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ABSTRACT

Denoisers play a central role in many applications, from noise suppression in low-
grade imaging sensors, to empowering score-based generative models. The latter
category of methods makes use of Tweedie’s formula, which links the posterior
mean in Gaussian denoising (i.e., the minimum MSE denoiser) with the score of
the data distribution. Here, we derive a fundamental relation between the higher-
order central moments of the posterior distribution, and the higher-order deriva-
tives of the posterior mean. We harness this result for uncertainty quantification of
pre-trained denoisers. Particularly, we show how to efficiently compute the prin-
cipal components of the posterior distribution for any desired region of an image,
as well as to approximate the full marginal distribution along those (or any other)
one-dimensional directions. Our method is fast and memory-efficient, as it does
not explicitly compute or store the high-order moment tensors and it requires no
training or fine tuning of the denoiser. Code and examples are available on the
project website.

1 INTRODUCTION

Denoisers serve as key ingredients in solving a wide range of tasks. Indeed, along with their tradi-
tional use for noise suppression (Aharon et al., 2006; Buades et al., 2005; Dabov et al., 2007; Krull
et al., 2019; Liang et al., 2021; Portilla et al., 2003; Roth & Black, 2009; Rudin et al., 1992; Zhang
et al., 2017a; 2021), the last decade has seen a steady increase in their use for solving other tasks.
For example, the plug-and-play method (Venkatakrishnan et al., 2013) demonstrated how a denoiser
can be used in an iterative manner to solve arbitrary inverse problems (e.g., deblurring, inapinting).
This approach was extended by many, and has led to state-of-the-art results on various restoration
tasks (Brifman et al., 2016; Romano et al., 2017; Tirer & Giryes, 2018; Zhang et al., 2017b). Sim-
ilarly, the denoising score-matching work (Vincent, 2011) showed how a denoiser can be used for
constructing a generative model. This approach was later improved (Song & Ermon, 2019), and
highly related ideas (originating from (Sohl-Dickstein et al., 2015)) served as the basis for diffusion
models (Ho et al., 2020), which now achieve state-of-the-art results on image generation.

Many of the uses of denoisers rely on Tweedie’s formula (often attributed to Robbins (1956), Miya-
sawa et al. (1961), Stein (1981), and Efron (2011)) which connects the MSE-optimal denoiser for
white Gaussian noise, with the score function (the gradient of the log-probability w.r.t the observa-
tions) of the data distribution. The MSE-optimal denoiser corresponds to the posterior mean of the
clean signal conditioned on the noisy signal. Therefore, Tweedie’s formula in fact links between
the first posterior moment and the score of the data. A similar relation holds between the second
posterior moment (i.e., the posterior covariance) and the second-order score (i.e., the Hessian of the
log-probability w.r.t the observations) (Gribonval, 2011), which is in turn associated with the deriva-
tive (i.e., Jacobian) of the posterior moment. Recent works used this relation to quantify uncertainty
in denoising (Meng et al., 2021), as well as to improve score-based generative models (Dockhorn
et al., 2022; Lu et al., 2022; Meng et al., 2021; Mou et al., 2021; Sabanis & Zhang, 2019).

In this paper we derive a relation between higher-order posterior central moments and higher-order
derivatives of the posterior mean in Gaussian denoising. Our result provides a simple mechanism
that, given the MSE-optimal denoiser function and its derivatives at some input, allows determining
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the entire posterior distribution of clean signals for that particular noisy input (under mild condi-
tions). Additionally, we prove that a similar result holds for the posterior distribution of the projec-
tion of the denoised output onto a one-dimensional direction.

We leverage our results for uncertainty quantification in Gaussian denoising by employing a pre-
trained denoiser. Specifically, we show how our results allow computing the top eigenvectors of
the posterior covariance (i.e., the posterior principal components) for any desired region of the
image. We further use our results for approximating the entire posterior distribution along each
posterior principal direction. As we show, this provides valuable information on the uncertainty in
the restoration. Our approach uses only forward passes through the pre-trained denoiser and is thus
advantageous over previous uncertainty quantification methods. In particular, it is training-free, fast,
memory-efficient, and applicable to high-resolution images. We illustrate our approach with several
pre-trained denoisers on multiple domains, showing its practical benefit in uncertainty visualization.

2 RELATED WORK

Many works studied theoretical properties of MSE-optimal denoisers for signals contaminated by
additive white Gaussian noise. Perhaps the most well-known result is Tweedie’s formula (Efron,
2011; Miyasawa et al., 1961; Robbins, 1956; Stein, 1981), which connects the MSE-optimal de-
noiser with the score function of noisy signals. Another interesting property, shown by Gribonval
(2011), is that the MSE-optimal denoiser can be interpreted as a maximum-a-posteriori (MAP) es-
timator, but with a possibly different prior. The work most closely related to ours is that of Meng
et al. (2021), who studied the estimation of high-order scores. Specifically, they derived a rela-
tion between the high-order posterior non-central moments in a Gaussian denoising task, and the
high-order scores of the distribution of noisy signals. They discussed how these relations can be
used for learning high-order scores of the data distribution. But due to the large memory cost of
storing high-order moment tensors, and the associated computational cost during training and in-
ference, they trained only second-order score models and only on small images (up to 32 � 32).
They used these models for predicting the posterior covariance in denoising tasks, as well as for
improving the mixing speed of Langevin dynamics sampling. Their result is based on a recursive
relation, which they derived, between the high-order derivatives of the posterior mean and the high-
order non-central moments of the posterior distribution in Gaussian denoising. Specifically, they
showed that the non-central posterior moments m1;m2;m3; : : :, admit a recursion of the form
mk+1 = f(mk;rmk;m1).

In many settings, central moments are rather preferred over their non-central counterparts. Indeed,
they are more numerically stable and relate more intuitively to uncertainty quantification (being di-
rectly linked to variance, skewness, kurtosis, etc.). Unfortunately, the result of (Meng et al., 2021)
does not trivially translate into a useful relation for central moments. Specifically, one could use
the fact that the kth central moment, �k, can be expressed in terms of fmjgki=1, and that each mj

can be written in terms of f�igji=1. But naively substituting these relations into the recursion of
Meng et al. (2021) leads to an expression for �k that includes all lower-order central-moments and
their high-order derivatives. Here, we manage to prove a very simple recursive form for the central
moments, which takes the form �k+1 = f(�k;r�k;�2). Another key contribution, which we
present beyond the framework studied by Meng et al. (2021), relates to marginal posterior distribu-
tions along arbitrary cross-sections. Specifically, we prove that the central posterior moments of any
low-dimensional projection of the signal, also satisfy a similar recursion. Importantly, we show how
these relations can serve as very powerful tools for uncertainty quantification in denoising tasks.

Uncertainty quantification has drawn significant attention in the context of image restoration. Many
works focused on per-pixel uncertainty prediction (Angelopoulos et al., 2022; Gal & Ghahramani,
2016; Horwitz & Hoshen, 2022; Meng et al., 2021; Oala et al., 2020), which neglects correlations
between the uncertainties of different pixels in the restored image. Recently, several works forayed
into more meaningful notions of uncertainty, which allow to reason about semantic variations (Kutiel
et al., 2023; Sankaranarayanan et al., 2022). For example, a concurrent work by Nehme et al. (2023)
presented a method for learning the posterior principal components of arbitrary inverse problems.
However, all existing methods either require a pre-trained generative model with a disentangled
latent space (e.g., StyleGAN (Karras et al., 2020) for face images) or, like many of their per-pixel
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counterparts, require training. Here we present a training-free, computationally efficient, method
that only requires access to a pre-trained denoiser.

3 MAIN THEORETICAL RESULT

We now present our main theoretical result, starting with scalar denoising and then extending the
discussion to the multivariate setting. The scalar case serves two purposes. First, it provides intu-
ition. But more importantly, the formulae for moments of orders higher than three are different for
the univariate and multivariate settings, and therefore the two cases require separate treatment.

3.1 THE UNIVARIATE CASE

Consider the univariate denoising problem corresponding to the observation model
y = x + n; (1)

where x is a scalar random variable with probability density function px and the noise n � N (0; �2)
is statistically independent of x. The goal in denoising is to provide a prediction x̂ of x, which is a
function of the measurement y. It is well known that the predictor minimizing the MSE, E[(x� x̂)2],
is the posterior mean of x given y. Specifically, given a particular measurement y = y, the MSE-
optimal estimate is the first moment of the posterior density pxjy(�jy), which we denote by

�1(y) = E[xjy = y]: (2)

While optimal in the MSE sense, the posterior mean provides very partial knowledge on the possible
values that x could take given that y = y. More information is encoded in higher-order moments
of the posterior. For example, the posterior variance provides a measure of uncertainty about the
MSE-optimal prediction, the posterior third moment provides knowledge about the skewness of the
posterior distribution, and the posterior fourth moment can already reveal a bimodal behavior.

Let us denote the higher-order posterior central moments by
�k(y) = E

�
(x� �1(y))k

�� y = y
�
; k � 2: (3)

Our key result is that knowing the posterior mean function �1(�) and its derivatives at y can be used
to recursively compute all higher-order posterior central moments at y (see proof in App. A).
Theorem 1 (Posterior moments in univariate denoising). In the scalar denoising setting of (1), the
high-order posterior central moments of x given y satisfy the recursion

�2(y) = �2 �01(y);

�3(y) = �2 �02(y);

�k+1(y) = �2 �0k(y) + k�k�1(y)�2(y); k � 3: (4)

Thus, �k+1(y) is uniquely determined by �1(y); �01(y); �001(y); : : : ; �
(k)
1 (y).

Figure 1 illustrates this result via a simple example. Here, the distribution of x is a mixture of two
Gaussians. The left pane depicts the posterior density pxjy(�j�) as well as the posterior mean function
�1(�). We focus on the measurement y = y�, shown as a vertical dashed line, for which the posterior
pxjy(�jy�) is bimodal (right pane). This property cannot be deduced by merely examining the MSE-
optimal estimate �1(y�). However, this information does exist in the derivatives of �1(�) at y�. To
demonstrate this, we numerically differentiated �1(�) at y�, used the first three derivatives to extract
the first four posterior moments using Theorem 1, and computed the maximum entropy distribution
that matches those moments (Botev & Kroese, 2011). As can be seen, this already provides a good
approximation of the general shape of the posterior (dashed red line).

Theorem 1 has several immediate implications. First, it is well known that if the moments do not
grow too fast, then they uniquely determine the underlying distribution (Lin, 2017). This is the case
e.g., for distributions with a compact support and is thus relevant to images, whose pixel values
typically lie in [0; 1]. For such settings, Theorem 1 implies that knowing the posterior mean at the
neighborhood of some point y, allows determining the entire posterior distribution for that point.
A second interesting observation, is that Theorem 1 can be evoked to show that the posterior is
Gaussian whenever all high-order derivatives of �1(�) vanish (see proof in App. F).

Corollary 1. Assume that �(k)
1 (y�) = 0 for all k > 1. Then the posterior pxjy(�jy�) is Gaussian.
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Figure 1:Recovering posteriors in univariate denoising. The left pane shows the posterior distri-
butionpxjy(�j� ) and the posterior mean function� 1(�) for the scalar Gaussian denoising task (1). On
the right we plot the posterior distribution of x given that y= y� , along with an estimate of that dis-
tribution, which we obtain by analyzing the denoiser function� 1(�) at the vicinity ofy� . Speci�cally,
this estimate corresponds to the maximum entropy distribution that matches the �rst four moments,
which are obtained from Theorem 1 by numerically approximating� 0

1(y� ); � 00
1 (y� ); � 000

1 (y� ).

3.2 THE MULTIVARIATE CASE

We now move on to treat the multivariate denoising problem. Herex is a random vector taking
values inRd, the noisen � N (0; � 2I d) is a white multivariate Gaussian vector that is statistically
independent ofx, and the noisy observation is

y = x + n: (5)

As in the scalar setting, given a noisy measurementy = y , we are interested in the posterior distri-
butionpx jy (�jy ). The MSE-optimal denoiser is, again, the �rst-order moment of this distribution,

� 1(y ) = E[x j y = y ]; (6)

which is ad dimensional vector. The second-order central moment is the posterior covariance

� 2(y ) = Cov( x j y = y ); (7)

which is ad � d matrix whose(i 1; i 2) entry is given by

[� 2(y )] i 1 ;i 2
= E [(x i 1 � [� 1(y )] i 1 ) (x i 2 � [� 1(y )] i 2 ) j y = y ] : (8)

For anyk � 3, the posteriorkth-order central moment is ad � � � � � d array withk indices (akth
order tensor), whose component at multi-index(i 1; : : : ; i k ) is given by

[� k (y )] i 1 ;:::;i k
= E [(x i 1 � [� 1(y )] i 1 ) � � � (x i k � [� 1(y )] i k ) j y = y ] : (9)

As we now show, similarly to the scalar case, having access to the MSE-optimal denoiser and its
derivatives, allows to recursively compute all higher order posterior moments (see proof in App. B).

Theorem 2 (Posterior moments in multivariate denoising). Consider the multivariate denoising
setting of (5) with dimensiond � 2. For anyk � 1 and anyk +1 indicesi 1; : : : ; i k+1 2 f 1; : : : ; dg,
the high-order posterior central moments ofx giveny satisfy the recursion

[� 2(y )] i 1 ;i 2 = � 2 @[� 1(y )] i 1

@y i 2

;

[� 3(y )] i 1 ;i 2 ;i 3 = � 2 @[� 2(y )] i 1 ;i 2

@y i 3

;

[� k+1 (y )] i 1 ;:::;i k +1 = � 2 @[� k (y )] i 1 ;:::;i k

@y i k +1

+
kX

j =1

[� k � 1(y )]` j
[� 2(y )] i j ;i k +1

; k � 3; (10)

where` j , (i 1; : : : ; i j � 1; i j +1 : : : ; i k ). Thus,� k+1 (y ) is uniquely determined by� 1(y ) and by the
derivatives up to orderk of its elements with respect to the elements of the vectory .

Note that the �rst line in (10) can be compactly written as

� 2(y ) = � 2 @� 1(y )
@y

; (11)
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Algorithm 1 Ef�cient computation of posterior principal components
Input: N (number of PCs),K (number of iterations),� 1(�) (MSE-optimal denoiser),y (noisy
input), � 2 (noise variance),c � 1 (linear approx. constant)

1: Initialize f v ( i )
0 gN

i =1  N (0; � 2I )
2: for k  1 to K do
3: for i  1 to N do
4: v ( i )

k  1
c

�
� 1(y + cv ( i )

k � 1) � � 1(y )
�

5: Q; R  QR DECOMPOSITION([v (1)
k � � � v (N )

k ])

6: [v (1)
k � � � v (N )

k ]  Q
7: v ( i )  v ( i )

K

8: � ( i )  � 2

c k� 1(y + cv ( i )
K � 1) � � 1(y )k

where @� 1 (y )
@y denotes the Jacobian of� 1 at y . This suggests that, in principle, the posterior co-

variance of an MSE-optimal denoiser could be extracted by computing the Jacobian of the model
usinge.g., automatic differentiation. However, in settings involving high-resolution images, even
storing this Jacobian is impractical. In Sec. 4.1, we show how the top eigenvectors of� 2(y ) (i.e.,
the posterior principal components) can be computed without having to ever store� 2(y ) in memory.

Moments of order greater than two pose an even bigger challenge, as they correspond to higher-
order tensors. In fact, even if they could somehow be computed, it is not clear how they would be
visualized in order to communicate the uncertainty of the prediction to a user. A practical solution
could be to visualize the posterior distribution of the projection ofx onto some meaningful one-
dimensional space. For example, one might be interested in the posterior distribution ofx projected
onto one of the principal components of the posterior covariance. The question, however, is how to
obtain the posterior moments of the projection ofx onto a deterministicd-dimensional vectorv.

Let us denote the �rst posterior moment ofv> x (i.e., its posterior mean) by� v
1 (y ). This moment is

given by the projection of the denoiser's output ontov,

� v
1 (y ) = E

�
v> x

�
�y = y

�
= v> E [x jy = y ] = v> � 1(y ): (12)

Similarly, let us denote thekth order posterior central moment ofv> x by

� v
k (y ) = E

h�
v> x � v> � 1(y )

� k
�
�
�y = y

i
; k � 2: (13)

As we show next, the scalar-valued functionsf � v
k (y )g1

k=1 satisfy a recursion similar to (4) (see
proof in App. C). In Sec. 5, we use this result for uncertainty visualization.
Theorem 3 (Directional posterior moments in multivariate denoising). Let v be a deterministic
d-dimensional vector. Then the posterior central moments ofv> x are given by the recursion

� v
2 (y ) = � 2D v � v

1 (y );

� v
3 (y ) = � 2D v � v

2 (y );

� v
k+1 (y ) = � 2 D v � v

k (y ) + k� v
k � 1(y )� v

2 (y ); k � 3: (14)

HereD v f (y ) denotes the directional derivative of a functionf : Rd ! R in directionv at y .

4 APPLICATION TO UNCERTAINTY VISUALIZATION

We now discuss the applicability of our results in the context of uncertainty visualization. We
start with ef�cient computation of posterior principal components (PCs), and then illustrate the
approximation of marginal densities along those directions.

4.1 EFFICIENT COMPUTATION OF POSTERIOR PRINCIPAL COMPONENTS

The top eigenvectors of the posterior covariance,� 2(y ), capture the main modes of variation around
the MSE-optimal prediction. Thus, as we illustrate below, they reveal meaningful information re-
garding the uncertainty of the restoration. Had we had access to the matrix� 2(y ), computing these
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Figure 2:Computing posterior principal components for a pre-trained face denoising model.
For each noisy imagey , we depict one of the posterior PCs obtained with Alg. 1. To the right of that
PC, we show the denoiser's output,� 1(y ), and its perturbation along that PC. As can be seen, this
visualization captures the denoiser's uncertainty along semantically meaningful directions, such as
the color of the moustache, the thickness of the lips, and the extent to which the mouth is open.

top eigenvectors could be done using the subspace iteration method (Arbenz, 2016; Saad, 2011).
This technique maintains a set ofN vectors, which are repeatedly multiplied by� 2(y ) and orthonor-
malized using the QR decomposition. Unfortunately, storing the full covariance matrix is commonly
impractical. To circumvent the need for doing so, we recall from (11) that� 2(y ) corresponds to the
Jacobian of the denoiser� 1(y ). Thus, every iteration of the subspace method corresponds to a
Jacobian-vector product. For neural denoisers, such products can be calculated using automatic dif-
ferentiation (Dockhorn et al., 2022). However, this requires computing a backward pass through the
model in each iteration, which can become computationally demanding for large images1. Instead,
we propose to use the linear approximation

@� 1(y )
@y

v �
� 1(y + cv) � � 1(y )

c
; (15)

which holds for anyv 2 Rd whenc 2 R is suf�ciently small. This allows applying the subspace
iteration using only forward passes through the denoiser, as summarized in Alg. 1. As we show in
App. H, this approximation has a negligible effect on the calculated eigenvectors, but leadse.g., to a
6� reduction in memory footprint for a80� 92patch with the SwinIR denoiser (Liang et al., 2021).
We note that to compute the PCs for a user-chosen region of interest, all that is required is to mask
out all entries ofv outside that region in each iteration.

Figure 2 illustrates this technique in the context of denoising of face images contaminated by white
Gaussian noise with standard deviation� = 122. We use the denoiser from (Baranchuk et al.,
2022), which was trained as part of a DDPM model (Ho et al., 2020) on the FFHQ dataset (Karras
et al., 2019). Note that here we use it as a plain denoiser (as used within a single timestep of the

1Note that backward passes for whole images are also often avoided during training of neural denoisers.
Indeed, typical training procedures use limited-sized crops.
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