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ABSTRACT

This paper analyzes the generalization error of minimum-norm interpolating so-
lutions in linear regression using spiked covariance data models. The paper char-
acterizes how varying spike strengths and target-spike alignments can affect risk,
especially in overparameterized settings. The study presents an exact expression
for the generalization error, leading to a comprehensive classification of benign,
tempered, and catastrophic overfitting regimes based on spike strength, the as-
pect ratio ¢ = d/n (particularly as ¢ — o00), and target alignment. Notably, in
well-specified aligned problems, increasing spike strength can surprisingly induce
catastrophic overfitting before achieving benign overfitting. The paper also reveals
that target-spike alignment is not always advantageous, identifying specific, some-
times counterintuitive, conditions for its benefit or detriment. Alignment with the
spike being detrimental is empirically demonstrated to persist in nonlinear models.

1 INTRODUCTION

Understanding the generalization error of overparameterized models is a central challenge in modern
machine learning. Phenomena such as double descent (Belkin et al., 2019; Hastie et al., [2022)
and benign overfitting (Bartlett et al., 2020; Mallinar et al., 2022} [Tsigler and Bartlett, 2023)) have
spurred research underscoring the critical role of the data’s spectral structure (Bartlett et al., [2020;
Dobriban and Wager, [2018};|Hastie et al., 2022} [Kausik et al.l 2024; Mei et al.} 2022} [Sonthalia and
Nadakuditi, |2023; [Tsigler and Bartlett, [2023; [Wang et al., |2024a). The spiked covariance model
is one commonly considered spectral structure (Couillet and Liao| (2022)). In this model, the data
matrix X = Z + A € R, comprising n data points in R?, is decomposed into a rank-one signal
component (“spike”) Z and an isotropic noise component (“bulk”) A. Spiked covariance models
emerge naturally in practice, for instance, in the features learned by neural networks during training
Sonthalia et al.|(2025)); Ba et al.| (2022; 2023)); |[Damian et al.| (2022); | Dandi et al. (2024)); Martin and
Mahoney| (2021)); Moniri et al.| (2023); |[Wang et al.| (2024b). While recent studies have examined
benign overfitting in spiked models (Ba et al.| [2023; Kausik et al.| [2024])), they lack a systematic
taxonomy spanning spike strength, target—spike alignment, model misspecification, and train—test
covariate shift. This paper closes the gap for linear regression.

This work explores how general spike sizes and target alignments affect generalization error in least
squares linear regression. We consider targets y generated by:

y=azBlz+asBla+e

Here, z € R? represents the signal (spike) component, a € R¢ corresponds to the noise (bulk)
component, € is observation noise, and 3, € R<. The coefficients a7 and a4 model the target’s
dependence on the spike and bulk components. Notably, if a4 # ayz, the targets are non-linear
functions of £ = z + a, introducing model mis-specification. We address two fundamental questions:

* Q1: For a fixed aspect ratio ¢ = d/n, in the asympototically proportional regime, under what
conditions does alignment of the target signal with the data spike improve or impair generalization?
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* Q2: In the high-dimensional limit where ¢ — oo, when do we observe benign, tempered, or
catastrophic overfitting regimes?

Contributions. We present precise characterization of the generalization performance of minimum-
norm interpolating solutions in linear regression. Our exact risk decomposition pinpoints conditions
for transitions between benign and catastrophic overfitting. This reveals alignment-dependent phe-
nomena obscured by isotropic theories, clarifying how signal structure, data scaling, and overparame-
terization shape generalization. Our primary contributions are as follows:

* Precise Risk Characterization: We derive an exact generalization error decomposition (Theo-
rem E]) into interpretable bias, variance, data noise, and alignment terms.

* Comprehensive Categorization of Overfitting Regimes: We precisely classify benign, tempered,
or catastrophic overfitting regimes based on spike strength, overparameterization (¢ = d/n), and
target alignment (Table[I)). Surprisingly, for well-specified aligned problems, increasing spike
strength can induce catastrophic overfitting before achieving benign overfitting. Misspecified
problems show distinct transitions, often precluding benign overfitting.

* Conditions for Beneficial Alignment: Challenging conventional wisdom, we show spike align-
ment is not always beneficial and depends on spike strength meeting critical thresholds (Table 2)).
For misspecified problems, beneficial alignment requires a7 /v 4 in a specific, non-trivial range.
Counterintuitively, very strong spike dependence (cz /c4) can render alignment detrimental.

* Empirical Validation: E] Empirical validation confirms our theoretical phenomena, including
surprising negative alignment impacts, persist in nonlinear models, underscoring broader relevance.

Benign Overfitting in Linear Regression. Significant research has explored benign overfitting in
linear regression (Bartlett et al., 2020; (Cao et al.} 2021} |Chatterji and Long| [2021} Karhadkar et al.|
2024; Koehler et al.,[2021; [Liang and Rakhlin} 2020; Mallinar et al.| 2022} [Muthukumar et al.,|2020;
Shamir}, 2022} (Tsigler and Bartlett, 2023} [Wu and Xu, [2020). Many studies assume a uniformly
bounded largest covariance eigenvalue or lack precise characterizations of its interplay with target
alignment and generalization. Our work allows this eigenvalue to grow, offering precise performance
characterizations based on this growth and alignment. While |Kausik et al.| (2024) considers spiked
models, their focus is on noiseless, well-specified scenarios with specific spike scaling. Our analysis
is broader, encompassing observation noise, misspecification, and general spike scaling.

Many prior works (Karhadkar et al., 2024} Shamir, 2022; Tsigler and Bartlett, 2023 on benign
overfitting with low-rank signals plus isotropic noise require near-orthogonality between signal
and noise, sometimes imposing strong conditions like d = Q(n?logn). We instead consider the
proportional regime d/n — ¢ = (1), subsequently examining ¢ — oo. This setting is morally
similar to allowing d = w(n) and aligns with approaches like (Karhadkar et al.,[2024) which, for
classification, shows misclassification probability can be upper bounded by C'e~%/™, vanishing as
d/n — co.

Generalization Error with Spiked Covariance. While recovering spike properties (Sonthalia
and Nadakuditi, 2023} [Kausik et al.l 2024} Nadakuditi, |2014; |Benaych-Georges and Nadakuditi}
20115 2012) and analyzing generalization error in spiked models (Kobak et al., 2020; Ba et al.|
2022;2023; [Mousavi-Hosseini et al., 2023 Moniri et al., 2023 [Freeman), [2025)) are active research
areas, existing analyses often characterize generalization implicitly (e.g., via fixed-point equations)
or focus on specific spike strengths/alignments. In contrast, we provide explicit, generic formulae
for generalization error, enabling precise categorization of overfitting regimes and conditions for
beneficial spike alignment.

We further discuss connections to selected prior works, direct theoretical extensions to other settings,
and proof techniques in Appendix

Notation The subscript on o, O, w, {2, © will denote which quantity is being sent to infinity.

'Our code is available at the anonymous GitHub repository: [link


https://anonymous.4open.science/r/Alignment-Spike-45B6/Equal_Operator_Norm.ipynb
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Table 1: Asymptotic Generalization Regimes. This table summarizes conditions for when over-
fitting is benign, tempered, or catastrophic in the limit where d/n — ¢ and subsequently ¢ — oco.
The behavior depends on the spike scaling relative to the bulk, target alignment (3, relative to spike
direction w), and target specifications o 4, az (train) and & 4, &z (test). Here, 62 quantifies the scaled
spike strength and 72 the scaled bulk variance; the two primary scaling regimes are operator norm
based (92 = y72) and Frobenius norm based (§? = d72). The w, 0, O, © are all as we send ¢ — o0.

Scaling Benign Tempered Catastrophic
Well-Specified, No Covariate Shift: «y = a4 =az =az=a >0

0? = 72 v =we(c?), Bs || w All other cases 0c(c?) >y >w.(1), B L u
0% = dr? Bi |l u B u Never
Misspecified, No Covariate Shift: 4 = a4, a7 = az,a4 # oz

6% = 72 Never All other cases 0c(c?) >y >w.(1), B L u
0% = dr? Never Always Never

Misspecified with Covariate Shift: «4 # G4 or oy # az

az 7& dZa/G* ,K’U,,’y :Wc(l)

2 _ 2 or
0° =1 Never All other cases ay =z, 6. L u,
we(l) <7y < OC(CQ)
0% = dr? ay =Gz = &, All other cases az #agand B, L u
Spike Recovery: a4 = 4 =0, ay = dy (Appendix@
0 = y7? 7% = oc(1) V7% = O(1) 7% = we(1)
0? = dr? 2 = 0.(1) 2 =0.01) Never

2 PROBLEM SETTING

We study the generalization of minimum-norm interpolators in high-dimensional linear regression.
Using a spiked covariance data model, we quantify how spike strength and alignment influence
generalization and the emergence of benign, tempered, or catastrophic overfitting.

Data Model. We consider a data matrix X = Z + A € R with signal component Z and isotropic
noise component A that satisfy the following assumptions. Specifically, we shall that the population
feature covariance is & = 62uu " + 721, modeling a rank-one perturbation of isotropic noise.

Assumption 1 (Signal). Let u € R? be a fixed unit vector representing the spike direction. Then
Z =buv', (D

where 0 > 0 controls the spike strength, and the vector v € R™ has i.i.d. standard normal entries.

Assumption 2 (Noise). The entries of A have zero mean and variance 7. The matrix A satisfies:

o [ts entries are uncorrelated and possess finite fourth moments.

* [Its distribution is invariant under left and right orthogonal transformations.

» The empirical spectral distribution of ﬁAAT converges to the Marchenko—Pastur law as n,d —
oo with d/n — ¢ € (0, c0).

Spike Strength Normalizations. We consider two key scaling regimes for the spike strength relative
to the bulk noise. These lead to distinct generalization behaviors.
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Table 2: Conditions for Beneficial Spike Alignment at Finite Aspect Ratios (c = d/n). This
table outlines the specific regions where alignment of the target signal with the data’s principal spike
direction improves generalization. Conditions depend on the problem setting (well-specified vs.
mis-specified), the spike scaling regime (operator or frobenius norm based), the overparameterization
level ¢ = d/n, and the relative dependence of the targets y on the spike versus the bulk az /4.

Setting Alignment Beneficial Region
Well-Specified, Operator Norm v > clc—2)
Well-Specified, Frobenius Norm c>1

o=

2
Misspecified, No Covariate Shift, Operator Norm < 2z L % (w)

)

Q
b

Misspecified, No Covariate Shift, Frobenius Norm % < Z—j <2-— %

1. Operator Norm Scaling (62 = ~72): Here ~ tunes the spike strength 62 relative to the noise
variance 72. When v = (1 + /)2, the spectral norm of the signal component Z is comparable to
that of the noise component A. If v > (1 + /c)?, the spike emerges as an isolated eigenvalue
beyond the bulk spectrum established by A, a phenomenon known as the Baik—Ben Arous—Péché
(BBP) transition (Baik et al., | 2005)). This scaling reflects spikes in learned neural network features
(Ba et al.l 2022} [Moniri et al., 2023)).

2. Frobenius Norm Scaling (§> = d72): Here 6> = dr2? matches expected signal and noise
Frobenius norms (E[|| Z||%] = E[||A||%]) and the spike has macroscopic proportion of the energy.
Such strong signals can lead to improved sample complexity, potentially overcoming limitations
observed in purely isotropic models (Ba et al., [2023} [Mei et al., 2022).

Target Model. Given x; = z; + a;, the targets y are obtained as follows:
yi = azz B. + aaa/ B. + €, )

where 3, € R? in uniformly distributed in the subspace {3 € S¥~! : 3Tu = fixed constant} is the
true underlying parameter vector. The terms z; and a; are the i-th columns of Z and A respectively.
The observation noise ¢; are i.i.d. with E[e;] = 0, E[e?] = 72. The coefficients az, v 4 € R control
the target’s dependence on the signal and noise components. If «z # a4, the true data generating
process for y differentially weights components of z;, causing model misspecification.

Generalization Risk. We study the minimum-norm interpolating ordinary least squares estimator:
Bt = X'y, with g =(2+a)Bim 3)

where X T denotes the pseudoinverse. Given a new test data point (&,7), where = Z + @ and
targets §j = duz 2 ' B, + daa ' B, + & with potentially with different coefficients &, &t 4 and model
parameters 7, 7., the generalization risk is defined as the expected squared prediction error:

R(Bint) =Ex e (s.6 [T —9)?] =Exca: [(§— 2" Bint)?] - (4)

The expectation is over the training data (X, €) and the test data realization (&, £). We shall denote
the asymptotic excess risk in the proportional regime as follows:
R = m  R(Bint) — 7.
n,d—o0,d/n—c

Remark 1 (Generalizing Prior Work). This problem formulation encompasses several existing
models as special cases. For instance, isotropic regression settings studied in |Hastie et al.| (2022)
are recovered by setting 0 = 0 (no spike) and oz = 0. Spike recovery models, such as in|Sonthalia
and Nadakuditi| (2023), correspond to specific choices like 72 = 1/d, 7'52 =0, and oy = 0. Our
generalized setup allows for a nuanced investigation of the interplay between signal structure, target
alignment, and overparameterization.

Remark 2. Although stylized for theoretical simplicity, our setting naturally arises as a low-order
Hermite approximation of nonlinear multi-index models, captured by our (a4, az)-parameterization.
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Excess Error vs Overparameterization Ratio Excess Error vs Overparameterization Ratio
25 @ Aligned
200 ®  Anti-aligned
20.0
17.5-
17.5-
15.0
+ 15.0 =
S 2125
& &
w 12.5 0
o £ 10.0
5 10.0 5
L T | -
e I S B R Lol
- 5.0-
5.0-
25
® Aligned
25 B Anti-aligned 00 —e
2 4 6 8 10 1 2 3 4 5
c=d/n c=d/n
(a) Operator norm scaling 6% = ). Alignment ini-  (b) Equal Frobenius norm scaling 0% = dr?). Align-
tially improves generalization, but have catastrophic ment leads to benign overfitting, while anti-alignment
risk as ¢ — co. Anti-alignment yields tempered risk. results in tempered risk.

Figure 1: Excess error vs. overparameterization ratio ¢ = d/n in the well-specified case. Each plot
shows the risk for aligned and anti-aligned targets under different spike scaling regimes. The scatter
plots are empirically obtained and the lines are theory.

This essentially makes our model a tractable surrogate for a broad class of nonlinear targets, while
still being simple enough to allow a complete, closed-form risk analysis. Additionally, recent one-step
feature-learning analyses like Moniri et al.| (2024) show that learned features are polynomials of
the inputs and the learned spikes. Motivated by this, we study arguably the simplest non-trivial
polynomial target y = apa + azz

Quantifying the Benefit of Alignment. A key aspect of our investigation is to determine when the
alignment of the true parameter vector 3, with the data’s principal spike direction w is beneficial
for generalization. We define alignment as beneficial if the generalization risk R(3;,:) (or R.), is
monotonically decreasing as a function of (3] u)? € [0, 1]. Conversely, alignment is detrimental if
the risk is a monotonically increasing function of (3, u)2.

Characterizing Overfitting Regimes. Following [Bartlett et al.| (2020); [Mallinar et al.| (2022), we
classify the asymptotic behavior of the excess risk, R. as ¢ — oo as benign, tempered or catastrophic.
We say the overfitting is benign if lim._,, R is zero, tempered if this limit is positive and finite,
catastrophic if this limit is infinite.

3 THEORETICAL RESULTS

Our core theoretical contribution is a precise analytical formula for excess risk in the spiked covariance
model. This result relies on Assumption [3] which encompasses both the operator norm scaling
(6% = y72) and Frobenius norm scaling (62 = d7?) regimes. We develop our general risk theorem by
analyzing progressively complex scenarios. Specifically, our forthcoming theorems provide specific
conditions for benign, tempered, or catastrophic overfitting (as ¢ — c0), and determine when, for
finite ¢, alignment of 3, with spike u is beneficial or detrimental.

Assumption 3 (Scaling). Asn,d — oo withd/n — ¢ € (0,00), we assume that % and T2 satisfy
Q(72) <62 < 0(dr?) and 7° = O(1).
3.1 WELL SPECIFIED PROBLEM

We begin by analyzing the well-specified case, where the target y is a direct linear function of the
observed covariates X = Z + A. This scenario is realized by setting:

azy =ag=0az =as =a>0.

Consequently, y; = ax, B, + &;, and the model is properly specified.
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Theorem 1 (Well-Specified Risk). Given data (X,y) and (X' ,Y) generated according to As-
sumptions [I| (Signal), 2] (Noise), Equation 2] (Target Model), and Assumption [3|(Scaling). If the
well-specification condition ay = vy = &z = &vg = a > 0 holds, the asymptotic excess risk R is:

s ifc<1
1 1 027202 _202,20_g4 .

P tatr? (1-1) {Hﬁ*\l“r(ﬁjuy W} fe>1

where w is the unit vector defining the spike direction.

Remark 3. If 0% = y72 with v = o(1) (a regime not allowed by Assumptionbut useful for sanity
checks), the coefficient of (3] w)? vanishes, the risk expression aligns with that of isotropic models,
such as in (Hastie et al.| 2022, Theorem 1).

g‘\)
\
——
|
[CIRE N
—
o

Operator Norm Scaling (92 = ~72). In this regime, the excess risk for ¢ > 1 becomes:
1 ye? —2ye — 2

Ro=a?r2(1-= 112 T,,\2 2

a’r ( ) (IIﬁ I+ e B w? ) 4

The formula shows that alignment with the spike direction w is beneficial if and only if the coefficient
of (3] u)? is negative, which occurs when v > ¢(c — 2). We consider different scalings for .

c—1

Case 1: v = ©.(1) (constant with respect to c). The condition for beneficial alignment, v > ¢(c —2),
interacts intricately with the BBP phase transition condition, v > (1 + 1/c)2. Let ¢, ~ 4.212 be the
unique solution to ¢(c — 2) = (1 + /¢)? for ¢ > 1.

e For1 < ¢ < c,: Here, ¢(c—2) < (1++/c)% If c(c—2) < v < (1+4+/c)?, alignment is beneficial
even though the BBP transition has not occurred (the spike is not resolved from the bulk).

e For ¢ > ¢,: Here, c¢(c — 2) > (1 + +/c)?. For alignment to be beneficial (y > c(c — 2)), the
BBP transition must have occurred (as v > c¢(c — 2) = 7 > (1 + ,/c)?). However, the BBP
transition occurring is not sufficient for beneficial alignment. If (1 + \/¢)? < v < ¢(c — 2), the
BBP transition occurs, yet alignment is detrimental.

Regarding the type of overfitting as ¢ — oo (while  remains constant):
lim R, = o® 7 (Hﬁ*HQ +'7(ﬁ;ru)2) .
c—00
Since this limit is a positive constant, we consistently observe fempered overfitting when v = ©.(1).

Case 2: v = wc(1) (~ grows with c). The behavior depends on the growth rate of 7 relative to ¢. The
limit of the excess risk for 3] u # 0 as ¢ — oo is:

00 if w.(1) <7 < o.(c?)
lim R, = a?7%- { ||B:> + (% —1)(B]u)? ify = ¢c? for const. ¢ > 0
cC— 00 .

181> = (B w)? if v = we(c?)

Surprisingly, while v = ©.(1) gives tempered overfitting, increasing spike strength to w.(1) <y <
0.(c?) results in catastrophic overfitting, even though morally, this version of the problem has less
noise. Additionally, we see that this catastrophic overfitting is not present in the anti-aligned (3, u)
case. More, aligned with intuition, we see that further increasing the size of the spike improves
the generalization performance. Specifically, we get tempered overfitting if v = ¢c? and benign
overfitting if v = we(c?), By || wand || B.| = 1.

For v = ¢, the (B, u)? coefficient is (¢ — 3)/4. Thus, for 1 < ¢ < 3, alignment is beneficial and for
¢ > 3, alignment becomes detrimental. As ¢ — oo, if 3, || u, the excess risk grows approximately

as o®72£(B,] w)?, indicating catastrophic overfitting. In contrast, if 3, L u, the excess risk grows

like a?72(1 — 1/c)||B.||?, leading to tempered overfitting. This transition is illustrated in Figure[La]

Intuition: This result is a special case of a more general result Theorem [5| At a high level, the
complicated phase transitions are a direct consequence of competitions among the four terms seen
in Theorem 5] In particular among (1) Bias, (2)Variance, (3) Target Alignment, where (1) and (2)
are non-negative (harmful) and (3) is negative (beneficial). For the well specified case, alignment
completely cancels the variance, but not the bias, which then drives catastrophic overfitting.
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Excess Error vs Overparameterization Ratio Excess Error vs Overparameterization Ratio
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(a) Under operator norm scaling (§> = ¢7?) with  (b) Under Frobenius norm scaling (§ = V/dr) with
az =1, aa = 2, alignment initially improves gener- a4 = 1 and az = 1.1, alignment remains better than
alization for small ¢, but becomes harmful beyond a  anti-alignment across all ¢, but benign overfitting is
critical point, leading to catastrophic overfitting. not achieved unless az = aa.

Figure 2: Transition from beneficial to harmful alignment under mild misspecification. The scatter
plots are empirically obtained and the lines are theory.

Frobenius Norm Scaling (0> = dr2). The excess risk for ¢ > 1 simplifies to:

1 1
Resn = ar? (1= 1) (1812 = (BT w)?) +72 L

We have a few observations. First, if B, || w and ||3.|| = 1, the excess risk R, tends to 0 as ¢ — o0
(benign overfitting). Second, if B, is not perfectly aligned with u, R. — o72(||B.[|*— (B8] u)?) > 0
as ¢ — oo (tempered overfitting). Finally, the coefficient of (3, u)? in the risk formula is negative.
Hence, in contrast with the operator norm regime, alignment is always beneficial in this regime for
¢ > 1, and we visualize these behaviors in Figure@

Takeaways for the Well-Specified Case. As a result, spike scaling profoundly impacts overfitting,
especially with target alignment, which is not always beneficial. For aligned targets, increasing spike
strength can drive transitions from tempered — catastrophic — tempered — benign overfitting, while
anti-alignment (3, L w) can mitigate catastrophic overfitting.

3.2  MISSPECIFIED CASE AND NO COVARIATE SHIFT

We next consider misspecified targets y with differing dependence on spike Z and noise A feature
components. Specifically, we assume «z # « 4 but introduce no covariate shift between training
and test distributions, i.e., ¢z = oz and &4 = 4. This scenario models situations where intrinsic
feature properties lead to differential correlations with the target, a common occurrence in practice.
For notational convenience, we define A, := az — %4 with Ay := az — a4.

Theorem 2 (Misspecified). Let Z, Z satisfy Assumption|l| A, A satisfy Assumption 2| and y,y
according to Equation @). If Assumption[3holds with az = &z, as = G4, then

2 ¢ 23T, 2 A7 92
Te1 ¢ +7 (/6* u) 1—c 02472 c<l1
Re =

2 2, 22
752 cil + ()é?47'2||,@*||2 (1 - %) + 7 (ﬂju)Z Az 92$T2C {Cfl 00;:;;0 - 22:} c>1

A key observation is that misspecification (v # v 4) can itself induce double descent, even if 72 = 0.
This contrasts with the well-specified case where, if 7'52 = 0, double descent is absent. However, in
the misspecified case, we do not observe double descent if there is no alignment 3, u = 0.
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Equal Operator Norm Case. For 6% = ~72, the excess risk is

A2
_ 2(B]u)? — ﬁ + 72 T c<1
— 2
P2 BluPal (S8 05) 258 [+ 328 (1= 1) + 72 e>1

For ¢ < 1, the spike is detrimental. For ¢ > 1, the behavior depends on «z /a 4. In particular, if

OLZ<1 3c2 — v +2¢cy —2¢
(¢ +7) ’

then we have that the coefficient in front of (3, u)? is negative. Thus, when a7 /a4 lies between
these thresholds, the spike helps, but the spike is harmful outside this range. As ¢ — 0o, if ¥ = 0.(c?),
the beneficial region shrinks and alignment increasingly harms generalization. On the other hand,
if the spike is big enough (v = w.(c?)), we have that the beneficial region limits to 0 < g—i <2

Figuresandplot the coefficient of (3, u)? for ¢ = 2 and ¢ = 20 for y = c.

The upper bound on beneficial a7 /cv4 is surprising, as stronger target dependence on the spike might
be expected to always favor alignment. Additionally, the dependence on the level of overparame-
terization c also offers new insights. Consider the example of ¥ = ¢, and az /a4 = 2. Then when
c < 2orc> (94 +/57)/2, we have that the ratio is outside the beneficial region. Figure shows
that in the beneficial region, the aligned risk is lower than the anti-aligned risk. However, outside the
beneficial region, the aligned risk becomes strictly larger than the anti-aligned counterpart.

1
-< <
c

oA C

Next, in terms of benign vs. tempered vs. catastrophic overfitting, we have that

72 [yag (8] u)? + o (|8 Bi L u,y =06,(1)

00 Bi L u,we(1) < < og(c?)
Jim Re =372 (38,2 + (af (1+ ) — 20z04) (BIw)?] B Luy = o

T2 (@[B4 + (% — 2aza4)(B] w)?) B L u,y = we(c?)

a2 B? B, Lu

For B, f u, if w.(1) < v < o0.(c?) we have catastrophic overfitting. If v = ©.(c?), overfitting is
tempered, with benign overfitting precluded (Appendix Proposition. If v = we(c?), overfitting is
again tempered with benign requiring returning to the well-specified case (g = az).

Ridge Extension. As done in Li and Sonthalial (2024), it is also possible to analyze the ridge
regularized version by looking at the resolvent away from zero. Since the general proof structure
remains the same, we leave this as a future direction and empirically test this case. In particular, we
follow the setting of Figure[la] (92 = c72) and vary the regularization strengths (A € {0,1, ¢, c?, dc}).
In all cases the catastrophic band in our phase diagram persists, indicating that generally regularization
does not remove alignment-driven catastrophic overfitting. The plot can be seen in Appendix [B.2]

Equal Frobenius Norm Case. For #2 = d72, the excess risk becomes:

2

Rest = 41817 (1= 2) + (0Tw? | 55 (a2 = 22)" = 20 (o - 22) |+ 55

c c -1

1 1
For ¢ > 1, the beneficial region for the ratio cvz /4 is defined by: — < &z < 2 — —. The beneficial
¢ o4 c
region expands with ¢, making alignment increasingly beneficial in extreme overparameterization
(Figure 3¢). Beneficial alignment can also be seen in Figure2b] Here oz /ava = 1.1, which is in the

beneficial region for ¢ > 10/9. Finally, the overfitting is tempered unless a4 = .

3.3 MISSPECIFIED TARGET AND COVARIATE SHIFT

Lastly, in addition to misspecifation, we also have covariate shift between train and test. Specifically,
az # Gz or ay # (g, hence we have the spike/noise importance differ between train and test. For
the equal operator norm case, we show the following.
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at extreme overparameterization.

Figure 3: Phase boundaries for spike alignment impact. Coefficient of (3, u)? as a function of
a7 [, indicating whether alignment improves or harms generalization.

Theorem 3. Given data Z, Z that satisfy Assumption A, A that satisfy Assumptionlzland Y,y
according to Equation (). If Assumption [3| holds, catastrophic overfitting occurs if &z = az,
B« L u, and w.(1) < v < o.(c?). Additionally, if .z # az withy = w.(1) and B, L u we get
catastrophic overfitting. Other scenarios yield tempered overfitting.

Different covariate shifts pose varying challenges. In particular, if ayz # az, (target’s spike
dependence shifts), then catastrophic overfitting becomes unavoidable for sufficiently large spikes.
This contradicts the earlier theoretical intuition, as increasing the spike size in this setting actually
induces catastrophic overfitting instead of mitigating it.

Equal Frobenius Norm. In this case, we have the following theorem.

Theorem 4. Let Z,Z satisfy Assumption |l| A, A satisfy Assumption El and y,y according to
Equation @). If Assumption[3|holds and auz # éiz then R, = oo forall ¢ # 1. For az = éiz:

lim Re =72 [(8 u)* (0} — 2da0z) + [|B:]*d%] -
If ay # dz, catastrophic overfitting occurs. When 3, and u are parallel, we have that 72|| 3, || (az —
& 4)?. This is benign if and only if oz = G 4. Notably, if training data is misspecified (a4 # az)

but test data is well-specified and matches the training spike dependence (avz = iz = aa), benign
overfitting becomes achievable.

3.4 GENERAL THEOREM

Prior results are special cases of our main theorem (Theorem[5). Its full form is complex (Appendix[E).
We present a high-level decomposition here.

Theorem 5 (Generalization Risk). Suppose Assumption[I} Assumption[2] and Assumption[3|hold.

BTA| + (20487 A4 )

Bias Variance Data Noise Target Alignment

~ ~ 112 ~112
R=%||6:812 - pl.7], + 7 |Ared] + o4

 Bias. This is the squared error between the learned predictor 3;,,; and the true parameter 3.
projected onto the spike direction u. In particular, the risk penalizes discrepancies only along the
top eigen-direction of the population covariance X, reflecting the anistropic influence of the spike.

e Variance. The variance is equivalent to 72||3;,¢||2. This mirrors classical isotropic regression
results (Hastie et al.| 2022} [Bartlett et al., [2020)), but the norm ||B;,,¢ || itself is dependent upon the
interaction between signal and noise, the alignment between 3, and w, and the scaling parameters.

» Data Noise. The data noise term quantifies the contribution of the noise matrix A to the target
outputs y; through a 4. Even in the absence of observation noise (7'52 = 0), target corruption via
data noise can create an irreducible error floor.



Published as a conference paper at ICLR 2026

an=1,a7=0.1 a=1az=1 ay=1az=4

v ee 9 e @ Empirical Results ® Empirical Results o 2 ¢e. ° @ Empirical Results
L Trend Line Trend Line e Trend Line
® ° w0 °.
* . » © °
e ° 8 -
2 ®. 2 2 °
B Y 0 o ® ° a ® )
o o ® ® )
[ o-® 4 )
° o ® ®
° [ 2 2 o._ &
10 Mo ¢ M)
o ZD w0 © © o o o © w© 0 o o o o
Angle (degrees) Angle (degrees) Angle (degrees)
(a) az = 0.1, alignment helps. (b) az = 1, mixed behavior. (¢) az = 4, alignment hurts.

Figure 4: Alignment-phase transitions persist in deep networks. Generalization error vs. angle
between spike direction u and ground-truth parameter 3, when fitting data with a 3-layer ReLU
networks. The effect of alignment switches as oz increases, consistent with the phase transitions
predicted by our theory. Experimental details are in Appendix
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Figure 5: Generalization error vs. alignment for deep networks. Generalization error vs. the
angle between spike direction v and ground-truth parameter 3, when fitting MNIST-derived data
with a ReLU network, for a sweep over (az, o) € {1,4}2.

» Target Alignment. The alignment term measures the inner product between 3;,; and 3, with
respect to the sample noise covariance. This cross-term captures how mismatch between 3;,; and
B, especially when mediated by A, can amplify or dampen generalization error.

3.5 NONLINEAR MODELS

While our theoretical focus is on linear regression, key phenomena like oz dependent non-monotonic
alignment effects appear in nonlinear models as well. We test this by training 3-layer ReLU networks
to predict y (Equation (2)) given X, where we vary the alignment angle between spike u and 3,
and record the generalization error. Figure[d] shows our results for three az values. For az = 0.1,
increasing alignment with the spike is detrimental. For oz = 1, alignment is beneficial, while for
az = 10, alignment is detrimental again. This mirrors our theoretical findings that there is a region
for beneficial alignment and a nuanced phase transition for different o values.

To move beyond purely synthetic inputs, we perform an experiment on MNIST where we artificially
inject a spiked direction into the input space. Please see Appendix [B.T|for more details. We then train
model as we vary (a4, az) € {1,4}2 and the target-spike angle. We again observe a similar pattern:
the phase transitions we recover potentially generalize to nonlinear deep networks trained on real
data, broadening the theoretical robustness of our setting. Results can seen in Figure 5]

4 CONCLUSION

This work provided a precise analytical characterization of the generalization error for minimum-norm
interpolators in spiked covariance models. We decomposed the risk into interpretable components
and comprehensively classified overfitting regimes based on spike strength, target alignment, and
overparameterization. We reveal surprising phenomena, such as the potential for increasing spike
strength to induce catastrophic overfitting before benign overfitting in well-specified aligned problems,
and that strong target-spike alignment is not universally beneficial, especially under model misspecifi-
cation. These alignment-dependent phase transitions, theoretically derived for linear models, were
also empirically observed in nonlinear neural networks, suggesting broader relevance. Our results
offer a more nuanced understanding of generalization in the presence of data anisotropy, challenging
conventional intuitions and providing a detailed map of risk behaviors in overparameterized settings.

10



Published as a conference paper at ICLR 2026

REFERENCES

Jimmy Ba, Murat A Erdogdu, Taiji Suzuki, Zhichao Wang, Denny Wu, and Greg Yang. High-
dimensional asymptotics of feature learning: How one gradient step improves the representation.
In Alice H. Oh, Alekh Agarwal, Danielle Belgrave, and Kyunghyun Cho, editors, Advances in
Neural Information Processing Systems, 2022. URL https://openreview.net/forum?
1id=akddwRG6OEG1.

Jimmy Ba, Murat A Erdogdu, Taiji Suzuki, Zhichao Wang, and Denny Wu. Learning in the presence of
low-dimensional structure: A spiked random matrix perspective. In Thirty-seventh Conference on
Neural Information Processing Systems, 2023. URL https://openreview.net/forum?
1d=H1TIAOCHDWW.

Zhidong Bai and Wang Zhou. Large sample covariance matrices without independence structures in
columns. 2008.

Jinho Baik and Jack W Silverstein. Eigenvalues of large sample covariance matrices of spiked
population models. Journal of multivariate analysis, 97(6):1382-1408, 2006.

Jinho Baik, Gérard Ben Arous, and Sandrine Péché. Phase transition of the largest eigenvalue for
nonnull complex sample covariance matrices. 2005.

Peter L Bartlett, Philip M Long, Gabor Lugosi, and Alexander Tsigler. Benign overfitting in linear
regression. Proceedings of the National Academy of Sciences, 117(48):30063-30070, 2020.

Mikhail Belkin, Daniel Hsu, Siyuan Ma, and Soumik Mandal. Reconciling modern machine-learning
practice and the classical bias—variance trade-off. Proceedings of the National Academy of Sciences,
116(32):15849-15854, 2019.

Florent Benaych-Georges and Raj Rao Nadakuditi. The eigenvalues and eigenvectors of finite, low
rank perturbations of large random matrices. Advances in Mathematics, 227(1):494-521, 2011.

Florent Benaych-Georges and Raj Rao Nadakuditi. The singular values and vectors of low rank
perturbations of large rectangular random matrices. Journal of Multivariate Analysis, 111:120-135,
2012.

Yuan Cao, Quanquan Gu, and Mikhail Belkin. Risk bounds for over-parameterized maximum margin
classification on sub-gaussian mixtures. Advances in Neural Information Processing Systems, 34:
8407-8418, 2021.

Niladri S. Chatterji and Philip M. Long. Finite-sample analysis of interpolating linear classifiers in
the overparameterized regime. Journal of Machine Learning Research, 22(129):1-30, 2021. URL
http://Jmlr.org/papers/v22/20-974 .html.

Romain Couillet and Zhenyu Liao. Random Matrix Methods for Machine Learning. Cambridge
University Press, 2022. doi: 10.1017/9781009128490. https://zhenyu-liao.github|
io/book/l

Alex Damian, Jason D. Lee, and Mahdi Soltanolkotabi. Neural networks can learn representations
with gradient descent, 2022. URL https://arxiv.org/abs/2206.15144,

Yatin Dandi, Florent Krzakala, Bruno Loureiro, Luca Pesce, and Ludovic Stephan. How two-layer
neural networks learn, one (giant) step at a time. Journal of Machine Learning Research, 25(349):
1-65,2024. URL http://Jmlr.org/papers/v25/23-1543.html.

Samet Demir and Zafer Dogan. Random features outperform linear models: Effect of strong
input-label correlation in spiked covariance data. arXiv preprint arXiv:2409.20250, 2024.

Samet Demir and Zafer Dogan. Asymptotic analysis of two-layer neural networks after one gradient
step under gaussian mixtures data with structure. arXiv preprint arXiv:2503.00856, 2025.

Edgar Dobriban and Stefan Wager. High-dimensional asymptotics of prediction: Ridge regression
and classification. The Annals of Statistics, 46(1):247-279, 2018.

11


https://openreview.net/forum?id=akddwRG6EGi
https://openreview.net/forum?id=akddwRG6EGi
https://openreview.net/forum?id=HlIAoCHDWW
https://openreview.net/forum?id=HlIAoCHDWW
http://jmlr.org/papers/v22/20-974.html
https://zhenyu-liao.github.io/book/
https://zhenyu-liao.github.io/book/
https://arxiv.org/abs/2206.15144
http://jmlr.org/papers/v25/23-1543.html

Published as a conference paper at ICLR 2026

Jake Freeman. Shrinkage to infinity: Reducing test error by inflating the minimum norm interpolator
in linear models. arXiv preprint arXiv:2510.19206, 2025.

Trevor Hastie, Andrea Montanari, Saharon Rosset, and Ryan J Tibshirani. Surprises in high-
dimensional ridgeless least squares interpolation. Annals of statistics, 50(2):949, 2022.

Kedar Karhadkar, Erin George, Michael Murray, Guido F Montufar, and Deanna Needell. Benign
overfitting in leaky relu networks with moderate input dimension. Advances in Neural Information
Processing Systems, 37:36634-36682, 2024.

Chinmaya Kausik, Kashvi Srivastava, and Rishi Sonthalia. Double descent and overfitting under noisy
inputs and distribution shift for linear denoisers. Transactions on Machine Learning Research,
2024. ISSN 2835-8856. URL https://openreview.net/forum?id=HxfqTdLIRF.

Dmitry Kobak, Jonathan Lomond, and Benoit Sanchez. The optimal ridge penalty for real-world
high-dimensional data can be zero or negative due to the implicit ridge regularization. Journal of
Machine Learning Research, 21(169):1-16, 2020. URL http://jmlr.org/papers/v21/
19-844.html.

Frederic Koehler, Lijia Zhou, Danica J Sutherland, and Nathan Srebro. Uniform convergence of
interpolators: Gaussian width, norm bounds and benign overfitting. Advances in Neural Information
Processing Systems, 34:20657-20668, 2021.

Xinyue Li and Rishi Sonthalia. Least squares regression can exhibit under-parameterized double
descent. Advances in Neural Information Processing Systems, 2024.

Tengyuan Liang and Alexander Rakhlin. Just interpolate. The Annals of Statistics, 48(3):1329-1347,
2020.

Neil Mallinar, James B Simon, Amirhesam Abedsoltan, Parthe Pandit, Mikhail Belkin, and Pree-
tum Nakkiran. Benign, tempered, or catastrophic: A taxonomy of overfitting. arXiv preprint
arXiv:2207.06569, 2022.

V A Marchenko and Leonid A. Pastur. Distribution of eigenvalues for some sets of random matrices.
Mathematics of The Ussr-sbornik, 1:457-483, 1967.

Charles H. Martin and Michael W. Mahoney. Implicit self-regularization in deep neural networks:
Evidence from random matrix theory and implications for learning. Journal of Machine Learning
Research, 22(165):1-73,2021. URL http://jmlr.org/papers/v22/20-410.html.

Song Mei, Theodor Misiakiewicz, and Andrea Montanari. Generalization error of random feature and
kernel methods: hypercontractivity and kernel matrix concentration. Applied and Computational
Harmonic Analysis, 59:3-84, 2022.

Carl D. Meyer, Jr. Generalized Inversion of Modified Matrices. SIAM Journal on Applied Mathemat-
ics, 1973.

Behrad Moniri, Donghwan Lee, Hamed Hassani, and Edgar Dobriban. A theory of non-linear feature
learning with one gradient step in two-layer neural networks. arXiv preprint arXiv:2310.07891,
2023.

Behrad Moniri, Donghwan Lee, Hamed Hassani, and Edgar Dobriban. A theory of non-linear feature
learning with one gradient step in two-layer neural networks, 2024. URL https://arxiv.
org/abs/2310.07891.

Alireza Mousavi-Hosseini, Denny Wu, Taiji Suzuki, and Murat A Erdogdu. Gradient-based feature
learning under structured data. Advances in Neural Information Processing Systems, 36:71449—
71485, 2023.

Vidya Muthukumar, Kailas Vodrahalli, Vignesh Subramanian, and Anant Sahai. Harmless interpo-

lation of noisy data in regression. IEEE Journal on Selected Areas in Information Theory, 1(1):
67-83, 2020.

12


https://openreview.net/forum?id=HxfqTdLIRF
http://jmlr.org/papers/v21/19-844.html
http://jmlr.org/papers/v21/19-844.html
http://jmlr.org/papers/v22/20-410.html
https://arxiv.org/abs/2310.07891
https://arxiv.org/abs/2310.07891

Published as a conference paper at ICLR 2026

Raj Rao Nadakuditi. Optshrink: An algorithm for improved low-rank signal matrix denoising by
optimal, data-driven singular value shrinkage. IEEE Transactions on Information Theory, 60(5):
3002-3018, 2014.

Ohad Shamir. The implicit bias of benign overfitting. In Po-Ling Loh and Maxim Raginsky, editors,
Proceedings of Thirty Fifth Conference on Learning Theory, volume 178 of Proceedings of Machine
Learning Research, pages 448-478. PMLR, 02-05 Jul 2022. URL https://proceedings,
mlr.press/v178/shamir22a.html.

Rishi Sonthalia and Raj Rao Nadakuditi. Training data size induced double descent for denoising feed-
forward neural networks and the role of training noise. Transactions on Machine Learning Research,
2023. ISSN 2835-8856. URL https://openreview.net/forum?id=FdMWtpVT11I.

Rishi Sonthalia, Michael Murray, and Guido’ Montufar. Low rank gradients and where to find them.
In The Thirty-ninth Annual Conference on Neural Information Processing Systems, 2025. URL
https://openreview.net/forum?id=de3kwOXQ%e.

Alexander Tsigler and Peter L Bartlett. Benign overfitting in ridge regression. Journal of Machine
Learning Research, 24(123):1-76, 2023.

Yutong Wang, Rishi Sonthalia, and Wei Hu. Near-interpolators: Rapid norm growth and the trade-off
between interpolation and generalization. In International Conference on Artificial Intelligence
and Statistics, pages 4483-4491. PMLR, 2024a.

Zhichao Wang, Denny Wu, and Zhou Fan. Nonlinear spiked covariance matrices and signal propaga-
tion in deep neural networks. arXiv preprint arXiv:2402.10127, 2024b.

Yimin Wei. The weighted moore-penrose inverse of modified matrices. Appl. Math. Comput., 122
(1):1-13, June 2001. ISSN 0096-3003. doi: 10.1016/S0096-3003(00)00007-2. URL https:
//doi.org/10.1016/S0096-3003(00)00007-2.

Denny Wu and Ji Xu. On the optimal weighted ¢» regularization in overparameterized linear
regression. Advances in Neural Information Processing Systems, 33:10112—-10123, 2020.

13


https://proceedings.mlr.press/v178/shamir22a.html
https://proceedings.mlr.press/v178/shamir22a.html
https://openreview.net/forum?id=FdMWtpVT1I
https://openreview.net/forum?id=de3kwOXQ9e
https://doi.org/10.1016/S0096-3003(00)00007-2
https://doi.org/10.1016/S0096-3003(00)00007-2

Published as a conference paper at ICLR 2026

CONTENTS
I_Introduction| 1
[2° Problem Setting| 3
3 Theoretical Results| 5
3.1 Well Specified Problem| . . . . .. ... ... ... ... .. . 5
3.2 Misspecified Case and no Covariate Shaft| . . . . . . ... ... ... ... .... 7
3.3 Misspecified Target and Covariate Shaft) . . . . ... ... ... ... .. ..... 8
B4 General Theorem| . . . . . . . . . . . 9
B35 Nonlinear Modelsl . . . . . . . . ... 10
4__Conclusionl 10
[A_Notation| 16
[B" More Non-Linear Experiments and Setfings| 16
B.I MNIST Datal 16
IB.2 Ridge Figure| . . . . ... .. . .. . .. 16
[C_Prior Works & Natural Extensions| 17
|C.1 New Techniques & Possible Theoretical Extensions| . . . . . . . .. ... ... .. 17
[D " Spike Recovery Case| 18
[E_Proof of Theorem[3| 19
[E.I StepO: Rescaling] . . ... ... ... ... ... ... 20
IE.2 Step 1: Decompose Error|{ . . . . . . ... ... ... ..o 21
[E.3  Step 2: Simplifying Terms| . . . . . ... ... ... ... . ... ... 21
E3TBIasd - - - o oo e e 21
E3ZVamancel. . . -« v oot 21
[E33 DataNoisel . . ... ... ... ... 22
[E.3.4 Target Alignment| . . . . . .. ... ... ... ... 22
[E.3.5 HelperLemmas|. . . . . ... ... ... ... .. ... ... ... ..., 22
[E.4  Step 3: Random Matrix Theory Estimates| . . . . . ... ... ... ... .. ... 27
[E.4.1  Step 3(a): Showing that basic building blocks concentrate| . . . . ... .. 28
[E.4.2  Step 3(b): Bounding the Higher Moments| . . . . . . ... ... ... ... 33
[E.4.3  Step 3(c): Bounding v; moments.| . . . . ... .. ... ... ... ..., 36
I[E.5 Step 4: Bounding the Expectation of Products of Dependent Terms|. . . . . . . . . 40
[ES.1 Step4:Bias|. . . .. ... 40
[E.5.2 Step4: Vartance| . . . . . .. .. ... 41




Published as a conference paper at ICLR 2026

[ES.3 Step4: DataNoise| . . . . . . . . . .. . . e 42

[E.5.4  Step 4: Target Alignment|. . . . . ... ... ... ... ... ... 42

IE.5.5 Bias: Helper Lemmas| . . ... ... ... ... ... .. .. ..... 42

[E.5.6  Variance: Helper Lemmas| . . . . ... ... ... ... ... ...... 46

[E.5.7 'Target Alignment: Helper Lemmas| . . .. ... ... ... .. ... ... 54

[E.6  Step 5: Upscaling and Asymptotic Risk Formulas| . . . . ... ... ... ..... 58
[FProbability Lemmas| 60
|G Proof of Specific Cases and Overfitting| 70
IG.1 Proofof TheoremlIll. . . . .. ... ... .. . 70
G2 Proofof TheoremPAl. . . . . . . . .. .. . 70
IG.3 Proofof Theorem3ll. . . . . . . . ... ... .. 70
G4 Proofof TheoremMll. . . . . . . . .. .. . 71

15



Published as a conference paper at ICLR 2026

A NOTATION

Symbol Description / Role Typical scaling / range First used
d, n Data dimension and sample size d,n — oo with ¢ = d/n  Sec.2
fixed
c Aspect ratio d/n (0, 00) Sec. 2
72/d  Noise variance in ambient bulk A ™ =0(1) Sec.2
6? Spike (signal) variance 6% = ~v72 (operator-norm) Sec. 2
or 02 = dr? (Frobenius)
0 Spike-to-noise ratio v = 6 /77 (effective out- [0, 00); critical liney = (1+  Sec. 2
lier eigenvalue) Ve)?
az, s Coeffs. weighting spike vs. bulk in targets y o(1) Eq. (2)
az, &a  Same coefficients for rest data (covariate shift) ©(1) Sec. 3
B True parameter vector IB«]l2 =1 Sec. 2
u Spike direction in data covariance [[ullz =1 Sec. 2
A, Z  Bulk noise matrix, rank-one signal matrix Ay ~ N(0,72/d), Z = Sec.2
uv’
g, T2 Label noise and its variance D, NV (0, 72) Sec. 2

Table 3: Glossary of recurrent parameters and symbols. All ©(1) constants are independent of 7, d.

Other Notations. We use lowercase a, lowercase bold a, and uppercase bold A letters to denote
scalars, vectors, and matrices respectively. We use || - || to denote the Euclidean norm if the argument
is a vector and the operator norm if the argument is a matrix. We use || - || 7 to denote the Frobenius
norm. When slicing one entry from a vector or matrix, we use both a;, A;; and a;, A;;, where the
latter intends to emphasize the source of the scalar.

B MORE NON-LINEAR EXPERIMENTS AND SETTINGS

We used 500 data points in 750 dimensional space, with a hidden width of 1000. We used full batch
gradient descent for 100 epochs with a learning rate of 1e-4. Each data point is averaged over 50
trials. Equal Frobenius norm scaling was used for the size of the spike.

B.1 MNIST DATA

For each trial, we construct a spiked design matrix by combining a rank-one signal with a “bulk”
component drawn from MNIST. Fix sample size n and ambient dimension d (here d = 784). First,
we sample a unit-norm ground-truth vector 3, € R¢ and, for each prescribed angle, construct a
unit vector u € R? at that angle to 3,. Independently sample unit vectors v, v; € R™ and set spike
strengths @ = 0, = /n 7. The rank-one signal matrices are

Z =fuv' € R9>", Z; = Ouv, € R,

The bulk matrices are generated by sampling n MNIST images (train split for training, test split for
testing), vectorizing each image into R7®4, and stacking these as columns to obtain

AeR™™ and A, € RV,

with raw pixel intensities in [0, 1]. The training features are X = Z + A, and responses are generated
as a noisy linear measurement of a weighted combination of spike and bulk:

y=PB(azZ +asA) +e, e ~ N(0,721,).

Network architecture. We use the same network structure as previously, but trained for 1000
epochs.

B.2 RIDGE FIGURE

Figure [6] shows the risk that still manifests alignment-driven catastrophic overfitting with ridge
regularization.
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Figure 6: Catastrophic Overfitting even in the presence of Ridge Regularizer.

C PRIOR WORKS & NATURAL EXTENSIONS

Li and Sonthalial (2024). This paper mainly shows that least-squares regression can exhibit a
double-descent peak in the under-parameterized regime, by carefully analyzing the ridge-regularized
resolvent bounded away from zero. They provide two examples where these spectral/alignment
properties move the peak to ¢ < 1 and argue that existing double-descent explanations, which focus
on ¢ > 1, are incomplete. Our setting recovers theirs when the regularization y =0, az = a4 =1
(equal dependence), and learning a denoiser (target is the noiseless data X'). Our model significantly
generalizes beyond the data model with interpolating parameters a4, az, uncovering different
insights about overfitting behaviors.

Demir and Dogan| (2024) and Demir and Dogan| (2025). Demir and Dogan| (2025)) analyzes
the Gaussian-mixture/spiked data after one gradient step. In contrast, we provide closed-form
generalization risk for the minimum-norm linear interpolator. In particular, this paper serves as the
motivation for studying their setting, which is the analytically tractable “base case” that isolates
spike—alignment mechanisms. On the other hand, Demir and Dogan| (2024) considers whether
substituting one activation function for another results in the same generalization error; it does not
characterize the error itself, which is the goal of this paper.

In terms of proof techniques, our paper requires more sophisticated bounding approaches, as we
argue in the subsequent sections.

C.1 NEW TECHNIQUES & POSSIBLE THEORETICAL EXTENSIONS

Our analysis combines ingredients that, to the best of our knowledge, have not been put together in
prior work on benign overfitting or spiked regression.

In particular, we develop a mixed spherical hypercontractivity argument that controls products of
random terms involving both bulk and spiked components. Instead of assuming strict Gaussianity, we
only require zero mean, unit variance, and a mild rotational invariance; hypercontractivity up to order
2k then yields concentration for multilinear forms of the type that appear in our risk formula.

Two natural generalizations from our data model include (1) adding ridge regularization and (2)
incorporating general low-rank data.

Ridge Regression. As discussed above for|Li and Sonthalia| (2024), how regularization affects the
data resolvent can be tracked and a similar Stieljties transform argument applies. In particular, check
their Lemmas 13-15 for modified statements that can be generalized.

General Low-Rank Data. Our proof requires a Sherman-Morrison-style expansion for pseudo-
inverse in Meyer| (1973). This result from perturbation theory allows us to decouple spike and bulk
and makes the subsequent analysis more tractable. A Woodbury-style formula for pseudo-inverse
(extending |[Meyer| (1973)) exists in Wei| (2001)), and the same proof structure follows. We can then
bound contributions along each singular direction, which requires significantly more bookkeeping.
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Due to the significant effort involved rigorously doing these calculations. We leave this as future
work. However, we believe that an extension to ridge with multiple spikes is feasible.

D SPIKE RECOVERY CASE

We consider the special case where the goal is to recover the spike direction u. In this setting, the
target y depends only on the spike component Z, with no contribution from the noise A:

ag=a4 =0, az =az =a>0.

Thus, the target y is proportional to the signal Z plus possible observation noise €.

Equal Operator Norm In this regime, we have that the risk is

2 -2 2 2,2

yagT T2 ) yele* +y)azT

Ry = — 927" Rooy = JAE F7)azT
c<1 (1 — C)('7 ¥ 1) (5 U’) + 1 — CTE’ c>1 (C — 1)(,}/ + 0)2

1
Here again, we see that when v = ©,(1), we have tempered overfitting and w.(1) < v < 0.(c?), we
have catastrophic overfitting and for v = 2.(c?) we get tempered overfitting again.

1
Bu)* + — 72

Equal Frobenius Norm . In this regime, we have that

2.2
cayT
c—1

2.2
ayT
1—c

s Lo

2
T, 17e

¢
Reci = (BTu)® + 1o Resq1 =

This generalizes the spike recovery setting studied in|Sonthalia and Nadakuditi|(2023)), which assumed
noiseless targets (7. = 0) and the equal Frobenius norm scaling. Our formula allows for observation
noise and thus captures the more realistic case where the target y itself contains randomness not
aligned with the spike. Here we see that we have tempered overfitting unless 72 = o(1), which is the
case considered in|Sonthalia and Nadakuditi (2023)).

18



Published as a conference paper at ICLR 2026

E PROOF OF THEOREM

Theorem 5 (Generalization Risk). Suppose Assumption[l| Assumption[2} and Assumption 5| hold.

T

int

BTA| + (20487 A4 B

Bias Variance Data Noise Target Alignment

~ ~ 12 112
R=E ’dzﬁIZ—ﬂ;tZHFJrTzl AHFeri‘

In particular, as n, d — oo with d/n — ¢ € (0, 00), we have the following expressions for each term.

Bias: For ¢ < 1, we have that the bias term is

2 2
32 | (3Tw)? (ay — _ T 2 ¢ 1
¢ l(ﬁ* ’LL) (aZ az + (aZ O[A) + 92 _|_7_2) + Te 1— Cd(92 _|_7_2)

If ¢ > 1, we that the bias term is

aA> r2c >2+9~2{a124||/3*|2c—1 0?72%c 5 C 62 + 72

287uw? (6, — _aay _TC
(B, )| 4z az+(az ¢/ 02+ 12 d c (92+T2C)2+T€C—1ﬂ(92+7'26)2

Variance: For ¢ < 1, we have that the variance term is
1 6*+6%r3¢
2 ~2 2 | =2/aT,\2
Q7B 1" + 77(B, ) {1—0(92"'72)2
27~'2 c 02 c
+72— - :
l—c d(@?+7%)1-c

92
2
(az —aa)” +20a(az — GA)W}

T2

For ¢ > 1, we have that the variance term is

2 2 2 2
-2 o0 _oh 07 2gT 2 ¢ 07 _aay?
P17 (%2 - % )+ P g g (02 - )

+7_27:2 o 62 c
fr2\c—1 d(0?+712¢)c—1)"

Data Noise: For all ¢, we have that

~2 ~2 2
aA 7Bl
Target Alignment: For ¢ < 1, we have that the alignment term is
92

o BT )

—26 472 ((az —ay)
For ¢ > 1, we have that the alignment term is

26,7 ((ag - 24) L (5T 2(L_1_0°
20047 ((az - ) 92+720(B* u)® 4+ aal|B| (c i) )

Error terms: The largest error terms for all c are:
1
o(1)+0 (-] =o(1).
n

Remark: We note that the above theorem is very general and captures all of the theorems in the
main text as special cases. It is worth noting that the theorem also incorporates different signal and

bulk strengths for test data, namely for 6 and 7.
The proof will be broken up into roughly 6 steps

0. Rescale the problem To apply standard results we rescale the problem. Section
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1. Decompose the error into four terms. We shall refer to these terms as the 1) bias, 2)
variance, 3) data noise, and 4) target alignment. Section[E.2]

2. Simplify the expressions. We shall then use the result from |[Meyer| (1973) to simplify the
expression for each of the four terms. In particular, we shall express each term as the product
of dependent functions of the eigenvalues of X. Section

3. Random matrix theory estimate. We then use standard results from random matrix theory
such asMarchenko and Pastur|(1967);Ba1 and Zhou! (2008); Baik and Silverstein| (2006) to
obtain a closed-form formula of the building blocks for the risk. Section[E.4]

4. Bound Products. We then show that products of our building blocks concentrate. Step 4
(Section[E.3) then collects the final terms.

5. Undo Scaling Step 5 (Section [E.6) gives us back the correct scaling.

Section [ has some generic probability lemmas that we need.

E.1 STEP 0: RESCALING

In order to better align with existing results and use them accordingly, we change our scalings for
now and switch back after our derivation. That is, we divide everything by v/d. Hence, we shall use

0 o fwl| w!
—uw =0—u——7:
Vd Vd w]
as the spike. We shall let
2 pellwl]? w'
n°:=0"—— and v:=__—
d [Jw]]

Here, we treat v as fixed unit norm vector and our spike is

Z, :=nuv’
The A noise after dividing by v/d is
-
A, .= —=N
Vd

where IV are mean zero variance 1 entries. Here the appendix, we shall use the letter p for 7. Finally
let

X, =2, +A,

We can note that 3;,,;, is still the solution to

2

where L = B (Z, +A,)+ =

AT
B X , Nz i

H
\/Cj
V‘Ve deﬁne

€ 72 2 2
ﬁ—. ETNN<O, d), T&,T = E

Then when we want to test, we shall look at the rescaled error

F

Through Steps 1 - 4, we shall drop the subscript r.
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E.2 STEP 1: DECOMPOSE ERROR

Using the fact that A has been zero entries and is independent of Z, we see that we can decompose the
error as follows. Again here we consider n samples of test data and take the average (in expectation,
this is the same as one test point).

1 ~ - . - 2
E|= I(dzZ+dAA)—ﬁ;t(Z+A)HF]
:1 1
=E | |a.87 2 - 81,2 }+E{~HdAﬂTA BiiA| }
n n
1 ~ 2 1 2 < <
& |+ |a.672 - 612 + = |oLAl +1a|er 4| (—NdAﬂIAATﬂm)
n F N n
I Bias Variance Data Noise Target Alignment

We compute these four terms one by one in the following sections.

E.3 STEP 2: SIMPLIFYING TERMS

This section simplifies the four terms. We begin by recalling results from prior work. We state them
here for completeness.

Theorem 6 (Theorems 3, 5 of Meyer (1973)). Define the following helper functions h = v AT,
k=Alut=v"(I-ATA), (¢ =1+nwTAMu, s = (I — AANu, v1 = n?||t|?|k|? + &%
2 = 0?(|s|?[|h]|* + & and

2|k t
IR o = R
3 3
20 «ll2 hll2
g IS i L e
§ 3
Then we have that
T n4T T AT _ £ T
(Z+A)T: A + ¢t k'A S P14y c<1
A + gﬂAThTsT — f—ngq;, c>1

The following subsections - Bias[E.3.1] Variance[E.3.2] Data Noise[E.3.3] and Target Alignment|[E.3.4]
- present the linear algebraic simplifications of the results. To derive this results. We shall need some
helper results that are presented in Section

E.3.1 Bias

Using Lemma[5] we have that if ¢ < 1

1§ T o

.8, Z - B, Z = {@z —az+ é(ozz - OZA):| B! Z + %%e p1v -,

et
andifec > 1

2 ~
- =~ S =~ ~
a.8]z2-8] .z =p] [(az —ay)I+ é(aZI — aAAAT)} Z—aA””w' ﬂthuTz+g%sTp2vT

V2
The bias equals the expected squared norm of this term (divided by 7).

E.3.2 VARIANCE

Lemma 8] gives us that

1
E[‘
n

?20@ T f T T2d gt i T AT
mtAH =Bl Z2(Z+ ANz + AT ZB. + —ABIA(Z + A)(Z + A)TATB,

— i8] z(z+ AN (Z+A)TTATB, + %QJ(Z + A (Z+A) e

272 ozAaz

21



Published as a conference paper at ICLR 2026

E.3.3 DATA NOISE

The data noise term is the simplest to understand. Preliminary calculation gives us:
1 2 5[2 ﬁ2ﬁ d2 52
T~ E; H TAH :TAi *2:147 *2'
Loy 0T = A e = AT s
E.3.4 TARGET ALIGNMENT

To understand this term, we first note that A is independent of everything else. Hence we replace
~ o~ ~2 ~
AAT with its expectation 21

B [-2au8] A4 S| = 2000401 B = -4 5 B
Since € has mean-zero entries that are independent of everything else. We see that
E. [B] 8] =E.[B] (0812 +eN)(Z+ A +auplAZ+ AN )
=B (B Z(Z + A) —auB] AZ + A)') ©)
=Bl (Z+A)TZTB. +aspl(Z+A)TATB.. ™

E.3.5 HELPER LEMMAS
Proposition 1 (Proposition 2 from [Sonthalia and Nadakuditi| (2023)). In the setting from Section

775uh_|_ n HtH k:TAT c<1
né h_|_77|\h|\ us ' e>1

Z(Z+ A = {

Lemma 1. If¢ # 0 and A has full rank, we have:

~ K eTpo! c<1
eT(z+A)Z={ m= P .
— e P >

Proof. After substitutions, Propositionlimplies that for ¢ < 1, €' (Z + A)' Z becomes:

2 ~
T (AT+2tTkTAT_ fpl( 77||§|| ET AT )) VA

71

— e’ (ATufF T gtTkTATufz £ ( ””z” kT Al u> fﬁ) by Z = fjud .
"

Since k = Atuwand hu = v Aty = &1 1 , we then have that
t 2
7T (Afufﬁ n gtTkTATuf;T - §p1 (—77|§|kTATu - hu) fF)
1

2 QHI1211 1112 1 £2
eT (ko™ + 77||"3H MEN e fpl (77 £ %] + € f) f)T>
" &n

k: 2 1 -
el (k,bT 77|| I TR 75T 4+ “m (’Yl f) ,BT)
71 n
k 2 1
ET( (77 %]l tT+nk> 6T+np1,5T_nfplﬁT>

T( ﬂ10v + 1pio —ngplvT)
7 n my

Il
Al

_ Lgs'rplf,f

nm

For ¢ > 1, we note that the calculation is exactly the same. An example of such a calculation can be
seen in the proof of Lemma] O
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Lemma 2. In the setting of Section |2} we have:
I 2uh Ty T AT, c<1

T
AZ+4) = {AAT 4 2EpTsT — sl pTh — IRIE g AtyysT — 2 AATuh, > 1
V2 V2 Y2 Y2 ’

Proof. Forc < 1, Z, A are d x n with d < n. Since A is assumed to have full rank, Z + A has full
rank with probability 1, and hence

(Z+A)(Z+A) =1
Thus, from Proposition|[T]

2 2
AZ+A) = (Z+ A Z+ A —2(Z+A) =1 "uh - ’7L“”ukTAT.
a! 1

For ¢ > 1, since (Z 4+ A)(Z + A)' is no longer the identity matrix, we directly expand using
Theorem [6F

AZ+A)f=A (ATJrnAThTsT (” Vs 4o k> (””h”2 +h>>
& V2 3 §

2 2 2
— AAT ¢+ gAAThTsT _ L (77 |!£s” AATRT + nAATu) (”'?” sT+ h) .
Y2

Noting that AAThT = AATATTv = ATTv = hT, we have

2 2 2
Y2

_oaat g Dt - ISPIRIE v o Pl ’72||hH2AATusT ~ " A Atuh.
3 £2 72 V2 V2
We can combine the coefficients in front of b " s T to get
n _ wllslPlRI® _ n@m?[Is|PllRl® + &%) — n*IsI?hl® _ g
§ §72 §72 Y2
The statement follows from here. O]

Lemma 3. If¢ # 0 and A has full rank, we have:

_£\3T7
-2 B.Z c<l1

1Z2(Z+A)Z = B .
B 2 ) BlZ c>1

Proof. Using Propositionfor c<land Z = flud ", we have that

BIZ(Z+A)Z=p] (”5 hy TIHE kTAT)

g1
2 t 2
Nﬁ* (775 ~T+77 2] ukTATu,ET)
"
2 t 2
=708 (nguvTAT Tt 77uk:TATuf)T> .
!

Note ¢ — 1 =nv' ATu, kATu = k" k = ||k||>. The above equation becomes
-1 2 t 2 k 2 -1 2 t 2 k 2 B
ﬁﬂ;r(ﬁ(f ) IEIEIE )uﬁT:ﬂj(g(f I Ul L] )ZT

Al Al ga! Al

Using 71 = n?||t||?||k||? + &2 to combine the coefficients, we have that

§€-1) n PPkl =€+ +n?ItPlIkI? - —€+n &
Al Al it 71 71
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This completes the proof for ¢ < 1. Similarly, for ¢ > 1, we obtain

5 2|12 5
Bl Z(Z+ A)Z =p] <n§uh + n'”usT) Z
72 72
2 h 2
=B8] <77§uhm~)T + n” k|l usTuﬁT>
72 72
) 2 h 2
=78] <n§uvTATuf)T + n””usTu'f;T> :
72 72

Note £ — 1 =nv T ATu, sTu = ||s||?. The above equation becomes

6T (5(5 -, 772||8||2h||2) T = 7 (5(5 S 772||8||2||h||2> 5T
Y2 Y2 Y2 Y2

Using 72 = 1?||s|?||h||? + &2 to combine the coefficients, we have that

§€=1)  PUsIPIBI? _ =€+ € + P IR _ €+ _, €
Y2 V2 V2 V2 Y2
The target expression follows. O
Lemma 4. If€ # 0 and A has full rank, we have:
£ 3T 7
IB* Z c<1

T t7z
LAZ+A)Z = 2 ~ ~ .
B. Al ) {"';;'ﬂthUTm £plAAYZ c>1

Proof. We begin with ¢ < 1. Since A is assumed to have full rank, Z + A has full column rank with
probability 1, and hence

(Z+A)(Z+A)T =1

It follows from Lemma[3] that

BIAZ+A)Z=8(Z+A)(Z+A)Z-B]2(z+A)Z

iz (1-£)pz- 12
Y1 71

For ¢ > 1, Z 4+ A now has full row rank instead of full column rank. Hence, we do not have
(Z + A)(Z + A)T = I and need to directly expand it using Theorem@and its helper variables:
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BIA(Z+A)Z=p]A (AT + gAThTsT - fpzqu) Z

=73 A <k~T 7]” 2 M Aty THT fpzq;UfiT>
2
Y A h) ")
0’ £
1 2 -1
_ nﬂrA( LT + (nISII L >,UT)
77 n
:WA( i 5 o (LTI + €28 o)
77 2
1
e (29
n 2 &n
1 1
=B A <—P2’U +-pyd! — iP ’UT>
n n 2
= _Lgﬁ;rApszT
n2
S n*|lsl®, + o7
=g € ———h' +nAk by plugging in the expression of ps
2
_imllsl? orp 7T § aT A At G =T At= =T At
= Lh'v +=>08 AA'Z bynkvo = A'nuv’ = A'Z.
72 Y2

T

Noting that 3] h T is a scalar, we then introduce 1 = u "u and get that

~ 2 2
s . s = -
M,@IhTuT’UXUT = M,@IhTuTZ since Jud ' = Z.
V2 Y2
Thus, the final expression is

nlls* 3

V2

2 BThTu"Z + 5TAATZ

Lemma 5 (Bias Term). In the setting of Section[2} we have that if ¢ < 1,

6.87% - B 7 = [ ezt %az _ mﬂ BTZ+ ggp

andifc > 1,

2 ~
- ~ S ~ ~
aZﬂTZ ﬂmt = ,@;r [(az —az) I+ é(ozZI — aAAAT)} Z—aAnH%I ﬂ:hTuTZ—&—%%sTpgvT.

Y2
Proof. To simplify the bias term, we first need the following expansion:
a.8lZ - BiZ=a.8]Z— (B] (a.Z+asA)+e")(Z+A)'Z
=a.B]Z-a.B]Z(Z+A) —auB]AZ+A)Z-"(Z2+A)Z.

From Lemmas|1} [3| 4} we get simplified expressions fore T (Z+A)1Z, BT A(Z+ A)' Z, B] Z(Z +
A)' and plug them in. For ¢ < 1, we get

azBl Z — az (1 - 5) Bl Z - aAéﬂIZ A8 T T
it 71 nn

= |:0~4Z —ag+ é(OZZ — OZA):| ﬁIZ-f— QEETPﬂNJT.
71 nmn
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On the other hand, for ¢ > 1, we have
~ ~ 2 ~ ~ 2]
azBlZ —ay (1 - 5) YZ —aa [’nghTuTz + £ﬁIAATZ + ﬂiﬁpzfﬁ
Y2 2 72

7 nIISII

=B [(dz —az)I + ’yé(azl — aAAAT)} VA L BTh T Z + n’f e pov!.
2 2

O
N 11 P _ _n’lsl® 4t
Lemma 6 (Squared Norms of p; and ps). Recall py = th —nk and py = fTA h—
nk.
2|( 112
umILdl
L |lp1||* = ez

4 s 4 3 s 2
2. ||p2||2 _n QQH hATTATRT + 2n g I ETATRT +772Hk||2'

Proof. For p;, we have

2 2 2 2 2 2\ 2 3 2
0|k 0|k 0|k n°|lk

£ 3
Using tk = 0 yields the first result, which we can further simplify as
|kl [kl

(* Il 1t]1* + %) =

Y1-

& &

For po, similarly, we have
20 |I2 2
||P2H2 _ (_77 ||§3| hATT _nkT> ( n ||§5 AtRT — k:>

4 ol14 3 o2
_n IEll RATTATRT + 2n°|ls|

@ ETATRT 4+ 22|k

Lemma 7 (Squared Norms of q; and qo). Let q] = —"H%lszAT —hand q] = —wsT — h.

n ||t||

I ||qu))* = —kTATATTE +

277”1:” kTAThT =+ Hh”2
3

12 = [

2. ||q2 &2 Y2-

Proof. Similar to Lemma[6] we directly expand the two terms:

t||? t)? t|* 2|t
HQI||2 _ (_nllgll LT AT —h) ( 77||£|| ATk hT) n ! I ETATATTE + 77||§ || ETATRT + ”th

h|? b2 B4 s|)?
g2 = (—n”|sT - h) (—77| ” hT) M + ||h||* since hs =0

£ § £
_ IR Rl sl + €7)
52
_ Ing
- 62 2.
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Lemma 8 (Preliminary Expansion of Variance). In the setting of Section[2] we have

1
E[‘
n

712@2 T + +T %ZCY% T 1 T 4T
mtAH =Bl Z2(Z+ ANz + AT ZB. + —ABIA(Z + A)(Z + A)TATB,

27 ~2
- TR 2(Z+ A) (2 + A)TATB + ST

e (Z+ ANZ + AT e

. e . et . . . =2 =
Proof. Since A is independent of the other terms, we replace AA T with its expectation L

1
E [ ‘

n
We now plug in the expression for 3;,,;. Since € is a zero-mean vector and independent from other
random variables, terms with only one € have zero expectation. A straightforward expansion gives:

~9 ~

17%n 72
zntAH :| [n zntAAT/Blnt:| = %7“‘3 [ ;Lt/@int] = EE’ [H/GlntHQ] :

7:2 7:2
—1Binellf = E(ﬁj(azz +arA)+eNZ+ANZ+A)T (B (a.Z+aaA)+e)’

After eliminating zero expectations as above, the expectation becomes:

72 2 %%@ T 1 +T %20431 T 1 TT AT
B | B} =B | 28] 2(Z+ A)'(Z+ A) " 28. + TABIA(Z + 4)/(Z+ A) T AT B,
27 ~2
T O‘Aaz T T2z + ANZ+ A)TATB, + %J(z +A)N(Z+A)Te
O

E.4 STEP 3: RANDOM MATRIX THEORY ESTIMATES

To do the estimates we recall the set up. In particular, we have that

Z =nuv', wheref = % and |jv|| =1,

2
Ay =N <o, ’;)

Recall the following definition h = v AT, k = Afu, t = v (I — ATA), ¢ = 1 +nuT Afu,
s=(I—AAYu, v = ?[[t|?|[k]? + €2, 72 = n?||s]]||h]|* + £ and

and the entries of

?|| k)2 t
I e
€ £
2 2 h 2
p2:_77 |£S|| AThT_nk, q;':_77|§|| ST_h7

To show that each of the four terms, bias, variance, data noise, and target alignment concentrate in
the limit, we do this in two steps.

(a) First, we compute the mean and variance for basic building blocks such as ||h||* and other
variables. Section[E4.T]

(b) Second, we provide bounds on the higher moments. Section|[E.4.2]
(c) Next, we prove bounds on the moments of ;. Section[E.4.3]
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E.4.1 STEP 3(A): SHOWING THAT BASIC BUILDING BLOCKS CONCENTRATE

We begin by bounding the mean and variance.

Lemma 9 (Generalized version of Lemma 7 from [Sonthalia and Nadakuditi| (2023)). Suppose
A;j have mean 0 and variance p*/d, the entries are uncorrelated, have finite fourth moment, the
distribution is invariant under left and right orthogonal transformation and the empirical spectral
distribution of p%AAT converges to the Marchenko-Pastur law. Additionally, if u and v are fixed
unit norm vectors. Then we have that

E[|h|] = {

2

= <L (L) anaVar() = 0 (=
T o) v =0 ().

-3
o

1 1 1
2. E[||k|1%] = AT < +o (p ) and Var(||k||?) = (p4n) .
3 E[lsl?) =1~ 1 and Var(||s|*) = O <1>
: ) b,
4 E[[¢|2] = 1 - c and Var(|£]?) = O (i) .
| =2 N_o(—L 1
5. E [77] = %andVar (77) =0 (max(n,d) p2> .
52 _ 1 1 c 1 B 1 1
" H ~ o max(nd) 2o <max<n,d>p2) “pte <mx<w>p)

dVa & 0] L
nd Var | = | = _—
“ n? max(d, n)p*

Note that here max(d,n), d, n are interchangeable in the variance big-Oh terms since they only
differ by an absolute constant c. We include the details for completion.

Proof. Ttems 1 — 5 come from the original statement, which assumes unit variance. Here our
variance parameter p simply induces a multiplicative change. We now focus on item 6.

Let( =¢/n=1/n+v" Afu. With A = UX)VT (SVD) A € R™™ having i.i.d. N(0,p 4d

entries, and u, v fixed unit vectors, we have ( = - —1—27 15, L b;a;, where r = min(d,n), a =

b = U "u are uniformly random on S ! and Sd ! respectively since U, V are random rotations.

Since A has zero-mean entries, only the non-cross terms remain in the expectation, and the fourth
moment is

E[¢Y] = i4 + GQZE[ ! }E[bibj}E[aiaj] + ) E {1} E[bib;bibi]Elaiajara).
nto 4= oo

0,0;0L0,
irjikel 1937k

Furthermore, non-zero expectation terms require paired indices (since odd moments of the uniformly
random vector on the sphere equals 0). In particular, using exact spherical moments, we have E[a}] =

n(;;_g)’ Elaf] = % E[a?a?] = m (i # ), E[bj] = d(d+2)’ E[7] = 1, E[b?bi] = m
(7 79):

B = i+ 22 { ]dn+z { } d+2)9( +2+3ZE{21 }d<d+2>z(n+2)

ik g
— i_’_ 9 El/of] 32 iuE [1/(c}ap)] 22:21 E[1/0?]
ot dd+2)n(n+2)  dd+2nn+2)  n? dn '
I Iy I3
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Leading Order Scaling and Mean. Let N = max(d,n), assume n,d — oo with d/n — ¢ # 1.
Lemma 5 from |Sonthalia and Nadakuditi| (2023)) implies that if A has unit variance entries, the
moments of its inverse eigenvalue are expressions of ¢ and are hence O(1). In our case, it will just
scale with p instead:

E[1/o}] = O(1/p"), E[1/(6?0})] = O(1/p"), and E[1/o%] = O(1/p") etc.

In particular, we also need the following exact expectation from the same lemma:

1 c 1 1
EH :pzl—c“<p2)20<p2>' ®

Since the above I, I3 have r = min(d, n) summands, this implies

T 1 T 1
h=0 (i) =0 (5w) - =0 () = (1)

2 summands, and

r? 1
=0 Nipi =0 N2pi

1
max(d,n)p*

Similarly, Is has r(r — 1) ~ r

1 1
— E[¢!] = —th+L+Il3=—+0 ( > since I3 dominates.  (9)
n n

With a similar expansion for the second moment and taking spherical moments, we get that

E[¢?] = % + ZIEI [ ! } E[b:ib;|Elasa;] = 7712 L Zim EY/ol]

00 dn
1 min(d,n) c 1 .
= 2 + o (p2|1 — +o (;ﬁ)) by Equation [§]
1

c
7 T max@m - (m(d, n>p2) |
This gives us the mean. Furthermore,

T o2 r 02])2
_ 1, 2 S0 Eel | (DB 1 (1) (10)

=—+0
* n* + max(d, n)p*

(BIC)) = o5 + g ==y e

Variance. Var(¢?) = E[¢*] — (E[¢?])?. From Equations[9] [10} the overall scaling is determined by

the dominant term:
Vi § i =0 1
W0/ ) T \max(d,n)pt )

Lemma 10 (General Terms). In the setting of Section[2|we have the following expectations:

1. Forc < 1, E[BJukT ATB,] = pE =) (BJu)?+o (p%) and the variance is O(1/(p*d)).
2. Forc< 1,E[kTATATTK] = ﬁ +o0 (p%) and the variance is O(1/(p3d)).

3. Forc>1,E[B] su'B.] = <1(B] w)? and the variance is O(1/d).

4. Forc> 1, E[B] AATus" B,] = (B[ uw)? + o(1) and the variance is O(1/d).

5. Forc>1,E[B]hThB.] = ”53”2 e T O (ﬁ) and the variance is O(1/(p*d?)).

6. Forc>1,E[hATTATAT] = p%ﬁ +o ([)1—4) and the variance is O(1/(pd)).
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7. Fore > LE[|k|?) = & 21 +o (pi) and the variance is O(1/(p*n))

Proof. For all these terms, we evaluate the expectation using the SVD A = UV, with AT =
VETUT, and important expectations from Lemma 5 of |Sonthalia and Nadakuditi| (2023) regarding

the spectrum of A: suppose A has unit variance (general p? is a multiplicative change), and let o;( A)
denote the ¢-th singular value. We have

E 1 g5 to(l) e<1 E 1 B ﬁ—i—o(l) c<1
0'12(‘4) - c—1 +0(1) c>1" 0'4(14) B ﬁ + 0(1) c>1 ’

3

Q|

E{l}: L to(k) e<1 [1}_ LaSsto(k) <1
o7 (A) p—lgcfl—&-o p% e>1 o} (A) p%&—ko p% e>1
(11
For the first term, we note that
Bluk' A8, = (B[ u)u” ATTATS,
=BlwuUSTTSIUT S,
4 1
= (B]w) ;wTU)i(UTﬁ*)igg o
T : T T 1
= (B, u) Z(U u;) (B, uz‘)aig(A),

i=1

where u,; denotes the i-th column of U. We further note that w " By = wUUT B.. Since permuting
columns of an orthogonal matrix does not break orthogonality and U is uniformly random, we have
that the marginals u; are identical. Thus, we have that

1 1
E['u,T’U,1ﬂ:u1] =...= E[u—rud,@:—’ud} — E(uTﬂ*) since E[’U,Z’U/;r] = EI_
It follows from here that
d
1
E[8uk" ATB.] = (B Elu'w; 8] u;,]E [ ]
1 41 c

= pj( Ju)? Z P (1 — + 0(1)) by Equation [TT]

=1
1 ¢ T 9 1
~ e ().

Since A is isotropic Gaussian, we have that U, V are uniformly random orthogonal matrices. Thus,
u'U and U " 3, are uniformly random vectors on the spheres of radius ||u|| and ||3.|| respectively.

Hence, when we consider the squared terms to compute the variance, the term from the two uniform
vectors will contribute O(1/d?). Together with the singular value term (now squared to have O(1/p?))
and the summation, the variance is of order O(1/(p*d)).

For the second term, we have that by Equation|I 1]

d
KTATAT k= T (AAT) = U(EET) )0 0= 3o ) s,
d d
TATATT L] — w'w)? 1 = il ¢ 0 :i ¢ o
BIKTATATTH = SB[ a5 ;p4d(<1_c>3+ ) = i sam ()
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where we again use E[(u " u;)?] = 1/d since it is the entry of a uniformly random vector of length
[uf = L.

Similarly, the variance is O(1/(p%d)) from the summation of d independent variances each of

O(1/(p°2)).

For the third term, we have that

n

Blsu'B. =B/ (I - AANu(uB.) = (B]w)* — (B]w) Y (8] ui)(u"u,).
i=1
Similarly, we take the expectation (in particular, E[(3, u;)(u"u;)] = 1/d(B, u)) and have
1 1
ol 135 = (1 2)

The variance for this term is O(1/d) from summation of n = d/c terms of O(1/d?).

For the fourth term, we plug in s = (I — AA")u and have
Bl AATus' B, = (8] u)B] AATu — (B] AATu)?.

From previous calculations, we have that

E[B]AATu] =E lZ(ﬁI w)(uTui)] ~Ligrw.

X (&
i=1

Using Proposition [2]and this result, we can then show
1
E((B] AATw)?] = (8] w)? +o(1).

It follows that 1
E[B] AATusTB,] = = (8] u)* + o(1).
c
The variance for this term is O(1/d), where the dominant term is a summation of n = d/c terms of

O(1/d?).

For the fifth term, we have

n

BIRThB, = (B! ATv)* => (8] U):(8]U);— :

— T’U i T’U j .
— O'Z(A)O'j(A) (V )Z(V )J

Since B3] U (and V' Tv) are uniformly random and independent of everything else, we only have the
diagonal terms when we take the expectation. By Equation [T}

- 211 c 18B.2 1 ¢ 1
8. B.] ; d np? c—1+0() d p2c—1+0 p%d

The variance for this term is O(1/(p*d?)) from O(d?) terms of individual variances of O(1/(p*d*)).

For the sixth term, by expansion and Equation [[T] similar to above,

n

3

The variance is O (1/(p%d)).

For the final term, by expansion and Equation [T T}
n
1 1n c 1 1 1 1
Ef|k]?)] =) E[w"UE|5—|==5-—— — == =
[H ” ] ; [(u )z] US(A) p2d0—1+0 P2 p2C—1+0 p2

The variance is O (1/(p*n)). O
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Lemma 11 (Zero Expectation). In the setting of Section[2] we have the following expectations for
1. Ve, E[B] uhB.] = 0 and Var(B] uhB.) = O(1/(pd))
2. Ifc> 1, E[B] AATuhB,] = 0 and Var(B] AATuhf,) = O(1/(p*d?))
3. Ifc> 1, E[B] shB.] = 0 and Var(B, shB.) = O(1/(p*d))
4. Vo, E[kTAThT] = 0and Var(kT AThT) = O(1/(p°d))
5. Ifc>1,E[hAATB,] = 0and Var(hAATB,) = O(1/(p*d))

Proof. Similar to Lemma @Lfor all these terms, we evaluate the expectation using the SVD A =
UV, with At = VU,

For the first term, we note that
min(n,d)

BluhB] = (Blu)v ATB, = (Blupp VEIUTB. = (B]u) Y (@TV)i(U'B.);

i=1

1
oi(A)

Since A is isotropic Gaussian, again we have that U, V' are uniformly random orthogonal matri-
ces. Thus, v'V and U " 3, are uniformly random vectors on a spheres of radius ||v|| and ||3.||
respectively. In particular, they are independent and have mean zero, which implies

E [8]uhB]] = 0.
The variance will be O(1/(p?d)) as a summation of O(d) terms of O(1/(p?d?)).

For the second term, we note that

min(n,d) min(n,d)

1
T Tay — .U w), = TV)i(UT B
BIAATu = ; (BIU)(UTu); and hg, = ; (v'V),(U ﬁ*)lai(A)
Multiplying the two together yields
min(n,d)
. 1
T _ TU)(U ), (0" V) (UTB,).
,6* AAT’U,hﬁ*— 72]: (/6* U)Z(U u)z(v V)](U B*)JUZ(A)

We note that v TV is a uniformly random mean zero vector independent of everything else in the
summation. Hence, the expectation is equal to zero, and similar to Lemma ??, the variance of this
term is O(1/(p?d?)) (a summation of O(d?) terms of O(1/(p?d*))).

For the third term, we have that

B! shB. =B (I - AAT)uhB. = B[ uhp. — B AATuhg,.
Then using the previous two parts, we get that each term has mean zero. Thus, we get the needed
result. Using Lemma and the first two terms, the variance of this term is O(1/(p?d)).

For the fourth term, we have that:

min(n,d)
1
T Aty T Ty Ty T, — T (VT
E'"A'™h' =uUX' X2V ie= ;:1 (u' U); (V v)zai( R

Similarly, using the independence of U, 3, V' and uniformly random entries, we get mean zero and
variance O(1/(p5d)).

For the last term, we have that:

T

tg. — To) (UTB.), 1 .
hAAIB. = >, (V0 (U'B)i 5

i=min(n,d)

Using the independence of U, 3, V' and uniformly random entries, we get mean zero and variance
O(1/(p*d)). O
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E.4.2 STEP 3(B): BOUNDING THE HIGHER MOMENTS

To bound the higher moments, we will the following Gaussian hypercontractivity lemma.

Lemma 12 (Gaussian Hypercontractivity Inequality). Let G ~ N(0,1) be a standard Gaussian
random variable. Let f : R — R be a degree k polynomial. Then, for any q > 2, the L, norm of
f(G) is bounded by its Ly norm as follows:

IF (@I, < (g = D21 ()L
where the Ly, norm of a random variable X is defined as || X|| 1., = (E[| X [P])}/P.

Proof. Follows directly from (Mei et al., 2022, Lemma 20). O

Lemma 13 (Multivariate Gaussian Hypercontractivity). Let G = (Gy,...,Gur) ~ N(0, 1) and
let P : RM — R be a polynomial of total degree r. Consider the Hermite expansion of P

P(z) = Z caHy ().
aeN™ |a|<r

with coefficient random and independent of G. Then there exists a constant C' that is only dependent
on M, r such that for any q > 2,

1/2

1P, <Cla=1"2 [ D lleall?, o

laf<r
Further, if for all || < r, we have that Hca”%q < CZllealli,, then
1P(G)]

Where the Ly, norm is over all of the randomness. Furthermore,

L, < Cla—1)""?|P(G)||L,

Proof. Let Hy, : R — R be the probabilist Hermite polynomial. Given o € N, define

M
H,(z) := [] Ha, (x;)
j=1
Then since P is degree r, then we can decompose

Pz)= > caHa(x).

aeN™ |a|<r

Here |o| = ; ¢ Since the Hermite polynomials are orthogonal, we can see that

M
H,(z)Ha(2) v (7) = 6aa [ [ 4!,
RM iy

where vy, is the density for an M -dimensional standard normal distribution.
IP@IE, =5 | [ | PP
=3 Y Exfeacs) / H (2) Ha(2) 0 () da

jal<r |al<r
=D lleall?,e!

lal<r

M
where a! := H a;l.
=1
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Then using the 1D Gaussian Hypercontractivity (Lemmal[I2] we see that

M
1Ha (@), = [T 1Ha, ()],
j=1
M
H 1)%/2|| Ha, (25)] 1,

M
D ] V!
— (g 1)Vl

Thus, using the triangle inequality we get that

1P@)llz, < Y leaHa(@)lz, = Y lleallz, | Ha(2)lz,

loe|<r lee|<r
Thus
1P@)llz, < Y leaHa(@)lz, < Y lleallz, (a=DI*2Val < (g =1)72 3 lleallz, Va!
loe|<r o <r o <r
Then using Cauchy-Schwartz, we get that
1/2 1/2
Y leallz,Val < | 37 lleall, o > 1
lo<r lo<r lo|<r

Finally, we note that
1/2

Cyvyr = Z 1
o] <r
is some universal constant that only depends on M, r. Thus, we get that
1/2
1P(@)lz, < Coarr (g =12 | D llcall?, o
o<
Using the assumption
leallZ, < Cilleallz,
Then we get
1P(2)lz, < CarrCq (g = 1) | P(a)] L,
O
Lemma 14 (Product Spherical Hypercontractivity). Let l1,l3,l3 > 0, let ©1 ~ Unif (Sll), Oy ~

Unif(S%), ©3 ~ Unif(S%) be independent, and let H : Rh+1 x Rlz+1 x Rlstl R be a
multi-homogeneous polynomial of total degree r. Then for every q > 2,

|H(©1,02,03)||1, < Crqglag—1)"2|H(O1,02,03)]|L,,

where the norms are with respect to the product measure. For homogeneous polynomials, the constant
is independent of the dimension.

Proof. H is multi-homogeneous of degrees ry, o, 73 with ry + 179 + 75 = 7. Let G; ~ N(0, I}, +1),
Go ~ N(0,11,41), Gs ~ N (0, I;,11) be independent with polar decompositions G; = R;0;, where
the R;’s are independent of each other and of the ©;’s. Then

H(G1,G2,G3) = R{*R3?R H(©4,04,03),
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so for any p > 0,

3
E[|H(G1,G2,G3)["] = <H]E[Rfr}) E[|H(©1,02,03)["]
i=1
Then we have that

|H (G, G, G)|, = (H(E [RZ-’”D”’”) |H(©1,02,0)],. - (12)

Apply Gaussian hypercontractivity (Lemma to H(G1,Gs, G3) (total degree r):
1H(G1,G2,Ga)lz, < Cla—1)"?|H(G1, G2, Cs)l|1a a2 2.

Using Equation[I2]with p = ¢ and p = 2 yields

(&[]

1H(©1,02,03)|r, < Clg—1)"? (HWDW

) [H(O1,02,03)]|L,-

(2

For each 4, since ¢ > 2 and R, > 0, monotonicity of L, norms implies (E [Rg”])l/ (gri) >
(E [R"])Y/ (79, hence

27i7Y1/2

B2

(E[R{)Ye —

Thus the product is less than 1, so
|H(©1,02,03)|z, < Clg—1)"/?||H(O1,02,0)l|L,-
O

Lemma 15 (Product spherical hypercontractivity with random coefficients). Let l1,ls,13 > 0 and
let ©; ~ Unif(S') be independent. Letr € N and let H : R+ x Rt x Ris*tl — R pe a
multi-homogeneous polynomial of total degree at most r. Suppose the coefficients of P are random
on an auxiliary probability space and are independent of (01, ©2, ©3). If the random coefficients
satisfy ||callz, < KqllcallL, in the Hermite basis expansion, then for all q > 2:

1H|z, < Crg(a—1)" |H]|,.

Proof. The proof is identical to that of Lemma [I4] except we begin with the version of Gaussian
hypercontractivity that handles random coefficients satisfying the stated assumption. O

Recall
a:=VveR" b:=U'ucR? and ug=U'B.
Then, since u, u are fixed, and U, V' are independent Haar orthogonal matrices, we have that a, b

are all uniformly random vectors on their respective spheres. Additionally, using the assumption that
3. is uniformly random such that 3, u is constant. ug is uniformly random on a sphere Sé-2.

Consider the following centered versions and polynomial representations.

LY, =|h>*-E[|r]*] =a (=T - ) a
2. Vi = |k|> —E[[k]*] =7 (ZTTET — i) b
3.V = [lt* —E[[#1°] =a’ ((I - =T%) — )
4. Y= s> —E[Is|’] =b" (I - =") — ) b
5. Y= ¢ _E H =a'Sb=a'X'b

U U

6. Ty =B uk" A, —E[B]uk" ATB,] = (8] u)b" (XS )ug — ps (bb)
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7. Ty = kT ATAT K —E [KTATATTR] = b7 (51720 = iz, ) b
8. Ts:=pBlsu'B. —E[Bsu’B.] = (B w) uf (I - T=Nb — pj (ujug)
9.7y = B]AATus'B, — E[B]AATus'B,] = ujEbb' (I — ZxN)ug —
pg, (b b)(ujup)
10. T5 := Bk hB. —E[B/h hA.] = (usSTTa)” — iz, (a”a)(ufug)
11, Ty = h(ANTATRT —E[h(AD)TATRT] =a” ((2*2”)2 - ufa) a
12. Sy := B uhB. —E[B]uhB.] = (B]u)a Zlug
13. S :=B]AATuhB, —E [B] AATuhB,] = u[EXTba Siug
14. S5 := B shB. —E [B] shB.] = us(I — TXba Zluy
15. Sy :=k'A'TRT —E[kTATRT] =b"2TT5IxiTq
Hence we see that these are all homogeneous polynomials in uniformly random spherical variables.
Thus, we can use Lemma[T4] we get bounds on the higher moments. In particular, since the coefficients
are only dependent on constants and 3, we see that the coefficients are independent of a, b, ug.
Then using a change of basis we see that that coefficients of the decomposition are also random and

independent of the input variables. Finally, since the spectrum converges to the Marchenko-Pastur,
we have that the coefficients have bounded moments. Hence the second assumption is satisfied.

E.4.3 STEP 3(C): BOUNDING y; MOMENTS.

Lemma 16 (Moments of 7; /n?). We have:

(i) Forv1/n?,
_71_ & 1 1 Y1 1

Bl (e) v ()=o)
E|lS5|l=+=+o0|—= ], Var| 5 |=0(—].
K/ p* n? p'n

Vi e
2 G+ Rl 1,2, where ¢, = ||t [k]*, ¢ = |Is]® [|R]*.

(ii) For~y2/n?,

Proof. We decompose

Expectation Estimates: We begin by noting that ||| depends only on V" and is independent of
U,X. ||s||? depends only on U and is independent of V', 3. Additionally, ||k||? depends on U and
3, hence is independent of V. Also ||h||? depends on V' and X and is independent of U, hence is
independent of U.

Thus, we have have that ||¢|? and || k||? are independent and ||s||? and ||h||? are independent. Thus,
we see that

E[G1] = E[[l¢] [1k11%] = E[It]1*] Ell|&[).

Using Lemma 9] again,

1 ¢ 1
2] 2] _
Bl =1 e BllkI = 57 4o ().

We plug them into the expectation and get:

w000 () (8] 5o+ (3
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Finally, we also have that from Lemma@],
£2 1 1 £ 1
E |:’r]2 = ? + O p27 s Var ? = O p47n s

2 1 1
£ [3] - eaf]- oo ()

A similar argument applies for v /12, using the corresponding results for ||s

Hence,

2

)

h|?.

Variance Estimates:

Again using independence, we have that

Var(|[t]|||k|*) = Var(||£]|*) Var(||k[|*) + E[||£]|*]* Var(|[k|*) + E[||k||*]*Var(||t]|*)
_ofL L oo LYl o (L
=0 <n> © <p4n) T1-970 (p“N) MAErE © (n>

1
-9 (m) |

We then use Lemma [34]to compute the variance of the sum:

%Of;wo (7))

Lemma 17 (Moments of (v;/1?)?). We have, as n,d — oo with d/n — ¢ # 1,

2

This proof is similar to the other case.

(i) For~y1/n?,
2 2 2
0% c 1 1 0 1
EK??;)]:(,O?+772) +0(5). V”((ni)):()(m)'
(ii) For v /1%,
2 2 2
0% 1 1 1 ¥ 1
E[(ni)]:(pzw) +0(53): Vaf(($>>:0(m>'
Proof. Write, fori € {1,2},
62

Vi
pe =Ci+? G= (1t [1RI12, Go= sl IR,

Means. Using Lemma[T6|and the fact that for any random variable
E [Y?] =E[Y]? + Var(Y)
we get the means.

Variances. Using

Y?=E[Y] +2E[Y]) (Y -E[Y]) + (Y -E[Y]),
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Thus, using Lemma [34] we have that

Var(Y?) < <\/4 (E[X])? Var(X;) + \/Var<(Y]E[Y])2>> .

By spherical hypercontractivity for degree-4 polynomials,
2 27\ 4 2\ 2
Ge=Gil) Jo ()
Ui Ui n
2 27\ 2 2 27\ 4 2\ 2
var (% -8 | %)) e | (G -r|2]) | svar (%)
n Ui Ui Ui Ui

Using E [;—’2]2 = O(1) and Var (%) = O(p~*n~") gives

n
2
i\ _ 1
s (774) - O(ﬂ‘*ﬂ)’

as claimed. O

E

hence

Lemma 18 (Finite Negative Moments of 7;). Fix p > 0. There exists an N (p) such that for all
n,d > N(p), we have that for ¢ < 1

2
E[47%] <0 *E [o}?| E[T7] < T

and for ¢ > 1, we have that

2p
- —2 2 - 4
E[v;"] <0 ¥E [0} | E[57] < e M7
where o is the largest singular value of A, T = |[t||* ~ Beta (25%,4), and S = |s||* ~

Beta (452, 3).

Proof. Recall our SVD A = UXV " and that
n =[PP+ € and 4o = n?||s[?[|R]]* + €2

Then we have that 4

b? 1 1
kI =37 05 2 Sl =

=1 !

Similarly,
n__2
a; 1 1
hll?2 = ZLs gl = =
I =32 5% = lal’ = 55

Thus, we see that

1 1
7 > n?[t)*P=  and 42 >n?||s|? .
07 07

||t]|? depends only on V and is independent of U, 3. ||s||* depends only on U and is independent of
V', 3. 0y depends only on X and is independent of U, V. Therefore, o is independent of T" := ||¢||?
and of S := ||s|%.

Thus, we get that

1 1 oF g L1 0P
L and — < - T
R 111R v T o |s|P

Then taking the expectation and using the independence, we get that
1 1 1 1 1 1 ,
E [p} < b {2} E[of"] and E [4 <k [2] E o]
nwl oo Ll 2] T Lls]?

38
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For ¢ < 1 (where d < n), the right null space of A (dimension n — d) is a uniformly random
(n — d)-dimensional subspace of R™. The squared norm ||t||? represents the squared length of the
projection of the fixed unit vector v € R™ onto this random subspace. The distribution of such a
squared projection norm is Beta (%‘d, g), as it can be represented as the ratio of two independent
chi-squared random variables: 37" G2/ 3" | G2, where G;~N (0, 1) IID, which follows the
desired Beta distribution. Similarly for ¢ > 1.

Since the eigenvalue distribution converges to the compactly supported distribution. We can see that
for sufficiently large n, d, we have that there exists an M > 1 such that o1 < pM almost surely.

For Y ~ Beta(a, ) and p < a,

(e —p)T(a+p)

Y = F Tt )

Moreover, using Stirling on the I" ratio,

oy 1—c
and Y v
—p Qo + Do _ c
]E[S ] _>n,d~>oo ( o ) (C — 1) (C > 1)

Thus, there is an M such that

2p 2p
1 1
E {p] < (”) MP and E {p] < (”) M?
24! n V2 n

O
Lemma 19 (Moments of 72 /~;). We have:
(i) Forn?/v,
2 2.,2 1 2 1
E[”}:Qp" 2+o<2), Var(")zo().
] netp P M n
(ii) For n? /v,
2 2.,2 1 2 1
E[n}z 2'0772—1—0(2), Var(n>:O(>.
72 nT+p p Y2 n
Proof. By Lemmasand the expectation of 72 /+; can be computed by:
2 2,2
= et () = e ()
E|l—|= 1+o|l - | = +ol|l—=)-
{%] Ely/n?] p*d)  mPc+p? p?
By Lemmas and the variance of 72 /~; can be computed by:
2
n 1 71 gt
Var | — | = ———=0 | Var | — +o (Var ())
(71) Ely/m?]* ( (772)) Uk
8,8
SR/ — 1 +o 1
(Pe+ )1 \n n
1
=0 () by the scalings of 7 and p.
n
The proof is similar for the other term. O

Lemma 20 (Moments of n*/y2). We have:

(i) Forn*/+3,
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(i) Forn*/~3,
4 4.4 4
n p°n n 1
e[1] - 2ot ve(%) 0 (2).
[7%] (n? + p?)? M) V2 n

Proof. The expectation of % /47 can be computed by Lemma By definition we have that

=[] = (e 5]) o () - G () +o 3):

The variance follows Lemma[33]and Lemma [I7
4 1
7 n

The proof is similar for the other term. O

since the mean is O(1).

Lemma 21. Suppose € € R"™ whose entries have mean 0, variance 7., and follow our noise
assumptions. Then for any indepedent random matrix Q € R"*", we have

Ee,q [e'Qe] = T2E[Tr(Q)].
Proof. We have that
ETQE = Z Z EiEjQij~
i=1 j=1

We take the expectation of this sum. By the independence assumption and assumption E[e;e;] =
0 when ¢ # j, we then have
Eeqle'Qe] = ) _E[]]E[Qu] = 77E

i=1

Z Qu] = Tez]E Tr(Q)] -

E.5 STEP 4: BOUNDING THE EXPECTATION OF PRODUCTS OF DEPENDENT TERMS

In Section we decomposed the error into four terms — Bias, Variance, Data Noise and Target
alignment. In Section[E.3] we wrote each of these terms as the sum and product of various “elementary
building blocks”. In Section[E.4] we should that these elementary building blocks concentrate. In this
section, since we have tight concentration (i.e., the higher moment bounds). We can use Lemma [36]
and Lemma [37] which shows that the expectation of the product can be approximated by the product
of the expectations. In this section, we do that calculation for our different terms.

E.5.1 STEP4: BIAS

We begin with the bias term. Recall that for ¢ < 1, the expected bias by Lemma [3]is equal to

E[Bias] = E
g

i ¢ 2 T TPE o
Oéz—Oéz-i-*(@Z—@A) (B, u) +772?75H131|| )
1

where the cross term equals 0 due to € having mean zero entries. These two remaining expectations
are given by Lemmas informally via:

27

Lemmal2] + 77— x Lemma[23l
n

For ¢ < 1, we can plug in the value to get that the expected first term is given by

2

POT? (52 051+ g stoz o] 4ot 40 (2)

_r
HZC + p2
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and the second is given by

~2 2

27 c n 1

- ——— +o()+0(—=5)).
R <6—1n26+02+0( )+ (9271))

Adding them, we then have the desired result:

~9 2 2

7 - P T 2_C 1 1 ( n )
— — —_— — —_— — O|—=]).
- ({(az az)+n2c+p2(az OéA)] (8] u)* + e T 67720+p2>+0 <ﬁ>+ pe
For ¢ > 1, we instead have the following expanson:

ﬁj l:(dz — Oéz)I +

2 ~
é(azl — aAAAT)} Z— aAMﬁthuTz + ﬂisTmfﬁ
V2 72 72

t1 to ts

The bias equals the expectation of the norm of this vector. Taking the Frobenius norm, we have the
six terms. Among the cross-terms, (¢1,ts) and (to, t3) have zero mean since t3 contains € whose
entries have mean 0. We now look at the other terms

RS ? U >
E [lts| [H L eTpasT ]—n [Slpal?| by Lemmap
2

The expectation is given by Lemmam 23| Subsequently, Lemmas give E[||t1]/%], E[||£2]11],
E[(t1, t3)] respectively. Informally, we can compute the bias via:

2
5 (OZZI— CVAAAT):| o aAnHS” BThT TZ"‘ 77 5 ETp )
2 T2 n72

E[Bias] = U‘ﬁ [ (z —az)I + = ]
= E[[[t1[11°] + Ell[ta]l*] + Ell[s]]|*] — 2E[(t1, £5)°]

o
= LemmaP2] + 7'52 %Lemmalﬂl + Lemmal24]l— 2 x Lemma
n

Similar to ¢ < 1, adding them together and dividing by 7, we get
2

~9 2 2 22 2 2 2
i VR S ( _ai) o 1B (e=1\ _n'p e nmetp
L l(ﬁ* W’ ((az At Er AT ) T ¢ )P PE e 1P T )

+o( >+o( ).

E.5.2 STEP 4: VARIANCE

Recall that for the variance, we have the following expression (Section[E.3.2).

~2 2
T Oy

E [} Hﬂ,TntAm _E [%QO@,@*TZ(Z FA(Z+A)1T28,+ TYA8TA(Z + A)f(Z+ A)TATB,

272 oonzZ

— 228l z(z+A)NZ+A)TATS, + %QJ(Z + A (Z+A)Te

In particular that the expectation will be the weighted sum of the expressions from Lemmas [26] 27}

28] 29] Informally,
~2
P

d
This yields that for ¢ < 1, after simplification, the variance is
~9 2

2 2
Pe 2 2 T, )2 2 +p7) ¢ e
G e+ 0w [lor - e TR rester e

c d n? c? 1
+re (l—cp p2(7726+02)1—0>}+0(1)+O<n>'

41

(% x LemmalR6+ 20 za4 x Lemmal8l+ % x LemmaR714+ Lemma[29) .
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For ¢ > 1, we similarly simplify it to:

~9 2 2 2 2 9
P 2 ([ Xa Gy 7N T,72 € n ( 704A)
ol (22 - 2 ) T S (a2

d 1 n? c 1
2 — p— J—
e (p%—l p2(772+p2)c—1>}+0(1)+O(n>'

E.5.3 STEP 4: DATA NOISE

Recall that for the data noise, we have the following expression

&2 ﬁ2
AL |16, |2

Noting that ||3.]|? = ©(1), we see that this term has no more randomness and we do not need to
estimate anything.

E.5.4 STEP 4: TARGET ALIGNMENT
Recall from Section [E.3.4]that the alignment is given by

2647°
d
From Lemma 30} we have that

E[a.8](Z+A)TZ"B. +aaB(Z+A)TATB.]

E[BI(Z+A)TTZTﬁ*]={”+’”(ﬂT) o) +0(3) e<1

S (BTu)? +o(1)+0 (1) e>1
and from Lemma[3T} we have that
18112 — e (BT w)? + (%) 0% <1
E[Bl(Z+A)TATB] =S ’”:;2 e 0 :
S8l _W( d ) O(), e>1
Thus for ¢ < 1, the entire interaction term now becomes
2i4” ) oo e
T4 aal|Bl” + (az — aa) (B, u) m+0(1) :
For ¢ > 1, instead we have
2d4p° aay 7
A (B T+ (0 - 2) ST o))

E.5.5 BiAs: HELPER LEMMAS

Lemma 22. In the same seiting as Section[2] we have that for ¢ < 1,

(dz —az + %(az = aA)>2 772(5:[“)21

2

E

5 (az —aA)]Q—i—o(l) +0 (%)

= i*(8, u)? [(072 —az)+ et 2

Forc>1,

E Mﬁi [(dz —an)I+ S (asl - asAAT )] z

72

2

= i8] u)’ [(az ~an)+ ot (o - ““)r +om+0 ().
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Proof. For c < 1, we first expand the square and get'

252 2

(az—ax)?+=L(az—aq)laz—ay).
i nmn

(az —az+ oz - aA>)2 — (a7 —az)?

By Lemmas[9]and 20} then we see that, using the square root of the covariance to bound the difference
between the expectation of the product and the product of the expectation.

5] <[]+ [£] oo (5) 5)
(o) (o) o)
N ORIC)

] -<[2Je [ D
(L) () ()

2 1 1
:772541-7p2+0<77>+0(n>'

Combining these terms together, we have that

2
E l(&z —ag + %(Oéz - OéA)) (B u)?

st ()0 (D) s
2 (a3 0 () -noe -
=i (B, u)? <[(5éz —az)+ 772;)_7_/)2(0% —@A):|2 +o0 (7712> +0 (nln)) )

We now consider ¢ > 1. Recalling that Z= fuv ', we let ¢; = a7 — oz and expand:
' 2

= ﬁj |:(54Z — Oéz)I +

f(azIOzAAAT)] A
Y2

ﬁj |:(dZ — Oéz)I +

5 T
= (azI — aAAAT)] B
V2

’f(OéZ_[OZAAAT)] ZZT |:(0~¢Z 70[2)1’4*
2

f T
> (azI — aAAAT)} B.

g(ozZI—aAAAT):| uu’" [(dz —az)I + 5
2

=B, [(&Z —az)I +
Y2

2
=728 u)? + 7 ¢ BT(QZI —arAANYuu ((azl —asAAN)TB, + 201772553 (azI —asAAuu' B,.
2

Not that for the second and third terms, we have that £, v5 only depend on the singular values of A
and the rest only depend on the singular vectors. Hence, these terms are independent.

First note that when d > n, the number of singular values equals n, which is less than the dimension
d. As aresult,

AAt =USVTVSIUT = U [0 Lyxcn gnx(dfn) UT
(d—n)xn (d—n)x(d—n)
Then we have that

E[8]AATB]] ZE —||ﬁ*||2 fHB*IIQ, (13)
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since 3, U is a uniformly random vector of length || 3. in R after the rotation U.
For the middle term, by Proposition[2]and the above Equation[I3] we have
E[8, (azI — asAANuu" ((azI — asAAT)B.]
=a(8u)* — 20407E [B] AAuu' B.] + 03E [(8] AATw)’]
_ (az - %“)2 (8] w)? + o(1).
Similarly, for the last term, we have

E (B (azl - asAA uu’ B.] = (az — 4 ) (BTw)* +o(1).

Thus putting these expectations together, we get

2 2
E {ﬁz(ﬂfu)z [of + % (az - %A) +2c1% (az - O‘CA)” —E

(8] u)? {cl + % (az - O‘CA)} 2] .

Similar to the ¢ < 1 case, we take the expectation for terms involving f—z and get:
p? « 2 1 1
7287 w)? &y — 7 _ ;“) il ol —
(8. ) [((QZ oz) + n? + p? (az c ) +O(n2> " <fm)] '

Lemma 23 (Expectations involving p; and po). In the setting of Section 2} we have that

1. Forc=d/n<1:
2 c n 1

E|S Ip ﬂ: +01+O().
Sl W+o(-

2. Forc=d/n > 1:

& e -’ netp? 1
E |5 = AT o1 — .
[ﬁ”m c—1 (n?+p?)? el +0

Proof. First, Lemma0]tells us that

§2
=< |lP1
v ”

||2 —_ 772”’{:”2.

Then recall from Lemma Q] that

1 ¢ 1 1
E[||k)%] = = — E|*)=0(—
[l pzl_c+o(p2) and Var(|[k]*) o(p4n)

and Lemma [I9l tells us

2 2,2 1 2 1
E [77] = % +o (2> and Var <77> =0 ()
M nic+p P Vi n

Again Section tells us that the assumption of Lemma[37]is satisfied and that

B [Sior?] =[] — e[ g a4 %ar () var a2

et
2,2
PN 1 1 ¢ 1 1
= — —_— —_— — O PR
(n26+p2+0(02>> <p21—c+0<p2)>+ <pzn

- ”2+o(1)+o< . )

1—cn?c+ p? ’n
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Using Lemmal6] for po,

1
I* = 2 (n'slI*hATTATRT + 20%¢||s |k T ATRT +02¢? | K|1%) .
2

To begin, we start estimating

2
*sz
V3

E {77 H H hATTAThT:|
72

Using our Spherical Hypercontractivity, we have that ||s||> and hATT ATh T satisfy the assumptions
for Lemma[36] Then using Lemmas [9]and [I0] we first have that

Ellls|?] =1- % and Var (||s||*) = O <;)

3
E[hATTATRT] = p%(cf I +o (pﬂ) and Var (8/hTu"8,) =0 (1> .

Thus, using Lemma[37] we have that

E[ls|*hATTATRT] = (E[|s])" E [RATT ATRT] + 0 (ma" <1 1)>

@DQiiw%Q%%D
ple—1" () (>

and using Lemma since all the means are O(1), we have that

1
Var (||s||4hATTAThT) =0 (max (Var (H8”2) . Var (hATTAThT))) -0 <> .
n
Then Lemmaﬁgwes mean and variance of Z Since Z; o does not satisfy the higher moment bound,

and cannot be directly included in the product, we can include it via the classical bound:

774H3H4 T T n' 4 T T n*
E {ZhAT A'h }:]E {Q}E[Hs hATTATRT] + [ Var (||s|[*hATT ATRT) Var ()
Y2 o

72 3
(14)
- pin? 1 ¢ 1 1
“(ve ) Geezi v () o (G) o9
4 1
= Ci ACEYIE j—p2)2 +o(1)+0O <n> . (16)

Similarly, we can do the same thing for the other term. For the middle term we note that from
Lemma [T]
1
E[kTATh'] =0 and Var(k"A'hT)=0 <6d)
P

and Lemmal[9] tells us

E [|ls||?] :1—% and Var(s||2):0<(1i)

E[g}zl and Var(§)20(21>
n n n pn

Thus using Lemma[37] we have that

E [§s||2kTAmT] _ 0+o(
n

and

IS
N———
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Thus using the standard covariance bound for the expectation of product versus product of expectation,

we have that
3 2 4
E|:77 §||23H kTAThT:| :0+\/Var (772>0<1> :O<1>.
Y2 Y2 n n

For the last term, we have that, using Lemma[37]
2 1 1 1 1 1
E|> |k == 5— = O(—=
[772” } n? (p26—1+0<p2>)+ (p4n>
11 1 1
p— O —
Pre—1° (n2p2> " <P4”)

2 1
Var <2||k2) =0 <4)
Ul pn
Then using the standard bound, we have that
262\ |2 4 2 4 1
=[5 =] ] + e () ()
V2 2 n V2 pn
4,4
P 1 1 1 1 1
((772 e o )> (772p2 c—1"° <n292) i (p4n O\

1 n?p? 1 1
= o —
c—1ar o7 i) O\
Finally, putting all three terms together we get
2 c 774 1 ,'72p2 1 1
E | 2 = —_—— 1 O —
{73 2| } Y e R Yo (p2n2> " <p2n)
2

2 2

n° nc+p 1
= —_— 1 O .
1t pp T ()

and from Lemma[36]

O

From the above proofs, we make an important observation that the individual terms from Lemmas
ol [16]all have means O(1) and variances O(1/n). Hence, by Lemma[36] we can bound the
variance of a product of terms by O(1/n), given that these terms satisfy the lemma assumptions.
Essentially, only 7% /v; and n* /4?2 fail the assumption on higher moment bound, so we deal with them
via the classical bound after carrying out the product. This simplification ensures proper concentration
and will be used at times in the following proofs without reference.

E.5.6 VARIANCE: HELPER LEMMAS

Lemma 24. In the setting of Section[2] we have that for ¢ > 1:

2
o o 1B fe—1 n*p? 1
=10y d c (n2+p2)2+0 nl"

2 ~
E [Haﬂ”’“”ﬁthuTz
V2

Proof. Since Z = fjuv ', we have that
2

s 2 B ~ 2 s 4 ~2 4 s 4
V2 Y2 n Y2

Similar to last lemma, using Lemmas [37] [9] we get
4 s 4 4 9 4 1
E [uﬁIhThﬂ*] —E [32] E[Is]?])°E [8] hThB.] + | Var (%) 0 ()
2

2 5 n
<< }“”>< >§> Sro()) o (2)
18* 2 c—1 774p2 1
T d c (n2+p2)2+0 n)
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Hence, it directly follows from here that

~2 4 4
77 75

2

~Hnw(c—l) rro(i).
(n? +p) n

Lemma 25. In the setting of Section[2] we have that for ¢ > 1:

1987 (5ot + Etast - aa] 227uns.] =0 (1),
Yo 72 "

Is]> |1?
E lHaAn,B*ThTuTZH
Y2

Proof. Using Z = fu®d ", we can expand this into three terms. We can take expectations in a similar
way via Lemmas[37, B} [TO} [[T} Let ¢; = &z — az. Each term contains a zero expectation:

] - E [2 st o (2)o 2)
2 (e (Z)o () =0 (2)

E{Tm wlsl g, hﬁ*] :a;f (E {Z;;]]E{ﬂE[SIIQ]E[B*T uhﬁ*JWVar (3)0@)
== (o ()0 () =< )

E {f]ZaA%ig”QﬂjAATuhﬁ*} __ oz’ <E [Zé} E m E [||s||*’| E [8] AATuhB.] + \/Var (774) @) (1
2

n? 2

(e (5)o(2) -0 (3).

Thus the cross term concentrates around zero at a rate of O(n/n). O

Lemma 26. In the same setting as Section[2] we have that

n°(m*+p?) % (gT 1

4 3, 1)+0 (= <1

E[B]Z(Z+A)(Z+A)Z8.] = (nn§+p> tBC( u)’ (?()) (( 1)) Z> y
2+P c—1 * 2 p2n

Proof. We start with ¢ < 1 and expand this term using Proposition [T}

M(fﬁ )24 L1 ntle)* (kTATATT k) (B8] w)?+ %IJAWT(BIU)Z-
2 2 "

We then start plugging in the expectations of these three terms and the “cumulative” variance of the
sum according to Lemma[37]

E ":1”52([% )}(ﬂiu)Q LIQ} Lﬁ [IR)2] + \/V&r(zg)O(D
= (8] ) ((T’in";)rz +o(1)) <1712+0(p21n>) (:21026+0<p12>> +o<;>

_ n?p? 2 T 1
e o o (1),

Bl Z(z+A)1(Z2+A)TZ3, =

47



Published as a conference paper at ICLR 2026

! 1
= 01w (o) =0 (e o (%)) +0(3)

4

= e @Tw o o (1),

E n4§4(kTATATTk)(IB;Fu)2] _ (BTu)’E [Zﬂ (E[J1t]2])*E [kTATATTE] + \/Var (Zg) 0 (1)
+

(PPc+p
and
312 27\ 2 1 1
E ukTAThT(ﬁ*Tu)Q} = (BT u)? (E [”D E H E[[t)2]E[kTATRT] +0 () =0 () .
" gs! Ui n n
Now we have the expectations and errors for the three terms. Combining them yields the Lemma
statement.
For ¢ > 1, we recall that hs = 0, and Propositionmimplies
h 2 HNEE 2 h|?
73 V3 V5
2 h 2 €2+ 2 h 2 s 2
_ (77 [1RI[%( 1 1Rl ))(ﬁju)z
72
2 h 2
gl
72
2 h 2
2 e
Y2

Hence, we can take expectation:

B012(2 + 4)(Z+ 4) 728 & [ L] £ [0 (8Twr + 0 1)

2

" fl(,@;ru)2+o(l)+0<;>.

n?+p?c

Lemma 27. In the same setting as Section[Z] we have that,

||ﬂ*||2+’g,7 ) (B w)? —,73;132(,61 u)? +o(1)+0 () c<1

2 2 T .
Hﬁ*” - 277 2 (HIBdH - (CB(Z,uB) ) +0(1) +O (* c>1

E[B]A(Z +A)(Z +A)TAB.] =

1
c n<+p n

Proof. We use similar expansions that follow from Lemma 2]

772”’7'!252 (ﬁ;l'u) n r|>|/t|| (kTATATTk)(ﬁT )2
1 1

BIAZ + A)NZ +A)TAB. = |B.]* +

2 t 2 t)|? €
i
Lemma 26| gives the expectation of the first four terms:
2,2y 2
2012 4 n”*(n* +p*) ¢ T, N2 1
L) +o(l)+0(— ).
217 + T (T + olt) 40 (
We have done the following expectations in Equations [T8] [T}

[nfﬁ* uhﬁ*} _ (i) E [nl ||2ﬁ* kTATﬁ*} - nQZich +o(1)+0 (i)

Combining these results yields the lemma statement.
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Forc¢ > 1, with hs = 0, s AAT = 0, hAA" = h, we have the following expansion by Lemma 2}

. T T ag _ a7 aat n||||£2TT 2 lsIP IR grp
BIA(Z+A)(Z+A)TAB, =BT AATB, + =, BTRThB. + =B h"hp.
2
2 2] 11262
+ MﬁTAAT uT AA'B, + %ﬁIAATuuTAAT,B*
72 Y2
_2p?|Is|? TSV gTRThg, — 2n€ J AATuhp,
72 72
3 2 2 3 2 2
_ MBIAATUhﬁ* + M T AATuhgB,.
v3 72

‘We can combine the coefficients as:
n*|s)*¢? n ntIsIt Al 20?lsl? _ n?lslP@?lls] 2Rl + &%) — 20%[Isly2 _ w?lsl?

’y% 722 ’Y2 ’)/22 - 72 ’

n'Illsl? | n*lIhle _ nPlikPPlsIPIRI® +€2) _ n*lhlPy _ w?lAl®

73 73 3 3 V2
Then we have that:
BTA(Z + A)T(Z + A)TTAﬁ*
'7 '7

Recall from Equation Ethat E[B] AATB,] = ||B.||?/c. We then proceed similarly with the other
expectations using Lemmas [0} [I0] [T1]

E Wﬁthhﬁ*] [ } (1512 E [BThThB.] + \/V‘C‘@)O(i)
(5 (7)) () (=g o (@) o (0)

_ B 1 1
= 772erz—i—o p +0 — -

B [T oraat?] ~ 5[] E 01?5 (97 44w + \/Var Jo(1)
Y2 Y2 n
2n? 1 1 1
(o) (o) (Bt ) o (2
_ 7 (Blw)?
-y oo (5):
”5,3TAATuh5*] ) [”2} E H E 8] AATuhB,] + \/Var <772) o) (1)
Y2 n Y2 n
_0+0 (i) . (17)
We combine these results to produce the lemma statement. [

Lemma 28. In the same setting as Section[2} we have that

2 2 2 2

- (B d - ) (BTuP o) +0 (L), e<1
2

_nzz_pz Cil(ﬁ;ru) ( )+O(ﬁ)’ c>1

E[B]Z(Z+ Al (Z+A)TAB.] =
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Proof. For ¢ < 1, we expand it using Proposition [I| Lemma 2] Note that all of the relevant
expectations have been evaluated in the proofs of Lemmas 26} 27]

BI2(Z-+ A2+ A)'T 4B, = " T uhp. + ”7' 5runT atp, - 2”315”2%3 whA Tk
1
77 ”t” (kTA’[ATTk)(ﬁT ) n ||h|| 52 (ﬁT )

% %

The expectation of the last three terms is given by Lemma[26] The first two expectations come from
Equations[T8] [T9]respectively. We can plug them in and compute the expectation:

2(0\2 2 2 2 1
)

For ¢ > 1, again withhs =0ands' A =0,3, Z(Z + A)1(Z + A)TT AB, becomes:

2| 4|12 2|12
Iﬂf <AAT+77£ po " |s]] hTh 1 A suTAAT—nghTuTAAT) 3.
72 V2 V2 V2 V2

2| o2 2\lRI12
+ﬁﬂ? ’|lh || sT (AAT+17§sh— n° sl hTh— n° |kl SUTAAT_nghTuTAAT> 8.
V2 Y2 Y2 Y2 Y2

[ 3 2 2 2 2692
_ 67 [ uhaat =" §||SH2 (L ||h2|| 3 uuTAAT} 5.

L 72 Y5 o
2
LT {n 1A IISII S LN uTAAT} 5
g 3
[ 2] 1122 IPRIVIIRIE
= o7 | Bunaal - %“JAAT - th"gS'uuTAAT} B.
Y2 V5 72

n?|[h?
72

= @Tw (Enaats, - T AL ) ince s = 7o) hl +

We need to evaluate two following expectations. Similar to ¢ < 1,

{”thATﬂ*} = (i) .

22w s ann o ()
-(#7 +0<p12>) e () Gorm) +o(5)
_ n;pr (f{? +o(1)+0 (i) .

Finally, we have that:

2

E[B)Z(Z+A)NZ+A)TAB.] = —ﬁci (Bl +0(1) +0 (;) .

Lemma 29. In the same setting as Section[2} we have that,

72 ed _ _ U C2)—&—0(£)—|—O(#), c<1
EleT(Z+A)N(Z+A4)Te] =4 5 30 rrserieg 7 o
72 (it ~ e en) o () +O () o>
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Proof. For ¢ < 1, we first expand this term using Theorem 6}

-
e(Z+ANZ+A)Te=¢T (AT + gtj—k:TAT - fmqf) (AT + gtTkTAT - fplq;r) €
T 24!

2 2
—e'ATATTe & ?neTATATTk:ts — SETAqupIS
7

2 9 2
+ 272 (kTATATTk) et te — JETtTkTAqupirs + %sTplqirqlpirg
71 7

Note that Lemma and the fact that t AT = 0 imply that the second term has zero expectation:

2
E, |:2£7ETATATTktE:| - %%tATATTk — 0.

Simiarly, we will later use:
Ec[e"AThTte] = 72tAThT =0, E.[e"t"k'e] =m2Tr(t k") =72Tr(kt) = 0.

Note that these equalities are exact without taking the expectation over other sources of randomness
besides .

We now expand the other terms one by one and compute their expectations along the way. We start
by eliminating zero expectations and taking expectations w.r.t. € using Lemma

[ ][] 2

2
n
E L‘Q (kTATATT k) eTtTts} =E| =%

k:TATATTk} .

2 [ 2 t[|? 2| k|2
]E[—gsTAquplTs} ) _EETAT (77”€HATTk+hT) <77 [l t—i—nkT) s}

oG L N ¢
- 9 3 2 2 2 2 2
_ g | ZEIREIRIE gt gt g - 2TIRE T pt 41T T
L 1€ n
on2||fll2 2
_MgTAThTte - %STATthTS]
gl n
r 2||4]|12-2 2
_ g | 2T v gt pt T MTEIJAUJ} .
L 7 n

2 2 t)|? 2|\ k|2
E _neTtTkTAqupil'€:| - F _jsTtTkTAT <77||€||ATTk+hT) <77 [ %]l t—i—nkT) s}

Y1 L M ¢
T ondl¢l2 2 93 2
=K —wrz”k” (kTATATTk) et te — Ll (kTAThT)sTtTts
L 7§ 7§
3114112 2
_w (KTATATTk) Ttk Te - ?(kTA*hUe”T’“TE}
1 1

= E [_WkTATATTk _ W

kTAThT} )
" &2 7€
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By the squared norms in Lemmas[6] [7] and Lemma[21]

2,2
7_8

€+ + +1 ¢
E|>5¢e p1gy q1p1 €| = ~—
71 1

2.2 2 2 4

i £2 62

72 n?||t||* 21|/t
= ) (LAt A+ ”f”’“TAT”T +lnle)

4t4k2 23t2k:2 2k2h2
(n RS L SRRl L ||>
1€ 1§ 7

We combine like terms and simplify the coefficients. For the term kT AT ATk,
4t4k2 24t4k2 22t2 2t2 2t2k2 22t2k2 2 1
T52<77 IR0 2o lieIRI 207 ]el | o7l ):7_2 2||t||2<77 [ /i 2 L _+)

1 *llq1 [

1&?2 1&2 et &2 1&? 1&? Al £2
2
22014112 1 —=§ 2 1 >
= T t — —_ —
2 2
2, 2014112 m—£ 25 71 )
=T t — — +
=1 H H < 7152 7152 '7162
Y s
S m

Fortheterm kT AThT,

2 (277:“’||t‘||2||k7||2 2P|k 2775) _ 228
c 1€ 1€ T ‘m
Combining these terms together, we have:

201 L1215 12
n?|t]*72 TAT AT 2ner? 2T T AtpT 1 I&[]All
71 Y1 Y1

Similarly, using Lemmas [0} [T0} [TT} [T9} 2T} we have the following:

Ele"(Z+A)NZ+A)Te] =E [ETATATT

1 d d
Ele"ATA" e] = 72E [Tr(ATATT)] = 72nE [}\] = Tfm +o0 <p2> by Equation|[TT}

) 2
[ 2|t kTATAJ(Tk] E [’7} E[||t|*]E [kTATAT K] + \/Var (’7)
Y1

0 1
" n
(et e (@) 00 Gasa ()~ ()

<
e[ an] -2 (2] [ e an) « W (2)
)

) 2] s+ o () o
(o) (% 3)

2 3

n c 1

= 1 O - .
n26+p2p2(176)2+0( ) (n)
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After simple algebra, the result follows from here.

For ¢ > 1, we can expand similarly using Theorem [6]

e (Z+ANZ+A)Te=¢" (AJr + gAThTsT - ’fpgq2T> (ATT + gshATT -
2

2
=e ATATTe + ?77 e’

+

ualElls

52

We expand the other terms one by one, marking those with zero expectations:

2 2
E ["5' ETAThThATTe} —E
E [—%eTAqup;e} =K
V2
—E
—E

=E

2
E ——nsTAThTqugp;e =K
Y2

Y2

Using the squared norms from Lemmas 6]

5 T

2

-F &

e AThThATT

.
E e Tpsal asp]e }—E & 2lps )2l
’Y 2

0

2
_QjETAThTST (77||h||

AfshA'Te
~~

72

§

2
_ igTA’r
V2

@p; €

2

L 75

=E 752(

(

L R 1 R L2

|2 )
ZE

7262

(

52

72

Similarly, we combine the coefficients: For the term hATTATRT,

2n*|s|*p]*

2n%|s|”

ualElls

4151411 A2
.2 (77 [sl*lRl®

Y28? Y26?

V2

53

62

)— 22|

2|[ o2 2|[ o2
_QjETAThT (77||h||§||3|| > (77 IIsll hATT+nkT

£

Ki [E || 1T T

TEhA A'h

r 2 20 12

_§ETAT <77h||s + hT) (77|S|hATT —|—77k:T> e}
V2 ¢ §

r 20l 12

L2 T Aty T (’7||3|hATT n nkT) 5}

L 72 3

—MsTAThThATTs — 277£sTATth:TE}

L V2 V2

[ 20| s|P72 hATT ATRT _ 20872 k:TAThT:|

L V2 Y2

4
n'|sll hATTATRT + 2’ |§5|| ETATRT &

T>€

—qz2p
72 2

2] o |2
s+ hT> (n|;”h,ATT + nsz> e}

)

V2 3
2t sl 4l 12 203812 ||k ||?
—META”‘LT"LATT€ _ 77S|||||€TATthTg]
V2§ V2§
2 2
AR i g 2R ]
V2§ V2§

2 &
e~ T AR sTqople + ?sszquszzTe

Ikl )

)|

Y2
lsIPIkI® 20|Isll*RI*
V2 52 7262
2 1
*52)
Y2 52 252 n )
Y2E2 g2 7252

2

V2

1
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For the term kT AThT,
o (20°0sIPIR)? 20 (IsIPIR)?  20€ _ o2n€
7 — — = —7; .
V2§ 72§ V2 V2
Combining these terms together, we have:
2 2|\ k|1 ||h]?
Ele™(Z+A)(Z+A)Te] =E [JATATT PSP i ptpT - 2067w gy AR IRI
V2 Y2 Y2
Similarly, replicating the proof with the ¢ > 1 counterparts, we have the following:
1 d d
Ele"ATA'Te] = 22E [Tr(ATATT) ] = 20 | 2| = 72— 4
[s ] T [ r( )] Tin 3 T€p2(6_1)+0 e
2| |2 2 2
alEll 1T At T] n c (1>
E|——hA" ' A'™h' | = +o(l)+0 (- ).
{ V2 n?+p? p?(e—1)° W n
1
[nngAThT] -0 () .
Y2 n
201112 P || 2 2
-k R]l ] n ¢ <1>
E = +o(l)+0|—).
[ 72 n* +p? p*(c—1)? W n
After simple algebra, the result follows.
O

E.5.7 TARGET ALIGNMENT: HELPER LEMMAS

Lemma 30. In the same setting as Section[2] we have that

T +T T _ T (BJu)? +0(1) +0(;) e<1
E[B.(Z+A)Z'3.] {:+Z BTu)?+0(1)+0 (L) c>1’

Proof. For ¢ < 1, from Proposition[I} we get that

£

2 t 2
Bl(Zz+A)ITZ78, = Z— JhTu' B, + "7 TATT kW B,
1 1

To begin, we start estimating
E Fﬁj hTuTﬁ*} )
Ui

Using our Spherical Hypercontractivity, we have that % and B] h Tu ' B3, satisfy the assumptions for
Lemma[36] Then using Lemma 9] we have that

1 1 1
E |:€:| = — and Var () =0 (2)
nloom U pd
and Lemmal[TT] we have that

E[B/h"u'B.] =0 and Var(8/h'u'B,) =0 (pid>

Thus, using Lemma [37] we have that
1

and using Lemma [36] since all the means are O(1), we have that

ar<%m>=o<max<vw<€>wrm»»=o<i>-
n " r
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2 2
Then Lemma|19| gives mean and variance of -, Since Z- does not satisfy the higher moment bound,
and cannot be directly included in the product, we can include it via the classical bound:

{ngﬁIhT T,@*] - [”2} E [gﬁthuTﬁ*] + \/Var (%JhTuT@*) Var ("2> -0 <1> .
a! n n Ba! n

(18)
For the second term, we begin with
E[|[t]?8, AT ku'B,] .
Lemmal[9]tells us that
1

E[[t|’)=1—¢ and Var([|t|*) =0 (n)
and Lemma[I0l tells us

1 1 1
E[BIATkuTB.] = —+ ¢ —(Blw?+ (2> and Var (8] AT ku"B,) = O <4d) .

p p P

Thus using Lemmas[37]and Lemma [36] we get that
1 1 1
E[t*°8] AT ku'B.] = (5Iu)2p£2+o <p2)+0 <n) and Var ([|¢]*8] AT ku"B.) =0 ()

2
Recalling the mean and variance for Z—l from we have that

. 0 HtH2ﬂTATTkuTﬂ :| [772:| E [HtHQﬂIATTkuTI@*] + \/O (1> Var (772)
- ga! "

!

22 1 1 1 1
(et () (e o () <o () o (3)
= (ﬁTu)QL +o(1)+0O (1) (19)
o n%c + p? n)’

Combining these two terms yields the first result.

Similarly, for ¢ > 1, Proposition [I] gives the expansion:

L)

]
BI(Z+ AT Z78, = 6] (fum WusT) 8. = ”%ThT T, + T 5T o7,
2

2

For the first term, we begin with
E Fﬁ:hTuTﬁ*} )
n
Recalling form Lemma[TT] we see that

E[BThTuB.] =0 and Var (8] hT“Tﬂ*):O(pid)

Thus again using Lemma [36|and Lemma [37] we see that

E FﬁthuTﬁ*} - o+0< ! ) and  Var <§ﬂ:hTuTﬂ*> ~0 (1)
n 2d n pd

Next using the standard covariance bound on the expectation of the product. We see that

[an] o) o) o (2)
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For the second term, we begin with

E [[|h]*8) suB.] .

Recall from Lemma (9] we have that

1 C 1 1
2= = 2
E[IRIT) = g +o (p2> and  Var(|h[?) = O <p4n>

and from Lemmal[I0l

E B/ suB.] = (1 - > (BJu)®> and Var (B, suB.) =0 (clz) :

Thus using Lemma [36]and Lemma[37] we get that

E [||h||2,6:suﬁ*} = (ﬁ;[;u)Q +o (;) +0 (;) and Var (||h||2ﬁ;rsu,8*) =0 (1> .

d

2
Recalling the mean and variance for 2—2 from Lemma and using the classical covariance bound for
the expectation of the product, we get that

g [TIRI 57 suTﬂJ —E VQ] E [|p]*8. su’B.] + \/O <1> var (nQ>
. " n V2
2,2 1 B, u)? 1 L .
:(nffpw(pz))(( = ()0 (3) o ()

— BT o) 40 (1)),

Then adding the two together, we get the result for ¢ > 1 as well. O

Lemma 31. In the same setting as Section[2] we have that, for ¢ < 1
1 1
E[B](Z+A)TATB.] =B - . = )+0(-).
872+ AT ATB] = 8,17 - BT 4o () +0

and for c > 1

2

E[B](Z+A)TATB,] = %HB*II2 — 77277+p2 (”ﬂ;” (6T ) ) o(1) + O (i) .

Proof. For ¢ < 1, using the expectation from Lemma[30] we get

E[8](Z+4)TAT,) =E ] (I - Z(Z +4))7 5.]

= 1817~ g (BT (1)+o<i>.

For ¢ > 1, using Lemma[2] we get

2] o2 201 p 1|12
BI(Z+A)TATE, =T (AAT+77§hT8T_77 [|s]] hTh_ " Rl AATusT né
Y2 Y2 Y2 Y2

We then compute the expectation of each term above. To begin, we have that

-
AATuh> B..

1
E[B,AATB,] = EHﬁ*HQ by Equation [[3]

Next, we recall from Lemmal[TT]that
1
E[BIhTs"B.] = 0and Var(8 hTsTB,) = O (M) _
0
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and from Lemmal[9] that

E [5} . +o (12) and Var <£> =0 (21>
nl n p n 2n
Thus, using Lemmas [36|and Lemma[37] we have that
E [gﬂIhTsTﬁ*] ~0 <21) and  Var <5ﬁth3T5*> ~0 (i) ,
n p°n n p’n

Then recalling the mean and variance of 7)? /v, from|19] using the standard covariance bound on the
difference between the product of the expectation and the expectation of the product, we get that

E [%ﬂthsTﬂ*] =0 (1) and E {%ﬁIAATuhﬂ*] -0 (1) .
72 n V2 n

Furthermore, for the next three terms, recall from Lemmal[I0]that
2 1 1
E Th—l—h L] = H/6*|| L - d ThTh L) = -
[ﬁ* /6 ] d pg(c_l) +o p2d an Var (18* ﬁ ) O p2d2
and
-1 1
E (8] AATus'B.] = Cc2 (B/u)>+o(1) and Var(B]AATus™B,) =0 (ﬂj AATusTB*d>

and from Lemma/[T1]

E[B] AAluhB,] =0 and Var (8] AATuhg.) :O< 21d2>‘
P

Then recalling from Lemma[9] we have that

IE[||sH2] =1- % and Var(HsH2) =0 (;) .

Then using Lemma [36]and Lemma 37} we have that for third term

1 1 1 1
Blls|T o] = .10 (g )40 () and Ve (IsiTnThs.) =0 ()

for the fourth term

E[|[R]28] AAlus"] = (pﬂcf o (pﬂ)) (Cc‘zl(ﬂj u)? +0(1)) ‘o (p;d)
(652':)2 +o(l)+0 (p21d>

Var(|[h|287 AATusT) = O <p21d> .

with variance

For the first term, we have that
1 1
E FBIAATuhﬂ*] =040 <2> and  Var <§BIAATuhB*> =0 <2>
n p*d n p*d
Adding the last three terms and using Lemma [34]twice, we get that

T 2, T 2 t.0.T 3 + 1 2 (55“)2 1
E B, (|Isl|°h ' h+ |h|*TAATus +>AA'uh ) B.| = —|IB:]°+ ——+4+04+0(1)+ 0| =
1 p*d pc d
With variance
Var (ﬂj (||s|2hTh + |h|*TAATus™ + 5AATuh> g*) =0 @)
n

Then recalling the mean and variance of 7>/, from Lemma|19} and using the covariance bound for
the expectation of products, we get that
’ < 18?1

3 - C(ﬁju)2>+o(1)+o (i) .

0

2
E{"ﬁj (||s|2hTh+|h2TAATusT+ SR
2 nc+p

AATuh> ﬁ*} ="
Adding all five terms, we get that

1 2 B 1 1
B (6 (z + a1 A8 = 8P - s (2R Larup) o o ().

O
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E.6 STEP 5: UPSCALING AND ASYMPTOTIC RISK FORMULAS

In the previous step we derived downscaled expressions for the four constituent terms of the risk:
Bias, Variance, Data Noise, and Target Alignment. We stop our abuse of notation and are explicit
again about douwnscaled vs. upscaled.

Bias (downscaled). For ¢ < 1, the bias term is

~2 2 2
U [ i P } T2 ,2 ¢ 1 1 1
7 ( (6 az)+n20+p2(az aa)] (B w) T e 7120+f72> +O<fb toln)
For ¢ > 1, the bias term is
~2 2 2 2 2 2
T at 2~ p ( aA) 2 18]l (c_1> np
— LU Gz —az)+ ———|ag — %4 + « —_—
7 [(,3 ) (( Z Z) 772+P2 Z c A d c (772+P2)2

Tor NCHp°
c—1 (P + p?)?

Variance (downscaled). For ¢ < 1, the variance term is

2002 | 2 2 2
2"+ p7) ¢ nc
2 _ _ne
(Pc+p2)2 1—c + 2aa(az — aa) n2c + p?

~2

r [aiﬁ*nz (BT u)? <<az i)

d

2 c d 7> c?

T, — — .
T\l —cp* p(nPct+p?) 1-c
For ¢ > 1, the variance term is

=2 2 2 2 2 2 d 1 2

p of 4 Oj M T,\2 € n ( aA) 2< n c )
s =2 -2 + (8] u ——(agy—2a) +72 (= - .
d [”ﬂ | <c d n2+p2> (B.w) c—1prpr 77 e T\pPe—1 pAnP+p?) c—1

Data noise (downscaled). The data noise term is

~2 =2
a4 p
S a1

Target alignment (downscaled). For ¢ < 1, the alignment term is

204
d

2
(aalll? + (a2 — ) (BT w? 25

For ¢ > 1, the alignment term is

2a4p° (aa s a7 2 ( aA) 7’ T,\2
d c ||/6*|| d 772+PQ ||ﬁ*” + Qz c n2+p2 (ﬁ* u’) .

These formulas are expressed in terms of the concentrated building blocks, but still at the “microscopic”
scale in which i is O(V/d), p = ©(1), and 72, = O(1/d).

In this section we return to the macroscopic, or upscaled, version of the problem. Specifically, we
multiply each term by d and reparametrize according to

d ~ d _

92 = 7"727 62 = Tn27 T52 = d7—527‘7

n ;
while keeping p, p fixed. This normalization ensures that the effective spike strength 6, isotropic
noise level p, and label noise 7, are all of order one. In this scaling, the risk is d times larger than in
the downscaled representation, and the resulting formulas cleanly separate the contributions of the
four terms.

The terms change as follows
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Front factors (after multiplying by d).

=2 ~9 <2 =2
xd xd =~ « Xd — ~9

nT =% 62, P xd, 0, 7Adp =% @4 p, dr2, — 12

7 ,

Denominator identities.

92+Cp2
76 .

ne+pt = 0 +p0 P 4pt =

Frequently used ratios and their upscaled forms.

[
7720+ p2 62 + p2’
7720 B 02
772C+p2_92+p2’
,,72 92

2 + p? :92+cp2’

p? cp?

MP+p2 02 +cp?

72 p? _ 62 p? .
m*+p%)? (2 +cp?)?

(i +p) P +cp?) 1

(MPe+p2)21—c  (02+p2)2 1-c

(20)

2n

(22)

(23)

(24)

(25)

(26)

27)

Noise terms with aspect-ratio factors. ~After multiplying by d and substituting 72 = d 72,.:

c d n? c? 1 ¢ 62 c
2 (el i ,
T\1=cp? p(pPc+p?)l-c pPPl—c pX02+p*)1-c

9o (d 1 7> c of 1 1 62 c
Ter\ 37 7 7 3(m20 2) T\ 3T T a2 N1/
pPe—=1 p*(n*+p?)e—1 pPc—=1 p*0*+cp?)e—1

Alignment-specific identities.

7720 92 772 92

2 tnZc  p2+ 02 7]2-5-,02:924-602'

(28)

(29)

(30)

We now state the explicit upscaled limits for each component. As before, we present results separately
in the underparametrized regime (¢ < 1) and the overparametrized regime (c > 1). Each term has a

little o(1) error term.

Bias. For ¢ < 1, the bias contribution is

- ~ 2 2 2 ¢ 1
92<|:(az—az)+923_p2(042_0414):| ( *Tu)2—|—f 2).

For ¢ > 1, the bias is

2 2
2 2 0 2
2 A B? [c—1\ Zp
62| (BT w)? | (67 — az) + — (ay — 24 +a3‘|| 5
i+p2( ) ! ¢ ) (E+p)
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Variance. For ¢ < 1, the variance contribution is

- 0%2(6% +cp?) 1 62
o + @Tw? ((az - an? CEEL) L bonsiar —an) )

—|—7'2<1 c ! i R ﬂ
F\p?l—c dp?0>+p?) 1-—c
For ¢ > 1, the variance is
2 2 2 2 2
a ['ﬁ*|2(c a 0?714 62 j)- cp? > (B C—Ll 92—?—7@2(&2 a QTA) T <p12 ci 1 é p2(929+ cp?) cf 1>} '
Data Noise. The data noise term is independent of c:
&4 p* [1B:11%,

Target Alignment. For ¢ < 1, the target alignment contribution is

92
~ 2 2 T 2
—204p (OéA||ﬂ*| +(az —aa) (B, u) M) :

For ¢ > 1, the alignment term is

92
“2aa? (L2181 - S 817+ (a7 - %) gy (BTw)?).

Lastly, replacing p, p with 7, 7 and using d / n — cyield the detailed expressions in Theorem up to
simple algebra (rearranging terms and simplifying the fractions).

F PROBABILITY LEMMAS
Proposition 2. Ifu,v € R? are fixed unit norm vector and A € R¥™" is a Gaussian matrix with
i.i.d. N(0,1) entries. If d > n, then we have that

(1-(u'v)*)(d—n)
d—1

Bl(uT AAT)?) = S (T (0 +2) +

| = SR o,

Var (u" AATv)?) =0 (ji) :

Proof. Let P := AAT. This is the orthogonal projection matrix onto the column space of A, denoted
C(A) = Range(A). The subspace C(A) is an n-dimensional subspace of R%. Because the entries
A;j are i.i.d. N(0, 1), the distribution of the random subspace C'(A) is isotropic (or rotationally
invariant). Consequently, the distribution of the random projection matrix P is also rotationally
invariant. That is, for any fixed d x d orthogonal matrix @, the distribution of Q PQ" is the same as
the distribution of P.

We are interested in E[(u Pv)?]. Let 6 be the angle between u and v, such that cos(d) = u'v

(since they are unit vectors). Due to the rotational invariance of the distribution of P, we can
choose an orthonormal basis without loss of generality. Let @) be an orthogonal matrix such that

= Qu = e; = (1,0,...,0)" and v = Qw lies in the span of e; and e,. Specifically,
v’ = cos(f)e; +sin(f)ey. Let P = QPQ'. P’ has the same distribution as P. Then,

W Po= Q) P(@QTv) = (w) (QPQ )W = (u)T P/
Substituting u’ = e; and v’ = cos(f)e; + sin(f)es:
u' Pv = e] P'(cos(f)e; + sin(h)es)
= cos(#)(e] P'e1) +sin(8)(e] P'ey)
= cos(0)P{; + sin(0) [,
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where P;; are the elements of P’. Since P’ has the same distribution as P, we can drop the prime
for calculating expectations involving the elements. Let X = u " Pv. We then need E[X?2].
E[X?] = E[(cos(6) P11 + sin(0) P12)?]
= E[cos?(0) P?, + sin?(0) PZ, + 2 cos(6) sin(f) P11 Pyo)
= cos?(9)E[P?] + sin?(0)E[PL] 4 2 cos(0) sin(0)E[ Py Pyo)

Calculation of Moments. We need to compute E[P ], E[P3,], and E[Py1 Pys).

Consider a reflection matrix R that maps e to —e5 and leaves other basis vectors unchanged (i.e.,
R = diag(1,—1,1,...,1)). Since the distribution of P is isotropic, it is invariant under reflection.
Let P* = RPR'" = RPR. P* has the same distribution as P. The components are related:

Pfy = (RPR)11 = RuyPi1Ry1 = Py
and
Ply = (RPR)12 = R11PiaRoy = (1)Pia(—1) = —Pis.

Therefore,
E[P11Pro] = E[Pfy Py] = E[P11(—P12)] = —E[P11 Pra).

This implies 2E[P;; P12] = 0, so E[Py1 P12 = 0.

The diagonal element Py; = e] Pe; = || Pe;||3 represents the squared norm of the projection of the
fixed unit vector e; onto the random n-dimensional subspace C'(A). This variable follows a Beta

distribution:
n d—n
P ~Beta| —, ——
11 cta < 2 ) D) >
The mean and variance of a Beta(a, 3) distribution are aiw and W, respectively. Here,
a=n/2and = (d—n)/2,s0a+ 3 =d/2.

Bl = 52 =5
Next
Var(Py) = MA@-m)/2) _ ald—n)/4 _n(d—n) 8 _ 2n(d—n)
W ARRERT) T @A+ D) | ABd+?) | Bd+)

Now we find E[P? ] using E[PZ] = Var(Py1) + (E[P11])?:
2n(d —n) ny 2
ElPh) = g * ()
2n(d — n) +n?(d + 2)
d?(d+2)
2nd — 2n? + n2d + 2n?
d?(d+2)
2nd + n%d
d*(d +2)
n(n +2)
d(d+2)"

We use the property that P is a projection matrix, so P? = P. The trace is Tr(P) = n. Also
Tr(P?) = Tr(P) = n. We can write Tr(P?) = Tr(PP") since P is symmetric.

d
Te(P?) =) > (Py)

i=1 j=1
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Taking the expectation:
E[Tr(P*)] =K |Y PL| => E[P}]=n
i, .9

By rotational symmetry, E[P7] is the same for all ¢, and E[P7}] is the same for all i # j.

d
ZE[P;J + ZE[PzQJ] =n
i=1 i#]
There are d diagonal terms and d(d — 1) off-diagonal terms.
dE[P}] 4+ d(d — 1)E[PE] =n
Substitute the value for E[P? ] (assuming d > 1):

d <’W> +d(d—1)E[PY] =n
n(n + 2) 21
W +d(d— ].)E[Plz} =n

B 21 _n(n—|—2)_n(d+2)—n(n+2)_nd+2n—n2—2n_n(d—n)
dld =D E[P] =n - =75~ = d+2 - d+2  d+2
n(d —n)

d(d—1)(d+2)

]E[sz] -

Substitute the moments back into the expression for E[X?]:
E[X?] = cos?()E[PZ] + sin?(0)E[PL)] 4 2 cos(6) sin(6) - 0
Using cos(f) = u v, cos?(0) = (u' v)2, and sin*(0) = 1 — cos?(f) = 1 — (u"v)%:
2) n(d —n)
ETAATQ:TQH(L 1 (uTo)?) (M=)
[(u” AdTv)T] = (u v) (d(d+2) RS G I )

(1 (u'v)*)(d - n)}
d—1

= @ty |:(’U,T’U)2(n +2)+

_ ClQ(uva +0 (;) .

Calculation of Variance. Recall that reflection R = diag(1,—1,1,...,1) implies P 2 RPR
(equal in distribution) and thus E[P;; Pi5] = 0, and in general any mixed moment with an odd power
of Pj5 vanishes. Therefore, we have the following expansion:

E[X*] = cos OE[P},] + 6 cos® sin? O E[PE PE] + sin® A E[PL]. (31)

We start with E[Pf4]. Since Pi; ~ Beta(c, 8) with a = 2, 3 = 95™. We need the higher moments
for the Beta distribution: for m > 1,

alm) :(g)(m)
(a+ B (i’

In particular, we have the following third and fourth moments:
ny(3) n)(4)
s (5)™ 1 1 ()71 1
]E[Pu]—(g)(3)—63+0(d ) E[Pll]—(%)(4)—c4+0 i)

We now move on to E[P? P%).From idempotency, (P?);; = Py gives the row identity P;; =
22:1 P}, . Multiplying by P? and taking expectations, we have that

E[P] = 2™ =gz 4+1)-- (@ +m—1).

d
E[P}] = E[P}] + ZE[Pflplzk] = E[P}] + (d — 1) E[P{, P).
k=2
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IE[13121-73122] = =

E[PR]—E[PY] 1
d—1 d—1

(5 WY _ 1 1 1 S\ (L
(HE (Hw ] d—1\S d))  “\d)’
We still need to evaluate or upper bound E[P};]. From Pj; = ZZ:1 P} we have ZZ:2 P} =
Py — P?. By Cauchy—Schwarz,

d d 2
> P = <Zp12k> = (P — P})*.
k=2 k=2
Taking expectations, we get:

(d — DE[P}] < E[(P11 — P})?] = E[P7] — 2E[P},] + E[P}y].

1 1 2 1 1 1
4
EWﬂﬁd_lﬁa‘@+&>+0(ﬁ)zoﬁﬂ-

We can now plug these expectation bounds into Equation

(2)® 1 1
E[X4] = cos40(§)(4) +0 (d) 6 cos? fsin®6 + O <d) sin 9

= c%(u%)‘L +0 ((11) :

Recall from the prior proof that:

+2) . n(d —n) 1 1
E[X?] = 29”(”7 p—————— L = _(uv)?+0(=].
X =cos™ 0 ooy T Y da— Dy — 2™ YOG
Finally, we have that the variance is of order:
1
Var(X?) = E[X*] — (E[X?])* = 0<d) .
O

Lemma 32. Let a # 0 be a constant and suppose that ( = a + o(f(n)) as n — oo. Then,

1 1

‘=3 +o(f(n)).
Proof. Write ¢ = a + r,, with r,, = o(f(n)). Then

101 11
¢ a+r, a 142
Using the expansion
1
i 2
T u u+O(u®) asu— 0,
with u = r,, /a, we obtain
1 - 1 Tn 2 _ 1 Tn 2
c= (- o) = £ - B 06,

Since r,, = o(f(n)) and f(n) — 0, we have r2 = o(f(n)). Therefore

1 1

‘" a + o f(n)),
which is the desired expansion. O
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Lemma 33 (Variance of a reciprocal). Let X be a random variable satisfying
E[X]=a>0 and Var(X)=0?=o0(1),

and assume that X is bounded away from zero with high probability. That is, there exists C' € (0, a)
such that
Pri X >C]=1-0(1)

If there exists an M such that
E[X %] <M and Ma>mmﬂ:owﬂ

Then

Var (;) = %Var(X) + o (Var(X)),

so in particular, Var(1/X) = o(1).

Proof. LetY := X — a. Then
EY]=0, E[Y?]=0¢>  E[Y'=0(").

By Taylor’s theorem with Lagrange remainder for f(z) = 1/x, there exists § = 0(X) € (0, 1) such

that

1 1 Y Y?
=42, = >0
X a a (a+6Y)

Write A == + — 1 = — 2% 4 7 Then

Var(i) =E[A?] - (E[A)°.
We will show )
E[A%] =% +0(0?) and (E[A)) =o(o?).

Let G := {X > C} and B := {X < C}. Since C < a and E [Y?] = 02, Chebyshev gives the
quantitative bound
E [Yﬂ o2

Pr[B]=Pr[|[Y|>2a-C]< -0y = (a—C%2 :O(gz):o(l).

Second moment E [A?]. We split over G and B.

OnG. Since a +0Y = 0X + (1 — 0)a > C, we have
y? , Y4

Therefore

E

Y 2 1 2
(_a2+z> lo| = L E[V716] - SE[VZ16] 4 E[21].

We bound each term as follows.
1
2 4 4
E [Z%1¢] gEE[Y | =0(c"),
and, using 1 < 1 and Lyapunov/monotonicity of L norms,

1 1 :
E(YZ|16) < HE |IVF] < 55 E[Y'])* = 0(0) = o(c?).
Moreover,

1/2

E[Y?15] =o®-E[Y?15], E[Y?15] < (E[YY]) " Pr[B]"? = 0(c?) Pr[B]"* = o(0?).
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Hence

E

Y ? 2

<(12 + Z) 1G‘| = (01—74 + 0(0'2) .
On B. Using the algebraic identity

11y _ v

X a)  a?X?¥
Cauchy—Schwarz and Holder (with exponents 2, 2) give

2

B[8%1] = 5B [ 1n) < £ @) €[X 1)) < £ 0() (B [x ) Pel].
Under the lemma’s assumption E [X —8] < M, we get

E[A%15] = O(0®) Pr[B]Y* = o(0?).
Combining the G and B parts,
2
o
£[8%) = % +o(0?).

Mean correction (E [A])°. Since E [Y] = 0, we have
E[A]=E[Z]=E[Z1¢]+E[Z15].
OnG,Z <Y?/C3, s0
1 2 L,
E[Z1g] < ﬁlﬁl [Y?15] < Yokl
On B, The inequality
Y2 X2
= < —
a+6Y)3 — Y3
holds on set B because on this set as X < a, meaning the point a + 0Y lies between X and a, so
a + 0Y > X. Thus, using Cauchy—Schwarz and Holder,

1/4

E[Z1g] <E B/; 13} < (IE [y4])1/2 (E [X*61B])1/2 < 0(02) (E [X*u]) Pr [B]1/4 _ 0(02)'

Thus |E [A]| = O(0?) and therefore

Putting the two steps together,

Var(;() =E[2% ~ E[a)? = % +o(0?) = ;—4Var(X) + o(Var(X)) .

O

Lemma 34 (Variance of a sum). Let A and B be any random variables with finite variances
V(A) = Var(A) and V(B) = Var(B). Then,

Var(A + B) < <\/7+\/7)

Proof. Recall that
Var(A + B) = Var(A) + Var(B) + 2 Cov(A4, B).

By the Cauchy—Schwarz inequality, we have

ICov(4, B)| < /V(A)V(B).

Thus,

Var(A+ B) < V(A) + V(B) + 2/ VAV(B) = (VV(A) + VV(B)) .
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Lemma 35 (Variance of one product). Let A, B be real random variables with means a = E [A],
b = E [B] and finite variances. Assume

E {(A - a)“} < KaVar(4)?, E [(B - b)4] < Kp Var(B)?.
Then, with Cy := (KAKB)1/4,
V/Var(AB) < |a|\/Var(B) + |b| /Var(4) + C4+/Var(A) Var(B).
Moreover, as Var(A) , Var(B) — 0,
Var(AB) = O (a®Var(B)) + O (b*Var(A)) + o(Var(A) + Var(B)).
It directly follows that if all the means are O(1),

Var(AB) = O (Var(B)) + O (Var(4)).
Var(ABC) = O (Var(C)) + O (Var(B)) + O (Var(A))  and so on by induction.

Proof. Write . o
AB—-ab=aB+bA+ AB.

Using Var(U + V') = Var(U) + Var(V') + 2 Cov(U, V) and |Cov(U, V)| < /Var(U)Var(V), we
get

Var(AB) = Var(aB +bA + AB)

< <|a Var + |bM/Var + ,/Var AB >

Since Var(A) = Var(A) and Var(B) = Var(B), it remains to bound Var(/iB). By
Cauchy—Schwarz (Holder with p = ¢ = 2),

w(i8) < 2fien] < (547" (2[5 "

Since we assume fourth—-moment control E [[14} < K4 Var(A)? and E [34} < Kp Var(B)?, then

Var(flé) < (KaKp)'*\/Var(A)Var(B).

Hence

Var(AB) < (\a|\/Var( + |b|\/Var(A) 4+ C4 \/Var(A)Var(B) )2, Cy:= (KaKp)'/%.

For the moreover part, using the exact variance—covariance expansion,
Var(AB) = a*Var(B)+b*Var(A)42ab Cov(A, B)+Var (AB) +2a Cov (B AB) +2b Cov( AB) ,

we bound the three remainder terms using Cauchy—Schwarz and the fourth—-moment control:

var(48) <6 [2257] < (B[41]) " (= [84])"" < 3 Var(a) Var(B).

‘COV(B AB)‘ \/Var< )\/Var( ) < C4 Var(B) v/ Var(4),
‘Cov(fl,[lé)‘ < \/Var</~1> \/Var<f1B> < C4 Var(A) y/Var(B).

As Var(A), Var(B) — 0, each of these is o(Var(A) + Var(B)).
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For the covariance term, Cauchy—Schwarz and the inequality 2uv < cu? + ¢~ 1v? (for any £ > 0)
with u := |a|/Var(B), v := |b|y/Var(A) give
| 2ab Cov(A, B)| < 2|ab|\/Var(A) Var(B) < e a*Var(B) + e~ 'b*Var(A).
Therefore,
Var(AB) < (1+¢)a*Var(B) + (1 + ¢ 1) b*Var(A) + o(Var(A) + Var(B)) .
Choosing, e.g., € = 1 yields
Var(AB) = O(a*Var(B)) + O(b*Var(A)) + o(Var(A) + Var(B))
which proves the moreover statement. O

Lemma 36 (Variance of general product). Let m > 2 and let X1, ..., X,, be real random variables
with nonzero means j; == E[X;] # 0 and variances f;(n) := Var(X;) — 0 as n — oo. Assume
that for some integer M > m (it is enough to take M = m),

E[1X; — w|*™] = O(Var(X;)™) foreachi=1,...,m. (32)
Then

Var(f[lXi> = o((i\/mf) = o(lgi}%ﬁ(n))

Proof. Write A; := X; — p1; so that E[A;] = 0 and ||A;| 1, = ;. By assumption Equation 32 with
M > m and monotonicity of L,, norms,

1ALy = O( fi(n)) foreveryl<k<m,i=1,...,m.
Expand the product multilinearly:

[ e- ¥ (1w (I8

i=1 0#£SC[m] \jeSe i€S

Taking Lo norms and using the triangle inequality,

mx-1lw| < > IT 1wl
i=1 i=1

Lo 0#£SC[m] \jese
For a fixed nonempty S with |S| = k, apply Holder with exponents all equal to 2k:

[Ta| < TIl1ad, = O<H ﬁ)

ies g, €S i€S

I1».

i€S

Lo

where we used ||A;||z,, = OV fi) for k < m.
Let ¢; := 4/ fi(n). Summing over subsets S shows

H X — H fi
i1 i=1

where = := > | ¢; and A is a constant depending only on m, {4; }, and the moment constants (not
on n). Hence

m

< A(H(1+ci)—1) < A(E 1),

Lo i=1

2
m m m m 2
Var(HXi) < HXZ'_HM = 0(?) = O<(Z\/fz(n)) > .
i=1 i=1 i=1 g, i—1
Since m is fixed, (i~ v/fi)* < m? max; f;, giving the claimed bound. O
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Corollary 1 (Higher moments of the centered product). Fix p > 1. Under the hypotheses of
Lemma[36] then

H ﬁ X, — ﬁ E[X
i=1 =1

and hence B| ]/~ X; — E[;", Xi|2p =o(1).
Lemma 37 (Expectation of Product vs. Product of Expectations). Fix k > 2. Let Xy, ..., X} be
random variables. Assume:

o X (T ) TIVE = o,

@#SC m] jES® €S

1. Uniformly bounded means: sup,, ; |[E[X;]| < M < cc.
2. Vanishing variances: Var(X;) = f;(n) with f;(n) — 0 as n — oo for each i.
3. Moment control up to order k: For each i and everyp € {2,... k},

E[X; - E[X;]]] < Cp Var(X )P/2

with constants Cp,.

Then for finite k, we have:

k k k 2
E HXZ-] -[[Ex:| =0 (Z \/fi(n)> =0(lr§a<xkfz( )>.
i=1 i=1 i=1

Proof. Set A; .= X; — E[X;], so EA; =0, Var(X;) = Var(4;) = fi(n), and by assumption
[AlL, = EIAPDY? < G/ film) 2, p=2.. k.
Using the multilinearity of expectation,
k k
HXl [[EX]+a)= > (HA) [EX;] .
i=1 SCk] \i€s ¢S
Thus,

1

€S

k k
HXi—HE[Xi] = > [1EX)

P£SCk] j¢s
Then taking the expectation and noting that [ ]+ ¢ E[X] is a constant, we get

E HX] —HE[Xi}z > T2 []EX,]

0£SClk]  Lies jes

If S = {¢} then E [[],.5 Ai] = E[A/] = 0. Hence every singleton term vanishes exactly, and the
sum begins at |S| = 2. From the bounded means assumption,

[TEX)| < M*181 vs C (k).
J¢s
Fix a nonempty subset S with |S| = m > 2. By generalized Holder with all exponents equal to m

(50> cs i =1,

e

i€S

< T2, < T (Cm im"2) = cn T V7).

€S i€S i€S

Therefore, for every S with |S| =m > 2,

E|[]a:| []EX,| <M " Co [ VFi().

ies j¢s ics
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Let ¢; := 4/ fi(n) > 0. Denote by
em(Cly. .. c) = Z H c
SC[k] €S
|S|=m

the m-th elementary symmetric polynomial. Summing the bound from, we get
k E
E|TT Xi] -J]EX:
i=1 i=1

Let M, := maxa<,<x M ¥~™C,,. Since e,, > 0 for ¢; > 0,
k

k
Z Mkimcm em < M, Z em(cla .- -ack)'

m=2 m=2

k
< Z MEm™C,, em(Cly. .y CL).

m=2

Recall the identity

k k
Hl—i—cl = g em(Cly...,c) = Z (c1y.vyCh)s
= m=0

sothat 8 e, = Hi:l(l +¢)—1-3"% ¢ Hence

k k k k
ElHXi - [1Ex: SM*<H(1+CZ Zc>

i=1 i=1 i=1
Let = := leci — 0asn — oo. Sincelog(1+u) < wuforu >0,

k
Zlog 1+¢) ) < exp(E).

[[a+e)

i=1
Thus, the difference is at most M, (e

/‘\

-1- E) By Taylor’s theorem, €= = 1+ = —|— Z2e¢ for some
%E = (since £ < Z and ef < €5). Therefore

56[ »~],SOe —1_E:é~2 I3
k
]E HX'L HEX *'—2 E:O(EQ),
=1 _
as= — 0and e — 1. Since = = O (ZZ 1\/?) we get the result. 0

Lemma 38 (Moment preservation under monomial <+ Hermite change of basis). Fix M € N and
degree r € N. Let

M:={z": yeN" |y <7}, H:={H,: acN" |o| <7},
with H,(z) = ]_[j:1 H,(x;) the probabilists’ Hermite basis. For any (random) coefficients
{ay}y < define the random polynomial P(xz) = 3, <, ayx". Then there is a deterministic,
invertible matrix T = T(M,r) such that the Hermite coefficients ¢ = {ca}|a|<, in P(zx) =
2 ja|<r Ca Ha (@) satisfy
c = Ta.
Consequently, for any p > 1,
lealle, < > Taslllaslle, forall e,
lvI<r

so if each a, € Ly, then each c,, € Ly. Moreover, since T is invertible, the converse also holds: if
each c,, € Ly, then each a, € Ly,

Proof. In one dimension, each monomial admits a finite Hermite expansion z™™ =
2 . e e e . . . .
ZLm/ . i Him—oj(z) with determlnlstlc coefficients t,, ;; in several dimensions, take tensor

products to obtain 27 =}, < || Tay Hao(z). Ordering multi-indices by total degree yields a block
upper-triangular, deterministic, 1nvert1b1e matrix 7' = T'(M, r). Linearity gives ¢ = Ta. Forp > 1,
Minkowski’s inequality yields ||co |z, = || >y Tanay ||L <>, [Tas|llayll L, so finiteness of all

lla|| L, implies finiteness of all ||, ||z, . Invertibility gives the converse using a = 7'~ 'c and the
same argument with 71, O
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G PROOF OF SPECIFIC CASES AND OVERFITTING

G.1 PROOF OF THEOREM[IL

Proof. Wesetay = ap =ayz =ay = q, 0 = 0, 7 = 7 in the above Theoremand note that it
greatly simplifies each term. Algebra shows that for ¢ < 1

Bi 9 C 02 Vari 2 2”,6 ||2 + 2 C 1 92
jas =710 — ariance = a“7°|| B T - ,
“1l—cd(f?+12)’ fl-c d(0? + 72)
Data Noise = o?72||3, >,  Target Alignment = —20272||3, ||,

While for ¢ > 1, we can first send d, n — oo and many terms become asymptotically 0. In the end,
we get that:

2 2 2
1
Bias = o0%(8, u)? (1 — ) (TC> ,  Data Noise = o72||8.||°,

c 0% + 12¢

1 62 1 1
Variance = a272||ﬂ*H22 + a272(ﬁju)2m (1 - C) + TEQC 1

1 62 1
Target Alignment = —2a%72 <<1 - c> m(,@juy + ||ﬂ*||2c> )
Adding these terms together, we see with simple algebra that many terms cancel or can be combined,
establishing the stated formula. O

G.2 PROOF OF THEOREM[2]

Proof. Weset ayz = gz, ap = g, 0= 0,7 = 7,and send d,n — oo in Theorem Recall that
A.=az — *2 and Ay = az — a4. Then some algebra shows that for ¢ < 1,

2 2
Bias = 02(8] u)2A2 <9212> . Data Noise = a’72||3. 1%,
T
. 2 2 2 2/ 3T, \2 0°
Target Alignment = —2037°||B.]]° — 2a47°(8, u) Alm,
) 9 o 9 5 C 9 T | 1 0*+0%7%c 62
Variance = oy 7°|| B« ||° + 72 T + 78, u) [1 — 07(02 ) AT+ 204,4A1702 =
For ¢ > 1, we have that
2c 2
e n2/3T, N2 A2 cn 2 2 2
Bias = 0°(8, u)*AZ <92+T26> , Data Noise = o577 8«7,
Target Alignment = —2a% 72 8.1 - 2aA72(ﬂTu)2ACL,
c * 02 + 12¢
, 18] 1 c &
Variance = o 72 T+ 7'820 — 7'2(6:[11,)21 — CmAi.
We proceed by adding these terms together and the results follow from algebra. [

G.3 PROOF OF THEOREM 3]

Proof. We set 0=0and 7 =7in Theoremand have the regime of equal operator norm 62 = ~72.
Since we are interested in the limit ¢ — oo, we only consider the overparameterized case ¢ > 1. We
first take the limit d, n — oo and have that:

2
C
Bias = 72(8] u)? (ﬁ(dz ~az)+ (oz - 22) 2 ) . DataNoise = 3372/|8. 1,

. - 9 aA Y T.N\2 H/@*Hz
Target Alignment = —2& 47 (az — —) (B, u) +aa—— |,
c/ v+c c
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2 2 1
Variance = 7-2041247”'6;“ + 738 u)? (cf e 1 - (az - O%‘) + 72 (c — 1) .
The rest follows from simple calculus: if @z # az, v = w.(1), and Blu # 0, the bias will
diverge and other terms are controlled, yielding catastrophic. If &z = az, w.(1) < v < o.(c?), and
B u # 0, a similar thing happens. In other cases, all of these terms are controlled and become finite
values in the limit lim._, o, R. — 72, giving us tempered overfitting.

a7 8.2 BLu
72 [yaz (8] u)? + &% |B.] B Lu,y=0.1)
00 az#ﬁz,ﬁ*lU,’Y:w(l)
lim R, =
oo oo Qz = dZMG* 7‘1/— U7UJ(1) S v S O(C2>
72 [(ﬁ af - 2dAaz) (B w)? + a?4||ﬁ*|\2} az =az,B Lu,y = ¢c?
7 [(af — 2aa0z)(B] u)? + & 8.]°] az =az, B Lou,y=w(c?)
O

G.4 PROOF OF THEOREM [l

Proof. We start with the first part and assume that az # & z. Similarly, we have that 0 = 0 and
7 =7in Theorem To achieve equal Frobenius norm, we set 2 = dr2 and send d,n — 00 so
several terms would vanish.

In particular, for ¢ < 1, we have that

2

T
02 + 12

2 \/g 2
Bias:GQ(BIu)z (dz—az+(az—aA) ) =T2(,6:kru)2 (\/Cj(@z—az)—k(az—aA) ) ,

It is clear that this term becomes oo since the term inside the parentheses scales with d. Note that the
variance and data noise are non-negative, and target alignment is controlled. We have that R, = oo
forc € (0,1).

For ¢ > 1, the same logic follows, and we also note that:

2

«a ToC 2 @ dc ’
Bias = 92(51“)2 (dz —az+ (Oéz - A) ) = 72(ﬁju)2 (\/g(@z —az)+ (az - *A) ) )

¢ )02+ 12

which scales with d with other terms controlled. Hence, R = oo for all ¢ # 1.

Now assume that oz = & z. Since we are interested in ¢ — 0o, we only consider ¢ > 1. First, from
algebra and taking the limit for d, n, we have that:

2

d

Bias = 72(8, u)? ((az — a—A) ;\{) — 0, Data Noise = a4 72||8.|°,
c c

2
g Atgment = 2147 ( (s~ ) (87w 1 vy 211

2 9 1
Variance = 7203 12 4 2(gT 2 © (a - Oﬁ) +72(— ).
T A c T (16* ) (C _ 1) A c TE c— 1
We now take ¢ — oo and many terms vanish in this limit, yielding:

lim Re = —26a077 (8] u)*+72(B] u)*aZ+a47°(|B8.]* = 72 [(B.] w)*(oF — 26aaz) + [1B:]64] -
c— 00

O
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Proposition 3 (Non—existence of a canceling scale parameter). Let a4,z > 0 be fixed scalars, let
u, B, € R? be fixed vectors, and set

a =62 >0, b= (8w’ e0d
For every positive real number ¢ define
1
2 2 1y
f(¢) = aja + (az(1+¢) ZQZQA) b.

Then
f(¢) >0 forall g > 0.

Consequently the equation f(¢) = 0 has no solution with ¢ € (0, c0).

Proof. 1f b = 0 (i.e. B, is orthogonal to u) we have f(¢) = a%a > 0, so no positive ¢ can cancel
the expression. Hence assume b > 0.

Writing r := b/a € (0, 1] we obtain

2
f(¢)=a[a?4+az(ozz—2a,4)r—|— %} ()

Sincer <1,
o2 Fagzlag —2aa)r > o4 +az(az —2a4) = (aAfaZ)2 > 0.

Thus the square bracket in (x) is the sum of a non—negative term and a strictly positive term.
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