0584  28.246.98

AP Pruned STDP 0268 1011 1718 0195 2110 7.22 1948 0179 19.25 7.59
chrsny BP 15733 1887 1114 0.05I 3397 756 13250566 26.477.42

STDP 11877 1059 1596 0194 29.41 7.33 1987 0191 17.68 7.38

iRonn_BP 2287 227 0.691 0384 3367 6.88 08550112 33.143.01

LNP Pruned STDP 1822 203 0705 0104 3217 462 017 0124 30.25 3.26
chrenn_BP 10.14 2.04 0682 0312 39.15 627 0.8320.105  34.512.87

STDP 1479 1.58 0.679 0.098 39.24 4.15 0.901 0.101 32.14 3.05

traditional Arti cial Neural Networks (ANNs). The energy consumption of an SNN is calculated
asE Cg Total SOPs Cg Q sic, whereCg represents the energy per SOP, dnthl SOPs

I
P;si¢ is the sum of SOPs. Each presynaptic neuraes s; spikes, connecting tq synapses,
with every spike contributing to one SOP. Again, for sparse SNNs, the energy model is reformulated
as Shietal. (2024)E CeP; % P; n™°, § , nfj’OStZ where the se#’™®; ;n503t2>~0; 1¢3
indicates the state of the presynaptic neuron, the synapse, and the postsynaptic neuron. A value
of 1 denotes an active state, while 0 indicates pruning.,Thgmbol represents the logical AND
operation. Hence, we calculate the "SOP Ratio" between the unpruned and pruned networks as a
metric for comparison of the energy ef ciency of the pruning methods, which quanti es the energy
savings relative to the original, fully connected (dense) network. This ratio provides a meaningful
way to gauge the ef ciency improvements in sparse SNNs compared to their dense counterparts.

Readout Layer Pruning: The read-out layer is task-dependent and uses supervised training. In
this paper, we do not explicitly prune the read-out network, but the readout layer is implicitly pruned.
The readout layer is a multi-layer (two or three layers) fully connected network. The rst layer size

is equal to the number of neurons sampled from the recurrent layer. We sample the top 10% of
neurons with the greatest betweenness centrality. Thus, as the number of neurons in the recurrent
layer decreases, the size of the rst layer of the read-out network also decreases. The second layer
consists of xed size with 20 neurons, while the third layer differs between the classi cation and the
prediction tasks such that for classi cation, the number of neurons in the third layer is equal to the
number of classes. On the other hand, the third layer for the prediction task is a single neuron which
gives the prediction output.

4.2 RESULTS

Performance Comparison in Classi cation: Table 1 shows the comparison of our model with other
state-of-the-art pruning algorithms in current literature. It must be noted here that these algorithms are
task-dependent and use only synapse pruning, keeping the model architecture xed. We evaluate the
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model on the CIFAR10 & CIFAR100 datasets and observe that our proposed task-agnostic pruning
algorithm performs closely to the current state-of-the-art.

Performance Comparison in Prediction: The pruned model derived by the LNP method is task-
agnostic. As such, we can train the model with either STDP or gradient-based approaches. In this
section, we compare the performance of the unsupervised STDP-trained model with the supervised
surrogate gradient method to train the pruned HRSNN model (Neftci et al., 2019). First, we plot the
evolution of RMSE loss with pruning iterations in Fig. 3(c) when trained and evaluated on the Lorenz
63 dataset. We see that our pruning method shows minimal degradation in performance compared
to the baseline activity pruned method. Further on, Table 2 presents the comparative performance
of different pruning methods, models, and training methods on the Lorenz 63 and the Google stock
prediction datasets. It is clear from the results that the LNP-pruned models generally outperform the
Unpruned and AP-pruned counterparts across different models and training methods. Speci cally,
LNP pruned models consistently exhibit lower SOPs, indicating enhanced computational ef ciency
while maintaining competitive RMSE and VPT values, which indicate the model's predictive accuracy
and validity, respectively. This suggests that employing the LNP pruning method can signi cantly
optimize model performance without compromising the accuracy of predictions.

Ablation Studies: We conducted an ablation study, where we systematically examined various com-
binations of the four sequential steps involved in the LNP method. This study's ndings are presented
graphically, as illustrated in Fig. 13. At each point (A-E), we train the model and obtain the model's
accuracy and average. Synaptic Operations (SOPS) to support ablation studies. The ablation study is
done for the HRSNN model, which is trained using STDP and evaluated on the CIFAR10 dataset.
In the gure, different line styles and colors

represent distinct aspects of the procedure: the

blue line corresponds to Steps 1 and 2 of the

LNP process, the orange line to Step 3, and

the green line to Step 4. Solid lines depict

the progression of the original LNP process

"A B C D Ee, while dotted

lines represent the ablation studies conducted

at stages B and C. This visual representation

enables a clear understanding of the individual

impact each step exerts on the model's perfor-

mance and ef ciency. Additionally, it provides

insights into potential alternative outcomes that

might have arisen from employing different per-

mutations of these steps or omitting certain steps

altogether. A detailed description of the ablation

study is given in Suppl. Sec. B.5 _ _ ) )
Figure 5: Plot showing Ablation studies of LNP

5 CONCLUSION

This research introduced Lyapunov Noise Pruning (LNP), a novel, task-agnostic methodology for
designing sparse Recurrent Spiking Neural Networks (RSNNs), emphasizing the balance between
computational ef ciency and optimal performance. Unlike prevailing methods, LNP starts with a
random, densely initialized RSNN model, utilizing the Lyapunov spectrum and spectral graph sparsi-
cation methods to prune while maintaining network stability. Experimental results demonstrated
that LNP outshone conventional activity-based pruning, reducing computational complexity with
fewer neurons and synapses, and maintaining superior accuracy and validity across various datasets,
including synthetic and real-world ones. The task-agnostic nature of LNP establishes universally
adaptable and robust models without extensive, task-speci ¢ adjustments, preserving critical network
parameters and optimizing model structures, especially crucial in environments with constrained
computational resources. The atter minima, corresponding to more stable and robust solutions,
indicated enhanced stability in the learned dynamics of the model. In summary, LNP represents
a signi cant advancement in neural network design, offering more ef cient, stable, and versatile
models, suitable for diverse applications and setting the stage for future innovations in the eld of
neural networks.
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A SUPPLEMENTARY SECTION A

A.1 COMPUTATION OFLYAPUNOV EXPONENTS

We compute LE by adopting the well-established algorit/T 58 and follow the implementation

in 48,55 . For a particular task, each batch of input sequences is sampled from a set of xed-length
sequences of the same distribution. We chose this set to be the validation set. For each input sequence
in a batch, a matrix) is initialized as the identity to represent an orthogonal set of nearby initial
states. The hidden statksare initialized as zeros.

To track the expansion and the contraction of the vecto€3,ahe Jacobian of the hidden states at
stept; J, is calculated and then applied to the vectorQofThe Jacobiad, can be found by taking
the partial derivatives of the RNN hidden states at tinfie, with respect to the hidden states at times
t 1 he 1 )
@ .
t1

Beyond the hidden states, the Jacobian will depend on the xapthis dependence allows us to
capture the dynamics of a network as it responds to input. The expansion factor of each vector is
calculated by updatin@ by computing th&QR decomposition at each time step.

Qi Rt 1 QR7JQ¢e:

If r} is the expansion factor of th& vector at time step - corresponding to thé" diagonal element
of R in the QR decomposition- then th® LE ; resulting from an input signal of lengfh is given
by

Jt IJ

17 <
k = Q log%y'Z
T

The LE resulting from each inpxt™ in the batch of input sequences is calculated in parallel and
then averaged. For each experiment, the LE was calculated over a xed humber of time steps with
n different input sequences. The meamafesulting LE spectra is reported as the LE spectrum.
To normalize the spectra across different network sizes and, consequently the number of LE in the
spectrum, we interpolate the spectrum such that it retains the shape of the largest network size.

We follow the principles outlined by Engelken et al. for calculating the Lyapunov spectrum of
the discrete-time ring-rate network. Conducting numerical simulations with small perturbations in
Recurrent Spiking Neural Networks (RSNNSs), particularly in the context of discrete spiking events,
requires a speci ¢ approach to capture these networks' dynamics accurately.

1. Network Initialization: Set up an RSNN with a de ned architecture, synaptic weights, and
initial neuronal states.

2. Creating Perturbations: Generate a slightly perturbed version of the network. This could
involve minor adjustments to the initial membrane potentials or other state variables of a
subset of neurons.

3. Simulating Network Dynamics: Run parallel simulations of the original and the perturbed
RSNNSs, ensuring they receive identical input stimuli. Since the networks operate on discrete
spike events, the state of each neuron is updated based on the inputs it receives and its
current potential

4. Measuring Divergence At each time step, measure the difference between the states of
the two networks. In the context of spiking neurons, this could involve comparing the
spike trains of corresponding neurons in each network. This difference could be quanti ed
using various metrics, such as spike-timing difference, spike count difference, or membrane
potential differences.

5. Tracking the Evolution of the Perturbation : Observe how the initial small differences
evolve. These differences might lead to signi cantly divergent spiking patterns in a network
exhibiting chaotic dynamics.
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6. Estimating Lyapunov Exponents: Calculate the rate at which the trajectories of the original
and perturbed networks diverge. This involves tting an exponential curve to the divergence
data over time. The slope of this curve gives an estimate of the Lyapunov exponent. A
positive exponent indicates sensitivity to initial conditions and potential chaotic dynamics.
The evolution of the map is given by

N
h; "t te f; "1 teh; “tge tQ Jj hj “tgee
j1

Inthelimit t O, a continuous-time dynamics is recovered. Far 1, the discrete-time
network is obtained. The Jacobian for the discrete-time map is

Dj; "t —W 1 te t Jjj Oehj “tgee :

The full Lyapunov spectrum is again obtained by a reorthonormalization procedure of the
Jacobians along a numerical solution of the map.

A.2 LINEARIZATION AROUND CRITICAL POINTS

Recurrent neural networks (RNNs) are useful tools for learning nonlinear relationships between
time-varying inputs and outputs with complex temporal dependencies. Sussillo et al. Sussillo & Barak
(2013) have explored the hypothesis that xed points, both stable and unstable, and the linearized
dynamics around them, can reveal crucial aspects of how RNNs implement their computations.
Further, they explored the utility of linearization in areas of phase space that are not true xed points
but merely points of very slow movement and presented a simple optimization technique that is
applied to trained RNNs to nd the xed and slow points of their dynamics. Linearization around
these slow regions can be used to explore, or reverse-engineer, the behavior of the RNN. Similarly,
other recent works Sadeh & Rotter (2014) have shown that, for a wide variety of connectivity
patterns, a linear theory based on ring rates accurately approximates the outcome of direct numerical
simulations of networks of spiking neurons.

Building on these works, we can linearize the HRSNN model around the critical points using the
differential equation:

dx

— D Lx b'te Ax Dbte 6
g X X X (6)

In this equation:

- X represents the vector of ring rates of neurons in the netwoik.is a diagonal matrix indicating
neurons' intrinsic leak or excitability. = is the Lyapunov matrix. b"te denotes external inputs,
including biases. A isamatrixdeneda®\ D L.

The spike frequency of untrained SNNs is used to approximate the ring rajaes the network.

In an untrained SNN, the ring rates can be considered as raw or initial responses to inputs before
any learning or adaptation has occurred. This approximation is useful for constructing a linearized
model as it provides a baseline from which the effects of learning, pruning, and other dynamics can
be analyzed. Each diagonal elemBxt of the matrixD quanti es how the ring rate of neuron
changes over time without external input or interaction. These elements can be determined based
on the inherent properties of the neurons in the network, such as their leakiness or excitability. The
Lyapunov matrixL encapsulates the impact of neighboring nodes on each edge regarding their
Lyapunov exponents. The elementd ofire calculated using the harmonic mean of the Lyapunov
exponents of the neighbors of nodeandj as detailed in your method. This matrix represents how
the dynamics of one neuron affect its neighbors, in uenced by the network's overall stability and
dynamical behavior. In summary, the linearized model provided by equation 6 is a simpli cation
that helps to understand the fundamental dynamics of the SNN. It uses the initial, untrained spike
frequencies to establish a baseline for the network's behavior, and the m&traoredL are calculated

based on the intrinsic properties of the neurons and their interactions, respectively.
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We aim to create a sparse netwoAEff2s§ with fewer edges while maintaining dynamics similar to
the original network. The sparse network is thus represented as:

dx

i ASPISE p'te suchthat &' "ASP¥S® AexTB K'AxT ! x >RN 7

for some small A0. When the network in Eqg. 6 is driven by independent noise at each node, we
denebte b “te, whereb is a constant input vector, is a vector of [ID Gaussian white noise,
and is the noise standard deviation. Letbe the covariance matrix of the ring rates in response to
this input. The probability; for the synapse from neurgnto neuron with the Lyapunov exponent

li is de ned as:

o oel j i ji 2 ije forw; AO (excitatory) (®)
! $ S i jj 2 ije forw; @O (inhibitory)
Here, determines the density of the pruned network. The pruning process independently preserves
each edge with probability; , yielding A% whereAiP*™® A ~p; , with probabilityp; and
0 otherwise. For the diagonal elements, denotedA8°¢ representing leak/excitability, we either
retain the original diagonal, settilg"*™® A;, or we introduce a perturbation,;, de ned as
the difference in total input to neurénand adjust the diagonal &5"**° A i. Speci cally,
i Pixi 3778 Pjy %\ SThis perturbation, i, is typically minimal with a zero mean and is
interpreted biologically as a modi cation in the excitability of neuriodue to alterations in total
input, aligning with the known homeostatic regulation of excitability.

A.3 BASELINE PRUNING METHODS

Activity pruning is a technique employed to optimize neural network models by iteratively removing
the least active neurons. In this approach, outlined as the Iterative Activity Pruning algorithm, the
process starts with an initial Recurrent Spiking Neural Network (RSNN) mdderhe algorithm
operates by rst evaluating each neuron's activity level, followed by pruning a certain percentage
(determined by the pruning ratg¢ of neurons that exhibit the lowest activity. Post pruning, the model

M is retrained to compensate for the loss of neurons, forming an updated M&d€his cycle of
pruning and retraining continues until either a maximum number of iteraliaaseached, or the
performance of the pruned model drops below 10% of the original, unpruned model's performance.
The goal of this method is to re ne the model by removing less critical neurons while maintaining or
enhancing overall performance. This technique is validated by comparing its ef cacy in classifying
datasets like CIFAR10 & CIFAR100 against other state-of-the-art pruning algorithms. The detailed
algorithm is given in Algorithm 4. We also evaluate our model for classifying the CIFAR10 &
CIFAR100 datasets and compare the results with current task-dependent state-of-the-art pruning
algorithms. The results are shown in Table 1.

A.4 DATASETS
A.4.1 LORENZ SYSTEM

The Lorenz system is a non-linear, three-dimensional system that can be described as follows:

dx~dt "y Xxe
dy~dt X~ z+ vy
dz~dt xy z

when 10 8~3,and 28, the system has chaotic solutions. The experimental setup, same
as Xu et al. (2018a), was used in this paper, and the fourth-order Runge-Kutta method was used to
generate samples. Table 3 summarizes the details of the experimental setup.
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Table 3: Details of the experimental setup for the Lorenz system.

Parameter Value
Number of samples 20000
Initial state 12,2;9
Step size 0.01
Number of training samples 11250
Number of validation samples 3750
Number of test samples 5000

Table 4: Details of the experimental setup for the Rossler system.

Parameter Value
Number of samples 12700
Initial state 1;1;1
Step size 0.03
Number of discarded samples 7700
Number of training samples 3000
Number of validation samples 1000
Number of test samples 1000

A.4.2 ROSSLER SYSTEM

The Rossler system is a classical system, consisting of three nonlinear ordinary differential equations
and can be de ned by:

dxdt vy z
dy~dt x ay
dzdt b zZ’x c

whena 0:15b 0:2, andc 10, the system shows chaotic behavior. To compare the performance

of MFRFNN with other methods under the same condition, the experimental setup, same as Xu et al.
(2018b), was used for the Rossler system. In this setup, the fourth-order Runge-Kutta method was
employed for sample generation. Some of the samples were discarded to eliminate the transient
in uence of the initial condition. Table 5 presents the details of the experimental setup for the Rossler
system.

A.4.3 (GOOGLE STOCK PRICE PREDICTION PROBLEM

Stock price prediction is a non-linear and highly volatile problem. In this problem, the future value of
Google stock price is predicted using the current price as de ned by.

Pte 7yt e
The dataset was obtained from Yahoo Finance during six years from 19-August-2004 to 21-September-
2010 as in Samanta et al. (2020). The training set consisted of 1529 samples, and the test set of 900
samples. To evaluate the performance of MFRFNN on another real-world time series, we compared

its performance with the same RFNNs and FNNs used in Box-Jenkins and wind speed prediction
datasets.

A.4.4 WIND PREDICTION

The wind speed prediction problem is a non-linear, dynamic, and volatile problem in which the
future value of wind speed is predicted using the current wind speed and wind direction. The dataset
is obtained from the lowa Department of Transport's website.1 The data was collected from the
Washington station during a one-month period (February 2011), sampled every ten minutes, and
averaged hourly. There are 500 samples in the training set and 1000 samples in the test set Samanta
et al. (2020). This dataset is more challenging than the Box—Jenkins dataset due to the existence of
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