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Abstract

The ability to reason lies at the core of artificial intelligence (AI), and challenging
problems usually call for deeper and longer reasoning to tackle. A crucial question
about Al reasoning is whether models can extrapolate learned reasoning patterns to
solve harder tasks with a longer chain-of-thought (CoT). In this work, we present
a theoretical analysis of transformers learning on synthetic state-tracking tasks
with gradient descent. Specifically: 1). We prove how the algebraic structure of
state-tracking problems governs the length generalization of learned reasoning in
transformers. In doing so, we formulate the attention concentration mechanism,
linking the retrieval robustness of the attention layer to the task structure of long-
context state tracking problems. 2). Moreover, we prove that a transformer can
provably self-improve via a recursive self-training scheme that progressively
extends the range of solvable problem lengths. We show that the model can achieve
abilities outside the coverage of the base model in recursive training, different
from prior theoretical works on self-improvement. To our knowledge, we provide
the first optimization guarantee that constant-depth transformers provably learn
NC'-complete problems with CoT, significantly going beyond prior art confined
in TC®, unless the widely held conjecture TC® £ NC* fails. Finally, we present a
broad set of experiments supporting our theoretical results, confirming the length
generalization behaviors and the mechanism of attention concentration.

1 Introduction

Reasoning is a central theme of artificial intelligence [1, 2, 3]. Transformer-based [4] large language
models (LLMs) achieve state-of-the-art results on complex reasoning tasks via chain-of-thought
(CoT) reasoning [5, 6, 7, 8, 9, 10, 11, 12], where the model generates intermediate steps before
delivering a final answer. Recent frontier models such as OpenAl-ol [1] and DeepSeek-R1 [2]
typically produce long CoT traces at inference time, often elicited via reinforcement learning and/or
supervised fine-tuning (SFT) that distills from longer chains [13, 14]. These advances have enabled
improved performance on more challenging problems [15, 16, 17, 18, 19], yet the mechanisms and
limitations underlying CoT reasoning remain poorly understood, posing fundamental theoretical
challenges.

Theoretical studies on transformers with CoT have recently advanced along two fronts: expressive-
ness [20, 21, 22, 23, 24] and statistical learnability [25, 26, 27, 28, 29, 30, 31]. On the expressiveness
front, seminal work [20, 21, 22] showed that constant-depth transformers without CoT behave as
shallow circuits and are restricted to express the circuit complexity class TC® of constant computation
depth, whereas with O(L) CoT steps on inputs of length L, they can express log-depth circuits

in NC!, which is a problem class conjectured to require inherently serial computation. These
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results reveal that CoT reasoning equips transformers with the expressive power to solve inherently
sequential problems. In contrast, there remains limited understanding of #ow transformers acquire
such reasoning abilities during training. Prior optimization analyses [34, 35, 36, 37] were limited
to simple, fully parallelizable tasks in TC° that do not require sequential reasoning. This leaves a
substantial gap between what transformers can express in principle and what they can learn through
training.

Another key question, motivated by the success of reasoning models, is whether models can ex-
trapolate their reasoning beyond the sequence lengths of the training data: a property known as
length generalization. In practice, reasoning effectively over long chains of thought relies strongly
on the model’s long-context ability [38, 39, 40, 41], which can be severely affected by context rot,
a phenomenon in which model performance degrades as the number of tokens in the context in-
creases [42, 43, 44]. Even for synthetic reasoning tasks, empirical evidence on length generalization
of transformers is mixed [45, 46, 47, 48, 49, 50, 51], and several prior studies reported limited
extrapolation despite strong in-distribution performance. Architectural choices, including positional
encoding and attention variants, can influence generalization considerably [52, 53, 54, 55, 56, 57, 58].
On the theoretical front, previous work established existence or statistical guarantees, showing that
transformers can, in principle, represent length-generalizing algorithms or achieve favorable sample
complexity independent of the length of the CoT [59, 60, 61, 62, 63]. Nonetheless, it remains
unclear whether transformers can provably learn to length-generalize reliably when trained with
gradient-based optimization algorithms.

In light of the aforementioned gaps in prior literature, the current paper seeks to make progress
towards addressing the following two fundamental questions:

Research Questions

1. Can transformers, trained via gradient descent (GD), learn CoT reasoning to solve
problems requiring inherently sequential reasoning beyond TC%?

2. Can the learned reasoning ability generalize to problems that require longer CoTs
beyond the lengths of training data?

To address these questions in a theoretically tractable manner, we analyze a minimally viable
transformer: a one-layer transformer block with softmax attention and a feed-forward network (FFN),
trained by GD with no positional encoding (NoPE). We study this model on synthetic state-tracking
tasks, namely LEGO [45], which distill core LLM skills such as entity tracking, game-state updates,
and code evaluation [64, 65]. This setup is tractable for analysis, while capturing the mechanisms
needed for step-by-step computation via CoT. We analyze the training dynamics with CoT on two
LEGO task families with distinct algebraic action structures: simply transitive group actions, and
symmetry group actions. By tracking attention patterns throughout training, we demonstrate how
reasoning capabilities emerge and how length generalization is governed by the structural properties
of these tasks. More concretely, our main contributions are summarized as follows.

1. Provable guarantee of learning CoT with length generalization in state-tracking. We prove
that for the LEGO state-tracking task, a one-layer NoPE transformer trained with GD provably
solves constant-length problems using CoT reasoning. Moreover, the learned transformer directly
generalizes to problems of substantially longer length, when the group actions in LEGO is simply
transitive. Conversely, for the canonical action of the symmetry group .S,, on Z,,, the learned
transformer generalizes only up to constant-factor length. We identify an attention concentration
mechanism that dictates step-wise retrieval depending on the task structure, leading to distinct
length generalization behaviors.

2. Recursive self-training provably extends the solvable reasoning length. When length gener-
alization is limited (for example, under symmetry group actions), we introduce a self-training
curriculum that recursively trains the model on its own CoT traces, motivated by the empirical
work [54]. We prove that this scheme can bootstrap the solvable problem length up to maximal
allowable length after sufficient rounds of self-training, thus offering a theoretical guarantee of
recursive self-improvement.

3. Constant-depth transformers provably learn to solve problems beyond TC° via CoT. The
first two results further establish that the model can learn the solution of state-tracking problems
for non-solvable groups, which is NC*-complete and lies outside TC® unless the widely held
conjecture TC” # NC' in circuit complexity theory fails. Therefore, we provide the first opti-
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Figure 1: Empirical results of length generalization on LEGO tasks with different group actions. (a).
Transformers length-generalize to solve significantly longer CoT tasks for simply transitive (cyclic)
group (Theorem 4.1), while generalizing poorly for symmetry group tasks. (b). When direct length
generalization falls short for symmetry actions, a recursive self-training scheme that train on the
model’s own longer CoT traces bootstraps the solvable problem length (Theorem 5.1). The dashed
lines indicate the training length.
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Figure 2: Attention concentration at convergence for LEGO task with length L. = 5. The heatmap
places the query clause index on the y-axis (keys on the z-axis). For a task of length L, the LEGO
sequence prior to the final answer clause has length 2L; we focus on query positions L + 1 to 2L,
corresponding to answer clauses Z,ns o t0 Zans,7,—1. TWo diagonal bands in the upper region indicate
attention concentrating on the answer clause Z,s ¢ and the predicate clause Zreq,¢+1 When the query
is Zans,[~

mization guarantee showing that a one-layer transformer learns to solve reasoning tasks beyond
TC° with CoT, matching the expressivity result of [20, 22, 21] for linear-CoT transformers.

4. Empirical evidence on synthetic LEGO tasks that supports our theory. We present a wide
range of experiments based on our theoretical setup. Our results corroborate our predictions on
length generalization for different group actions, showing a clear separation between the two
algebraic structures in the theoretical setting. Moreover, we empirically demonstrate how recursive
self-training effectively improves reasoning length. The attention concentration mechanism
identified in our theory is also supported by our experimental findings.

2 Background

Computational complexity [33] has been employed to characterize the power of neural networks
[66, 67]. Historically, circuit complexity has been used extensively to study the power of neural
networks [68, 69, 70, 71, 72, 24, 73], due to the structural resemblance of Boolean circuits and neural
networks with threshold gates. In a nutshell, circuit complexity evaluates computation models by
the size, depth, and gate types of Boolean circuits that implement them. Below we provide a brief
introduction of the basics of circuit complexity.



2.1 Circuits and Expressiveness

A Boolean circuit is a finite acyclic network of logic gates that computes a Boolean function on
{0,1}™ — {0, 1} for some fixed n. The gates with fan-in 0 are the inputs, which are assigned one of
the n Boolean variables. A circuit family {C', },,>1 computes a language by using C, on length-n
inputs. We measure the size of a circuit by the number of gates, and depth by the length of the longest
input-output path, respectively. For instance, “constant depth” means depth(C,,) = O(1), while
“polynomial size” means size(C,,) = O(n°) for some integer c. Standard circuit complexity classes
are defined by restricting circuit depth, size, gate set and fan-in:

« TC" consists of constant-depth, polynomial-size circuits with unbounded fan-in
{AND, OR,NOT} gates augmented with threshold (e.g., MAJORITY) gates. The cir-
cuit class TC? captures exactly the complexity of integer multiplication and division, and sorting
[74].

« NC! consists of log-depth, polynomial-size circuits over {AND, OR, NOT} with bounded fan-in.
This class captures exactly the complexity of recognizing all regular languages.

* P/poly is the class of all languages computable by polynomial-size circuit families.

These classes satisfy the following relations:?
TC® € NC' C P/poly.

Expressiveness gap of transformers via circuit complexity. One can analyze the expressivity of
transformer neural nets through the lens of circuit complexity. Prior work [75, 46, 24, 20, 21] showed
that the expressive upper bound of a vanilla constant-depth transformer is limited to TCY, the class of
problems solvable by extremely shallow, highly parallel circuits. In contrast, when equipped with
CoT, recent work [20, 22, 21] proved that O(n) intermediate steps enable transformers to simulate
NC!-complete language. Further, [21] showed that 2-layer transformers with polynomially many
CoT steps suffice to express arbitrary polynomial-size circuits, i.e., P/poly. Hence, under the widely
believed conjecture that TC? £ NC! [32], CoT strictly extends the expressive power of transformers
beyond TC?, allowing them to solve problems that inherently require super-constant (here O(logn))
computation depth. A standard example connecting algebraic structure with circuit complexity is the
following word problem, define by Dehn [76, 77].

Definition 2.1 (Word problem for a group GG). Let G be a group and let e denote its identity. For a
word w = g7 - - - gr € G* (each g; € G), the word problem asks to decide whether g, o --- o g, = e.

Barrington [78] proved that the above word problem is NCl-complete when the group is non-solvable.

Theorem 2.1 (Barrington [78]). The word problem of every finite non-solvable group is NC!-
complete. The canonical example is S, for n > b, the symmetry group on n elements that encodes
the permutations.

The word problem captures a fundamental reasoning task: state tracking in a finite world [65, 79, 80].
Given an initial state and a sequence of transformations, the goal of the task is to compute the resulting
state. State tracking underlies practical LLM abilities such as narrative entity tracking, chess move
analysis, and code execution [64, 65], while exhibiting a rich connection to the circuit complexity
theory. Therefore, it has become a standard synthetic testbed for probing the reasoning abilities of
language models, both theoretically [46, 65, 79] and empirically [45, 46, 80]. Motivated by this
connection, we study the state-tracking task with varying algebraic structures.

2.2 LEGO for State Tracking

We focus on a specific formulation of the state-tracking problem, LEGO (Learning Equality and
Group Operations) [45], which was originally proposed as a synthetic task to study the reasoning
behavior of transformers empirically. A typical LEGO instance in [45] takes the following form:

b=+a c¢c=-Db, ..., t=-15s8 a=-1,
Here, a, b, ¢, ... are variables, each taking a value (or state) in {—1,+1} in this example.
Short expressions such as b = + a are clauses, where = + and = - denote actions: the action is

applied to the right-hand-side variable’s value to obtain the left-hand-side variable’s value. For

2 We intentionally omit uniformity conventions here as this section is only meant to give readers a sense of

the classes we refer to and their standard relationships.



instance, from b = + a and a = -1, it follows that b = -1. Formally, the LEGO language is
defined as follows:

Definition 2.2 (LEGO language [45]). Let X', G, ) be finite sets of variables, actions, and values,
respectively, where each g € Gisamap g : Y — ). The formal language LEGO(X', G, ) has
alphabet X UG U Y U {=, (,)} and consists of two types of expressions (called clauses):

(1) Predicate clause x = g(z') specifies an action g € G linking variables x, 2’ € X.
(2) Answer clause x = y assigns a value y € ) to a variable x € X.
A canonical LEGO sentence of length L with answer up to L’ concatenates predicate clauses
Xy = gn(xn—1) for n € [L] and answer clauses x,, = y,, for n € [L'] with L' < L:
Ty :gl(xo) ...... xL:gL(mL—l) To=Yo -+---- T =YL, (1)

predicates answers

which describes the chain of transitions:

g g g gL/ g . .
fny) AN 1 ELI X9 Ly 2 xrr - LN xp, starting with zg = yo.
with answers y1,...,yrs upto L’
For semantic validity, any sentence containing a path x,, = ¢, (Zn—1), - -, Tn—k+1 = Gn—k+1(Tn—k)

for k € [n] must satisfy: ¥, = gn0gn-1°" 0 gn_k+1(Yn—k)-

In the LEGO language, predicate clauses encode transformations, while answer clauses encode
observed states. Thus, solving a LEGO sentence is exactly state tracking: compose the listed actions
along the path and propagate the observed states to predict the next answer consistent with the
composition.

3 Problem Formulation

As introduced in Section 2, the current paper employs the LEGO framework to investigate the
reasoning capabilities of transformers. To set the stage, this section presents precise mathematical
formulations of the problems to be studied in this paper. Before proceeding, we introduce the
following notation:

* Vocabulary. Define the vocabulary as V := X UG U Y U{(blank) }, where the blank token (blank)
is a null symbol indicating the absence of other tokens.
* Vocabulary size. Let d := |V| denote the (finite) vocabulary size.
To facilitate theoretical analysis, we concentrate on the asymptotic regime where d — oo. Note that
|X], 1G], || may depend on d, and we shall specify any required scaling assumptions as needed.

Assumption 3.1 (Asymptotic regime). For a language LEGO(X, G, ) defined in Definition 2.2,
we consider the asymptotic regime where both the vocabulary size d and the number of variables

|X| tend to infinity. Assume |G| < log® d for some constant Cyy € [1,100), and hence ) and G are
much smaller than X in size.

3.1 Data Distribution

We begin by specifying how LEGO clauses are tokenized, followed by a definition of the LEGO
distribution.

Definition 3.1 (LEGO encoding). Each LEGO clause from Definition 2.2 is encoded as a fixed-length,
5-token tuple Z € V°. More specifically,

« For each predicate clause z = g(z'), set Zped = (, g, o', (blank), (blank)) € V5;
» For each answer clause 2 = y, set Z,,s == ((blank), (blank), (blank), =, y) € V°.

With Definition 3.1 in place, we can encode a LEGO sentence (1) to a sequence Z L',

L,L’
4 = (Zpred,la ey Zpred,La Zans,Oa ceey Zans,L’)y (2)

where Zpred,; and Z,ns i, represent the k-th predicate and answer clauses, respectively. For conve-
nience, we denote Z=" = {(pred, £)}se(z; U {(ans, £)}}, as the index set associated with the

clauses in ZL-L' If L = L/, we write the sequence simply as Z¥ and the corresponding index set as
YA



To feed LEGO tokens into a neural network, we first map each symbol to an integer index (tokeniza-
tion), and then map indices to continuous vectors via a learned table (embedding). The following
definitions formalize these two steps.

Definition 3.2 (Tokenization and token embedding). Each v € V is assigned a unique index
7(v) € {1,...,d}. Denote by e; € R the embedding vector associated with index i, and write

ey = er(y) for convenience. The blank token is assigned the zero vector, e, ((plank)) = 04 € R¢. For

technical simplicity, we assume that { e, : v € V' \ {(blank)} } forms an orthonormal set in R¢ (note
that this assumption can be relaxed to a well-conditioned embedding matrix without affecting our
results).

Equipped with Definition 3.2, we can transform the LEGO sequence encoding into vector embeddings
that can be used as inputs to neural networks.

Definition 3.3 (Embedding of LEGO sentences). Let d. := 5d be the clause embedding dimension.
We define an operator Embed : V> — R% that maps a clause to embedding by

Z = Embed(Z) := (€y,,Cuy; - - ;) € R, for clause Z = (vq,va,...,v5) € V5.
Specifically, a LEGO sentence Z%+L" defined in (2) is embedded as

L,L _ dex (L+L"+1
Z - (Zpred,la R Zpred,La Zans,07 R Zans,L/) eR ( )

where each column Zpeq ¢ € R (resp. Zans,¢) is the embedding of clause Zpred ¢ (1€Sp. Zans,e).
When L' = L, we simply write Z* = Z* L for simplicity.

Next, we describe the distribution that governs the generation of a LEGO sentence.

Assumption 3.2 (LEGO distribution DX, DL-L"), Consider LEGO(X,G,)) as defined in Defini-

tion 2.2, and let L denote the sequence length. We assume that the distribution D of length-L LEGO
sentences satisfies the following properties.

1. All LEGO sentences Z~ ~ D of the form (1) are encoded by Definition 3.1 into representation
(2).

2. The variables xg, x1,...,xr € X are sampled uniformly at random from X" without replace-
ment.

3. The first value yy € ) is chosen uniformly at random from ).
4. The actions g1, go, - .., gr, € G are sampled uniformly at random from G with replacement.

5. The intermediate values y1, yo, . . . , ¥z, are computed recursively by y; = g;(y;—1)-

For any L' < L, we define the truncated distribution DL of sequences ZZ-L" containing all the

predicates and the first L’ + 1 many answer clauses, where Z L.L" is obtained by first sampling
ZE ~ DL and then removing the answer clauses Zyns ¢ for all £ > L'.

As can be easily seen, sequences sampled from D* or D L correspond to valid LEGO sentences as

defined in Definition 2.2. With a slight abuse of notation, we write Z%L" ~ DL’ to indicate that
Z+L" is the embedding of a sentence Z%*X" drawn from D%,

3.2 Transformer Architecture

In this subsection, we introduce the transformer architecture investigated in this paper. Towards this
end, we first introduce a smoothed activation function that will be used in our network.

Definition 3.4 (Smooth ReLLU). Define a continuously differentiable variant of the RelLU activation
function [81, 82] as follows:

g, X S —0,
q
24
sReLU(z) = = z € (-0, 0,

.’E—Q(l—%)7 T > 0,

where ¢ and g are some design parameters. Here and throughout, we choose ¢ = O(1) to be a large,
even integer, and take o = ©(1/polylog(d)).



Transformer architecture. In this work, we focus on an autoregressive transformer [4] whose block
consists of a softmax attention layer followed by a position-wise feed-forward network, as described
below.

« Attention layer. Given LEGO sentence embeddings Z~~" and indices j, k € Z5L', the attention
from clause Z; to clause Zj, is defined through the softmax operator as

exp(Z] QZy,)
>rerrr €Xp(Z] QZy)

Since the model is autoregressive, a standard causal mask is applied to ensure that the latest
(answer) token attends only to preceding tokens (including itself). The attention output is

Attention(Q, Z) = Z

Note that in the standard formulation of transformers, the score takes the form ZJ-TWQTWK Zy
instead for a “query” parameter matrix W and a “key” parameter matrix W’ Here, we fold
WETWX into a single parameter matrix Q, resulting in a score ZJTQZ k. Which can be viewed
as an equivalent reparameterization that simplifies analysis without changing expressivity [83, 84,
85].

s Feed-forward network (FFN). The FEN with parameter W € R5*@xmxde ig defined by

Attnj%k(Q7 ZL’L/) =

keTl.L' Attnans,L’—Hc(Qa ZL’L ) : Zk:~

FFN,,(W.X) = 3 sReLU((Wi,j’,«,X>—i—bm‘}r), Vie[s), € ld,

where X denotes the input, W ; ,. € R4 are neuron weights, m indicates the number of neurons,
and b; ; » € R is some fixed bias.

With the above layers defined, we are ready to introduce the transformer model used in this work,
which is summarized as follows.

Definition 3.5 (Transformer language model). Assume that our learner neural network F' is a
one-layer decoder transformer block composed of an attention layer with no positional encoding
(NoPE) as well as an FFN layer: I' = FFN o Attention, with parameters W € R5*@>Xmxde and
Q € R%*de_ Formally, for the i-th token position and the j-th vocabulary index, we have

[Fi(ZL’L/)] = FFN, (W,Attention(Q,ZL>L/)) €eR, Viel5,jeld 3)

J
We interpret F(Z") as five logit vectors { F;(Z%)}?_, C RY, each parameterizing the distribution
of the i-th token of the next clause. Recall that V is the vocabulary with |V| = dand 7 : V — [d]

denotes the index map. Given an encoded LEGO sequence Z¢ = (Z1, ..., Z;) with embedding Z*,
the model’s predictive distribution for the i-th token of the (£ + 1)-th clause is the following softmax:

e[Fi(Ze)]T(v)
- Xjeqa N

Now we can sample the next clause Z,; by sampling from the product distribution

PF, (Zgjq’i =v | Ziyenn Ze) Yv e V. @)

5
Zos1 = (Zog115 -, Zog15) ~ ®pF1; = pF,
i=1

in an autoregressive manner.

3.3 LEGO Task via CoT Reasoning and Training Objective

With the LEGO distribution and the transformer model in place, we now formalize the task within
the LEGO framework. We view solving a length-L LEGO problem as generating a sequence of CoT
steps, where each step £ produces an intermediate result used to predict z, = yy, ultimately leading
to the final solution x;, = yr.. To be precise, we define the following reasoning task.

Definition 3.6 (Reasoning tasks 7). We define a family {77} <+ that captures the ability to
solve sequential reasoning problems. For each L > 1, task 7~ measures the model’s accuracy along



the chain from step 1 to step L:

1 ~
ACCL (F) = Z Z ]EZLNDL [Eéans,L’ﬂNpF(“ZL’Ll) [H{Zans,L’-‘rl = Zans,L/+1} ” 5 (5
0<L'<L

where pr is induced by the model F' from (4).

Clearly, Accp (F) € [0, 1]. We say that task 7 is solved if Accy (F) ~ 1. As L grows, {T*} e+
poses increasingly difficult state tracking challenges. At step L’, the model conditions on the partial
transcript Z% L" and predicts the next answer Z,ns 1/+1. To enforce step-by-step generation of the
CoT trace, we define the following training objective.

Definition 3.7 (Next clause loss). The training objective for 7 with L > 1 is the next clause loss

Loss™(F) = Z Loss™' (F), (62)
1<L/<L
where Loss™* (F) == E, v pro [ —logpr(Zans, | ZL’L,%)]- (6b)

Here, pr is induced by the model F' from (4). We also define the per-token loss

LOSSiL’L,(F) =Ezro pru [7 log pr, (Zans,1 i | ZL’LLl)]'
This is a teacher forcing style CoT objective: the model is given the ground truth answers for all
previous steps and is trained to match the next step’s answer [86, 34].
Further, we adopt the following initialization for training.
Assumption 3.3 (Initialization). Let I be the transformer network in Definition 3.5 with parameters
W and Q. The attention parameter is initialized to zero: Q(O) = 04.xq4.. The FFN weights are
initialized randomly and independently as WZ(O])T ~ N (0, 031;) with oy = d~'/2. The biases are
not trained and instead fixed at b; ; . = oglogd for all ¢, j, 7, chosen to keep most sReLU units active
at initialization. All random draws are independent across indices.

4 Learning CoT on Simply Transitive Actions
In this section, we present our first main results for the case where the group action G on ) is simply
transitive, which is isomorphic to the action of the cyclic group C), on Z,,.

Assumption 4.1 (Simply transitive group action). Let Y = {0,1,...,n, — 1} with n, €
[Q(loglog d), log d]. Assume the group G acts simply transitively on ): the action is transitive and
for any y1,y2 € ) there exists a unique g € G such that g - y; = ys. Equivalently, for any fixed
y € Y the map g — ¢ - y is a bijection from G to Y, so |G| = | V| = n,.

Our first main result demonstrates that, for such a simple task the model obtained via Algorithm 1 for
short-chain tasks 7' and 72, successfully generalizes to significantly longer tasks.

Theorem 4.1. Under Assumptions 3.1 to 3.3, 4.1, C.1 and C.2, for some constant 0 < ¢* < 1,
ny < m <K log? d, the transformer model FT\t12) obtained by Algorithm | with learning rate

n= m, and stage 1 and 2 iteration T} = O (W) T, = O (%{T(Od)) satisfies

1. Direct short-to-long length generalization:

1
Acep(FAT)) > 1 - —
CCL( ) - poly(d)

ie., F(T1+T2) sphich is trained for task T' and T2, generalizes to solve the tasks Tt A< L.

2. Attention concentration:’ given Z2* with { € {0,1}, we have

, for every L < O(dc* ), @)

1
Attn(T1+T) +AttnTFT) s 0(—). 8)

ns,{—pred,f+1 ans,{—ans,{ = de*

> For readability, we abbreviate Attny .o (Q"), Z) by Attn "

ks> Omitting explicit dependence when
immaterial.
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Figure 3: Illustration of how the model solves the LEGO task: given Z2'!, the goal is to predict y5.

Mechanism of CoT for state-tracking. Given the current sequence Z%+¢ with intermediate steps up
¢, predicting the next state ys+1 = ge+1(ye) requires two steps:

i) Retrieve the correct action gy 1 from the context clause Zeq ¢+1 and the current state 1,
gu+ pred, {4+ Y
from the answer clause Zns ¢;

(ii) Apply the group action, that is, compute the next state ys+1 = go+1(ye)-

It is well established that attention can implement content-based retrieval [87], and that FFN can
represent the group operation [88] (see Figure 3 for an example). Algorithm 1 decouples learning
the attention (retrieval) and FFN (action) components to simplify the analysis. For task 7, the
transcript Z Y contains only the two relevant clauses, Zpred,1 and Z,ns 0, Without useless contents.
Fixed uniform attention (Q initialized to be zero in Assumption 3.3) therefore suffices to expose both
clauses to the FFN, and we optimize the FFN to learn the group operation. The high accuracy for 7!
in Theorem 4.1 indicates that the FFN has indeed learned to apply the operation correctly. For task
T2, with the FFN already trained, the attention layer only needs to learn to route the correct context
to the FFN input. The attention concentration result in (8) confirms that the learned routing pattern is
correct. Figures 2 and 4 also demonstrate the attention concentration patterns empirically.

How does attention concentration induce strong length generalization? As we increase the chain
length in 7 for ¢ > 2, the FFN layer remains largely insensitive to input length since the learned
group action is location-invariant. By contrast, the attention layer is affected: more irrelevant clauses
appear, so retrieval must scan over longer contexts, which risks diluting attention on the relevant
clause. Theorem 4.1 guarantees that training on short chains already yields attention concentration
with error O(d’c* ). This “purity” allows the model to tolerate dilution and maintain high attention
on the relevant clauses for chain lengths up to O(d¢" ). Technically, this concentration arises because
the query matrix Q learns to locate the same variable x, that appears simultaneously: the third token
of the context clause Zpred, ¢+1 and the fourth token of the answer clause Z,ns ¢. This co-occurrence
furnishes a strong, consistent signal that enables robust retrieval across longer chains, which will be
elaborated in the proof overview in Appendix C.2.

5 Learning CoT on Symmetry Group Actions on Z,

We now turn to the case where the action group G is isomorphic to the symmetry group, under
Assumption 5.1. In this case, the problem is NC*-complete for ny > 5.

Assumption 5.1 (Symmetry group actions). Let Y = {0,1,...,n, — 1}. We set G = Sym()), the
symmetry group of all permutations of ), so that |G| = n,!. We let G act on ) in the natural way

and write g - y (or g(y)) for the image of y € Y under g € G. We assume n,, = @(%), and
hence |G| = n,! = polylogd.

Challenges of learning CoT for the symmetry task. When the model tries to retrieve the group
element g, 1 from the correct context clause Zreq ¢, there can be other context clauses whose group
elements also send y; to y,41; we call these distractor clauses. In the symmetry case on ), each
pair (4, j) admits (n,, — 1)! elements mapping i to j, so the fraction of distractors is substantial. By
contrast, in the simply transitive setting each pair has a unique element, so distractors are unlikely
and can be ignored. Attending to distractors still produces the correct next answer, so training may
converge with insufficient attention concentration. This weaker concentration makes the attention
layer less robust to dilution in longer contexts. Hence, for this harder setting, directly proving d**(!)
length CoT generalization from constant-length training is difficult.

Self-improvement for reasoning length extension. Recent empirical studies [89, 90, 54] show that
length generalization can be bootstrapped via model self-improvement: models training on their own



output can bootstrap their capability to solve longer problems. In particular, the work [54] motivates
a recursive self-training scheme for the symmetry task. To perform recursive self-training, we adopt
the greedy language model as data annotator: the greedy language model pr induced by the network
F'is defined by

1, if Zans,1/+1 = argmax, pF(Z|ZL*L'),
0, otherwise.

Pr(Zans, 1| Z5) = { ©)
Now we can define the self-annotated LEGO data distribution:

Definition 5.1 (Bootstrapped LEGO distribution). We define DI{‘JL as the LEGO distribution in
Assumption 3.2 except that the answers Z,ns ¢, 1 < ¢ < L’ is given recursively by sampling the
prediction Zans ¢ ~ pr(-|Z1471),1 < £ < L’ from the greedy language model pr.

Definition 5.2 (Self-training loss). Given a (fixed) model F and length L, The self-training next-
clause-prediction loss is defined by replacing DLL" with DJLF’L (Definition 5.1) in (6):

LOSS?L (F) £ EZL,L/ND§~L’ _1ngF(Zans,L/,i | ZL’Llil) ) (103)
F

Lossg? 2E, o pro [—108pF, (Zans 1 | ZEE =1 fori € [5). (10b)
F

K

We now present our main results, establishing that a recursive self-training scheme can provably
bootstrap the reasoning length for the symmetry LEGO task.

Theorem 5.1. Assume the distribution D" induced from LEGO(X ,G, ) satisfies Assumption 3.1,
3.2 and 5.1, and assume the transformer network satisfies Assumption 3.3, C.1, C.2, and n, < m <
log® d. Then forany1 < k < log, | X|, the transformer F' (%) trained via Algorithm 2 up to length
Ly=2and T}, = O(%u)) satisfies:

1. Constant-factor length generalization: F (") s able to solve T=++1 with Ly, = 2k+1

1
Accy, (F<Tk>) —1— . (11)
o poly(d)
2. Attention concentration: given Z%%* with ¢ € {0,..., Ly, — 1}, we have
(Tx) (Tx) ~
Attnan§,€—>pred,€+1 + Attnanéﬂ—)ans,[ 2 1- G (12)

where ¢ is some sufficiently small constant (smaller than 0.01).

At convergence for the current task TLr (at time T}, the loss has fallen below 1 / dFt in Algorithm 2),
(12) confirms that attention concentration is still insufficient. Nevertheless, Theorem 5.1 shows
that while this level of concentration cannot withstand the dilution from much longer contexts,
it is sufficient for doubling the length. Consequently, a model trained progressively on 7% for
L =1,2,...,2" generalizes to the more challenging task of length 2**!, yielding the following
corollary.

Corollary 5.1 (Self-improvement for |X'|-length reasoning). Under the same assumptions as Theo-
rem 5.1, letting K = ©(log d), for any length L < |X|, the model FT%) trained via Algorithm 2

achieves 1
Acep (FTR)) >1 - ——
s )= poly(d)

Significance of the result. Note that {xg}eLzo is sampled from X without replacement (Assump-
tion 3.2), the longest feasible chain scales with the variable size: L+1 < |X| = O(d). Thus our
guarantee attains the best possible length in this setting. Corollary 5.1 also demonstrates that the
transformer can be trained to solve a task beyond TC® with linear-step CoT, matching the expres-
sivity result of [21].* While prior empirical work reports self-improvement in practice, theoretical
guarantees, especially for transformers and length generalization, have been scarce [91, 92, 93].
Theorem 5.1 provides, to our knowledge, the first rigorous evidence that transformers can bootstrap
their reasoning via self-training without additional supervision.

4

There is a caveat that we do not study when the embedding dimension is logarithmic in the problem length,
although it is possible if we allow over-complete basis for the tokens in X only.
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contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The paper discusses the limitations by acknowledging the specific assumptions
and settings in Section 3 and appendix under which their methods and results hold.
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* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
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Answer: [Yes]

Justification: For each theoretical result, the paper provides the full set of assumptions and
includes a complete and correct proof in the supplementary appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: While the main contribution of this work is theoretical, we provide experimen-
tal details in Appendix A to empirically verify and support our theoretical findings.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
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(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide details in Appendix A to enable reproduction of our synthetic
experiments.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized

versions (if applicable).

Providing as much information as possible in supplemental material (appended to the

paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We specify all the training and test details in Appendix A necessary to
understand the results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
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Answer: [NA]

Justification: Error bars are not applicable in our setting; instead, we report results averaged
over a sufficiently large number of independent runs to reduce variance and provide a stable
estimate of performance.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The experiments are small-scale synthetic and can be reproduced on a single

GPU; we include the necessary implementation and hyperparameter details, and do not
require specialized compute resources.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper conforms with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
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10.

11.

12.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper contributes to advancing the field of Theoretical Machine Learning.
We do not foresee any immediate societal implications arising from this work that warrant
specific discussion in this context.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
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14.

15.

Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
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Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Figure 4: Attention patterns of the same trained model as Figure 2, evaluated with randomly permuted
predicate-clause positions. Column (a) gives the ground-truth permutation. Column (b) and Column
(c) show the attention heatmaps for the simply transitive and symmetry tasks, respectively.

A Experiments

In this section, we conduct synthetic experiments to verify our theoretical claim.

General Setup. We adopt an experimental setting closely aligned with our theoretical setup. Data
strictly follow the LEGO distribution in the five-token-per-clause format defined in Definition 3.1
and Assumption 3.2. The simply transitive task uses the cyclic group of order 6 (denoted Cg),
and the symmetry task uses the symmetry group on five elements (denoted S5). The network is a
one-layer, decoder-only transformer with two attention heads and a FFN block. Training optimizes
the next-clause loss in (6a) using Adam [94] with a learning rate of le-4. We train for 300 epochs
to ensure the training loss approaches zero and the model converges. For evaluation, to measure
the transformer’s ability to solve CoT reasoning tasks, we eschew the teacher-forced accuracy in
(5), which conditions on the ground-truth answer prefix, and instead evaluate final-answer accuracy
after autoregressively generating all intermediate answer steps without teacher forcing. This better
mimics CoT reasoning and is more challenging because errors can accumulate during self-rollout.
For computational efficiency, we report the probability that the model predicts the value of all answer
steps correctly, following [21].

Length generalization for different group actions. Figure 1a shows that when trained at the short
length L = 5, the model exhibits strong length generalization, achieving near-perfect accuracy at
much longer lengths, for example, up to L = 160 on the simply transitive task, which corroborates
Theorem 4.1. By contrast, on the harder symmetry task the generalization is weaker, yielding only
constant-factor extensions as expected.

Self-training improves reasoning length. To extend the solvable length on the harder symmetry
task, we adopt a recursive self-training curriculum inspired by [54]. We first train at L = 5 with
ground-truth answer supervision until convergence. At the next stage, we double the length to L = 10,
use the L=>5 model to greedily generate answer traces (self-labels) for the L=10 data, and retrain on
these pseudo-labels. We repeat this doubling process for three stages (L = 5 — 10 — 20 — 40),
so that the final model is trained on self-labeled data at L = 40. Figure 1b reports the length-
generalization curve for each stage, with the dashed line (matching the curve’s color) marking that
stage’s training length. Across stages, we observe at least constant-factor generalization beyond the
training length; after multiple rounds of self-training, the model achieves nearly perfect accuracy at
lengths far exceeding the initial L = 5, ultimately matching the simply transitive task’s performance
up to L = 160. These results validate Theorem 5.1 and demonstrate the effectiveness of recursive
self-training for extending reasoning length.
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Figure 5: Predicate-clause attention for models trained with LEGO task of length L = 5 and tested
with L = 10, 20. We extract the heatmap of the attention from answer queries to predicate clauses
(the upper-left part of the full attention heatmap as in Figure 2), and line-plot the diagonal attention
against the normalized predicate position. At longer contexts, the symmetry group task displays a
visible drop in attention to the target predicate Zpeq ¢+1 at later predicate locations (larger £; note
the absolute query index L+ also increases). By contrast, the cyclic group task maintains more
consistent attention across lengths and positions.

Attention concentration. We visualize attention heatmaps at convergence for models trained at
length L = 5 on both simply transitive and symmetry group tasks. Each attention matrix is averaged
across the two heads and over 100 independently sampled LEGO sequences. Note that for a task of
length L, the LEGO sequence prior to the final answer clause has length 2L. We focus on the query
positions L+1, ..., 2L, which correspond to the answer clauses Zns.0, - - - , Zans,,—1 for predicting
all outputs y1,...,yr.

* In Figure 2, the two diagonal structures in the upper region indicate attention concentrating
on the answer clause Z,,s ¢ and on the predicate clause Zpreq,¢+1 When the query is Z,ns ¢,
validating the attention concentration principle highlighted by Theorem 4.1 and Theorem 5.1.

* To ablate positional bias, we test on the trained model from Figure 2 and only change the
input format by randomly permuting the locations of predicate clauses. Results in Figure 4
show that retrieval is keyed to the shared variable rather than absolute position.

* Figures 5 and 6 probe out-of-length (OOL) behavior through attention patterns at test lengths
L € {10,20}. As the line plot indicates, the attention scores for both the target predicate and
the answer clauses decrease as the task length increases from 10 to 20. This pattern matches
the attention dilution predicted by our theory of length generalization. In Figure 5, for
the symmetry group task, attention to the correct predicate Zped ¢+1 decays with position,
becoming weaker at later predicates (larger ¢, hence a larger absolute index L+¢). By
contrast, the cyclic group task shows no comparable decay, with attention remaining fairly
uniform across lengths and positions. In Figure 6, the pattern reverses: attention over answer
clauses is more stable for the symmetry group, whereas the cyclic case is more sensitive to
length and location. We conjecture that length generalization in the LEGO task hinges on a
robust predicate—attention pattern. Accordingly, the observed length-dependent decay of
attention on predicate clauses in the symmetry task indicates a non-robust learned attention
mechanism, which may underlie its poorer length generalization.
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Figure 6: Answer-clause attention for models trained with LEGO task of length L = 5 and tested
with L = 10, 20. We extract the heatmap of the attention from answer queries to answer clauses (the
upper-right part of the full attention heatmap, as in Figure 2), and line-plot the diagonal attention
against the normalized answer position. In contrast to the predicate attention in Figure 5, at longer
contexts, the symmetry group task preserves a stable attention for the answer clause, while the answer
attention pattern of the cyclic group task is sensitive to the lengths and positions. Nevertheless, the
sharp decay of attention scores for the cyclic group task did not result in a visible performance drop
for length generalization, as seen in Figure 1.

B Discussions

NoPE, recency bias, and length generalization. Empirically, standard positional embeddings often
hinder length extrapolation, while NoPE has been advantageous considering its length-generalization
performance [52, 95]. Prior works [34, 35, 37] typically adopt fixed positional encodings, which tie
the learned computation to the training horizon. Intuitively, positional embeddings inject location-
specific biases that favor local neighborhoods, making longer inputs harder. In our setting, length
generalization is possible because the model retrieves relevant information from long, unordered
contexts by content (variables) rather than by position, as discussed in Appendix C.2 and verified
empirically in Figure 4. This provides concrete architectural guidance for practice and identifies
positional embeddings as a plausible cause of observed failures to generalize to unseen lengths.

Local aggregation of tokens is beneficial. While NoPE is appealing for length generalization, it
lacks position-aware horizontal mixing within a layer, which often hurts empirical performance. In
practice, many strong models adopt RoPE (Rotary Positional Encoding) [96, 97, 98], and recent
seminal work [95] introduces the Cannon layer, a short convolutional window that adds local residual
links across neighboring tokens, to inject locality. Integrating Cannon layers substantially boosts
the reasoning depth of NoPE transformers in synthetic experiments. Our clause-based data can be
interpreted as mimicking the output of a Cannon layer: locality is built directly into the data structure,
enabling one-layer transformers to learn induction heads, which otherwise require at least a two-layer
transformer to express.

Context rot. Context rot is a phenomenon that the performance of LLMs drops as their input
context grows even when the task is unchanged, which has been widely noted in practice [43]. A
prevailing empirical view is that longer contexts introduce many distractors and other irrelevant
tokens, forcing the relevant signal to compete with them for attention and thereby weakening retrieval.
Our attention concentration perspective characterizes this competition at a fine-grained level: we
show that as irrelevant clauses accumulate, attention mass is diluted away from the correct clause,
reducing performance at extended reasoning lengths. This offers a simple theoretical perspective
on the origin of context rot and why long-context training hasn’t been as effective in eliminating
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Algorithm 1: Curriculum training for simply transitive actions

Input: Model F(°) with parameters (W), Q(?)); Learning rate 7; Stage snapshots 77, Ts.

Stage 1: Learning one-step reasoning (71) ;
fort =1to T} do // Update the FFN parameter W
WO Wi _ Vywloss! (FE-1D) ;

Q(t) = Q(t_l);

tage 2: Learning two-step reasoning for length extension (772) ;
fort =T; 4+ 1to 75 do // Update the attention parameter Q

Q)+ QU — Vg o7, Loss3 (FI=D) ;
W(t) = W(t_l);

Output: Model F(T1+72),

w2

Algorithm 2: Recursive self-training for symmetry actions

Input: Model F(°) with parameters (W(®), Q(?)); Learning rate 7; Error degree E; > 0
(constant) ; 71,70 = O(%); Total Stage K.

Stage 1.1: Train FEN for one-step reasoning (7 ') ;
fort =1tom do // Update the FFN parameter W
WO — WD _ Vyloss' (FE-1D) ;

Q(t) = Q(t_l);

tage 1.2: Train attention for length extension (72) ;
fort =7 +1to 7 + 7 do // Update the attention parameter Q
QW «+ Q=1 — yVqlossy?*(Ft—1);
W(t) = W(t_l);
T, + t;
Till Stage K: Recursive self-train for length extension ;
for k =2to K do // Stage k to solve 72
L« 2k F®) « p(Ti-);
while Loss%’i)’5 (F(tfl)) > d%l do // Update the attention parameter Q
t+—t+1;
QY « QU —nVqlosszy (FUY);
WO = W1, ’
Tk — 1

Output: Models {F(T)} K

|72]

the problem. We expect the insight from our analysis to extend to richer tasks and inspire practical

mitigation strategies, e.g., context engineering [99].

C Proof Overview

In this section, we outline the proof ideas for the main theorem. Our training schemes in Algorithms |
and 2 alternate between two phases. First, we train the FFN parameters W to solve the one-step
task 7. Then, holding W fixed, we train the attention parameters Q to solve 72 and, for symmetry

group actions, recursively 72" This mirrors the division of labor in our setting (Figure 3): the FFN
learns the local update rule, while the attention layer learns to route and compose these updates by

locating relevant context over long sequences.
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Guided by this picture, our proof overview proceeds in two parts: (1) learning the one-step mechanism
for LEGO (7): in-context variable retrieval (Section C.1.1) and group operations (Section C.1.2).
(2) learning the attention layer: direct short-to-long generalization on 72 under simply transitive
actions (Section C.2.1), and recursive length generalization via self-training on 72" under symmetry
group actions (Section C.2.2).

Notations Let us first define a few notations to facilitate the presentation of the proofs. For each
i € [5],j €[d],r € [m], define

Aijor (Z271) 20 3" Attnansr1oac- (Wijr, Zic) + bijor (13)
keZl.¢-1

The quantity A; ; - is the FFN pre-activation, i.e., the input to sReL U, for token position ¢, vocabulary
index j, and hidden unit r. According to (3), given Z*~1 the model’s output at token position i
and vocabulary index j is

{Fi (z“—l)} = ) sReLU(A;;,(2"71)). (14)

J re[m]

We denote W; £ {W, ;. }ic(4), re[m] @ the FFN parameters associated with token position 1.
Each W, ;. € R5¢ is written as a vertical concatenation W ; , = [W, ;. 1;...; W, ; ;. 5], where
W, jrir € R?fori’ € [5]; these five blocks align with the five token-type inputs.

Additional Technical Assumptions. Additionally, we introduce a couple of technical assumptions
to be used throughout the proof. To control rare large deviations in the logits during training-time
analysis, we adopt a bounded-output assumption as stated below.

Assumption C.1 (Logit clipping). There exists B = Cp log d, for some sufficiently large constant
Cp > 0, such that each coordinate of the raw model output F; is clipped from above:

[F;]; «+ min{[F}];, B}  foralli,j.

This coordinate-wise clipping is a technical device to control large-deviation tails and simplify the
analysis of the dynamics; B can be chosen large enough to avoid interfering with the regimes we
study.

Moreover, to simplify the analysis of attention dynamics, we impose a fixed block-sparsity pattern on
the attention parameter Q.

Assumption C.2 (Block-sparse attention matrix). Let Q = [Qy ¢]p qe[5] € R54%5d be partitioned
into 5 x 5 blocks with Q,, , € R4*?. We assume that

vaq = OdXd for all (p7 Q) ¢ {(47 3)v (47 4)}7
i.e., only the blocks (4, 3) and (4, 4) are trainable.

This block-sparsity pattern, which zeros out most inter-token attention, is standard in recent theoretical
analyses of transformer training dynamics [83, 84, 85, 100, 101]. Importantly, although sparse at the
5 x 5 token level, the two retained blocks (4, 3) and (4, 4) are fully dense d x d matrices trained
without constraints, leaving 2d? free parameters and thus a substantive, non-trivial learning problem.

C.1 Learning One-Step Reasoning

For solving task 77, in stage 1 (stage 1.1 for symmetry group task), we train W via the full loss Loss",
which contains the prediction loss across five tokens in the answer clause and W; is responsible for
predicting the ¢-th token in the answer clause. Thus, there are three different types of prediction
tasks here: the (blank) tokens (tokens 1, 2, 3), the correct variable 7 (token 4) and the action
update y1 = ¢1(yo) (token 5). Notice that the (blank) tokens are deterministic, the learning task
is straightforward. We therefore focus on the learning dynamics for the 4th and 5th tokens, which
involve in-context retrieval (W) and one-step group action (Wj). Across these stage, the attention
layer is fixed and keeps as uniform attention due to the zero initialization of the attention matrix, i.e.,
the input for the FFN layer is 2 Zred,1 + 3 Zians,0-

C.1.1 Learning In-Context Retrieval of Variables

Given the input %Zpred.l + %Zans,o for the FEN layer, the goal is to predict the fourth token in the
answer clause Zns 1, Which is the variable x;. Intuitively, the network should retrieve the occurrence
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of z1 in the first predicate token Zp.q,1 and copy it to the target position. Specifically, the FFN
pre-activation for predicting the fourth token to be j is

Ayjr (ZY°) = 3 (Wajir, Zored1) + 3 (Wajir, Zans0) + bajr

Using the 5-vector decomposition of W ; ., and the fact that the embedding of (blank) tokens are
zero vectors (recall e, (.y denote the token embedding vectors), we further obtain:

A4,j7r (Zl’o) = %(<W4.j,r,l 5 6T(.’J:l)> + <W4,j,7‘,27 eT(g1)> + <W47j,7’,3a 67’(1‘0)>) (15)

+ %(<W4,j,r,4, €r(zo)) + (Wajrs, eT(y0)>) + b j,r-

Therefore, the main idea of our analysis is to track the training dynamics of (W ;. ,, e ) for
j,s' € [d], p € [5], and r € [m]. Letting s € 7(X) be an embedding index for a variable, our
analysis shows the diagonal correlations (W 5 - 1, €5) receive strictly larger updates than all other
(W4 jrps€s). This occurs because 1 co-occurs simultaneously as the first input token at Zyreq, 1
and as the supervised target at Z,ns,1, which amplifies the gradient on (Wy g, 1, e5) when s = 7(x1).
In contrast, non-target coordinates (off-diagonals, wrong variables, value tokens, and group-action
tokens) incur negligible gradients and remain o(1) throughout training. Hence the correct variable’s
diagonal signal becomes order-wise larger, and the active diagonal mass )", (W4 s 1, €5) dominately
grows until the end of training.

Given the dominance above, the learned weights align so that W  ,. 1 points toward e, for s € 7(X).
Substituting this alignment into (15) shows that, when j = 7(x1), the red term (W ;(5,) 7,15 €r(a1))
contributes dominantly to A477(m1),,,(Z1’0), thereby realizing the intended in-context retrieval: the
model copies x; from the frist position of Zreq,1 to the fourth position of Z,ps 1.

C.1.2 Learning the Group Actions

For task 7!, the FFN input %Zpred,l + %Zans,O already contains the current value y, and the action
g1, with no distracting information. Accordingly, when predicting the next value ¥, the role of Wy
is to correctly apply the action g; to the current value yq. In this section, we sketch how the model
learns to implement simply transitive group actions, and we briefly discuss the symmetry case.

We first introduce notation to explain what the model should learn.

Definition C.1 (Combinations, simply transitive actions). Assuming the group G follows Assump-
tion 4.1, for each class index j € 7()), define the combinations

o= Ujer(y) @7, where @5 :={(¢",y) € GxV: 7(d'(v)) =i}

|®| = n for the simply transitive case. We call ¢ = (g,y) € ®} a combination for predicting
j = 7(g(y)). Hence, the goal of the model is to correctly identify all of these ¢ = (g,y) € P.

Analogously to (15), the pre-activation at the fifth token for class j and neuron r is

A5 jr(Z0) = 5 (W5 jr2,€r(g1) + 5 (Ws jir5, €x(yo)) + Other terms,

where slot “2” reads the action token g; and slot “5” reads the current value token gy. We then define
the following feature-magnitude notation:

Definition C.2 (V-Notations). Given ¢ = (g,y) € P, for the r-th neuron in the j-th class with
jeT(¥)andr € [m],ie., Ws, € R%, we define

Vir(g) = (Wsjr2,e9)s  Vir(y) = (Wsjrs5,ey),

and the composite feature magnitude
Vj,r((b) = %(Vj,r(g) =+ Vj,v(y))

Then V;,-(¢) is exactly the contribution of the input pair (g, y) to As ; -(Z"?) for predicting j. Notice
that for each class j, there are m associated neurons {Wj ; ,.}7 ,, and we index neurons by the pair
(4, r) to emphasize that neuron r is specific to class j; an index r alone has no cross-class meaning in
this context.

The main proof idea is to track Vj ,.(¢) throughout training and show that it amplifies the correct
correlations across the combinations ¢ while suppressing the incorrect ones. To make this concrete
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and to clarify the roles of different neurons, we introduce the following neuron—feature index set:

Vi={(,r¢) | jeT(), relml ¢ @}

Here, (j, r) again refers to neuron r for class j, as in Definition C.2. With this notation we can write
Vir(¢) as Vy foryp = (4,7, ¢) € 0.
Our proof shows that, given j, for each ¢ € @7, there is exactly one neuron r in W ;. that is
activated, denoted 4.y, to learn ¢; that is, Vj’r_q_y (¢) will grow to a large value. Therefore, in total nz
distinct neurons will be activated to learn all combinations, i.e., {(J, r¢.y, (9,¥)),Vj € 7(}), (9,v) €
@;} The magnitude of remaining V;, with non-activated neurons will stay close to the initialization.
Our analysis shows that learning follows an implicit curriculum induced by the magnitude of features
Vi at initialization:

Y=y = VO >V, v ew.
Items on the left under this ordering are learned first, and those on the right are learned later. We
denote by X* the learning curriculum: the ordered set of neuron—feature indices {(j,74.y, (9,¥))}
identified above, equipped with this order.
Then, for each 1) € ¥*, the learning process follows its associated ordering, and when it is the turn of
¥ = (j, T4y, (9,v)), the learning process is mainly characterized by the following two phases:

* Phase I: Emergence of the feature V;, among other features. During this phase, V,;, grows faster
than any ¢’ # 1 with ¢ < v/, while not affecting the already learned predecessors ¢’ € ¥.* with
¥’ < 1), with growth rate

Vf“) > Vdgt) + () - (bjur + sz(lt) + O(M))q—l' (16)

This form permits the application of the tensor power method (TPM) [81] and explains the
ordering induced by the magnitude of V; at initialization, since TPM implies that a slightly larger
initial value leads to dramatically faster growth. By the end of Phase I, for any other feature

W' # 1) with ¢ < 9, the growth of that feature is capped at 6(00), its initial magnitude.

* Phase II: Growth of V,;, and cancellation of incorrect features. After Phase I, the target feature
V, already has a relatively large magnitude; however, features in the set {¢' = (j,74.,,¢’) €
U | ¢ =(¢,y)or ¢ = (g,y')}, namely, the features in the same neuron (j, 4.,)) that share
exactly one component of ¢ = (g, y), may also grow as the shared component increases. Note
that j is not the correct label for such ¢, and we call them confounding features. The key
characterization in this phase is that, due to a stationarity property of the gradients, although the
dynamics are coupled, the wrong half of the confounding features grows in the negative direction
while the correct half continues to grow, and ultimately the confounding feature cancels out.

We show that for each ¢ € >* that should be learned, it retains its structure after its own learning
process (i.e., at the end of Phase II) and persists through the final convergence while the other features
in X* are learned. Specifically, we have the following properties at the end of training:

Virys () Vie,., (y) = B, (172)
Virgw(9)s Viry,(y') = =B, (17b)
Virgy (@) +Vir,, () < o(1) and Vi, (¢')+Vjr,, () < o(l) Vg #g, v #y. (17c)

How does this structure perform group actions? For an input pair (g, y), let the correct answer
be j = 7(g(y)). Then the pre-activation for predicting j is around B at neuron 7., with all

other neurons for j near the initial value O(oy). Thus the model output at j is around B. For all
other predictions j', there exist ¢1 = (¢’,y) and ¢3 = (g,y’) such that j' = 7(¢'(y)) = 7(9(¥/)).
By cancellation of the incorrect features, we have Vj/ ., (¢1), Virr, (¢2) < o(1). Since

B = ©(log d), this implies that the logit on the correct prediction j is very close to 1.

Symmetry Group Actions. The proof strategy for symmetry group actions mirrors the simply
transitive case through the emergence, refinement, and convergence phases. However, symmetry
actions create richer interactions because multiple group elements can map the same y to the same j,
which requires more nuanced control of the training dynamics and leads to different learned feature
structures. To illustrate this pattern, we slightly modify the definition of combinations used in the
simply transitive case by introducing the notion of the fiber of a value.
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Definition C.3 (Combinations, Symmetry Actions). Assuming the group G follows Assumption 5.1,
define Fiber; , := {g € G | 7(g(y)) = j}.” This allows us to define the combinations as

¢ ={p,|jeTd),ycd}, where p;, = Fiber;, x {y}.

Moreover, |¢; ,| = (n, — 1)!. We continue to call ¢ = (g,y) € G X ) a combination, whereas an
element of ® is now a subset of combinations ¢; , (there are nfj such ¢; , in total), which includes

all pairs (g, y) such that g sends y to j, and which reduces to the single pair (g, y) in the simply
transitive case.

Based on these notions, the main difference from the simply transitive case is that previously the

basic learning unit is each pair (g, y) € ®, whereas now it is the subset ¢; , of combinations. All

combinations ¢ within ¢, , are captured by the same and unique neuron, denoted r; ,,, in the sense

that the feature magnitude Vj ..,  (¢) is large for any ¢ € ;... Accordingly, the learning curriculum
* * P . . 1

3* is now based on the initial value of the ensemble of feature magnitudes: il > 605 Viri, (@)

Finally, at convergence, we have the following imbalance of feature magnitudes:

2B
‘/j','r‘j,y(g) ~ 2B7 ijﬂ“j,y(y) ~ ’I’Lf VQ eFiberj,y; (183)
Yy
2B
Vj,rj,y(g/) ~ ot Vj,r,-,y(y/) ~ —2B; (18b)
Yy
Virsn(@) + Vi, (') < o(1) and Vi, (g') + Vi, (y) < o(1) Vg ¢ Fiber;,, y' # .
(18c¢)

C.1.3 What Changes for Longer Tasks?

FFN is length invariant. The feed-forward network (with weights W) only acts on the attended
linear combination at the current output clause, rather than scanning the sequence to retrieve informa-
tion. Retrieval from the context is delegated to the attention layer. Hence, as sequence length grows
and positions shift, the FFN computation remains the same mapping on its local input, making it
length- and position-invariant. On the other hand, uniform attention becomes increasingly diluted as
irrelevant clauses accumulate, so selective attention and learning attention layer are required.

Desired attention patterns for predicting each tokens. To predict the fourth token, the model only
needs the variable x4 ; from the predicate clause Zpreq ¢+1. If the attention mass on Zyeq ¢41 does
not vanish with L, the same pattern learned in 7+ with W applies directly. Predicting the fifth token
is harder because it requires two retrievals: (i) the group action from Zgeq ¢+1, and (ii) the current
value from Z,,s ¢, followed by applying the update via W 5. Thus robustness over length hinges on
maintaining both attention links. If the attention layer is robust enough to support the fifth-token
prediction, then the fourth-token prediction follows as a special case, since it needs only one of the
two attention links to persist. Accordingly, in what follows we focus on optimizing the loss for the
fifth token; achieving high accuracy there is effectively equivalent to solving the entire task.

C.2 Learning the Attention Layer

Successful training on 7' shows that the model has learned the one-step update g o y. Turning to task
T2, the remaining difficulty is routing: directing attention to the appropriate locations. Thus we train
the attention matrix Q to learn the routing pattern and keep W fixed. In this part, we will show how
training induces the attention concentration pattern highlighted in Theorems 4.1 and 5.1: given an
input ZL%=1 the attention mass concentrates on Attnans ¢—1-spred,e and Attnang r—1ans,e—1-

We quantify routing quality via the attention concentration degree
L’E IR [ [
€attn (ZL'Z 1) =1- Attnans,ﬁflﬁpred,f (ZL ¢ 1) - Attnans,fflﬁans,éfl (ZL ¢ 1) 5 (19)

which measures the fraction of attention mass not placed on the two key clauses, and the attention
gap

AL’Z (ZL’E_l) = ‘Attnans,f—l—mred,l (ZL’E_l) - Attnans,é—l—mns,é—l (ZLl_l) ’7 (20)

We use the notion of fiber to denote the left cosets gGy C G, g € G, wherey € Yand G, = {g € G |
g(y) = y} is the stabilizer. Since the fiber of the orbit map fy(g) = g¢(y) is the preimage of fy, i.e.,

fo ') withy' = 771(4), 7 € (), this is exactly the set Fiber; .
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Predicate look up Self attention

Q saxsa Q saxsa

Figure 7: The illustration of how different components of the attention matrix Q are used to
route the attention to the appropriate locations. The query clause iS Zans1 and the goal is to
retrieve the correct action go from Zgeq 2 and value y; from the current answer clause Zgns 1.
[Q4_p] s will grow and dominate the learning dynamics for p € {3,4} and s € 7(X). Thus, in this

example, large [Qu,3]
[Qu4]

(1) () indicates the large attention to the predicate clause Zpeq 2 and large

@) (@) indicates the large self-attention to the answer clause Zps 1.

which captures how balanced the two target attentions are. Thus, effective routing corresponds to
small eaLt’tﬁ (high concentration) and small A% (good balance).

Under Assumption C.2, for an input ZLt=1 the (unnormalized) attention score from Zonse—1t0a
clause Zy decomposes as

T
ansl IQZk = ans,€—1,4Q473Zk73 + Zans,é—174Q474Zk74’

where Zy = [Zx 1, ..., Lk 5] with Zy ; € R4, By design, in the clause embeddings the fourth token
of a predicate clause and the third token of an answer clause are (blank). Consequently, we further
have

T T
ans £— 1szred o= Zans,é—1,4Q473zpred»é'»37 ans £— 1Qzan5 o= Zans,€—174Q4»4Zan57el747
(21)

which means Q4 3 governs attention to predicate clauses, while Q4 4 governs attention to answer
clauses. An immediate observation from (21) is that the desired allocation can be realized by growing
the diagonal entries [Q4 355 and [Qq.4]s,s° for s € 7(X) since x,_1 appears as the third token in
Zred,¢ and as the fourth token in Z,ns ¢—1 simultaneously. Our analysis of tracking the attention
dynamics will show that these diagonal coordinates indeed receive asymptotically larger gradient
magnitudes than all other entries due to strong co-occurrence signal, and the training dynamics are
dominated by their growth. See Figure 7 for an illustration.

For notational simplicity, we will refer to the relevant diagonal entries [Q4 3]s, and [Qu,4]s,s simply
as Q4,3 and Q4 4 below. The remainder of the proof quantifies how the growth of Q4 3 and Q4 4

simultaneously drives the concentration degree eaLt’tl; toward zero and controls the gap AL*, ensuring
that the FFN consistently receives (gs, y¢—1) and thus outputs the correct y,.

C.2.1 Simply Transitive Actions

For the simply transitive case, we analyze the gradient contribution at position ¢ = 5 on task 72, i.e.,
the loss 37 —1 Lossr . We show that for 72 the attention concentration degree e, (for ¢ € [2]) can
be reduced below O(1/d¢") for some constant 0 < ¢* < 1, 1nd1cat1ng hlghly focused mass on the

. . 2,2

relevant clauses. When irrelevant entries of Q are small, we also have eattn < €5itn» Since the number
. 2,2

of irrelevant clauses doubles from ¢ = 1 to £ = 2; hence we focus on controlling €35,

. Sta;e 2.1: Growth of an initial gap. Early in training, attention is close to uniform, so given
we have the approximations

A5,j7T(Z270) ~ %‘/j,r(91> ‘/]T(QQ)—’— ‘/jr(yO)

[A];  denotes the entry of the matrix A at the s-th row and s’-th column
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Asjr(Z*Y) & 3 Vine(g1) + 1 Vie(92) + 1 Vie(yo) + 1 Vie () -

By the cancellation at the convergence in (17), for ¢ = 2 all A lie in the small smoothed
regime, whereas for £ = 1 we obtain a correct logit for y; = ¢1(yo) and a spurious logit for
g2(yo) of magnitude about B/3. Consequently, —Vq Loss?2 is negligible, while —Vq Lossg’1
is comparatively large and drives Q4 3 to grow faster than Q4 4 (increasing Q4 4 would also
amplify the wrong prediction 7(g2(yo)) and thus not reduce Lossg’l). An Q(1/log d) gap emerges
between the diagonals [Qq 3]s,s and [Qu 4]s,s, yielding an early routing advantage toward right
predicate clause.

* Stage 2.2: Joint growth with a controlled gap. As Q. 3 increases, the weight Attn,ns 1pred 2
becomes large, moving A5,T(gz(y1)),’rg2.y1 and A5,T(g2(yo)),ry2_y0 for ¢ = 2 into the linear regime.
Gradients from ¢ = 2 then dominate, and Q4 4 starts to grow to separate the correct y, =
g2(y1) from the incorrect 7(g2(yo)). Throughout, the gap between Q4 3 and Qg 4 stays within
[(1/logd), O(1)], so the attention gap satisfies A%? = Q(1/logd).

 Stage 2.3: Convergence and gap reduction. Continued joint growth of Q4 3 and Q4 4 con-
centrates attention near its ideal limit, making 63&2;1 small. We show A2 cannot remain above
o(1) for long; otherwise an incorrect logit logit; (4, (,,)) Would acquire a stronger gradient and
force Q4,4 to outpace Qg 3, which contradicts stability. Therefore, at convergence we have (i)
2o = O(d=") for some ¢* € (0,1) and (ii) A2 = o(1); hence both Q4 3 and Q4 equal
C'log d £ o(1), while all other entries of the attention matrix remain close to their initial values,
where C' > 0 depends on c*.

Strong length generalization. The key is that attention concentrates cleanly while remaining stably
balanced. For 7L, we obtain

L 0(1)-L 1
e < — .
O()-L+1/e%2, ~— 1+Q(d /L)

Hence the model tolerates O(d®") irrelevant clauses: in particular, if L = o(d®") then " = o(1);
and if L = O(d®") then ¢/ < H—%(l) which can be made small by choosing the proportionality
constant in L = ©(d°") appropriately. Moreover, AL* < A2 < o(1), so the two target attention
masses remain balanced as L grows, preventing errors from large imbalance (e.g., predicting 7(g2(yo))
in Stage 2.3). Consequently, the correct logit satisfies 1 — 10git5yf(g”1(yz)) < m, so TLis
solved with accuracy 1 — 1/poly(d).

C.2.2 Symmetry Group Actions

We now turn to symmetry group tasks 7~ and analyze GD updates with respect to the per-token loss
LossL"? (i.e., predicting the value token in Z,ps o from Z21).

The case L = 2. The high-level picture mirrors the simply transitive case, but because multiple
group elements can map a given y to the same j, the learned V; ,(¢) and V; . (y) structures are
unbalanced. Moreover, as we discussed in the hardness part for the symmetry group in Section 5,
there will be a non-negligible proportions of distractor clauses. These make it harder to keep a tight
balance between Q4,3 and Q4 4 as in the simply transitive case. Nevertheless, we prove that both
Q.3 and Q4 4 grow, and the attention gap A%? is controlled by a feedback mechanism: if A%?
exceeds a small fixed threshold (in either direction), some incorrect logit receives a stronger gradient,
which pushes the system back toward balance. Consequently, after sufficient training: (i) efgfn < Ch;
(i) A%2 < Oy, for sufficiently small constants C;, Cy; and since B = O(log d), we still obtain

Lossz < 1/poly(d).

Recursive learning for Tzk, k > 2. Because eftkt;l 2 is already a small constant, initialization for
72" satisfies eftktf <2 eftkt;l’Q (still small), and A2"2 < A2""":2 Thus the attention pattern remains
close to that in 7 Qkfl, and Z2"! follows a bootstrapped LEGO distribution generated by the greedy
model pp.r,_,), which coincides with the original LEGO source. In particular, y; = g1(yo) and
y2 = g2(y1) are correct. We can therefore reuse the convergence analysis from 72""" to show that

2k 2 k . . . . .
both €5,y and A?"+? decrease to a small constant, yielding stable, inductive concentration across

recursive reasoning depths.
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C.3 Significance of the Proof

Our proof techniques are inspired by recent advances in understanding the dynamics of feature
learning in neural networks [102, 103, 104, 105, 82, 106, 83, 84], which show how gradient-based
training induces useful internal patterns and representations. Building on these ideas, we analyze
the dynamics of the FFN and attention layers to capture how transformers gradually acquire length-
generalizable reasoning through CoT training. We conclude this section by summarizing the technical
significance of our analysis for learning in the FFN and attention layers.

Learning the group actions. Most existing optimization-based analyses of CoT [36, 35, 34, 37]
hard-code the group action, e.g., parity, as a fixed FFN or an almost-linear map. In contrast, we
train a nonlinear FFN end-to-end to perform the group action at each step, with parity as a special
n = 2 instance of our simply transitive framework. This formulation is strictly more general and
substantially more challenging than prior setups. Our proof shows that the model learns not only
the basic action for simply transitive groups but also more complex actions for richer actions that is
transitive but not free. Especially, we precisely characterizing how task-relevant features emerge and
spurious features are suppressed during the process. The technique we used in the proof for learning
the FFN on discrete combinations of data is of independent interest beyond analyzing CoT.

Learning the attention patterns. Prior work on transformer training dynamics has established
the attention concentration principle as a key mechanism for solving various tasks, e.g., in-context
learning [83], self-supervised learning [84], and graph learning [107]. In those settings, only a single
token needs to be retrieved, so the attention matrix is learned to be diagonal (after a suitable change
of basis), and a single pattern suffices. In contrast, our task requires retrieving two different types
of clauses, so the model must learn two distinct components (blocks) in the attention matrix, Qg 3
and Q4 4. As we show in Appendix C.2, beyond growing these blocks, we must maintain a delicate
balance between them. This balance is crucial for length generalization across different group actions,
introduces substantial technical challenges, and our proof provides a fine-grained control of it.

D Learning In-Context Retrieval of Variables

In this section, we focus on the learning process of W for the task 7. For this task, W should
predict the 4-th token in the answer clause Z,ns 1, Which is the variable 2;. We will show that, the
network learns to retrieve the target variable x; from the first token of the first predicate clause Zpred,1
to make an accurate prediction. Throughout the rest of the proof, we will omit the subscript for the
expectation [E, when the context is clear.

D.1 Preliminaries
First we define some notations for the presentation of gradients.

Notations for gradient expressions For each i € [5],£ € [L],j € [d],r € [m], we denote
£ij(Z471) 21z, , =, — logit, ;(F,27), (22)

Aijr(ZBH 2N Attnans 1o (Wi Zac) + by (23)
keZl.t—1

where logit, ;(F, Z"*~") are defined as
eFi,j (ZL.Z—I)

Seme ™ (zeem1)

logit, ; (F,Z"*") =
Fact D.1. Forany i € [5], j € [d], r € [m], we have the following gradient expression:

L
—Vwi,jm LOSSL = E[Z gi7j(ZL7é_1)sReLU/ (Ai7j7T(ZL’£_1)) Z Attnans7g_1_,ka .
=1 kel -1

For simplicity of notation, we will henceforth denote A; ; -(Z%*~1) by A; ;- and &; ;(Z1*~1) by
&;,; when the context is clear.
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Given Z", we use X" to denote the appeared variables in the context clauses, i.e. X% =

{zo,21,...,21}. We write X~ as X for simplicity. Throughout this section, we write [Fi]; as
F; ; for 51mphclty

D.2 Induction Hypothesis

Proof Plan. The main idea is to track the dynamics of different types of weights Wy ; ;. ,,. Specif-
ically, we prove that for each j € 7(X), there exists certain neurons r € [m] such that the corre-
sponding weights Wy ; . | grow significantly along the direction e;, while all others remain small.
Specifically, we proceed in four steps:

1. For j € 7(X), define

Fflt,;, £ max <Wflt) ej) + oo logd,

Te[m] 23,7, 10
to track the maximal activation associated with retrieving the correct variable token.
2. Establish rapid growth (early phase). Let A~ = ©(1/m), and define the hitting time
Ty; 2 min{t > 0: 7)) > A7}
We show that for iterations ¢ < T = ©(dod™>/n), the diagonal weights (Wfﬁ;nl, e;)
grow rapidly, causing I‘Eg to enter a linear growth regime. Simultaneously, the model

confidently identifies the correct variable, indicated by 1 — logltfL )T (@) = 1~ o(1).

3. Convergence via dominant neurons (late phase). For each j € 7(X’), define active neuron
sets and their total activation as:

ALy & {rem] (Wi 1e)) > ologd), @2 37 (Wi e;).
reAl
For iterations ¢ > T, we analyze the refined dynamics, proving that the total diagonal acti-
vation @iﬁ;*, for the weakest activated variable j*, eventually grows to ©(log d), ensuring
successful learning.
4. Bounding non-target correlations. We finally show by induction that all other correlations
(Wffz rpr € es), including group actions, value tokens, off-diagonal tokens, and non-target
variables, remain negligible throughout the training process.

Our proof begins by positing an induction hypothesis expected to hold throughout training. We then
analyze the dynamics under this hypothesis and show that it remains valid along the entire training
trajectory, establishing the claim at convergence.

Induction D.1. Fort <T = M, all of the following holds:

(a). forj € T(X), Qo) < <W4(Lj 1 €5) T < 5(1) where <W$§-’r’1, e;) is non-decreasing;
(b). forjeT(X),g€G

(W 2vere)] < Olo0) + O () max { (W) 1e5), min (Wi e s

(t)
’I‘,EA‘LJ.*

|Q|)
(c). forjer(X),ye)y

|(W$§-7T,5,67(y)>| O(ao) + O( ) max {(Wif;77.71,6j>, min <W4(13*,w,17 ej*>};

(t)
r'EA‘LJ.*

Y

(d). else, |(W Ef;rp, | < O(00) for any other j, j' € [d].

Claim D.1. If Induction D.1 holds at iteration ¢, then for an input Z'-°, we have

1. if j = 7(x1),

t 1 t 1 t 1 ¢ 5 ~
Al(l 3 r = §<W4(1,},T,27 ej) + §<W4(l,;,r,2’ 67(91)> + §<Wﬁ(l,;,7‘,5’ eT(yo)> + 5“ + O(UO);
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2. elseif j € 7(X\ {z1}),

t 1 ¢ 1 ¢ b ~
Aé(l,;,r = §<W4(L,;',r,2’ eT(gl)> + §<Wé(l,g',r,5’ e"’(yo)> +Spt O<UO);

2

3. otherwise, 0 < Ag,r < 2+ O(09).
Claim D.2. If Induction D.1 holds at iteration ¢, then for an input Z'-0,

(t)
e o () O0®a)
1. lf] = T(Qfl), 10g1t4,j = W,
e 4,57 +d

2. otherwise, logitg = O(é) (1 — logitit()ml))
Proof. If j = 7(x1), by Induction D.1 and Claim D.1, we have

max{q)(t) @itz*}

0<F(z) < 3T AP < (@) + o |4gf| )) + O(00) + O(molog d)
re[m]
q)(t)' _ 1
= (@) +0(-=1)) + 0 O(———).
( 4,5 + ( |g| )) + (00) + (polylogd)
~ max (t). (t).* ~
For j € 7(X) # (1), F{)(Z'0) < O(oo) + O(™ a1t hy: eiee 1()(210) < Ofov).
Combining them together, we complete the proof. O

D.3 Gradient Lemma

Starting with the gradient computation from Fact D.1:

1
—VW47j1T‘p |_OSS1 = iE [&LsteLU’ (A47j7,«) Z Zk,p:| s
keZt0

we first consider the gradient for j € 7(X)
Lemma D.1. For j € 7(X), we have

(a) for Wy j 1, s € T(X)
(1) if's = j. (=Yg Loss',e,) = SE[(1 ~ logit}) sReLU' (AL} ) sz |5
,J,7r,1 7
. 1 _ s (1) (t)
(2) s#j, <—VW‘<J§_7T)1LOSS ,€s) = %E[ — log1t4,steLU/(A4’j_’7ﬂ)]17(m1):s}.
(b) for Wy jro, s=1(g) forge g
1
Loss', e,) = 511%:[(1 ~ logit{))sReLU’ (AY) )1 (01)=j 1=
L (t t
- logltﬁ(l,;SReLU/ (Az(l,;,rﬁl‘f(ﬂﬁl)#j,gl:g] .

(c) for Wy j,pwithp € {3,4}, s € T(X)
(1) 5= j, (~Vw,,,.Loss ;) = LE| ~ logit|)sReLU' (AL) )17y
(2) s#]
<—VW4,J,YT,,3L05517 es) :%E[(l — logitﬁ)sReLU’ (AZ;J)]IT(QEO):S’T(M):J-
— IOgitELt,i‘SReLU/(AS;,r)]lT(xo):s,ng()?)} :
(d) for Wy 5 s=T(y)forge

<_vw“> Lr(@1)=jyo=y

4,5,7,5

1
Loss', e,) =§E {(1 - logitif;)sReLU’ (Affzr)
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- logitif}SReLUl (Az(;g',»,-)]lr(acl);éj,yo:y :

Move on to j & 7(X), we can obtain
Lemma D.2. For j & 7(X), we have

(a) for Wy 1, s € T(X),

Loss’, e,) = %]E{ - logitfﬁg—sReLU'(Ag;’T)]lT(zl):S} .
(b) for Wy j 0,5 =1(g) forg € G,

Loss', e) = %E{ — logitfﬁ-sReLU’ (Afﬁ;—’r)]lm:g]
(c) for Wy pwithp € {3,4}, s € T(X),

Loss', ¢;) = %E[ - logitf’;sReLU' (Aflg)T)]lT(wo):s} i
(d) for Wy 5 s =T1(y)forgey

Loss, e,) = %E[ ~ logit")sReLU’ (A{) ) nyozy] :

D.4 Growth of Gamma
Lemma D.3 (Growth). Given j € 7(X), suppose Induction D.I holds at iteration t, when @i?j <
0.01logd or I‘Z; < %logd, then it satisfies

ri =) 4 @(g)sReLU’(FZ;).
Proof. By Lemma D.1, we have

1
Loss', ¢;) = 4@{(1 ~ logit!!))sReLU’ (Aif}yr)nml):j}.

4.5,r,1 2

. + C(t O(e0-011l0sd
By Claim D.2, when @i,; < 0.01logd, loglti’; = W
combing with the fact that the event {7(z1) = j} happens with probability ﬁ, we complete the

proof. O

< 1 when j = 7(z1); and

Lemma D.3, combined with the growth of the tensor power method, immediately gives the following

corollary.
Lemma D.4. Suppose Induction D.1 holds for all iterations. Define threshold A= = ©(=). Let
def

T ; be the first iteration so that Fg— >A,and T, = @(ﬁ‘i_Q). Then we have Ty > T} ; for every
, o

1
m

jeT(X),ie., fort > T, it satisfies ng > A

Lemma D.5 (Upper bound). Suppose Induction D.1 holds for all iterations < t, we have ‘Iy(fz < 5(1)
forj e T(X).

Proof. We only need to consider the time ¢ > 7j. Notice that the gradient descent update in
Lemma D.1 gives

1
Loss!, ¢;) = 5IE[(1 - logitff,})sReLU’(AE&T)]IT(M):J
Therefore, for sufficiently small n, we have

n .
@ffjl) = @if} + Z 5[[*3 [(1 — loglty’})sReLU' (AS;,T)]IT(M):J} + O(glogd) - |A$;1) \.Ait;|

T‘EAS}
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1

= @Elf; + Z gE [( loglt(t))sReLU' (A )]lT(xl) J} + m.

reAif)J-

When there exists T, s.t., max;er( X) <I>ELT]) > Q(log"® d), by Induction D.1 and Claim D.1, given an

input sequence Z? with 7(z;) = j = arg max;er(x) 3") we have

4_]’

FD@z0) > 3 Ag) > <1 - o(g|))<1>(T) O(00) > Q(log" d).

a(7)

~ 6

F(T)(Z) < o(1) for j/ ¢ 7(X), which implies 1 — lo it!) = ¢~2008"° d)_Therefore, we derive
4,5 =9 J > p glit, ; . s

that for¢t € [T + 1, %),

Following the similar analysis as Claim D.2, F(T)(Z1 0) < O( “) for other j' € 7(X), and

(") < &7 4 O(polyd - =215 " D) 4 O(plogd) - m

which implies <I>( ) < O(log'® d) since o < logd

D.5 Group and Value Correlations Are Not Large

Lemma D.6. Suppose Induction D.1 holds for all iterations < t, then for any j € 7(X) and
s=17(g),9 € G, we have

‘<W4(1t,;',r,27 eT(g))‘ < O(ao) + O( ) max {<W4(1t.3‘,r,17 ej), min (WS;*)T,717 ej*)}
|g| WEAE:;*

Proof. By Lemma D.1, we have

(-V Loss', e,)

(t)
W4] 2

t t)
= 5]E (1 — logit ))sReLU'(Aijr) (@) =j,91=g loglt4 sReLU’(A D ) b S q]

Clearly, the positive gradient can be upper-bounded by O(ﬁ (-V Loss', e;)). Moreover, for

Wi
the negative gradient, by Claim D.1, we have a naive bound

sReLU’ (A}

4,7, r) |T(;c1);£j,gl=g < O( )SReLU/ (A(t

4.7, T) ‘T($1)=j791=!]'

When ¢ < T, by Claim D.2, we have 1 — logit!") |,_,(,,)> (1) and logit'"} |; 4, (z,)< O(2),
which implies

1
=V Loss' e;).

it® (t)
E {logltmsReLU’ (A47j7r)]l'r(zl);éj,glzg:| iG] wi

<0(

Therefore, for t < T4, we have

4,5,r,1 €

(W) averi)] < Olo) + 021 ) (W)

91
For ¢t > T, notice that by Lemma D.4, AS;, # () for j/ € 7(X), thus for ' € A(t)

sReLU’ (A"

(t)
4,j,r) |7-(:rl);£] g1=g = sReLU’ (A ¥ ’)

4,5*,r

T(z1)=4*91=9"

(t)

Furthermore, logitgz i) < O(3)(1 — logit, . |j+=r(z,)), Which implies

. 1
E[logltfﬁsReLU (Aigr) T(xl)?ﬁj,gl:g] < O(@M—Vw“m,’lLossl,ej*>.
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Due to the arbitrary of 7/, we can conclude that

. t
!(W();TQ, (9) >| < O(ao) + O(|g|) /én;(rg) <W4(1,;*,r’,178j*>'
T 4%
O
Lemma D.7. Suppose Induction D.1 holds for all iterations < t, then for any j € 7(X) and
s=1(y),y € Y, we have

t . t
ymax {(W e, min (WL o)

(W50 ex)| < O00) + O(55 n
T’€A4;j*

V|
Proof. The proof is similar to Lemma D.6, and we omit the details here. O

D.6 Off-diagonal Correlations Are Small

Lemma D.8 (off-diagonal bound). Given j € 7(X), suppose Induction D.1 holds at all iterations
<t forseT(X)#j

|<W(t)

4,5,m,10 €

es)| < O(0y).

Proof. By Lemma D.1

Loss', es) = %E{ - loglt( )sReL U’ (Afﬁ )1 T($1)=S]'
Notice that by Claim D.1,

SReLU/ (A‘(ltg 7“) |~r(z )=s S O( )SReLU/ (Aﬁ(lts T) ‘T(fcl):s’

combined with Claim D.2, logit, ; < O(3)(1 — logitff,)s) when s = 7(x1), thus

E [logit{!)sReL U’ (A{)) )1

4.9,r

1 .
) T(ml):s:| < ]E[O(E)(l - IOglthl)SReLUI (Aé(lfl,r)]l‘r(ﬁ?l):s}

1
< 0(3)<—Vw4,517.,1Loss, es).

From Induction D.1, we have

(W )] < OC|WE, 1, e0)] + Olo0) < O(5) + Glov) = Olov).

Lemma D.9. Given j € 7(X), suppose Induction D.1 holds at all iterations < t, we have

‘(Wff; TpLossl,eSM < O(0y), forpe{3,4}andallsc T(X)

Proof. When s = j, we have

(~Vw,,..,Loss' ¢;) = 7B[ - logitZ;sReLU’(Afﬁ;,r)]lT(Io):j}

E[—logitfj;sReLU’ DS )i (o) }
s7#]

N~ N~

Therefore, we can bound the above gradient in the similar way as the off-diagonal case, and obtain

>’<O( ) max ‘W4“1, es |+O o0) < O(oyp).

(t)
|<W seT(X)

4,9,r,p° €j

When s # j,

(~VwWai, Loss?, €s)
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_ (t) (t) (t) (t)
= fIE [(1 — logit, )sReLU’ (A4 . T) (zo)=s,7(z1)=j — 108ty 'sReLU’ (A4 i 7) T(IO):S,NT@)]
Noticing that {7(xg) = s, 7(x1) = j} happens with probability m thus the positive gradient

can be upper bounded by O(%) - [(~Vw, Loss', e;)|. Furthermore, the negative part can be
upper bounded in the similar way as previous off-diagonal negative gradient. Putting it together, we
complete the proof.

D.7 Non-target Correlations Are Negligible

Lemma D.10. Suppose Induction D.1 holds at all iterations < t, for j' & 7(X), for p € [5] and
s € [d]

Proof. By Lemma D.2, <W$},’T’p, es) forp € {1,3,4} and s € 7(X) can be bounded in the similar
way previous off-diagonal negative gradient.

We can observe that for j' ¢ 7(X), all the non-zero gradient on the different directions are negative
gradient, which implies <Wz(lt,;".r,p7 es) < (Wfl(,)]).,mp7 es) = O(09). Moreover, AS;,,T < O(oy) is
also non-increasing.

For s = 7(g),9 € G, whenever (Wfﬁ;,7r72, es) reaches —3p, we have Afl 7 T|g =g S T30+ Sp+
~ 1 . t
O(00) < 0, and thus (—Vwiti . JLoss',es) = %E[ — loglti’;sReLU’(Af&m)]lgl:g} = 0, which

implies <W4(13",r,2’ es) > —3u. Hence, ‘<WZ3”7T,2’ es)| < O(oy). Following the similar argument,

we can prove the result for (Wfﬁ;,ﬂﬁ, es) for s € 7(}). O

D.8 Convergence

Lemma D. 11 For |G| > V] > Q(poe%l),

Induction D.I holds for all iterations t § T = %'yd.

mlog - and sufficiently

small n < | ol

Proof. Putting the results in Lemmas D.5 to D.§ and D.10, we can directly establish the results in
Induction D.1. O

Lemma D.12 (Convergence). For sufficiently large T1 <t = %'yd, we have

(a) Objective convergence: Loss! < po}y )

(b) Successful learning of diagonal feature: ‘5512‘ > Q(logd) for any j € 7(X).

Proof. Assuming for some sufficiently large constant n > 0, E[(1 — logity&*) | 7(z1) = 5*] >
Q(4x) fort € (Ty, Ty + M} then by Lemma D.1, we have

Ty 4 22 log?d d"log? d
Fﬁ(l,jl:*: Y Z Q(dnn-i-l) ’ n 224 F(t3< 5 = > Q(log? d),

which contradicts with Fi)( , < <I>flt)( ., < O(log"®d) = O(1) in the polynomial time. This

implies after sufficiently large iteration ¢, we must have E[(1 loglt ) | 7(z1) = j] < O(4) for
j € 7(X). Hence

Loss' = E[— log loglt( dr (1 ) Z E[- log logit!".1 ;]

4,j T(Il)

JET(X)
< Y EOW( - logit}) L.y

JET(X)

(loglt ) s very close to 1)
1

0 )

- (polyd
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By Claim D.2, at the time of convergence, we must have <I>Z(f’3- > Q(log d). O

E Learning Simply Transitive Actions

E.1 Preliminaries

Definition E.1 (Combinations ¢, @, <I>Jf). Let G, ) be defined as in Definition 2.2. For any pair
(9,y) € G x Y, we call ¢ = (g,y) a combination. We write ¢; = g and ¢» = y to denote the
corresponding components. We further define the set of correct combinations ®* by

o ={p=(9.9) |i=7(alg.p)} Vier®); o= (J @ (24)
JET(Y)

The combinations ¢ € ®7 are the ones that can be composed to get 7 =7"1(j) € V. We also define
the set of incorrect combinations <I>;r- for each j € 7()) to be

T *
Qj—{qﬁei’\@j} (25)
For simply transitive action « : G x Y — ), any combination ¢ € <I>} is a incorrect pair of g and y.
That is, it holds that any ¢/ # y € Y and ¢’ # g € G satisfy a(g, ') = a(y,g') # 771(5).

For each combination, we define the following neural-features:

Definition E.2 (combination features ¢, ¥, U*, ¥). Given a combination ¢ = (g,y) € ®, token
index j € 7()’) and neuron index r € [m], we define

1

§(Vj,r(9) + V],T(y))

and we call Vj ,(¢) the features for combination ¢ in neuron (j,r) € 7()) x [m]. We write
¥ = (j,r, ¢) and Vi = V; ,.(¢) to make the notation concise. Similar to above, we further define

U= {¢=(j,7’,¢) XT(y) X [m] XCI)}

and U* that contains the desirable features for each class j € 7()):

v ={¢=(.ne) | eedr}, =[] 9, (26)
(4,r)ET(V)x[m]

Vir(9) = (Wsjr2.€9),  Vie(y) = (Wsjrs,ey),  Vip(o) =

and UT that contains the incorrect feature combinations:

vl ={p=(.re)sca\e}, o=

(dr)er(¥)x[m]

S

jor 27

Events of combination appearance. Let us first define some useful notations. For a combination
¢ = (g,y), we write 74 to denote the event when ¢ appears in the sequence VAR

Hy:={(g1,90) =0},  Ho, =Ho={o1 =9},  Hy, =Hy={vo =y}
Further, we write
/HL,l = {gl 7& 9,Y0 = y}, 7—[;72 = {gl =g,% 7é y}7 7—[; = ’]—[;1 U’H;J

to denote the event where ¢ did not appear but its group element or value is the same.
Finally we define a notion called learning curriculum, that sits at the center of our proof.

Definition E.3 (Learning curriculum). We define an order on the set X, defined by the following
process: Let 9 = U. Ateach i € [n2], we choose

o (0)
Y; = arg max Vi

Let’s write ¢; = (j,7, ¢) where ¢ = (g,y), then we define ;1 by excluding the following features:

1. Exclude the confusing combinations in neuron (7, 7);

Sil=sl = = (o ¢) €306 = (6,9 | (¢ = 9) XOR (yf = y)}
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2. Exclude the unselected combinations in neuron (j,7);
SP=nl? = =(r¢) €D = (V)| g #9.v #v}
3. Exclude the feature indices of the same combination in other neurons (j,7’),r" # r;
2P =1 = (@ = (j,r', ) € SV # 1 € [m]).

Which returns ¥; 11 = X; \ {0 = (4,7, ¢’) € &; | either r’ = r or ¢’ = ¢}. Iterate over the whole
set ¥, we will arive at Eng = @. This gives rise to an ordered sequence ¥* and a set X1:

* . . T T To._ yfl 1,2 1,3
= (¢17¢27«-~»¢n§), Y= UT/)EZ* Zw, Ew = Ew UZw UEw

0)

: (0) (
By our construction V,, © >V, N

L -We write ) <5, 1)’ to denote that 1) is ahead of v’ in X*.

Intuitively, >* encodes the order at which the features V;;, grow in magnitude and ¥ contains all the
unlearned features during the process.

Throughout the analysis of the FFN layer, we further make the following assumptions.
Assumption E.1. For (j,7,p) € [d] x [m] x [5], we fix ng;ﬂ_,p = Wé?;w forp € {1,3,4} at
initialization for simplicity of proof.

Assumption E.2. We use a modified smoothed ReLLU as our activation function. This technical
assumption is to avoid many pathologies appearing in the learning dynamics.

wB < —-B
—wx x € (—B, —w]
%xz z € (—w,0];

sReLU(z) := { 29/(p7 ') z € (0,0;
I*QO*%) z € (0, B]
B-o(1-1) «>B

where ¢ = O(1) is a large even integer and o = ©(1/polylog(d)),w € (d?u? ', -2=), B =
Clogd,C =©(1) € (5, %) and A = ;9=15.
E.1.1 Theorem Statement
We will try to prove the following theorem:
Theorem E.1 (Learning Simply Transitive Actions). Suppose F*) is returned by Algorithm 1 at
t =T, and let 5y = d°* p, 65 = wq%l, it holds that with probability > 1 — o(1):

A. Forall ) € ¥*, we have VdETl) =B+ 0(d1);

B. Forany € b1, |V1£T1)| < O(6,);

C. Forany ¢ € 12, VliTl) < =B+ 0(6);

D. Forany € ©13, Vd()Tl) < O(0y);

E. For ¢ = (j.r, (9.9)) € =% |V} (9) = V;7 ()] < O(62).

In fact, we can decompose the statement of theorem E.1 into the following statement for every feature
P e X

Definition E.4 (Feature Shape). Let 6 = (d1, d2) be a tuple of error parameters. Let 1) € X* be a
feature in the learning curriculum. We say the feature 1 reached feature shape F,, () with error § if:

L. Fpa(01): V¥ > B~ 0(81);
2. Fy,2(02): For any ¢’ € EL’l, it holds that |V(/Ef)| < O(6,):

3. Fy3(01): Forany ¢ € 2%, it holds that V) < —B % 0(61);
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4. Fy 4(61): For any feature ¢ € 21;3, it holds that Vﬁ) < O(d1).
5. Fy.5(82): Writing ¢ = (j, 7, (9, y)). then it holds that |V,'%) (9) — V) (y)| < O(8»);

Obviously if we proved the condition Fy,(d) of all ¢y € ¥* are reached for § = (d°', wqfil) at
Ty, then theorem E. 1 is proven. We do this by following a induction process sequentially for each
1 € ¥*, and provide a guarantee that all features in * reach the claimed convergence condition
together at ¢t = T7.

E.1.2 Induction Hypotheses and Phase Decomposition

To prove theorem E. 1, or equivalently, to prove the convergence condition in Definition E.4 is reached
for every feature 1) € ¥*, we shall charaterize the dynamics of each feature and prove that they
eventually arrive at the desired shape.

Phase Decomposition. Let us define the following timestamps for different phases of learning each
¥ =(j,r,¢) € WUW. Let ¢; = 1555 be a small constant:
(a) Phase I: t € [0, T}], where T}, := min{t >0 | Vf) > dul;
2, 2,1 s t .
(b) Phase IL1: ¢ € (T, T."), where T2 := min{t > 0| V"’ > Llogd}:
A1 2, 2. L (t .
(¢) Phase IL2: t € (Tj", T3], where T := min{t > 0 | E[logit{") 13,] > 1 - —=};

(d) Phase IL3: ¢ € (7%, T3], where T2 = max{T", T;* +

W )} and Ti’S is
defined as:

1

23 . 2,2 _ e _ nydw =
T,” ==mint > T, | Fy(d1,02) holds, where 61 = d“' 0, 0> = (T)q 1
(e) PhaseIIL.1: t € (Ti, T1 1], where Ty 1 = Ti , and 1,z is the last feature in X*. This is the

]
convergence phase where the rest of the features are learned and the feature converge to a
perfect shape.

(f) Phase IIL.2: ¢ € (T4 1,771], the end phase where all features are in perfect shape and have
stablized.

Now we state the following induction hypotheses which naturally results in theorem E.1.
Induction E.1 (Simply Transitive Actions, All Phases). For all t < T1, the following holds:
(@) V9 + by > Qu).

(b) T2, < le} if ' <s ¢ for Y, € ¥* ie., the intervals {[Ti’Ti]}wéE* are non-
overlapping;

In order to prove Induction E.I and theorem E.1, we introduce the following feature based induction
hypothesis to prove that 7, defined in Definition E.4 holds for some error parameters at ¢ = Ti.

Induction E.2 (Induction for Individual Feature). Let ¢ = (4,7, ¢) € ¥*, ¢ = (g,y), at t < T3, the
following holds:

(@) Att < T}, any g # g’y #y has V;.(g'), Via(y') < O(p).

(b) Duringt < T, there are at most 6(\/8/7]) iterations where logit® > % conditioned on
He.

(c) Let ) < 1) € 3%, the feature shape F (d° oy, (@)ﬁ) holds throughout t € [T}, Ty ];

(d) Lety' > 1) € ¥, then Vf) < O(00) throughout t € [0, T3]

E.1.3 Technical Calculations
Let us recall some facts about gradient computation for W.
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Fact E.1 (gradient computation). The gradient with respect to W, ; ., fori = 5, j € [d], r € [m],
p€[blandv € Vis

1
(~Vwe o Loss, ) = SE[ & sReLU (A550) Y (Zicys€)] (28)
keZl.0

where 557]' = ]1'u=Zans,1,p

— logit; ; is the loss derivatives. We compute more precise expressions
when 7, p and v varies:

(a) whenp =2,forg € G,letp = (g,y) € @7 be the combination with ¢1 = g, we have for
all j € 7(Y),r € Im],

1
(—Vw,,,.,..Loss, eg) ziE[(l — logit57j)sReLU’(A57j,,.)]1H¢}

N %]E{logit&steLU'(A&jw)ﬂ (29)

]
(b) whenp =5, fory € Y, let ¢ = (g,y) € @ be the combination with ¢2 = y, we have for
all j € 7(Y),r € [m],
1
(~Vwe,sLoss,e,) =5E| (1 - logit; ;)sReLU'(As;,) Ly, |
1 .

— 5E[logit; jsReLU'(As;, )1, | (30)
(c) For any combination of p, v not included above, we have due to our assumptions of the

distribution and update rule:

(—=Vw,,.,,Loss, e,) =0

Definition E.5 (I'-notations). To simplify gradient expression, we define the following notation: let

Y= (4,7, ¢) € U, we write

79 =15 = E[(1 - logit; ,)sReLU'(As ;) s, |

D) =1, = E|logit; ;SReLU (s, ) Ly } 31)
we can further define I" foreach g € Gandy € V: Letv € G U Y, we define

0 b gl - 10git57j)sReLU’(A57j,T)]1Hv}

7,70
0 =1, = E[logit; ;sReLU' (A5 )1, } (32)

This allows us to define the following gradient condition:

Definition E.6 (gradient condition). Att¢ < T, letting ¢ = (4,7, ¢) € U, we write Cy () for d > 0
to denote that the gradient update for V; is smaller than ¢, formally:

Ciro(d)holds = [T70 10| <

7,70 J,ro | =
Co(0) holds = [PH] <
- _1(t)
Cirp(6)holds = |I'; "] <4
‘We further write
Cy(0) holds == C;, 4(0) ACj 4 (6) holds

Cl(8)holds = C7, (6) ACJ,.,(8) holds

3729 Jiryy
C, (6) holds = C;,. (6) AC;,  (J)holds

Now we proceed to characterize the lower bound of logits

Fact E.2 (logit lower bound). We list some basic facts about the architecture Definition 3.5 here.
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1. Forany Z! € supp(D!), we have

d—1
A= gl}{lz(l—loglt (F,Z)) = I-15eB

2. Suppose for some i € [5], F; ; = o(1) for all j ¢ 7()), then

1 A
logit, .(F, Z =0(—
ZIJH}THZ ogit; ;(F12) = (1+o0(1))d+ nyeB O(nyd)

E.2 Phase I: Feature Emergence and Competition

We shall prove the following properties at initialization.
Fact E.3 (initialization range). Att = 0, the following holds with probability > 1 — o(1):

(a) |<W(0 ey)| < O(opy/logd) Forall j,r,pandv € V;

5,3,m,p?

® V> V) + v, where v = Qrifiga)- for any pair ¢ < ¢ € X* in Def. E.3;

Proof. Fact E.3a can easily verified from our initialization WEOJ)T ™ N(0,0014). For Fact E.3b,

we give a straightforward proof that every pair of Vu()o)7 1 € X* has a gap of First note

oo
ngm?logd*
that Vd(}o) of different ¢» € X* are independent and identically distributed on the randomness of W(©),
due to the orthogonality of embeddings e,,, v € V. Then, by the basic property of a Gaussian variable
(notice that Vdgo) - Vu()(,)) is also Gaussian with variance 20() (all though different pairs could be
for each

dependent), we have with probability 1 — that their gap is at least >

1
nim?logd
2 4) -many all possible pairs we can conclude the proof. [J

n 7’n2 log d

pair. Then by a union bound over O(m

We give another characterization of the initial activations.
Fact E.4 (activation magnitude). Att¢ = 0, with high probability it holds that

AL =(1+0( )= O(ologd) < o

|
a
U

and thus sReLU(A5 ;) = 6(%;#1), sReLU’

—

N j) = Ot) and Fy; = ().
Proof. Combining Definitions 3.4 and 3.5, Assumption 3.3, and Fact E.3 gives the fact. O

We establish some properties in Phase 1.

Lemma E.1 (Key properties in Phase I). Let v = (j,r,(g,y)) € ¥*, and assume Inductions E.I
and E.2 holds at t < Ti, then

(a) [V ()| < O(u/vIogd) if v # 9,0 # y:
(b) AO”( ) > 0forZ € Hey;
(c) logits ; = O(1/d) whenver HL happens.
Proof. lemma E.1a is from both the initialization of weights Fact E.3 and Induction E.2a. lemma E.1b

is from lemma E.1a and Induction E.la. lemma E.1c is due to both Induction E.1b and Induction E.1b.
O

E.2.1 Competition between feature combinations.

In this phase we compare the growth of different features using a proxy.

Lemma E.2 (Approximating gradient with proxy). Assume Induction E.1. For a fixed v = (j,7,¢) €
Y%, define the auxiliary sequence

VOO, p V()+nE{sReLU A )14, ],

5,5,r

where in Két;r

feature 1) = 1p; orp € X; \ {1;} and all t < T},

the weight V,, is replaced by ‘71& (all other weights are unchanged). Then for any
VO 0] < o0 atirsen
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Proof. We need to prove the result by induction. Firstly we notice that the newly defined proxy
sequence Vdgt) is monotonically increasing. Moreover, as Vl/Et)

use lemmas E.11 and E.12 to argue its growth by taking

is initialized the same as Vlit), we can

~ 1 _
Ty = Vf) +bijr, €= Z (Wsjrps€x0) + (Ws g1, €2,),  Tep1 > 2 + UEE[(% + )]

p=34 Y

And lemmas E.12 and E.13 guarantee V( ) > ga u after O( — ) steps. Now assume the bound

of difference between Vw and V1£ ) holdsatat < Tw. Smce t § Tw, we have V«ﬁ ) < d“op by

definition of le). By Fact E.1, the exact update of V, is
1
VD — v n(]E[( ~ logit{"))sReLU"(A{") )1,,] - } E[logit{)sReLU’(A{") T)n%]).

Compare the above with the definition of 171/57‘/), we first we notice that Vét) is dominating Vqﬁt) for all
iterations ¢ < Tulj. Then, we can bound the difference between the two sequences by

"Zl(}tJrl) _ VdgtJrl) ‘

< |V = V| + n|E[sReLU'(R{) ) — sReLU'(AL) )11y, ]

+ 77‘]143 logit! )sReLU’(AgJ D1a,]

n .
+ 2 ‘E [logltéf; sReLU’ (Aét] 1 W ]

We bound the three error terms for ¢ < Tﬂl}:

A. Activation perturbation: by the smoothness of sReLU’ on [0, o] and that both pre-
activations are in this range during Phase I, we have

E[(sReLU’ (A%,

O ) = sReLU' (AL Ny, ]| < [V = VIVIE[AY) )72 14,

5,5,7

where we have used the fact that Ks,j,,ﬂ > As ;. because of the dominance of XN/w.

B. Outside a set of iterations Ay = {t < T} | loglt(t) \}E conditioned on H4} whose
cardinality is no more than O(dz*+ /) by Induction E.2a, we have logitét)} < d1/2,
Hence fort ¢ Ay

’E[loglt( JsReLU' (A )13,]| < O(d"V*)E[sReLU' (A} )1y,]

Now we can sum over the iterations to get

Z + Z U‘IE logltg )SReLU’(A() D1a,]
s<t,s€Ay s<t,s¢Ay

d3te

< O(——) - n(d*p)*t + 0d™ )V — V(")
< O(u/d'/*~)

C. Confusing events: before Vf) > %log d, we have logit; ; = O(1/d) in Phase I by
lemma E.1. So we get

1 derp) 1!
;nE logity!) [sReLU' (A )1, < 0<Wq_2>n(( d) ) < O(u/Va)

So we have that the accumulated errors from the last two terms are smaller than O(y/d"/?=¢1). This
allow us to bound the difference by using the more naive approach: we can assume the difference
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started with O(u/d*/2=1) and now we only need to bound the following sequence for t < T}

St+1 = 61 + O(ndy)E { NG SReLU/(Ag; r)]]‘f}'”’:|’ So < O(u/d"/*~)
5,7,r

Now let & > 7 be some small parameter, we can do some slicing of time tg, ¢1,...,¢, where
t;=min{t > 0| V,” > (1+8)u} and (1+8)"u < V" < (1 + &)+ 1. This produce the
following bound:

log 6:4+1 — log &g

=3 3 g <1+O(n) [Nl) sReLU’(Aéf;}T)]lHd,D
]

1<i<n s€[t;,ti—1 5,37

Y T owmlg

1<i<n s€[t;,ti—1]

Z O( 1 Z )) Z n’E[SReLU/(KS;,T)]IH(;,]

1<i<n minse[ti,tifﬂ,ZEHd) Aé Vs sE€[ti,ti—1]
1 ~(tit1) ~(t:)
3 o(. )(V( )yl
i P C
52, \A+d)h
8 log(V" /1)
log(1+¢")
< 210g(‘~/1/(f)/u) (log(1 + 6')¥ < 2if &' is small enough)

IN

sReLU’(Agfj.m)nm} (log(1 + x) < z when 2 > 0)
5,j T

IN

IN

So when ‘Zét) € [d* p1, 2d° ], it holds that §, < d*16y < p/d/?=3¢1. This proves the claim. [

Lemma E.3 (competition). Assuming Induction E.I, and let 1) € 3*, we shall have for any feature
W s € S ordf € Sy \ {9} that VT < O(ov).

7 ®)

Proof. We can approximate the sequence V;,, using Vwi and straightforwardly use lemma E.12 to

compare ; with any ¢’ > ¢; € X*. In fact, let’s compared the time they reach Vu(}t) > d%oy. By
lemma E.2, we can just compare ‘7(15) before t = TJJ, now since by Fact E.3 we know ‘7(0) > ‘715)9) +,

we can use lemma E.12 to get that the first time when V( ) > d1g, we have V(,) = O( o). This
combined with lemma E.2 concludes the result. Moreover we can also obtain bounds onally € ¥

by discussing different ):
* Forall ¢’ € ®* such that there exists ¢’ = (j/, 7', ¢’) < 1;, ¢ is learned. That means any

contains ¢') has gradient too small because of E.2c and therefore E[€5 ;14| < 6()\|FEZ) b
and therefore wouldn’t be learned.

* All the rest of ¢’ € ®* has their corresponding 1)’ = 1 € X* and therefore lost in the
competition and has small growth.

» All other ¢ € ¥ \ Uy <; %,/ lost the competition as well for the same reason.
This concludes the proof. O

Proof of Inductions E.I and E.2 in Phase I. Let 1; € ¥*. Assume Induction E.1 holds for some
t<T, 1121_71 , then we shall prove that it continues to hold for ¢ € [Tiii1 , T dl}}

* Induction E.la: This is simple as all V;, for ¢ >~ 1); has updates approximated by XN/(t),

which is monotonically increasing, and has minimal update by lemma E.2.

+ Induction E.1b: We proved in lemma E.3 that whenever 1) < ¢/ € X*, Tq/lj < Ti,. This
does not violate Induction E.1b so the non-overlapping is preserved.
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* Induction E.2a: This is proven in lemma E.3.

¢ Induction E.2b-c: They will be proven when we analyze the end phase of feature learning.
They are the corollaries of the end phase guarantee of the previous features.

¢ Induction E.2c:
¢ Induction E.le: We did not violate Induction E.le either.

* Induction E.2a-d will be proved in Phase III where we argue the end phase of each feature
learned.

O

E.3 Phase II: Feature Growth and Cancellations
Below we present the induction hypothesis for phase II.
Induction E.3 (Phase I). Forally = (j,r,¢) € ¥* and t € [Ti, Ti], the following holds
(a) Fort € [lej,Ti’l], 85(75]) >1- ﬁ conditioned on Hy;
1
(b) Fort < Ti’l,for all 7' # j, we have logit(t’)j/ < 0(Vd) - logits;l‘f).

(¢) Forany ' = (g',y/) # 6. V{7 (9). Vi () € (B = O(1), 0(w)):
(d) Fort < T>?, the number of iterations where Vd()tﬂ) — Vd()t) < 0 is bounded by O(1/d¢\n)).

E.3.1 Technical Lemmas

Lemma E.4 (gradient estimation). Assuming Inductions E.1 and E.3, let ) = (j,r,¢) € ¥*, ¢ =
(9,y) and t € [Ti’l, T7), then

(a) Atanyt > Tj’l, ifVu()t) € (% log d, % log d), then I‘;tid) > Q(1).
(b) Any g’ # g € G,y #y € Y has the following gradient approximation

1), = ~E[logitsReLU () . £ O/,
1), = B [logit ) sReLU (A i, | £ 0=/,

(c) let¢’ = (g",y') # ¢ € ®5 if V), (9,y) > B—o(1) and V; (¢, y') < —B — 24, we have

A\ .
r® = 3 A7) —E [logit{)sReLU'(A) )1, |
yey"/j,r(g/vg)e(fofwfﬂ) v
and similarly for 't

gy’

Proof. Firstly (a) is simple to prove, because when Vd(}t) c (% log d, % log d), we have logit; j]lH; <

O( ), which is from the calculation F5 ; < 2 logd + O(1) guaranteed by Inductions E.2 and E.3.

For (b), we can estimate the gradient update of Vj(t) (¢') where ¢’ # g. In fact

,T

— I‘+v(t) I‘fv(t)

irg’ T g

—ij,r(g/)LOSS(t) =1

g’
-Th0 -y E[logitggsReLU’(Agf;r)]l% o
y' ey

=-FE {logitgg—sReLU'(A(t) Mo, 1+ max{é(,uq_l), w}

5,0,

where the last one is because for 3y’ # y, the activation gradient sReLU’(A(t)

5.j.) 18 either positive

and bounded by 6(uq_1) or negative and bounded by w while logit; ;13,,, < 1. Similarly we can
also get the same for V; . (y') where v/ # y:

7v‘/},r(y/)Loss(t) =1 =_E logitg,)jSReLU/(Aét,;‘,r)]lﬂ(g’,m] +O(w/ny)

gy T
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To prove (c), notice that when Vj ,.(¢’,y") < —B — 2y, the part of F;rr(f]), = 0 due to A5 ; , exceeding

the boundary —B. We can group different § # y € ) by their feature magnitude and obtain the
lower bound. The factor of ﬁ is due to the logit lower bound from Fact E.2. O
‘Y

Lemma E.5 (Feature Magnitude). Assume Inductions E.1 and E.3 holds, then for any ¢ € ¥*,
(a) att = Ti’l, we have Vj(tr) (9) = tlogd+o(1), V](? (y) = 1 logd £ o(1);
(b) when Ci;((s) hold for some 6 < O(\/d°") at some t > Tz’l, we have Vdgt) > B —O(d ),
that is, Fy.,1(d p1) holds.
Proof. Let’s proceed the proof one by one.

* Proof of (a) : This can be computed by comparing the gradient of V](i) (g) which is ¥ =

Jimg T
F;f;ftg) - I‘;;SZ) and the gradient of Vj(? (y) which is I‘gti g = F;f;fz) - I‘;;EZ). Now since
1
DJR) =T = (1= O( 2 )sReLU'(V((9) + Vi1 y) + (1)
and that
- _ oL oy ® - _ oL oy ®
Fj,r,g - O(WSReLU (‘/j,r (g)+O(M))|)7 Fj,r,y — O(WSReLU (V;',T (y)+0(u))|)
one could see that ZtSTi,l |F§f2’g - thiv\ < 6(%) and thus (a) holds.

* Proof of (b): from lemma E.4a we know that when CJJ' (6) holds for some small § = O(2;)

it is not because Vdgt) dropped below % log d, thus when Inductions E.1 and E.3 holds, it can
only be because Vd()t) > B — O(d°* ), otherwise
. A . -
I‘J(t) =E[(1 - loglté%)]lqw] > APr(Hy) > Jor (if Vf) < B—-0(d*p))
which concludes the proof.

O

Lemma E.6 (Gradient Stationarity). Let v € X*, assume Inductions E.1 and E.2 holds at t €
[Té, Tj}, and choose § > nyw, then we have the following guarantees:

(a) Define Bf = {t [Ti’l,Ti)] | C;(6) doesn’t hold }, then | By | < O(”yl;;#);

(b) Define B; = {t € [Tz’l,Ti] | C,, () doesn’t hold }|, then |Bj | < O(%{?Bd);

nzdw 1
)a-

(c) Finally, att = Tj, the feature shape F (01, 62) holds with §1 = d°* ppand 53 = (% T
Proof. Let us start with (a). First by writing ¢ = (j, 7, ¢), we define the following quantity

0=V - Y V@) (33)
¢'e®3\ {0}

which sits at the central of our proof of counter-argument.Now we have for any 7' > Ti’l

TO =V - 3 V@)

¢'ed:\{¢}

(T2h) Y, , 0 ®

S OIS DR AR CO D DRI PR D DD DR P
¢’ e@i\{¢} SE[TI 1) ' €@i\{o} se[T20 1)
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‘We can further rewrite the I's on the RHS to

> o X )
)

te[Ty T ¢’ €®s\{¢}

_ +,(t) —(t) rH® (1)

N Z ! (Fw ¢ Fj’r’(b N Z 3,9’ + Z FJ r ¢/> .
te[T2h,T) ' Fped? O AP

Now we can start to estimate the RHS. Define P, = {¢/ # ¢ € ®* | ¢/ learned}’ and P, = {¢' #
¢ € ®* | ¢’ not learned}. The sum ped: F;_r(;), can be decomposed and bounded by

e +,(t -
Olmm) < X A+ Y arh < G
P EP ¢'EP;

and then by the same methods of bounding the gradients, we have that

Z FJ r(;)/

' FPEDT

= Z E logltg) sReLU’(A 5 J ) ( Z LETRS Z ]l’)‘-[<g/yy//))
¢'=(g",y)e2;\{o} 9"#9'€g y'#y' €Y

= > Eflogit{")sReLU' (A} Y1z, 1+ > Ellogit{sReLU'(AY) )1y, ]+0(w)
9'#g y'#y

=T, +0(w)

where @ is because for any incorrect feature combination ¢" = (¢',y') ¢ ®} and does not share a
component with ¢, the activation of A ; - conditioned on H 4 is within [—B, O(u4~1)] and thus the

negative gradient is upper bounded by w/ nf/ and lower bounded by —6( 1), Inserting this back
to Eq. (34), we shall have

t
> ”(F;Lb - > ”F§,7)~¢'> = > =0T - T nw)
te[T3h,T) ¢'e®;\{o} te[T21,T)

Now we have arrived at the desired estimate of the update, finally, we have the following counter-
2

argument: if C;“ (&) does not hold for Q(%) iterations, letting T — 1 be the last iteration which

C;; (8) does not hold, we have

(1) > Z nr+ (1)

Jrsé
te[T!,T)
> Y i+ (T - T nw) (Fort € B, T7.%) > 0)
te[T' T\B;y
2
ny log”d
2 Z no — O(an)
te[T3 ", TI\B;
log” d
> Q(%)W (by choosing ¢ > @)
n

> Q(n, log? d)

7 By ¢/ is learned we mean there is a feature )’ < o) € ¥* such that ¢’ = (j,r, ¢').
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which is impossible because the gradient would have vanished when Y(*) > Ny log'® d as that
would mean 3¢ € @7 such that |V](tr) (¢)| > log® d and it is forbidden in our setting, which proves
the claim via contradiction.

Proof of lemma E.6b. Actually, by applying (a) combined with lemma E.5b, we know that for
some T" > Ti’l + ﬁ(n%) it holds V(T) > B — O(d°* ). From this iteration forward we shall prove
that Vd()t) stays above B — O(d“* 1) and can help. In fact, at ¢t = T, V(t)(V) € (=O(B),0(n))

forv e GUY\ {g,y} by Induction E.3. Say v = ¢’ # g, then due to lemma E 4, its gradient is
approximated by

_E [1ogit§f?steLU (AS) Iy, 1% O(w/ny) (35)

ny log® d

Let 6 > w, we will find an iteration ¢ < Tz’l +O( ) that satisfy C,, (0). By applying (a), we
first get that C;r (6) holds for no more than O(%fzd) iters after Ti’l and before Td%.

3
Let’s assume this is the case, that C,; (§) doesn’t hold for more than Q("yl;;iégd) iterations. In this

,()

case, it must be that the gradient I‘ < —4§ is negative, since when the gradient is positive it has

an upper bound O(w/n,) = o(J) and therefore cannot violate the condition CJ (6). Therefore the

updates ) ., F;;(Z;) must accumulate to lower than

Ny log® d
0

V() < 1O — 0 ) % 08 = —(ny log d)

which is impossible in our setting. This proved the result for any 0 >> n,w
Proof of lemma E.6c. Let 6 = n2w, which is covered by lemma E.6a-b, we can find an iteration

y
where |F( Z | <0¢ € @7\ {¢}. This implies we have found a ¢ such that

3
[E[logit{"\sReLU’ (As ;. )1y, ]| < n2w = [sReLU'(V"(¢') + O(n))| < O("L2)

(We lower bounded the logit by Fact E.2)

Thus we arrive at |V} ,(¢')| < O(( )q T) Remember in the proof of b, V(t) (Vj(i) (9) +
V](I;)( ))>B—-0(d*p)att >T + Q(%) So we have for any ¢' = (¢, ') € @5\ {¢},

3
nydw 1

)7)

Now we have verified that given § = nzw, there is a iteration Ti’g which gives the near-perfect

L) +vOw) + o

) < =B+ 0((

7T

V) + VO < -

1
2 dl/3q

na W\ ——— .
feature shape F;, (01, 62) with §1 = d° i, 02 = ( yj )qll . We shall prove that this feature shape

will hold until ¢t = T5.
For t > Tf}’?’, we verify F; (01, d2) in Definition E.4 one by one:

1. Fy1(d*pn): By lemma E.6a we shall find a step after ¢t > T Ty O(dcl) at which

Fp,1(d° ) is satisfied. In fact, the majority of the steps after T2 1 + 0% Y =) will satisfy

this. We shall prove that combined with the above feature shape guarantee, Fp,1(d ) will
hold true until ¢t = T7.

2. Fya((™ dw) [ ): From the above argument that applies lemma E.6b, we shall find a time
step where F;, 1 (d° ;1) and F, o(d~'/37) hold. Now we discuss the possible values of the
gradient F;,’(t), NS EL;l. In fact, let ¢’ = (g, y') € @} \ {¢}, we have

- Regime A: If V; . (¢') < —B — 2y, then there is no negative gradient for V; .(¢') and
Vj+(y') unless V; ,.(¢', y) or V; -(g,3") is positive. In fact, only one of the feature can
be positive to have negative gradient, and in that case the gradient of F;Tl’v, vel{d,y'}

is pointing to the convergence direction |V} ,.(¢’, y)| — 0.
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- Regime B: If V; . (¢') > —B — 2y, then there is a possibility of negative gradient for
V;r(¢') and V; .(y') even when V; .(¢',y) or V; -(g,y’) is negative, In this case the
feature V; ,.(¢’,y) or V; (g, y’) might not go the desired direction to converge to zero,

but given a 6 > n w, F] ;,(E; ) Or I‘j 1:( ()g ,) cannot stay above §, otherwise the term

will dominate and reven the gradient dlrectlon. On the other hand, when one side has

Vir(g,9) < —Q((™ dw) il),We have

' nide
Vir(d) < —Virld) = A(ET)TT) < =B =20

which is back in regime A and therefore will converge back.

Induction over the above two regimes for all ¢ € [Tj}’?’, Tj] showed that the feature will
indeed satisfy F o(9) forall § > nZw at t.

nSdw | _1_ .
3. Fys(( ”;l )a—1): We need to use both F, ; and Fy o to get the desired result. In fact, we
have for any ¥/ = (j,r, (¢',y/)) € E12,

3dw 1
Vi) = Vi) + VW) + Vi (9) + VW) = ViD(9) = B+ O((F5 )7
(1) @)1 (&) ()
because V' (g) + V;,/(y') and V7 (¢") + V' (y) are bounded due to Fi .

4. Fy.4(d° p): The number of iterations [T, Tj] is no more than 5(71@16172)‘?*2)’ so by using

lemma E.13 along with the induction from the result at Tqi shall conclude the proof.
n3dw ., _1_ . 2,3
5. Fy5(((—45—)7=7)): By using lemma E.7 and F, » after t > T',>", we have the result.
This proved (c). L]

Lemma E.7 (Symmetry of Features). Let ¢» = (j,7,(g,y)) € * and t > T2 3 we have that if
|V | < 8 forall @' € ST, then

V2 (g) - V2 ()| < 00)

Proof. For a feature ¢ = (j,r, ¢) € £*, ¢ = (g,y), their update can be represented as:

Vg(tr) Z Ry .y + V (9)
y'#y

V(t) Ugy — Z Ry y + V(O ()
9'#g

where Uy, = > o, nF+ (¢) and R, is

Rg,y' = ZUE[logités)'SReLU/(A(S)' )]17'[9/-&}

— 27 5,7,7

s<t

Therefore:
SV =Y U -3 Y Ry =3 Us— 3 Ry +V2(9)
g ISk 9 y'#y PED; pteal
VW =D Us=D D> Rey = Us— Y R +V, ()
y PED] Yy g'#g bed; pted!

Thus

SR SR

g/
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Moreover, we have assumed

V() + VO = 06), vy £y, VD) + V(g = 06), Vg # g

Thus
Z VJ(? (¢) = ‘/;(i) (9) — (ny — 1)‘/](:,)(1/) + O(nyd) = Vg(i)(y) ~(ny - 1)‘/;(? (g) % O(n,)
g/
Therefore
Vi(g) = Vi) (y) + 0(8) + O(n)
2
inserting 6 = O(( ny;\j =) ﬁ) which is from lemma E.6 proves the claim. O

Lemma E.8 (Arrival time estimates). Assuming Inductions E.1 and E.3 for ) € ¥*, we have
(@) Ty — T} < O(1/n(d* 00)1~2);
1
2,2 2,1 datery
(b) Tw - Tw < O(T);
2,3 22
(c) T,)” =Ty~ < O(

nw/’’
(d) T} — T, < O(5zmigas)

d2c1 M)q72

Proof. * Proof of (a): Once Vd(}t) > d®* o, we can apply lemma E.13 to compute the number

of iteration needed to reach Vd(,t) > % log d. In fact, by Induction E.3a-b we know that

1 _
VI =V (- O( = )sReLU' (V)Y 4 0n) = Vi + (Vi)™

Since VQET”’) > d“ oy, we have by lemma E.13 that Ti’l — Té < O(n(%)

dclo'(])q72

1.
azter’

* Proof of (b): Simply apply lemma E.6 with § =

* Proof of (c): Again by applying lemma E.6 with § = nzw;

¢ Proof of (d): Follow the definition of Tfj.
O

Proof of Induction E.3. The proof of time steps are all in lemma E.8 and lemma E.6. We do not
repeat here. O
E.4 Phase III: Convergence

We present the induction hypothesis in this phase.

Induction E.4 (Phase 111, final). Let ¢ = (j,7,¢) € %, fort € [Ti, T1], the following holds:

2
n,doo _1_
Y )q,

(a) Att € [Ti,TLl], we have Fy (01, 02) holds with §; = d°* i, 52 = (= T,

s

(b) Att € [T}, Th], we have Fy (61, 62) holds with 6, = d° pi, 6 = (niw)q+1

We need a lemma to describe the logit distribution when all features are learned.

Lemma E.9 (Logit shape at convergence). Assuming Inductions E.Il and E.4. Let ¢ € ¥* be the last
of X*, then att = Tj, the followings hold:

1. For ¢ € @3, logitéf; > 1 — O(\) conditioned on H 4.

2. For ¢ ¢ O, logitéf; < O(\/d) conditioned on H 4.
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Proof. Since 1 is the last feature in the learning curriculum 3*, all feature at t = Tj has satisfied

n2 W\ ——— .
Fy(01,02) for &1 = d i, 02 = ( “;l )(111. Thus we can bound the logit by

logit(") = —° A I 1-0(x ditioned on Z € Hy, ¢ € ®*
ogi = eFéf}(Z _|_d Rl ETO R N (conditioned on Z € Hy, ¢ € D7)
and
£
(zZ) o(1)
Ly et _ e P! g
logit; ; = @ L g B fd 1y e O(E) (conditioned on Z € Hy, ¢ € D7)
which is the desired result. O]

Lemma E.10 (Gradient Bounds, Phase IIl). Assuming Inductions E.I and E.4 holds, and let ¢ =
(Jyr, @) € X*, then at t € [Ty ,1,T1), the followings hold

(@) THY > Q) when V" < B —d°p,
(b) T (t)|<O( )foranyveguy

J,ryv

(c) For ¢’ € @3\ {gb}, we have

—+,(t) _ —@()\w/ni), lfv ¢’ € [ B+ 2% _w]
S [~6(Aw/n?), -6 (Aw/dn2)] U {0}, th(T )y € [-B —2p,—B + 2]

Proof. lemma E.10a is simple when lemma E.9a holds. lemma E.10b is basically redoing the
calculations in lemma E.4. lemma E.10c is because when Vj(i) & > —B + 2u, we have

t
E[£{)sReLU' (A5 ;)13 ] = E[(1 — logit{))sReLU' (A} ) 14]
t
> AsReLU' (V") + ju+ o(1) ) Pr(Hy)
—O(\w/ ny)

And the rest is simply the property of sReLU’ at the negative boundary when some activations of
xg, x1 crosses the boundary. O
E.4.1 Proof of Induction in Phase III and theorem E.1
Proof of Inductions E.1, E.2 and E.4. We prove the induction by reusing the proof of lemma E.6.

* Proof of Induction E.4a: The same as in the proof of lemma E.6¢, with longer time. We do
not use any property of Tf; so no additional handling is needed.

¢ Proof of Induction E.4b: When all feature is learned, that is, after ¢t = Tj for the last

feature ¢ € ¥*, we have perfect feature shape and therefore have much better logit shape
as described by lemma E.9. We can reuse the proof of lemma E.6a-b to get the following

result: for any § = w( é\f ), we can guarantee that Cy,(6) doesn’t hold for more than O( . X

iterations. And beyond that, we can just reuse the argument in the proof of lemma E.6c to
obtain the desired result.

¢ Proof of Induction E.la-b: They are correct in Phase III because there is no violation.
¢ Proof of Induction E.2a-b: They are proven in previous phases.

* Proof of Induction E.2¢: For predecessor feature ¢’ < 1) € ¥*, we proved in this phase that
they maintain feature shape until 773,, and improved their feature at Ti/.

* Proof of Induction E.2d: This is proven in previous phases.
O

Proof of theorem E.1. Since all feature in £* have shape F;(d1,02) for 01 = d® i, 69 = T at
the end of Induction E.4, we have proven theorem E. 1. O
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E.5 Auxiliary Technical Tools
First we need a Bernstein inequality for U-statistics

Lemma E.11 (concentration inequality for pseudo-U-statistics). Let x1, ..., x,, be different symbols,
and let m < n be such thatn = 0 (mod n). Suppose for some function h with |h| < M the random
variables h(zi, , iy, ..., %, ) and h(zy , i, ..., ;) are independent and identically distributed
as long as {xi,, iy, - -, i, } O {@i, Ty, ..., w4} = 0, then the pseudo-U-statistic

Um,n = (nl) Z h(ﬂ?ll s Ligyen- 7$im)

m/ 0<i1<iag<-<tm<n

nt?

satisfies Pr(|Up m — E[Upm]| > t) < e mu?
Proof. The proof is the same as in [108]. ]

We present two lemmas related to the tensor power method.

Lemma E.12 (TPM in expectation). Let p > 3 be an integer, and 1,0 > 0 satisfying p > o+/logd.
Now suppose & ~ N (0, o) is a Gaussian variable and there are two sequences x,y; defined by the
following update rules:

* i1 > x4 + NCE[(E + x4)P] for some Cy = O(1);
* Y1 < Y + nCE[(§ + yi)P] for some S = O(1).

@ ), for every t > 0 such that z; € [d°%1z, O(1)], we

Then if z0,y0 > 0 — Yo > € = Usormiosra

shall have y; < O(polylog(d)).

Proof. Letd > 0 be such that 6 > % and 0 = o(1). Let T}, i > 0 be defined as the first time when

2y > (14 8)%xg, and b := min{i|(1 + 6)*zg > A}. Now we can compute a growth lower bound for
€ = x; — Y at each step:

€T >er, + Z nCtEE[(f + xt)p - (5 + yt)p]
te[Ti,Ti+1)

>er ter, Y, NCE[(E+ )]
te[T;, Tiq1)

>er e, Y, NCE(E+m)"]-

te(T;, Tiv1) (1 + 5)mTz‘+1
1

>er, +erd(l+ WIOW

4
> 14+ ——7)er,
> (1+ (1+5)2)€T1
Therefore let 7/ be such that (1 + §)7 > £, we have that
] o
ETZ,, 2 (1 + m)l €0 Z (1 — 0(1))M > o logd (36)

Att = Ty we have yr, < 27, < (1+0(1))Exo. Aftert = Ti/, we can construct a surrogate
sequence y; > y; for t > T/ by initializing ﬂTi, =yr, + % and updates by
Yer1 = U + 1CY;

This update guarantees that g, > y, because y; > E¢[(€ + y;)P] at every step. Now by applying
corollary E.1 to the sequence of x;, y; using the fact that 7, > yr,, + % =yr, (1 + , We
can get the desired result for y; and thus y; at t = T}, i.e, when z; > A.

D)
polylog(d)

Lemma E.13 (TPM, adapted from [81]). Consider an increasing sequence x; > 0 defined by
Tyy1 = ¢ + nC’t:cgflfor some integer q¢ > 3 and Cy = O(1) > 0, then we have for every A > xy,
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forevery § > 0, and everyn € (0,1):

5(1+6)" (14820 \" 2  OnA1=1) log(A/x0) 1
> Gz ((1+5)q2_1 (1_< A 0) >_ o log(1+§)>'x8—2

20,2, <A
146892  OMmAT1) 1log(A 1
Y G < <( ) | OnA™) log /5“0)). 1
1202, <A q—2 zo  log(146)/) a8

This lemma has a corollary:

Corollary E.1 (TPM, from [81]). Let ¢ > 3 be a constant and xq,yo = o(1) and A = O(1). Let
{&¢, Yt }1>0 be two positive sequences updated as

« 2p1 = x4 +1Czl " for some Cy = O(1);
© Yor1 = yr + nSCuyl " for some S = O(1).

Suppose xq > yoSqii2 (1+ )), letting T, be the first iteration s.t., x; > A, then yp, < 5(y0).

1
polylog(d)
F Learning Symmetry Group Actions

Roadmap. We begin by introducing notation and defining fibers, followed by a description of the
learning curriculum and the key appearance events. We then break the training process into clearly
defined phases and prove the main results for each phase: In Phase I, features emerge and compete;
In Phase II, features grow and mutually cancel, with precise tracking of when different outcomes
occur; In Phase III, features converge to a desired shape.

Let us restate the action structure of G and ) here.

Assumption F.1 (Assumption 5.1, restated). Let LEGO(X,G,)) be the LEGO language, where
|V| = ny® and G is a group acting on on ). We assume the (left) group action o : G x Y — Y is
transitive but not free. In particular, we assume ny = |Y| € [w(1), O(log d)] and the group G satisfy
ng = |G| = ©(polylog(d)) > ; forally € .

Remark F.1. When the action o : G x ) — Y is transitive, there is only one orbit Y = {g-y | g €
G} ~G/G, forally € Y. By orbit-stabilizer theorem, the stabilizerG,, at any point y has the same
cardinality.

Remark F.2. The canonical action of a symmetry group S,, on Z,, satisfy Assumption F.1 with the

choice ny = @(%) that keeps n,! = O(polylog(d)).

F.1 Preliminaries

We work with fiber-indexed features. We first define fibers and super-combinations ¢, then we define
neuron features by its index ¢ = (j,, ¢), and finally set the curriculum and appearance events in
this notation.

Definition F.1 (Fiber of values). Assuming G follows Assumption F.1. Foreach j € 7()) andy € J,
define the fiber of j at y as:

Fiber;, :={g€ G| 7(9-y) = j}
which collects all group elements that send y to ¥’ = 77 1(j).

Remark F.3. We denote Fiber; , to be the set that transport y to y' = 77(j) because it is the
pre-image of the predictor map ¢(-) : g — 7(g - y) overy € Y. Algebraically the fibers are the
left-cosets {gGy }geg, where G, := {g € G | g - y = y} is the stablizer subgroup. Moreover, we
have the following fact from the orbit-stablizer theorem.

Fact F.1 (cardinality of the fibers). For every j € 7()) and y € ),
from the orbit-stablizer theorem.

Fiber;, | = |G|/|Y| = ng/ny

Definition F.2 (Super-combinations). Let (j,y) € 7()) x ), we define the super-combinations,
which is a set of combinations:

@iy = Fiberj, x {y} S G x Y, ‘le‘,y = Fiber;, 90?,3, = {v}

8 Weuse n, or ny interchangeably in the proof below.

57



Let @ := Ujc,(y), yey¥j,y be the full set. For a fixed class j € 7()), we denote the correct set to
be @7 := Uyeyj,y, and the incorrect set CIJ; = Ujr£jyey®j,y- A base pair ¢ = (g,y) belongs

to ¢, if and only if g € Fiber;,. To simplify the proof, we also define for each ¢;, C @, the
confounding combinations
(I)Io = U P’y

J'#i XOR y' £y
That is, the set of combinations that intersect with exactly one component with ¢ /.

Definition F.3 (Neuron feature indices). Let us index neuron features by ¢ = (j,r, @) with p € @
and (j,7) € 7(Y) X [m], and define

V=) e € B, W= {(irp) o e DT
And we further define
Ui=7(Y) x [m] x ®, T*= U v, U= U ol
(4,m)eT(Y)x[m] (7,r)er(Y)x[m]

The set ¥ contains all the neuron indices we care about, and ¥* and ¥T contain the correct and
incorrect indices for class j.

V-Notations We call a pair ¢ = (g,y) with g € G and y € Y a base pair, or following the naming
of appendix E, a base combination. For neuron (j, ), we define

Vir(9) == (Wsr2,eq), Vir(y) = (Wsjrs,ey),  Vie(d) :=3(Vjr(9) + Vjr(y)).

For a fixed value y and class j, the fiber Fiber; ,, collects all permutations sending y to 7~ (). For
¥ = (4,7, ¢j,y), we define:

1 _
Vy = V; , Vy:i= max V; , V,:= min V; .
" ng/ny geF%;rjy sol8:) YT geFiber;, ir(9:9), Ly g€Fiber;,, Gr(9,9)

For compactness of notation, let us also write Vj - (z) = >° _5 (W51, €z,) + (W5 5,1, €0,)
which is a random variable depending on the randomness of g, z1.

The definition of learning curriculum for the symmetry group actions is essentially the same with the
simply transitive case, with a slight difference of using the fiber-combination ¢ instead of the base
combination ¢. We repeat here for reference.

Definition F.4 (Learning curriculum, symmetry group actions). We generate an feature index set >*
over fiber-indexed features. Letting ¥¢ = W, ateach ¢ € [nf/], we choose

0)
P; = ar max v
' gib:(j,r,so)ezi, peor ¥

Write ¢; = (j,r, ), we define the next iteration set X3; 1 by excluding:

(1) The confusing combinations for ¢ in the same neuron:
EL} =l = {(,r¢) eS¢ € ol };
(2) All other combinations in the same neuron (j, 7):
Sl =5l = {0 ) | ¢ € @\ (2L U {eh)};
(3) The same combination ¢; , in other neurons of the same class j, 7/, ' # r:
EL? =03 = (4,7, piy) €50 i £ 7}
The next iteration is given by

1 2 )3
S =S\ (S usl2usi? u{y))
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Eventually we obtain ©* = (11, ... ,¥n2) and »f = Uyes- EL. We write 1) <x 9’ (or simply
1 < 9’) if 1) precedes 1)’ in X*. More generally, we also write 1 < 1)’ for ¢, ¢’ € U if ¢p € ¥* and
(NS U¢//>w2L/, is from the .

Events of combination appearance. These events specify whether a specific base combination
¢ = (g,y) appears, or only one of its component matches.

Definition F.5 (Events of appearance). For ¢ = (g,y) € ¢;,, for some j € 7(Y) andy € Y, we

define
Ho ={1=9 vw=y} Heg:={n=g9}, Hy:={y =y}

For the mismatched events AT, the definition is a little different from the simply transitive actions:
since @, , = Fiber;, x {y} and g € Fiber; ,, we write

HE(9) :={91 = 9,00 # v}, HL(y) := {1 & Fiber;,, yo =y},
When considering the event of all the base pair ¢ € ;,,,, we also define the union events
Ho= J o HE=mL)U (U, HL(9).
bev o=(9,y)€¢

F.1.1 Theorem Statement

Now we present the theorem for learning symmetric group actions.

Theorem F.1 (Learning Symmetric Group Actions). Assuming Assumption 5.1, and let F®) be
obtained by Algorithm 2 at t = 17, then the loss for the bth-token is minimized, i.e., Loss( ) < poly(d),
and for each ¢ = (j,r,p) € X%, the followings hold:

A. Forany ¢ € o, we have Vj(fl)w) € [B—0(d u), B+ O(n));

B. Forany ' = (j,r,¢') € X1 and ¢' € ¢/, we have |VJ(?1)(¢')| < 5(wﬁ) Or more
concretely:

<O(w™), V(g y) ey

C. Forany ¢ = (g,y) € ¢ the following relation holds:

’V(Tl )+V(T1)( )

VI (9) - CaVV ()| < O(=7T)

where C,, = % = O(ny ) due to our choice of ng, ny in Assumption F.1.

. T _ 3
D. Forany v’ € X3, it holds that Vi = O0(p).

The assertions of Theorem F.1 described the feature shapes of the neurons, which we formally defined
in the proof of learning simply transitive actions (Definition E.1). The main difference between
the results here and Theorem E.1 is that Theorem F.1C described a different symmetry of features
without the factor ©(n,).

Let us follow the proof in Appendix E and the feature shape for symmetry group actions.

Definition F.6 (Feature shape). Let ¢ = (4,7, ) € U, and let § = (1, d2) be the error parameters.
We say the feature v has shape F(9) if the followings are satisfied:

I Fua(6): VY > B-0(5) and V) < B+ 0(5));

2. Fy2(02): Forany ¢ = (j,r,¢') € S5, it holds that |V D (@) < O(6) forall ¢' € ¢
3. Fua(62): V3 (9) = CyV ()] < O(62) forany & = (9,y) € ¢3

4. Fy 4: For any feature ¢’ € ZL’B, it holds that V') < O(p).

Indeed, we aim to prove that F,(J) holds for suitable parameter § at the end of training, for every
1) € ¥*. And this is indeed what the theorem states.

Remark F4. A major difference between Definition F.6 and Definition E.4 is that now the conditions
involve not just one combination of weights, but all combinations ¢ € ¢ given a combination ¢ € ®.
This creates some significant difficulties for the proof.
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F.1.2 Facts and Basic Calculations
We now define the gradient notation and conditions.

Definition F.7 (gradient notation). Let v = (j,, ¢), we write ' and I'~ to denote the different
terms in the gradient computation. For any base combination ¢ = (g,y) € ¢;,, where ¢; , € ®, we
write

+,(t . — (¢ .
rH = E[(1 - logit; )sReLU’(As ;) 14,], T := E[logit; ;sReLU’(As )1, ].
When we consider the gradient of V; ,.(g) or V; ,-(y) for individual tokens g € G and y € ), we use
the following notations: let ¢ = (g,y) € ¢;,y, then we define

I = Elogit; ;sReLU’(As )1y, ]
I, = E[logit, ;sReLU'(As ;) 1y ]

;Y = Elogit

JSRELU'(As )y )

Finally, we sum up over ¢ € ¢ for the gradient of combination ) = (4, , ¢):
;" = E[(1 - logit; ;)sReLU’ (A5 ;) 15, ],

r, " :=E [logit; ;SReLU’ (A5 ) yy1 ]

Let ¢ = (j,r, ) where ¢ = Fiber;, One can check that the defined Fg’(t) is connected to the
base pair I by the following relation:

+7(t) — +7(t) _7(t) — _7(t) _7(t)
riW="3% r rW=r0+ Yo (37)

Jsrsg Jsrsy '9
g€Fiber; , g€Fiber; ,

Definition F.8 (gradient condition). Att < T and § > 0, write for ¢ = (j,r, )
Cp(0): 0 -1 W <o, che): oY <s cpe): [T, <6

These conditions control the magnitude of the gradient of the feature at iteration ¢. Next we compute
the expressions of the gradient using

Fact F.2 (gradient expressions). Equipped with Definition F.8, the gradient with respect to W, ; .,
fori=5,5€[d],r €[m],p € [5]andv € GU Y can be computed by

(a) when j € 7(Y),r € [m],p=5,forg € G, let = (g,y) € p;,, be the combination with
¢1 = g, we have

1 _
(=Vw, ,.,..Loss eg) :5(11#(:&) Ol (38)

3¢ J>rg
(b) when j € 7(Y),r € [m],p=>5,fory € Y, let p;, € @7 be the combination, we have

1 -
(=Vws s Loss, ey) :§(p$,(t) _T ,(t)) 39

3y

(c) For any combination of p, v not included above, we have due to our assumptions of the
distribution and update rule:

(-Vw, ., Loss, e,) =0

F.1.3 Induction Hypothesis and Training Phases
We define the following intermediate time-steps:

Definition F.9 (Phase decomposition). Define timestamps for ) using the feature:
(a) Phase I: € [0, T3], where T} := min{t > 0: V) > dp}.
(b) PhaseIl.1: t € (Té,Ti’l], where Ti’l :=min{t >0: Vf) > Llogd}.
() Phase IL2: ¢ € (T2, T.%), where T, := min{t > 0: E[£{)14,,] < d~'/?}.
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(d) Phase IL.3: t € (Ti’%Tj}, where T, = min{ 8 Toq + O (5 —)}, and T2 i

defined by
T7* :=min{t > 0 : F;(d1,82) holds, where &; = d*' 1,65 = O((dw /)7 1)}

(e) PhaseIIl.1: ¢t € (Tj, TM], where T | = Ti , and wn;j is the last feature in X*.

(f) Phase IIL.2: ¢ € (17,1, T4], the end of the training where the feature shape has stabilized

We give several induction hypotheses, each characterizing different aspects of the process.

Induction F.1 (learning symmetric group actions). Let t < Ty. The following holds:
(a) KE;) + b5 > Qp) forallp € T*.
(b) T3 < T}, ifp <4’ € 3*. Thus the intervals {[T,,, T;| }yex+ are non-overlapping.
(c) Let ' <1 € X*, then the feature shape F (d° oy, wﬁ) holds throughout t € [Tdﬁ7 T);
(d) For any i = (j,r,) € * There are at most 6(\/&/77) iterations where logit¥ > %
conditioned on M, int € [0, T].
Interpretations of Induction F.1. We explain what the inductions hypothesis mean here:

(a) This property simply asserts that the good features never shrink below a certain level which
is crucial for the optimization to work.

(b) This property describes the curriculum nature of ¥*: each feature V;, grows in different
time intervals within 0 < ¢ < Tj.

(c) This property asserts that the feature 1)’ previous to ¢ in the curriculum X* has stable and
good feature shapes, which helps with learning the current feature.

(d) This property means there are very few iteration where the gradient of V; .(¢), ¢ € ¢ is

disturbed before T}T ,, is reached.

F.2 Phase I: Emergence of the Feature

We first prove some properties at the beginning of phase I.
Lemma F.1 (Initialization range for features). Under random initialization and Assumption F.1, with
probability at least 1 — o(1), the following holds

(a) Forany v € V, we have \(W(o) ex)| < O(u/+v/1ogd) for any j,r,p.

5,7,7,p?
(b) Lettp € X*, ¢ € Wandp </, then V" > V) + Ao for a gap Mg = (00 /polylogd).
(c) We have Agoj)7( ) =Q(u) forall j € [d],r € [m)].

Proof. The proof is basically the same as that of Fact E.3. The first one uses basic concentration
properties of Gaussian distribution and the second uses a union bound with the anti-concentration
property of the Gaussian distribution. (c) is based on the fact that

0 0)
A (Z) = bs,m+ S S W) Zay) =k O(p/\/log d)
keI1 0 pel5]
which concludes the proof. O

Corollary F.1. For any v = (j,7,p) € ¥* and y € ¢?, we have with probability > 1 — o(1):

o Z E,[sReLU'(AY) ) | Hy,y) — Eo[sReLU' (V9 () + Vj.o(2) + b5 5.0)]
Pl gee
1
< O(———)E.[sReLU'(V, (4) + V1 (2) + b3 1)
Vng/ny
Proof. This is true because of lemma F.1a and Hoeffding’s inequality. O
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Now we present an induction for phase I.

Induction F.2. Let ) = (j,7,p) € X%, fort < T}, the gradients satisfy Fjr ;) > Q(”G )1"+ for
any (9,y) € .

Using Fact E.1 with a representative ¢ = (g,y) € ¢;,, and the definition V;,.(¢) = £(V;,(9) +
V; r(y)), a single gradient step with step size n yields

V(@) = V(@) = 2((=Tws, aLosse) + (~Tw, , aLoss.e,))
n <F+ A (1) + F+ (1) F._’(t) _ F._’(t)) (40)

7@ Jrg 7Ty

Similar to the proof of the simply transitive actions, we define a proxy term and argue that the
trajectory of Vy, is similar to the proxy.

Lemma F.2 (Approximating the gradient with proxy). Assuming Inductions F.1 and F.2 holds at t.
Lety = (j,r,p) € U, for every ¢ = (g,y) € @, we define two proxy sequences Vj(’tr)(v), v € {g,y}
by the update rule:

17 (t+1) v ®) @ e+ (1) @),

Vie W)=V, )+ 30,7, Vi, (g) =V, (g) + 3T

277,19
where both %,T(g) and ‘/j7r(y) start from Vj(’r) (y) := Vj(’?«) (y), ‘N/j(’?«) (g9) :== Vj(’(:) (). And the T are
defined by replacing the features of V; »(v),v € o' U{y} with IN/JT(U) Now for all t < T}, we have

VD (0) = V(@) < O(ufd2 =), where V) (9) = Vi (9) + Vin(y).

2,7
Proof. Fix ¢ = (j,r,¢j,y). (40) gives

Vi) = Vi3 )] = 3T, Vi (9) = Vi) = 3T

7"?!’ 7T VAL 1,79

. . t+1 ~(t n 1 St
Since Induction F.2 holds at ¢, we have that V](:f )(y) - V;(’;)( ) = Q(3e )(V("Jr )( ) — V](I;) (9)).
Moreover, since » I‘+ (1) _ rt (t) by Definition F.7. This, combined with Induction F.1,

R gep! T hmg 3y
implies that

‘7].(7?1)( V(t) Z F+ (t) > O nj )(V(t+1)(g) _ ‘7](2) (9), Vge 901
geP!

The above update bound imply, for all ¢ < le), the following property hold: ‘7](7;) (9) — ‘73'(,2) (9) <
O(—1 )(‘7-@) (y) — 17](?) (y)) for all g € . Now, by the same induction procedure in the proof of

ng/ny /\V i,
Lemma E.2, we know that the sum

Z V(t) V(t Z V t) <0 M/d§—301)

gEP! geP!

And then by the above relations we know

(T t) -3¢

V() = Vi W)l < Ou/da—o)
Thus the conclusion holds. O
Lemma F.3 (competition). Let 1) € ¥* Assuming Inductions F.1 and F.2 holds at t < le,. Then at
t= T1 we have for any feature ' € U, ' = 1, V(t) < 6(/1)
Proof. From lemma F.2, we know that

VD ) =V (y ”ZE VO ) + VD (g) + b5 + Vi (@) e, ]

VR
gEP!
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Suppose there is another ¥’ = (¢’, y’) € X* such that ¢’ > ¢, then we can also write a comparison
based on lemma F.1:

VD) = VO ') + Ao,

And therefore one can compute by absolutely bounding the average over g € ¢ using corollary F.1:

T, 0= Z Eo[(V () + VD (g) + b5 jr + Vi ()77 Y]
TLY|<P |
| ! > -
> —(1- 7)1595[(‘@(,?«)(@) +bs g + Vi ()77

T ny Vng/ny

Similarly, for ¢’ = (j’ ' ¢') and ¢’ € ¢, we have
F+ ,(0)

S BV () + VO (9) + bs g+ Vi ()71 | Hyy]

gELp’ 1

|80/1

= (0 -
B (Vi (y') + b+ Vi (2)) 7]
Now we can compare the proxies V; () + bs.;.» with V; (/) using lemma E.12 to get that when
V;r(y) > d° p we have Vjy ./ (y') < O(p). Now due to lemma F.2 and Induction F.2, we have the
desired result. O

Proof of Inductions F.1 and F.2 in Phase I. Fix ¥ = (j,r,p) € X*. We check items (a)-(d) in
Induction F.1:
¢ Induction F.1a: This is simple by combining lemmas F.1 and F.2, where each Vj ,.(¢) is well
approximated by a monotonically growing proxy V; ,.(¢).

* Induction F.1b: This is proved later but here lemma F.3 showed that for any pair ¢ < ¢’ € 3%,
that T1 <T! > Which is a precondition for Induction F.1b.

¢ Induction F.1c-d: These two are proved later in future phases and are not violated in phase I.

« Induction F.2: We shall show that this is the case. Consider any feature g € !, its gradient is
clearly bounded by O(ny/ TLG)F;L_’(t) initially before the feature V; .(g) > Q(u). In this range
the difference of its growth with the update of V; ,.(y) averaged over all g € ¢! is bounded

by O(ny/ng)(f/j(,? (y) + bs. ;)9 " because it grows slower than O(ny /ng)V;..(y) and thus
Hoeffding’s inequality with variance parameter ;. would work to bound the difference between
the averaged gradient and the gradient with Vj ,.(g) in expectation, and thus we obtain a bound

P+ > Q(ng/ny)I‘j—T(;) When V; ,.(g) > Q(u), the feature Vj ,.(y) has grown more than

(nG /ny )u and the growth ratio still holds. This proved the induction for ¢ < Ti.
O

F.3 Phase II: Feature Growth and Cancellations

Below we present an additional induction hypothesis for phase II.
Induction F.3 (Phase II). For all features ¢ = (j,r,¢) € ¥* and t € [T, T7], then for any

g ¢y & % wehave ViV (g), VI (y') € (=B — O(u),O(n)).

F.3.1 Technical Lemmas

Lemma F.4 (gradient estimation). Assume Inductions F.1 and F.3. Let ) = (j,7,¢;,) € X%, let
¢ =(9,Y) € @y thenat t € [T}, T3], we have

(a) Fort € [T}, T>"], we have T'}) > Q(Pr(#,,))sReLU’ (V.

0
(0) 1fV ) (¢) € (Llogd, 2logd), thenT\") , =T 1) > Q(Pr(#H,));
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(c) Forany g' ¢ o' and any y' # v,
thz s =—E [loglt(t) sReLU’ (Aét; D, ] £ O(wny /ng),
= logltét sReLU’(Ag;}T)]lH(gyy,)] + O(w).

g7 7y’ o
gep!

(d) Any individual component Vj(,?(v), v € ' U? cannot fall below O(p), and Fjr(v) 2 0.
Proof. Write ) = (j, 7,4

(a) By the definition of T2', we know there exist ¢ € psuch that V; .(¢) < % log d. By the

same arguments in lemma F.2, we can get that all ¢ € ¢ satisfy % logd + o(1). Given that

Induction F.1 holds at ¢, conditioned on H, all other neuron (j', ") # (j, ) has activation
smaller than o. Therefore F} j: < o(1), and logit; ;, = o(1) for any j' # j conditioned on

Hg. So conditioned on Z € #H,, when Vj(i,)(¢) < % log d, we have
els.i(Z)

els.i(2) + (1 + 0(1))(d — 1) < O(d_Q(l))

logit; ; =

Now we can simply bound all I'; T(U) for v € ! Ug? to be smaller than O (- d) J, T(v). Thus
(1) (1)
R :

(b) Similar to (a), here we also notice that sSReLU’ (A5 ;.(Z)) = 1 because A5 ; (Z) € [0, B]
is in the linear regime. Now we can see that the terms I‘+ (f) > Q(Pr(Hy)) and I'; T(;) <
O(d=*™M) and thus we have the result.

(c) For g’ ¢ Fiber;,, lety’ € ) such that ¢’ € Fiber; ., then we have

the proof is obtained by computing ") and sum to get Pz

') =E[(1-logits ;)sReLU’ (A5 )13, , ]~ Y. Ellogits ;sReLU (A5;) 1y, ]
y'#Y Y

— E[logitf),jSReLU/(A5J)1H(g/,y)]

Since H 4 ) is confusing, the negative term dominates; other appearances contribute at
most O(wny /ng)or O(pd~1). Similar arguments hold for /.

(d) This one is proven similarly to (a) but can adapt to any level of V; ,.(¢) for the corresponging
¢ € ¢ forv € ' Ug?. From Induction F.3¢ we know that all other feature V; ,-(v') < O(u)

for v’ ¢ o' U 2. So for any v € @' U @2 such that V; .(v) < O(u), we have that the
combination ¢ = (v,v") € &\ ¢ has V} ,.(¢) < O(u) and thus have gradient

F(t) F+ J(t) -1 J(t) > 1""" (1) O(MQ*I)

7,70 7,70 ]TU 7,70

Note that Fjr(z) is either > \/d or 0 at this phase. So we can sum up the negative gradient

—O(pa~") for all iterations ¢ € [T}, T7] (which is fewer than 6(W)) to get that

the feature V; -(v) > p. This means A5 ; - > 0 when H 4 happens and thus FI;E? > 0 for
allt € [T}, 72).

Lemma F.5 (feature magnitude). Assume Inductions F.1 and F.3 holds. For any feature 1) =
(4,7, @) € ¥*, we have

(a) when C$(5) holds for some § € [ngw,O(\/d")] att > T , we have VJ(? (¢) >
B —0(d u),Vo € .

(b) when C,;(8) holds for some & € [ngw, O(\/d*T)] at t > T2 1 we have V(t)(gb) €
[~B = O(), O((L) )] for all ¢ € ®],.
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Proof. (@) If C; () holds with § < O(A/d*1), then there are two probability: V%) (¢) for all
¢ € pisassmall as O(d ﬁ) which is not possible for § so small because of lemma F.4a;

or that Vj(?(qb) > B — O(d°* i) such that F5 ; > B and thus the gradient has vanished for
some events.

(b) The logic from (a) can be applied here as well. Since the positive gradient is at most O(w)

by lemma F.4b, thus whenever § > w, the negative gradient conditioned on H4, ¢ € <I>L is
bounded, which gives

> Ellogit; ;sSReLU’ (A5 )13, ] < O(5) = (A5;,)? "3y, < 0N/ (dPr(Hy))

PEP
(because Fact E.2)
Ad
— V(0 S ()T e e p
which proves the desired result.
O

Lemma F.6 (gradient stationarity). Let ¢ = (j,7,¢) € X%, then for any § > w~2, the followings
hold:

(a) Define Bf = {t € [T" T°] | C} () doesn’t hold} then |Bf | < O(*%E:2);

(b) Define Bf = {t € [T2’1 T2’3] | C,; (0) doesn’t hold}y then | By | < O(Ioiéd);
(c) For somet = T£3 > T2 ! —|— O(n cw) we have Vj(tr)(qb) > B —0(dpu) forall ¢ € ¢

and |V(t ("] < O((dw) 1) for all ¢' € ®f,, moreover, this will hold until t = T

Proof. The proof is very similar in spirit to the proof of Lemma E.6. We first define the following
quantity:

T(f) V(t) Z V(f)
ge?
One can compute that the update of TSZ) is simply
+,(t) ) (t
(r70- X Sl ¥ o)
P FpeD) peP’ ¢/ ¢pud,

The middle term is bounded by O(w) and the last term is bounded below by —O(w), thus we have
that the update satisfy

T =18 > — 0()

Since I‘g’(t) > 0 For any § > w by lemma F.4c, we know that the above bound accumulate at
t>T> at
="
t (T2
L e S A i)
se[T3 JuBy

So for no more than O(loizd) iterations we should have the that T(*) > Q(log® d), which is

impossible in our setting. This contradiction proves the result for (a). The proof of (b) is similar to (a)
and the proof of lemma E.6b. (c) is also similar to lemma E.6c by using lemma F.5a-b with parameter
A/d°* and parameter ngw, alonge with lemma F.7. We do not repeat the details here. O

Lemma F.7 (Symmetry of features). Let ) = (j,7,¢) € X* and t > Ti’g, we have that if Fy, 2(0)
hold for some § > 0, then

V9 (g) — VP (y) < 0(5)

75T
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14+ng(ny—1)/ny

For some C,, = Ty =D /iy

Proof. For a feature 1) = (j,r, ) € 3%, their update can be represented as:

0)
VJ(? (9) — V](,’l" Ugy Z Ry
y'#y
VR -V W= Y U= Y. Ry
g€Fiber; g'¢Fiber; ,

where Uy, = >, nF+T(¢) and R, is

q y = ZUE loglt( )SReLU (A(S) )ﬂHg/,y}

5,51
s<t

Therefore:

Z Vj(;)(g): Z Ugy — Z ZR«M/

g€Fiber; 4 g€Fiber; 4 g€Fiber; , y'#y
Thus it is true for any Fiber; , and y € ) that the following holds
t 0 t 0
Vilw) V2w Y Rey= Y0 (V@ -V @)+ Y Y Rey
g'¢Fiber; , g€Fiber; , g€Fiber; , y'#y
By summing both the left and right hand side with all the (Fiber; ,, y) pairs, we have

SR -V +Y Y Rey =Y V20—V +Y. > Ry

yeY y€Y g'¢Fiber; , 9€g 9€G y':1(gy' )#J
Since Zyey Zg’%Fiberj,y Rg’ay = deg Zy/:'r(g-y’);éj Rg y’s we have

SO - v ) =Y (v 29 v

yey geg
— > - X 0w
yey geg

Moreover, we have assumed
Vi (9) + V(W) = 0(), ¥y #y.g € Fiberj,,
V() + V() = 0@). vy ¢ Fiber,,

Thus
L9l
1V

V(Y] - 1)

T S v(9) £ 0(neo)

gEFiberj,y

1+ (Y =)V ) = (

Therefore choosing whatever g € Fiber; +, we have

L 19l (®) V12191 IR0
Yy -1 V... (g) £ O(ngé Y -1+ V; £+ O(ngd
(1+ |y|(| [ =)V (y) = (|g| )m i (9) £ O0(ngdz) = (1Y |y|) r (9) £ 0(nd)
Now by dividing the right-hand side by the factor on Vf?(y) on the LHS, we have the desired
result. O

F.3.2 Proof of Induction

Lemma F.8 (Arrival times). Assuming Inductions F.1 and F.3 for ) = (j,r, ) € X*, we have
2,1 1 A 1 .
(@) T, —T, < O(w),

(b) T3? = T3t < O(52);
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(c) Ty < O(:%);
A 1
(d) T < Ogzes s )

Proof. (a) By lemma F4a, after phase I, within O(1/(n(d® 09)?~2)) we have Vj(tr)(qb) >
% log d for all ¢ € .
(b) On [T*, T21], lemma F.6a gives the rate O(d2 1 /n) time for the positive grad to arrive at
1 —logit; ; < % conditioned on H,,.
(c) This is again provided by lemma F.6¢ by using § = ngw, combined with lemma F.5b for
the feature shape guarantees.

e . 2 2,3 1
(d) This is simply by the definition of 7/} and that Tw < @z

Proof of Inductions F.1 and F.3. Fix ¢ = (j,r, ;) and consider ¢t € [Tul), Ti], then

* Induction F.1a: This is guaranteed by lemma F.4a-b.
¢ Induction F.1b: Because the time used is small between Ti and TUQJ by lemma F.8, we have
that le), is still behind when this happens.

* Induction F.1c: This will be proven in phase III, we do not use any properties that violate
this hypothesis.

+ Induction F.1d: This is due to Induction F.3a-b and lemma F.6a with parameter § = 1/v/d.

* Induction F.3: For any ¢ ¢ ¢, we have that they are either desirable features ¢ € ¢;
for some different 3y’ > y € ), or that they are the wrong features for the class 7, i.e.,
¢ € pjry forall y € Y. The feature o' = (j,r, ¢;,) in the former case was out-competed

by ¢ = (4,1, ¢) so their growth is bounded by O(u) in the first two stage and negative in

the end due to the feature shape F,(d u, (dTw)q%l) at the end as shown in lemma F.6c.
Combination ¢ in the latter case will be smaller as well due to lemma F.6c.

The time bounds follow from lemma F.8. This proves the induction in phase II for any feature
P e x*. O

F.4 Phase III: Convergence

We present the induction hypothesis in this phase.
Induction F.4 (Phase I, final). Let v = (j,r,p) € X%, fort € [Ti, T,], the following holds:

1

(a) Att € [Ti,TM], we have F (61, 02) holds with 51 = d i, 3 = O((42)7a=1);
(b) Att € [Ty 1, Th], we have Fy (61, 62) holds with 6, = d° i, 5 = O((w q%l)

We obtain the shape of logits at convergence.
Lemma F.9 (Logit shape at convergence). Assuming Induction F4. Let w"?, =€ X* be the last of
Y* thenatt € [Ti’i , T1], the followings hold:

(a) For ¢ € @7, logitéf; > 1 — O(\) conditioned on H 4.
(b) For ¢ ¢ @7, logité% < O(A/d) conditioned on M 4.

Proof. The proof is very similar to that of lemma E.9, we do not repeat here. O

Lemma F.10 (Gradient bounds, phase IIl). Assuming Inductions F.1 and F.4 holds, and let 1) =
(4,r, ) € X%, then att € [T 1,T1), the followings hold

(@) T\ > Q(\) when V) < B — dtpi;
(b) |1"-7’(t)| < O(%)forany veGuY;

FR)
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(c) For ¢ € Uyeyp;y, we have

) _ ) —O0Ww/n), if V), € [-B+ 2, =]

j,r, t

g [~O(\w/n2), —O (e /dn2)] U {0}, sz( Dy €[-B—2u,—B+ 2
Proof. The proof of (a) is simple as A > w which is the upper bound of all other gradient terms. (b)
is because of lemma F.9b and that Induction F.4b holds which guaranteed suitable feature shape. (c)
is simply a combination of (b) and the lemma F.9a, and Induction F.4b. [
F.4.1 Proof of Induction in Phase III and theorem F.1

Proof of Induction F.4 and theorem F.1. The proof is similar to the proof of Induction E.4, thus we
leave out some details here.

* Induction F.4a: We know from Induction F.3 and lemmas F.6 and F.8 that Induction F.4a
holds at t = T2 The feature shape Fy,(d s, O(( Z)-1)) guaranteed a starting point for
reusing the argument in lemma F.6c to guarantee that the feature stays at the same feature
shape.

* Induction F4b: After t = T3, whichis ¢t = Tj for the last v € X*. We shall

prove that the feature shape F,(d° i, 6((w) 1)) holds for every ¢ € ¥*. Since (a)
holds for all v € ¥*, we have that at Tii that the feature shape in (a) holds for all
n2

¥ = (j,r,) € £*. So by lemma F.10b and similar argument in lemma E.6c, we can
prove that the feature |V](f) (P)] < 5(wﬁ) for any ¢ € @, which is F,/,’Q(é(wﬁ)).
Fp,1(d° p) is guaranteed by lemma F.10a and ]:1/,73(5(wﬁ )) is guaranteed by Fy, 1, Fy 2
and lemma F.7. F,, 4 is simple as any feature 1) € EL’?’ lost the competition and are bounded
by 5( ). Moreover, once each ¢, ,,, j € 7(Y),y € Y is learned. the feature in ET’S has too
small gradient bounded by O( u?~1) which will not have sufficient growth before t="1T1.

Since all feature ¢ € ¥* have shape F; (01, 62) for 6y = d® p and d = 6(wq—71) att = Ty, we
have proven theorem F.1. O

G Learning the Attention Layer: Simply Transitive Case

In this section, we consider the case where the group operations form a simply transitive group.
According to Assumption 4.1, we assume that for any y;,y> € ), there exists a unique g € G
such that g - y; = yo. Without loss of generality, we let Y = {0,1,..., Ny — 1}, where ny €
[Q(log log d), log d].

We focus on updating only Q, while keeping W fixed. Combined with the attention structure
specified in Assumption C.2, it suffices to consider the updates to the blocks Q4,3 and Q4 4 only. We
consider the contribution to the gradient from the position i = 5 on task 72; specifically, the relevant

loss function is given by Z =1 Lossr . As W remains fixed in this section, we omit the superscript
(t) in W and in all related notations ‘that depend solely on W (e.g., V; ;) for notational simplicity.

G.1 Gradient Computations

Notations for gradient expressions. We firsr introduce some notations for the gradients of the
attention layer. For 1 < ¢ < L, given Z"*~! and k € Z5*~1, define

Efa(ZHTY 2N E (2R Y sReLU (A j (259 (Wi, Za), i € 5] (41)
j€ld) refm]

For simplicity of notation, we will henceforth omit the dependence on Z~*~! in the notation of
EZL ;. x When it is clear from the context.

Fact G.1 (Gradients of Q). For any p, ¢ € [5], we have

—Va,, Loss” Z Z —Vaq,. qLOSS ,  where
=1 i€[5)
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-VQ,., LossiL’z =

=L =L T
E Attnans,zflak =ik T g Attnans,fflﬂk’:'z,hk’ Zanslfl,pzk’q .
kczZL.¢e—1 k/eTL.¢—1

Lemma G.1 (Gradients of Qg3). Given s € 7(X), for the diagonal entry [Qu 3)s s of the block
Qu,3, we have

{— VQZL,SLOSS?I} =E|Attnans 0 pred;1 - ( Z 55,] Z2 0 Z sReLU’ <A5Jﬂ")'

j€[d] re[m]

5,8

<<W5,j,ra Zpred,1> - AS,j,r + b5,j,r)> ]ls_‘r(zo)‘| )

[ - VQ“Loss?ﬂ =E

s,s

Attnans’lﬁprecLQ . ( Z 55 J 22 ! Z sReLU/ (A57j77«)'
j€ld] re[m]

(<W5,j,ra Zpred,2> - A5,j,7> + b5,j,r>) ]ls—‘r(w1)‘| .

Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

|:7 VQ4,3 LOSS§’1:| o =E |\Attnans,0—>pred,2 : < Z 55,] Z2 0 Z SReLU/ (A5,j,7“)'
’ jeld] re(m]

(<W5,j,7“7 Zpred,2> - A5,j,7" + b5,j,r)) ]IS:T(QIQ),S/:T(Il) )

[_ VQ4,3 LOSS?Z} 5.8 =E [Attnans,lﬁpred,l : ( Z 55,] Z2 ! Z sReLU’ (A5,j,7”).
" J€ld] r€[m]

(<W5,j,r7 Zpred,1) — N5 jr + b5,j,r>)]ls (21),8'=7(w0)

Proof. For ¢ =1, due to Fact G.1, the diagonal entry [Qq 3]s s With s € 7(X), the expected gradient
contribution from —Vq, , Loss?’1 takes the form

—2 —2
IE[Attmans,o—mred,l ’ (:e,s,pred,l - E Attngns 11 %,5,1«) ’ 1s=7(x0)}7
k/ez'z,é—l

which is nonzero in expectation only when s = 7(x(). Therefore, combined the definition of = in
(41) we have:

2,1 — =2 =2
[ - VQ473 Loss } = E | Attnans 0 pred,1 - (‘—‘Z,S,pred,l - § Attnges 1K —4[,571(/) ]ls:-,—(xo)
59 k/€I2,Z—1

= ]E |\Attnans’0*>pred71 . < Z 55 J Z sReLU/ (A5’j77«)'

Jj€ld] rem]

(<W57j,ra Zpred,1> - Z Attnans,[—1—>k/ <W5,j,r; Zk’>)) ﬂs:‘r‘(at;o)
k/eIQ,Z—l

=E lAttnans,Oepred,l : < Z Es J Z sReLU’ (As,j,r)'

j€[d] re[m]
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<<W5,j,ra Zored,1) — N5 jr + bs,j,r>> 18—T(£0)‘| .

Other quantities are computed similarly, and thus is omitted here. O

Lemma G.2 (Gradients of Q4 4). Given s € 7(X), for the diagonal entry [Qu.4]s s of the block
Qu,4, we have

[_ VQ4,4 Lossg’l} =K |\Attnans,0ﬂans,0 . ( Z 85 ] Z2 0 Z SReLU/ (A5,j,r)'
> jeld) re[m]

<<W5,j,r, Zans,0> - A5,j,r + b5,j,r)) ﬂszr(xo)] )

|- Valoss??| = ]E[Attnans’l_ms’l : ( 3 &4(27) Y sReLU (As,)-
' Jjeld] r€[m]

<<W5,j,r7 Zans,1> - A5,j,7- + b5,j,7‘)) 1s—r(x1)] .

Moreover, for the off-diagonal entries [Q4.4)s s with s # s', we have [-V q, , Lossz'' |4« = 0, and

— VQ474 LOSS?Q:I , =K Attnans’lﬁansﬁo . < Z 85’]'(22’1) Z sReLU’ (A57j7,«)'
' jeld] re[m]
((W&j,m Zans,0) = Nsjir + bs,jm)) Lser(ar),s'=7(x0) | -
Proof. The analysis is similar to that of Lemma G.1, and we omit the details here. O

G.2 Some Useful Bounds for Gradients

In this subsection, we establish several useful bounds on the gradients of the attention layer, leveraging
the feature structure of the MLP layer learned during stage 1. These bounds will be instrumental for
the subsequent analysis.

As established in Lemma E.7 and Theorem E.1, at the end of stage 1, the network exhibits the
following activation properties:

* Sparse activations: For each j € 7()), and any feature (g,y) € §;, there exists a unique
activated neuron r € [m] such that, under the event g; = g and yo = y, the following holds:
T, T Ty
AS = B=00). Vi (9) - Vi W)l < 06)

5,7,T

AéT;)T, <0877 forall v’ # 7.

* Cancellation of incorrect features: let » € [m] be the activated neuron associated with
(9,y) € §;. Then forany ¢’ # g € G and any ' € Y, we have:

Vi o)+ V)| < 06),

Vi) + vjfi”)(y)] < 009),

In the analysis of FEN layer, we have a pair 6 = (d1, d2); in the expressions above, some terms should
use 07 and others d5. For brevity, we write § := max{d;, d2} and bound all such terms by 4. Since
both §; and 5 are small, this simplification does not affect our analysis.

Notations for activated neurons. Since in the simply transitive case, the feature sets are disjoint
across indices—i.e., §; N §; = () for all j # j'—we denote the activated neuron corresponding to
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(9,y) € §; by rg.y. Moreover, let
A £ Ujer ()2, where 2; £ {r | 3(g,y) € §j,r =714}

In other words, 2 is the set of all activated neurons across all feature sets §; for j € 7()). Given
ZL=1 letting G(Z1*~1) = U{gw }Li_, be the collection of all the chosen group elements in the
predicate clauses. Similarly Y = U{ye } 45—, Then define Ql (ZEY = {ryy | (9,y) € Sj (g€

G (ZL =1y vy € Y)}. For simplicity, we omit the dependence on Z*~1 in the notation of 2; when
it is clear from the context. Equipped with these notations, we can summarize the above properues in
the following lemmas.

Lemma G.3 (Properties of target feature magnitude). Given (g,y) € §; with j € 7()), then, the
following properties hold.

1

( Jqu(g)+‘/]Tg y( )) > B —0(9), |‘/Jqu, g) — Vj,rg.y(yﬂ < 0(9), (42)
\Va v (9) Vi, )] < 0(0), Vi, (v) <O forally' #y, (43)
“/J Tg-y / gl) + ij,r.q-y (y)| S 0(5)7 ‘/jvr_q-y (g/) <0 fOi" all g/ 7£ g. (44)
Vi (] Vi ()| < O6) forallr ¢ 2A;. (45)

Lemma G.4 (Properties of irrelevant magnitude). If (p,v) & {2} x GU {5} x Y, or j & 7()), then
for any r € [m], we have

’<W5,j,7',p7 ev>| S 6(00)~ (46)

The above lemmas give us some direct computations of the inner products between the weight
matrices and input embedding vectors.

Lemma G.5. Let j € 7(Y) and ¢ € [2]. Then for any r € [m), the following holds:
(Ws.j.rs Zoreat) = Vir(9¢) £ O(00), (47)
<VV5’j’r7 Zans’g,1> = Vj’r(ygfl) + O(O’o). (48)
Moreover, for j & T(Y) and any k € I*! and r € [m] we have
| W5 JJs ry L | = (49)
Proof. By direct computations and the definition of Zpred7 ¢, we have
(Ws.j,rs Zipred,e) = (W 515 €2,) + (W jr2,€0,) + (Ws i3, €2, )

Plug in Lemma G.4 and the definition of V} ,(g¢), we obtain (47). The proof of (48) and (49) is
similar, and we omit the details here. O

Furthermore, we can establish some characterizations of the Aj, j’T(Zz’“l) quantities, which are
crucial for the following analysis.

Lemma G.6 (Characterizations of Lambda). Given Z2‘~! with { € [2], with an attention structure
{Attnans -1k fxez20-1,

(a) forj € T(Y), for activated neuron r € 2, we have

1

2
A5,j,r(ZQ’€_1) = Z Attnans,fflﬁpred,f"/j,r(gﬁ’) + Z Attnans,éflaans,é’flvvj}r(y[’fl) + O(JO)-
=1 =1

(b) forj € T(), for any non-activated neuron r ¢ A; we have
‘A5)j7T(Z2’€_1)‘ < O((S)

(c) forj & (), for any r € [m], we have

‘As,j,r(zg’e_l)‘ < O(09).
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Proof. Recall the definition of A5 ; .(Z>*~!) in (23), we have
Asj (21 = Z Attnan i~ 15k - (W, Zic) + b jre
kez2.t-1

Thus, the first part follows directly from (47) and (48); similarly, the second part holds by plugging
(45) into (47) and (48); the last part is a direct consequence of (49) and the fact b; ; . = o logd.

O

A direct consequence of the above lemma is the following finer characterization of the activated
neurons.

Lemma G.7. Given j € 7(Y), forr € U; \‘:’\lj we have sReLU’ (A5 ;) = 0.
Proof. For j € 7(Y), for r € 2, by Lemma G.6, we have

£

2
A5,j7,.(Z2’Z*1) = Z Attnans,i—lﬁpred,f"/j,r(gé’) + Z Attnans,é—l—mns,é’—lij(yé’—l) + 0(0'0)-
=1 =1

By (45), for for r € 2; \QAlj, we have V; (ge'), Vjr(ye—1) < —B — O(9). Hence
As jir = —QB) £ O(00) < —e.
which implies sReLU’(As ;) = 0. O

Now we are ready to further derive the gradients of the attention layer starting from Lemmas G.1
and G.2 and the properties established above.

Lemma G.8 (Refined expression for the gradient of Q4 3). Given s € T(X), for the diagonal entry
[Qu,3]s.s of the block Qq 3, letting j1 = 7(g1(yo0)) and jo = 7(g2(y1)), we have

[ - VQ4,3 LOSS?’I} s =E |\Attnans,0Hpred,1'

((1 ~logit; ;,) - ( > sReLU'(As ) - (Virr(on) = As gy £ Ol00) ) + O(67))

Teﬁjl

= Y tegity, - (X0 SReLU(As ) - (Vin(91) = As i £ Ol00) ) + 0(67))

J#ner(Y) rel;

£ ) logit5’j5(08)) 17(10)_51 :

JgT(Y)

[ - VQ4,3 LOSS?Q} s =K lAttnans,lﬁpred,Q'

((1 — logits ) - ( Y sReLU'(As,.,) - (vm(gQ) — As £ 6(00)) + 6(&1))

T‘Eé\[jz

= > gty (Y sReLU'(A55,) - (Virl92) = Assr £ Olo0) ) £ 0(67))

J#j2€7(Y) red;
+ Z lOgit57j6(O'g))]lT($l)_s‘|.
i ()

Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

[ - VQ4,3 Lossgvl} =E Attnans,0—>pred,2‘

s,s’
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((1 —logit; ;,) - (Y SReLU'(As i) - (Vivor(92) = As o 2 Ol00) ) £ O(57))

Teﬁjl

~ Y logits, - ( Y sReLU'(As;,) - (Vj,<gg) — st 6(00)) + 5(5'1))

J#nery) rel;

+ Z 10git57j6(0'8))17-(10)s,T(a:l)S"|;
7¢T(Y)

[ —VaQu, Lossg’ﬂ =E|Attnans 1pred1-

s,s’

((1 ~logits ;) (Y SReLU'(As o) - (Viar(91) = Assar % Ol00) ) + O(57))
Teﬁ_n
Y logits ;- ( Y sReLU'(As ;) - (vj,r(gl) — As o £ 6(00)) + 6(5Q))
#iser(Y) oy
+ Z 10git5’j5<0'g)) 17(@):5,7’(1@):3’] .
j¢r(Y)

Proof. Forl =1,
» for the diagonal entry [Q4 3]s, With s € 7(X),

[ —VaQus Lossg’l} =E

s,s

AttnansﬁoqpredJ . ( Z 551]‘(22’0) Z sReLU' (A5’j77~)'
jE€ld] re[m]

(<W5,m7 Zpred,1) = As jr + bs,jm)) ﬂs—r(wo)]

=E|Attn,ns,0—pred1 - ((1 —logit; ; ) - Z sReLU’ (A5 j,.») (le,,.(gl) — A5, r 6(00))
re[m]
— 3 logity; - sReLU’(AS,j,T)(Vj,T(gl) —A5,j,ri6(ao))
J#G1ET(Y) r€[m]
_ Z logit5’j . Z SReLUI(A5’j7T)(<W57j’T, Zpred,1> — A5,j’»,‘ :l: 5(00)))]17_(10)_3‘|
i¢r(Y) re[m]
=E Attnans,0—>pred,1’

((1 — logit; ;) - ( Z sReLU' (A5, ) - (le,r(gl) —As i r £ 5(00)) =+ 5(5q))
rey,
- Z logit; ; - ( Z sReLU'(A5 ;) - (Vj,r(gl) —As £ 6(00)) + 6(5q))

J#j1ET(Y) redl;

+ Z logit5’j0(08)>17(mo)_s]a

i¢r(y)

where the last equality follows from Lemma G.6 and Lemma G.7.
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* for the non-diagonal entry [Qq 3]s,s With s # s’ € 7(X), the analysis is similar unless the
condition that the gradient is non-zero only when s = 7(x) and s’ = 7(z1). Thus, we have

[ —VQus Lossg’l} =E

s,s’

Attnans,O%pred,Q : ( Z g5,j(z270) Z SReLU/ (AS,j,T)'
]

j€ld re[m]

(<W5,j,r7 Zpred,2> - A5,j,r + b5,j,7">> ﬂs—r(wg),s’—T(zl)]

=K Attnans,0—>pred,2 .

<(1 — logits ;) - ( Y sReLU'(As ) (vm(gz) —Asja 5(00)) + 5(5‘1))

TEQALJI

- Z logit ; - ( Z sReLU’ (A5 ;) - (Vj,r(g2) — A5 £ 6(00)) + 6(5(;))

J#HET(Y) redl;
+ Z IOgit57jO(O—g)) 17’(-’1)0)=8,T({L‘1)=S"|'
JE€T(Y)
For ¢ = 2,

» for the diagonal entry [Qq 3]s s With s € 7(X),

{ - VQ4y3Loss§’2} =E

S,8

Attnans,l—»pred,2 : ( Z gS,j(ZZl) Z SReLU/(A&j,T)'
Jeld]

re[m]

(<W5,j,r7 Zpred2) — A5 jr + b5,j,r>> ﬂs—r(rl)]

=E

Attang 1 pred 2 ((1 ~logits ;,) - > SReLU'(As ) (Viaur(92) = As s % O(00) )

re[m]

— Z IOgitS,j . Z sReLU/(A5,j7T) (‘/jJ’(QQ) — A57j,7« + 5(00))

J#j2€T(Y) re(m]
_ Z 10git57j . Z SReLU/(A&j’,’.) (<W5,j,r7 Zpred,2> — A57j77- + 6(UO)>>1T(I1)_S]
JgT(Y) r€(m]

=E Attnans,l—»pred,Q'

((1 —logit; ;,) - ( Y SReLU (As o) (Viar(92) = As o £ O00) ) £ 0(6%))

T‘EQAljz

— Y gty (Y sReLU (A55,) - (Virl92) = Assr £ Olon) ) #0(67))

j7£j2€7'(y) ’I‘Eﬁj
£ > logit57j6(ag)> 17(11)_31 ,
jgr(y)

where the last equality follows from Lemma G.6 and Lemma G.7.
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* for the non-diagonal entry [Qq 3]s,s With s # s’ € 7(X), the analysis is similar unless the
condition that the gradient is non-zero only when s = 7(x) and s’ = 7(z1). Thus, we have

[ —VQus Lossgﬂ =E

s,s’

Attnans,l%pred,l . ( Z g5,j(z271) Z SReLU/(AS,j,T)'
]

j€ld re[m]

(<W5,j,r7 Zpred,1> - A5,j,r + b5,j,7">> ﬂs—r(wl),s’—T(zo)]

=K Attnans,1—>pred,1'

<(1 — logits ) - ( Y sReLU'(As .0 (vm(gl) — Ayt 5(00)) + 5(5‘1))

TEQALJZ

— Y gty (Y sReLU'(A55,) - (Virlg1) = Assr £ Olo0) ) £ 0(67))
#ja€T(Y) redl;

+ Z IOgit57jO(O—g)) ]lT(;cl)=s,T(xg)=s"| .
i¢T(Y)
Therefore, we complete the proof. O

Lemma G.9 (Refined expression for the gradient of Q4 4). Given s € 7(X), for the diagonal entry
[Qu,4]s,s of the block Qq 4, letting j1 = 7(g1(yo0)) and jo = 7(g2(y1)), we have

[ - vQ4,4 LOSS§’1:| s =E [Attnans,OHans,O'

((1 —logits ;) (Y SReLU (As )+ (Viir(90) = Ass, % Olo0) ) + O(3"))

Teﬁjl

~ Y logits, - ( 3" sReLU'(As ;) - (X/j,r(yo) — A, 6(00)) + 6(5‘1))

J#JLET(Y) red;
+ Z 10git5,j6<08>>ﬂ7(xo)—51‘
Jgr(Y)

[ - vQ4,4 LOSS?Q} .5 =E lAttnans,lﬁans,l‘

((1 — logits_, ) - ( Y sReLU'(As ) - (Vm(yl) — As ot 6(00)) + 6(5Q))

T’Eﬁjz
— Y logits; - ( Y sReLU'(As ;) - (Vm(yl) —As £ 5(00)> + 5(5,1))
j#iser() red,
+ Z 10git57j6(03)>ﬂ7(z1)—s]-
€T (Y)

Moreover, for the off-diagonal entries [Q4.4]s s with s # s', we have [-Vq, , Lossz'' |4, = 0, and

[ - VaQuu Lossg’z}

S,S

, =E |\Attnans71—>ans,0’
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((1 ~logits ;,) - (D SReLU'(As o) - (Viair(y0) = As.jr % O(00) ) £ 0(5%))

TEQAIJ2

— Y togits - (D0 sReLU (As ) - (Vir(yo) = Aszr £ O(00) ) + O(37))

G2 €7(Y) redl;

+ Z 10git5,j0(08)> ]lr(xl)s,r(xo)s"| .
Jgr(¥)
The proof is similar to Lemma G.8 and we omit it here.

Notations for gradient decompositions. We shall define some useful notations to further simplify
the expressions of the gradient.

e for/ =1,

— for [Q43]s,s With s € 7(X), we have [-Vq,, Lossg’l]s,S = Nss1i+Nssiii + Nssiiiis

where
Me,S,l,i =E Attnans,O—)pred,l . (1 - logitf)_’jl)' (50)
(> sReLU (As,0) - (Viir(91) = A £ 0(00) ) £ 6(6%)117@00)—5] 7

T‘Eﬁjl
NS,S,l,ii =-E |\Attnan5,0~>pred,1 : Z IOgits,j' (51)
J#j1ET(Y)
(3 sReLU' (855 - (Vir(91) = Asjir + Ol0)) + 6(5‘?))117@@—8] ,
T'Eé\[j
N5,3,1,iii =+E Attnans,O—)predJ . Z 10git5,j6(08)ﬂr(x0)51- (52)
Jgr ()

- for [Q474]57S with s € 7(X), we have [_VQ4,4 Lossg’l]&s = Nsa,1, +NS,47171'¢ + Ns,4,1,iii,

where
./\/'5,4’1,2‘ =K |‘Attnans’0*)ans’0 . (1 - 10git5’j1)~ (53)
(12 sReLU (As,5,0) - (Vi (90) = Ay 2 O(00) ) £ 5(6‘?))%%)_51 :

Teﬁh
Ns,4,l,ii =-E lAttnans,Oeans,O . Z 10git5,j' (54)
J#IET(Y)
( Z SReLU/(AS,j,r) : (‘/},r(yO) - AS,j,r + 6(00)) + 6(5(1))]17‘(10)—S‘| ’
TG@IJ‘
Ns,4,1,iii =ZE Attnans,O—)ans,O ) Z IOgits,jé(Ug)]lT(wo)—s‘| . (55)
J¢r(y)
e forl =2,
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. 2,2
— for [Qy,3]s,s with s € 7(X), we have [~V q, ,Lossy " |ss = Ni3.2:5 + N 32,0 + N 3.2,

where
Ns,3,2,i =E Attnans,l%pred,Z . (]- - logit57j2)‘ (56)
(> SReLU (A5 o)+ (Viar(92) = Asjur + O(00) ) & 5(511))]17(1.1)_5] :

T'Eé\[jz
Nssaii=—E lAttnans,lﬁpred,Q . Z logit; ;- (57
J#j2€7(Y)
(D sReLU' (M55 - (Vir(92) = Asjir £ Ol0)) = 6(5%)]17(“)_3] ,
Teﬁj
Ns,3,2,iii ==xE Attnans,1—>pred,2 . Z logit5,j6(08)ﬂr(z1)—s] . (58)
J¢T(Y)

- for [Quu]s,s With s € 7(X), we have [-Vq,, Loss§’2]s,5 = N2+ Nsazii + Nsa2iiis

where
Ns,472,i =E |\Attnans,1~>ans,l ' (]- - logit57j2)‘ (59)
(> sReLU' (A5 ju) - (Viawr (91) = Asjur % O(00) ) & 6<6Q>)ﬂ7(1-1>—s] :

TEQA{jz
Ns,4,2,7,‘i =-FE lAttnans,lﬁans,l : Z IOgits,j' (60)
J#Jj2€7(Y)
(D sReLU'(As5) - (Vi (1) = Asgir £ Ol00) ) % 5(6‘1))17(%):8] ,
TEé\lj
N a2iii = TE | Attnans 1sans 1 - Z logit57j5(08)17($1)—5‘|~ (61)
J¢T(Y)

Probabilistic Events. We conclude this subsection by introducing several probabilistic events that
will be used to simplify the characterization of activated neurons in the subsequent analysis.

& & {91 # 92}, (62)

& 2 {9 () # 90a(us,), forany (61,65) # (€2,05), where £, € [2], 65, € {0,1}}.  (63)
It is easy to see that & and & hold with high probability 1 — O (5;7)-
G.3 Stage 2.1: Initial Growth of Gap

At the beginning of stage 2, since Q has not been trained for long, we have the attention score is still
close to the uniform structure. Therefore, for £ = 1, we have

- 1 1 1 ~
Asjir (2271 % 2Vin(91) + Vi (92) + 5 Vi (w0) £ O(00).
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If Z2¢-1 € &y,

e for j = 71, for r € A, only 74, is activated since A5le"91-yo ~ %B and
As ~—1iB < —g;
5’Jl’rgz~g;1(j1) 3 e

«for j = ji = 7(92(yo)), only rg,., is activated since As . +B and

—1,.
91-95  (31)

* for other j € 7()), we have Asjr < —%B forall r € ‘:’\J.j, thus no activation.

Moreover, for { = 2, we have

_ 1 1 1 1 ~
As ;o (Z) = =Vin(g1) + EVj,r(gz) + ZV‘J(:UO) + Z‘/j,r(yl) + O(0p).

>

If Z2¢-1 € &,
s forj € {7(g¢(yer)) }oei2),07 0,1} only the corresponding r, ., is activated in the smoothed

regime since |As ;, =O0(§)and A5, ~ —3B < —pforr € A5\ {rgey, s

Tg0-ypr |
» for other j € 7(Y), we have A5 ; , < —%B forallr € ﬁlj, thus no activation.

Here, activation means that the corresponding sReLU/(A57 j,r) is non-zero, which is crucial for the
gradient computation. Based on the above observations, we can see that the gradient from ¢ = 2 is
relatively small since A is only activated in the smoothed regime. Thus, initially, the learning process

is dominated by Vq Lossg’l. Moreover, if we take a closer look at the gradient from ¢ = 1, we have

Ms,?),l,ii ~ —E Attnans,0—>pred,1 : 10git5,ji'

(SRGLU, (Aot ) (Vj1 tons (91) = N5 jrpo 6(00)) + 6(5q))17<m>—51 >0,

J\/’s,4,1,ii ~ —E Attnans,0—>ans,0 . logit5,ji'

(sReLU’(AM,%.yO) : (VJ (¥0) = A3 rgpyy 6(00)) + 6(5%) <0,

since Vj; . (o) > QUB) while Vj; . (g1) < —Q(B). Thus, [Qu,3]5,s will have a significant
positive gradient while [Q4 4]5,s Will have a negative counterpart. This will lead to the growth of the
gap between [Q4 3]s,s and [Qq 4]s,s-

We formally characterize this growth behavior within this substage. At the beginning of each sub-
stage, we establish an induction hypothesis that we expect to hold throughout. Subsequently, we
analyze the dynamics under this hypothesis within the substage, aiming to prove its validity by the
end of sub-stage. Due to the symmetry of [Q4 3]s s and [Qu 4]s s across s € 7(X'), we may, without
loss of generality, focus on a particular s € 7(X).

Induction G.1. Given s € 7(X), let T 1 5 denote the first time that [QE&,}]SS reaches ) (@) For
all iterations t < Ty 1 5, we have the following holds

(a) | y%] s,s monotonically increases;

() [[Qs < Qs and [QL)s.s — Qs = O(IQ1N,.s )5
()

(c) forp € {3,4}, for s’ € 7(X) # s, [Qg;}&s/\ < O<[Q4‘5]S’S).

G.3.1 Attention and Logit Preliminaries
We first introduce several properties of the attention scores and logits if Induction G.1 holds.
Lemma G.10. If Induction G.1 holds for all iterations < t, given input Z>*~=1, then we have

1. forl =1,
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11 1 .
(a) Attnans ,0—pred,1 € {5’ 3+ O(logd)}

t t t
(b) Attngn)s,()—mred 20 Attne(m)s 0—ans,0 < Attn;(m)s ,0—pred, 17
(c) ‘Attng?s,o—m Attngn)s 0ok | = (logd)fork #k e I3
2. forl =2,

t
(a) Attngn)s 1—pred,2 € {4117 411 + O(logd)} ’
(b) Attng?s 1—k < Attne(li)s ,1—pred, 2f07‘ k # (pred7 2)’
(c) fork € {(ans,0), (pred, 1)}, k' € {(ans, 1), (pred,2)},

SO(@);

— Attn'?

ans,1—k ans,1—k’

|Attn?)

t t
(d) ‘Attngn)s,lﬁpred 1 Attngn)s 1—ans,0 < O(é)

Proof. For ¢ = 1, given Z>*~!, according to Assumption C.2, we have

[QS3 ) (20). 7 w0
Attn(t) ‘

ans,0—pred,1 =

® ® ®
elQizlro)r@o) 4 e[Qaslr(eo)re1) 4 o[Qualrwo)ir(en)
1

) @) © ) :
1 + elQuslreo) ren) = [Qaalr@o)ireo) 4 el Qaalr(@0)im(20) ~[Qualr o). r (o)
Thus, by Induction G.1,

1 t
0(1oga) = 1Q1 Ao r(er) = [Q1 A0 (a0 [Q Al w0 r(a0) — [QF Ao r(an) <0,
which implies that 0 < Attn‘,(;;)&0 Spred,1 < % + 0(101 d). (b) is straightforward since

t
[Qi?ﬁ] (z0),7(x1)> [Q4 4]T(wo),7'(a:0) < [Q4 3] (x0),7(x0)"
(c) is a direct consequence of (a) and (b).

For ¢ = 2, given Z>*~1, (a)- (c) are very similar to the above analysis, and then for (d), we have

Attn'? — Attn'?

ans,1—pred,1 ans,1—ans,0

)
Qo) ey — plQU A1) (w0

e[QEﬁé}T(ml),T(mo) + e[Qif?o,]ﬁzl),T(ml) + e[QE;t,ZL]T(ﬁ),T(zO) + e[Qxi]T(ml),T(zn
i) ‘ ‘ (@ 1
< O([Qié]f(m)m(m - [Qii]f(xl)m(xo)) < 0(5),

where (i) is due to the fact that |[e* — e¥| < O(]z — y|) when z,y are small, and (ii) is due to
Induction G.1 (b).

—~

Lemma G.11. If Induction G.1 holds for all iterations < t, given input Z>*~1, then we have
1. fort=1,ifZ>*1 € &, then
(a) for j =1, AL}, . < —oforr € s, \ {rg, 40}
(b) forj = ji 2 7(92(v0)), AL, < —oforr € Asy \ {rgsye}s
(c) forother j € T()), r is not activated for all r € A, ie., A5 g << o
2. 0=2ifZ>" 1 € &, then
(a) for j € {7(ge(yer))}eel2),eref0,1}, only the corresponding ry,.,,, may be activated,
with |Aét§ _— | < O(1), while all other Aétz , L —oforre ﬁj \M{rgpy, b

(b) forother j € T(Y), r is not activated for all v € A, e, Aé G << o
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Proof. We only prove (a) for £ = 2 since the other cases are straightforward. j = 7(g¢(ye)), by
Lemma G.6 we have

(t) (t)
A5aj~,7”g4-y ;) Attnans ,1—pred, 1‘/3 T390 s (91) + Attnans 1—pred, 2VJ Tgp vy (92)

t t ~
+ Attngn)s,lﬁans,o‘/jyrg[yé/ (yO) + Attna(m)s,lﬁans,l‘/jvrg[ye, (yl) + O(UO)'

Notice that since Z2“~1 € &,, we have two V' terms are positive and two are negative with magnitude
B £ O(4). Therefore, |A5,j,rg“é, | < O( ) B =0(1). O

logd

Lemma G.12. If Induction G.1 holds for all iterations < t, given input Z>° € &, then we have

t
(@) S, > LB -0(1);
() (®) .
(b) 0(6) < A 5:J1:T91-v0 A5vjiv7"92-yo = 0(1)’

Proof. By Lemma G.6 we have

A5,j1ﬂ“yl vo
(t) (t) (t) A
Attnans ,0—pred, 1‘/111 Tg1-y0 (gl) + Attnans ,0—pred, 2‘/]1, Tg1-yg (92) + Attnans 0—ans, O‘/] Tg1-yo (yO) + 0(00)'

By Lemma G.10 and the cancellation in (44), we have

) t)
Attnz(ans ,0—pred, 2‘/1177“91 Yo (92) + Attnéns,O—)ans,Oth?ﬂql Yo (yO)

= (% B O(@)) 100) _O(lo;d) B

Putting it back, and using the fact that Attn'? V; (91) = & - (B — 0(6)), we have

ans,0—pred,1 ¥ J1:7g1 -yo

(00 + (§-0(L5)) 001 -0(5ky) -5 0t

A57j1>7’91 vo = 3

> gB —o(1).

log d

Moving on to (b), we have

_ (t) A
A51j177“g1 vo A57j177“g2-y0 Attnans ,0—pred, l(leﬂ“gl-yo (gl) - ‘/ji»rgg-yo (gl)) + O(GO)

t
AN o (Vi e (92) = Vit oo (92)) + A0S oo 0 (Vi (50) = Vit oo (40))

- (2B + 0(5)) — Attn'" - (2B — 0(8)) + Attn") - 0(6)

ans,0—pred,2 ans,0—ans,0

(t)
< Attnans ,0—pred,1

< (2B - 0(3)) - 0(@) +0(8) < 0().

Similarly, we have

A57j17T91 o A5vj{=T92~yo
> Attnl) (g1 (2B —0(0) — Attnl) oo (2B +0(0)) — Attnl) .. 0 O(0)
> —Attnl) |, 0(0) — Attnl) o .0 O(8) = —0(9).

Lemma G.13. If Induction G.1 holds for all iterations < t, given input Z>*=1, then we have

1. for 0 = 1,if 2>~ € &, logit\", = Q(1) for j € {j1,ji}. 1 — logit!) — logit{"), =
1
polyd*

2. forl =2, ifZ>*" 1 € &, loglt() O(3) for all j.
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Proof. » For{ =1, by Lemma G.11 and Lemma G.6, we have

(t) (2,0-1y _ O\ _ A _ A 1
F5>47‘1 (Z ) - Z SReLU(A&th) - A5J17T91~yo + g(m/q B 1) - A57j1’rgl'y0 * O<polylogd>’
re[m]

(t) (72,0-1y _ (®)
F (2> = ) sReLU(A

5,517

) —A®

o/
5,71:Ta2-uo

re[m]

F(z** 1) = 3" sReLU(A{)

1 . . ./
57“) < (m) for j # j1,j1 € 7(Y),

re[m]
Fgf}(zu—l) <m-0(c?) forj ¢ 7(I).

Putting it together, we obtain

 _ 1
t5,5 PN

logi g
5,51 »J1
1+€ 1 + (Eﬁéhdie_(y)e

FY F® )
5.5 + Ejgé-r(y) el's.j e 1

1

® BRG) — .
1+e 5.91:Tg2-y0 A5,_7‘1,rg1>yo + (O(]Og d) . eo(m) + O(d) . eo(mog)) . 67F5(,t]}1

Thus, by Lemma G.12, and the fact that B = Cg log d for some sufficiently large constant C'z > 0,

t .
t = 1+e—0<5)+0(1)?e*<03/3*1>10@‘1 = Q(1). Similarly, we have

we have logi

5,71
1
logit!"”), =
N _A® (t) ~ _p®
1 lte A5fji’T92-y0 +A5,j1,1‘gl-yo + (O(log d) . eo(m) + O(d) . eo(mo'g)) e FS,JA
1
— o).

T 1400 & O(1) - e~ (Cn/3-1)logd

From the above analysis, it is easy to see that 1 — logitg‘:}1 — logitg‘;;i <0 (m) =
1
( polyd )

e For / = 2, by Lemma G.11 and Lemma G.6, we have

F{(2** 1) = Y sReLU(AY) ) € [om/q,O(1) + o(m/q — 1)) for j € {(g0(ye)}ecizecion)

re[m]

@ - T i) <0

= (m) for j € () \ {T(ge(yé/))}ée[Q},e’e{o,l}

F(Z>1) < m-O(of) for j ¢ (D).

Therefore, for any j, we have 10git§t) = O(4) since Fs(tj), < O(1) forall §'.

In the following, we illustrate the activations on the non-high probability event.
Lemma G.14. If Induction G.1 holds for all iterations < t, given input Z>*~1, then we have
1. fort=1,ifZ>*"1 ¢ &, then
(a) for j = ji, Aj, = {rg, o}, AY) = B+0(5);

3J15Tg1 0
(b) for j # j1 € 7(Y), assuming j = 7(g1(y)), then Aéf;7Tgl_y = 1B+ O(1) and
AY <« —oforre A5\ {rg,y}

5,7,r

2. 0 =2 ifZ**"1 ¢ &, then
(@) if g1 = g2 NYo # ¥1,

i. forj = jo, AL

5,792,795 -u1

=1B+0(1) and Aét,;‘z,r L —pforr e ﬁljg \{rgsun b
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ii. for j = 1(92(y0)), Ag; Fogvs = = 3B+ O(1) and Agtzr <L —pforr € QAlj \
{rgsyo s
iii. forother j € 7()), assuming j = 7(g2(y)),
forr € %5\ {rg,}
(b) if 91 # g2 Nyo = Y,
i. forj = ja, A(t,g‘z,rm = 1B+ 0(1) and Aétjz , K —oforre ﬁjz \{7gsu b
ii. forj = 1(g1(y1)), A(tj’ T 1B+ O(1) and Agi, &« —pforr € ﬁj \
{rg,m b
iii. for other j € T(Y), assuming j = 7(g(y1)), |A5 e y1| < O(1) and A5 G <o
forr e ﬁj \{rgy: }-
(¢) if g1 =92 Nyo =y,
i. forj=js, AU {r92 yl} Aétjz rog = BE 0(9) ;
ii. forj#js€ T(J)), 53 T| <OQ) forallr € Qlj.

(d) g1 # g2 Nyo # y1 A (gl(yo) = 92(y1) V g2(yo0) = 91(1/1)) AL | < 0(1) for all
re é\[]’.

| <O(1) and AY),, < —o

’J Tga-y

With the characterization of activated neurons, we can derive the following logits for the non-high
probability event.

Lemma G.15. If Induction G.1 holds for all iterations < t, given input Z>*=1, then we have

1. fort=1,ifZ>""1 ¢ &, then 1 — logité%l = O(po}yd).

2. 0=2,ifZ>""1 ¢ &, then

(@) if g1 = g2 Nyo # Y1, loglt(t) = Q1) for j € {j2,7(g92(y0))}. 1 — logitg‘z -
(t) 1

5,7(92(y0)) ~ polyd"

(b) if g1 # 92 Nyo = 1, loglt(t) = Q1) for j € {ja;7(q1(y1))} 1 — logitg‘z -
(t) _ 1
5,7(g91(y1)) — polyd"

logit

logit

(c) fgr=92Nyo=y1, 1= logitggz = O(polyd)
(d) g1 # g2 ANyo # y1 A (91(3/0) = g92(y1) V g2(%0) = 91(3/1)) IOglté 32 = O(3) for
all j.

G.3.2 Gradient Lemma
Lemma G.16. If Induction G.1 holds for all iterations < t, given s € T(X), for [Qf&]s’s, we have

> [ Vaptost ], =0 (%5)

=1

Proof. By gradient decompositions, we have

2
Z {— VQS;’LOSSE’K} = Z Z ./\fs(tgz ”

=1 ’ 0€[2] K€E{4,ii,ii1}

By Lemma G.13 and Lemma G.15, it is straightforward to see that | S(ts) Laiils WV, S 3 0.0l = (poly 7

and thus we can focus on other terms.
By Lemma G.11 and Lemma G.14, we have

o ()
ans,0—pred, 1 ( - logltS,jl)'

N =E lAttn(t)
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(Vi l90) = AL, 1, £0(00)) £ 0(") 11{7(%)_3}%]

Attn'? (1 loglt(f) )-

ans,0—pred,1

+E

(Vi l90) = AL, £0(00)) £ 0(7) 11{7(%)_5}051@]

(@) 1 1 1 1

2 6(3)- (1) O(B) + () O(0) - 6(B) - O1-)
log d

:@( d )

where (a) follows from Lemma G.12, Lemma G.13, Lemma G.14 and Lemma G.15, and the fact that
() = s holds with probability %. N, ( :.3 2.; can be upper bounded similarly.

S

Moving to ./\/ 31,4 hoticing that Vj, .~ (g1) = —B + O(d) on €1, we have

A/;v(,t?z,l,ii: -E Attnzg?s ,0—pred,1 IOglt(t)
t
(Vitrgy s lo0) =AY, . £ 0(00)) + 06" 1 r(ag) sm]

(1) s (1)
Attnans ,0—pred,1 Z 10g1t5,7'(91(y))'
YF#Yo €Y

(t) = =
((Vf<gl(y>>,rg1~y(91) A @)y T O(”O)) + O(dq))ﬂ“(“)_smg;]

—0(%)-01)-6(B) -~ 6(%) 0(——)-8(B) - O(—

-o(151).

)

polyd log d

For NV *) 3,2,:» We only need to control the negative gradient, since the positive part can be easily upper

log d
bounded by O (%) .

(t) s (1)
Attnans 1—spred,2 Z logltS,T(gz(y))'
yF#y1€Y

((V"’(92(y))ﬂ"g2»y (92) - A5,j,r + O(UO)> + 0(5‘1)> ]1{7'(300):5’91:927?4075%}

(@) 1 1 1 1

> _Q(= 2).0(B)—06(2)-0(1) - ©(B) -

> ~6(;)- 0(3)-6(B) - 6(;) - 0(1)- 6(B) - O( )

1

z-0(3)

- d
where (a) is due to the fact that loglté )T(gz(yo)) (1) and loglté )T(qz(u)) O(3%) for other
Yy # Y1, Yo. Putting everything together, we complete the proof. O
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Lemma G.17 (Negative gradient). If Induction G.1 holds for all iterations < t, given s € 7(X), we
have

S

=1 -

2 2
2,0 2,0
> [~ Vagtos] 2 -0(0) X[ Vagtest

S,8
=1

Proof. By gradient decompositions, we have

2
Z{—VQYLLOSSE’E} = Z Z N4ln
£=1 '

’ Le(2] ke{4,ii,iii}

Similarly as Lemma G.16, |V, (2 1aiil> IV 4 2,511l = 055y, ——), and thus we can focus on other terms.

By Lemma G.11, Lemma G.12, and Lemma G 14, we have

Ns(téz,l,z N(ti 1,40 — =E lAttn(t) (1 _ logit(t) )

s ans,0—ans,0 5,71
((Visirora 00) = A 1, £ 0(00)) £ O(6) ) L) s}msll
(64)
E Attng?s ,0—ans,0 (1 - IOgltét_)]l)
((VJ (o) = A, . +0(o )) + 0(5Q))11{T w0)= s}ﬂgc]
(65)
—E Attng?s 0—ans,0 loglt(t) .
((Vj;,rgz.yo (00) = ALy £ O("O)) = 0(5‘1))]1{7(360)23}051
(66)
—E|Attn{") > logitl) o
N;ns,0—5ans,0 ogl1 5,7(g(yo0))
9#g1€9
(t) 2 o)
(Vo700 50) = A 41, & O00)) £ O(‘sq))]l“(”“):smf] '
67)

First, considering the event {7(xg) = s} N &1, we have

(64) + (66)

=E

Attnans 0—ans,0 ((1 - loglt(Stzl) : (‘/jlyrgl-yl (yO) A(gl, Yo + 6(00) + 5(5q))

7]11ng

— logit(), - (Vjimgz.yo (o) = A .. £ O(o0) £ 6(5q)))ﬂ{7(w0)—s}ﬂ81]

(@) . ~ ~
E|AGtG) o ans ((1 ~10git1),) + (Viviryy, (00) = AL, Ol00) + O(57))
() ® ) N
~ (= Togitg), — ) (Vi (0) = AL 1, + O00) iowq)))ﬂ{w-sm]
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-E Attng?s 0—ans,0 ((1 - IOglt(t) )

(levr-‘?l'yl (yo) o Vji*’"gz-yo (yo) + A(glﬂ"gz Yo Aé%lﬂ'gryo + 5(00) + 6(5‘1))) 1{7($0)=$}ﬂ51]
(b) ~ ~

—E | Attnl) o o000 ((1 ~logit(!) ) - (0(6) + 0(1) + O(r) i0<5q>))ﬂ{7<m>—sm]

NG
> —O(ﬁ),

where (a) follows from Lemma G.13; (b) follows from Lemma G.12 and Lemma G.3.
Notice that (65) > 0 since Vj, ., (¥0) — AD

5o g 2 Q(B), thus we just need to consider the

possible negative gradient from (67). By Lemma G.15, wehave >, o loglté )T(g(yo)) < O(m)
on {7(z0) = s} N S, and hence (67) < N) 31
Moving to the gradient from ¢ = 2, it is straightforward to see that N 4,2,; 1s non-negative, and thus

we can focus on the possible negative gradient from N (2 9,ii-

Ns 4,240 T =-E lAttngil 1—ans,1 ° Z IOglt( )
J#j2€7(Y)

( 3" sReLU'(AY), ) (Vj’r(yl) —AQ £ 6(00)) + O((SQ))]I{T (21)= S}%]

TGQl]’

t
Attnz(an)s 1—ans,1 ° Z loglt( )

J#j2€7(Y)
(> sReLU' (AL )+ (Vin(yn) = AL, + Olo0) ) = 0(67)) 11{7(%)_8}0&3]
redl;
> —0(2)-0(5)-6(B) - 6(2)-0(1) - 6(B) - O(— )>_O(Ns(,t§,1,i)
B d d d logd” — logd /°

Putting everything together, and combining with the fact that Zle [ - V.o Lossg’e] =
4,3 s,s

s

O(N, (2 1 Z) from Lemma G.16, we complete the proof. O

S

Lemma G.18 (Growth of gap). If Induction G.1 holds for all iterations < t, given s € 7(X), we
have

2 2 2
2,0 2,0 2,0
Z [— VQE&LOS% L Lt Z [VQEﬂLoss5 L . > Q(Z { - VQE:)SLOS% L S).
=1 ’ =1 ’ =1 ’
Proof. By gradient decompositions in (50)-(61), we have

2
{— VQ%LOSS?KL . + Z { Q) Loss2’ } ’ Z Z N(tge .= 5(22 .-
’ =1

5% Le[2] ked{i,ii,iii}

M

~
Il

1

Due to Lemma G.13 and Lemma G.15, |N | = O(=2

focus on the gradient difference between Q 13 and QE& contributed by other terms.
By Lemma G.10, we have

) forp € {3,4} and ¢ € [2], we can

,p £, polyd

Attn'? < Attn® Attn'? < Attn'?

ans,0—ans,0 — ans,0—pred,1° ans,1—ans,1 ans,1—pred,2"
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Hence, for ¢ € [2], we have

NS i =Nl i 2 -06)-0(3) - ©(1) = ~0(3/d)
t t
Ns(d)ln - 5(21@1
t o (2
=-E lAttngnl 0—pred,1 loglté,3’£ ’
‘ ~ ~
((Vigrygg (90) = A, L 0(00) ) & 0(6‘?))11{7(%)_3}051]
Attng?s 0—ans,0 logitét)" '
<<Vj{a7"gz-yo (yo) Aétjl Tgs-up + O( )) + O(éq))]l{-r (z0)= s}ﬂ£1‘|
t o (T
Attngn)s ,0—pred,1 Z IOgltE('),Z'({h (y))
y7#Yyo€Y

® 5 5
((V“gl(y))"”m-y(gl) A 1 ey T O(UO)) = O(‘Sq))ﬂ{ﬂmo)s}ﬁf?]

t
Attnz(ans 0—sans,0 * Z 10g1t5 T(91(9))

Y#Yo €Y

()
((V“gl(y))ﬂ‘gl-y(yo) A @) T O )) = O((Sq)ﬁﬁ (w0)= s}ﬂff]

Zol)am-em) oo om0 > oY),

d polyd log d d
where (a) follows from Lemma G.3 that Vj; .. (g1) — Aétg,1 . < —Q(B),and Vi, ;.. (yo) —
= 2J12092°Y0
AW, > Q(B).
J1:T92-v0

(t) (t)
N $,3,2,11 N€,4,2,u

( ()
=-E lAttnan)S 1spred,2 * Z loglt
J#j2€7(Y)

(D sReLU' (AL, - (Virlg2) = AL, £ Olo0) ) & 5(5(:))11{7(%)_5}0521
TEQl]'

Attng?s 1—ans,1 ° Z logitg;
J#j2€7(Y)

(3 sReLU'(AL),) - (Vir(n) = AL, £ 0(00)) £ O(6) ) e = s}m&]

TGQl]'

Attng?s ,1—pred,2 Z IOglt (t)

Jj#jeeT(Y)
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(3 sReLU'(AL) )+ (Vin(g2) — AL, + O(00)) = 5(5‘1))]1&@1)—5}065]

7“65[_7’

Attn'? Z logitéf;-

ans,1—ans,1 °

J#j2€7(Y)

(3 sReLU' (AL )+ (Vin(wn) = AL, + Olo0) ) = 0(67) n{ﬂxl):s}ng;]

T‘Eﬁj

2 0(3) o[} o (}) o o) 0ghy) = o(}).

where (a) follows from Lemma G.11 and Lemma G.13, which together imply that on the event &,

+E

only a constant number of neurons are activated and logitéf)- < O (%) forall j # js; and from
Lemma G.15, which implies that on the complement event £, occurring with probability at most

@) (@), there exists at most one j # jo such that logitétj- > Q(1) while logitg; < O(po}y d) for

other j € 7()).
Putting it all together, we finish the proof. O

Lemma G.19. [f Induction G.1 holds for all iterations < t, given s € 7(X), for | 4(1%}375 > Q(+%),
we have

2 2
2,6 2,0
; {— VQfltleLoss5 Lﬁ > Q(@_Zl {— vaf,)s Loss; Lﬁ).

Proof. Notice that by Lemma G.17, when | 4(1?3]5»5 > Q555), we have | E&]sys > —O0(%)-
Hence

t t t t Y
Attne(\n)s,lﬁpred,Q + Attngn)s,lﬁans,l - Attnz(an)s,l—mred,l - Attngn)s,lﬂans,(] > Q(logd)’
which implies A'gf‘)jQ’TgQ-yl (Z2*1) = Q(%;) - B+ 0(9) > o already lies in the linear regime for

Z>1! € &. Then we have

(t)
5,4,2,1 2 E

ans,1—ans,1 5,72

Attn'") ((1 - logit(t) )-

(‘/jz7T92'?/1 - Aét,;zﬂ'gzvyl + 5(00)) + 6(5!1)) ]l{T(xl)=S}f752‘|

> Q1) O(B) - @(é) > Q(k’gd).

Moreover, from Lemma G.17, the magnitude of negative gradient from other N terms can be upper
(t)

bounded by O (Nlogé ) Therefore, combining with the fact that Z?:l [ - Vao Lossg’z] =
4,3

O, S(tj)l ;) from Lemma G.16, we complete the proof. O
Lemma G.20. If Induction G.1 holds for all iterations < t, given s # s’ € T7(X), for p € {3,4}, we
have
2 2
logd 1
2.0 g N 2,0
[ -vaglest] | <0(Te7) =0G) X[ Vaglest]

Proof. The proof follows directly by combining the expressions from Lemma G.8, Lemma G.9, and
Lemma G.16, along with the fact that the event {7(zg) = s,7(x1) = s’} occurs with probability

O(k). =
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G.3.3 At the End of Stage 2.1

Putting gradient lemmas together, we can directly prove that Induction G.1 holds for all iterations ¢
until the end of stage 2.1, where we can conclude the following:

Lemma G.21 (End of stage 2.1). Given s € 7(X), Induction G.1 holds for all iterations t < Tz 1,5 =
0] (ﬁ), then at the end of stage 2.1, we have
nlog

(@) [Q))ss = Qpky) forp € {3,4};
) Q%] — Qs > 9(5557):

0] CIVARE / : e [Q01 ., —
(c) |[Qy,)ss| <O p fors' € T(X) # s forp € {3,4}; otherwise, [Qy]s.s = 0.

4,p

G.4 Stage 2.2: Continual Growth of Diagonal Entries

In Stage 2.2, the diagonal entries [Q4 35,5 and [Qu 4]s,s continue to grow until they reach a certain
threshold. The analysis in this stage parallels that of Stage 2.1, but our focus now shifts to the
gradients contributed by ¢ = 2, as the logit at / = 1 is already near-optimal and thus contributes
negligibly to the growth of Q4 3 and Qq 4.

Induction G.2. Given s € T7(X), let T 5 s denote the first time that [Q4 3]s s reaches 0.0001. For
all iterations To 1 < t < T5 5 5, we have the following holds

(a) | ifé]s,s,[ 4(121]575 < O(1) monotonically increases;

(5) 1Q)ss — [Q]6s € [ka), 0]

(c) for (p.q) € {(4,3).(4.4)}, |[Qpa)es
[ I(>t721]s,8’ = 0.

Throughout the following analysis, instead of £ defined in (63), we consider a renewed event &, for
(=2

()
< O(%) for s’ € T(X) # s; other

&2 {91 # g2 NYo # Y1 }- (68)

G.4.1 Attention and Logit Preliminaries

The proof in this part proceeds analogously to the arguments in Appendix G.3.1, with the induction
hypothesis from Induction G.2 incorporated. Hence, we omit the details here.

Lemma G.22. If Induction G.2 holds for all iterations € [Ty 1 g,t), given input Z**~1, then we have

1. forl =1,
(a) Attng?s,o—mred,l € [% + Q(@), % + cl}, where ¢y > 0 is a small constant;
(b) Attngir:)s,o—mredﬂ € {% — Ca, % — Q(@)}, where co > 0 is a small constant;
t t
(c) Attngn)s,0—>pred,2 + Q(loéd) < Attngn)S,OﬁanS,O"
(t) (t) 1
(d) Attnans70—>pred,1 - Attnans,OHans,O € [Q(@)vc‘i}
2. forl =2,
(a) Attng?s,1—>pred,2 € H + Q(@), i + 04}, where cy > 0 is a small constant;
(t) (t)

(b) Attn, o1 g Aty ns0 € - i — Q(@)}, moreover,
‘Attnz(at])s,lﬁans,o - Attngf])s_rlépred 1l < O(é), where cs > 0 is a small con-
stant;

(®) (t) (t) .

(C) Attnans,l—mred,l’ Attnans,l—)ans,o S Attnans,l—)ans,l - Q(@)’

(d) Attng?s71_>pred72 - Attngi)s’lﬂans’l € {Q(@),Cg}, where cg > 0 is a small con-
stant.

88



Notice that the constant c1 — cg depends on the threshold 0.0001 in Induction G.2. We choose the

threshold 0.0001 small enough to ensure 2Cg(c1 + ¢3) < 1 — ¢gCp and 1 — 4esCp > 0.

Lemma G.23. If Induction G.2 holds for all iterations € [Ty 1 5, 1), given input Z>*~1, then we have
1. for¢ =1, if Z>'"1 € &, then

(a) for j = ju, A, . < —eforr €Wy, \ {r )
(b) forj = ji 2 7(92(v0)), AL, < —oforr € Asy \ {rgsye}s
(c) for other j € 7(Y), r is not activated for all v € 2, i.e., Aé ; << —0.
2. 0 =2, ifZ>'"1 € &, then

(a) for j = jo, ), < —pforr € Aj, \ {rgp, )

(b) forj = js 2 7(92(v0)), AL, < —oforr € Ay \ {rgsye}s

(c) for other j € 7(Y), r is not activated for all v € 2, i.e Aét;,, < —o.
Lemma G.24. If Induction G.2 holds for all iterations € [Ty 1 4,t), given input Z**, then we have
1. 0 =1, for Z>'1 € &,

(a) A5]1 Torvg = ( +Q(1ogd))B'

(t) ()

(b) Q( ) < Ad 1Ty v A51jiyrg2-g/0 S 2(61 + CQ)B.

2. 0 =2 for 221 € &,
(@AY, e {9(1) 4053}-

(b) AY), € [Q(1),coB] and A Y
22192°Y0

5,2,7g5-y1 = Q(l)

., >
9:J25Tg2-y0

Lemma G.25. If Induction G.2 holds for all iterations € [Ty 1 4, 1), given input Z>*~1, then we have
1 forﬁ =1 leQ’e_l € 51’ IOglt( ) =z Q(d2CB(01+02))

2. for€=2,if 2> € &, 1~ 1ogitg7?j2 = Q(1), logity), = O(z=ke7).
Proof. * For { = 1, we have

® _ L
log1t5 = ©) ®

1+ ¢ >morvo T 5,01 rgg w0 + O(d) .
(@) 1 1
> > of 5),
1+ 62(c1+cQ)B + O(d) . 67(%72617262)3 d203(01+cz)

where the inequality (a) follows from Lemma G.24 and the last inequality is due to the fact that

1 . —9c
(c1 + ¢2) is some sufficiently small constant s.t., e~ (§-201-202) B
* For ¢ = 2, we have

7A(f)

5.41:"92-vo

= 1/polyd.

) _ 1
logit N0 NG
1+e 5,92:7g5 -y 5,35:"g9-y0 + O(d) .e
(a) 1

1
< 1+ O(d) - e 4esB _O(d1—4C5cB)’

where the inequality (a) follows from Lemma G.24. Similarly, we have

(t)

5:92:7g3-y1

() _ 1
logltjé = NG Q)
1+e 5,92:7go Y1 5,35:7g9 10 +O(d) .e
1

< =0 1
~— 1+ eQ(l) + O(d) . e—CGB - dl*CaCB :
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O
Lemma G.26. If Induction G.2 holds for all iterations € [T 1 s, 1), given input Z>*=1 then we have
1. fort =1, if Z>*1 ¢ &1, then
(a) for j = ju. Uy, = {rovph AL, L, = BEO):

1j17T91 Y0

(b) for j # j1 € T(Y), assuming j = 7(g1(y)), then Aét,;,rgl.y € {(é - 02)3’ (% +
cl)B} and Agﬁ;)r L —gforr e ﬁj \{rgiy k-

2. 0 =2, ifZ2'"1 ¢ &, then
(a) if g1 = g2 Nyo # Y1,
i forj=ju A, e [%B +01), (4 + QC5)B} and AY), | < —o for
re 5/2\1]'2 \Mrgsm 1
ii. for j = 71(92(%0)), Aét’;wgw - Aét,;‘wgz-yo > Q(1) and Ag;r L —pforr €
5\ {rgago }s

iii. forotherj € 7(Y), assuming j = 7(g2(y)), Aé%,rg” € [92(1), 6 B] andAét’;’T <
—oforr € A;\ {rg}.
(b) if g1 # g2 Nyo = Y1,
i forj =AY, e [%B +01), (4 + 2c5)B] and AY) < o for
r€WAj \{rgyp s
i. forj = 7(g1(v1)), Aét,;z’%.yl - Aét’}z’rgllyl > Q1) and Aétzr K —pforr €
A\ {rgp b
iii. for other j € T(Y), r is not activted for all r € ;, i.e., Aétzr < —0.
(c) if g1 = g2 Nyo = Y1,
i forj = ja, Q’[Jé = {ng-y1 }’ Aét,;z,rgz.yl =B+ 0(6) ;
ii. forotherj € 7(Y), assuming j = 7(g2(y)), Ag;mg” € [92(1), c6B] andAgE-m <

—oforr € As \ {rg,.y}.
Lemma G.27. If Induction G.2 holds for all iterations € [Ty 1 s,t), given input Z**~1, then we have

1. forf=1,ifZ**=1 ¢ &, then 1 — logit!") — o(po}yd).

2. 0=2,if 21 ¢ &, then

. . L (t . (t

(a) if g1 = g2 N\ Yo # Y1, logltégz =Q(1),1- logltég2 — logltg’l(gg(yo)) = —po}yd.
. . (t . (t . (t

(b) if g1 # g2 Nyo = Y1, logltéjz =Q(1), 1~ loglté,zz o loglté,l(fh(yl)) - po}yd'

(c) lfgl =02Ayo=y1, 1 — logltét,gg = O(po}yd)'

G.4.2 Gradient Lemma

Lemma G.28. [f Induction G.2 holds for all iterations € [Ts 1 s,t), given s € T(X), for [Qz(lt);]sﬁs,
we have

2 9.0 logd
> |~ Vouless| =o(757).

)
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Proof. The proof is similar to Lemma G.16, but we need to shift our focus to [ — VQ(t) Lossg’ﬂ
4,3

By Lemma G.23 and Lemma G.26, we have ’
t . (
Ns( ?3 2,0 =E lAttngnl 1—pred,2 ( - loglté,}z)'
Vigro . (g2) — A +0(00)) £0(5%) )1 :
25T g0y g2 5,52," g5 41 g0 {T(z1)=s}NE>
Attng?s 1pred,2 " (1 log1t(t) ):
V; (g2) — ALY + 0(00)) + 0(59))1 .
J2:T g4y \Y2 5,725,795 u1 %0 {7(z1)=s}NES
(a) 1 1 1
=0(-)-Q1)-6(B)+06(=)-0(1)-6(B)-0
(7)) - OB) +6(5) - 0(1) - 6(B) - O )
log d
=o(%)
where the inequality (a) follows from Lemma G.25 and Lemma G.26.
Furthermore, for J\/ 3.2.5i» We have
\N“gg
t
|:Attne(m)s 1—pred,2 loglt( )
((V»/ (g2) — AD +0(0, )) + 6(54))1 .
35T gg-yo \92 5,4,m 0 {r(z1)=s}NE2
e A s 3 gt
J#52€7(Y)
. ~
( > sReLU’(Aégm) : (‘/j,r(g2) — A e T O(Uo)) + O(5q))1{7(11)—s}m§5]
’I"EQA[]‘
1 1 1 1 1
< ). = ). ). . . )< 2.
<6(5) o(dl_CGCB) 6(B)+6(3) - 0(1)-6(B) o(logd) <0()
| S(t?? 1.4l and [NV, 3 5.:| can be upper bounded by O ( log d) as Lemma G.16. Thus, we complete the
proof O

Lemma G.29. If Induction G.2 holds for all iterations € [T 1 s,t), given s € 7(X), we have

2 2.0 logd
> |- Vapress] =0(757).

(=1 ’

Proof. The proof follows a similar analysis to Lemma G.19, and we thus omit the details here. [

Lemma G.30. If Induction G.2 holds for all iterations € [T 1 s,t), given s € T(X), we have

¢ 2 2
Z (Z [— VQWM’?’LOSS?Z} - Z [— Q(t/>L0555 E} )
t=Tyq, =1 55 =1 5%
2,0
logd ( Z Z { Q“')LOSSE’ L,s>'

=T3,1,s (=1
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Proof. Following the analogous analysis as Lemma G.18, we have

2 2
_ 2,0 2,0 _ ®  _ Ar®
> { Vi, Losss ] + {V o, Loss; L’S > D Misew =Ml

s,8

=1 =1 te(2] we{iyii,iii}
Meanwhile |./\/;(2 .aiil = O( po}y =) forp € {3,4} and ¢ € [2], we can focus on the gradient difference
between QS% and Qf& contributed by other terms.
For { = 1, since Attng?s’o Lpred1 2 Attng?s,o _sans,0» and thus it is straightforward to see that
N, 5(211 - 5(,2,1,1‘ > 0. Furthermore, we have

N _A/®
$,3,1,ii s,4,1,4i

t o (2
=-E Attngn)s,()—mred,l : loglté,_)]i
. - ~
((Vao () =AY+ 0(00)) + 0(511))11{7(@0):8}%1
+E Attng?s,O%ans,O ’ logitét,;i
. - ~
(Vi 0) = A5 .., % Olo0) £ 0(5%) ﬂ{mo)—sm]
—E|Attn? - logit!) :
ans,0—pred, 1 g 5,7(91(y))
Y#Yo €Y
(t) O 0
((VT(Ql(y))xTyl'y(gl) B A57T(91(y))77"91>y + O(UO)) + O(aq))ﬂ{7($0)—s}mglc‘|
+E|Attn'" - Y logit!” ~
ans,0—ans,0 g 5,7(91(y))
y#Yyo€Y
(t) 0 D
(V@1 50) = A 11y, 2 0100)) % OB ) raapmspes
@ 1 1 1 1 1 log d
> 0(3) Y Gzmtean ) - OB~ 0(3)- 059 - 0(B) - Ol ) 2 ¥ Freztitorsan )

where the inequality (a) is due to Lemma G.25 and Lemma G.27.
For ¢ = 2, since Attn(t) > Attn(t)

ans,pred,2—pred,1 — ans,1—ans,1°
(t) (t)
Nis9i—Nia,; > 0. Moreover, we have

and thus it is straightforward to see that

N(t) _Ar®
$,3,2,ii 5,4,2,ii

logit!),
»J2

ans,1—pred,2

= -E lAttn(t)

((Vjé,r”_yo (92) — Aét) + 5(00)) + 5(5q)) H{T(ml)_s}mé] (69)

-/
»J2:Tg2 90

) .

Attn'? o
sJ2

+E ans,1—ans,1 lOgit
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(t) A A
((Vjé’r-q?'yo (yl) A 5,09:7g5 -y + O(JO)) + O(aq))ﬂ{T(Il)—s}ﬂgj (70)
~E|Attn'? E lo 1t(t)~
ans,1—pred,2 g

J#32€T(Y)

(X sReLU'(A),) - (Virlo2) - A?LM(UO))i6<aq>)n{f(m_s}ng§] N
TEQlj

E Attnans 1—ans, 1’ Z logitét,;
J#j2€T(Y)
t) t) A A
( Z SReLU/(Aé s r) : (‘/L ( ) Aé 7 + O(UO)) + O(éq))ﬂ{r('rl)_s}ﬂggl - (72)

7‘691]'
By Lemma G.25, we obtain that
1 1 logd
(69)+(10) > O() -O(m> .O(B) > —O(m)
By Lemma G.26, for 520, we only need to consider the case that g1 = g2 A yo # y1, and we have
(71) +(72)

o (t
Attngn)s ,1—pred,2 Z IOglté,l(!]z(y)).

y#y1€Y

(1)
((Vr<gz<y>>mm(92) ~ A (2 )ragy O )) + O(5q))1{r (21)= s}m{glngywéyl}]

t o (T
Attnz(an)s 1—ans,1 ° Z loglté;(gz(y)).
yFYy1€Y

(*) 5 5
((Vf(gz(y))mm-y(yl) A (g ))regy T O(Uo)) + 0(5q))ﬂ{r<z1>—s}m{gl_g2Ayo¢y1}1

2 -6(1)-om-0(m-0(z) = -o(3)

Putting it all together, combining with the fact that ¢g and (¢1 + ¢2) are sufficiently small, we finish
the proof. O

Lemma G.31 (Lower bound of gap). If Induction G.2 holds for all iterations € [T 1 s,1), given

s € 7(X), we have | EL%]S’S = E&]w > Q(loéd).

Proof. Letting T denote the first time that [Qg]s,s — [Qf&]s,s < %( 4(1%'1’5)]573 — gf"l’s)]s,s),
which implies that

T 2 2
E ( E {— VQ<t/>473Loss§’ } E [ u)Lossg’é} )
1 8,8

tV=Tz1,s 4= 58

=

Hence, by Lemma G.30, we have [Qf;)]sys and [Qfg]s,s reaches €2(1). Thus, we can have a refined
lower bound for (71) + (72) in Lemma G.30, and obtain:

T+ (72) > —0(——)

polyd
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loglt(

(t)
Attn 5,7(g2(yo0))

ans,1—pred,2

—E

#) ~ ~
((VT(ED(ZJU))ngg-yO (92) - A 5,7(92(v0)), Tg9-y0 + O(UO)) + O(éq))]1{7'(961)=s}ﬂ{gl=gg/\y0;£y1}‘|

®) ®
Attn 5.7(92(40))"

ans,1—ans,1

+E - logit

(t)
((VT(gz(yO))’TQZ'yo (yl) o A57T(£]2(y0))77"92-y0 + O( )> + O(éq))]l{‘r m=sinin= 92/\y07£1“}‘|

20 {iaa) ~o(3) 0(r) 000(i0) -0 i)

where (a) follows from the fact that on the event {g; = g2 A yo # y1}, we have AY

5,J2,Tg5-y1

A(5t327 Fogvy 2 Q(B) once | 4(123]575 and | ff;zl]s,s reach constant magnitude, and consequently, the
logit satisfies logitgti(gz(yo)) <O () -
Therefore,
t 2 2 1
2,0

Z <Z { Vaqw >43Loss5 L Z [ Q“Q Loss; L,s> > _O(logd : d9(1)> -0(1),
t'=T+1 ¢=1 /=1
which means that | (t)] — (t)] >Q( 1 )—O(*) >Q( ) O

)8 4,418,8 = log d log d-d?(1) logd

Lemma G.32. If Induction G.2 holds for all iterations € [Ta1,s,t), given s’ # s € 7(X), for

p € {3,4}, we have
ot of’)

2
> |- Vap o],
=1 ’
G.4.3 At the End of Stage 2.2

Putting gradient lemmas together, we can directly prove that Induction G.2 holds for all iterations ¢
until the end of stage 2.2, where we can conclude the following:

Lemma G.33 (End of Stage 2.2). Given s € 7(X), Induction G.2 holds for all iterations T» 1 5 <

t<T23,=0 (ﬁdgd), then at the end of stage 2.2, we have
(a) [Qif)]s.s = Q1) forp € {3,4);
(b) 1Q1})e.e — [Q)..e € [25ka). O]

(c) |[Q$L]S7S/| < O(%) fors' € T(X) # s, and other [Qq pls,s = 0.

G.5 Stage 2.3: Decrease of Gap and Convergence

After rapid growth of diagonal entries in stage 2.2, we now focus on the convergence of the attention
and logit matrices, and the decrease of the gap between [Qf&]s,s and [ SL]S,S. Recall that

gicté\ (ZL o 1) =1- Attnans,fflﬁpred,f (ZL7€71) - AAttnanSI,1*>Emsy£71(Zlﬁé*l)7
AL’Z(ZL’E_I) - Attnans,[—l—}pred,[ (ZL’Z_I) - Attnans,é—l—)ans,l—l (ZL,Z_l)-

Throught stage 2.3, we will focus on the attention gap A"*(Z%*~1) instead of the gap of the
attention matrices. We abbreviate. e (Z/~1) and AL (ZE4=1) as ekt and AT for simplicity.

Induction G.3. Given e > Q(0y), fors € 7(X), let Ty 3,5 denote the first time that E [eat’tn | 7(x1) =
s} < e For all iterations T 2 s <t < Ty 3 5, we have the following holds:
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(a) | 1(1?’,]5,8 and [QS&]S)S monotonically increases < O(1);
(b) A%* >0 for any Z** with ¢ € {1,2};

(c) Attng?sllﬁpred)2 < 0.5 + ¢; for some small constant ¢; > 0;
t
[ (t)

(d) fOV (p7q) € {(4,3),(4;4)}’ I)J]]S,S’
[ 1(021]8,3/ =0.

G.5.1 Attention and Logit Preliminaries
Lemma G.34. If Induction G.3 holds for all iterations € [I» 2 4,t), given Z>*~1 then we have

0)
< O(%) for s’ € T(X) # s; other

1. forl =1,
(a) Attng?s,O%ans,O > Q(1), and Attng?s,()%ans,o > Attng?s,O—mredg;
2. fortl =2,
(a) Attng?s,lﬁans,l > Q(1), Attni?s,l—)pred,l’ Attngi)s,laans,o < Attng?s,l%ans,l;
(b) | At 1 onso — AL | < O(1).
Moreover, given 7> and corresponding 729 Attné(;)g,o_>pred,1 (ZQ’O) > Attng?s’1_>pre(,72 (Zz’l).

Lemma G.35. If Induction G.3 holds for all iterations € [T 2 s, 1), given input Z>1 then we have
1. forl =1,ifZ>*~" € &, then
(a) forj = 71, Aét,;l,r < —pforr e é\ljl \{"g1vo 1
(b) for j = ji 2 7(92(90) = (1 (@), AL, . < —oforr € Ujg \ {rg,p, 70, 5}
(c) for other j € T(Y), assuming j = 7(g1(y)) for some y # yo, then Aétzr < —p for
r e\ {rg, )
2. 0 =2, ifZ>'"1 € &, then
(a) forj = ja, Aé’gw < —pforr e QAljz \ {7 goopn 1
(b) forj = j3 = 7(92(v0)), AL, , < —oforr € Asy \ {7y}
(c) for other j € (), if j = 7(g92(y)) for some y € Y, then Agtzr < —pforr €

A\ {rg,y }-
Lemma G.36. If Induction G.3 holds for all iterations € [T o s, 1), given input Z>*=1 then we have

L 0=1forZ>" ' cé&,
(@) AV = (1-2&L)B+0®) > (% + cl)B;

5,J1:"g1 -yg

t t t t
(b) Aéy_)jla"‘gl»yo - Aé,;{,rgz.yo = 2(‘Attnfgn)s,()—>pred,1 - Attngn)s,0—>pred,2)B + 0(5) 2
2(61 + C2)B;
(c) fory # yo, Aéf)f(gl(y)),rgl.y = (2Attngf])s,0ﬁpred’1 — 1>B + O(9), which is only

activated if Attngi)s_o Svpred,1 > %

2. 0=2 forZ>'1 € &,

(a) Ag)t’;m’f‘ggyl = (1 - 263{?”)3 + 0(5) Z 4C5B’.
(b) AL, = A22.B+0(0), and
J2:"92-y0
t t t t
Aé,_)jergz-yl - Aé,;é,rgz.yg = 2(Attnz(an)s,lﬁans,l - Attne(m)s,laansp)B + 0(5)7
(c) fory # yo, y1, Aét’)T(W(y))}rg” = (2Attnif\)s,l—>pred,2 - l)B =+ O(0), which is only

activated ifAttng?s 1ospred.2 > %
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Lemma G.37. If Induction G.3 holds for all iterations € [Tz 2 s, 1), given input Z>1 then we have
1. fort =1,ifZ> 1 € &,

() O 1
L - logltf”jl - @(1) ’ 10g1t5»ji =9 <d2<Attn(t> —Attn® )CB > .

ans,0—pred, 1 ans,0—pred,2
2. forl =2,ifZ>"1 € &,

1

)
d2 (Attnizs),laans,l_Attnzgﬁs),l—»ans,O)CB + dl—A%2Cp >

logitl", — @<
moreover,

. M 1
1~ logit{), > mm{nm,a(m >}'

Lemma G.38. If Induction G.3 holds for all iterations € [Ty 5 5, t), given input Z**~1, then we have
1. fort=1,ifZ>*1 ¢ &, then
(a) for j = j1, é\ljl = {Tgl'yo }’ A(t) =B+ 0(5)v

5,J1,Tg1 5o
(b) for j # i1 € T(V), assuming j = 7(g1(y)) fory # yo, then AL} . —AL) >
2Attn'" - B > Q(B) and AD <« —gforre ﬁj \{rg v}

ans,0—ans,0 5,3,r
2. 0 =2, ifZ>'"1 ¢ &, then
(a) if g1 = g2 Nyo # Y1,
i. for j = js, Agi.)j%"'ggyl =(1- ezgfn) - B £ 0O(9) and Aétj-z,T L —pforr €
A, \{rgom b
ii. for j 7(92(%0)), 5,52, g5-y1 5.,5:"g5-v0 ( Nans,1-5ans,1

Attn'?

a1 sans0) B £ O(8) and A | < —pforr € Uy \ {rg,.p0};
iii. for other j € 7()), assuming j = 7(g2(y)) for some y # yo,y1, A
Aét,},rgw = ZAttng?s,l—mns,l
(b) if g1 # 92 Nyo = Y1,
i. forj = jo, Agg‘z’rg”l = (1 —€X)-B+0(6) and Aéf;z,r L —pforr €
o \ {74001 }i
ii. for j =71(g91(y1)) = 7(92(¥)).

(®)

5,j2,7’92-y1

B+ 0(6) and Aét;r < —pforr e §[j \{7gsy -

(?) (t) _ (t) (t)
AE),j;_),7"92.?/1 - A5,j,7’gl.y1 - 2(Attnans,1—>pred,2 - Attnans,l%pred,l)B + O((S)
t t t t
Aé,‘)jQ.,TQQ.yl - Aé,;’,rm_g = 2(Attna(m)s,1—>ans,O + Attngn)s,l—)ans,l)B + 0(6)’
where 14,5 is only activated ifAttné(:,?s,1ﬁpred’2 > % Aétzr <L —oforr €

Qlj \ {Tgryl ) r92'§}; _
iii. for other j € (), assuming j = 7(g2(y)) for y # y1,y, then ry,., is only

; ; (t) 1
activated thttnans’l_mretL2 > 5 and

AL — AW = 2(Attn " + Attn'") )B + 0(6).

5,J2,Tg0 yq 5,72:Tg5-y ans,1—ans,0 ans,1—ans,1

AD < —oforr € U\ {rg, ).

(c) ifg1 = g2 ANyo = y1,

. .= t
i. forj = jo, Q[Jé = {rgz-y1 }’ Aé,;z,rgz.yl =B+ 0(6) ;
ii. forotherj € 7()), assuming j = 7(g92(y)),
t t t t
Aém)jQﬂ'ggvyl - Aé,3’277-g2,y = 2(Attngn)s,1%ans,0 + Attna(m)s,l%ans,l)B + 0(6)
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and Agt; , K —oforre ﬁj \{7goy }-
Lemma G.39. If Induction G.3 holds for all iterations € [T5 2, 1), given input Z>1 then we have

1. f0r€ = 1, ifZZZ—l ¢ 81, then 1 — logitg;l = O<2Att()lc> = O(po}yd)'
d n

ans,0—ans,0

2. 0 =2, ifZ>'"1 ¢ &, then

: _ : 1 (1) _ 1
(a) if g1 = g2 Nyo # yr, logitg 7 () = O(da(mmgng SR S, P )

b) i Ao = y1, logit!’ =0 L )
(b) if g1 # g2 N yo = y1, logi 57(91 v1) ( (AtminzupreuA“"§ns)1%pred1)cs)

() lfgl_gQ/\yO_yl’l_lOgltdjz:O : 1 I)CB> :m.

(t)
d Attnans 1—ans, O+Attn

G.5.2 Gradient Lemma

Lemma G.40. If Induction G.3 holds for all iterations € [T5 2 5, t), given s € T(X), for [Qa,4]s,s
we have

2 elogd
2,0
> [~ Vaptess] | = 0(gie )
=1
Proof. By gradient decomposition, we have
2
2,0 _ (t)
Sl -Vaptest] =X > M.
=1 T tel2] kefi,iiyiii}

Firstly, for N 4,2,;» by Lemma G.35 and Lemma G.38, we have

'/\[5(272, =E Attnz(atr:)s 1—ans,1 (1 - lOgitgg'z).
. - ~
((‘/}217"92-111 (yl) - Aé}2»7"92'y1 :l: O(UO)> :l: O(5Q)>1{T(Il)s}m§2]
E Attngn)s 1—ans,1 (1 - lOglt(t) )

((Vizirgaon ) = AL, £0(00)) £ 0(57)) ﬂ{Tm)_smgg]

2 o(2) B [min{om.0( i)} 23 Bl =]

elogd
> (5507 ) (73)

where (a) follows from Lemma G.37. Noticing that N(ti 1 > 0and [N, 4 il for £ € [2] is

S

sufficiently small, to provide a lower bound for 25:1 [ -V QW Loss5’4] , we only need to focus
4,4 5,8

on the negative gradient from A"} 41,5 and N, (2 2.0
t
sti2n =
t L (t
—-E Attn‘_gn)S 1—sans.1 loglté ;‘é'
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((Vj;,rm.yo (y1) — Aé?jé,rg2,y0 + 5(00)> + 5(511))]1{7(301)—8}052]

—E Attng?s 1—ans,1 ° Z lOgltétj
J#J2€T(Y)
(3 sreLU' (AL, )+ (Vi) = AL, + O(o0) ) = 0(6%)) ﬂ{f(m_s}ng]
T‘Eé\lj
t
—-E Attnans 1—sans.1 loglt5 (g1 () (sReLU (Aé )r(gl(yl)) _— )-

(t) 0 0
(VT(gl(yl))’Tyrm (yl) h A57T(gl(y1))7rg1-y1 + O(UO)> = O(aq)>H{T(wl)_s}ﬂ{91¢927yo_y1;| :

(74)

When E [C’B (1 =252 | T(21) = s} < 1, by Lemma G.37 and Lemma G.39, we have

(1)
logit; ~ o (1)) Lir(@)=s}n{g1702.00=v1}
1

< O( © ®
d2 (Attnans 1—>pred, 27Attnan5 »1—rpred, I)CB

0 (1)
) (1 —logits )1y, (11 =s1rd,-

During this time, €22, > (1), thus we can lower bound N 4.2, D N 424> —0 <W) .

N, *) 4.2 z, Wthh implies that the negative gradient from N/ *) 4,2,i; is dominated by the positive gradient
from N) 12,0

When ]E[C’B (1 =222 | T(x) = s} > 1, since 2(Attng?s 1 pred.2 Attng?S 1 pred, )CB >
(1 — 2n*2)Cp, we obtain
logit'” 1 <o(})- (1 - logit!)1 7
0git, (4, (y)) Lire)=s}nto 02 wo=u} < O(7) - (1 =logit; N\ yng,- (75
For the event {g1 # ¢2,y0 = y1}, if A5 )T(ql(ul)) For ot is still in the linear regime, we have
1
(t) (t)
A5yf(91(y1))ﬂ‘gl-yl (1 — 2Attn, ,1—>pred, 2) B+ 0(9) > o,
which implies
2,2 o
€attn = 1 — 2-Attnans,lﬁpred,Q >Q E . (76)

Hence, putting (76) back to (74), and putting (75) back to (74), we can lower bound N 42,0
follows N}, . > —O(4) - N, £ AL

s 5 T(gl( 1))1T91'y1
2,2
can upper bound sReLU’(AgT(g W11 m1 ) by O(%), and then similarly, we can obatian
1 1 1°
Ns42u— ( ) NS421

Following the analogous analysis, the negative gradient from N .4,1,i; can also be dominated by the

falls into the smoothed regime, we

positive gradient from N *) 4,2,;- Hence, we complete the proof. O

Lemma G.41. If Induction G.3 holds for all iterations € [T5 2 5,t), given s € T(X), for [Qua,pls.s,
p € {3,4}, s’ # s € 17(X), £ € [2], we have

1 2,0
=0(3)|[~Tagro=], |

’ { Vv <t) Lossr q

Q,

s,s
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G.5.3 Non-negative Gap
Lemma G.42. If Induction G.3 holds for all iterations € [T o 5,t), then at time t, we have AL >0
for any Z** with ¢ € {1,2}.

1

ea—2

Proof. Let T denote the first time that E[A22 | 7(z1) = s] < a, where o = S

Following the analogous analysis as Lemma G.30, we have

2 2 _
Z [— QP Loss2’ L . + Z {VQ@ Lossz’ } Z Z /\/ 3 z . Nﬁ’)&ﬁ.
=1 ’ =1 ’ e Le(2] kedi,ii,iii}

We can ignore the negligible difference introduced by /\/‘s pot,iii TOTD € {3,4} and ¢ € [2].

For ¢ = 1, since Attngns) Ospred,1 = Attngfs)o —yans,0» and thus it is straightforward to see that

N, (?1,1 N, (?1 > (. Furthermore, we have

S S

T T
N( 3,)1,iz' - N(.4,)1,i1:

S,

- _E Attngfs)oﬁpred . logitéi-)i 'SReLU/(Ag;mgQ-W)
(a5 20 20 s
Attngs)Oaanso logit( ), sReLU’ (A(?l,rgz yo)
(V)= A, £000) £ 06| 70
-E Attngs)0 pred.1 Z logltéTT)( () SReLUI(AgZ;)(gl(y)) rgly)
y#yo€Y

(T) = =
((VT(%(?!))""m-y(gl) Ay ey T O("O)) + O(‘sq))ﬂ{““)_mq]

@ . (T) 1(A(T)
Attn, g o ans0 - E : 10g1t5,'r(91(y)) -sReLU (A577(91(y))ﬂ"91-y)
Y7Yo €Y

f ~ ~
(Va0 0 = A5 011, % Ol0)) £ 0(5%) ]l“(’”"):swfl |

+E

By Lemma G.39, we obtain that NS 31,0 - N, 8(2)1“ is dominated by (77) + (78). Moreover, by
Lemma G.37, we have

1
ney

! Z2,0 >0
085 ~ (g1 (y ))( ) - (d (Attnans)OHP"Ed 1

T)
Attnans 0—>pred, Z)CB )

1

>0 (79)

) T) ’
<d (Attnans 1—pred,2 Attnans 1—pred, I)CB >

For ¢/ = 2, we have
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>E Attnfs),lﬁpred,z (1= logitg;l)
((1/;2 (92) — Aéi)m"'gzvyl + 5(“0)) + 6(5(1))1{7(11)—5}@1
_E [Attnﬂl%ns,l (1~ logit!") ).
((ij,rgz.yl () - AT, * 5(00)) + 5(5q)) H{Tm)—s}ﬂé]
> Q(aelogd)E [(1 - logitg)z) ‘ ]lT(xl)zs] ) (80)

where the last inequality follows from the definition of T.

(T) (D)
$,3,2,44 5,4,2,ii
7 . (T T
=-E lAttngns{l Cpred2 logltg_’j)é -sReLU’ (Aé,j)é,rgz.yo)
(7) 0 O
((‘/jév"'gz‘yo (92) _ A5,j§,7"92.y0 + O(O’o)) + 0(5‘1))]1{7(361)_8}052] (81)
T (T T
+E Attnz(ms),laans,l ’ lOgltéJ)é ' SReLU/ (Aé’j)é’rf’?'yo)
(T) 0 0
((Vjé,rg?yo (yl) - A5,j§,rg2.y0 + O(JO)) + O(aq))ﬂ{T(Il)_S}m521 (82)
. (T
o |\Attn€(ins),1—>pred,2 ’ Z IOglté’j) )
J#32€T(Y)

(3" sReLU'(ALT),) - (Vi(g2) — ALT), £ O(00)) + O(57)) ﬂ{f(m_s}ng] (83)

’I'Eﬁj
+ E Attn;(lz:s),l—mns,l ’ Z logiti(')i)
J#j2€7(Y)
T T ~ ~
(3 sreLU'(AL)) - (Vir(n) = AL, + O(00)) + O(éq))ﬂwl)_s}mggl E
’I‘Eﬁj

Notice that by Lemma G.36 and the definition of T, we have

81) + (82)] < O((arlogd)*™ 1) - {(1 - logitgl) : nf(m):s},

which is dominated by (80) due to the choice of a.

Furthermore, by Lemma G.38, for 55, we only need to focus on the output logit(t)

. 5,7(92(yo))
case g1 = g2 N\ Yo # y1, and obtain
(83) + (84)

from the

) Attn'D) . logit(f) -sReLU’ (A(T) )

ans,1—pred,2 577'(92(3!0)) 577(92(90))77"92»';;0
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(T) 2
((VT(gz(yo))vrgz»yo (92) — AS,T(gg(yg)),ng_yO +0(o )> 4 O(éq))]l{T (z1)=s}n{g1= 92Ay0¢y1}]

(T)
ans,1—ans,1

+ E|Attn loglt5 7 (92(50)) -sReLU’ (A(T) )

5,7 92(90)) Tg2-yg

T) = =
((Vr(m(yo)),rgz.y(yl) — A aa o £ 0(00)) + 0(5‘1))11{7@1)_s}n{gl_gm#yl}] :

By Lemma G.39, we have

(7) 21y = !
10git5 ~(gauo (Z7) = O<d2(Attn( D1 o —AttnD), O)CB)

Since E[A%2 | 7(x1) = s] < a, where « is sufficiently small, then combining with (79), we have

(Z*") = 0(1) - logit! (Z*9).

T)
5,7(92(y0))

T)
10g1t5 ,7(92(%0))

Therefore, since £§ happens with probability O(j55)» We obtain that

1 t t
(83)+ @) > ~0(= ) (M3 1~ M)

Putting it all together, we can conclude that when E[A22 | 7(x;) = s| reaches below «, the gap in
non-decreasing direction is guaranteed, i.e.,

2,0
Z [— ng) Lossz ]

2
2 +z:1 [ Q{7 Loss’ } > 0,

s, s,S

which completes the proof. O

G.5.4 Upper Bound for Q
Lemma G.43. If Induction G.3 holds for all iterations € [Ts 2 s,t), given s € T(X), then at time t,

we have [Q4 p]s s <O(1) forp € {3,4}.

Proof. Denote the first time that [Qit,é]s,s reaches (log'*° d) for some small constant ¢ > 0 as T
Then by direct calculations, we have

® 1
Attnans ,0—pred,2 <0 (eQ(lochd)> )

1
t t
AN | eq s +ALSL o <O <€Q(10g1+d))

Moreover, by Lemma G.37, we can simply bound the logits as follows:

1 2,0 .
) 1) §O<7d03/2_1>f0rz € &y

1
1-logit') <O
J2 Cp (1-2Atn(") —2Attnl
d B ans, 1—>an5 0

ans,1—pred, 1
21 - &
)C ) O(dc o 1)forZ € &.

1
ch (l 2Attn< )

ans,0—>pred, 2

1 - logit!" < O(

1
+0
a2 (Attn( ) —Attn(®)

ans,1—ans,1 ans,1—ans,0
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Thus, by focusing on NV 31 ; and N 41 ;, we have

2
1 1 1 logd
< d’ O(ch/2—1) 'O(esz(loch d)) B < 0(652(10g1+cd)d03/2)’

Z [ — VQ% Lossg’e]

{=1

which implies

(M) - QD) 4 T'logd (T) polyd - log d e
Qi3 <Qu3 (WW <Qu3+0 —Qlog T D) g0 /2 < O(log ™ d).

O

G.5.5 Attention Upper Bound
Lemma G.44. If Induction G.3 holds for all iterations € [T5 2 5,t), given s € T(X), then at time t,

for any Z>', we have Attn‘_gn)S Aopredo < 0.5+ ¢1, where ¢ > 0 is some small constant.

Proof. Let T denote the first time that E[Attngﬁ)s 1pred2 | T(21) = s] reaches 0.5 + ¢. where
1

¢ > 0 is some small constant s.t., 2¢ - Cp > 1. At T, we have Attné(ms)(Hpred 1

>

T(zo)=s
Attngns)lﬁpred 917 (z,)=s ; MOTEOVET, Attné(ms),l_>ans ; and Attn§f30%n5 o is still at the constant
level.

» For ¢/ = 1, by Lemma G.35 and Lemma G.38, fory € Y \ {yo}, we have only T4g,.y has
been activted to the linear regime for the prediction 7(g1 (y)). Furthermore, we obtain

. ,2¢Cplogd

Z loglti T)(gl(y)) > o (iog ;igci g d 1+ O(d) ( loglté ])1>
e {wo} ga-e

—(1—o(1))- ( 1og1tf};>1)

Thus,
[ Vam Lossy }s
T T T ~ ~
Attngns)OHpred 1 ((1 - IOgltg ])1) ((‘/}1,7'91.y0 (gl) - Aé,j)l,rgl.yo + O(UO)) + O(éq))

(T) (T) A A
- Z logity /. () ((Vf(gl(y))-,rgl-y (91) = A5,T(g1(y)),rg1.y + O(UO)) + O(5q))
yeV\{wo}

(1 - IOglt( )) ) 6(”8)) ]lT(xo)—s‘|

T T T = =
Attngns)O—mred 1 (( IOglt( ) ) (<2Attnz(ans)70—>pred,2 "B+ O(UO>) + O((Sq)>

polyd

<E

3 logit (<2Attn£ns)0_>anso Bi5(00)>i5(6‘1)>
yEV\{wo}

+ (1 - 1ogit§§>l) : 5(03)) 17(10)_51 <0.

polyd
o For (= 2, for Z>' € & U {91 = g2,v0 # y12}, we have

E loglt( ) > logd e
5,7(92(y)) = %0y logd
y€V\{vo,y1} logd - e?¢Cs 1 0(d)

2¢Cplogd

( 10g1t(T) logitg;)é)
(T (T
=(1-0(1))- (1 — loglt:éJ-)2 — loglté’j)é).
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Otherwise, we have

L (T (T
> dogit{T, ) = (1 o(1) - (1~ logit{), ~logit(T) ).
yeEV\{y1}

Therefore, similar to / = 1, we obtain [ — VQ(f‘) Lossg’ﬂ < 0.
4,3

5,8

Combing the above two cases, we have 25:1 { -V o® Lossg’e] < 0. It is also clear from
4,3 s,8

Lemma G.40 that 23:1 -V QD) Lossgq - > 0. Hence Attngs)’1 _pred 2 cannot further grow
once it reaches 0.5 + ¢. O

G.5.6 Decreasing Gap at the End of Convergence

~ . 272 N . 2.9 - (dl.Ole)qiil
Let T denote the first time that E[ess, | 7(z1) = 8] < 36, if E[A%? | 7(z1) = 5] < O(W

then we can let 7* = T and stop the training. Otherwise, we have E[A22 | 7(z,) = s] >

)

1.01 \g—1
Q (%). Following the similar argument as in Lemma G.40, we have the gradient contribution

from ¢ = 1 is dominated by the gradient contribution from ¢ = 2. Thus, we focus on ¢ = 2, and
obtain

{ \Y (T)Lossgz]

4,3

AtenD) ((1 —10gitS7) ) ((Visryy o (92) = AT, #0(00)) £ 0(6%))

(1 - loglt( )) O(Ug)>]l{T(x0)=8}1

(T) . (T) NG
—-E lAttnans’l_)pred’2 . < Z log1t5’T(92(y)) -sReLU (A (92(), Tgw)
yeV\{y1}

=E

polyd

(T) o) %)
' ((VT(QQ(y))’T92'y(92) ~ S () e T O(UO>) * O(6q)>> ]l{T(mo)—s}ngQ]

t t
lAttngnl 1—pred,2 Z IOglt( )
J#32€1(Y)

( 3 sReLU'(AY),)- (Vj,r(gz) —AD 0(00)) + 0(5q))11 {T(m_s}mgg]

TEQl]‘

<E (1 - loglt( ) ) -O(elog d)]lT(zl)_S] .

Turning to Qg 4, we have

2,2
[—V (7 Lossg }
4,4

s,8

(T ~ ~
=E Attne(ms 1—sans,1 ((1 - loglté,j)rz) : ((‘/jzﬂ’gz-yl (yl) Aé j)g,rqz u + O(UO)> + O(éq))

(T ~
(1= 1omit(D)) - 0le) n{m)_s}]

—-E |\Attnans,lﬁans,1 ’ ( Z log1t5 7(g2(9) sReLU’ (A51T(92(y))>7”92-y)
yeV\{v1}
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,1’: ~ ~
' ((Vﬂgz(y))%z-y (1) = Aé,)(gz(y))%_y = O(UO)> * O(éq)»ﬂ{r(mo)—s}ﬂ?j *

At s X sl
J#j2€7(Y)

(2 sreLU'(AL),) - (Vi(r) — A}, % Olo0) ) + O(51)) 11“(11)_5}“55] )
T‘Eﬁj

For (85), we have

(85) > E| Attn([) (_mgﬁ@.

ans,1—ans,1 ° 5,54

. T T -1
min {Q<log d)’ Q (((Attne(ans),lﬁpred,Z - Attngns),l—wns,l) log d)q 1Og d) }) 1{T(zo)=s}ﬂgzl

(1 - 10git(7)) Q(é)

. T T -1
min {Q(log d), (((Attn;ns)’1_>pred72 - Attngns)’lﬁans,l) log d)q log d) }]l{r(xo)—s}mé} .

>E

Moreover, for (86), we have

AttnD

(T T
(86) > —E|Attn{), ., logit{) - sReLU (AL )

5,7(91(y1) 5,7(91(¥1)):gq 41

(T) A A
((VT(gl(yl))7T91'y1 (1) — A57T(g1(y1)),r91.y1 + O(UO)> + 0(5(1))]1{7(901)_5}“{917592/\?!0_1/1}]

(D) 1 1 g-1
> —FE (1 - loglts’jz) : O(E) . O(logd> 'O((G log d) )1{T(x0):s}m§2] )
where the last inequality holds since Aéi)(gl(yl))’rgl.yl < (Attngi{l%prem—Attngi),lﬁans,l)B <
O(elogd).
Since IE{AQ’2 | 7(z1) = s} > Q(%) we have

)

(85) > d0-0t . ‘ { v Lossg?]
4,3 s,S

)

and thus (85) > (86). Thus, for ¢ < é, if the attention gap does not decrease to the level of

_1
of @ ot , [Qu,4]s,s Will start to dominantly increase while [Q4,3]s,s Will not change too

logd
much. On the other hand, if the gap of attention holds, then [Qq 3]s,s > [Qu,4]s,5. We have
2.2 (t) (t) O(1)
€aitn = 1 — Attn —Attn,, .1 = - -
att ans,1—pred,2 ,1—ans,1 O(l) N e[Qi,L]s,s + e[QfL?;]s,s
O(1 1
(1) > —-3¢>e

- 0(1) _,_Qe[Qi,T;)]S,S — 2

This implies that, we can find some time between T and T5 3, s.t., the gap will decrease to

1.01 i1
0] ((dloge)dql) . We denote this time as 7™ and stop the training.
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G.5.7 At the End of the Training
Putting everything together, we have that at the end of the training, we have

Lemma G.45. Given s € 7(X), at T* = O(%) if Qog) < € < O( it ), we have

(a) Attention convergence: €=ty < O(e) for ¢ € [2), and E[A%2 | 7(z1) = s] <
(dl.()le)ﬁ .
O g )

<

(b) {Q(T” *)] | = Qlogd) forp € {3,4} if s = &' € 7(X), otherise, [ Ef;)]
O(3);

2 2,0
(c) Loss convergence: y_,_; Lossy" < 1

polyd*

G.6 Proof of Main Theorem

Theorem G.1 (Restatement of Theorem 4.1). Under Assumptions 3.1, 3.2, 3.3, C.1, C.2 and 4.1,
for some constant 0 < c* < 1, ny < m <K log? d, the transformer model F(Tit™2) obtained

by Algorithm 1 with learning rate n = polyl(d)’ and stage 1 and 2 iteration Ty = O(W)
Ty = 6(%'(:)) satisfies
1
ACCL(F(T1+T2)> > 1- poly(d)’ , for every L < O(d°"), (87)

i.e., F(TvtT2) which is trained for task T* and T2, generalizes to solve the tasks T*,¢ < L.

Proof. By Lemma G.45, at the end of Stage 2 training, we have [Q(Tz e } > Q(log d) for all

p € {3,4} and s € T(X).
Therefore, for task 7% with L < O(dc* ), where 0 < ¢* < 1 is a constant depending on the value of
e in Lemma G.45, we obtain

O(1)-L
€ain < W = o(1).
[QZTEJ a} |:Q517;2ds):|
O(1)-L+e sis e s,
Moreover, we have
T: T2,3,s
AR < A = Attng 35— Aty T ) < 0(1),
These together guarantee that
O(1) - d + e°M) 1

F(T*)7 Z(Lﬁ)) <

1 — logit; T(gz+1(w))( O(1) - d + e°(1) 4 S(logd) < poly(d)’

which implies
1

(%) _
ACCL(F ) >1 poly (d)"

H Learning the Attention Layer: Symmetry Case for Short-Length

In this part, we consider the scenario where the group operations form a symmetry group. Specifically,
following Assumption 5.1, we assume that ) = {0,1,...,n, — 1}, and let G be the symmetry group
for ), with order |G| = n,! = O(polylogd) > %, where n, = © (%). Similar to the
simply transitive case, we restrict our analysis to updating only Q, specifically the blocks Q4 3 and
Qa4

Throughout this section, we focus on the simple task 72 and analyze gradient descent updates

with respect to the per-token loss Lossg"z. Given s € 7(X), let Lossgi = fIE[logpF(Zansgﬁ |
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Z2Y) | 7(21) = 3}. Due to the symmetry of [Qu4,3]s,s and [Qu4]s,s across s € 7(X), we may,

without loss of generality, focus on a particular s € 7(X) and analyze the corresponding loss Lossg i

in what follows.
H.1 Gradient Computations
We start with the gradient computations for the attention layer.

Notations for gradient expressions. We first introduce some notations for the gradients of the
attention layer. For 1 < ¢ < L, given Z"*~! and k € Z5*~1, define

Efa(ZHTY 2N £ (2 Y sReLU (A j o (25 (Wi o, Za), i € [5]. (88)
JE[d] re(m]

For simplicity of notation, we will henceforth omit the dependence on Z~*~! in the notation of
EZL ;. x when it is clear from the context.

Fact H.1 (Gradients of Q). For any p, ¢ € [5], we have

~Vq,,Loss” Z Z -Va,., Loss™ where
=1 7,6

-Vaq,. Lossi -

=L =L T
E Attnans,[—l—)k =ik T E Attnans,é—l%k’:&i,k’ Zans7£—1,pzk7q :
KeZL.(~1 KeTLt—1

Lemma H.1 (Gradients of Q4 3). Given s € 7(X), for the diagonal entry [Qu s]s.s of the block
Q. 3, we have

[ - VQ“LOSSE’Q} =E

s,s

Attnng 1 s pred2 - ( > &5(2*) Y sReLU'(As;,)-

jEld] re[m]
(<W5,j,7'a Zpred,2> - A5,j,r + b5,j,r)> ]ls—‘r(w1)‘| .

Moreover, for the off-diagonal entries [Qyq 3]s s With s # s', we have

[f VQus Lossg’ﬂ o =K lAttnansJ—mred,l : < Z Es i 22 1 Z sReLU’ (As,j,r).

J€E[d] re[m]

(<W5,j,7'7 Zpred,1> - A5,j,7' + b5,j,7‘)) ]ISIT(Il),S’:T(QJO) .

Lemma H.2 (Gradients of Q4 4). Given s € 7(X), for the diagonal entry [Qu.4]s.s of the block
Qu,4, we have

|~ Vaulosst?| = ElAttnans,lHans’y (Z £5(Z>") 3 sReLU'(As,;,)-
o° jeld) relm]

<<W5,j,r> Zans,1> - A5,j,r + b5,j.,r)) ﬂs—T(xl)] .

Moreover, for the off-diagonal entries [Qu 45, With s # s, we have

- VaQu. Lossg’z] =E

s,s’

Attnans’l%ansﬁo . < Z 55’j(Z2’1) Z sReLU' (A5,j77~)'

j€ld] re[m]
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(<W5,j,r, Zanso) — N5 jr + bs,j,r)> ﬂs_f(ml),s/_r(xo)] .

H.2 Some Useful Bounds for Gradients

In this subsection, we establish several useful bounds on the gradients of the attention layer, leveraging
the feature structure of the MLP layer learned during stage 1.1. These bounds will be instrumental
for the subsequent analysis.

Recall that for j € 7())) and y € ), the fiber Fiber; ,, and the set of feature combinations for
predicting y = 771(j), are defined as

Fiber;, ={g€G|7(9(v)) =4}, F;= {(Fiberjyy,y) €29 x y}.

As established in Theorem F.1, at the end of stage 1.1, we have

* Sparse activations: For j € 7(}), let ¢ = (Fiber; ,,y) € §;, then there exists exactly one
activated neuron r € [m] such that when g; = g € Fiber; ,, yo = y happens:

5,7,T

ALY =B-00),  |ev ) - V] <o)
ATll <Od Wy ! Lo,

5,7,r"
for some C\, = O(ny);

* Cancellation of incorrect features: For j € 7()), let ¢ = (Fiber; ,,y) € §;, and let the
r € [m] be the activated neuron, then for any ¢’ ¢ Fiber; ,, and any 3y’ # y € ), we have

V(e + V)| <06) and V(g + VT )| < 000).
In the analysis of FFN layer, we have a pair § = (d1, d2); in the expressions above, some terms should

use 071 and others d5.

Notations for activated neurons. We denote by r; ,, the unique activated neuron corresponding to
¢ = (Fiber; ,v) € §;. Forany g € Fiber;,,,, we also write 7., for the same neuron 7; ,,. Note that
Tgy.y = Tgy-y fOr distinct g1, g2 € Fiber; ,. Moreover, define

AL Ujery)?;, where 2L, £ {rjy |y ey}

In other words, 2 is the set of all activated neurons across all feature sets §; for j € 7()). Given
ZE471 letting G(Z141) = U{gr }E_, be the collection of all the chosen group elements in the

predicate clauses. Similarly Y = U{y, }5_- Then define é\lj(ZL’efl) = {rg.y | g € Fiber;, A

(g €g (ZH*YY vy € JA)) } For simplicity, we omit the dependence on Z**~ in the notation of
é\lj when it is clear from the context. Equipped with these notations, we can summarize the above
properties in the following lemmas.

Lemma H.3 (Properties of target feature magnitude). Given j € 7()) and y € Y then for g €
Fiber; ., the following properties hold.

Viray (9) + Viiryy (v) 2 2B = 0(8),  |CaV2(y) — VD (9)] < 09), (89)
Virg (9) + Viry, )] < 0(0), Vi, , (') <O forally' #vy, (90)
Virsw @)+ Vi, )| < O0),Vjr,,(g") <O forall g’ ¢ Fiber;,. 91)
Vi (9)] Vi ()] < O(8) forall v ¢ 4. 92)

Lemma H.4 (Properties of irrelevant magnitude). If (p,v) ¢ {2} x GU {5} x Y, or j & 7(Y), then
for any r € [m], we have

(W5 e0)| < O(00). (93)
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The above lemmas give us some direct computations of the inner products between the weight
matrices and input embedding vectors.

Lemma H.5. Let j € 7(Y) and { € [2]. Then for any r € [m)], the following holds:

(Wi, Zirea) = Viir(92)  O(00), 94)
<W5,j,'r7 Zans,€—1> = ‘/j,r(yé—l) + O(O'O)~ 95)

Moreover, for j ¢ 7(Y) and any k € %' and r € [m], we have
|(Ws.j.r. Zi)| = O(00). (96)

Furthermore, we can establish some characterizations of the A5’j,T(Z2’€_1) quantities, which are
crucial for the following analysis.

Lemma H.6 (Characterizations of Lambda). Given Z*' with { Attnans 1k }xez2.1, then
(a) forj € T(Y), for activated neuron r € 2, we have

2 2
A5,j,r = Z Attnans,l—)pred,l’V’,r(gé’) + Z Attnans,l—)ans,é’—l‘/j,r(y@'—l) + O(UO)-

=1 =1

(b) forj € T(Y), for any non-activated neuron r ¢ A; we have

‘AW < 0().
(c) for j & 7(Y), for any r € [m], we have
‘As,j.,r < O(0y).

A direct consequence of the above lemma is the following finer characterization of the activated
neurons.

Lemma H.7. Given j € 7(Y), forr € 2, \ﬁj we have sReL U’ (A57j,r) =0.

Now we are ready to further derive the gradients of the attention layer starting from Lemmas H.1
and H.2 and the properties established above.

Lemma H.8 (Refined expression for the gradient of Q4 3). Given s € T(X), for the diagonal entry
[Q4,3]s.s of the block Qq 3, letting jo = T(g2(y1)), we have

[ - vQ4,3 LOSS§’2:| =K [Attnans,lﬁpred,2'
s,8

((1 ~logits ;,) - (D SRLU'(As o) - (Viar(g2) = As.jur % O(00) ) £ O(6))

Teﬁj2
- Z IOgitS)j : ( Z SReLU/(A&j)T) : <‘/j)T<gg) - A5,j’r + 6(0‘0)) + 6((5(1))
J#j2€7(Y) red;
+ Z 10git57j6(0'8)) ]17'(:01)_5‘| .
JET(Y)
Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

[ - VQMLoss?’ﬂ =E

s,8

Attnans,l—»pred,l :

((1 —logits ;) ( . SReLU (s o) (Viar (1) = Asjar £ Ol00) ) £ 0(37))

T'EQA[J'Z
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= Y gty - (Y sReLU (A55,) - (Virlg1) = Aszr + Olo0) ) 0(67))

j#]ﬁET(y) TEQAIJ
+ Z 10git5’j0(08)> ]17'(961)—8,7'(-”60)—5/‘| :
igr(Y)

Lemma H.9 (Refined expression for the gradient of Q4 4). Given s € 7(X), for the diagonal entry
[Qu,4]s,s Of the block Qq 4, letting jo = T(g2(y1)), we have

[ - vQ4,4 LOSS?Q} s =E lAttnans,lﬁans,l‘

((1 — logits_, ) - ( Y sReLU'(Asj,,0) (Vm(yl) — A5yt 6(00)) + 6(5Q))

T’Eé\ljz

Y logit,; - ( 3 sReLU'(As ) - (vm(yl) — syt 6(g0)) + 6(5Q)>

j#j2€r(Y) redl;
+ Z lOgit57j6(08)>ﬂT(z1)—s]-
JET(Y)

Moreover, for the off-diagonal entries [Qu 3]s s With s # s, we have

|: - vQ4,4 LOSS?’Q} sl =E |\Attnans,1—>an570‘

((1 —logits ;,) (Y SReLU (As o)+ (Viaw (90) = As,zor % O(00) ) £ O(57))

TGé\le

— Y togity; (D SReLU(As ) (Vin(o) — As % Ol00) ) + O(6%))

j;ﬁngT(y) T‘Eﬁj

+ ) logits,j0(08)> ]lT(rl)—SJ(ro)—S’} :
Jj¢T(Y)

Following the above calculations, we can further obtain the gradient summation of Q4 3 and Qg 4 as
follows:

Lemma H.10 (Gradient sum of Q4 3 and Q4 4). Given s € T(X), letting jo = T(g2(y1)), we have

{— VQ4,3Loss§’2} + [— VQMLoss?’ﬂ

5,8 s,8

=E

((1 — logit57]2) . ( Z SReLU/(A5;j27T).

TEQIJQ
( - Attnans,l%ans,o : ij,r(yo) - Attnans,l%pred,l : ‘/jz,r(gl)

+ (]- - Attnans,1—>ans,1 - Attnans,l—>pred,2)A5,j2,r =+ 6(0—0)) + 6(6q))

+ ) logity; - ( > sReLU'(Asj,)-

J#j2€T(Y) redl;
(Attnans,l—wns,O . ‘/j,r(yo) + Attnans,l—mred,l : Vj,r(gl)

- (1 - Attnans,l%ans,l - Attnans,l%predz)AS,j,r =+ 6(00)) + 6(5q))
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+ Z logit57j . (Attnans,lﬁans,l + Attnans,l%pred,2)6(08)> ]]-T(:rl)_s‘| .
j¢r(Y)

Notations for gradient decompositions. We shall define some useful notations to further simplify
the expressions of gradient.

Lemma H.11. For any s € 7(X), we define the following notations for the gradient decompositions:

1. for [Q43]s,s we have [— Vau LOSS?QL’S = ]E[Ns,3,2,i + N 3.2, +Ns,3,2,iii], where

Ns,3,2,i = Attnans,lﬁpredﬂ . (1 - 10git5,j2)' (97)
(D2 SReLU (As) - (Viaur(92) = As o £ O(00) ) + O Lr(r, )
reg{jz
Ns,3,2,z'i = _Attnans,lﬁpredﬁ : Z lOgit5,j' (98)
J#j2€7(Y)
(32 sReLU (A ) - (Vir(2) — Aoy % Olo0)) % O ) Ty
T’Gé\lj
Ny 3.2,iii = At Nans 1-5pred,2 - Z logit57j6(08)1r(a:1):s- 99)
JET(Y)

2. for [Q474}s,s’ we have [— VQi. LOSS?Q] ss E[Ne,4,2,i + M9,4,2,ii + Ns,4,2,iii}> where

Ns,4,2,i = Attnans,l—wns,l . (1 - logit5,j2)' (100)
(> SReLU (As,500) (Vi (92) = As o £ 0(00) ) £ O(8) ) Lo o
Teﬁjz
Ns,4,2,ii = *Attnans,l—mns,l . Z logits,j‘ (101)
J#j2€7(Y)
(D2 SReLU (Asz) - (Virlyn) = Asijir £ 0(00) ) + 00" )z,
’I‘Eﬁj
Ny a,2,iii = At Dans 15ans,1 - Z IOgitS,jé(US)]l'r(:cl):s- (102)
J¢T(Y)

3. for the summation of [Qagslss and [Quaalss we have [ - VaQu, Lossg’Q]
Vi LOSS§’2] as = E [N 2,6 + No,2,ii + Ni 2,0i], where

+ [ -

S,s

./\/;7271' = (1 — 10git57j2) . ( Z sReLU’(A57j27,«)-

Teﬁjz
( - Attnans,l—)ans,O : ij(yo) - Attnans,l—)pred@ : ‘/}g,r(gl)
+ (]— - Attnans,lﬁans,l - Attnans,l%pred,Q)AS,jg,r + 5(00)> + 5(5q))17(m1):s

Nozii= > logity ;- (Y sReLU'(As;,):

J#j2€T(Y) redl;
(Attnans,1—>ans,0 : Vj,r (yo) + Attnans,l—wred,l : Vj,r(gl)

- (1 - Attnans,1—>ans71 - Attnans,l—)predﬂ)AS,j,r =+ 6(00)) =+ 6(6(1)>17(zl):s
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Ns,&iii == Z IOgits,j ' (Attnans,lﬂans,l + Attnans,l%predﬂ)6(08)]17-(z1):s~
JgT(Y)
Probabilistic events. We conclude this subsection by introducing several probabilistic events that

will be used to simplify the characterization of activated neurons in the subsequent analysis. We first
define some events that may contribute non-trivially to the gradient of Q4 3 and Q4 4:

&= {yo # y1.91(0-1) # galye), forail £ € 2]}, (103)
&= {9192 € Fiber (g0 0- 01 (1) # 92(00) }. (104)
& = {yOZyl,gl(yl)#gz(yl)}’ (105)
&= {yo # Y1, 91(Ye—1) = g2(ye—1), forall £ € [2]}~ (106)

We first observe that event £; occurs with high probability 1—O ( %) , and serves as the primary regime

of interest. In contrast, events & and &3 each occur with probability ©(1/n,) and correspond to
instances of initial prediction ambiguity, where certain incorrect classes may exhibit disproportionately
large logits. Similarly, £, corresponds to instances of initial prediction ambiguity, while occurs with
probability ©(1/n2). Furthermore, we define the following events, which yield negligible gradient
contributions to Q4,3 and Q4 4, as they do not lead to significant confusion among the incorrect
predictions:

Es = {yo #y1,91(y1) = 92(v1), 91(yo) # 92(3/0)}, (107)
& = {vo = .01 (11) = () }. (108)

Here, & occurs with probability ©(1/n,), and & occurs with probability ©(1/n?). Together, the
events U;c[)&; form a partition of the entire sample space.

H.3 Stage 1.2.1: Initial Growth of Q

We define the following notations:
e - - p—
eiyt” (ZL’E 1) =1- AttnanS,E—lqpred,K (ZL’Z 1) - Attnans,l—l—mns,é—l (ZL’E 1)7

AL)E(ZLyéil) = ’Attnans,lflﬁpred,f(ZL’éil) - Attnans,fflﬂans,ffl(ZL,E?I)"

We abbreviate eaLtﬁ (ZL *2*1) and A% (ZLve’l) as eaLt’tl;, and A% for simplicity. Since we only focus
on the input Z*! in the following analysis, we will omit the notation related to the length, i.e., we
use €,in and A when the context is clear.

Induction H.1. Given s € 7(X), let T1 2 1 s denote the first time that Eleaen | 7(21) = 8] < 0.4 For
all iterations t < Ty o 1,5, we have the following holds

(a) | ff%]s el f&] < O(1) monotonically increases;

s,8 —
(t)

(b) forp € {3,4}, for s’ € T(X) £ 5 5 O([Qd]) s otherwise [QR)] ., =

0,‘
(c) for any sample Z>', we have Attn'?) — Attn® > —O(M);

ans,1—pred,2 ans,1—pred,1 — log d

[Q‘(lty)p] s,s’

(d) for any sample Z**, we have Attn'?) — Attnl?

ans,1—pred,2 ans,1—ans,1 < ¢ for some small
constant c; > 0.

H.3.1 Attention and Lambda Preliminaries
Lemma H.12. [If Induction H.I holds for all iterations < t,then we have

1L Attni?s,l—mred,l + Attng?s,lﬁans,l € [04 + 6(%) ) 05}’
(t) (t) )
2. |Attnans,1—>pred,1 - Attnans,1—>an5,0 < O(%)
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Lemma H.13. If Induction H.1 holds for all iterations < t, then given Z>' € &,

1. for the prediction js, we have

(t)
A5vj277'92"y1 B
®) ®) ®) (®) 2B
(Attnans,1—>pred72 - Attnans,l%ans,o) ‘2B + (Attnans,lﬁans,l - Attnans,l—}pred,l) n
y
2. for the prediction j = T(gg (yo)), we have
t t t ~7 B
A = (A0 gy = AttnLL ey ) 2B+ O ) +0(0).
Y
3. for the prediction 7(g1(yo)), we have
(t) _
5’T(gl(y0))77"g1'yo
®) ®) ®) ®) 2B
(Attnans,lﬁpred,l - Attnans,l—mns,l) 2B + (Attnans,1—>ans,0 - Attnansl%pred,?) n
y
furthermore, we have AW < AW
’ 5;7(.‘71(90))x7“g1-y0 - 57"'(92(1/1))77'92'1/1'

4. for the prediction T(g1(y1)), we have

A(t)

5,7(91 (yl))""gl‘yl

- (Attn(“ — Attn?)

ans,1—ans,1 ans,1—pred,2

2B  ~/B

)= +0(2) +00).
Ny d

5. for other j € T()), if there are j and y, s.t., g1, g2 € Fiber; , (notice that y # yo,y1 for
&1), then for such a j, v € A \ {ry,.,} cannot be activated, moreover, we have

t t t . B
Aéf.)7-7rgg-y = (Attngn)s,lﬁpredﬂ - Attné(m)s,lﬁan&l) . ZB + O(d

.ny

) +00);

else, none of r € 2 can be activated.

Notice that for &1, the neurons mentioned in 1-4 should be different neurons, while the predictions in
1 and 3, or 2 and 4 can be the same in some cases, e.g., g1(y1) = g2(yo). In all cases, except for the
neurons mentioned above, i.e., Ug,erel2] {Tge'yzul} (which may not be activated), all other neurons

~

r € Upprep (QJ'T(Qe'yy_l) \{ng‘yzul}) cannot be activated.
Lemma H.14. If Induction H.1 holds for all iterations < t, then given Z>' € &, we have

1. for the prediction jo, r € U, \ {rg,.y, } cannot be activated, moreover, we have

t t t
Aév.)ijTgQ-yl = (Attne(m)s,l—>pred,2 - Attne(;n)s,lﬁansﬁ) 2B
+ (Attne(an)s,lﬁans,l - Attninl,l—)pred,l) ’ ni + 0(5)
Y

2. for the prediction j5 = 7(g2(yo)), 7 € Wjy \ {rg,.y, } (notice that in this case rg,.,, =
Tg,.y0) CAnnot be activated, moreover, we have

AY — (Attn(t)

5,555,754 ans,1—pred,

t t
2 T Attn:(an)s,l—mred,l - Attngn)s,laans,l) 2B + 0(6)

3. for the prediction 7(g1(y1)), r € QA(T(gl(yl)) \ {7g, .4, } cannot be activated, moreover, we
have

== 100

A® — <Attn(t) — Attn®
Ty

5,7(91(¥1)), g1 -y1 ans,1—ans,1 ans,1—pred,2

)'QB

112

224 0(6).
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4. for other j € T()), if there are j and y, s.t., g1, g2 € Fiber; , (notice that y # yo,y1 for
&), then for such a j, v € A; \ {rg,.,} cannot be activated, moreover, we have

t t ~/ B
= (Attngn)s,lﬁpred,Z - Attngn)s,lﬁans,l) 2B + O(d

Ty

A(t)

5,j77“92-y

) +0();

else, none of € 2 can be activated.

Lemma H.15. If Induction H.1 holds for all iterations < t, then given Z>' € Es, we have

1. for the prediction jo, 7 € U, \ {rg,.4, } cannot be activated, moreover, we have

AY = Attn()

5,J2,Tg0 yq ans,1—pred,2

2B+ 0(9).
2. for the prediction 7(g1(y1)), 7 € é\["'(gl(yl)) \ {7g, .41 } cannot be activated, moreover, we
have

(®) _ (t)
A51T(91 (¥1))srgy w1 Attnans,1—>pred,1

-2B £+ O(9).
3. for other j = g(y1), where g1, g2 ¢ Fiber; ,,, we have

AD o (Attn(t) — Attn'?)

5,9:"g-y1 ans,1—ans,1 ans,1—pred,2

)3f+5(l3)+m®

d-ny

moreover, if there exists y, s.t., g1, g2 € Fiber; , (notice that y # y1 for £3), we have

t ¢ ~/ B
= (Attngn)s,lﬁpred,Q - Attngn)s,l—mns,l) 2B + O(d

.ny

A(t)

5,45Tg9-y

) +0(6);

besides, other r € ; cannot be activated.

Lemma H.16. If Induction H.1 holds for all iterations < t, then given Z>' € &4, we have

1. for the prediction ja, 7 € Uj, \ {rg,.4, } cannot be activated, moreover, we have

AY — Attn?

5,J2:Tgq y1 ans,1—pred,2

2B+ 0(6).

2. for the prediction T(g2(yo)), 7 € ﬂT(gz(yo)) \ {74540 } cannot be activated, moreover, we

have
NG - (Attn(t) + Attn" — Attn" ) 2B + 0(6)
5,95 Tg0-ug ans,1—pred,2 ans,1—pred,1 ans,1—ans,1 .

3. for other j € 7()), if there exist j and y, s.t., g1,92 € Fiber;,, then for such a j,
r € Aj; \ {rg,.y} cannot be activated, moreover, we have

5,0:Tg2-y

A(t) = (Attn:g?s,lﬁpred,Q - Attng\)s,lﬁans,l) 2B + 6( ) + 0(5)’

. ny
else, none of r € ﬁj can be activated.
Lemma H.17. If Induction H.1 holds for all iterations < t, then given Z>' € s, we have

1. for the prediction jo, € U, \ {rg,.4, } cannot be activated, moreover, we have

AW — Attn®

5,92:Tg5 41 ans,1—pred,2

2B £ 0(6).

2. for the prediction T(g2(yo)), T € ﬁT(%(yO)) \ {7g,-4o } cannot be activated, moreover, we
have

®) _ ®) ®) 5(_B
AS,jé,rgQ.yO - (Attnans,1—>pred,2 - Attnans,l%ans,l) 2B + O(d n,,

) +00).
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3. for the prediction T(g1(yo)), r € ﬁf(gz(yo)) \ {7g,-yo } cannot be activated, moreover, we

have
(t) _ (t) (t)
A5,T(gl(y0)),rgl.yo - (Attnans,l—wred,l - Attnans,lﬁans,l) 2B
+ (Attn;(m)s,laans,o - Attnz(an)s,lﬂpred,Q) ’ ni + 0(5)
Y

4. for other j € T()), if there are j and y, s.t., g1,g> € Fiber;,, then for such a j, r €
A; \ {rg,.y} cannot be activated, moreover, we have

~/ B
A(t) = (Attng?s,lapred,Q - Attna(af\)s,laansl) 2B + O(d

5,0,Tgg -y .
) 2 ny

)+0@y

else, none of € 2 can be activated.

Lemma H.18. If Induction H.1 holds for all iterations < t, then given Z*' € &g, we have

1. for the prediction js, € U, \ {rg,.,, } cannot be activated, moreover, we have

A® - (Attn“)

5,J2:"g0-y1 ans,1—pred,2

+ Attn'?) )2310@.

ans,1—pred,1

2. for other j = g(y1), where g5 ¢ Fiber; ,,, we have

t t t 2B ~/ B
Aé,;‘,rg,yl = (Attngn)s,l—mns,l - Attne(m)s,lapred72> ’ ni + O(d n ) + 0(5)7
Yy Y
moreover, if there exists y # y1, s.t., g1, g2 € Fiber; ,, we have
(t) (t) (t) A .
A5;j77'g24y = (Attnans,l—mred,Q - Attnans,l%ans,l) 2B+ O(d - ny) + 0(5)7

besides, other r € 2l; cannot be activated.

H.3.2 Gradient Lemma
Lemma H.19. [f Induction H.1 holds for all iterations < t, given s € 7(X), we have

2,2 2,2
[~ Vaglos?],, + [ - VagLosi?]

$,8 S,8

>mm{9&{1)AMByEkl—bgé%ﬂﬂm):&64}>0

Ny d

Proof. By Lemma H.10 and Lemma H.11, we have [ — Vq, ,Loss;®] 4+ [—Vq, Loss;®] =

S,8

E ([N 2, + N2, + N 2,i] . Based onLemma H.13-Lemma H.18, we can first directly bound the
term A/

s.2,ii; as follows:

1
polyd’

$,2,i44

EVN)}§5W@:

In the following discussion, we focus on N &(21 and ./\/;(2 .» and consider two regimes for the

gradient lower bound: (i) IE[Attng’;)ﬂ_)pred’2 - Attng?&lﬁans)o | 7(z1) = s] < £, and (ii)
]E[Attné(f?_%lﬂmd’2 — Attngﬁ),s71_>ans70 | 7(z1) = s] > &. The proof strategy is to analyze N;g)l

and V, S(tz) ,; under different event conditions in two regimes.

1. For regime (i),
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(a) For Z%! € &£, by Induction H.1 and Lemma H.13, we have an immediate logit upper
bound for j € 7()): logitgt,;- < O(%). Then by Lemma H.10, we have

B[, 1e,
=E|(1 - logit!" ). ReLU' (A, ).
( ogl 5,]2) Z she ( 5¢]2,’r)
T€§1J'2
( - Attnz(ai)s71—>ans70 : ijﬂ"(yo) - Attngf\)s,lapred,l ’ ij,T(gl)

+ (1 - Attng?s,lﬁans,l - Attne(xi)s,lapredz)Aét,;’Q,r + 0(00)> + O((sq)>ﬂ‘r(«”1)8ﬂ51:| :

By Lemma H.13, we can obtain

E [(1 ~ logit{", ) - (sReLU’(Agf;m%_yl )-

— Attn'") -V (yo) — Attn'") -V (1)

ans,1—ans,0 * Vj2,7gy-y, \YO ans,1—pred,1 = Vi2,7g5.y1 \J1
t t t ~ ~
+ (1 - Attngn)s,lﬁans,l - Attngn):;,l—)pred,Q)Aé,;g,r”.yl + O(UO)) + O(éq))ﬂ7($1)=3151:|

> Q(§> -E|sReLU’"(AY) )|7(z1) = 5,E (109)
= d 5:]2)Tg2‘y1 1 yC1 |-
On the other hand,

~-E [(1 ~ logit{/} ) - sReLU'(A{") ).

t t
<Attn£")s’1%a”5’0 ' VjQ’Tgl'?/o (yo) + Attnz(an)s,lﬁpred,l ’ VjZJ’yyyo (91))
]lT(ml)—s]lfl]lgl(yo)—gfz(yl)}

> -0(

NG _
- ny) -E {sReLU (As,jz,rgz,y1)|7(x1) = 5,51},

»J2:Tgo -y

which implies that E[Ngf;i]lgl] > Q(§> -E[SReLU/(Aét) r() =

2,ii

S, 51} > 0. Moving to ./\/;(t) by Lemma H.10 and Lemma H.13, we have

E |:Ns(,t2,ii]l£1:|
= ]E[ 3> logit!) - ( > sReLU'(As ;,):
J#j2€7(Y) re?;
(Attnz(af\)s,lﬁans,O : V}ﬁ"(yo) + Attni?s,l%pred,l ’ ‘/jar(gl)
- (1 - Attné?s,l—)ans,l - Attnz(af\)s,lapredQ)Aét,},r + 5(00)) + 6(6‘1))]17(%)—5]151}
ny - B
= _O( &2 )

(b) For Z>! € &, by Induction H.1 and Lemma H.14, we can also obtain a crude bound
of logit: logité’f; < O(3) for j # jb. Then N, (*) _can be bounded in the same way as

$,2,1
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(109), and we have

)|7(@1) = 5,&| > 0.

57j277‘92'y1

]E{N(t) ]152] zﬂ(dB

s,2,1 Ny

) E [sReLU’(A“)

Moving to N*)

$,2,i1?

s for j = 7(g1(y1)), we have
= E |:10gitgi3 (SReLU/(Asvjvrgl‘yl )

(t) (t)
(Attnansvlﬁansvo ’ V}v’"sn-m (yo) + Attnans,l—wred,l ’ ‘/}7T91'yl (91)

- (1 - Attngltw)s,lﬁans,l - Attne(ni)s,lﬁpredz)Aét,;,r + O(UO)) + O(6q)> ]l"'(ml)—s]lg2:|
B
- o(PY

(t)

where the last inequality is due to the cancellation of the term Attn, ¢, .0

Vitg, . (Yo) + Attné(;;)s,l_mred,1 “Virg, ., (g1) and the fact that
(t) _ (t) ) 2B B
A577—(gl(y1))7r91_y1 = (Attnans,l—mns,l - Attnans,l—»pred,Q) ’ niy +0(0) < O(niy)

* for j = 7(g2(y)) if there exists y # yo, y1 5.t 91(y) = g2(y)
— when ]E[Attn(t) — Attn'") | 7(z1) = s] < 0.01, by Induc-

ans,1—ans,1 ans,1—pred,2
tion H.1 and Lemma H.14, we have logit(t) y < O(%) . logitg;é

5,7(g2(y and
logitg;é = Q(1). Then

‘]E{logité% (sReLU'(AY), )

JiTgr-y

t ¢
(Attngn)s,lﬁans,o : V}»Tgl'y (yO) + Attngn)s,l—mred,l : ‘/},Tgl-y(gl)
¢ t ~ ~
- (1 - Attnz(a?s,lﬁans,l - Attngn)s,lapred,Q)Aé.},rgl.y + O(UO)) + O((Sq)) ]17(11)—51152]
B
< 0( )
- ny - d?
On the other hand,
E|logit!”, - (sReLU/(A(t). )-
5,72 5,05:Tg1 w0
Attn, Vi oy o (W0) + Attn) Vs (1)
nans,l%ans,O ]éﬂ’gl-yo Yo nans,l—)pred,l Jéﬂ“gl-yo g1
¢ t t ~
- (1 - Attna(m)s,laans,l - Attne(m)s,l—)pred,Q)Aé,}é,rgl.yo + O(UO))
£007) Loyl |
>o(-22),
Ny - d
where the last inequality follows from the fact that
t t
Attnz(an)s,l—mns,o ’ ijéﬁgl.yo (yO) + Attngn)s,lﬁpred,l ’ V}éﬂ'yr’yo (gl)
t t t)
- (1 - Attne(m)sJHansJ - Attn;(m)s,l—>pred,2) é,jé,rgl.yo
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— Attn® (23 NG

ans,1—pred,1 5,35:Tg1 w0

) +0(6) > Q(B).

- when E[Attng?s,lﬁans,l - Attn;?s,lﬁpred,2 | 7(z1) = s] > 0.01, by

(®

Lemma H.14, we have A cannot be activated. Furthermore,

5,45Tg1 -y
E[logit(t) : (sReLU'(A(t) )
5,5 5,]5,7“_(71-7/0
t t
(Attne(m)s,lﬁans,O ' ‘/jéﬂ”gl-yo (yo) + Attna(m)s,l—mred,l ’ Vjéﬂ"gl-yo (gl)
t t t ~ -
- (1 - Attngn)s,lﬁans,l - Attngn)s,lapred,Q)Aé,}é,rgl.yo + O(JO)) + O(éq))ﬂT($1)=S]151:|

> 0.

Putting the above discussion together, we have

E {Nﬁg,uﬂsg] 2 _O<i)~

= 2.2
nyd

(c) For Z?! € &3, by Induction H.1 and Lemma H.15, we can first have some facts of
logit:

L (t (¢
1- loglté’;2 =Q(1), loglté;(gl(yl)) =Q(1)
1
logitét,; < solyd for other j.
Therefore, we have
B[A%Y e |
. (t t t
=E |:(1 - IOglté,gé) : ( - Attn:(an)s,l—mns,o : ij,rg2~y1 (yl) - Attn;(m)s,l%pred,l ’ ‘/}27T92-y1 (gl)
t ¢ t ~ =~
+ (1 - Attngn)s,lﬁans,l - Attne(nn)s,l—>pred,2)Aé,;2,7"92.y1 + O(UO) + O(5Q)> ]lT(ﬁl)—(‘i]lg3:|
a2
Ny - d
Moving to N, S(tQ) ;i» We have
E |:Ns(t2)u]lg3:|
1 ()
2 E [logltf’ﬁ(gl(m)).
Attn'? -V, + Attn'") -V
Nins,1—ans,0 V7 (91(y1)),7gy -uq (yl) Dyns,1-5pred,1 * V(g1 (y1)),r (91)
t t t ~
B (1 - Attnz(m)s,l—)ans,l - ‘Attl’l.gm)s,1%pred,2)Aé,?r(gl(yl)),rgl.y1 + O(JO)
~ n, - B
+ 087 )117 g 70(97)
( ) (z1)=s 53:| d- polyd

= Q(nf d) B O(d~ pilyd) - Q(nyB-d)'

(d) For Z>! € &,, by comparing Lemma H.16 with Lemma H.14, we can directly bound

N, S(tz) ,; in the same way as &>, where the only difference is that we do not need to
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consider 7(g;(y1)) for &. Thus E [J\/’ S( 2) ”]154] > (. Moreover, it is clear that
E [N @, 1154}
=E {(1 ~ logit{"), ) - (sReLU’(A(fL% )
t
( Attnan)s 1—ans,0 ‘/jzﬂ‘gg«yl (yo) Attngn)s ,1—pred,1 ‘/}2’Ty2'y1 (gl)

( Attngn)s 1—ans,1 Attng?s ,1—pred, 2)A(t,;2,rg2,yl + 0(00)> + O((Sq)> ]lr(x1)—s]1€4:|

> 0.
where the last inequality is due to the cancellation of Attng?syl Sans,0 Viargy.y, (Y0) +
Attn;n)S Aspred.1 * Viasrgy.y, (91), and the fact that

AY — Attn'?

5,J2,Tgoy1 ans,1—pred,2

2B+ 0(6) > Q(B).

(e) For Z*>! € &5 U &g, by Induction H.1, Lemma H.17 and Lemma H.18, we can derive

the following logit condition: 1 — loglté; , étg < poly 7

can simply bound ) 95 and N (®) 9,41 as follows:

logit

for j # jo. Hence, we

t t B
‘ [J\/‘S(Q)Z]l } [NS(Q)“ } SO(%~ pond) form € {5,6}.
Putting it all together, we have for the regmie (1),
2,2 2,2 _ (t) B
[~ Vagtost?] [~ Vaprest] = ¥ SmMaa] 2o

w€{i,ii,iii} i€[6]
. In regime (ii), the analysis follows a structure analogous to that of regime (i). The primary

distinction lies in the fact that, under the main event £, the term A5 G2 rg2 v is guaranteed

to remain within the linear regime, thereby serving as the dominant component driving the
overall gradient.

(a) For Z>! € &, by Induction H.1 and Lemma H.13, we have
B[ e,

[(1 ~ logit") )-( 3" sReLU'(AY), )
reﬁm

( Attne(m)s 1—ans,0 ijﬂ“( ) Attngn)s ,1—pred,1 ij,T(gl)

AY

+(1— Attnl?) — Attn" oo x 0(0—0)) + 6(5(1))1@(“)81151} .

ans,1—ans,1 ans,1—pred, 2)

By Lemma H.13, we can obtain

[(1 - lOglt(t) ) (( Attng?s 1—ans,0 ijwgz-yl (y0> Attl’lg?s ,1—pred,1 VJ'2>Tg2~y1 (91)

( Attne(m)s 1—sans,1 Attne(n?s ,1—pred, 2)Aéf;2,rg2.y1 + O(UO)> + O(5Q)> ]l‘r(z1)—s]151:|
(110)

=0(7) 'E[“ ~ logitg},)|r(e1) = 5.8 |.
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On the other hand,

5,72 5,J2,Tg1 5o

~E [(1 — logit!" ) - sReLU’(Al") )-
t t
(Attne(m)S,l%anS,O : Vj?v’"gyyo (yo) + Attngn)s,lapred,l ’ ijﬂ'gl-yo (gl))

]l'r(wl):s]l& 1, (yo)—gz(m)}

B

= _O(d-ny

) .E[(l — logitgf§2)|r(x1) = 5751],

5,2,1

which implies thatE{N(t) 14 > Q(%) -E[(l ~ logit{", )|(z1) = 5,51] > 0.

Moving to Ns(tz)”, by Lemma H.13, we have

e forj = 7(g1(%0)). ¥ = Tg1-y0

’ ‘/}77‘(y0) + Attng?s,lﬁpred,l : VTjﬂ“(gl)

)AL

(Attn(t)

ans,1—ans,0

— (1- Attn) Attn)

ans,1—ans,1 ~ ans,1—pred,2

(t)

e for j = 7(91(y1)), v = 7g,.y,, due to the cancellation of Attn, ;.0 -

V(o) + Attn) V;.-(g1). we have

ans,1—pred,1

ans,1—pred,1

(AW 1 s Vi (00) + Attn) V(o)
t t t ~
- (]' - Attngn)s,lﬁans,l - Attngn)s,lapred,Q)Ag,;,r + O(JO))

> —(1— Attn() — Attn{" @

ans,1—ans,1 ans,1—>pred,2) 5,5,r"°
* for j = 7(g2(¥0)), 7 = Tgs-50

(Attn(” Vi (y0) + Attn') Vir(g1)

ans,1—ans,0 ans,1—pred,1

t i t ~
- (1 - Attngn)s,l—wns,l - Attngn)s,lapred,Q)A‘(',;‘,r + O(UO))

o

) (t)

> (1 - Attn() — Attn!") AY

ans,1—ans,1 ans,1—pred,2

» for j = g1(y), where 3y # yo, y1, s.t., g2(y) = g1(y), we have
(AtEnG) ) aneo - Vir(v0) + Attn) Vin(91)

ans,1—pred,1

t i t ~
- (1 - Attngn)s,laans,l - Attngn)s,lapred,Q)Aé,},r + O(UO))

t t t
Z —(1 - Attngn)s,laans,l - Attnz(m)s,lﬁpredﬁ)Aé,;',r'

Putting them together, and upper bound ) jtiaer() logitgﬁ} by 1 — logitég.z, we
have

t
B[AtY e,
= ]E[ Y logitl) - ( 3" sReLU'(As;.,):

J#I2ET(Y) redl;

t
(Attne(x?s,laans,o ’ Vj,r(y(]) + Attnin)s,l—mred,l ’ Vjﬂ“(gl)

t)
- (1 - Attnéns,l—)ans,l 5,9,
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(t) (t)
5,j2) ' (1 - Attnans,1—>ans,1 - Attnans,l%predﬁ)

>—-E {(1 — logit(t)

® ®
© hax 1A 01600 Mer a0 }]17(%1)—5151} :

(t) _ A
~ 5,7'(92(90))17"92-1/0 o A5,T(gg(y)),’r’92.y +
O(diy) for y # yo, y1 s.t., g1(y) = g2(y). Notice that

max {A(t) AW } <

5-,7(91 (yl))ﬂ"gl Y1 ’ 517(92(90))’7”92-310

where the last inequality is due to the fact that A

Y#Yo.Y1
() () 1
max {Attnans,1—>pred,2 - Attnans,laans,h @(n)}2B,
)

while

(110) > E {(1 - 1ogitgf§,2) CAttn) o 23117(1-1)—51151]

1 e t t
= 2E|:(1 - logltg,;‘z) ’ (1 - Attngn)s,l—mns,l - Attngn)s,lapredﬂ)2B]17’(w1):5]1€1 :
Since by Induction H.1, Attng&1_>pred72 — Attngi)s’l%ans’l < ¢ < 1, thus we have

B

B[N e | +E[V G 1s ] 202

) E {(1 — logit{") )|r(x1) = 5,51} .

(b) For Z?! € &, /\/'8(2 can be bounded in the same way as (110), and we have

B
d-mny

E[N;f;,in&} > qf

) ‘E {(1 - logitét’z-Q)‘T(m) = 5752} > 0.

Moving to N

5,2,

o for j = 7(g1(y1)), we have
=FE {logitgﬁ; (sReLU/(AE;,j,rgl.y1 ):
(Attnz(a?s,lﬁans,o : ijﬂ’grm (y0> + Attna(li)s,lﬂPVEdvl ' ij’rgl'yl (91) (1 : ])

t t A A
- (1 - Attngn)s,l—mns,l - Attng?s,lﬁpred,Q)Aé,;’,r + O(UO)) + O(éq)> ]17'(11)_3]152]

B i)
> _O(ng ~d) E[(l — log1t57j2)’7'(:1c1) = 3,52}

(®)

where the last inequality is due to the cancellation of the term Attn,  , ....¢"

Virg: v, (Y0) + Attn'") Vjrg .y, (91) and the fact that

ans,1—pred,1

Z 406 <0o(=).

AD - (Attn(t) _ Attn®
Y Ny

5,7(91(¥1))7g1 -1 ans,1—ans,1 ans,1—pred,2

)QB B

* for j5 = 7(92(y0)) = 7(g1(y0)), clearly, we have

E {logité?jé : <sReLU’(Aéty;é)Tglly0 )-
t t
(Attnz(an)s7l—>ans70 : ‘/‘vjéxrgl»yo (yO) + Attngn)s,lﬁpred,l ’ ijé”"gl«yo (gl)
t t t ~ ~
- (1 - Attngn)s,lﬂans,l - Attngn)s,lﬁpred,Q)Aé,}é,rgryo + O(UO)> + O(éq)>
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]l‘r(wl):s]lfz >0,

where the last inequality is due to the fact that

Attn'? Vg oo (91) — (1 — Attn())

ans,1—pred,1 ~ VJ ans,1—ans,1
t t
— Attn() )AD,
»J2:Tg1-y0

ans,1—pred,2

> Attn'?

ans,1—pred,1

t t t
’ (1 - 2(Attn( ) 2 + Attne(m)s,lapred,l - Attninl,laans,l)) 2B

ans,1—pred,

> Attnl) | <1 —2(er+ 0.25))213 > 0.
* for j = 7(g2(y)) if there exists y # yo, y1 s.t., 91(y) = 92(y)
— when E[Attn") — Attn'? , | 7(z1) = s] < 0.01, by Induc-

ans,1—ans,1 ans,1—pred,

tion H.1 and Lemma H.14, we have logitét)T(QQ(y)) <O(%)- logit(t),, . Then
) 2

=
9]

‘IE [logitgf} (sReLU'(AY), )

Attn(" Vjr, . (y0) + Attn(" Vim (1)

nans,l—)ans,O IsTg1-y Yo nans,l%pred,l ITg1-y g1
¢ ¢ ¢ ~ ~
- (1 - Attngn)s,laans,l - Attne(xn)sl%pred,?)Aé,;‘,rgl.y + 0(00)> + 0(5‘1)) ]17'(901)_3]152]
< 0(1) (111)
— d .
~ when E[Attn{), ., — Attnl) ., | 7(z1) = s] > 001, by

Lemma H.14, we have Ag;mM , cannot be activated.

Putting the above discussion together, we have

B
BNt + B[Nt | > 0(;

.ny

) E[(l — logitg;)’T(ml) =s,&.

(c) For Z>! € &3, by Induction H.1 and Lemma H.15, we can first have the following
logit bound:

. 1 . .
logltf{; < olyd (1 - logltéf;2) for j # jo,7(91(v1))-

Therefore, we have

B e
=E|(1-1ogit!" ). ( — Attn " Vv ~ Aten® v
( ogl 5,j2) Nans,1—sans,0 * Vi2,rgs 4y (yl) Dyns,1—pred,1 * Vi2:Tgn4, (91)
1— Attn') — Attn?) AD + O(00) + O(69) )1 1
+ ( Dyns,1—ans,1 nans,1—>pred72) 5,52,7g5 -y, (O’O) ( ) r(on)=s e
B o (T
= Q(ny : d) ]E{(l a loglté,}z)\T(ﬂfl) =s,&3.

Moving to N ... we have

E |:N(f2),ii]lg3:|

S
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>E [loglté )r(g1 (1)

) (t)
(Attngns 1—>ans,0 VT(<71(y1)),Ty1.y1 (yl) + Attnans,l—)pred,l ’ VT(gl (yl))ﬂ'(gl)

)AL + O(0p) + 6(5%)

5;"'(!]1 (yl))ngl ‘Y1

— (1 - Attn) — AttnY)

ans,1—ans,1 ans,1—pred,2
]lr(wl)—s]lf)g:l

ny - B —
— O(m) |:(1 — loglt ’7’ J)]_ =S 53:|

Thus,

|:N52u :|+E|:N2u]153:| ZQ(

B
- d) [(1 — loglt5 s ’7’ x1) =5,E3].

(d) For Z*! ¢ &,, we can bound the gradient in a manner similar to regime (i), and obtain
B[ te, | + B[N it 20

(e) For Z%! ¢ £5U&g, by Induction H.1, Lemma H.17 and Lemma H.18, we can derive the

following logit condition: 1 — loglté; ,logltgz < po}yd [(1 — loglt5 ia ’7’ z1)

s, 81} for j # j2. Hence, we can simply bound N 3(2 and V| S(tQ)” as follows:

‘ |:Ns(t2) 7 7n:| |:Ns(t2 (52 m:|

< . . _ = .
O( ; ly ) E{(l loglt )‘T((ﬂl) 3751}, form € {5,6}

Putting everything together, we have for the regmie (ii),

#[-Vaptest], = X Sejtha

s,s
r€{i,i4,1i1} 1€[6]

2,2
| Vap o]

s,8

> Q(g) E{(l ~logit{", )| r(z1) = 51}

O

Lemma H.20. If Induction H.1 holds for all iterations < t, given s € T(X), for [Qu,pls,s/, p € {3,4},
s’ # s € 7(X), we have

2,2
[ vagest’

1 2,2
= O(d)‘ { — VQXLLOS% :|s,s .

H.3.3 Bounded Decrease of Attention to Related Context Clause
Lemma H.21. If Induction H.I holds for all iterations < t, then for any sample Z**, we have

S,8

0 0 logdlogd
Attnans ,1—pred,1 — Attnans ,1—pred,2 = O(W) .
Proof. Denote the first time that I[*Z[Attné(m)S 1 spred.1 Attngn)5 1Hpred2|r(a:1) = 5| <

—Q(legdload) 55 T Notice that
logd

Qi)

Qf)
<0 <{ d] ) for p € {3,4}, thus for any
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sample Z> satisfying 7(z1) = s, at time T', we have

ans,1—pred,1 ans,1—pred,2 —

Attn(T) — Attn(T) < -0 (M).

logd

Based on the the gradient compositions from Lemma H.11, we have { - VaQ.s LOSS?Q} =
5,8

E|:./\/S73,27i + Ns3.2.4 + ./\/373,27“;,;] , and we will discuss N 35, for k € {i,4i,4ii} on different

samples Z>'. Following the similar argument as Lemma H.19, we can first directly bound the term

N, 5(?2 ;i; as follows:

1
polyd”

|:N£€)2 zu:| — O(O’g) =

o for Z>1 € &, at time T, since the neurons for predicting j» cannot be activated, and

logit; ; (7) < O(%) for j # jo, thus we can naively bound the gradient on the event & as

follows
Z E s 3 2 5151]
rke{i,ii}

< O(nyB) +0(89).

o for Z>! € &, similarly, A®

5., 18 NOt activated, and thus we can focus on the term N 32 i,

and specifically, the prediction of j, = 7(g2(y0)). By (98) and Lemma H.14, we have

E {N @, ”]152] > -E {Attn(f)

s ans,1—pred,2

T T
(1 + Attngns)l—mns 1 Attngns),lﬁpred 2 Attngns)lﬁpred 1) | T(ml) = 3:|
o (T) _ 2B | 5.4
-E |:10g1t57jé | 7(z1) = 8,52:| oy d + O(03). (112)

o for Z*! € &3, by Lemma H.15, we can mainly focus on the term N 3 2 ;» and the prediction

of 7(g1(y1)) in 5(72;)2 . since logit'” T)(gl(yl)) 1 — O(j54)- Hence, we have

(113)

ans,1—pred,2

E[(NS(?Z TN 32“)1153} >E|:Attn( )

. (1 + Attn'?) ~ Attn? ) | 7(x1) = s} ( -O(

ans,1—pred,1 ans,1—pred,2

°B |~
logd)> 4 T 00

* for Z%1 ¢ &,, the negative gradient can be bounded in the same way as (112), however, the
probability of £ is order-wise smaller than & and €3, which can be neglected. Moreover,

for for Z>! € &5 U &, the overall gradient is also negeligble since logitgg.2 is very close to
1.

Putting it all together, we have

|: -V (T) LOSS§’2:| 2 -E |:Attna(1:s).1—>pred 2
4,3 5,5 ’ ’
(1 + Attnans 1—ans,1 Attnans ,1—pred,2 Attngns)l—mred 1) | T(‘Tl) = S:|
(D) _ b
E {loglt&jé | 7(z1) = 5752:| nyd

ans,1—pred,2

+E [Attn( )
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(7) (7) _ 1 2B _ 5
(1 + Attnans ,1—spred,1 Attnans ,1—spred, 2) ‘ T(xl) - S] ’ (1 - O(logd)> ny - d (0’8)
Notice that
T T
(1 + Attngns)iﬁpred 1 Attngns)lﬁpred 2)
T) (T) (T)
(1 + Attnans 1—ans,1 Attnans J1—pred,2 Attnans ,1—pred, 1)
T

= 2IAttngns)1~>pred 1 Attngns),l—mns,l'
If 2Attn‘_£fs)1_>pred 1~ Attnéms)1Hans 1 < c for some small constant ¢ > 0, s.t., logd < 1, then
Aéj;), , < c¢B. Hence loglt( ), < — = o(1), and (112) is dominated by the positive term

»J2:"g92-y0 d - Toga

(113). Else, clearly, (112) can be cancelled out by the positive term (113). Therefore,

|~ Voptessi?] = %B 1)

As a consequence, together with the growth of Q(T) + Qf&), and nearly no change of [Qg;]s’sl in

Lemma H.20, we have Attnans Aspred 1 — Attni?s 1—spred.2 must start to decrease and cannot be
larger than O(%) . O

H.3.4 Attention gap is small
Lemma H.22. If Induction H.I holds for all iterations < t, then for any sample Z**, we have

(t) (t)
Attnans ,1—pred,2 Attnans 1—ans,1 < ¢,
where c¢1 > 0 is a small constant.
Proof. Let T denote the first time E [Attngn)s 1—spred.2 — Attng?S 1-sans,1 |T(x1) =s| > %‘gogd.

Notice that

t
[Qi’;} s,s’

7(21) = s, at time T. we have

Q(t)
<0 <H> for p € {3,4}, thus for any sample Z?! satisfying

1.00051
Attn®@ — Attn'D 1.0005 log d

ans,1—pred,2 ans,1—ans,1 = 2B

Based on | Lemma H.11, we will discuss the gradients of Q4 3 and Qg 4 on different samples Z>1

Since AO o éT), is guaranteed to be activated to the linear regime for Z%! € &£, we
2:Tg9-y1’ »J2:Tg2-y0

only need to focus on the main event &£;.

From Lemma H.13, at time 7', we have

1.0005log d
o0 eed o

2B | 0(d) (1 — logltg ])2) (1 — O(l/do‘ooos)) (1 B loglté 3)2)

Then by Lemma H.11, we can obtain the gradient on the event £; as follows:

T
|:(Na 3,2, N& 3,2,ii Ns(3)2 m)]lfl]

logit ST), =
9,72

1.0005 log d
e 2B

T T ~
=K Attngns),lﬁpred,Z ’ ((1 - loglté J)z) ’ (‘/}277@2-’“ (92) - Aé,jl,rm.yl + O(UO))

1 () (7) A
- (1 - O(do.0005>) (1 - logits ;,) - (Vjév"'gz-yo (92) = A5 jairgyne T O("O))
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+ 5(08)> ]]'T(frl)—8151‘|

=E

7) 1 (T) (T) (7)
Attnans 1—pred,2 ((1 - O(W)) (1 o 10g1t5 J2) (A 5,395,795y A57j277'g2‘y1)

T
+ O(dO 0005)( IOglt( ) ) ’ (‘/57j277’92-y1 (92> A(,J)z,rgz,,“))17(11)—sﬂ51] )

on the other hand, we have

T T
E[(Ns(4)2z +N(4)2 Z’L+N 42111)]151:|

F ~
Attn:(ans)lﬁpred 2 ((1 - IOgltg j)z) ’ (‘/j277'92-y1 (Z/l) - Aé,j)g,rm.yl + O(UO)>
1 T ~
- (1 - O<do.ooo5)> (1 - logit{" ) - (‘/}20 (1) = A8t O("O)>

+ 6(08)) ﬂr(xl)_51£1]

T 1 (T
—E|AtenT) - ((1 - 0(7610.0005))(1 ~ logit!"))
(T) (T)
( ‘/Jévrgz yo( ) + AS WJh, Tgs-yo A5,j2,7‘g2.y1>

1 (T T
- O(d0.0005 ) (1 - IOglté,g)Q) ’ Aé,j)g,'r'g?yl > 1T(w1)_8ﬂ51] .

; . T (T) (T) (T)
Since at time T, we have Attn, d-spred,1 Attng g yans1 < AttD, 4o —
(T) 1.005 log d (T) (T)
Attn, o) a1 < 55>, we have A; 5. 7o 0 A5 ey K Vitiras (y1). Therefore,

B

-V _ 5 Lossg’ﬂ + {V ) Loss5 2} > Q(—) "E|1 - loglt |'r x1) =S|,
Q4,4 S,8 Q4 3 5,8 d

which implies that [Q4.4]s s Will grow faster than [Qq 3]s, s, and thus the attention gap cannot be

further increased.

H.3.5 At the End of Stage 1.2.1
(0.14¢1 /2)B

) + O(logd), we have Induc-

nlogd

Lemma H.23. For all iterations t < Ty 21, = O(nlogd

tion H.1 holds, and at time T 5 1 5, we have
(a) [ (T1 2,1, 5)]5 . [ 4(1?211,2,1,5)]578 > Q(l),‘
(b) other |[Q (T, s)]S,S/|f0rp € {3,4}, s’ € 7(X) # s are at most 5(%)

Proof. The existence of T} 2 1 s can be directly obtained by using Lemmas H.19 to H.22. Furthermore,
[Q(Tl'“’s)]S s > Q(1) can be guaranteed since Lemma H.22 implies that Attn(200) > 03—

ans, lﬁans 1=

a :tO(l /d) > 0.2, which means that [Q(Tl b 5)}575 should at least grow to a constant level compared
o [[QYE*)], | = O(1/d) with p € {3,4}.

We will handle [Q, (Tl »h S)]&s by means of a proof by contradiction. Suppose that AttngnTsl,’f‘j;zsyl >
logd

8B

0.4 — ¢, where ¢ = is a sufficiently small constant. Then denote T the first time that
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E|Attn'"

ans,1—ans,1

|7(z1) = s| > 0.4 — 2¢. Notice that

t
Q)
p € {3, 4}, thus for any sample Z?! satisfying 7(z1) = s, at time T, we have

Attn!?) >0.4— 26+ 0(1/d).

ans,1—ans,1

. It Attn'D — Attn'D > 20, then

ans,1—pred,2 ans,1—ans,0

- forZ?1 ¢ 51,A(T

5 3 J2s ’r‘
AttnD Attn(T) < 0.2 +2¢— 0.2 < 2z, which implies 1 —

ans,1—pred,2 ans,1—ans,0

" has already been activated to the linear regime. Furthermore,

logltéyj).2 =1—o0(1). Thus, by Lemma H.11, we have

E[(NS(?;?Q,Z. + N, s+ N 32”2)1151] > Q(g),
while

E[(/\Q“ﬁ/\/42“+N42m)1l51] S—Q<§).

T T
(Attngns),lapred,Z + Attn( :

ans,1—pred,1

5)-

- for Z%1 € &, A(T)

5 ]2 T02 k)
AttnlT) | 12B < (0.4+43—04+2)2B = 2252 Thus logit), = O(;%
Hence by Lemma H. 1 1, we have

[(N;%;gz Nf?QnJrN?,Qm)]lgl]_ O(dwfny)’

while

[ (V0 A AT D) 1| < 0 (),

Ny d
- Z?! € &, we can use the following naive bounds for p € {3,4}:
T T B
|E|:( S(p)Qz +N P2n +N(p)2 7.21)]151:| | < O(dn )
y

Putting them together, combining with the fact that the gradient contributed by £, U &5 U &g
is negligible, we can conclude that
B B

[— \v f; Lossg’QL . > Q(E)’ [— v @ Lossg’ﬂ&s < _Q(E)’

)

which implies Attn” 1 cannot further increase above 0.4 — 2c.

ans,1—ans,

o If Attn(T) — Attn( ) < 2p, we shift our focus to the comparison between

ans,1—pred,2 ans,1—ans,0
event & &3,

— for Z%! € &, we have

T T =~
[(Ns( 3,)2,z Ns( 3)2 i Ns 3,2,17,z)]]'51:| > _0(08)7

while

T T ~
|:(Ns(4)2 % Ns(,4,)2 % +N9(4 2 721,)]151:| < O(JS)

- for Z>! € &, similarly as previous case, we have

E|:<N5521+N327,Z+N32uz>1l52:| = O(df;ny)’
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while

T T T B
B (VD + AT+ M) 1| < 0 (7).

AD) _AD

- 721 ; < _
7" € &, 5.3 T or e 5.02rgy g, | < 4PB o(1), hence, we have

T T T B
| (VD + N B+ N B e 2 (50 )

dn,

while
Bloglog d)

T T T
| (VD + N Do+ N )1 | < 0SS
Yy

Putting them together, again we can conclude that

B
& Loss?’ﬂ > Q(—), [— AV Loss?‘ﬂ < O(
$,8 4,4

Blog logd)
Qi3 nyd s,s ’

[ -V dny -logd
(T)

ans,1—sans,1 cannot further increase above 0.4 — 2c.

which implies Attn

(T1,2,1,s)

emle) 0.4 — ¢ where ¢ = 269 Then it

8B

would follow that Attngsl’fi;;r)ed 5 > ¢, and thus | fg’z‘l”")}s,s > Q(1). O

Consequently, this leads to a contradiction, and Attn

H.4 Stage 1.2.2: Convergence with Small Wrong Attention

Recall that Lossgﬁ = —]E[logpF(Zansgﬁ ZV)|7(z) = s} for s € 7(X).

Induction H.2. Given s € 7(X), let T 22 s denote the first time that Lossgjg decreases below

C) (e(*%H-OlCl)‘QB). For all iterations Th 21 s < t <11 2.2 5, we have the following holds

(a) [ A(lté] —l—{ f&] monotonically increases;
$,8 8,8

¢ QY))..;
Q)]s < O(Ferdy

4,p

(b) forp e {3,4}, forj € 7(X) # s,

(c) forany sample Z*', we have Attn:(;;)sj1_)pred72 —Attn;?s_’1_>ans,1 < ¢ for some sufficiently
1.005 log d

small constant ¢c; = =—52= > 0;

(d) for any Z*>', we have Attn'") — Attn!?

ans,1—ans,1 ans,1—pred,2 —

< min {Attn(t)

ans,1—pred,1

Ca, O}, where co = IZ%d > 0 is some sufficiently small constant.

H.4.1 Attention and Lambda Preliminaries
Lemma H.24. If Induction H.2 holds for all iterations [T} 2.1 s, t),then for any sample Z**, we have

1. Attngi)s,lﬁpred,l + Attng?s,laans,l € [%Clv 0.4+ 5(%)} y
t t

2. Attngn)s,lapredﬂ - Attngn)s,laans,o > Q(l);
t t A

3. |Attnl) o — Attnl) o[ < O(2).

Proof. In the following, we focus on the main events &1, £, and &3, which correspond to cases
where some confused wrong predictions occur. We denote

(t) (t) _ A
‘Attnans,1—>pred,17 Attnans,lﬁans,l =c+ O(é)

> Attn'? then

ans,1—ans,1°

. If Attn®

ans,1—pred,2
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- IfZ%! € &, we have

1ngF(Zans,275|Z(2’1))

S @(1) . max 6(Attnirﬁz,lﬁpred,z7Attn£:s),14>ans,1)237 (Attnsrtls),lﬂpredﬂ7Attn£ft|5),1‘>3"5’0)QB7
elog d— (Attnsﬁs),l—»preda _Attne(z:s),lqans,f)) 2B
< e <6261 B— (Attngrt\s),lﬁpredj7Attn§:s),l~>ans,0) 2B>
<

@(MG%Q)B) ,

where the last inequality follows from the fact that Attng?s’ spred2 = 3(1—20)
1
5 C.

- IfZ%! € &, we have

1ngF(Zans,Z,5|Z(2’1)) < @(1)

t t t t t
- max e (Attngns),1%pred,2+Attn£ns),14>pred,1 7Attn£ns),1~>ans,l) B— (Attngns),lapredj 7Attn;ns),1~>ans,0) 237
elog d— (Attn(t) —Attn{®)

ans,1—pred,2

ans,lﬂans,()) 2B

IN

(t) (t)

@ (62(C+CI)B (Attnans,1~>pred,27Attnans,1~>ans,0) 2B>
1

<0 <e‘2(2‘30‘”)3> :

- If Z>! € &, we have

IngF(Zans,Z,S |Z(2’1))

() ) )
< (1) - max e(Attnans’l_’pred,l—Attnans’l_)predj)237 Qlog d—Attn 2B

ans,1—pred, 2
1 1
<0(1) -max{efz(ﬁfclfc)B, 672(572@3}.
o If Attn? < Attnl?

ans,1—pred,2 ans,1—ans,1° then
- IfZ%! € &, we have

ans,1—»pred,2 ans,1—ans,0

10 D (Zans 2.5 Z30) < O(1) - oz = (AR ey o=t )28
)

) ©
p2e1B—(AtenlD) o~ Attn )23)

ans,1—ans,0
;cC;cl)B)
)

where the last inequality uses the fact that Attn'? ()

ans,l%ans,l_littnans,l—wredg < c—cy,
im : (t) 1 3 [
1 p]y]ng Attnans,l%pred,Q Z 2 §C + 2

- If Z>! € &, we have

108 5 (Zans,2,5/Z*") < ©(1):
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)

(t) (t) (t) (t) (t)
max { e (Attnans, 1~>pved.2+Attnans,14>pred,1 7Attnans,1~>ans.1 ) 2B— (Attnans, 1—pred,2 7Attnans,1~>ans,0) 2B

t t
elog d— (Attnsns),lﬂpredﬂ7Attn£ns),1~>ans,0) 2B }

<O <€max{c7cl}2B_(Attnsrt\s),lﬂpredﬂ_Attngzs),laans,o)23)
) (e—Q(%—Qc—max{c,cl})B>
- If Z%! € &;, we have
1ngF(Zans,Z,S|Z(2’1))

(t) (t) (t)
< @(1) . max {6(Attnans,1—>pred,1_Attnans,l—)pred,2)2B’ elog d_Attnans,lﬂpred,22B}

< O(1) - max {672(%76176)3, 672(%726)}3}.

Putting all cases together, if ¢ < %cl, we must have
1, 52a _1
Lossgi < @(62(2+3 3 +CI)B> = @(6( 2+3Cl)2B>7

which contradicts the definition of T} 5 » ;. Therefore, it must hold that ¢ > %cl forallt <Tj 29 .
O

Lemma H.25. [f Induction H.2 holds for all iterations [T1 2.1 s, 1), then given Z*' € &,

1. for the prediction ja, we have

t t t B
Aé,_)igﬂ’gz.yl = (Attngn)s,lepredﬂ - Attngn)s,lﬁans,o) 2B + O(;y) + 0(5)
2. for the prediction jy = 7(g2(yo)), we have
t t t ~r B
Aé,;é,rg?yo = (Attnz(an)s,lﬁpred,Q - Attngn)s,l—mns,l) 2B + O(d ny) + 0(5)

3. for the prediction T(g1(yo)), 7g,.y, cannot be activated.
4. for the prediction T(g1(y1)), we have

(t) _ (t) (t)
A5,‘r(gl(y1)),rgl_y1 - (Attnans,lﬂans,l - Attnans,l—)pred,Q

) é—B +5(§) +0(5).

5. for other j € T()), if there are j and y, s.t., g1, g2 € Fiber; , (notice that y # yo,y1 for
1), then for such a j, r € A; \ {rg,.,} cannot be activated, moreover, we have

B
.ny

Ag;,rgz.y = (Attne(l?s,lﬁpredﬂ - Attnfﬁ?s,l—)ans,l) 2B + O(d ) + 0(6)’

else, none of r € 2 can be activated.

Notice that for £, the neurons mentioned in 1-4 should be different neurons, while the predictions in
I and 3, or 2 and 4 can be the same in some cases, e.g., g1(y1) = g2(yo). In all cases, except for the
neurons mentioned above, i.e., Uy pr¢2] {Tge-yzul} (which may not be activated), all other neurons

r € Upprep (‘:’\17(92.%/_1) \{Tge‘yeul}) cannot be activated.

Lemma H.26. If Induction H.2 holds for all iterations t € [Ty 21,5, 1 2,2.5), then given Z>! € &,
we have
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1. for the prediction js, € U, \ {rg,.,, } cannot be activated, moreover, we have
B

Ny

— Attn'?

t t ~
Aé,;g,rm.yl = (Attngn)s,lﬁpredﬂ ans,l—)ans,O) 2B + O( ) + 0(6)

2. for the prediction jé‘ = 7(92(w0)), 7 € Wjy \ {rg,.yo} (notice that in this case rg,.,, =
Tg,.y0) Cannot be activated, moreover, we have

t t t t
Aé;‘é,rm.yo = (Attngn)s,lapred,Q + Attngn)s,l—wred,l - Attngn)s,laans,l) 2B + 0(5)
3. for the prediction 7(g1(y1)), r € é\lT(gl(yl)) \ {7g, .41 } cannot be activated, moreover, we
have
(t) _ (t) (t) 2B
Aw@m»%mf(mmm&mﬂfAu%mHmm)E7+M&
y

4. for other j € T()), if there are j and y, s.t., g1, g2 € Fiber; , (notice that y # yo,y1 for
&), then for such a j, v € A; \ {rg,.,} cannot be activated, moreover, we have

B

5,45Tg9-y

A(t) = (Attng?s,l—mred,Q - Attn;(af\)s,laansl) 2B+ O(d ) + 0(5)’

Ty
else, none of r € U can be activated.

Lemma H.27. If Induction H.2 holds for all iterations t € [Ty 21,5, T1 2,2.5), then given Z>! € &,
we have

1. for the prediction ja, 7 € U, \ {rg,.4, } cannot be activated, moreover, we have

AY — Attn?

5,J2,Tg0 yq ans,1—pred,2

2B+ 0(9).
2. for the prediction 7(g1(y1)), 7 € QA(T(gl(yl)) \ {7g, .41 } cannot be activated, moreover, we
have

(t) _ (t)
A5,T(gl(y1)),7’gl.y1 - Attnans,l—mred,l

2B + 0(6).

3. forother j = g(y1), where g1, g> ¢ Fiber; ,,, we have

t t ¢ 2B ~/ B
Ag’),;‘,rg.yl = (Attn;(an)s,laansl - Attngn)s,l—)pred,Z) ’ ni + O(d ) + 0(5)7
Yy

.ny

moreover, if there exists y, s.t., g1, g2 € Fiber; , (notice that y # y1 for £3), we have

t t . ., B
Aé,;ﬂ“gg-y = (Attngn)s,lﬁpred,z - Attne(m)s,l—nms,l) -2B + O(d

.ny

) +00);

besides, other v € 2; cannot be activated.

Lemma H.28. If Induction H.2 holds for all iterations t € [Ty 21,5, T1 2,2.5), then given Z>! € &,
we have

1. for the prediction jo, € U, \ {rg,.4, } cannot be activated, moreover, we have

AY — Attn?

5,92:Tg0 yq ans,1—pred,2

2B+ 0(6).

2. for the prediction 7(g2(yo)), T € ﬁT(%(yO)) \ {7gs-yo } cannot be activated, moreover, we

have
(t) _ (t) (t) (t)
A5,jé,rg2.yo - (Attnans,lapred,Q + Attnans,l%pred,l - Attnans,l—mns,l) 2B+ 0(5)
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3. for other j € 7()), if there are j and y, s.t., g1,92 € Fiber;,, then for such a j, r €
A, \ {rg,.y} cannot be activated, moreover, we have

t t ~/ B
= (Attngn)s,lﬁpred,Z - Attngn)s,lﬁans,l) 2B + O(d

Ty

A(t)

5,j77“92-y

) +0();

else, none of € 2 can be activated.

Lemma H.29. If Induction H.2 holds for all iterations t € [Ty 21,5, T1 2,2.5), then given Z>! € &,
we have

1. for the prediction jo, € U, \ {rg,.4, } cannot be activated, moreover, we have

AY — Attn?

5,J2,"g0 y1 ans,1—pred,2

2B £ 0(6).

2. for the prediction 7(g2(yo)), T € ﬁT(%(yU)) \ {7g,-yo } cannot be activated, moreover, we
have

© _ ) () 5(_B
AS,jé,r”.yO - (Attnans,1—>pred,2 - Attnans,l%ans,l) 2B + O(d n,,

) +00).

3. for the prediction T(g1(yo)), none of r € 517(92(7!0)) can be activated.

4. for other j € 7()), if there are j and y, s.t., gi,92 € Fiber;,, then for such a j, r €
A; \ {rg,.y} cannot be activated, moreover, we have

(t) _ (t) (t) ~( B
AL, = (Attnll s — Attal) ) 2B+ 0 (- >

) +00);

else, none of r € 2 can be activated.

Lemma H.30. If Induction H.2 holds for all iterations t € [Ty 21,5, 1 2,2.5), then given Z>! € &,
we have

1. for the prediction jo, € U, \ {rg,.4, } cannot be activated, moreover, we have

AY — (Attn(“

5,52:Tg0 41 ans,1—pred,2 ans,1—pred,1

+ Attn(?) ) 2B £ 0(9).

2. for other j = g(y1), where go ¢ Fiber; ., we have r,.,,, cannot be activated, moreover, if
there exists y # y1, s.t., g1, g2 € Fiber; ,, we have

t t t ~
Aé,?j7r92.y - (Attnz(an)s,lapredﬁ - Attngn)s,laans,l) 2B + O( ) + 0(5)7

d-mny
besides, other v € 2l; cannot be activated.

H.4.2 Gradient Lemma

Lemma H.31. If Induction H.2 holds for all iterations t € [T121,s,T1.2,2,5), given s € 7(X), if
E[Attn")

ans,1—pred,2 ‘ T(le) = 5] < % we have

2,2 2,2
[— VQS; Lossy’ } + [— VQSZ Loss; }

s,8 s,8

B B 3
>9(3) 'E[(l ~ logit[),)|7(a1) = 3»51] +o( ) > ]E[(l ~ logitg),)|r(e1) = 5,&m .
Y m=2

Proof. The analysis follows the similar idea as Lemma H.19, while Induction H.2 ensures that
IE[Attne(;;)a1_>pred’2 - Attn;(a?s,lﬁans,o | 7(z1) = 5] > Q(1) > £, which falls into the regime (ii).
Thus for the main event £, the term A5, jo, rgs - 41 is guaranteed to remain within the linear
regime. We can first directly upper bound the term N ®) by O(cd).

5,2,44i
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(a) For Z%! € &£, by Induction H.2 and Lemma H.25, we can obtain

5,2,1

E [ A -Ilsl}
—E {(1 ~ logit!"). ) (( ~ Attn" v (y0) — Attn' Vigrn, o (1)

ans,1—ans,0 * VJj2:Tg5-y; ans,1—pred,1

t t A A
+ (1 - Attngf\)s,lﬁans,l - Attnz(an)s,l—>pred,2)Aé,;g,r”.yl + O(UO)) + 0(511)) ]17'(901)=S]l£1:|

(114)
>o(B) .k (1 —logit!") )|r(z1) = 5,&
= d 81t5 5, )| T\ X1) = S;¢1 -
Moving to V. s(,t2),ii’ by Lemma H.25, we have
o for j = 7(g1(y1)), r = 74, .y, due to the cancellation of Attng?svlﬁansyo “Vir(yo) +

Attn'") V; r(g1), we have

ans,1—pred,1

t t
(Attne(m)s,laans,o ’ ijﬂ“ (yO) + Attna(m)s,lapred,l ’ ‘/jﬂ“(gl)

t t (t) 2]
- (1 - Attngn)s,lﬂans,l - Attngn)s,lﬁpred,Z)AS,jﬁr + O(UO)>
t t) (®)
> 7(1 - Attngn)s,lﬁans,l - Attnz(ans,l—>pred,2) 5,4,r"

e forj = T(QQ(yO))’ 7= Tgyyo

t t
(Attnz(an)s,l—mns,O ’ Vjﬂ“ (yo) + Attngn)s,lapred,l ’ ‘/}77"(91)

t t t ~
- (1 - Attngn)s,lﬁans,l - Attngn)s,1—>pred,2)A§>,;,r + O(JO))
t t t
> _(1 - Attnz(an)s,l—»ans,l - Attngn)s,lﬁpredJ)Aé,;,r'

* for j = g1(y), where Jy # yo, 41, s.t., g2(y) = 91(y), we have

t t
(Attl’lgn)571_)an5’0 Vi (yo) + Attngn)s,lﬂpred,l ’ ‘/}77‘(91)

t t t ~
- (1 - Attne(xn)s,lﬁans,l - Attngn)s,1—>pred,2)A§>,;',r + O(JO))
t t (t)
> _(1 - Attnz(an)s,lﬁans,l - Attna(m)s,l—mred,Z) 5,4,

Putting them together, and upper bound > jtiaer (D) logitét,; by 1l — logitgz, we have

5,2,1%
e S s (X sheLag, )
JF#J2€T(Y) Tgﬁj

(Attng?s,laans,o : ‘/}',T(yo) + Attn(t) ‘/}77‘(91)

ans,1—pred,1

E[N(” .]151]

— (1 - Attn?

ans,1—ans,1

- Attne(x?s,lﬁpred,Q)Aét,;,r + 6(00)) + 5<6q))17(x1)—5151:|

ans,1—ans,1 ans,1—>pred,2)

> -E [(1 ~logit(!), ) - (1 - Attn(, ~ Attn")

(t) (t)
’ y;ég%?z{;l {A577'(91 (yl))»rm-y] ’ A5-r7'(92 (yo))ngz-yo }]17(x1)—s]151:| ?
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where the last inequality is due to the fact that Aét)T(GZ W) Tanve = Aét)T(qz ))Tanry
El § ¢ 2»"g2-yo ’ - E g2

O(72-) for y # yo, y1 st 91(y) = g2(y). Notice that

v {Aét,)T(gl(yl)),rgl.yl ’ A(5t7)7(92(y0))=7"g2~y0 } =
max {Attngnl vorediz — AL O nly) }23 ;
while
(114)2]E{(1—10g1t() ) Attnl) 0 -2B1 - 1151}

=E {(1 — loglt(t) ) (1 Attng?S 1-sans.1 Attngf])s 1—spred, 2)B]lT(z1)_S]lgl] .

— Attn

ans,1—pred,2 ans,1—ans,1

Since by Induction H.2, Attn < K %, thus we have

B
{/\/&(2 L]lgl} [Ns 9 “]lgl] > Q(E) E[(l — loglté 32 |T(x1) = 5,51].

(b) For Z>! € &, N, 5(21 can be bounded analogously to (114), yielding

t B
|:NS(2)1]152:| ZQ<d~ny) E[(lloglt |T 1) =5 52} > 0.

Moving to N") 2.0
* For j = 7(g1(y1)), we obtain

=E

oy )

logit ") (sReLU’(A5
t
(Attnz(an)s 1—ans,0 V 25Tg1u1 (yO) + Attngn)s ,1—pred,1 ijﬂ“gl-yl (gl) (115)
t t t A A
( Attngn)s l—ans,1 Attngn)s ,1—pred, 2)A§) ; T + O(JO)) + O(aq))17($1)=8152]

B
_O(n2 d) E[(l—loglt )| 7(x1) =5 52}
where the inequality follows from the cancellation of the term

t
Attne(xn)s 1—+ans,0 V JsTg1 -1 (y()) + Attne(m)s ,1—pred,1 ‘/}vrg1-y1 (91)7

together with the fact that

. 2B B
Aé ?r(ql(yl))mgl.yl (Attn:(an)s 1—ans,1 Attna(m)s ,1—pred, 2) ’ niy + O(5> < O( ) :

* For j4 = 7(g2(y0)) = 7(g91(y0)), it is clear that
E |logit ") (sReLU’(A(t) )-
2J5 5,J5:Tg1-v0
Attn'? Vs + Attn® Ve
nans 1—ans,0 Jéﬂ”gl ‘Yo (yO) nansJ—)pred,l jé,’l“gl.yo (gl)

¢ " ~ ~
( Attnans l1—ans,1 — Attnz(an)s ,1—pred, 2)A‘E”;§>T91*yo + O(UO)) + 0(5‘1)) 17($1)=5ﬂ52]
>0

)
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where the last inequality is due to the fact that

(t) (t)
Attnans ,1—pred,1 ‘/Yjévrgl«yo (gl) (1 - Attnans 1—ans,1 — Attnans ,1—pred, 2)A i

5,J25T91 w0

> Attn?

ans,1—pred,1

(1 - 2(Attn( ) 2 + Attngn)s ,1—pred,1 Attn;(a?s 1—ans 1)) 2B

ans,1—pred,

> Attnl) (1 ~2(e1 + 0.2)>23 > 0.

* For j = 7(g2(y)) with some y # yo, y1 such that g1 (y) = g2(y), we distinguish two

cases:
- ® ® c1
t t
[Attnans 1—ans,1 Attnans ,1—pred,2 | T($1) - S] S Z
then by Induction H.2 and Lemma H.26, we have we have A(ti _— Aét; . >
»J2:T g2 y0 Sl ga-y
(-4 + Attngn)s’lﬁpredJ)ZB > (=% + 3¢1)2B = ¢1 B, which implies
3 logit!” 1 < O(57) - logit!”
BIL5 T (g2(y)) 91 (W) =92(v) airz B1ts i1 -
Y#Yo,Y1
Consequently,
Z E loglt( ) (sReLU/(Ag;,T”y)-
Y#Yo,Y1
t
(Attnz(ans 1—ans,0 V JsTgq -y (yO) + Attnans ,1—pred,1 ‘/}7Tg1~y (91)
t t t ~ ~
(1 - Attngn)s l1—ans,1 Attngn)s ,1—pred, Q)Aé,z',rgl.y + O(JO)) + O(éq))
T py—sle, Ly )= < O(52%) - (115).
T(z1)=s1E2 491 (y)=9g2(y) | | = dai/2
- I ® ®
t t c1
]E[Attnans 1—ans,1 Attnans ,1—pred,2 | T(xl) ] 2 Z

then by Lemma H.26, the activation AW , cannot be triggered.

5,7,Tg
Putting the above discussion together, we have

B
B[N te | + B[N te] 2 0(;

.ny

) ]E{(l — loglt |7' 1) =8,E].

(c) For Z>' € &, the gradient admits an analysis analogous to that in Lemma H.19. In
particular, by Induction H.2 and Lemma H.27, we first obtain the following logit bound:

(t) 1 (t) o
logit; ; < polyd (1 — logit; j2)7 3 # J2, T(91(11))-

Therefore,

S

S

o (T t
=E (1 - logltg,zé) ' ( Attnz(an)s 1—ans,0 ‘/j277'g24y1 (yl) Attngn)s ,1—spred,1 ‘/32a7”g2-y1 (gl)

( Attn:(an)s 1—ans,1 Attngi)s ,1—>pred, 2)Aét,;2,rg2.y1 + O(UO) + O((sq)) ]17'(:1?1)—51153‘|

B .
> Q(ny .d> .E[(l —1og1tgf3,2) | 7(21) = 5, 53].
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Moving to N%)

5,2,

]

we have

S

loglté )T(g (v1)) (Attné(m)s 1ans,0 * Vr(g1 (1)) mgy 0 (y1) + Attngn)s ,1—pred,1 Ve(gi(y)r(91)

t t t ~ ~
( Attngn)s 1—ans,1 — Attngn)s ,1—pred, Z)A(5,)T(g1(y1)),rgl,y1 + O(UO) + O((sq)) T(z1)= Il53‘|
B
~0( ) “E[(1 - logit{ =5, &|.
<d~po|yd> ( oglt; fol) S, €3
Combining the two bounds, we conclude

B

Ty -

E[NY 1| +ENG i 1e,| 2 Q( d).E[(1—1ogitgf;2)|T(x1)=s, &).

(d) For Z*>! € &,,in analogy with Lemma H.19, we obtain the following crude bound:

E[NG 1] +ENG i 1e] > 0.

S

(e) For Z>! € & U &g, by Induction H.2, Lemma H.29 and Lemma H.30, we obtain the
following logit condition:

1
1— logltéi , loglt(t) < pTW E{(l — loglt5 h ’ 7(z1) = s, 51] j # Jo.

Hence, N 2, and ./\/S 9.4 can be bounded as

t
e s

s,2,41

B 1
< ). _ _ -
< O(dny polyd> E[(l loglt5 a) ) | T(x1) =, 51] m € {5,6}

Moreover, for Z%! € &, if

+ Attn®

(t)
Attn ans,1—pred,2 > 2’

ans,1—pred,1

then /\/'S 5; = 0. Nevertheless, due to the above order-wise bound, this observation does not
affect the overall analysis.

Putting everything together, we have

+ [ — VQE@; LOSS§’2:| o = Z Z |: s(t2) /{ :|

r€{i,it,1i1} meE[6]

> Q(g) [(1 — loglt5 s |7' 1) =5 81] + Q( )

2,2
[~ VapLosi”]

s,S

’T1‘1 )=8,Em

3
IE[ loglt5 i
=2

m

O

Lemma H.32. If Induction H.2 holds for all iterations t € [Th 215,11 2,2,5), given s € 7(X), for
Qupls,s v € {3,4}, 8" # s € T(X), we have

2,2 1 2,2
[ vagtost?] [ <0(3)|[~ vay o] |

s,s’
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H.4.3 Attention gap is small

Lemma H.33. If Induction H.2 holds for all iterations t € [T1,27173, T172,27&) then for any sample
7', we have

Attn'? — Attn®

ans,1—spred,2 ans,1—ans, 1 < ¢,
where c1 > 0 is a small constant.
The proof follows along the same lines as Lemma H.22, and hence the details are omitted for brevity.

Lemma H.34. If Induction H.2 holds for all iterations t € [T1 215,11 .2,2,5), then for any sample
Z>', we have

(t) (t) (t)
Attnans 1—ans,1 — Attnans ,1—pred,2 < Attnans ,1—pred,1 - C2,
where cy = lngd > 0 is a small constant.
Proof. Let T denote the first time such that
) ) () _ logd
IE:{Attnans 1—pred,2 + Attnans,1—>pred 1 Attnans 1—ans,1 ‘ T(ml) - S} = 4023

Since |[ | Q4p 5| < O( Qi p]g > for p € {3, 4}, it follows that for any sample Z>! with 7(z1) = s,

at time T we have
log d
ans,1—ans,1 — 4. OQB

Attn'?

ans,1—pred,2

+ Attn'") — Attn" + O(1/d).

ans,1—pred,1

By Lemma H.24, we also have Attn — Attn

the following cases:

> Q(1) > o. We then consider

ans ,1—pred,2 ans 1—ans,0

o If Z%1 € &, then AéTj) ry is already activated into the linear regime. Moreover, since
Y1
(T) T) log d (®) :
Attn, o oed o Attnans 1oans1 < Zos8 — Attng o eqq < 0, it follows that

éT-), cannot be activated. Thus, by Lemma H.11,
»J2:Tg2 w0

{(./\/'(73:)22+N(€)2 N 321“)]151] > Q(%) E[lflogltSJ) ‘7- x1) =8, 51]

S

while
[(NS(Z)2 i +N(£)2 L1 +N(£)2 mz)]lgl} S _Q(dfy) E[ IOglt | T xl) =5 51]
o If Z21 € &,, then
T T logd
Aé,j2,7-g2,y0 (Attngns)lapred 2 + Attngns)lﬁpred 1 Attnz(ans)lﬁans 0)23 < 2.01 .

Hence loglté ) < O(d—101/201)(q loglt( ) ,)- By Lemma H.11,

[(Na(,z?:)Zz +N§32m +Ns32 Lzz)]l52:| Z Q(%) E[]‘ _10g1t5]2 | T xl) =5 52]
and

[(/\/(2)2 1+Ns(74;)2 “—H\/‘ e “2)1152:| < —Q(%) ‘E[1 —logitg—)2 | 7(z1) = s, &).

o If Z>! € &3, we can apply the crude bounds

E[(N(Z?:)Z % + N(j?:)2 i Ns 3,2 zu)ﬂgs} Z 07

S
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and

[(Ns(z)zl N54211+N42nz)ﬂ53} < 0.

Combining the above, and noting that the gradient contribution from £, U &5 U & is negligible, we
conclude

Y iT;Lossg 2], > 9(8) E[1 ~logit{") |T(a;1)=s, &] (116)
( ) [1—logit!") | 7(z1) = s, &),

[ VQ(T)Lossg 1., < (%) -E[1-logit} D (@) = s, &] (117)
— () B[ - logit!!), | 7(21) = 5, &].

Finally, observe that

(t) (t) ~
Attn® elQilslas _ [Qi4]as _ ,O(1/d)

ans,1—pred,

, + Attn'" — Attn!") -

ans,1—pred,1 ans,1—ans,1

e[Qz(lt,)g]ss + e[Q4,4]S,s + 66(1/d) '
Hence, (116) and (117) together imply that

(t) (t) (t)
Attnans 1—pred,2 + Attnans,l—mred 1 Attnans 1—ans,1
must decrease at time T + 1. O

H.4.4 At the End of Training
Lemma H.35 (At the end of stage 1.2.2). Induction H.2 holds for all iterations Th 21,5 < t
Tio92s= O<p°|y > At the end of training, we have

IN

(a) Attention concentration: Eleawn | 7(21) = 8] < 2.52¢4 for some small constant 0 < ¢; =
1.0051og d .
2B’
1
polyd*

(b) Loss convergence: Loss5 < e(=3+3.01c1)2B —

Proof. Lemma H.24 and Lemma H.31 guarantee the continual growth of | (t)] and [Qf&] until

the attention weight €., reaches 401 . Combining Lemma H.31, Lemma H.32, Lemma H.33, and
Lemma H.34, we conclude that there exists a stopping time

~ - ( poly(d)
T1,2,2,s—0< B ,

and that Induction H.2 holds for all t € [T 21,5, T1,2,2.5)-

Next, we establish an upper bound for e, at the end of training. In this stage, it suffices to focus on
the main event £;. We denote

t ~
Attnz(an)s 1—pred,1> Attngn)s 1—ans,1 — c+ O(é) :

e If Attn® > Attn'?

2.1
ans,1—pred,2 = ans,1—ans, 1 then for Z € & we have

1ngF(Zans 9 5|Z(271)) > @(1) . elogd (Attngns) 1—>pred, Q—Attniﬁs) 1—rans, 0)23

1, c1 10gd>
(4% 2-%%)2p
2®<6 (2 2 B )7

where the last inequality follows from

Attn'?

ans,1—pred,2

<il-2c+¢)=4H2—c
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< Attn'? then for Z>! € £ we have

ans,1—ans,1°

. If Attn®

ans,1—pred,2

logpF(Zans,2,5|Z(271)) Z @(1) . elOg d— (Attnérf;s),lapredj_Attngrf;s),lﬂans,0>2B
1 logd)
— —2c— 2B
>0 <e <2 B ) ,

where the last inequality follows from the fact that Attng?s’l Spred 2 = i-c

Putting the above cases together, we obtain

1, 4 logd 1
§+?—2C— g 25—3.01C1,
which implies

¢ < 1(3.02¢; +0.5¢; — 1) = 1.26¢1.

I Recursive Learning the Attention Layer: Symmetry Case

In this section, we analyze the recursive learning dynamics of the attention layer in the symmetry
case. To this end, we recall the definitions of the greedy data annotator, the bootstrapped LEGO data
distribution, and the associated self-training loss.

Definition I.1 (Greedy data annotator). The greedy language model pr induced by a network F' is
defined as

1, if Zans,r41 = argmax, pp(Z | 2817,

118
0, otherwise. (118)

Pr(Zans,r41 | Z81) = {

Definition 1.2 (Bootstrapped LEGO distribution). We define DILP’L/ as the LEGO distribution in
Assumption 3.2, except that the answers Zans ¢, 1 < ¢ < L’ are generated recursively by sampling

Zanse ~ pr(- | ZE*~1) from the greedy language model pr.

Definition I.3 (Self-training loss). Given a (fixed) model Fand length L, the self-training next-clause-
prediction loss is defined by replacing DLL" in Definition 3.7 with the bootstrapped distribution
DI{‘JL from Definition 1.2:

Lossz” (F) £ By o1 [ =108 pr (Zans, 11 | 222 1) (119)
Similarly, the per-token loss is defined by

L, - ,
LOSSI;Z» = EZL,L'NDI;:,L’ [ —log pr, (Zans 1 i | zht 1)]a i€ [5].

)

At stage k > 2, let F(Tk-1) denote the model obtained from the previous stage, trained on the task
TLe-1 with Ly_; = 2F~1. Using the greedy annotator Pp(r_1)» We construct the bootstrapped

LEGO distribution D?f}f’jl) with total length L, = 2*. The corresponding self-training loss

Ly, L'
L°55F<Tk,1)

descent on Losler ’sz ., . with sequence length L’ = 2 and target token ¢ = 5, initialized from the
Yy

is then defined as in Definition [.3. In this stage, we focus on training via gradient

previous-stage model F'(Tk-1),

For notational simplicity, throughout the discussion we drop the subscript of the expectation operator
E when Z is sampled from the ground-truth LEGO distribution; the subscript will be explicitly
included only when the expectation is taken over the bootstrapped distribution. Moreover, we
abbreviate the wrong attention error eaLt’Er’]Q as eaLt’gn and the attention gap AL*2 as AL+ when the
context is clear.
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I.1 Preliminaries

We first present preliminaries on the recursive learning attention layer, including its gradient compu-
tations and some useful probability lemmas.

I.1.1 Gradient Computations
Fact L1 (Gradients of Q). Given F(Ts~1) from the previous stage 7 “*~1 with L,_; = 2F~! for
k> 2, for (p, q) € {(4, 3), (4,4)}, we have

Ly,

2 Li,2
F(Tk—l)’{) :

-Vaq,., Loss = fVQMLosss

Remark I.1. This fact is straightforward to verify. Since the attention error eaLtﬁn_ 2 has already been
controlled at a small constant level in the previous stage for the model F(Ts1), when transitioning
from length 251 to 2%, the incorrect attention produced by FT»=1) cannot increase significantly. In
particular, we have

Lk Lk—l
€attn < 2€aten >
which remains small. Moreover, the attention gap A™* = |AttNans 1spred.2 — Atthans 1-ans 1]

is non-increasing due to the doubling of irrelevant clauses. As a result, the probability assigned
by FTk=1) 10 the correct prediction of Zans,2,5 given Z1w1 remains significantly larger than that
of any incorrect prediction. Consequently, under the greedy data annotator, the self-training loss
coincides with the original loss Lossg"“’2 on the ground-truth LEGO distribution.
Lemma I.1 (Gradients of Q4 3). Given F (T=1) from the previous stage and s € 7(X), for the
diagonal entry [Qu 3]s s of the block Q4 3, we have

Ly.2
Y Loss *: ] =E
|: Q4’3 F(Tk71)75 $,8

Attnans,l—»pred,Q : ( Z gS,j(ZQ,l) Z SReLU/(A&j,T)'
Jeld]

re[m]
(<W5,j,ra Zored,2) — N5 jr + b5,j,r))]ls_'r(zl)‘| .

Moreover, for the off-diagonal entries [Qu 3]s, With s # s, we have

[— VaQus LOSS;’?’Ti,I) 5} = IElAttna,ns71_mred71 . ( Z 857j(z271) Z sReLU’ (As,j,r)'
e jeldl re[m]

<<W57j,r7 Zpred,1> - A5,j,r + b5,j,r)> ﬂs_T(Il)ys/_T(Io)] :

Lemma 1.2 (Gradients of Q44). Given F\Ts=1) from the previous stage and s € 7(X), for the
diagonal entry [Qq 4]s s of the block Q4 4, we have

{ —VQuu Loss™*,? } =E

F(Tk—1)75

Attnans,l%ans,l : ( Z 85,]'(22’1) Z SReLU/ (As,j,r)'

j€[d] re[m]
<<W5,j,r; Zans,1> - A5,j,r + b5,j,r)> ]1(‘;=7'(3c1)‘| .
Moreover, for the off-diagonal entries [Qu 45, With s # s, we have

Lg,2 _
- VQ4’4LossF(Tk71>,5} s E

Attngns,1—ans0 - ( Z 55,j(z2’1) Z SReLU/(AS,j,r)'
]

jE€ld re[m]

(<W57j,7“7 Zans,O> - A5,j,r + b5,j,r>>]ls=7'(xl),s’=7—(xo)
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Notations for activated neurons. Recall that
A= |J A, whereA; ={r;, [ycV}
Jjer(y)
Given ZE4-1 let
ZL -1y U {go}

=1
be the collection of all group elements chosen in the predicate clauses, and similarly define

-1
Y= U {ye }.
=0
We then introduce
A S(ZB = {rgy ’ g € Fiber; ,, g € G(Z™ Y v oye JA)}

For simplicity, we omit the dependence on Z*~! in the notation of 2(; when it is clear from context.

The above recalls the relevant notations from Appendix H.2. With these preliminaries in place,
we now state the following lemma, which also relies on the feature-magnitude bounds established
therein.

Lemma 1.3 (Characterizations of Lambda). Given ZL+* with {Attnans 1k fyerina, then
(a) forj € T(Y), for activated neuron r € 2, we have

Ly

A Z Attn,, ,1—pred, Z’V, gé’ + Z Attnans 1—ans, ¢/ — IV (y(' 1) + O(UO>
=1 =1

(b) forj € T(Y), for any non-activated neuron v ¢ A; we have

[As.jir| < O).

(c) for j & (), for any r € [m], we have
O(09).

Lemma L4. Given j € 7()), forr € ; \QAlj we have sReLU’ (A57j,r) =0.

We are now ready to derive the gradients of the attention layer, building on Lemmas I.1 and .2 and
the properties established above.

‘A5,j7r

Lemma 1.5 (Refined expression for the gradient of Qg4 3). Given I (Ts=1) from the previous stage
and s € T(X), for the diagonal entry [Qu 3]s s of the block Q4 3, letting jo = T(g2(y1)), we have

[ Vq, ;Loss L2 } =E

FTe-1 5 Attnans,l%pred,Q'

((1—logit5}j2)~< 3 sReLU'(Ag),jQ,T)-(VjZ’( 2) = Aspn O(Uo))ié(éq))

Teﬁj2

~ Y logits, - ( Y sReLU'(As,,,) (vj,r(gg) — As o E 6(00)) + 5(5Q))

j¢j267'(y) ’I“Eé\lj

+ Z logit5,j5(0’8>)]l7'(ml)—s‘|‘

g (Y)
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Moreover, for the off-diagonal entries [Qu 3]s, With s # s, we have

Ly,2
[ - VQ4,3 LOSSF,ZTk,l) 5} , = E |\Attnans,1~>pred,1'
0l s

((1 ~logit; ;,) - ( > SReLU (Asz,0) - (V1) = As o £ Ol00) ) £ O(57))
reﬁlh

~ Y logits, - ( Y sReLU'(As;,) - (Vj,r(gl) — syt 6(00)) + 6(5q))

J#j2€7(Y) refl;

+ Z 10git5’j5(0'8))17(11)_S’T(I0)_S/].
J¢T(Y)

Lemma 1.6 (Refined expression for the gradient of Q4 4). Given I (Ts=1) from the previous stage

and s € T(X), for the diagonal entry [Qa 4]s s of the block Q4 4, letting jo = 7(g2(y1)), we have

FTe-1) 5 Attnans1ans,1°

{ ~VaQuu Loss™*,? } =E

((1 —logit; ;,) - ( D SReLU (A5 o) (Viaur (1) = As o  Olo) ) £ O(6%))

TEé\[jQ

— > tegits, - (30 SRELU'(As i) - (Vir(yr) = As i % Olo0) ) = O(51))

J#j2€T(Y) redl;
+ Z logitS,j6<08>>ﬂT(I1)—S]‘
jgr ()

Moreover, for the off-diagonal entries [Qq 3]s, With s # s, we have

[ - VaQi. Loss™*:2 } =E
s,s’

F(Te-1) 5 Attnans 1-ans,0°

((1 —logits ;) ( . SReLU (s o) (Viar (40) = Aspur £ Olov) ) = 0(87))
refly,
— Y logity; - (Y sReLU (A5, - (Vir(so) = As.jr % Ol00) ) + O(5"))

J#j2€7(Y) red;

+ Z logitS,j6(08)>]lr(ml)—s,-r(:co)—s"|-
JET(Y)

Following the above calculations, we can further obtain the gradient summation of Q4 3 and Qg 4 as
follows:

Lemma L7 (Gradient sum of Q4 3 and Qy 4). Given FTv~1) from the previous stage and s € T(X),
letting jo = 7(g2(y1)), we have

Ly ,2 Ly,2
[ — VQ413LOSSF(Tk_1),5} . + [ - VaQus LOSSF<T;C_1>’5} .

-E ((1 — logits_, ) - ( 3" sReLU'(As, ,):
7‘€§lj2
( - Attnans,1—>ans,0 . ij,r(yo) - Z Attnans,1—>pred,€ : ij,?"(gé)

(42
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+ (]- - Attnans,l%ans,l - Attnans,l%pred,Q)AS,jg,r =+ 6(0—0)) =+ 6(5q))

+ ) logity ;- ( > sReLU'(Asj,)-

J#j2€1(Y) redl;
(AttnanS,l—mnS,O : Vj,r(QO) + Z Attnans,1—>pred,[ : ij,r(ge)
22
- (1 - Attnans,1—>ans,1 - Attnans,1—>pred,2)A5,j,r + 6(00)) + 6(5(1))

+ Z lOgit{)J‘ : (Attnans,lﬁans,l + Attnans,l%predﬂ)a(ag)) IL'r(zl)_s‘| .
igr(y)

Notations for gradient decompositions. Next we define some useful notations to further simplify
the expressions of gradient.

Lemma L8. Given FTs=1) from the previous stage and s € 7(X), we define the following notations
for the gradient decompositions:

1. for [Quq3]s,s we have [— VaQus Loss™#2 ]378 = ]E[NS,S,Lk,i + N3, L, id +Ns,3,Lk,iii],

F(Tk—l),5
where
NS,B,Lk,i = Attnans,lﬁpred,Q : (1 - 10git5,j2)' (120)
( > sReLU'(As,.,) - <Va‘2,r(92) — A5 jor £ 6(00)> + 6(6q)>]]-r(xl):su

TGﬁjQ

NS,?},Lk,ii = _Attnans,1—>pred,2 . Z logits,]" (121)
J#j2€T(Y)
( > sReLU'(As ;) - (Vj,r(gz) —Asjr £ 5(00)) + 5(5q))ﬂr(x1>:s>
Teﬁj

NS,S,Lk,iii = iAttnans,l%predQ . Z logit57j5(08)]l.,_(xl):s.

i¢r(Y)
(122)
2. for [Qu4ls,s, we have [_VQ4,4L°55;?%i,1) 5]5,5 =E[Noa,L,,i +Noa,Lyii TN s,y i)
where
Ns,4,Lk,i = Attnans,l—)ans,l : (1 - lOgit5,j2)' (123)
( Z SReLU/(A5>j2,T) : <VYJ‘2,T(yl) - A5,j27T + 6(00)> + 6(6(1))17(11):5’
TEQAl],L,
N@A,Lk,ii = *Attnans,l—wns,l : Z lOgitE),j' (124)
J#J2€7(Y)
(Y sReLU (As ) - (Vir (1) = s £ O(00) ) £ O(6) ) hra s,
Teﬁj

Ns,47Lk,iii = iAttnans,l%ans,l : Z 10git5,j6(08)17(11)25~
J¢T(Y)
(125)

142



3. for the summation of [Qagsls s and [Qaalss we have [ - VaQ.; Lossg’Q] + [ _

VaQu. LOSS?Z] 55 E[Ns,z,i + N 2,0 + NS,Q,u‘i], where

S,8

Nipei = (1—logits ) ( Y sReLU'(As,.,)-

rey,
( — AttDans 1ans,0 * Via,r (Y0) — Z Attnans 15pred,e - Via,r(9¢)
02
+ (1 — Attnans 1-ans,1 — AbtNans 1 pred,2) As jo.r & 6(00)) + 6(5q))]17(r1):s’
NsLyii = Z 10git5,j : ( Z sReLU’(A57j7T)~

j#szT(y) Teﬁj
(Attnans,l—mns,O : ij,r(?JO) + Z Attnans,l—)pred,f : ‘/j,r (gf)
0+£2
- (1 - Attnans,l—mns,l - Attnans,l—)pred,Q)AES,j,T =+ 6(00)) + 6(5q))]1T(J;1):sa
Ns,Lk,iii == Z lOgit57j : (Attnans,1—>ans,1 + Attnans,1—>pred,2)6(08)]17'(301):3-
JgT ()
I.1.2 Probabilistic Events

We introduce the following events:

L1 = {Ll Z Wae(yr) = 92(n1)} < Uk},

F relLa\{2}

2 ={vw=u},

Eris = {max > Holy) =g} < Wk}~
yeY
ee[Li]\ {2}
We set
1 L (%)7 Ly < Ny IOgnya
U = 1+ 5] = e, wi = jl_j’g(Tk log n, )
4§ @(n—k), Ly, > nylogn,,.
y

By standard balls-into-bins tail bounds and maximum-load estimates (e.g., [109]), we obtain

O(n; UkLk"rl)’ L, < Ny,
Pr(Z"' ¢ €r,1) = { exp(—O(nylogny)), Ly = 0O(ny),
exp( —O(Ly, logny)), Ly, > ny,

and
PrZ" ! € &, 3) = 1—n, 0.

Y

1.2 Reducing the Wrong Attention

As discussed in Remark I.1, both eaLt’gn and the attention gap remain bounded by a small constant at

the beginning of stage k. Hence, we can directly proceed to stage 1.2.2 of the convergence analysis as
T?2. Moreover, by the symmetry between [Qy 3]s, and [Q4.4]s s, We may, without loss of generality,
restrict attention to a particular s € 7(X') and analyze the corresponding loss Lossé’;’2 in what
follows.

Induction L1. Given F(Tk=1) from the previous stage T"*~ with Li_1 = 28~ for k > 2, let T},
denote the first time that Loss5L’;’2 decreases below e(—3+3:01¢1)2B  Eor all iterations t < T, we

have the following holds
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t . .
( )] monotonically increases;

t
1 [Qi3],, + [Qf)
2. for any sample Z**, we have Attnan)S 1—spred 2 —Attng?s 1—sans, 1
1. 005 logd >0

3. for any Z*1, we have Attnz(m)S 1—sans 1 Attngm)S 1-spred2 < Min
log d > 0 is some sufficiently small constant.

Qipls,s .
()], . < 0(“’5]) ; otherwise [Q4)) ). = 0.

< ¢y for some sufficiently

small constant ¢; =

Lyp—1 Lg,2
{ Ly €attn _0270}’

where co =

4. forp € {3,4}, for s’ € T(X) # s,

I1.2.1 Attention and Lambda Preliminaries
Lemma L9. If Induction I.1 holds for all iterations [Ty, _1,t),then for any sample Z**1, we have

1L 6ftlgn € [ Cla2€attn :|;
(1) for any k, k' € T5+1\ {(ans, 1), (pred, 2)};

t
2. Attne(m)s 1-k Attngn)s 1ok 2
3. |Attngf])5,1_)k - Attng?s L] < 6(§)f0r any k, k' € 7t \ {(ans, 1)}.

Proof. The highest loss occurs when the sample Z** makes the wrong answer highly confused with
the correct answer. Thus, we consider the case that g¢ - yo = g2 - yo forall £ € [Li]\ {2} and yo # 1.

Li,1
1ngF(Zans,2,5|Z( k ))
L 1 L t t Ly, ,2
lik 6attI; Attna(ns) 1—ans, 1)23 (Attn§ns) 1—spred,2 le 6attI; )2B
)

(t)
N, 1—pred,2 T

< O(1) - max {e(At

(t) 1 Lk
elogd (Attnans 1 spred,2 Lkem’; )28}

Lp—1 Lp,2 t
< @( ( fk Carty +C1)2B— (Attnsns) 1—pred,2 lk atte )QB)

< @(e(ézeiﬁ%)w) .

4¢,, we must have

Thus, if el < 4
2,2 (L4324 9B —(343¢1)2B
Lossgy < ©(e 2773 =0(e "2 ,

which contradicts the definition of T} 5 2 ;. Therefore, it must hold that e}, > 3C1 forallt < Ty},
O

Lemma L10. If Induction I.1 holds for all iterations [Tj,_1,t), then given ZL*1 ¢ £, 5, we have

>QB+O(§)+OQ)

1. for the prediction jo, we have
t
- Attnz(an)s,l—mns,O n
Yy

(t) _ (t)
5,02, g yr ( Z ]lgé(yl):QQ(yl)Attnans,lﬁpred,Z
L€[Ly)

2. for the prediction jl, = T(gg (yo)), we have
B
— A e ) 2B+ 0(=2) +000).

(t) (®)
5,55, Tgo-y0 ( Z ]lgg(yo =g2(yo0) Attnans ,1—pred,? n
26 Lk] Y
3. forother j = ga(y) € 7()), noticing that for this case y # yo, y1, then we have
t t t
Aé; Tgo-y = ( Z ]lg@(y):g2(y)Attngn)571_>pred7g - Attngn)s,laans 1 Attne(xn)s 1—ans 0) 2B
eE[Lk]
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+O(E

0(6).

%) soi

Lemma L11. [f Induction I.1 holds for all iterations [Ty,_1,t), then given ZLwd g Er,,2, we have
1. for the prediction jo, we have

(t) S () B
A5,j2,7“g2,y1 - ]]‘gl(yl)=92(91)Attnans,1—>pred,€ 2B + O(’I’Ly) + 0(5)
L€[Ly]

2. forother j = 1(g2(y)) € 7(Y) with y # y1, then we have

(t) _ (t) (t) (t)
A57j,7”92.y - ( [Z | ]192(y)zgz(y)Attnans,lﬁpred L Attnans 1—ans,1 — Attnans 1—ans 0) 2B
Le[Ly

+o(n§) +0(5).

1.2.2 Gradient Lemma
Lemma L.12. [f Induction I.1 holds for all iterations t € [Ty,_1,T},), given s € 7(X'), we have

{ VQ@) Loss5 2} . + { — VQm Lossg’z]

s 4,4 S,8

O(B/d)E [ (1~ ogit® )|r(a1) = 5. E001 N E5, o).

Proof. By Induction I.1, Lemma I.10, and Lemma I.11, we have

t
|:NS( l)/k 7.:|
t t
=E |:( logltg 22 ( Z Attnans ,1—pred,¢ VJ27 Tgo-y1 (gf) Attne(m)s 1—ans,0 ‘/j277'92vy1 (ZJO)
042
+(1— Attn'? — Attn!" )AL +0(0 )) + 6(5%} (126)
ans,1—ans,1 ans,1—pred,2/ " 75,j2,7g5 .y 0
]17'(951):5]1Aé’) <B"
J2:Tg2-y1 —
Similarly,
t
ENY, il
_ (8 e,
=E| Y 1ogit}) () - SReLU'(AL) () )
Y#Y1
t
(Z Attnén)s,lﬁpred,f ’ VT(gz(y)) Tg2-y (gz) + Attnans 1—ans,0 VT(gz(y))’r”'y (yO)
042

t t A A
( Attnans l1—ans,1 Attne(m)s ,1—pred, 2)Aé,3-(g2(y)),r92_y + O(UO)) + O((sq)] ]]‘T(-'El):S‘

Consider the event £, 1. For Z"! € £, 1 N EF, 5, we have A 32 rogy, = B since
(32”2 = => Attng?ﬂ_}pred’e Visray i 9 L gnr)=ia — AERGL 1 oo Vi, (30)
2
< 2(Attngn)s 1 spred.2 T (Ux — 1/Ly) - attn)B
< 2=t 4 U - 1/Ly) - K ) B
= 2L (4 + /L~ Us) - k) B
Thus, provided e}, > 4c1/3 and choosing Uy, = |1+ L& | /Ly, we indeed have Aé }2,7’92.“ <B.
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* For j = 7(g2(y)) in Ns(t%w

- Y=Y # Y1,
Z Attng?s,lﬁpred,l ’ V"’(%(?J))Wgz-y (gé) + Attn:(a?sl—mns,o ’ VT(92(?J))=’"92-?J (yo)
0#£2
t
> Z Attna(m)s,lﬁpred,f ’ VT(92(y))vr92-y (g@)]lgg(y);égg(y)
(#£2
>-0(£) (1- Attn? — Attn'" 127
- ny ( nans,l—)ans,l nans,lﬁpred,Z)' ( )

-y # yo,y1. If there exists at least one ¢ # 2 such that go(y) = g2(y), then by

cancellation,
t t
Z Attne(m)slﬂpred,ﬁ : VT(gz(y)),Tg?y (gf) + Attne(m)s,laans,o ' VT(g2(y))yTg2»y (yO)
04£2
¢ t)
> —O(%) (- Attnl) o~ Attnl ). (128)
. , (t) (t)

Else, pick v’ # y, y1 so that A5,T(92(y/)),7'92_y/ > A5,T(gz(y)),7“92.y' Then

logits (g, (y)) < O (%) (1 - logits ;,),
which implies

o (T t t
lOglté; ( Z Attne(m)s,lapred,é : VT(92(y))ang-y (ge) + Attngn)s,laans,o : VT(g2(y)),7“92.y (yo))

042
B . t t
2 _O(Lkny> ’ (]‘ - loglt5,j2) : (1 - Attngn)s,lﬁans,l - Attngn)s,lﬁpredQ)‘
(129)
. ForJ\/'s(fzk’i.
- IfZiel ¢ ng,l N 52]672, then
t t
- Z Attne(m)s,l%pred,é : ‘/}'277"92-1/1 (gf) - Attngn)s,lﬁans’o ’ ‘/}'2,7‘92.“ (yO)
042
t t t
+ (1 - Attnz(an)s,l—mns,l - Attngn)s,lapredl)Aé,;'g,rgz.1JI
t t
> — Z Attngn)s,l—mred,é]lgz:jz . ‘/}277”92-1/1 (9¢) — Attngn)sJaans,O ’ ‘/j27rg2*y1 (%o)
0#£2
t t t
+ (1 - Attngn)s,lﬁans,l - Attngn)s,lapredQ) g,‘)jg,’l“g2.yl
t L t Ly
= <_ (Uk - %k) 2B+ Ag,}mmz-m) - eatlén =z (Aévzbrgz’yl - §> ' eatlin. (130)

— Else, for ZL+! ¢ &7, 1UEL, 2, note that having more identical predictions ge(y1) = j2
(t)

5,J2:Tg9 y1

E[(l — logits’jQ) | Er,a U ng,Q:I < 0(1) E[(l - 10git5}j2) |€L.1N 52}“2],

or less distraction (i.e., yo = y1) increases A . Hence

and

’ N Z Attnz(li)s,lﬂpred,l : %27'&]2'91 (ge) - Attn“(i?S,lﬁanSO ’ ijQ’TyQ'yl (yO)
142

+ (1 - Attnl!) — Attn() Al

ans,1—ans,1 ans,l—)pred,?) 5,92:Tg5 41

< O(l) ’ Ezilgn - B.
(131)
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Putting the above together, we have

2,2 2,2
[ - VQSE Loss; } + [* VQE];’ Loss; ]

s,s s,S

B P AT S
+ENY, o] £0(e))
{(Ns(tik + N e, snes 2}
TEN, Ty sl e, J BN, ole ue, o] £ O0).
First, by (127), (128), (130),
[(N( Ll +N i) les, e, 2]
> E[(l - logitégz)((/\é;zmg?yl - %)ﬁfﬁn) (1- 10g1t(t) )(O(yﬁ,) €attn + max A5 T(92(y)), rgw>
Lr(a)=sley, ineg, J
> Q(B/d) E{ €atn - (1 — log1t5j )| T(21) = 5,EL,1 NEL, }

Moreover, by (131),

(t)
E[ s,L, 1]1/\?;2 oy oy SB/2 Ek,lung’2:|
> —Pr(Zt! ¢ &, 1) O(B/d) E[ €atin - (1 — loglt5J )| T(x1) = 5,E1, 1 UL 2 }
> —(0(1/n®W) + 1/n, ) - O(B/d) - E|esty - (1~ logit{!),) | 7(1) = 5,1 N EF, ),

and, by (127), (128), (129),

B[N, ale; ves 2| = 5- - O(B/d) - Elesty - (1 - logitl!),) | 7(w1) = 5,65, , UL,z|.

Yy

Therefore,

[ — V.o Lossg’ﬂ

2,2
Q) + [f v ) Loss; ]

(t
s,s Qy s,s

Q(B/d) Bk, - (1~ logit(),) | 7(@1) = s,E0,1 N, |-
O
Lemma L.13. If Induction 1.1 holds for all iterations t € [Ty,_1,T}), given s € T(X), for [Qu.pls,s’,
p € {3,4}, s’ # s € 7(X), we have

< O(%)‘ [ VQm Loss2’ 2}5 J

)

’ { VQm Loss5 2}

s,s’

1.2.3 Attention gap is small
Lemma L.14. If Induction I.1 holds for all iterations t € [Ty_1,Ty), then for any sample Z**1, we
have

Attn'? — Attn®

ans,1—pred,2 ans,1—ans, 1 <a,

where ¢ > 0 is a small constant.

Proof. The proof follows the same high-level idea as Lemma H.22. The key observation is that for
each Z+!, there always exists at least one y # 1 such that, for some index j appearing in the
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gradient term ") L,.2» We have

A > 9(AttnlY) — Attn{")

5,0,Tgg-y ans,1—pred,2 ans,1—ans, 1)

Let 7 denote the set of indices J achieving arg maxy ¢y} AW , and pick one such index

5,0,Tg9-y’

§' = g2(y'). Define T to be the first time when Attngn)S spred2 — Attngf])s 1ans,1 = C1. At this
time, we have B
Z logité? = (1 - O(diﬂ(l))> (1 loglt(T) ).
jed
Plugging this into the gradient expressions yields
(T
NSSLk’L NS?)Lkll
- T T T
= Attngns)l—)pred 2 ((1 - O(d Q(l))) ( loglt( ) ) (Agj)’,rm_y/ - Aé,jl,TgQ.y1)

_ T
+0(d2M)(1 — logit(") ) - (%’j%%_yl,z(gz) - Aévjlrgz»yl))]lﬂxl)_s,
and similarly
T T
Ns( 4)Lk7‘ +Ns( 4,)Lk,ii

_ T T
= Attngns)lﬁpred 2 <<1 - O(d Q(l))) ( IOglt( ) ) ( - Vjé,rgz.yo (yl) + Aé,j)’,rgz o Aé7j)27rg2.y1)

Yy

+ O(d_Q(l))(l - logitg;)z) ’ (VE’Jz,ng-m 72(:‘/1) - ALEJT’) )) ]17'(1?1):5'

3127 g0y

(7) NG
57]/17"512.3,/ 5,72:Tg9 y1

Since A < 0and

_‘/}2x'f92'y1 (yl) - A(T) + A(T) Z Q<B)a

5,J25Tg5-y1 5,J2,T gy .y

we obtain

-V @ Lossz’ 2] + {V ) Lossg’ﬂ > Q(8)-E[1- loglt5 ] (@) =]
5,8 4,3

s,8

Therefore, the quantity Attnans 1-spred.2 Attngﬁs 1-sans,1 cannot further increase, and we conclude
that ® ®
Attnans J1—pred,2 Attnans 1—sans,1 < .

O

Lemma L15. If Induction I.1 holds for all iterations t € [Ty_1,T},), then for any sample ZL*-t, we
have

Lp—1
Attn'? — Attn® k

ans,1—ans,1 ans,1—pred,2 = " T €attn — €2,

where co =

Proof. The argument parallels Lemma H.34, but in the recursive setting we first note that for every
Ziel e g
k,2°

(t) (t) (t) Lp—1 1
AS,'r(gg(yg))7 Tgo-40 Attnans 1—pred,2 Attnans 1—ans,1 Lk atlin'
Let T be the first time such that
(t) (t) Lpy—-1 g, _ log d
E|Attn, J1—pred,2 Attnans 1—sans,1 L atin | T(21) = 3} = 1028
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Then, for any y,

(T)
5, 7(92(3/))7 Tgo-y
— 2(Attn" Attn®) 1 Attn?) B < losd
( nans 1—pred,2 +Z nans,l%pred,f 9e(y)=92(y) — nans 1—ans 0) = 9201 .
0#2 ’
Hence the corresponding wrong-class logit mass is small:
logit{) < O(d~10V/201) (1 - logit"), ).
Plugging this into the gradient decomposition, we obtain
(T)
Ns 3,Lg,1 +N 3 Lk,zz
_ (T) 1 (T) (T)
= AN, 01 pred 2 <(1 —logits ;) (V5.jargy.0,.2(92) = As o))
—1.01/2. (T T
= O(d 020 (1 10gitd)) D7 (Vagargy2(92) = AL ) Tren=s
Y#Yo

T
2 Attn;(ms)lﬂpred 2 Q(l) (1 - IOglt( ) ) : (V5aj2’7’g2-y172(g2) - Aé,j)g,r92.3,1> ]l'r(xl):57

and
T
'/\/;4 Lt +N(4)Lk,zz
T
= Attngns)lﬁpred 2 (( loglté J)2)(‘/5’j2‘ry2‘y1’ (yl) A(J)Z ng-yl>
_ T T
o020 (1 1og1t( >) Z (Vs rgyy2(y1) — Aé,j)z,rgz.y)) Lo (zy)=s
Y#Yo
T T
< — Attne(ms)lg)pred 5 Q1) (1 - logltg }2) A‘E)7j)2,rg2‘y1 Tr(zy)=s-
Therefore,
B
[-V_ & Lossg Z]Q . =0 d) ‘E[1- loglté J)Q |T(£C1) =s, é'zk’Q], (132)
4,3 =
[~V _lossi?] < —Q = E[l—loglt V| 7(21) =5, E5, 5] (133)
QELA) 5 5,8 T d Ly,2
Finally, recall that
[Q%es _ Qs _ ,O(1/d)
t t t (& g e e
Attne(m)s 1—pred,2 + Attngn)s,l—mred 1 Attngn)s 1—ans,1 —

elQi3]e s o ([QMss 4 (O(1/d)

Combining the two gradient inequalities shows that the quantity

(t) Lp—1 (t)
Attnans 1—spred,2 + Tk attn — Attn ans 1—ans,1

must strictly decrease at time T +1. O

L.2.4 At the end of stage

Lemma .16 (At the end of stage). Induction I.1 holds for all iterations Ty,_1 < t < T}, = O(%gl)).
At the end of stage k, we have

(a) Attention concentration: eft’gn < 5.04c¢; for some small constant c; = M > 0;
. Ly,2 (—%+3.01¢1)2B _ _1
(b) Loss convergence: Loss A <e'l72 solyd"
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Proof. By Lemmas 1.9 and 1.12, the diagonal entries [fog]s}S and | 4(1%375 keep increasing until

the total wrong-attention mass satisfies €attn > 4%. Combining Lemmas [.12 to [.15, there exists a
stopping time

such that Induction 1.1 holds for all ¢ € [Ty, T}).

To obtain an upper bound on eaLt’gn at the end of stage £, it suffices to work on the main event &, 3.

Case 1: L, = O(1). For each y € ), at most one index ¢ # 2 can satisfy g;(y) = g2(y), and thus
the number of collisions per y is uniformly bounded by W;. Hence,

1ngF(Zans,Q,S | Z(271))

t t t
> @(1) ' exXp IOg d— (Attngn)s,l—>pred,2 + ZAttngn)s,IAPred,E ]192(91)292(241) - Attnz(an)s}lﬁans,o
0#£2

> 0(1) - exp(logd — (Attn) | s + (/L — 1/Ly) €h,) 2B)
S}

_ (1 Q_ﬁ_logd23
exp(— (3 + 4 5 24)2B) ),

) 2B

- (t) 1 Ly _lte e
where the last line uses Attnansﬁlépred’2 < 5(1 = €eafn +01) = 52 —

Case 2: L, = w(1). If L, < nylogn, then Wy /Ly, = O(1/Ly); otherwise Wy /Ly, = O(1/ny).
In either regime W, /Lj, = o(1), and we similarly obtain

log pr(Zans2.s | Z0) > ©(1) - exp (logd — (Attnl o+ (1) — 1/Ly) €b) 23)

1 c1 eaLtt’ﬁ logd
>0(exp(— (3+4 - % - %%)28)).

1 ¢ €attn _ logd 1 _
2t 3 2 5 = 3 —30lc,

which rearranges to
el < 2(3.02¢;1 4+ 0.5¢; — ¢1) = 5.04¢1.

In particular, since B/ log d can be taken as a sufficiently large constant, we obtain the clean stage-end
bound

Ggic}t?n = O(Cl)'
O

1.3 Proof of Main Theorem

Theorem I.1 (Recursive self-training (Restatement)). Assume the distribution D' induced from
LEGO(X,G,)) satisfies Assumption 3.1, 3.2 and 5.1, and assume the transformer network satisfies

Assumption 3.3, C.1, C.2, and n, < m < log? d. Then forany 1 < k < log, | X|, the transformer
FT¥) trained via Algorithm 2 up to length Ly, = 2% and Tj, = O(%I(d)) satisfies: FT%) is able to
solve TLr+1 with Ly = 2FF1, e,

Accr, ., (F(Tk)) =1-0(1/poly(d)).

Proof. By Lemma 1.16, at the time T}, we have GaLt'E’n < 5.04¢;, combining with Induction I.1, non-
diagonal entry of Q,, , remains close to 0, thus moving to the next stage, we have eaLt’ErT Lt < 4eft’§n <

20.16¢; (notice that 20.16¢; could be sufficiently small e.g., 0.01 since we can set a reasonably large
B) for all £ < Ly 1. Moreover, ALx+1:¢ < AL+l Hence, we have

]EZLkJrl ~DEk+1 ]EZans,lH»l’\‘p(FTk) (-|ZFk+1:t) []I{Zns,Hl#Zans,ul}]
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< 0(1) 'EZLk+1NDLk+1 |:1 - lOgit5,T(Zans,e+1,5)]

1 B Lk Dkt

< 0(1) . e(_(é_éattn attn - —C2)/2—€un ))'23

O; s 1
o(1) - (—1-1loed 5.0901)2B — O( )
(1) - ez Tz polyd

Thus Accp, ,, (F™*) >1— O(ﬁ)'
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