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ABSTRACT

Answering counterfactual queries has important applications such as explainabil-
ity, robustness, and fairness but is challenging when the causal variables are un-
observed and the observations are non-linear mixtures of these latent variables,
such as pixels in images. One approach is to recover the latent Structural Causal
Model (SCM), which may be infeasible in practice due to requiring strong as-
sumptions, e.g., linearity of the causal mechanisms or perfect atomic interven-
tions. Meanwhile, more practical ML-based approaches using naive domain trans-
lation models to generate counterfactual samples lack theoretical grounding and
may construct invalid counterfactuals. In this work, we strive to strike a balance
between practicality and theoretical guarantees by analyzing a specific type of
causal query called domain counterfactuals, which hypothesizes what a sample
would have looked like if it had been generated in a different domain (or envi-
ronment). We show that recovering the latent SCM is unnecessary for estimating
domain counterfactuals, thereby sidestepping some of the theoretic challenges. By
assuming invertibility and sparsity of intervention, we prove domain counterfac-
tual estimation error can be bounded by a data fit term and intervention sparsity
term. Building upon our theoretical results, we develop a theoretically grounded
practical algorithm that simplifies the modeling process to generative model esti-
mation under autoregressive and shared parameter constraints that enforce inter-
vention sparsity. Finally, we show an improvement in counterfactual estimation
over baseline methods through extensive simulated and image-based experiments.

1 INTRODUCTION

Causal reasoning and machine learning, two fields which historically evolved disconnected from
each other, have recently started to merge with several recent results leveraging the avallable causal
knowledge to develop better ML solutions ( ,

s ; s ). One such setting is causal representation learmng (

; , ), which aims to take data from a complex observed space (e.g.,
1mages) and learn the latent causal factors that generate the data. A common scenario is when we
have access to diverse datasets from different domains, where from a causal perspective, each do-
main is generated via an unknown intervention on some domain-specific latent causal mechanisms.
With this in mind, we focus on a specific causal query called a domain counterfactual (DCF), which
hypothesizes: “What would this sample look like if it had been generated in a different domain (or
environment)?” For example, given a patient’s medical imaging from Hospital A, what would it
look like if it had been taken at Hospital B? Answering this DCF query could have applications in
fairness, explainability, and model robustness.

A naive ML approach to answering this query is to simply train generative models to map between
the two distributions without any causal assumptions or causal constraints (e.g.,

( )); however, this lacks theoretic grounding and may produce invalid counterfactuals. One
common causal approach for answering such a counterfactual query would be a two-stage method
of first recovering the causal structure and then estimating the counterfactual examples (

“Equal contribution. Listing order is random.
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Table 1: This table of related causal representation learning works, focuses mostly on works that
study learning a latent SCM, shows that most prior works in this area aim for identifiability of
the (latent) SCM, and thus require strong technical assumptions which may not hold in real-world
scenarios (e.g., perfect single-node interventions for each variable).

Observ. . Observ. Function Characterization of
SCM type Function Other Assumptions Identifiability Counterfactual Equiv.
1) Access to ground- Single mechanism
( ) Invertible observed N/A ss10 g N/A counterfactuals under

truth DAG specific contexts

1) Atomic stochastic

. . hard interv Mixing and N/A -
( ) Tnvertible latent Invertible 2) Training set is elementwise Counterfactuals as input
counterfactuals pairs
( ) Linear latent Linear 1) Atomic hard interv. Scaling No
( ) Linear latent Non-linear D) Slgplhoanl oal{sal Mixing and scaling  No
weights variation
( ) Latent non-linear Linear D Atom} ¢ stochastic Mixing or scaling No
hard interv.
Invertible observed o 1) Bivariate requirement L
COD T Gmplicit) Affine for identifiability Full (bivariate only)  No
Ours Invertible latent Invertible 1) Access to domain labels No Domain counterfactual

, ). However, most of the existing
methods for causal structure learmng elther assume the causal variable to be observed (as opposed to
our setting where the causal variables are latent) or require restrictive assumptlons for recovermg the
latent causal structure, such as atomic interventions ( ,

s ), or access to counterfactual pairs ( R ), or assume model structures
like linearity or polynomial ( , ; , ), which often do not
hold in practice. A summary of existing works can be found in Table 1. In this paper, we strive
to balance practicality and theoretical guarantees by answering the question: “Can we theoretically
and practically estimate domain counterfactuals without the need to recover the ground-truth causal
structure?”’

With weak assumptions about the true causal model and available data, we analyze invertible latent
causal models and show that it is possible to estimate domain counterfactuals both theoretically
and practically, where the estimation error depends on the intervention sparsity. We summarize our
contributions as follows:

C1 For a class of invertible latent domain causal models (ILD), we show that recovering the true
ILD model is unnecessary for estimating domain counterfactuals by proving a necessary and
sufficient characterization of domain counterfactual equivalence.

C2 We prove a bound on the domain counterfactual estimation error which decomposes into a
data fit term and intervention sparsity term. If the true intervention sparsity is small, this
bound suggests adding a sparsity constraint for DCF estimation.

C3 Towards practical implementation, we prove that any ILD model with intervention sparsity
k can be written in a canonical form where only the last K variables are intervened. This

significantly reduces the modeling search space from T causal structures to only one.

C4 In light of these theoretic results, we propose an algorithm for estimating domain counterfac-
tuals by searching over canonical ILD models while restricting intervention sparsity (inspired
by C2 and C3). We validate our algorithm on both simulated and image-based experiments '

Notation We denote function equality between two functions f : X — Y and ' : X — Y as
simply f = f/, which more formally can be stated as VX € X;f(x) = f/(x). Similarly, f # ¥’
means that there exists X € X;f(x) # f/(x). We use o to denote function composition, e.g.,
g(f(x)) = gof(x) orsimply h = gof. We use subscripts to denote particular indices (e.g., Xj € R
is the j-th value of the vector X and X<j € RI~1 is the subvector corresponding to the indices 1 to
J — 1. For function outputs, we use bracket notation to select a single item (e.g., [F(X)]j € R refers
to the j-th output of (X)) or subvector (e.g., [F(X)]<j € RJ refers to the subvector for indices 1
to j inclusive). Similarly, for (unbound) functions, let [f]; : R™ — R refer to the scalar function
corresponding to the j-th output or [f]<j : R™ — RJ refer to the vector function corresponding to
first j outputs. For any positive integer m, we define [m] , {1;:::;m}: We denote Ny as number
of domains in the ILD model.

!Code can be found in https://github.com/inouye-lab/ild-domain-counterfactuals.


https://github.com/inouye-lab/ild-domain-counterfactuals
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2 DOMAIN COUNTERFACTUALS WITH INVERTIBLE LATENT DOMAIN
CAUSAL MODELS

Given a set of domains (or environments), a domain counterfactual (DCF) asks the question: “What
would a sample from one domain look like if it had (counterfactually) been generated from a dif-
ferent domain?” Each domain represents different causal model on the same set of causal vari-
ables, i.e., they can be viewed as interventions of a baseline causal model. If we let D be an aux-
iliary indicator variable denoting the domain, a DCF can be formalized as the counterfactual query
p(Xp=g|X = X; D = d), where X is the observed evidence, d is the original domain, and Xp=go
is the counterfactual random variable when forcing the domain to be d’. In this work, we aim to find
DCEF for a class of invertible models (which we define in Section 2.1) and we will assume that the
causal variables are unobserved (i.e., latent). To compare, Causal Representation Learning (CRL)
has a similar latent causal model setup ( R ). However, most CRL methods aim
for identifiability of the latent representations, which is unsurprisingly very challenging. In contrast,
we show that estimating DCFs is easier than estimating the latent causal representations and may
require fewer assumptions in Section 2.2.

2.1 ILD MODEL

‘We now define the causal model based primarily on the assumption of invertibility First, we assume
that the observation function (or mixing function) shared between all domains is invertible (as in

( ); ( ); ( )). This means that the latent
causal variables are invertible functions of the observed variables. Second, we assume that the latent
SCMs for each domain are also invertible with univariate exogenous noise terms per causal variable.
We assume the standard Directed Acyclic Graph (DAG) constraint on the SCMs. For notational
simplicity, we will assume w.l.o.g. that the DAG is a complete graph (i.e., it includes all possible
edges), but some edges could represent a zero dependency which is functionally equivalent to the
edge being missing. Given the topological ordering respecting the complete DAG, we prove that an
invertible SCM can be written as a unique autoregressive invertible function that maps from all the
exogenous noises to the latent endogenous causal variables (See Appendix B.1). Note that the SCM
invertibility assumption excludes causal models where causal variables have multivariate exogenous
noise. Given all this, we now define our ILD model class that joins together the shared mixing
function and the latent SCMs for each domain.

Definition 1 (Invertible Latent Domain Causal Model). An invertible latent domain causal model
(ILD), denoted by (g; F), combines a shared invertible mixing function q : Z — X with a set of Ng
domain-specific latent SCMs F , {f4 :R™ — Z }ngl, where T4 are invertible and autoregressive.
The exogenous noise is assumed to have a standard normal distribution, i.e., ~ N(0; ).

While we discuss the model in depth in Appendix A, we first briefly discuss why the autoregressive
and standard normal exogenous noise assumptions are not restrictive. For any model that violates the
topological ordering, an equivalent ILD model can be constructed by merging the original mixing
function with a variable permutation. Similarly, for any continuous exogenous distribution, we
can construct an equivalent Gaussian noise-based ILD model via merging the original SCM with
the Rosenblatt transform ( s ) and inverse element-wise normal CDF transformation.
Moreover, we prove in the appendix that for any observed domain distributions, there exists an ILD
model that could match these domain distributions. Therefore, these two assumptions are not critical
but will simplify theoretical analysis.

Given our definition, we note that interventions between two ILDs are implicitly defined by the
difference between two domain-specific causal models and the intervention set is denoted by
I(fg; fg) C [m], which is the set of the intervened causal variables’ indices. In Appendix B.3
in the appendix, we prove that the standard notion of causal intervention is equlvalent to checking
if the inverse subfunctions are equal, i.e., j € Z(fy;Tp) & T4 ! 7f fdo . We further define

e ILD intervention set as the union over all pairs of domains, i.e., I A, fuifpcF I(fy; ) =
d<Nag Z(fy; fg). These implicit ILD interventions could be a hard intervention (i.e., remove depen-
dence on parents) or a soft intervention (i.e., merely change the dependence structure with parents).

Because any intervened causal mechanism is invertible by our definition, ILD interventions must be
stochastic rather than do-style interventions, which would break the invertibility of the latent SCM.
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Finally, we de ne a notion of two ILD models being equivalent with respect to their observed distri-
butions based on the change of variables formula. This notion, which is a true equivalence relation
because the equation in (2) has the properties of re exivity, symmetry, and transitivity by the proper-
ties of the equality of measures, will be important for de ning an upper bound on DCF estimation in
Section 3.1 and for developing practical algorithms that minimize the divergence between the ILD
observed distribution and the training data in Section 3.3.

De nition 2 (Distribution Equivalence) Two ILDs(g;F) and (g% F 9 are distributionally equiv-

alent denoted by(g;F) ' p (g%F9, if the induced domain distributions are equal, i.e.,
8d; pv fq' g '(x) Ji, 1 g 1] = pn 10,1 ¢ Y(x) 190 1 go 1 (X)J:

2.2 |ILD DOMAIN COUNTERFACTUALS

With our ILD model de ned, we now formalize a DCF query for our ILD model. For that, we
remember the three steps for computing (domain) counterfactuals ( , , Chapter 1.4.4):
abduction, action, and prediction. The rst step is to infer the exogenous noise from the evi-
dence. For ILD models, this simpli es to a deterministic function that inverts the mixing func-
tion and latent SCM, i.e., = f g (x). The second step and third steps are to perform
the target intervention and run the exogenous noise through the intervened mechanisms. For ILD,
this is simply applying the other domain's causal model and the shared mixing function, i.e.,
Xar ¢o = g fgo( ). Combining these steps yields the simple form of a DCF for ILD models:
Xar g0, g fao Ty 1 g 1(x); wheref 4;f g 2 F : DCF for ILD models araleterministic coun-
terfactuals( , ) since they have a unique mapping, i.e., given the evidérma

d, the counterfactuat 4, qo is deterministic. We now provide a notion that will de ne which ILDs
have the same DCFs (see Appendix B.4 for the equivalence relation proof).

De nition 3 (Domain Counterfactual Equivalencéljwo ILDs(g;F ) and(g® F 9 aredomain coun-
terfactually equivalenidenoted byg;F) ' ¢ (g%F 9, if all domain counterfactuals are equal, i.e.,

foralld;c®:g fgo fu' gl=g® % 91 g1

While De nition 3 succinctly de nes the equivalence classes of ILDs, it does not give much in-
sight into the structure of the equivalence classes. To |l this gap, we now present one of our main
theoretic results which characterizesecessary and suf ciertondition for being domain counter-
factually equivalent and relates proves that their intervention set size must be equal.

Theorem 1(Characterization of Counterfactual Equivalenc@&vo ILDs are domain counterfactu-
ally equivalent, i.e.(g;F) ' ¢ (g%F9 if and only if:

9hs;h, 2F; st.g®=g h,'2F, andfd=h; fq hy2F,;8d; (1)

and moreover, counterfactually equivalent models share the same intervention set size, i.e., if
(g:F) " ¢ (9%F9, thenjl (F)j = jl (FI.

See Appendix B.5 for proofs. Importantly, Theorem 1 can be usembngtructdomain counter-
factually equivalent models aneerify if two models are domain counterfactually equivalent (or
determine they are not equivalent). In fact, &y two invertible functionsh; andh, that satisfy

the implicit autoregressive constraint, i.e., forddh; fgq hy; 2 F A, we can construct a coun-
terfactually equivalent model—which can have arbitrarily different latent representations de ned by
o°=g h; ! sinceh; can be an arbitrary invertible function. Ultimately, this result implies that to
estimate domain counterfactuals, we inddedhot require the recovery of the latent representations
or the full causal model

3 ESTIMATING ILD D oMAIN COUNTERFACTUALS INPRACTICE

While the previous section proved that recovering the latent causal representations is not neces-
sary for DCFs, this section seeks to design a practical method for estimating DCFs. Since we only
assume access to i.i.d. data from each domain, one natural idea is to t an ILD model that is dis-
tributionally equivalent to the observed domain distributions. Yet, distribution equivalence is only a
distribution-level property while counterfactual equivalence is a point-wise property, i.e., the domain
distributions can match while the counterfactuals could be different. Indeed, we show in Theorem 2
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that even under the constraint of distribution equivalence, the counterfactual error can be very large.
To mitigate this issue, we choose a relatively weak assumption called the Sparse Mechanism Shift
(SMS) hypothesis ( , ), which states that the differences between domain distri-
butions are caused by a small number of intervened variables. Given this assumption about the true
ILD model, it is natural to impose this intervention sparsity on the estimated ILD model. Therefore,
we now have two components to ILD estimation: a distribution equivalence term and a sparsity con-
straint which are based on the dataset and our assumption respectively. We rst prove that both of
these components are important for DCF estimation by providing a bound on the counterfactual er-
ror (de ned below). Then, we prove that the sparsity constraint can be enforced by only optimizing
over a canonical version of ILD models, which have all intervened variables last in a topological or-
dering. This greatly simpli es the practical optimization algorithm since only one sparsity structure

is needed than the potentially different sparsity structures, whekes the sparsity level. Finally,

we bring all of this together to form a practical optimization objective with sparsity constraints.

3.1 DoMAIN COUNTERFACTUAL ERRORBOUND

In this section, we will prove a bound on counterfactual error that depends on both distribution
equivalence and intervention sparsity. Towards this end, let us rst de ne a counterfactual pseudo-
metric between ILD models via RMSE (proof of pseudo-metric in Lemma 6 in the appendix).

De nition 4 (Counterfactual Pseudo-Metric for ILD Modelsgiven a joint distributionp(x ; d),
the counterfactual pseudo metric between two I(@4 ) and(g% F 9 is de ned as the RMSE over
all counterfactuals, i.e.,

q
de((G;F); (@%F9) ., Epxaypylkg fao fa ' g 2(x) @@ % fa1 g@ 1(x)K3];

wherep(d% = p(d) is the marginal distribution of the domain labels.

Given this pseudo-metric, we can now derive a bound on the counterfactual error between an esti-
mated ILD(§;F) and the true ILD(g ;F ) de ned as"(§;F) , dc((®§;F);(g ;F )).
Theorem 2(Counterfactual Error Bound Decompositior@iven a max intervention sparsiky 0
and lettingM (k) , f(g;F):(g;F) "' b (g ;F );jl (F)j maxfk;jl (F )jgg, the counterfac-
tual error can be upper bounded as follows:
"(GF) minde((@F)(AFY) + max  de((@:P)i(gF ) ¢ ()
g%F 92M (k) 5 } ig;P‘-‘)ZM (k)

(A) Error due to lack of distribution equivalence (B) Worst-case error given distribution equivalence

Furthermore, if we assume that the ILD mixing functions are Lipschitz continuous, we can bound
the worst-case error (B) as follows:
h 1=2
(B) max RLZmaxE [R() Re( )7 +k L maxE [fq() fol )} ;
ig;rf-‘)zM (k) |2[m{JZ - i2[m] i

Error only depends on ground truth model

Error depends ork sinceR  maxfk;k g

whereR jI (P)jandk jlI (F )j, Lg is the Lipchitz constant af, and the expectation is over
p(d;d% ), p(d)p(d)p( ):

Please check proof in Appendix B.6. The rst term (A) corresponds to a data t term and could be
reduced by minimizing the divergence between the ILD model and the observed distributions. If
the estimated ILD already matches the ground truth distribution, then this term would be zero. The
second term (B), however, does not involve the data distribution and cannot be explicitly reduced.
Yet, the bound on this second error term shows that it can be implicitly controlled by constraining
the target intervention sparsikyof the estimated model. Informally, the (B) term depends on the
intervention sparsity, Lipschitz constant, and a term that corresponds to the largest feature difference
between domain SCMs. This last term can be interpreted as the worst case single-feature difference
betweenatent counterfactuals. We do not claim this bound is tight, but rather simply aim to show
that the domain counterfactual error depends on the target intervention sgasdly that reducing

k (aslongak k ) canimprove DCF estimation. Therefore, our error bound elucidates that both
data t and intervention sparsity are needed for DCF estimation.
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3.2 CANONICAL ILD M ODEL

While the last section showed that imposing intervention sparsity helps control the counterfactual
error, imposing this sparsity constraint can be challenging. In particular, the ground truth sparsity
pattern, i.e., which ok causal mechanisms are intervened, is unknown. ‘#ensolution would be

to optimize an ILD model for all possible] sparsity patterns. In this section, we prove that we
only need to optimize one sparsity pattern without loss of generality. In particular, we can assume
that all intervened mechanisms are on the kagariables. We refer to such a model as a canonical
ILD model which we formalize next.

De nition 5 (Canonical Domain Counterfactual ModeAn ILD (g; F ) is acanonical domain coun-
terfactual model (canonical ILD@enoted byg;F) 2 C, if and only if the last variables are inter-
vened,i.e(g;F)2C,I (F)=fm j:0 j< jl (F)g.

While this de nition may seem quite restrictive, we prove that (perhaps surprisiagly)LD can
be transformed to an equivalezgnonicallLD.

Theorem 3(Existence of Equivalent Canonical ILDiven an ILD(g; F ), there exists a canonical
ILD that is both counterfactually and distributionally equivalent(tyF) while maintaining the
size of the intervention set, i.8(g;F);9(g%F9 2 Cs.t. (a%F9 ' cp (9;F) andjl (F)j =

il (F9;:

See Appendix B.7 for full proof and Example 1 in the appendix for a toy example. This result is
helpful for theoretic analysis and, more importantly, it has great practical signi cance as now we
can merely search over canonical ILD models.

3.3 PROPOSEDILD ESTIMATION ALGORITHM

Given the error bound in Theorem 2, the natural approach is to minimize the divergence between
the observed domain distributions (represented by the training data) and the model's induced dis-
tributions while constraining t& interventions. From Theorem 3, we can simply optimize over
canonical ILD models without loss of generality. Therefore, we optimize the following constrained
objective given a target intervention size

r;ti:n Epox:ay[ 1090g:r (X;d)] st [fa] m k =[fa] m «;8d86 d°: 3)

Concretely, the practical algorithm means training a normalizing ow for each domain while sharing
most (but not all) parameters and enforcing autoregressiveness for part of the model. The non-shared
domain-speci ¢ parameters correspond to the intervened variable(s). For higher dimensional data,
we also relax the strict invertibility constraint and implement this design using VAEs.

4 RELATED WORK

Causal Representation Learning Causal representation learning is a rapidly developing eld that
aims to discover the underlying causal mechanisms that drive observed patterns in data and learn
representations of data that are causally informative , ). This is in contrast to
traditional representation learning, which does not consider the causal relationships between vari-
ables. As this is a highly dif cult task, most works make assumptions on the problem structure,
such as access to atomic interventions, the graph structure (e.g., pure children assumptlons) or
model structure (e.g., linearity) ( , ; , ; , ;

, ; , ; : ; ).
Other Works such as ( , ; ; , ) assume a
weakly- superwsed settlng where one can traln on counterfactual(pla}f); during training. In our
work, we aim to maximize the practicality of our assumptions while still maintaining our theoretical
goal of equivalent domain counterfactuals (as seen in Table 1).

Counterfactual Generatlon A line of works focus on the identi abllrty of counterfactual queries

, ; , ). For example, given knowledge of the ground-truth
causal structure, ( ) are able to recover the structural causal models up to
equivalence. However, they do not consider the latent causal setting and assume some prior knowl-
edge of underlying causal structures such as the backdoor criterion. There is a weaker form of
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counterfactual generation without explicit causal reasoning but instead using generative models
( ); ( ). These typically involve training a generative model with a
meaningful latent representation that can be intervened on to guide a counterfactual generation (

, ). As these works do not directly incorporate causal learning in their frameworks, we con-
sider them out of scope for this paper. Another branch of works estimate causal effect without trying
to learn the underlying causal structure, which typically assume all variables are observable(

, ). An expanded related work section is in Appendix F.

5 EXPERIMENTS

We have shown theoretically the bene t of our canonical ILD characterization and restriction of
intervention sparsity. In this section, we empirically test whether our theory could guide us to design
better models for producing domain counterfactuals while only having access to observational data
x and the corresponding domain laldelin our simulated experiment, under the scenario where all

of our modeling assumptions hold, we try to answer the following questions: (1) When we know
the ground truth sparsity, does sparse canonical ILD lead to better domain counterfactual generation
over nave ML approaches (dense models)? (2) What would happen if there is a mismatch of sparsity
between the dataset and modeling and what is a good model design strategy in practice? After this
simulated experiment, we perform experiments on image datasets to determine if sparse canonical
models are still advantageous in this more realistic setting. In this case, we assume the latent causal
model lies in a lower dimensional space than the observed space and thus we use autoencoders to
approximate an observation function that is invertible on a lower-dimensional manifold.

5.1 SMULATED DATASET

Experiment Setup To extensively address our questions against diverse causal mechanism settings,
for each experiment, we generate 10 distinct ground truth ILDs. The ground truth latent SCM
fy 2 Fia takes the fornf () = Fy + byl whereFy; = (I Ly) Y%Ly 2 R™ Misa
domain-speci ¢ lower triangular matrix that satis es the sparsity constr&p2 R is a domain-

speci ¢ bias,1, is an indicator vector where entries corresponding to the intervention set are 1, and
L, andb, are randomly generated for each experiment. The observation function takes the form
g (x) = G LeakyReLU(x) whereG 2 R™ ™ and the slope of LeakyReLU &5. We use
maximum likelihood estimation to train two ILDs (like training of a normalizing oW.D-Canas
introduced in Section 3.2 and a baseline modled-Dense which has no sparsity restrictions on

its latent SCM. To evaluate the models, we compute the mean square error between the estimated
counterfactual and ground truth counterfactual. More details on datasets and models, and illustrating
gures of the models can be found in Appendix C.1.

Result To answer whether sparse canonical ILD provides any bene t in domain counterfactual gen-
eration, we rst look at the simplest case where the latent causal structure of the dataset and our
model exactly match. In Figure 1a, we notice that when the grounth truth intervention st

f5; 69 (i.e. the last two nodes)lL.D-Can signi cantly outperformsiLD-Dense Then we create a

few harder and more practical tasks where the intervention set size is still 2 but not constrained
to the last few nodes. Again, in Figure 1a, we observe that no matter which two nodes are inter-
vened on)LD-Can performs much better than the ma ML approacHLD-Dense This rst checks

that restricting model structure to the speci ¢ canoncial form does not harm the optimization even
though the ground truth structure is different. Furthermore, it validates the bene t of our model
design for domain counterfactual generation. More results with different number of domains and
latent dimensions can be found in Appendix C.2, which all showlttiatCan consistently perform

better thanLD-Dense We also include an illustrating gure visualizing holuD-Can achieves

lower counterfactual error. We then transition to the more practical scenario where the true sparsity
jl jis unknown. In Figure 1b, at rst glance, we observe a trend of the decrease in counterfactaul
error as we decreaglg . For the case wheiigj jI|  j (i.e. whenjlj = 2;3;4), this aligns with

our intuition that the smaller search spacdldDd-Can leads to a higher chance of nding model

with low counterfactual error. For the case whgje= 1, we notice that it performs better than the
canonical model that matches the true sparsity. Though it cannot reach distribution equivalence, the
reduction in worst-case error (see Theorem 2) seems to be enough to enable comparable or better
counterfactuals on average. We further check the performance of the data tting and see a signif-
icant decrease in the t ofLD-Canoncejlj < jl j, which supports that the performance in data
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(a) With knowledge ofl j andjl j = (b) Without knowledge ofl jandl =

jlj =2. f 5; 69
Figure 1: Simulated experiment resuliéy(= 3) averaged over 10 runs with different ground truth
SCMs and the error bar represents the standard error. (a) This HHov@@an is consistently better
thanILD-Denseregardless of intervened nodes in the dataset. (b) Here we test viiyindile
holdingl xed. The performance ofLD-Canapproaches to that tf D-Denseas we increasg .
An unexpected result is thltD-Can performs best whejj = 1 and that results from a worse data
tting which is more carefully investigated in Appendix C.2.

tting can be used as an indicator for whether we found the approgtiateAdditional results on
data tting performance and experiments with different setups, including more comjbaged on
normalizing ows and VAES, can be found in Appendix C, and they all lead to the conclusion that
ILD-Can produces better counterfactuals thab-Denseeven though we do not knojv j.

5.2 IMAGE-BASED COUNTERFACTUAL EXPERIMENTS

Here we seek to learn domain counterfactuals in the more realistic image regime. Following the
manifold hypothesis ( , ), we assume that the causal
interactions in this regime happen through Iower dimensional semantic latent factors as opposed
to high-dimensional pixel-level interactions. To allow for learning of the lower dimensional latent
space, we relax the invertibility constraint of our image-based ILD to only require pseudoinvertibility
and test our models in this practical setting.

High-dim ILD Modeling We modify the ILD models from Section 5.1 to t a VAE (

, ) structure where the variational encodet,; F *), rst projects to the latent space
viag® to produce the latent encodizg which is then passed to two domain-speci c latent causal
modelsf;'; ;f;; which produce the parameters of posterior noise distribution. The de¢gdes),

follows the typical ILD structureg fq4, where,g andf 4 can be viewed as pseudoinversef gf

andg* . A detailed description and diagram of the models can be found in Figure 19, but informally,
these modi ed ILD models can be seen as training a e domain with the restriction that each
VAE shares parameters for its initial encoder and nal decoder layers §.is. shared). As an
additional baseline, we compare against th&venagetup, which we callLD-Independentwhere
each VAE has no shared parameters (i.e. a sepgriatéearned for each domain). These models
were trained using the-VAE framework ( , ). Further details can be found in the
Appendix D.4. After training, we can perform domain counterfactuals as described in Section 2.2.

DatasetWe apply our methods to ve image-based datasets: Rotated MNIST (RMNIST), Rotated
FashionMNIST (RFMNIST)( , ), Colored Rotated MNIST (CRMNIST), 3D Shapes

( , ) and Causal3Dldent ( ), which all have both
domain information (e.g.,, the rotation of the MNIST digit) and class information (e.g.,, the digit
number). For each dataset, we split the data into disjoint domains (e.g., each rotation in CRM-
NIST constitutes a different domain) and de ne class variables which are generated independently
of domains (e.g., digit class in CRMNIST), to evaluate our model's capability of generating domain
counterfactuals. Speci cally, for RMNIST, RFMNIST and 3D Shapes, all latent variables are in-
dependently generated, and for CRMNIST and Causal3Dldent, there is a more complicated causal
graph containing the domain, class and other latent variables. Further details on each dataset and
(assumed) ground-truth latent causal graphs could be found in Appendix D.1 and Appendix D.3.

Metrics Inspired by the work in ( ), we evaluate the image-based counterfac-
tuals with latent SCMs via the following metrics, wheligomain and hgjass represents pretrained
domain classi er and class classi er respectively: Effectiveness whether the counterfactual
truly changes the domain de ned Bhgomain(Rar o) = d9; (2) Preservation whether the domain
counterfactuabnly changes domain-speci c information de nedBéh¢jass(Rar q0) = Y); (3) Com-
position- whether the counterfactual model is invertible de nedPéB¢jass(Rar ¢) = Y); and (4)
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Table 2: Quantitative result fa@omposition (Comp.),Reversibility (Rev.), Preservation (Pre.),
andEffectivenesqEff.), where higher is better. CRMNIST, 3D Shapes, Causal3DIdent are averaged
20, 5, 10 runs respectively. Best models are bold (within 1 standard deviation) and due to space
constraints, expanded tables with additional datasets and standard deviation are in Appendix D.5.

CRMNIST 3D Shapes Causal3Dldent
Comp. Rev. Eff. Pre. | Comp. Rew. Eff. Pre. | Comp. Rew. Eff. Pre.
ILD-Independent) 87:24 59.88 94:65 60.39 | 99:79 32,56 94:97 3249 | 88:15 5143 91:05 5194

ILD-Dense 88:18 6229 92:72 59.60 | 99:76 3260 80.92 32.64| 83:59 49.17 92:17 48.83
TLD-Can [02:10 85:74 94.48 72:95 ] 99:85 79:84 096:72 64.99 | 86:00 79:73 8415 79:73
(a) 3D Shapes (b) Causalldent

Figure 2: Domain counterfactuals with 3D Shapes and Causalldent. Expanded gures can be found
in Appendix D.5 (a) For 3D Shapes, only the object shape should change with domain counterfac-
tuals — the other latent factors such as the hue of object, oor, background, should not change. (b)
For Causalldent, as the domain changes, the color of the background should change while holding
all else unchangedLD-Can clearly performs better than the basellh®-Densein terms of pre-
serving non-domain features while changing domains for all datasets.

Reversibility- whether the counterfactual model is cycle-consistent de né(Bgass(Xqr ¢o ¢) =

y). For example, in the case of CRMNIST, a model might be able to rotate the image but cannot
preserve the digit class during rotation, which would be high in effectiveness but low in preserva-

tion score. Details on the computation of these metrics and causal interpretations can be found in
Appendix D.2 and Appendix D.3 respectively.

Result Due to space constraints, we put all results with RMNIST and RFMNIST in Appendix D.5.

In Figure 2 we can see examples of domain counterfactuals forlbb#DenseandILD-Can. We

note that no latent information other than the domain label was seen during training, thus suggesting
the intervention sparsity is what allowed the canonical models to preserve important non-domain-
speci ¢ information such as class information when generating domain counterfactuals. In Table 2,
we include quantitative results using our metrics, which shikssCan having signi cantly better
reversibility and preservation while maintaining similar levels of counterfactual effectiveness and
composition than the non-sparse counterparts. In Appendix D.5, we further investigate our model's
sensitivity to the choice of sparsity by tracking how each metric change ji.r.tWe observe that
reversibility and preservation tends to decrease while effectiveness tends to increase as we increase
ilj , which aligns with our ndings here asD-Denseis equivalent to making contain all latent

nodes. In summary, our results here indicate our theory-inspired model design leads to better domain
counterfactual generation in the practical pseudo-invertible setting.

6 CONCLUSION

In this paper, we show that estimating domain counterfactuals given only i.i.d. data from each
domain is feasible without recovering the latent causal structure. We theoretically analyzed the
DCF problem for a particular invertible causal model class and proved a bound on estimation error
that depends on both a data t term and an intervention sparsity term. Inspired by these results,
we implemented a practical likelihood-based algorithm under intervention sparsity constraints that
demonstrated better DCF estimation than baselines across experimental conditions. We discuss the
limitations of our methods in Appendix E. We hope our ndings can inspire simpler causal queries
that are useful yet practically feasible to estimate and begin bridging the gap between causality and
machine learning.
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A DISCUSSION OFINVERTIBLE LATENT DOMAIN CAUSAL MODEL

This section gives further discussion and details about our ILD model and serves as an expanded
version of Section 2. We rst remind the reader of the de nition of an SCM using our notation.

De nition 6 (Structural Causal Model)A structural causal model (SCM) considensendogenous
(causal) variableg; andm exogenous noises; j 2 [m]; where each variable is a deterministic
function of its parents and independent exogenous noise. Formally, each endogenous variable has
formz; , f(j;zps);forallj 2 [m]:

Note that the SCM is a set of equations for each endogenous variables, where the exogenous noises
could be multivariate and even in nite dimensional.

A.1 INVERTIBLE SCMAS A GLOBAL INVERTIBLE AUTOREGRESSIVEFUNCTION

For theoretic analysis, our main SCM assumption is that the exogenous variables can be uniquely
recovered from the endogenous variables, i.e., the SCM is invertible. This invertibility assump-
tion will mean that domain counterfactuals are unique rather than being distributions over possible
counterfactuals.
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De nition 7 (Invertible SCM) We say that an SCM is invertible if the exogenous noise values can
be uniquely recovered from the endogenous random variables, i.e., there is a one-to-one mapping
between exogenous variables and endogenous variables.

This invertibility assumption implies that the exogenous noises must be Scaldile standard
SCMs, which can have multivariate exogenous noise variables.

We will now prove that all the SCM mechanisms can be represented by an vector to vector invertible
autoregressive function (up to a relabeling), denotefl a9~ | , and we call this the SCMlobal
function We rst de ne an autoregressive function below.

De nition 8 (Autoregressive Function)A functionf : R™ ! R™ is autoregressive, denoted
byf 2 Fa, if for all i, thei-th output can be written as a function of its corresponding input
predecessors, i.e.,

f2Fa,8 j;9fW) st [F()], fY( ;); where 2 R™: (4)

Given this de nition, we can now state our proposition that an invertible SCM can be represented
by a single global invertible autoregressive function.

Proposition 1 (SCM Global Function Representatiomn invertible SCM f1) g, that is topo-
logically ordered, i.e., the parents have smaller index than the children, can be uniquely represented
by an autoregressive invertible functibr2 F |4 and vice versa.

See Appendix B.1 for proof. From here on, we will simply dis@ F 5 to represent a invertible
SCM.

While invertible SCMs do not subsume generic SCMs, we note that for any observed distribution of
endogenous variables, there exist an invertible SCM that matches the observed distribution formal-
ized as follows.

Proposition 2 (Existence of Invertible SCM for Any Distribution)Given any observed continu-
ous distribution, there exists an invertible SCM with continuous exogenous noise whose observed
distribution matches the given observed distribution.

The full proof is in Appendix B.2. This means that invertible SCMs can model any continuous
distribution, but they are not as general as generic SCMs. In practice, invertibility can be relaxed
using pseudo-invertible or approximately invertible functions, as seen with a VAE in Section 5.2.
We assume the exogenous noise distribution is standard Gaussian, which is made mostly for conve-
nience and can be made without loss of generality due to the invertible Rosenblatt transformation
( : ; , , Chapter B).

A.2 [INTERVENTIONS FORINVERTIBLE SCMs

If two SCMs are de ned on the same space, then they could be regarded as soft interventions of
each other, i.e., one SCM can be viewed as the observational SCM and the other as the intervened
SCM, or vice versa. Thus, using the standard notion of intervention in which the causal mechanism
is different, we can de ne the intervention set between two invertible SCMs in a symmetric way.

De nition 9 (Intervention Set) The intervention set betweérf °2 F 5 de ned on the same sam-
ple space is the indices of the intervened variables of the corresponding unique SCMs derived from

Proposition 1 represented by the equivalent individual SCM mecharfdand€l) respectively,
ie.,

L(HEQ, | feDgn fElgn, e e @) (5)

In the following, we show how to determine the intervention set using the SCM global funétions
andf °directly instead of having to convert to the corresponding individual SCM mechanisms as in

2The proof is simple by contradiction. Suppose one mechanism had non-scalar exogenous noise. If the
random variables are not perfectly dependent, then it would be impossible to recover more than one exogenous
noise variable from a single endogenous noise variable and the parents. If the random variables were determin-
istic functions of each other (i.e., perfectly dependent), then the exogenous noise variables could be collapsed
into a single exogenous noise without loss of generality.
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the de nition above. This will aid in the theoretic analysis and simpli es the analysis of intervention
sparsity. See Appendix B.3 for proof.

Proposition 3 (Intervention set characterized by SCM global functiompe intervention set be-
tween two SCM; f °2 F 5 is equivalent to the set of variables where the inverse sub functions are

different, i.e.) (f;f 9= j: f 1J. g fO 1].

A.3 INVERTIBLE LATENT DOMAIN CAUSAL MODEL (ILD)

In this section, we propose the invertible latent domain causal model to capture multiple latent SCMs
that are emerged through intervention. The data generated by one SCM fdomsam

De nition 1 (Invertible Latent Domain Causal ModelAn invertible latent domain causal model

(ILD), denoted by{g;F ), combines a shared invertible mixing functignZ ! X  with a set ofNg

domain-speci c latent SCME , ffq:R™ 1Zg Y , wheref4 are invertible and autoregressive.

The exogenous noise is assumed to have a standard normal distribution, Ne.,(0; I ).

ILD induces the following data generating process: fordita domain,z = f4( ) andx = g(z):
Becausd 4 andg are invertible, we can write the observed distribution using the change of variables
formula asipg(x) = pn Ty g Yx) ijd g 1(X)j. We now note that assuming a topological

ordering of the latent variables does not restrict the ILD model class.
Remark 1. The latent SCMs in ILD can be assumed to be topologically ordered without loss of
generality.

Because the latent variables are all unobserved, the labeling is arbitrary, thus we could relabel them
in a way that preserves topological order and add a permutation to the observation fgndfen
sentially, given a non-autoregressive ILD, we could convert to an equivalent autoregressive ILD.

We now remember the distribution equivalence between two ILDs. The distributional equivalence
de nes a true equivalence relation because the equation in (2) has the properties of re exivity, sym-
metry, and transitivity by the properties of the equality of measure.

De nition 2 (Distribution Equivalence) Two ILDs(g;F) and (g% F 9 are distributionally equiv-
alent denoted by(g;F) ' p (g%F9, if the induced domain distributions are equal, i.e.,

8d; pv fq' g '(x) ijdl g +(X)i=pn fodl ¢ (x) ijodl g +(X)i:

B PROOFS ANDAUXILIARY RESULTS

In this section, we prove propositions in Appendix A about the ILD model and the other results in
the main paper. Before proving Proposition 2, we rst introduce another lemma that is useful later
in proving Proposition 1.

Lemma 1 (Invertible Upper Subfunctions)The upper subfunctions &f 2 F, \ F 5 are also
invertible, i.e.f; (), [f( ;)] ; isaninvertible function of ;.

Proof. We will prove this by induction ok wherej = m k. Fork = 0, it is trivial because
f m f 2F,.Wewill prove the inductive step by contradiction. Suppbsg  is not invertible.
This would mean it is not injective and/or not surjective.

If f; is not injective, ther® ; 6 °; suchthaf ;( ;)= f ;(°;). We would then have for

i
some >; (e.g., all zeros):

fja( j5ja)

=[50 IFC 55 5]+l

=[f (%0 55 5 )il

=f 42 (%:ja); (6)

but this would contradict the fact th&t ; 41 is invertible by the inductive hypothesis.
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If f ; is not surjective, the® x ; such tha8 ;;f ;( ;) 6 x ;. We would then have that
8 i i

fian C g5 je) =0HC (s )il 81X jixa]: @)
but this would contradict the fact inductive hypothesis thai is surjective. Thereforé; must be
invertible for allj 2 [m]. O

B.1 PROOF OFPROPOSITIONL

Proposition 1 (SCM Global Function Representatiomn invertible SCM 1) g™, that is topo-
logically ordered, i.e., the parents have smaller index than the children, can be uniquely represented
by an autoregressive invertible functibr2 F |4 and vice versa.

We rst note that because of topologically ordering, we can write the causal mechefﬂ%)ﬁg{"zl
using different notation w.l.o.g. asz = f)(;;z4) , f(; 1 Zzp, ) With i)

R R ! I R. The topological ordering ensures that the parents are earlier indices, i.e.,
Pg f 1,2, ;j 1g, so that this rewriting is possible w.l.o.g. Given this new notation, the
unique representation is given by:
>
fO= MO0 M ) PV (0iM a2 (s 5 @)
recoverzy recoverzc< 3

where for allj , '
(52 ):[f(‘f 1(2{3 ; )]<j}; e 9)

recover ; fromzg;

Proof. We rst prove one direction. Given an invertible SCM de ned by it's causal mechanisms
f A )( i:Z< )G, , the observed variables are given recursively as:

z = 00)(:24): (10)
We now de ne the correspondirfgas in the lemma:
FO), D (q); P ”t—iﬁé&p; 9 (i le:?iéfﬂl)( D)) SN CEN

We need to prove that the observed variables are equivalent to the given SCM. Formally, we will
prove by induction ofj 2 [m] the hypothesis thdf ( )]; = fX)( ;2 ) = z; 8 2 R™. The
base case is trivial from the de nition in (11), i.8, 2 R™, [f ()]; = 1’0(1)( 1) = z;. For the
inductive step, we have the following:
F()j+w = 0+ i+l ;lﬁl)é 1?;]ﬁ2)( o ) ( 1)3; )= D i+1:Z< +1) =z« (12)
—{2= gz
1 2
where the rstequals is by (11), the second is by the inductive hypothesis, and the last is by de nition
of the SCM.

Now we prove the other direction. Given an invertible autoregressive funttidr-, \ F 5, we
de ne the following recursive set of mechanism functions:

8izj PD(jizq), [FAF “2zq ) i) (13)
Again, we will prove that these functional forms are equivalent via inductignfonthe hypothesis
thatfi)( ;:z4 ) =[f()]; = z. The base case is trivial based on (13):
PO )= Hzeri Nens 1) =[F (1) =2 (14)

For the inductive step, we use the de nitionfof and its inverse from Lemma 1 and derive the
nal result:

D (aizg ) = Yz )Ne s 3 =0F 04 zq ) ) =0 (g5 5 =7
(15)

O
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B.2 PROOF OFPROPOSITIONZ

Proposition 2 (Existence of Invertible SCM for Any Distribution)Given any observed continu-
ous distribution, there exists an invertible SCM with continuous exogenous noise whose observed
distribution matches the given observed distribution.

The proof leverages the invertible Rosenblatt transformation ( X ,

, Chapter B) that can transform any distribution to the uniform dlstrlbutlon or vice versa using
its inverse. Given an ordering of a set of random variables, Xes [ X1; X2; Xm]”, the
Rosenblatt transformation is de ned as follows:

ug == Fi(Xq)

Uo 1= F2(X2jxl)

Uz = F3(X3jX1;X2) (16)
Um = Fm(XmjX1; X2; ‘Xm 1)

whereF; (xj jX ) is the conditional CDF oK givenX ¢; = X4 , i.e., the CDF corresponding to
the distributionp(X; = x;jX < = X< ). It's inverse can be written as follows:

x1 = Fy *(u1)

X2 = Fp (U2iFy *(u1))

X3 = Fg *(usjFy *(u1);Fp *(U2jx1 = Fy *(u)) (17)
Xm = Fr'(Umjx1 = Fy Y(u2)ixz = Fp Huzixa = Fy H(un)); ixm 1= 100);5

where F; Y(ujjx4 ) is the conditional inverse CDF corresponding to the conditional CDF

Fi (x4 ).

LetFp(x) denote the Rosenblatt transformation for distribupoand letF, 1(u) denote its inverse

as de ned above. Assuming the random variables are continuous, the Rosenblatt transformation
transforms the samples from any distribution to samples from the Uniform distribution (i.e., the

push-forward of the Rosenblatt transformation is the uniform distribution and the push-forward of a
uniform distribution through the inverse Rosenblatt is the distribytion

Proof. Given any continuous target distributignwe can construct an invertible SCM whose ob-
served distribution ip. Speci cally, if we letq denote the exogenous noise distribution, then the
following invertible and autoregressive functibr—which de nes an invertible SCM via Proposi-
tion 1—can be used to match the SCM distributiopto

f()=Fp Fq'(); (18)

whereF, ! maps to the uniform distribution and thé&p maps to the target distribution per the
properties of the Rosenblatt transformation. The function is invertible since both functions are in-
vertible. Additionally, both functions are autoregressive and thus the composition is autoregressive.
Thereforef represents a valid invertible SCM whose observed distributipn is O

B.3 PROOF OFPROPOSITION3

Proposition 3 (Intervention set characterized by SCM global functiofhe intervention set be-

tween two SCM; f °2 F 5 is equivalent to the set of variables where the inverse sub functions are
different, i.e.) (f;f 9= j: f 1J. 6 f01 j
n o]

Proof. Step 1:Prove j : f 1j 6 f°1j [
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Forallj 2 nj N ;6 fO1 jo;there exists some; such that
fi2), 6 ') (19)
given thatf; f ©are auto-regressive function, we conclude there exists $épmez;) such that
P =1 Yz 7)) 81F° Yz 575 ) = T (20)

we have, forj; ?and sucte.; there holds
B(j24) ® g @P0(024)
=[FAF° Yze 5 e s 13
(@ Org0 1
L™ “(zq 3 g5 i3)];
= U :z4): (21)

where (a) comes from tfe’ 2 F | : Thus itimpliesj 21 719 :

n (0]

Step 2:Provel f7 9 joof 1j6 fOlj

Forallj 21 f7 9 ;there exists SoOme; ; z4 ); such that

zi, (2 )6 PU(:24), z%; (22)
De ne
z i, lzqg:z] and 2% , [z4;27); (23)
then we have
[f Yz )0 = =1 '@%: s (24)
given thatf;f 92 F ; we conclude,
. [f “(z ig i 6[f° 'z ;)i (25)
which impliesj 2 j : f 116 fOL O

J

B.4 PROOF OFLEMMA 2

Lemma 2 (Equivalence relation of counterfactual equivalendepmain counterfactually equiva-
lent, denoted byg;F) ' ¢ (g%F9 is an equivalence relation, i.e., the relation satis es re exivity,
symmetry, and transitivity.

Proof. We only need to prove that it satis es re exivity, symmetry, and transitivity.

1. Re exivity - Lettingg°= gandF °= F in the de nition, it is trivial to see tha8d; d°
g fao fgt gt=9g fo fg' gt
and thugg;F) ' ¢ (¢%F9.

2. Symmetry - Similarly, it is trivial to see th&d; d°,

g fo fo' gl=g¢ £ 137 o7

0 & fd 8T P =g e fyt g h

and thugg;F) ' ¢ (5F9, (&5F9 " c (g;F).
3. Transitivity - For(g;F), (g%F9 and (g F %, we can derive the transitive property by

applying the property twice to the rst two and the last two paids o

g fo fgl gl=q 1§ 87 & T=g” P (P g0

which means thatg;F) ' ¢ (g°F9%.
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B.5 PROOF OFTHEOREM1

Theorem 1(Characterization of Counterfactual Equivalenc&yvo ILDs are domain counterfactu-
ally equivalent, i.e.(g;F) ' ¢ (g%F9 if and only if:
9hs;h, 2F ; st.g®=g h,'2F, andfd=hy fgq hy2F,;8d; (1)
and moreover, counterfactually equivalent models share the same intervention set size, i.e., if
(g:F) " ¢ (9%F9, thenjl (F)j = jl (FI.

Theorem 1 contains two parts. The rst part characterizes the domain counterfactual equivalence
model with two invertible functions. The second part proves that all counterfactual equivalent mod-
els share the same intervention set size.

B.5.1 PROOF OF THEREPRESENTATION OFDCF EQUIVALENCE

The proof of the domain counterfactual equivalence representation. relies heavily on one the fol-
lowing two lemmas that provides a necessary and suf cient condition for the composition of two
invertible functions to be equal.

Lemma 3 (Invertible Composition Equivalencefor two pairs of invertible functionéf ;;f,) and
(f 9,1 9), the following two conditions are equivalent:

1. The compositions are equal:

f]_ fngj(_) fg

2. There exists an intermediate invertible functioa.t.
fl=f, h Lfd=h f,: (26)

Proof of Lemma 3 For notational simplicity in this proof, we will leg , f1,f , f5, g%, ffand

0, f9—note thaigandf are just arbitrary invertible functions in this proof. Furthermore, without
loss of generality, we will prove for the propei®yh : g°= g h;f%= h ! f which is equivalent
to9h:g’=g h %;f%=h f. Thus, inthe new notation, we are seeking to prove:

g f=¢ 99 h:g°=g h;f°=h ! f (27)

lfoh:g°=g h;f°=h ' f, thenitiseasytoshowthgt f = ¢° f©
® f°%=g h ht! f=g f: (28)

For the other direction, we will prove by contradiction. First, using Lemma 4, we can rst rewrite
g®andf %using the two uniquely determined invertible functidnsandh;:

=g hy (29)
f0=h, f: (30)

Now, suppose thag f = g° f%but@suchthag®= g h;f%= h 1 f.Bythe rstassumption
and the facts above, we can derive the following:

g f=¢" f%=g h h f (31)
, fT=h1 hy f (32)
, hyt f=hy f (33)
From the second assumption, i@h : g°= g h;f°= h ! f, we have the following:
8hs.t.g’=g h;itholdsthatf°6 h 1 f (34)
) f°6 h, ! f (35)
, hy feht f (36)
, hy6n;?t (37)
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, h,' 6 hy; (38)

where (34) is by assumption, (35) follows from (29) becdugés one particulah, (36) is by our
rewrite off %in (30), (37) is by the invertibility of , and (38) is by invertibility oh, andh,. Thus,
there existsy; such thath, 1(y) 8 hy(y). Letus choose: , f I(y) for they that satis es the
condition. For this¢, we then know that:

hit £00)=h'(y) 6 ha(y) = hy f(x) (39)
, hyt f6éhy f: (40)
But this leads to a direct contradiction of (33). Thereforg, if = ¢° f° then9h:g°= g h;f°=
ht f. O

Lemma 4 (Invertible function rewrite) Given any two invertible functions : X ! Y and
fO: X 'Y ,f%can be decomposed into the compositiori aind another invertible function.
Speci cally,f °can be decomposed in the following two ways:

fO f hy (41)
fO hy f; (42)

wherehy , f 1 f9:X 11X andhy, fO f 1:Y!Y areboth invertible functions.

Proof of Lemma 4.The proof is straightforward. We rst note thlg andhy are invertible because
they are compositions of invertible functions. Then, we have that:

f hy=f f 1 f0=¢0 (43)
hy f=f0¢ 1 f=+10: (44)
O

Proof of Theorem 1: Part 1The basic idea is to use repeated application of Lemma 3 under the
constraint thah; andh, must be shared across for dllandg andg * must be inverses of each
other.

For one direction as in Lemma 3, if (1) holds, it is nearly trivial to prove the equation in (3) holds,
i.e., for alld; d®
¢ f& 91 & P=(g hY) (m fo ho) (ht fgt hyY) (gt
=g fgo fy4' gt
To prove the other direction, let us de ne the foIIowing functions for a spe¢dcd®) (we will

treat the case of a(ld; d) afterwards):f, , g *;f., f, 1-f5, fqo, andf, , gand similarly
f 2,1 2. {; andf ? for the other side. Given these de nltlons we can write the property as:

fqg fa fp fy=190 2 2 9.

By recursively applying Lemma 3 for each of the three function compositions, we arrive at the
following fact:

8

>fP=hy fiandf? f9 f2=1,4 f3 f, hy*

9hihaihg; st _f2=h, f, h tandf? f2=1fs f3 hy?
f§:h3 f3 hy,tandf?=f,; hg'

[uy

By using the de nitions off 1, f ,, etc., we can now derive the following:

=g hg'
fh=hs fgo h,?
£ "=hy f,1 ht
golzhl gt
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We can connect the rst and the last equality to derive that h;:

¢ '=h g

, =g hyt=g hyt
, h11=h31

, h]_:hg:

Thus, there are only two free functions. Speci cally, for any xed paif@fd®) there exishy.qg.q0(
h3.4:40) andhz.q.q0 such that

=9 hpggofd= higae fa hygqer andfg = higao fao hyggol
Finally, we tackle the case of glil; d) by assuming that there could be unique functiongqo. and
ha.q.40 for all pairs of(d; d% and show that they are in fact equal. Because the condition hold# for
(d; d®, we know that for any particulgid; d® and(d°d), we have the following two things based

on the proof above:
1

i =g faoo fg' g
5 go: 9 hl;é;d0
, 9 hl;d;do;hZ;d;do S.t. fg: hl;d;do fd hZ;é;do

. f0 _— 1
fdo— hl;d;do fdo h2;d;d0

o £ fdn ' =g fo fud g
3 0°= g hygomg
, 9 higoog;hagog S.t. 5 foo= higeg fao hydoog :
T 8= hygeg o hydeg

By equating the RHS for thg® equations, we can thus derive that:
g hl;é;d0 =9 hl;éo‘%d
) h1.d:d0 = hygoog
Using this fact and similarly by equating the RHS for ftffeequations, we can derive:
f§= higao fa hygge= hiama fa hygoog = hiaao fa Nygoeg

, hz ddo = hz;cljm,d

v hoggo= hogoog:
By applying these facts to all possible triplegdf d% d°9, we can conclude th&d; d% hy.g.q0 = hy;
hagqo = hy, i.e., these intermediate functions must be independedtasfdd®. Finally, we can

adjust notation so th&d; 9= h; f4 h,andg®= g h, ' whereh; , h;andh,, h,*, which
matches the result in the theorem. O

B.5.2 PROOF OF THESHARING INTERVENTION SET SIZE BETWEEN DCF EQUIVALENCE
MODELS

Now we aim to prove the second part of Theorem 1, which states that all DCF equivalence models
share the same intervention set size. The proof requires the concept of canonical form, please refer
De nition 5 for the de nition of canonical form and Theorem 3 for the existence of a special kind of
canonical form we refer as Idendity Canonical, where all the un-internvend nodes are independent
standard Gaussian.

For two ILDS (g;F) ' co (g%F9, we apply Theorem 3 to get Identity Canonical form
(gc;Fe) ' oo (g;F) and similarly(g2;FQ) ' cp (g% F9. Then we use the following Propo-

sition 4, we show they must have the same intervention set size. Lastly, notice that the DCF equiv-
alence is a equivalence relation Lemma 2, we can show all the DCF equivalence models share the
same intervention set size.

Before proving Proposition 4, we rst introduce a lemma that will be used in the main proof.
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Lemmab. Iff :R™ ! R™ 2 F 5, then[f (x)]x must be a non-constant functionxaf.

Sincek is the smallest indeXf (x)]« is uniquely determined bix] x, The remainingn Kk
dimension outputs could not be bijectiverto  k + 1 inputs. O

Proposition 4 (Identity Canonical ILD Shares Intervention Sparsit@iven an ILD(g;F); and
0;fq 2 F; forall d 2 m are continuous, then all Identity Canonical ILDs that are distributionally
and counterfactually equivalent {g; F ) have the same intervention set, i.e.,

o]

n
L(F)=1(F%; 8(d%F92 (gP)2C:(gP) ' b (gF);i(g®) " c (gF) : (45)

Proof of Proposition 4.In the proof, we denotE as a non constant function without specifying the
expression.

Step 1: Characterization of counterfactual equivalence for Identity Canonical forms. Theo-
rem 1 states that there exis$ts; ho, 2 F | ; such that for ald,

fd=hy fg ha (46)
Furthermore, by the de nition of Identity Canonical form, we have

fo=1d;f, = Id: 47)
Plugging this into (46), we have

Id=h; Id hy:
Thus,

h,'=h,, h
Plugging this into (46), for aldl, we have
fdt=h?t 1,1 h (48)

Step 2: Counterfactual equivalence between ldentity Canonical forms maintain the interven-
tion set. The goal of this step is to prove thitis a bridge satisfying the following property: for
anyi 2 | (f2f9), for all x; there exists an unique such thagh (x)]; only depends ox; : In
addition, we can prove sughsatis esj 2 1 (f1;fq):

We start with writing the-th output off { *(x) as the following

Dlh 1t LN (49)

= [hh ol PR GIC9) P LR (10 ) PHEEEN | PR L TCO)) PN i (50)

LI P (IES DI T (LICO) PR TCS) P R L (LTC FERER LTCOI R N
(51)

[fd O]

where in step (a), we used autoregresiveness of andfed;k1 is de ned as a function frorR* to R:
According to Lemma 51%;kl(x) is a non-constant function of:

Step 2.1: We show andj must be one-to-one mapping oh. We proof this by contradiction.

Supposén ! maps more than one index itdh index, w.l.0.g, we could assumeg andj,. That is,
[h *(u)]; depends om;, andy;,: Takeu = f, *(h(x)), then we have

[Fd “00l = F &8 (hO)l:h0O]i,); &yl (heO)les 2 h(x)];,) (52)

Due to thaf L2 F s, from Lemma 5, we have

Bt (hOA1L; :: h(x)]j) = F(he);s; ) (53)
L (hO)]L; 2 h(x)]i,) = F(h()];.; ): (54)
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Plug (53), (54) into (52), we have

[fg 100 = F(hO)),; [h);,s ) (55)
Given thath 2 F 4 ; we concludg[h(x)];,; [n(x)]j,) depend at least two distinct indices. That is,
there exists$;; 1, such that

([hO)]j 5 [h)]j2) = F(Xiy;xi,): (56)

That implies[fé) L(x)]i is a nontrivial function of(x;, ;x;,): This leads to the contradiction that
i21 (f2f9); where for allx; there holds

[fd 1)) = xi (57)

Step 2.2: We show such is not in the intervention set betweenf; and f4. We prove this by
contradiction as well.

Step 2.1 implies
[fg 1001 = F B, (h0O)lu::[h()]) = FAhX)]; ); (58)
Supposg 2 1 (f1;fq), thenf , *([h(x)];) Recall thatf ; * 2 F A,

thenl[f 1(h(X))]j must be a non-constant function[bf{x)]; and[h(x)];o for somej °<j; i.e.,

[fq *(hG))]; = & (ThOO a5 ()] ) = F(h)]jo; ()] 5 ): (59)
Similarly, we know thafh(x)];o and[h(x)]; must be nontrivial functions at;, andx;,, which

i3 6 i4: However, we knovs[fg 1(x)]i is a function ofx; exclusively, which leads to contradiction.
This shows that the number of non-intervened nodelimust not be greater than thatfig, i.e.,

LERFD | (Faifq); 8d: (60)
We further notice that the symmetric relationship betwegandf 9, we could also have
L(ERfE) | (Faifq); 8d: (61)
Union among ord, we have
L (F9 = 1(f): (62)
O

B.6 PROOF OFTHEOREM 2

Lemma 6 (Counterfactual Pseudo-Metric for ILD Model is a pseudo-metric)

Proof. It is trivial to check that it is always positive, symmetric, and equal to(@iF) = ( g;F).
Finally, because RMSE satis es the triangle inequality ( , ), De nition 4 also
satis es the triangle inequality. O

Theorem 2(Counterfactual Error Bound Decompositior3iven a max intervention sparsiky 0
and lettingM (k) , f(g;F):(g;F) "' o (g ;F );jl (F)j] maxfk;jl (F )jgg, the counterfac-
tual error can be upper bounded as follows:
"(0:F) de((®:F): (% F9) +  max  de((8:®)i(@:F ) : (2
. } R . )
(A) Error due to lack of distribution equivalence () worst-case error given distribution equivalence

Furthermore, if we assume that the ILD mixing functions are Lipschitz continuous, we can bound
the worst-case error (B) as follows:

min
g%F 92M (k)

i =
(B) max RLImaxE [R( ) Ro( )] +k Li maxE [fa() fgol )P ' 2;
ig;lf)2M (k) IZ[m{Jz i2[m] (z

Error depends ok sinceR  maxfk;k g Error only depends on ground truth model

whereR jl (F)jandk jI (F )j, Lgis the Lipchitz constant af, and the expectation is over
p(d; % ), p(d)p(dIp( ):
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Proof of Theorem 2We will prove this theorem when bo(@;ib) and(g ;F ) are both canonical
forms (See De nition 5). According Theorem 3, any two ILD's counterfactual error are equivalent
two their equivalent canonical models, thus this bound holds for all pairs of ILD models.

(2) is by the triangle inequality foany intervening(g; F") and in this case we choose to minimize

the bound over all possible distributionally equivalent models with a bounded sparsity—we know
that at least the true ILD satis es this, and thus there is at least one feasible solution. (2) is by the
fact that choosing the ILD model with the worst counterfactual error is larger than the error incurred
by (g;F), under the same constraints—again, by construc{gF") satis es the constraints in the
maximization problem and thus at least one ILD model is feasible.

Now we prove the worst-case counterfactual misspeci cation error bound.

max d2((g;®);(g ;F ))
(@~)2M (k)

2
= max EpaEpxay 8 e B g l(x) g fgp fg' g *(x) ,

(g:F)2Mm (k)
(De nition)
2
= max  EyaEpay 8 Be BT g t(x) x+x g fe fg ' g ‘(%)
(g:F)2m (k) 2
h (In ation)
= max EpoExa 8 B &' g'x) ¢ & B g '(x)
(g:F)2m (k) i
+9g fq gt g *x) g fge gt g 1(x)i (Invertibility of ILD)

2
max 2E,aEpxay 8 &0 ' g 'x) ¢ & €' g '(x)
(g;®F)2M (k) h .2

i
2

+2Ep By 9 fa fg ' 9 X)) g fp fg !t g (X)),
(AM-QM Inequality)

2
, max 2E,q E E & &
L O hp(dO) () 8 fo() g -d( ) )

i
2
+2Ep) EpaEp 9 kg fao( ) g fa( 9K
O
then we aim to bound the both term related to worse-case ILD term and ground-truth ILD term.
Lemma 7. If g is Lipschitz continuous with constang andk = jl (F)j, then the following holds:

Epaypaoyp( )[kg fao( ) g fa( )k3] LS k ir?f%Ep(d)p(dO)p() [fa( ) fao( )? (63)

Proof.
Ep@yp@op()Ikg fao( ) g fa( )K3] (64)
L&Ep@pp( ) kfao( ) Fa( K] (Lipschitz)
= LgBpape [Kfaolfy *(2)) - zK3] (65)
= L3dZ ((1d; F); (1d; 1d)) (Interpretation as counterfactual error)
xn
= LIzl [Foolfg '(2) I (66)
i=1
5( 1
= LiEpzaypay[  [faolfq (2)) 215 i (Canonical form)
i=0
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1

= Lé [Ep(z:dyp(ary [fao(f g H(2)) 213 ] (67)
i=0
L5 k miXEp(z;d)p(dO)[fdo(fd1(2)) zl5 (68)
=L k ir?[%Ep(z;d)p(dO)[de(fd1(2)) 2} (69)
=L2 k max Epz:ayp [z fao(fy *(2))]2 (rearrange)
=L Kk max Epaypaop( ) [Fa( ) Faol )I? (change back to)
where the distribution fodc in this case is the one induced By O

B.7 PROOF OFTHEOREM3

The proof of Theorem 3 relies on the Swapping Lemma (Lemma 9), and before proving the swap-
ping lemma, we rst introduce a lemma which will be used in the swapping lemma to show that if

one domain in an ILD is identity, then we could check intervention set Usinigstead off , *:
n 0

Lemma 8. For an ILD withf, = Id, | (fg4;f1) = | :[fd]j 6[f1]j

Proof of Lemma 8.Supposef 4 (x) = x°wherex? 6 x;, thenfy(x%) = x becasue thatq is
bijective. Then
[Fa(x9 = x; 6 x = f1(x?:

Foranyj 2 | (F), foranyx = f4(x9, we havex? = [, *(x)]; = [f, '(X)]; = x; ) x; = x{,

thus
xj = [fa(x 9] = [fa(xY]; = x7:
]

Lemma 9 (Swapping Lemma) Given that the rst canonical counterfactual property is satis ed,
i.e.,f1 = Id, denotef “as SCM constructed iy’ = h; f hy(x); whereh; = h, denote swapping
thej -th feature withj %th feature. Then there exisg8 such that

(G:F) " c (AFY: fP=1d; 1 (FO=(1 (F)nfjg)[f j%:
if the following conditions hold
j21 (F)yand8f:j< T j% [ 62IF):

Proof of Lemma 9 First, note that becaugd is not intervened, then we can derive that it's corre-
sponding conditional function is independent of all butjth¢h value:

[falio=[fa]0 (70)
, fd;j o(X jo): fl;jo(X jo): Xjo: (71)

For the new model, we choose the invertible functions as swappirjgtthandj %th feature values,
ie.,

hi(X), [X1;X2; 53X 5XjoXj+1; X0 15X 5Xjos1s 3 Xm] (72)
and similarly forh,, i.e.,h, , h;. Becausé, andh, are invertible, we know that the new model

will be in the same counterfactual equivalence class by Theorem 1. Comgtrucg h,!; and
then for alld,;

fdx)=hy fq ha(x)
=hy fa(X1:X2; X LXoiXje1; X0 1XjiXjosrs i Xm]'])
=hy falynyzr Y wYisYiers Yo nYjoYjoers  Yml'D)
=hy [fai(y DI,
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= faaly);  faj 2y j 2)ifajoly jo)ifaj+a(y j+1);

fajo 1(y jo 1)ifa(y j)ifajon(y jor )i fam(y m)

where we de ney , h,*(x).
We now need to check that the rst canonical counterfactual property still holds.
f2=hy f;1 hy=hy Id hy=h; hy=Id; (73)
where the last equals is because swap operations are self-invertible.
We move to check that the autoregressive property still holds for other domain SCMs.
1) For thej -th feature, we have that:
[FOO] = fajoly jo) = fajo(Xe;  5Xj 1XjoiXj+1; X0 1,X]) = X]

where the last equals is becausefthigo(y jo) = yjo = X;. This clearly satis es the autoregressive
property agf g]j only depends og; .

2) For thej *th feature, we have that:

[FG0)) o= faj(y )= fajo(xsi X 1:Xj0)
where again this satis es the autoregressive property because all input indices are Igddthan
causg <j % Now we handle the cases for other variable§.df , then we have the following:

[falr =[h1 fa hal-=[fa holp = for (h200)] 1) = Fap(xaiiinxg) (74)
3)Similarly if j < j<j ©
[Fol- = fap(XaiiiniXy LiXjoiXjens X)) = Xps (75)

where we use the fact that there are no intervening nodes in bejvaeed] °.
4) Finally, forj>j © we have:
[Falr = far(Xe 3% 1XjoiXjens X0 LXiXjons  5Xp); (76)

which is still autoregressive because j ®andj>j . Thus, the new ( is autoregressive and is
thus a valid model.

It remains to prove thdt(F% = (I (F) nfjg) [f j%.
1) Whenk < j , we have for alld,
[fdk = fax (Y ©) = Fax(x &) =[fal;
then for allk 2 1 (F), there existsly, such that
5, k=09 6 [ful =[f9 "l
Thus,k 21 (F9.
If k21 (F); we have for ald,

[F9 =[S = [Fade = [FD "
Thusk 21 (F9):
2) Whenj k <jO we have8d;[f9(x)lk = xk ) [ '(X)lk = xx. Thus we havesd,
[0 " =[f? 'l whichmeansforaj k<jOkz2l (F9.

3) Whenk = j° we have8d;[f(§’]jo = faj (X1, :Xj 1;Xj0). Furthermore, sincg, 2 1 (F), we
have9dy, [fq4,]j 6 [f1]; by Lemma 8. Thu$fd°0]jo =[fq]; 6 [f1 =[fJ0) j°21 (FYalso
by Lemma 8.

4)Whenk > j 9 if k 2 | (F);9d;dy;[fa,Jc 6 [fa,]k; Chaining with (76), we havef 0 1 6
[f$ lk: Thus,k 21 (F© by Lemma 8. Similarly, ik 21 (F); thenk 21 (F9)

To summarizel (FO) = (I (F)nfjg)[f j%: O

27



Published as a conference paper at ICLR 2024

Built upon swapping Lemma, we move to our main result on the existence of equivalent Canonical
ILD.

Theorem 3(Existence of Equivalent Canonical ILDJiven an ILD(g; F ), there exists a canonical
ILD that is both counterfactually and distributionally equivalent(ty F) while maintaining the
size of the intervention set, i.8(g;F);9(g%F9 2 Cs.t. (%F9 ' cp (9;F) andjl (F)j =

it (F9j:

Proof of Theorem 3 At high level the proof is organized in the following three steps.

(Step 1)we use Theorem 1 to construct an equivalent counterfa¢g@l, F ©) * < (g;F) by
choosing two invertible functions; = f; Landh, = Id: In this way, Theorem 1 implies

fO=hy f1 hy=f,% f; Id=1d
8d>1 fP=hy fq hy=f, 1 fqg 1Wd=f, ' fq; and g@ =g h,t=g fy:

Equipped with(g©® ; F ©); we can show that part | of De nition 5 is satis ed, i.i” = Id.
Choosingh, = Id, we could prove this operation could guarantee the distribution equivalence.

(Step 2)we can further construct a series of equivalent counterfactuals iteratively applying Lemma 9
to gradually satisfy part Il of De nition 5. Speci cally, in this step, we recursively construct, for all
iterationk 2 f 1;2;:::; k'®g;
k k 1 .
FOO hjgos ey F &P higos jo:
and
k k 1 1 — k 1 .
gt gk v hi G9s jo) = g Y higos o i
whereh; (s jo) denotes swapping th€k)-th andi %(k)-th feature values, i.e.,
hisjo(X), [X1;X2; X X0 Xje1; X0 15X ;X1 i Xml'; (77)

and further de ne
n

(0} n
j%), max j;j =21 F® :andj(k), max

(0]
i<j AK)j21 FG (78)

In high level, at each iteration, we seek the largest ifjfdék) which does not lies in the previous
intervention set F (K) : and swap it with the largest indgxXk) which is smaller thaj(k): We
terminate ak when j<j 9k);j 21 F® = .:

By the de nition of j 4k);j (k) in (78), we can show that
1) for each swap stek; there holds

j)21 F® ;and8f:j(k) < jUk); 621 FM (79)

which implies Lemma 9 can be applied to ensure the counterfactual equivalence at each step.
2) When meeting the stopping criterion at stéfs?, i.e.,
n

(0]
P<i Ky 21 RO =gy (80)

there holds . .
g21 FK U o j>m | KD

e, gk™ D;F&™ 1 jsin canonical form. Chaining) and2), we conclude
9(>F9Y, g LEX 1 2Cst(®FY " ¢ (gF):

Note thatg®) f{¥) = gk n flk D hj (k)s jocky; and linear operatdt; (ks jo(x) is orthogonal,
then iteratively, we conclud@® F9 ' p (g;F):
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To provel), observe in (78)j (k) is the largest index in the intervention set which is smaller than
j Ak). This simply implies (79).
To prove2), suppose when meeting the stopping criterion at kf&h there holds

9j 21 F®*™ D gychthatj m 1| FK™D . (81)
It implies that
A klasl A n klasl 0
9f21 F&™ D andf2 m 1 F&T D +1;::0m
A n last 0
Then we can choogé(k) = [, implyingj 2 j<j Ak);j 21 F&™ D 6 : contradict to
(80).

(Step 3)We use the same techinique asSitep 1, where instead we choose = f, andh, = Id:
This concludes the proof of part | in Theorem 3.

It remains to prove that the constructionfd? in thestep 1does not change the intervention set.

1) For anyj 2 | (F), for any pairsd; o we have f , * P = f o' ;» based on the construction of
f(o),We have h i h i

PO St fa) =0t fa) = (9 82

d ; i =[fg” fali = oo j (82)
thus,l (FP: 9 1 (faif D).

2) Foranyj 2| (F), there existsl; ®andz, such thaff4 *(2)]; 6 [fe *(2)];. Note thatf ; is a
bijective function, there existg’ such thatz = f(z%, we have
[fa 1(2)]; 6[f ' ()
o M@ | 6 fel(fu(@)

© 10 © 10
c2r 1R

thusl f;f% | (fq;fe). Combiningl) and2), we havel 3£ 0 = I (f4;fq0). This

show that the construction efep landstep 3do not change the intervention set, combining the fact
in step 1, we iteratively used swapping Lemma 9, and swapping Lemma 9 does not change the inter-

vention set size, i.el,(F9) = (I (F) nfjg)[f j%;we concludethat ¥ :fQ j=jI (fg;f)
This completes the proof. O

To help understanding, we design a simple linear ILD model to demonstrate the theorem construc-
tion procedure.

Example 1. Suppose we havedadimensional ILD modd]g;F ) containing2 domains, where

21 0 0 03 21 0 0 03

110 Q. 2 20 . .
fa, 111 g,fz' 21 1 1 g,glnvertlble_

1111 1111

FoIIowin%] the proof of Theorem 3, we have FollowiSgep 1in the proof of Theorem 3, we have
h]_ = fl ,

2200 ¢ 21, 0 0 @
60 10 @ .0 61 2 0 O
ffo)‘2001%'f2(0)‘21 11%’
000 1 0O 0 01
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21

g9 = g ﬁi
1

PR RO
PR OO

1
Notlce thatl (f @) = f2;3g. Following Step 2in the proof of Theorem 3, we rst swap= 3 and

j°=4,
21 0 O3 21 O3

0 0 0
_60 1 O L) — 1 1 0
nsa=8y 5 o pid¥=0 8] 1 7
0 01 0 1110
Wehava‘(z), h3$4 f@ h3$4
21 00 03 21 0 O O3
@ _60 10 @_61 2 0 .
=95 51 &:P=95 & 1 &
0 0 01 1 1 01
Notice thatl (f ®) = f2; 4g. Following Step 2in the proof of Theorem 3, we rst swgp= 2 and
.
=3, 2 3 2 3
1 000 1 000
_60 0 1 @ _ 111
hss=9g 3 ¢ @:9®=9 8] 1 o &
0 0 0 1 1110
Wehavef(3), h2$3 f(z) h2$3
21 0O 0 03 21 0O O O3
@_60 1 0 @ _60 1 0
(=85 51 &:rP=422 5 2 &
0 0 0 1 10 11
21 00 03
1 11
(2) =
g =9 21 10 g
11 10

Then we followStep 3 i.e.,
1 =1, 1269 =1, 1

N

3 =

g =g £, 1

0 21000é
@_61 10 ..e_61 1 0

“13"21115)%"‘23 221281;
11 111 1

Notice that(g® ; f @) is the Identity Canonical form, an@® ;f @) is in general canonical form.
They are counterfactually equivalent to each other by checking de nition.

C SIMULATED EXPERIMENTS

C.1 EXPERIMENT DETAILS

Dataset The ground truth latent SCK|; 2 F |4 takestheforniy( )= Fy; + byl whereFd =

(1 ) LLg2 R™ ™ s domain- speC| c lower triangular matrlx that satis es sparsity constraint,

by 2 R isa domaln -speci ¢ bias antj, is an indicator vector where any engles corre%pondlng tothe
intervention setare 1. To be specift.yij N (0;1)andby; Uniform( 2 m=jlj ;2 m=jlj).

The observation function takes the fogn(x) = G LeakyReLU(x) whereG 2 Rm M and the

slope of LeakyReLU i©:5. To allow for similar scaling across problem settings, we set the de-
terminant ofG to be 1 and standardize the intermediate output of the LeakyRelLU. The generated
Fq:by; G all vary with random seeds and all experiments are repeated for 10 different seeds. We
generate 100,000 samples from each domain for the training set and 1,000 samples from each do-
main in the validation and test set.

30



Published as a conference paper at ICLR 2024

Model We test with two ILD modelstLD-Canas introduced in Section 3.3 and a baseline model,
ILD-Densewhich has no sparsity restrictions on its latent SCM. To be speci c, the latent SCM of
ILD-Densecould be any model ifr |5 . We usel andl to represent the intervention set of the
model and dataset, respectively. We note thatlfB-Dense| contains all nodes and fotD-Can,

| contains only the last few nodes. Both models follow a similar structure as the ground truth. To be
speci ¢, the latent SCM takes the forfg( ) = Fg + bgwhereFq = (1 Lg) Sq;Lq2 R™ ™,

Sq¢ 2 R™ ™ andby 2 R™. The observation takes the forgix) = G LeakyReLU(x) + b where

G2 R™ M b2 R™, and the slope of LeakyReLU G&5.

(a)ILD-Dense

(b) ILD-Can

(c) ILD-Identity-Can

Figure 3: An illustration of the matrices/vector used to crégtacross the three ILD models when

m =6 andjlj = 2. These are used such tha( ) = Fq + by whereFq = (I Lg) 1Sq. The

grey elements are 0, the orange elements are parameters that are different for different domains, and
the blue elements are parameters shared across domains. We specify the value if it is a xed number
other than 0. Note that we don't implemdhD-Identity-Canin our experiments. We include it here

only for illustration of our theory.

In Figure 3a and Figure 3b, we add an illustration of the latent SCMLBrDenseandILD-Can
respectively. We emphasize a few main differences between the dataset and models here: (1) For
ILD-Can, | only contains the last few nodes while for the dataset whileould contain any node

we specify. We note thdt. D-Denseis equivalent to dLD-Can with all nodes in its intervention

set. (2) There is no constraint on the determinanGand standardization ig(x). (3) The bias

added to all dimensions in the ground truth model is the same scalar value, but the bias in the model
is allowed to vary for each axis. (4) In the modgis allowed a learnable bias.

Metric  To evaluate the models, we compute the mean square errgy between the estimated coun-
terfactual and ground truth counterfactual, i.e. EROR—&—5y  qogq okg foo (fg) *
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(@) “xq) 9 fao fy' g *(xa)k?. Asin practice, we can only check data tting instead
of counterfactual estimation, and we report the counterfactual error computed with the test dataset
when the likelihood computed with the validation set is highest.

Training details We use Adam optimizer for both andg with a Ir = 0:00L, ; = 0:5; , =

0:999 and a batch size of is 500. We run all experiments for 50,000 iterations and compute validation
likelihood and test counterfactual error every 100 stépis randomly initialized. Regarding, G

is initialized as an identity matrix antlis initialized as0.

C.2 ADDITIONAL SIMULATED EXPERIMENT RESULTS

For better organization here, we split our experiment into three cases as introduced below. The
rst two cases point to the question: given the fact that we use the correct sparsity, does sparse
canonical form model designing provide bene ts in generating domain counterfactuals? The third
case investigates the more practical scenario where we don't have any knowledge of the ground truth
sparsity and we explore what would be a better model design practice in this case.

Case 0: Exact match between dataset and modeldn this section, we investigate the perfor-
mance oflLD-DenseandILD-Can while assuming that the ground truth intervention set only con-
tains the last few nodes and we choose the correct size of the intervention set.

To understand how the true intervention set affects the gap betlvBeBenseandILD-Can, we

varied the size of the ground truth intervention. In Figure 4, we observe that the performance gap
tends to be largest when the true intervention set is the most sparse and the perforniabee of

Can approaches to the performancelbD-Denseas we increase the size. This makes sense as
ILD-Canis a subset ofLD-Denseand they are equivalent whén= f 1; 2; 3; 4; 5; 6g. Additionally,

even when the ground truth model is relatively dense (whenis close tom), ILD-Canis still

better tharilLD-Dense Then we test how our algorithm scales with dimension when the number of
domains is different. In Figure 5, we notice thaD-Can is signi cantly better thariLD-Densein

9 out of 12 cases. In the next paragraphs, we further investigate the 3 cases that do not outperform
ILD-Denseto understand if it seems to be a theoretic or algorithmic/optimization problem.

We take a further investigation on the three cases whdbdeCan is close to or worse thah.D-

Dense As shown in Figure 6, when the latent dimension is 10 and the number of domains is 2,
i.,e. m = 10 andNg4 = 2, the validation likelihood ofLD-Can is much lower tharlLD-Dense
especially in comparison to that with = 4;6. We conjecture that the performance drop in terms

of counterfactual error could be a result of the worse data tting, i.e., the model does not t the
data well in terms of log-likelihood. As further evidence, we show the counterfactual error and
corresponding validation log-likelihood in Table 3. We observe that the log-likelihoidsDense

tends to be much lower when it has a larger counterfactual error than thdd-®dense As for the
relatively worse performance tfD-Canwhenm =4;Ng4 =2 andm = 4; Ny = 3, we report the
counterfactual error corresponding to each seed in Table 4 and Table 5 respectively. When the latent
dimension is 4 and the number of domains is 2, nes 4;Ngq = 2, ILD-Can s better tharlLD-
Densewith 9 out of 10 seeds. However, it fails signi cantly with seed 0 and thus leads to a larger
average of counterfactual error. When= 4;Ng4 = 3, ILD-Can is better tharlLD-Densewith 7

out of 10 seeds buLD-Canis not signi cantly better thahlLD-Densein terms of average error. We

think this is more likely an optimization issue with lower dimensions, which is not explored by our
theory. We conjecture that larger models with smoother optimization landscapes will perform better
as we see in the imaged-based experiments. We also note that these models are not signi cantly
overparametrized and thus may not bene t from the traditional overparameterization that aids the
performance of deep learning in many cases. Further investigation into overparameterized models
may alleviate this algorithmic issue.

Despite some corner cases in which the optimization landscape may be dif cult for these simple
models, all the results point to the same trend that the sparse constraint and canonical form motivated
by our theoretic derivation indeed aids in counterfactual performance—despite not explicitly training
for counterfactual performance.

Case 1: Correctjlj but mismatched intervention indices In this section, we include more re-
sults in the more practical scenario where we choose the correct number of the intervened nodes
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but they are not necessarily the last few nodes in the latent SCM. This experiment is related to our
canonical ILD theory, i.e., that there exists a canonical counterfactual model (where the intervened
nodes are the last ones) corresponding to any true non-canonical ILD that has the same sparsity. As
a starting point, we rstillustrate the existence of a canonical model we try to nd in Figure 10.

To investigate the effect of different indices of the intervened nodes, in Figure 7, we change the true
intervention set while keeping the number of intervened noglesj the same. We observe that
ILD-Canis consistently better thahD-Denseregardless of which nodes are intervened except for
one case. When the number of domains is 2land f 4;5g, we nd the gap is much smaller mainly
becauséLD-Canfails to t the observed distribution in one case as shown in Table 6. We then test
the effect of the number of domains with different latent dimensions in Figure 8. We observe that our
model performs consistently well with different numbers of domains and latent dimensions. In Fig-
ure 9, we visualize how.D-Canleads to a lower counterfactual error in comparisolL.id-Dense

As shown in Figure 9a and Figure 9dbhD-Can clearly does better in counterfactual estimation. In
Figure 9c and Figure 9d, both of them have a relatively larger error. HoweeCantends to nd

a closer solution whiléLD-Densematches distribution more randomly. This could result from the
large search space tfD-Denseand it can easily encodes a transformation such as rotation which
will not hurt distribution tting but will lead to a signi cant counterfactual error.

Even though we do not know the speci ¢ nodes being intervened on, similar to Case 1, we show that
sparse constraint leads to better counterfactual estimation.

Case 2: Intervention set size mismatch In this section, we include more results in the most

dif cult cases where we have no knowledge of the dataset. To investigate what will happen if there
is a mismatch of the number of intervened nodes between the true model and the approximation,
i.e.,jlj 6= jl j, we rstchangel while keeping the model unchanged, ileis xed. As shown

in Figure 11, the performance gap betwéeh-Can andILD-Densebecome smaller as the dataset
becomes less sparse whileD-Can outperformdLD-Densein all cases. We then changewhile
keepingl unchanged. As shown in Figure 12, the performanci.BfCan approaches to that

of ILD-Denseas we increas@j . A somewhat surprising result is thitD-Can has the lowest
counterfactual error whejtj = 1. However, as we check data tting in Figure 13, we can tell
ILD-Canfails to tthe observed distribution in this case. We conjecture the main reason for this is
that our theory does not guarantee the existence of a distributionally and counterfactually equivalent
canonical model in those cases as we are using a model that is more sparse than the ground truth
dataset. Hence, we cannot rely on the counterfactual estimation when the observed distribution is
not tted.

In summary, we observe thitD-Can always tends to get a lower counterfactual error even though
we choose a wrong size of intervention set, jl¢.6= j| j. However, we also observe that in the
cases where our model is more sparse than ground truth, the data tting performdh&e@én
would drop more signi cantly. We believe this could also be a good indicator of whether we nd a
reasonabldj .

(@) Ng =2 (b)Ng =3 (c)Ng =10

Figure 4: Case 0: Test counterfactual error with diffedlent To understand how the true interven-

tion set affects the gap betwedrD-Denseand ILD-Can, we varied the size of the ground truth
intervention. It can be observed that the performance gap tends to be largest when the true interven-
tion set is the sparsest and the performande@fCanapproaches to the performancedldD-Dense

as we increase the size.
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(@)Ng =2 (b)Ng =3 (©)Ng =10

Figure 5: Case 0: Test counterfactual error with different dimension. We investigate how our algo-
rithm scales with dimension. We observe thdD-Canis signi cantly better tharlLD-Densein 9

out of 12 cases, and we also notice that there 3 cases where their performance is close to that of each
other. Here the intervention set contains the last two nodes. For examplepwheh | = f3;4g,

and wherm = 10,1 = f9;10g.

Figure 6: Case 0: Lowest validation log likelihood (same as when we report the test counterfactual
error) when testing different dimension withy = 2. We observe that the likelihood gap between
ILD-CanandILD-Denseis largest whem = 10.

Table 3: Case 0: Test counterfactual error and validation log likelihood for each seedmwhen
10;Ng4 = 2. We observe that the log likelihood tfD-Densetends to be much lower when it has a
larger counterfactual error than thatlbD-Dense

Seed 0 1 2 3 4 5 6 7 8 9
ILD-Can | 4.625| 0.111| 0.120| 0.072| 4.572| 10.617| 4.360| 6.809| 0.099| 0.479
ILD-Dense| 23.821] 0.611| 2.178| 5.823| 4.779| 0.694| 0.487| 1.653| 3.170| 6.365
Log likelihood ILD-Can | -6.873| -7.066 | -5.672| -4.637 | -0.572| -3.261| -6.062 | -4.552| -1.367| -5.170
ILD-Dense| -4.034] -6.434] -5.679| -4.197| 0.711| -1.908] -4.180| -2.413| -1.483| -4.796

Counterfactual erro

Table 4: Case 0: Test counterfactual error for each seed whend; Ny = 2. ILD-Canis better
thanlLD-Denseexcept when seed is 0. However, there is a signi cant failurélfbrCanwith seed
0.

Seed 0 1 2 3 4 5 6 I 8 9
ILD-Can | 23.790| 2.309| 1.747| 3.180| 1.265| 0.864 | 0.77/9| 0.227| 3.325]| 6.362
ILD-Dense| 3.321| 3.435| 2.838| 4.209| 5.356 | 6.456| 1.615| 2.165| 5.195| 7.937

Table 5: Case 0: Test counterfactual error for each seed whemnd ;N4 = 3. ILD-Canis better
thanlLD-Densewith seedl; 2; 3;5; 6; 7; 8.

Seed 0 1 2 3 4 5 6 7 8 9
ILD-Can | 23.821| 0.611| 2.17/8| 5.823| 4.779| 0.694 | 0.487| 1.653| 3.170| 6.365
ILD-Dense| 24.472| 3.658| 2.925| 5.785| 3.260| 5.795| 3.878| 4.560 | 4.009 | 5.965
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(8)Ng =2

(b)Ng =3

(c)Ng =10

Figure 7. Case 1: Test counterfactual error with different indices. Here we obsente@h@gan
performs consistently better thélnD-Dense WhenNg4 = 2 andl = f4;5g, the performance of
ILD-Can gets relatively higher because it fails signi cantly in one case as shown in Table 6.

(@m=6

(b)ym =8

(cym =10

Figure 8: Case 1: Test counterfactual error with different number of domains Wwherf 1; 2g.
ILD-Can performs consistently well with different number of domains and latent dimension.

Table 6: Case 1: Test counterfactual error and validation log likelihood for each seed\yhef
andl = f4;5g. When seed is 5, the error 8fD-Canis much larger than that dED-Dense In
the meanwhile, we notice that the log likelihoodlbD-Canis much lower than that dE. D-Dense

which indicatedLD-Can fails to t the observed distribution well. When seed is 6, there is also a
gap in log likelihood. But both models perform very badly in terms of counterfactual error in this

case, and we conjecture this results from a very hard dataset.

Seed |0 1 2 3 ] 5 6 7 8 9
LD-Can | 1.395| 0.862| 1.338| 0.193| 7.557| 12.422| 21.762| 3.879| 2.352| 0.479
Counterfactual eMmotyr iy sensa 8 610 5.979| 4.134 | 2.983| 9.795 4.719| 24.232| 5.327| 8.497 | 8.500
Log likelinood ILD-Can | -4.441 ] -5.737| -4.448 | -5.504 | -4.393| -3.376| -5.187| -5.073| -4.033| -4.102
[LD-Dense| -4.170| -5.632 | -4.316 | -5.458 | -4.174 | -2.181| -4.052| -5.010 | -5.270 | -4.302
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() ILD-Can: Domainl! 2 (b) ILD-Dense Domainl! 2
(c) ILD-Can: Domain3! 1 (d) ILD-Dense Domain3! 1
Figure 9: Visualization of counterfactual error when=6;Ng = 3;jlj =2;1 = f1;2g. Ineach

plot, we nd the rsttwo principle components and project the data along that direction. We select
10 points, then nd the corresponding ground truth counterfactual and estimated counterfactual. The
black arrow points from ground truth to estimated counterfactual.
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