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ABSTRACT

Cascaded models are multi-scale generative models with a marked capacity for
producing perceptually impressive samples at high resolutions. In this work, we
show that they can also be excellent likelihood models, so long as we overcome a
fundamental difficulty with probabilistic multi-scale models: the intractability of
the likelihood function. Chiefly, in cascaded models each intermediary scale intro-
duces extraneous variables that cannot be tractably marginalized out for likelihood
evaluation. This issue vanishes by modeling the diffusion process on latent spaces
induced by a class of transformations we call hierarchical volume-preserving maps,
which decompose spatially structured data in a hierarchical fashion without intro-
ducing local distortions in the latent space. We demonstrate that two such maps
are well-known in the literature for multiscale modeling: Laplacian pyramids and
wavelet transforms. Not only do such reparameterizations allow the likelihood
function to be directly expressed as a joint likelihood over the scales, we show that
the Laplacian pyramid and wavelet transform also produces significant improve-
ments to the state-of-the-art on a selection of benchmarks in likelihood modeling,
including density estimation, lossless compression, and out-of-distribution detec-
tion. Investigating the theoretical basis of our empirical gains we uncover deep
connections to score matching under the Earth Mover’s Distance (EMD), which is
a well-known surrogate for perceptual similarity. Code can be found at this https
url.

1 INTRODUCTION

A widely used strategy for generating high resolution images x is to first draw from a low resolution
model pθ(z(1)), then refine this representation with a series of super-resolution models pθ(z(s)|z(s−1))
for k = 2, . . . , S where z(S) = x. This idea, known as cascaded or multi-scale modeling, has been
employed to great effect in generative models at large (Oord et al., 2016; Karras et al., 2017; De Fauw
et al., 2019), as well as diffusion models in particular (Ho et al., 2022). However, multi-scale models
pose a fundamental issue for likelihood computation, as the modeled likelihood function — obtained
as a product of all conditional super-resolution models and the base model — is now the joint
likelihood pθ(z

(1), . . . , z(K)) rather than the desired likelihood pθ(x) = pθ(z
(K)). This prevents

cascaded models from being used for likelihood-based training and inference on x. For pθ(x) to
regain exact evaluation capabilities, the intermediate resolutions must must either be marginalized
out — a very expensive operation in high dimensions — or undergo complex redesign to avoid such
marginalization (Menick & Kalchbrenner, 2018; Reed et al., 2017).

In this work, we propose a different approach to overcoming this problem using a class of transforma-
tions we call hierarchical volume-preserving maps. These are a special subset of homeomorphisms
to which the likelihood function is invariant — i.e., a class of functions H such that for all h ∈ H,
pθ(x) = pθ(h(x)). Under these transformations, the joint likelihood computed by a cascading model
coincides directly with the desired likelihood function pθ(x). When these transformations are simple
and produce useful hierarchical representations of x, we are able to retain maximum likelihood
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