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Figure 1: Direct image alignment is a technique for aligning scenes based on image intensities.
Recent learning-based methods seek to improve its success rate by increasing the convergence basin.
We derive an analytical solution to the core idea of such methods, the Gauss-Newton loss, enabling
fine-grained control over the basin of convergence. As a result, we can successfully align two
scenes despite a highly imprecise initialization. From left to right, the example above illustrates the
convergence of the reprojected keypoints (red) to the ground truth (green) by optimizing the SE(3)
camera pose with our analytical solution. The blue color is the re-projection in the first iteration.

ABSTRACT

Direct image alignment is a widely used technique for relative 6DoF pose estima-
tion between two images, but its accuracy strongly depends on pose initialization.
Therefore, recent end-to-end frameworks increase the convergence basin of the
learned feature descriptors with special training objectives, such as the Gauss-
Newton loss. However, the training data may exhibit bias toward a specific type of
motion and pose initialization, thus limiting the generalization of these methods.
In this work, we derive a closed-form solution to the expected optimum of the
Gauss-Newton loss. The solution is agnostic to the underlying feature representa-
tion and allows us to dynamically adjust the basin of convergence according to our
assumptions about the uncertainty in the current estimates. These properties allow
for effective control over the convergence in the alignment process. Despite using
self-supervised feature embeddings, our solution achieves compelling accuracy
w. . t. the state-of-the-art direct image alignment methods trained end-to-end with
pose supervision, and demonstrates improved robustness to pose initialization. Our
analytical solution exposes some inherent limitations of end-to-end learning with
the Gauss-Newton loss, and establishes an intriguing connection between direct
image alignment and feature-matching approaches

1 INTRODUCTION

Visual localization refers to estimating the camera pose of a query image w. r. t. a reference image
where the underlying 3D structure (e. g. a point cloud) is available. Traditionally, solutions to visual
localization primarily relied on estimating correspondences between 2D features in the query image
and 3D features in the reference point cloud (Liu et all 2017} [Sarlin et all, 2019} [Sattler et al., 2017}
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Svarm et al., 2017 Toft et al.,[2018])). Challenging this approach, recent deep learning frameworks
implement direct image alignment by re-projecting the 3D points onto the feature map (Sarlin et al.,
2021; ivon Stumberg et al.,|2020ajb). Using end-to-end training, deep networks learn dense feature
maps suitable for regressing the pose between an image and a point cloud. In analogy to photometric
image alignment (Delaunoy and Pollefeys| 2014} |Engel et al.,2016), this family of methods is referred
to as featuremetric image alignment (von Stumberg et al., [2020b).

The feature representation learned by featuremetric image alignment is not only discriminative, but is
also spatially smooth for improved convergence (von Stumberg et al., [2020a). A training process
enforces the smoothness either explicitly through a specific loss, such as the Gauss-Newton loss (von
Stumberg et al.||2020a), or implicitly, by backpropagating through an optimization algorithm, such
as Levenberg-Marquardt (Sarlin et al.,|2021). In both cases, the resulting feature map embeds the
bias of the initial poses in the training data. This may lead to poor generalization, since the training
poses can differ substantially from the test scenario. We here take a less bias-prone approach: we use
generic feature descriptors (e. g. obtained with self-supervision) and instead control the smoothness
of the feature map dynamically at test time.

This work investigates the connection between feature descriptor networks and featuremetric image
alignment. The main contribution is the analytical (closed-form) solution to the Gauss-Newton loss.
On the one hand, this leads to a novel technique, which can utilize any feature descriptor to generate a
dense feature map suitable for direct image alignment. Importantly, it allows us to dynamically adjust
the smoothness of the feature map, which effectively controls the trade-off between the basin of
convergence and the alignment accuracy. We empirically verify our derivation using self-supervised
feature descriptors, such as SuperPoint (DeTone et al.,|2018]), and demonstrate on-par or even superior
alignment accuracy compared to supervised frameworks. On the other hand, the analysis of our
closed-form solution reveals inherent limitations of feature learning with backpropagation through
Gauss-Newton optimization: featuremetric alignment merely learns a form of interpolation between
feature descriptors in the points of interest. Although we demonstrate this in the context of direct
image alignment, a similar argument extends to other methods, even beyond computer vision, which
backpropagate through Gauss-Newton or Levenberg-Marquardt optimization.

2 PRELIMINARIES

Image Alignment. Given two images (reference 1, and query 1) with known camera models and

an overlapping field of view, and a 3D point cloud fp(! g in the coordinate system of 1,., the problem
of image alignment is to estimate the relative camera pose T 2 SE(3).

Gauss-Newton Optimization. Given a set of functions fr(V) (x); ::;; r(™)(x)g called residuals,
Gauss-Newton (GN) optimization finds the parameters minimizing the sum of squared residuals:

>x<
f(x)=  kr®(x)k: (1)

i

Each residual r(*) (x) could either be a vector or a single-valued function. In both scenarios, the total
residual r(X) is a stacked vector of m residuals. The Gauss-Newton method seeks to minimize f(X)
by iteratively updating the parameter estimate X. Each iteration linearizes the residuals around the
current estimate and computes an update step Agn (r(X)):

_ r
Aax[r(®)] = 313)"alr(x); J:= or : )
0X x=x
where J is the Jacobian matrix. The estimate X evolves until convergence as
X X AGN[r(f()]: 3)

Here, the operator  denotes a specific update procedure, which depends on the nature of the
optimization space. For linear spaces, simplifies to the standard subtraction operation; in the
context of a rigid-body transformation SE(3), operator  applies a tangential update.

Photometric and featuremetric image alignment. Photometric image alignment estimates the
relative 6DoF pose by minimizing the difference between pixel intensities of points in I, and the
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corresponding points ihy,. Recallingp!) as a 3D point in the coordinate frame of the reference
image, we seek a transformati®n2 SE(3) minimizing the following residuals:

r(T)y=1, M 1q HTp®i : (4)

Here,h i is a 2D projection operator of a 3D point onto the image plane. The projection implicitly
uses the corresponding camera intrinsic parameters, assumed to be available feramath,.

We omit them in the notation for clarity. Comprising rotatiBn2 SO(3) and translation 2 R3,

the target transformatioh is typically found by minimizing Eq[{4) with non-linear least-squares
optimization, such as Gauss-Newton or Levenberg-Marquardt (LM) methods (Levenberg, 1944;
Marquardt, 1963; Nocedal and Wright, 1999).

The success of photometric image alignment critically depends on a favorable initialization of the pose,
especially in the conditions of varying illumination and occlusion. As a partial renfieayremetric

image alignment{ (Tang and Tan, 2019) uses feature maps instead of pixel intensities. Obtained with
deep learning, such feature maps have increased convergence basin compared to that derived from
image intensities, which improves robustness to pose initialization.

3 RELATED WORK

Direct and indirect image alignment. Estimating the relative camera pose from two images

is a fundamental problem in computer vision, with applications in structure from motion (SfM)
(Schénberger and Frahm, 2016), SLAM and relocalization. To address this pramdect (feature-

based) approaches detect and match interest ppints (Bay et al., 2006} Lowe, 2004) in both images, and
then estimate the pose using PhP (Persson and Nordberg, 2018) or by minimizing the reprojection
errors [(Triggs et dll, 1999). In contradirect methods sidestep the matching process and minimize
the photometric error instead (Horn and|Jr., 1988; Irani and Anahdan, 1999). This means that they can
leverage the entire image (Kerl et al., 2013; Newcombe et al., 2011), or focus on pixels with suf cient
gradient (Engel et al., 2014; 2016). The foundation behind these approaches is Lucas-Kanade tracking
(Baker and Matthews, 2004; Lucas and Kanade, 1981). However, direct methods, which are central
to this work, optimize for a 6DoF pose instead of individual pixel displaceméerm@soptical ow).

Pose estimation with deep learning. The advent of deep learning revitalized interest in improving
pose estimation with deep networks. While some approaches are holistic (Jatavallabhula et al.,
2020), there are broadly three categories of learning-based metijoBslly end-to-end pose
estimation methodd&endall et al., 2016; Ummenhofer et al., 2017; Zhou et al., 2017) directly regress
pose estimates with deep neural networks, instead of test-time optimiza}ibearning-based

indirect method¢DeTone et al., 2018; Dusmanu et al., 2019; Revaud et al., 2019; Yi et al., 2016)
replace handcrafted detectors and descriptors with deep representations in an indirect pipeline. Some
approaches further extend the traditional way of obtaining correspondences. SuperGlue (Sarlin
et al., 2020) learns feature matching with a graph neural network. LoFTR (Sun et al., 2021) directly
regresses correspondences instead of relying on separate feature detection and matching. Similar to
indirect methodsiji) learning-based direct image alignmeahhances classical direct methods with

deep features. This category is the most similar to our work and we discuss it in more detail next.

Learned features for direct image alignment. Previous work differs in their approach to model
training and in the nal task. For example, Czarnowski et al. (2017) leverage off-the-shelf CNN
features to improve optical ow tracking. A number of methods (Han et al., 2018; Lv et al., 2019;
Sarlin et al., 2021; Tang and Tan, 2019; Xu et al., 2021) train feature descriptors end-to-end with
ground-truth poses and backpropagate the gradient through a non-linear optimization process. At test
time, these methods employ a feature pyramid and re ne the initial camera pose in a coarse-to- ne
fashion using GN or LM optimization. In addition to the feature pyramid, some methods predict
additional properties for image alignment, such as uncertainty (Xu et al., 2021) (Sarlin et al., 2021),
Jacobians (Han et al., 2018), or optimization parameteig §amping factors (Lv et al., 2019; Sarlin

et al., 2021)). In the same spirit, our formulation leads to a continuous image pyramid, where each
level of the pyramid can be generated on-the- y based on the input level of uncertainty.

Another line of work (von Stumberg et al., 2020a;b) trains a deep network directly on the ground-
truth pixel correspondences. GN-Net (von Stumberg et al., 2020a) minimizes two loss functions.
The rst is a contrastive loss (Schmidt et al., 2017) facilitating discriminative properties of the
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feature representation. The second loss function accounts for a likely displacement in the initial
correspondence, implemented by adding random 2D offsets to the ground-truth correspoatiences

training time By learning to minimize the feature discrepancy after a Gauss-Newton step, the model
learns to cope with the initially noisy estimates. We revisit this work in detail in the Sec. 4.

The learning-based approachesd.(Germain et al., 2021; Sarlin et al., 2021; von Stumberg et al.,
2020a)) achieve impressive accuracy of pose estimation. Nevertheless, they require pose supervision
for training and struggle in scenarios of large-baseline localization. Indeed, GN-Net (von Stumberg
etal., 2020a) and PixLoc (Sarlin et al., 2021) tend to exhibit a strong bias toward the noise assumptions
of the training process, which cannot be easily reversed. For example, PixLoc trained on the CMU
dataset exhibits a strong bias toward horizontal movement as illustrated in Appendix A.

Our work takes a different approach. We rely on existing feature descriptors obtained with self-
supervision, which contribute no explicit motion bias to the alignment process. We next derive a
closed-form solution to the Gauss-Newton loss (von Stumberg et al., 2020a) as a functional of a
probability density governing the noise assumptions of the current pose estimate. This allows us to
adjust the noise assumptions in the alignment process, thus effectively controlling the convergence
basin at test time, much akin to the coarse-to- ne strategy, exempli ed by Fig. 2.

4 THE GAUSS-NEWTON LOSS

In this section, we recap the GN-Net (von Stumberg et al., 2020a) and introduce the notation. GN-Net
is a convolutional neural netwoik( ; ) trained on a sparse set of ground-truth correspondences.
Given coordinates on the image planefletR R! RY continuously map those coordinates to a
descriptor from a feature grid® W " produced byE( ; ), e.g.using bilinear interpolation. We
denef, := E(l;; )andfq:= E(l4 ) todenote feature representations of reference and query
images. GN-Net learns parameterto minimize the expected value of the following loss function,

|—GN—Net(I rs I q) = Lcontrastive(fr ; f q) + I—GN(f r f q); (5)
which comprises a contrastive l0dSsontrastivd ; ), and the Gauss-Newton lodsgn(; ). The
contrastive loss minimizes the distance between the features of two corresponding points while
maximizing the distance between non-corresponding pairs (Schmidt et al., 2017). The contrastive
loss facilitates spatially discriminative features, and its particular instantiation has little signi cance
for the following discussiong. g.GN-Net uses the triplet loss).

The Gauss-Newton lodsgy ensures that the feature map is suf ciently smooth for direct image
alignment, thus enlarging the convergence basin. GN-Net implements this by adding a random offset
to the ground-truth correspondences and encouraging a single Gauss-Newton step to recover the
original location. Let us formalize this process.

Given a ground-truth corresponder(@é’); y (")) between imageks andl 4, the assumption behind

the Gauss-Newton loss is that the initial estimete at test time falls in the vicinity of the ground
truthx ) i.e.x() = x(0 +  where follows some prede ned distributiop( ), such as a Gaussian

with zero mean. At training time, the Gauss-Newton loss aims at recovering the ground-truth location
x () from a noisy initial location<() by minimizing the residualv. r.t. x :

rO0) = 1) foly®); ®)

The original Gauss-Newton loss for one poirit), as introduced by von Stumberg et al. (2020a), is

L& (Frifgr )= kI( anlr P (xD + K3 logdetd ! J: (7)

From a probabilistic standpoint (von Stumberg et al., 2020a), the loss balances between the accuracy
of the Gauss-Newton step and the direction uncertainty. Héré, represents the inverse covariance
matrix propagated through the photometric residuals. The loss function corresponds to the negative
log-likelihood of residuals distributed & 0; (3! J) ® . In this work, we consider a variant of the
Gauss-Newton loss, in which the covariance matrix is assumed to be identity. Thus, Eq. (7) becomes

Lgr)\l(fr;fq; )=k on[r@(x @ + Hks: (8)
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Although this simpli ed version does not account for the trade-off between uncertainty and accuracy
of the prediction, it admits a closed-form minimizer of the expected value, as we show in Sec. 5. We
also nd that the simpli ed version does not differ from the original one empirically in a signi cant

way (see Appendix C). Henceforth, we will refer to the simpli ed version as the Gauss-Newton loss.

The training process calculates the Gauss-Newton loss stochastically by samfiimg p( ).

Therefore, it minimizes a Monte-Carlo approximation to the expected valué?g)ﬁummed over all
ground-truth correspondences,

X )
Lon(frifgP=E p  LE(frife ) )

Hereafter, we use the notatitrsn(fr ; T o; p) to emphasize the dependence of the Gauss-Newton loss
on the noise distributiop, and omit this parametarization otherwise to avoid clutter.

Note that the GN-Net's training stage addresses the problem of optical ow, not pose estimation.
The underlying assumption is that accurate optical ow facilitates pose estimation, as each pixel will
contribute to the nal pose estimate. At test time, the pose is determined by solving the featuremetric
image alignment problem (equivalent to Eq. (4)) using Gauss-Newton optimizatii(3).

5 CLOSED-FORM GAUSS-NEWTON STEP

Decoupling the contrastive and Gauss-Newton lossesThe contrastive loss provides a sparse
constraint on the feature embeddings, since we can only use sparse ground-truth correspondences, the
interest pointsfor supervision. By contrast, the Gauss-Newton loss enforces a pre-de ned basin of
convergencaroundeach interest point (modeled p§ )) with little effect on the feature descriptors

in the interest points. This is because the residual in Eq. (6) between the corresponding interest points
will be negligible, if the contrastive loss for those points is minimized. It follows that the contrastive

and the Gauss-Newton loss essentially optimize owlsjaint set of feature locations. Therefore, we

can decouple the Gauss-Newton loss from the joint optimization objective in Eq. (5). Let us formalize
this reasoning. We aim to solve:

fq =argmin [Lcontrastivdfr;fq) + Lon(frifq)l: (10)

q

We denote the values 6f, f o in the interest points &8, , Fq: F{ = f, (xM), F{ = f4(y®).
The contrastive loss only dependsBnandFg, while the Gauss-Newton loss depends on all the
query feature valuels, and the interest points in the reference nrap By eliminating unused parts,
we introduce an equivalent problem:

f Fq ;fq g= arg Tin [L contrastivd Fr ; Fq) + Lon(Fr;f q)] : (11)
aifq

Next, we approximat&, with Fq in the second term. This is permissible as the contrastive loss acts
as a soft constraint, ensuring thigt andF are close at the optimum of the joint loss function. This
allows us to decouple the minimization problem as follows:

Fq =argmin  LcontrastvdFr; Fq) + min Len(Fqgifq)
"o K (12)
fq = argfmin LGN(Fq Ta):
q

q

We denote |
G(Fq:p) := arg min Lon(Faifq; P);

q
. (13)
Len(Fgsp) = min Len(Fg;fq;p) = Lon(Fg; G(Fq; p); p):
q
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