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ABSTRACT

Off-policy evaluation (OPE) is a fundamental task in reinforcement learning (RL).
In the classic setting of linear OPE, finite-sample guarantees often take the form

Evaluation error ≤ poly(Cπ, d, 1/n, log(1/δ)),

where d is the dimension of the features and Cπ is a coverage parameter that
characterizes the degree to which the visited features lie in the span of the data
distribution. While such guarantees are well-understood for several popular algo-
rithms under stronger assumptions (e.g. Bellman completeness), the understanding
is lacking and fragmented in the minimal setting where the target value function is
linearly realizable in the features. Despite recent interest in tight characterizations
of the statistical rate in this setting, the right notion of coverage remains unclear,
and candidate definitions from prior analyses have undesirable properties and are
starkly disconnected from more standard definitions in the literature.
We provide a novel finite-sample analysis of a canonical algorithm for this setting,
LSTDQ. Inspired by an instrumental-variable view, we develop error bounds
that depend on a novel coverage parameter, the feature-dynamics coverage,
which can be interpreted as linear coverage in an induced dynamical system for
feature evolution. With further assumptions—such as Bellman-completeness—
our definition successfully recovers the coverage parameters specialized to those
settings, finally yielding a unified understanding for coverage in linear OPE.

1 INTRODUCTION

Coverage is a foundational concept in reinforcement learning (RL) theory. In off-policy evaluation
(OPE), the task of evaluating a target policy based on data collected from a different behavior policy,
coverage characterizes the degree to which the data distribution contains relevant information about
the target policy. The relevance of coverage extends beyond OPE, and the concept plays important
roles in offline policy learning (Jin et al., 2021; Xie et al., 2021), online RL (Xie et al., 2023; Amortila
et al., 2024b;c), or even statistical-computational trade-offs in LLMs (Foster et al., 2025). Coverage
provides a mathematical characterization of distribution shift which is a central challenge in RL.

Mathematically, coverage is manifested as coverage parameters in finite-sample guarantees: for
example, standard OPE guarantees often take the form

Evaluation error ≤ poly(Cπ, d, 1/n, log(1/δ)), (1)

where n is sample size, δ is the failure probability, d is the statistical dimension of the function class,
δ is the failure probability, and Cπ is the coverage parameter. The definition of Cπ can take many
different forms depending on the algorithm and the assumptions, as well as how the proof handles
error propagation through the dynamics of the MDP (Farahmand et al., 2010). The most naïve
definition is ∥µπ/µD∥∞, the boundedness of density ratio between the target policy’s discounted
occupancy µπ and the data distribution µD. More refined definitions often take advantage of the
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structure of the underlying MDP or the function-approximation scheme. Comparisons between these
definitions offer connections and unified understanding across different learning settings, such as
policy evaluation vs. optimization (Duan & Wang, 2020; Jin et al., 2021), offline vs. online (Xie et al.,
2023), tabular vs. function approximation (Yin & Wang, 2021), Markovian vs. partially observed
(Zhang & Jiang, 2024), and single-agent vs. multi-agent RL (Cui & Du, 2022; Zhang et al., 2023).

While a unified understanding of RL through the lens of coverage is emerging, one of the most
fundamental settings—where the target value function is linearly realizable in a given feature map—
eludes such understanding and remains starkly disconnected from the rest of the literature. The most
natural algorithm for this setting is arguably LSTD(Q) (Boyan, 1999; Lagoudakis & Parr, 2003).
Despite recent statistical results for this method (Duan et al., 2021; Mou et al., 2022a; Perdomo et al.,
2023), the error bounds often come with obscure conditions and are hard to interpret, with little or
no understanding of which quantities play the role of coverage and how they connect to coverage
parameters in related settings and algorithms.

On the other hand, simpler analyses do provide more interpretable candidates, such as 1/σmin(A) with
A = EµD [ϕ(s, a)(ϕ(s, a)⊤ − γϕ(s′, π)⊤)] being the key matrix estimated in LSTDQ (Section 2.1).
Given that LSTDQ approximates Qπ ≈ ϕ⊤θ by solving a linear equation in the form of Aθ = b,
1/σmin(A) is a very natural candidate as it determines the invertibility of A and the solution’s
numerical stability. While bounds in the form of Eq.(1) can be established with Cπ = 1/σmin(A),
the quantity 1/σmin(A) is unsatisfactory in many aspects as a coverage parameter:

1. Lacking scale invariance. The value of σmin(A) can change arbitrarily if we simply redefine the
features as ϕnew = cϕ.1 While seemingly unrelated, this issue is mathematically tied to the fact
that σmin(A) as a coverage parameter has no concern over the initial state distribution of the MDP
which should play an important role in the definition of coverage.

2. Lacking off-policy characterization. Coverage parameters provide important understanding for
when data contains relevant information about the target policy. For 1/σmin(A), however, the
only known characterization to our knowledge is its boundedness in the restrictive on-policy case,
and its magnitude is hard to interpret for general off-policy distributions.

3. Lacking unification with other analyses. State abstractions are a special case of linear function
approximation, under which LSTDQ coincides with the model-based solution. Prior works have
established aggregated concentrability (Jia et al., 2024) as the appropriate coverage parameter
for this setting, which cannot be recovered by specializing 1/σmin(A). Moreover, both concepts
differ significantly from standard definitions of coverage in linear OPE when analyzed under
the Bellman-completeness assumption: standard definitions measure coverage by analyzing how
errors propagate under the groundtruth dynamics, whereas aggregated concentrability does so
under the compressed dynamics determined by the abstraction scheme.

In this paper, we provide a novel finite-sample analysis of LSTDQ inspired by an instrument-variable
(IV) view (Bradtke & Barto, 1996; Chen et al., 2022), which comes with a new coverage parameter
that we call feature-dynamics coverage, Cπϕ . Feature-dynamics coverage replaces 1/σmin(A) and
elegantly addresses the above problems. Furthermore, it corresponds to feature coverage in a
linear dynamical system induced by the features (first studied by Parr et al. (2008)). The system
is the transition dynamics of the true MDP compressed through the given features, and naturally
subsumes the χ2 version of aggregated concentrability as a special case. Furthermore, given Bellman-
completeness as an additional assumption, feature-dynamics coverage recovers the standard notion of
linear coverage, successfully unifying the previously fragmented understanding.

2 PRELIMINARIES

Markov Decision Process (MDP). We consider the groundtruth environment modeled as an
infinite-horizon discounted MDP (S,A, P,R, γ, µ0), where S is the state space, A is the action
space, P : S ×A → ∆(S) is the transition dynamics (∆(·) is the probability simplex), R : S ×A →
∆([0, Rmax]) is the reward function, γ ∈ [0, 1) is the discount factor, and µ0 ∈ ∆(S) is the initial
state distribution. We assume S, A are finite, but their cardinalities can be prohibitively large

1Perdomo et al. (2023) provide a bound that depends on a term related to our coverage parameter and is scale
invariant. We will compare and connect to their results in Section 4.
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and thus should not appear in sample-complexity guarantees. A policy π : S → ∆(A) induces
a distribution over random trajectories, generated as s0 ∼ µ0, at ∼ π(·|st) (or simply at ∼ π),
rt = R(st, at), st+1 ∼ P (·|st, at). Let Pπ[·] and Eπ[·] denote the probability and expectation under
such a distribution. The expected return of a policy is J(π) := Eπ[

∑∞
t=0 γ

trt], which falls in the
range of [0, Vmax] with Vmax := Rmax/(1− γ). The discounted occupancy of π is defined as

µπ(s, a) = (1− γ)
∑
t≥0 γ

tµπt (s, a) := (1− γ)
∑
t≥0 γ

tPπ[st = s, at = a]. (2)

Value Function and Bellman Operator. The Q-function Qπ ∈ RS×A is the fixed point of
Bellman operator T π : RS×A → RS×A, i.e., Qπ = T πQπ, where ∀f ∈ RS×A, (T πf)(s, a) :=
R(s, a) + γEs∼P (·|s,a)[f(s

′, π)]. Here f(s′, π) is a shorthand for Ea′∼π(·|s′)[f(s′, a′)]. Given any
f ∈ RS×A as an approximation of Qπ , we can induce an estimate of J(π) as:

Jf (π) := Es0∼µ0,a0∼π[f(s0, a0)], (3)
since J(π) = JQπ (π). Here we assume µ0 is known for simplicity, and our results extend straight-
forwardly to the case where µ0 is unknown and needs to be estimated from a separate dataset.

Linear Off-policy Evaluation (OPE). OPE is the task of estimating the performance of a given
target policy π based on an offline dataset D sampled from a behavior policy πb. As a standard
simplification, We assume that D consists of n i.i.d. tuples (s, a, r, s′, a′) generated as

(s, a) ∼ µD, r ∼ R(s, a), s′ ∼ P ⋆(·|s, a), a′ ∼ π(· | s′).
We use EµD [·] to denote the expectation of functions of (s, a, r, s′, a′) under the data distribution,
and ED[·] denotes the empirical approximation from D. For most of the paper we are concerned
with return estimation via linear function approximation, i.e., estimating the scalar J(π) as JQ̂π (π)

where Q̂π(s, a) = ϕ(s, a)⊤θ̂ for some given feature map ϕ : S ×A → Rd. We make the following
standard assumptions throughout the paper:
Assumption 1 (Feature boundedness and realizability). We assume that there exists θ⋆ ∈ Rd such
that Qπ(s, a) = ϕ(s, a)⊤θ⋆. Furthermore, assume that ∥ϕ(s, a)∥2 ≤ Bϕ,∀s, a.

Mathematical Notation. We use σmin(·) and λmin(·) to denote the smallest singular value of
an asymmetric matrix and the smallest eigenvalue of a symmetric matrix, respectively. Let ρ(·)
denote the spectral radius of a matrix. For functions over S × A such as Qπ and dπ, we also view
them interchangeably as vectors in R|S×A| whenever convenient. We use a ≲ b as a shorthand for
a = c ·b for some absolute constant c, and use big-Oh notation (e.g., o(1/n) and O(1/n)) to highlight
dependence on n while ignoring other problem-dependent quantities. Given two square and possibly
asymmetric matrices Σ and Σ′, Σ ⪯ Σ′ means v⊤(Σ− Σ′)v ≤ 0 for all v. We let ∥v∥Σ =

√
v⊤Σv

denote the Mahalanobis norm, and [K] := {1, . . . ,K}.

2.1 LSTDQ

The LSTDQ algorithm estimates the following moments from data:

Σ = EµD
[
ϕ(s, a)ϕ(s, a)⊤

]
, Σcr = EµD

[
ϕ(s, a)ϕ(s′, a′)⊤

]
,

A = Σ− γΣcr, b = EµD [ϕ(s, a)r].
Throughout the paper, we assume:
Assumption 2 (Invertibility). Σ and A are invertible.

These moments satisfy

Aθ⋆ − b = EµD [ϕ(s, a)(ϕ(s, a)⊤θ⋆ − r − ϕ(s′, a′)⊤θ⋆)]

= EµD [ϕ(s, a)(Qπ(s, a)− (T πQπ)(s, a)] = 0,

which implies θ⋆ = A−1b if A is invertible, and LSTDQ is simply the plug-in estimate of this inverse:
let Σ̂, Σ̂cr, Â, b̂ be the empirical estimates from D,2 and

θ̂lstd = Â−1b̂, Q̂lstd(s, a) = ϕ(s, a)⊤θ̂lstd. (4)

2When estimating Σ̂cr, either taking the average of ϕ(s, a)ϕ(s′, a′)⊤ or ϕ(s, a)ϕ(s′, π)⊤ is fine and our
results apply to both versions.
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We do not explicitly assume the empirical matrices Σ̂ and Â are invertible, with the understanding
that algorithms based on these quantities have degenerate behaviors when they are singular, and our
guarantees hold under such convention.3

3 RELATED WORKS

Coverage Parameters in Offline RL. Early research in offline RL identifies the boundedness of
density ratios, such as ∥µπ/µD∥∞, as a coverage parameter (Munos, 2007; Munos & Szepesvári,
2008; Antos et al., 2008). Later works point out that they can be tightened by leveraging the structure
of the function class F used to approximate the value function, such as supf∈F

(Eµπ [f−T πf ])2
EµD [(f−T πf)2] . In

our setting, the linear feature ϕ induces a linear Fϕ = {ϕ⊤θ : θ ∈ Rd}, and these parameters often
have simplified forms. Among them, the tightest known coverage parameter for off-policy return
estimation is (Zanette et al., 2021; Yin et al., 2022; Gabbianelli et al., 2024; Jiang & Xie, 2024):

Cπlin = (ϕπ)⊤Σ−1ϕπ, where ϕπ := E(s,a)∼µπ [ϕ(s, a)]. (5)

In words, Cπlin only requires the mean feature vector under the discounted occupancy of π (µπ, cf.
Eq. (2)) to lie in the span of data features. Looser alternatives have also been proposed, such as
Eµπ [∥ϕ∥Σ−1 ] require coverage of the distribution ϕ(s, a), (s, a) ∼ µπ in a point-wise manner; see
Jiang & Xie (2024) for further discussions. The majority of the study on coverage, however, crucially
relies on the following assumption on F which is substantially stronger than realizability (Qπ ∈ F),
and we do not assume it in our main results unless stated otherwise explicitly.

Assumption 3 (Bellman-completeness). Let F ⊂ (S×A → R) be a function class for approximating
Qπ . We say that it is Bellman-complete if

T πf ∈ F ,∀f ∈ F .

Indeed, a major potential of LSTDQ is that it is one of the few algorithms who enjoy theoretical
guarantees under only realizabilityQπ ∈ F , which further enables its important role in the challenging
problem of offline model selection (Xie & Jiang, 2020a; Liu et al., 2025). Unfortunately, coverage in
the absence of Bellman-completeness is poorly understood even in the linear setting, as discussed in
Section 1, which we address in this paper.

LSTD(Q) Analyses. LSTD methods are initially derived as the fixed point solution of TD methods
(Sutton & Barto, 2018), and its closed-form nature separates it from typical dynamical-programming-
style RL algorithms that often suffer from divergence. While we focus on LSTDQ, our results
naturally extend to other variants such as LSTD (which uses state-feature to approximate V π) or
off-policy LSTD (up to handling importance sampling via concentration inequalities) (Nedić &
Bertsekas, 2003; Bertsekas & Yu, 2009; Dann et al., 2014).

Early finite-sample analyses of LSTD are mostly in the on-policy setting and depend on quantities
like σmin(A) (Bertsekas, 2007; Lazaric et al., 2010; 2012). There is a recent surge of interest in
providing tight statistical characterizations of LSTD, including in the off-policy setting (Amortila
et al., 2020; Mou et al., 2022b; Amortila et al., 2023; Perdomo et al., 2023). These results, however,
offer very little discussion on coverage, and sometimes require additional regularity assumptions.
Perdomo et al. (2023) recently provides a sharp analysis that largely subsumes the earlier results,
which we will compare to in Section 5.1.

4 FINITE-SAMPLE ANALYSIS OF LSTDQ

In this section we will present the finite-sample analysis of LSTDQ, which depends on our proposed
coverage parameter.

3That is, either the high-probability event guarantees that the empirical matrix is invertible, or such matrices
appears in the bound and make the guarantee vacuous (as in e.g., Eq. (12)).
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Special case of γ = 0. It is instructive to start with the special case of γ = 0, where tight guarantees
and the definition of coverage are well understood. Recall that Aθ⋆ = b can be rewritten as:

E[ZX⊤]θ⋆ = E[ZY ], (6)

where Z = ϕ(s, a) ∈ Rd, X = ϕ(s, a) − γϕ(s′, a′) ∈ Rd, Y = r ∈ R, and the expectation E[·]
is under µD. Below we will go back and forth between the linear regression (LR) notation system
(X,Y,E[XX⊤], . . .) and the RL notation system (ϕ, r,Σ, . . .), where we obtain concentration bounds
from the LR literature and meaningful guarantees for OPE in the RL setting, respectively.

When γ = 0, we essentially face a contextual bandit problem with linear reward, and Eq. (6) becomes

E[XX⊤]θ⋆ = E[XY ], (7)

which is a classic linear regression problem, with A = Σ = E[XX⊤]. In this special case, LSTDQ
simply performs LR to fit the parameter θ⋆. While parameter identification guarantees in LR (i.e.,
error bounds on ∥θ̂ − θ⋆∥) inevitably have to depend on σmin(A) = λmin(E[XX⊤]), the key is in
how we use θ̂lstd to form the final estimation in OPE:

JQ̂lstd
(π) = Es0∼µ0,a0∼π[ϕ(s0, a0)

⊤θ̂lstd] = ϕ⊤0 θ̂lstd,

where

ϕ0 := Es0∼µ0,a0∼π[ϕ(s0, a0)]. (8)

That is, for the purpose of estimating J(π), we only need θ̂lstd to be accurate in the direction of
ϕ0, and a high-probability bound can be established if ϕ0 is well covered by the distribution of
X = ϕ(s, a) observed in data ((s, a) ∼ µD): informally, with probability at least 1− δ,

|JQ̂lstd
(π)− J(π)| = |ϕ⊤0 (θ̂lstd − θ⋆)| ≲ ∥ϕ0∥Σ̂−1

√
log(1/δ)

n
Vmax. (9)

Here ∥ϕ0∥Σ̂−1 plays the role of coverage, characterizing how well the expected feature under the
target policy π is covered by the random features observed in the data (which determines Σ̂). Similar
bounds with the population version of coverage ∥ϕ0∥Σ−1 also hold under additional regularity
assumptions (Hsu et al., 2011). The quantity is also consistent with the standard notion of linear
coverage in MDPs (Eq. (5)) under Bellman completeness (Assumption 3), which is equivalent to
realizability in the bandit setting (γ = 0).
For readers familiar with using LR bounds to calculate uncertainty bonuses in RL, this result might
come as a surprise as it is dimension-free, whereas the usual bound has

√
(d+log(1/δ))/n which

depends on d (Abbasi-Yadkori et al., 2011; Jin et al., 2020; 2021). Roughly speaking, this is because
the latter bound holds for all possible ϕ0 ∈ Rd simultaneously, but in OPE we only care about a
single given ϕ0, and leveraging this saves the d factor; we call this kind of results directional bounds
and provide more detailed discussions in Appendix A.

Extending to γ > 0 with Instrumental-Variable inspiration. Given that the γ = 0 case is
well-understood and does not suffer the issues mentioned in the introduction, we therefore seek to
extend the above framework to γ > 0. When γ > 0, however, we have Z ̸= X , and Eq. (6) is a form
of Instrumental Variable (IV) problem induced by “error-in-the-variable” issues: it is known that

R(s, a) = ϕtd(s, a)
⊤θ⋆, with ϕtd(s, a) := ϕ(s, a)− γ EµD [ϕ(s′, a′)|s, a],

that is, the expected temporal-difference feature, ϕtd, can linearly predict reward, which LSTDQ
leverages to recover θ⋆. However, in the data we do not observe the expected TD feature but its
random realization, X = ϕ(s, a) − γϕ(s′, a′), and X − ϕtd(s, a) is zero-mean (conditioned on
(s, a)) noise. Given such “error in the variable”, E[XX⊤]θ⋆ ̸= E[XY ], so a straightforward linear
regression from X to Y does not work. LSTDQ solves this problem by introducing Z = ϕ(s, a)
as an instrumental variable (Bradtke & Barto, 1996; Chen et al., 2022), which is independent of
the noise X − ϕtd(s, a) given (s, a) and thus helps marginalizes out the said noise. Based on this
view, we extend the LR analysis of γ = 0 to the γ > 0 case by consulting the IV literature (e.g., Xia
et al., 2024; Della Vecchia & Basu, 2025), which leads to our main finite-sample error bounds (see
Appendix B for the proof).
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Theorem 1 (Population Coverage Bound). There exists n0 such that when n ≥ n0, w.p. ≥ 1− δ,

∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ ≲ Vmax

1− γ

√
Cπϕ · log(1/δ)

n
+ o(

√
1/n), (10)

where

Cπϕ := (1− γ)2ϕ⊤0 A
−1ΣA−⊤ϕ0 (11)

and n0 and the o(1/
√
n) term may depend on d and 1/σmin(A).

Theorem 2 (Empirical Coverage Bound). Under Assumptions 1 and 2, with probability at least 1− δ,

∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ ≲ Vmax

1− γ
·

√
Ĉπϕ · (d+ log(1/δ))

n
(12)

where

Ĉπϕ := (1− γ)2ϕ⊤0 Â
−1Σ̂Â−⊤ϕ0. (13)

We treat Ĉπϕ = +∞ if Â is not invertible.

Coverage Parameter and Tightness. Our main results consist of two guarantees where Ĉπϕ and
Cπϕ play the role of the coverage parameters. The (1 − γ)2 are normalization constants, whose
roles will become clear in Section 5. Eq. (10) provides a bound that largely recovers that of linear
regression in Eq. (9): when γ = 0, we have A = Σ, and therefore Cπϕ = ϕ⊤0 Σ

−1ϕ0 = ∥ϕ0∥2Σ−1 ,
which is the (often more desirable) population version of the ∥ϕ0∥Σ̂−1 term in Eq. (9). Since Eq.
(9) is well-established for linear regression (and already tighter than commonly used LR bound in
terms of d dependence), this demonstrates the tightness of our bound in the γ = 0 regime up to the
lower-order term. When γ > 0, our bound is also tight when compared to existing OPE guarantees for
general function approximation analyzed under Bellman completeness as we will see in Section 5.3.

A caveat of Eq. (10) is that it still depends on quantities like σmin(A) albeit in the lower-order
term (o(1/

√
n)) and the burn-in condition (n ≥ n0), raising the suspicion that σmin(A) is still

relevant to coverage. To address this, we provide Eq. (12) that depends on the empirical coverage
parameter Ĉπϕ similar to Eq. (9), with no lower-order terms whatsoever, showing that σmin(A) can be
completely removed from the bound. Eq. (12) is looser than Eq. (10) in d dependence, as it provides
a guarantee that holds for all possible initial distribution µ0 simultaneously which can be used to
establish function-estimation guarantees (Appendix D); see the discussion of directional bounds
below Eq. (9) and in Appendix A. In Appendix E, we provide yet another result that eliminates the
dependence on 1/σmin(A) in the population Cπϕ bound (Theorem 1), in exchange for dependence on
standard quantities relevant to the analysis of LR under random design (namely 1/λmin(Σ), which
we expect can be further sharpened to leverage-score-type conditions (Hsu et al., 2011; Perdomo
et al., 2023)).

5 UNDERSTANDING THE COVERAGE PARAMETER

In this section we provide interpretations of Cπϕ as a coverage parameter and discuss how it addresses
the issues mentioned in Section 1. First, it is clear that Cπϕ is invariant to feature rescaling, thanks
to the introduction of ϕ0. That said, the expression Cπϕ = (1− γ)2ϕ⊤0 A

−1ΣA−⊤ϕ0 does not lend
itself to easy intuition, let alone how it connects to and unifies existing results.

Warm-up: the tabular case. We start with the tabular setting and show thatCπϕ becomes something
familiar, offering some basic intuitions as well as assurance that Cπϕ , a quantity that falls out of the IV
concentration analyses, holds meaningful interpretations in RL. The key is to rewrite Cπϕ/(1− γ)2 as

ϕ⊤0 A
−1ΣA−⊤ϕ0 = ϕ⊤0 (I − γBπ)−⊤Σ−1(I − γBπ)−1ϕ0, where Bπ := (Σ−1Σcr)

⊤. (14)
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The tabular setting can be viewed as a special case of linear function approximation with d = |S ×A|,
and ϕ(s, a) = es,a is the unit vector with the (s, a)-th coordinate being 1 and all other coordinates
being 0. In this case, ϕ0 is simply the vector representation of the initial state-action distribution
µπ0 , where (s0, a0) ∼ µπ0 ⇔ s0 ∼ µ0, a0 ∼ π; Bπ is an |S × A| × |S × A| matrix with
[Bπ](s′,a′),(s,a) = Pπ(s′, a′|s, a) = P (s′|s, a)π(a′|s′), i.e., the transition kernel of the Markov
chain over S ×A induced by policy π.4 Put together, we have the textbook identity

(1− γ)(I − γBπ)−1ϕ0 = µπ,

where we recall the definition of the discounted occupancy µπ from Eq. (2). Plugging it into Cπϕ ,

Cπϕ = (µπ)⊤Σ−1µπ =
∑
s,a µ

π(s, a)2/µD(s, a) = EµD [(µπ/µD)2],

which is the χ2-divergence between µπ and µD up to a constant shift and has appeared as a tight
coverage parameter (especially when compared to ∥µπ/µD∥∞; Xie & Jiang, 2020b) when coverage
is measured based on density ratios.

5.1 GENERAL INTERPRETATION

We now offer the interpretation for the general setting. Note thatBπ can be viewed as the multi-variate
linear-regression solution of the regression problem ϕ(s, a) 7→ ϕ(s′, π), thus

Es′∼P (·|s,a)[ϕ(s
′, π)] ≈ Bπ ϕ(s, a). (15)

In general, the above relationship is only approximate (in Section 5.3 we will see that it becomes
exact under an additional assumption), although Bπ is the best linear predictor. This leads to the
following interpretation of Cπϕ (see Appendix C.1 for the proof):

Proposition 1. Define a deterministic linear dynamical system {µπϕ,t}t≥0, with µπϕ,0 := ϕ0, and
∀t ≥ 0,

µπϕ,t+1 = Bπ µπϕ,t.

When ρ(Bπ) < 1/γ,5 define the feature occupancy in Bπ as µπϕ := (1− γ)
∑
t≥0 γ

tµπϕ,t, then

Cπϕ = (µπϕ)
⊤Σ−1µπϕ.

The proposition rewrites Cπϕ in a form that closely resembles the standard notion of linear coverage
in the literature (Eq. (5)), where we see the expected feature occupancy under the target policy
(µπϕ here) measured under the data-covariance norm Σ−1; see Section 5.3. Accordingly, we call
Cπϕ the feature-dynamics coverage. The difference is that here the feature occupancy is defined
in a deterministic dynamical system Bπ instead of the true MDP. Furthermore, while the latter,
ϕπ := E(s,a)∼µπ [ϕ(s, a)], is always bounded, µπϕ, on the other hand, may not be bounded in general
and {µπϕ,t}t≥0 may actually diverge. The connection between LSTD and the linear dynamical system
Bπ was first identified by Parr et al. (2008) (see also Duan & Wang (2020)), though they focused on
the algebraic equivalence between LSTD and the model-based solution in Bπ, and did not perform
finite-sample analyses or connect this to the notion of coverage.

Comparison to Perdomo et al. (2023) and subsuming known tractable conditions. Our bound
shows that linear OPE under realizability is tractable as long as Cπϕ is small, which sharpens and
generalizes existing understanding of the tractability of linear OPE. In particular, we compare to
Perdomo et al. (2023), whose analysis was shown to be sharp and subsume many prior conditions
known in the literature, including on-policy sampling (Tsitsiklis & Van Roy, 1997), Bellman com-
pleteness (c.f. Section 5.3), low distribution shift (Wang et al., 2021), symmetric stability (Mou et al.,
2022a), and contractivity (Kolter, 2011) (see the discussion in Perdomo et al. for formal definitions).
Furthermore, we can leverage the interpretation of our coverage coefficient to provide a novel and
weaker on-policy-type condition that enables tractability.
Proposition 2. Assume ϕ contains a bias term, that is, there exists θ0 ∈ Rd such that ϕ(s, a)⊤θ0 ≡
1 ∀s, a. If ρ(Bπ) < 1/γ and EµD [ϕ(s, a)] = EµD [ϕ(s′, π)] = ϕ0, then Cπϕ ≤ 1.

4For cleanliness of notation, we are taking the convention that current state is on the column, and next state is
on the row (as standard in stochastic processes). In RL it is often the other way around.

5Recall that ρ denotes the spectral radius of a matrix.
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Unlike previous on-policy-type conditions that relate the distributions of (s, a) and (s′, a′) (see
Appendix C.2 for more discussion), Proposition 2 only requires their means to be identical. The
intuition is that while Bπ may not be accurate in next-feature predictions on individual (s, a), its
population prediction for EµD [ϕ(s′, a′)] can be correct when ϕ contains a bias term. As a consequence,
when (s, a) and (s′, a′) share the same mean feature EµD [ϕ(s, a)] and this coincides with the starting
feature ϕ0, we can establish that all future µπϕ,t are identical to EµD [ϕ(s, a)], leading to coverage in
the compressed feature dynamics.

In terms of quantitative rates, Perdomo et al. establish that, under some regularity assump-
tions, ∥Σ1/2(θ⋆ − θ̂)∥2 ≲ 1/σmin(I−γΣ−1/2ΣcrΣ

−1/2) · εstat, for some εstat which is polynomial
in d, 1/n, log(1/δ), and spectral properties of Σ. While they only show function-estimation guar-
antee on µD (c.f. Appendix D), this intermediate result immediately implies a return-estimation
guarantee comparable to ours:∣∣∣JQ̂lstd

(π)− J(π)
∣∣∣ ≤ ∥ϕ0∥Σ−1

σmin(I − γΣ−1/2ΣcrΣ−1/2)
· εstat.

As we have already shown that our statistical rate is tight, it suffices to compare our Cπϕ to their
multiplicative factor in front of εstat. In particular, we establish the following relationship (see
Appendix C.3 for the proof).

Proposition 3. We have that:√
Cπϕ = (1− γ)∥(I − γΣ−1/2ΣcrΣ

−1/2)−⊤Σ−1/2ϕ0∥2 ≤ (1− γ)
∥ϕ0∥Σ−1

σmin(I − γΣ−1/2ΣcrΣ−1/2)
.

Furthermore, the gap between the LHS and the RHS may be arbitrarily large.

This demonstrates that our coverage parameter, in addition to subsuming known tractability conditions
for linear OPE, may lead to return-estimation guarantees that are sharper than those of Perdomo et al.
(2023) (in an instance-dependent sense). This is due to our sensitivity on ϕ0 and its relationship to
the spectrum of the matrix (I − γΣ−1/2ΣcrΣ

−1/2).

5.2 RECOVERING AGGREGATED CONCENTRABILITY

State abstractions are a special case of linear function approximation, where each state s is mapped
to one of the K abstract states, ψ(s) ∈ [K] := {1, . . . ,K}, effectively treating states with the same
ψ(s) as aggregated and equivalent to reduce the size of the state space. Under the abstraction scheme,
the natural model-based solution coincides with LSTDQ with ϕ(s, a) = eψ(s),a. When we only
assume realizability (Assumption 1), the abstraction is Qπ-irrelevant (Li et al., 2006), and has been
analyzed by Xie & Jiang (2020a); Zhang & Jiang (2021); Jia et al. (2024) with the following notion
of aggregated concentrability as its coverage parameter (see Appendix C.4 for details):

Definition 1 (Aggregated concentrability). Given ψ : S → [K], define the abstract MDP Mψ =
(Sψ,A, Pψ, Rψ, γ, ψ0) where6 Sψ = [K], the initial distribution is ψ0(k) =

∑
s:ψ(s)=k µ0(s), and

Pψ(k
′|k, a) =

µD(s, a) ·
∑
s:ψ(s)=k

(∑
s′:ψ(s′)=k′ P (s

′|s, a)
)

∑
s:ψ(s)=k µ

D(s, a)
.

Consider π whose action distribution depends on s only through ψ(s), with a slight abuse of
notation we write π(·|s) = π(·|k),∀k = ψ(s). Aggregated concentrability refers to the size of
µπMψ

/ϕD, either measured in ∥ · ∥∞ or χ2, where µπMψ
is discounted occupancy in MDP Mψ, and

ϕD(k, a) =
∑
s:ψ(s)=k µ

D(s, a) = EµD [ϕ(s, a)].

In this definition, Pψ is the dynamics over the abstract state space, and it is easy to see that the
transition kernel of abstract-state pairs under π, Pπψ (k

′, a′|k, a) = Pψ(k
′|k, a)π(a′|k′), coincides

with the definition of Bπ (see Proposition 1) specialized to this setting, and Σ = diag(ϕD). As a
result, Cπϕ recovers the χ2 version of aggregated concentrability (see Appendix C.5 for the proof):

6The definition of Rψ is irrelevant here and thus omitted.
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State distribution  
space <latexit sha1_base64="a4Oxa3P0K0nkLtsuu5tCzsIW8EE=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSrUTUlEqsv6WLisaB/QhDKZTtqhkwczN0IJ+QE3/oobF4q4de/Ov3HSBtHWAxcO59zLvfe4EWcSTPNLKywsLi2vFFdLa+sbm1v69k5LhrEgtElCHoqOiyXlLKBNYMBpJxIU+y6nbXd0mfnteyokC4M7GEfU8fEgYB4jGJTU0w/sK8oBV2wfw5BgntymNjCfyh/hPD3q6WWzak5gzBMrJ2WUo9HTP+1+SGKfBkA4lrJrmRE4CRbACKdpyY4ljTAZ4QHtKhpgtdBJJt+kxqFS+oYXClUBGBP190SCfSnHvqs6sxvlrJeJ/3ndGLwzJ2FBFAMNyHSRF3MDQiOLxugzQQnwsSKYCKZuNcgQC0xABVhSIVizL8+T1nHVqlVrNyfl+kUeRxHtoX1UQRY6RXV0jRqoiQh6QE/oBb1qj9qz9qa9T1sLWj6zi/5A+/gG8sicIw==</latexit>

�(S ⇥A)

Feature expectation 
space 

<latexit sha1_base64="1GvOqDqLTKKKcA5Sh9KdMk494rw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQircuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406o27y1rruqijDCdwCufgQBNacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx85i5HT</latexit>

Rd

t=0 t=1 t=2 t=3 …
<latexit sha1_base64="LriM0Ll4m33guIrXR865Hsfc5UU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT0WvXisYD+ku5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfDPzO09UaRbLezNJaCDwULKIEWys9OCLtO89+gnrlytu1Z0DrRIvJxXI0eyXv/xBTFJBpSEca93z3MQEGVaGEU6nJT/VNMFkjIe0Z6nEguogmx88RWdWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vl5roKsiYTFJDJVksilKOTIxm36MBU5QYPrEEE8XsrYiMsMLE2IxKNgRv+eVV0r6oerVq7e6y0rjO4yjCCZzCOXhQhwbcQhNaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AYgbkEA=</latexit>

µ⇡
1

<latexit sha1_base64="VRjHKiUqRi5qpFEFYrBc6V+jtyw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisYD+ku5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfDPzO09UaRbLezNJaCDwULKIEWys9OCLtF979BPWL1fcqjsHWiVeTiqQo9kvf/mDmKSCSkM41rrnuYkJMqwMI5xOS36qaYLJGA9pz1KJBdVBNj94is6sMkBRrGxJg+bq74kMC60nIrSdApuRXvZm4n9eLzXRVZAxmaSGSrJYFKUcmRjNvkcDpigxfGIJJorZWxEZYYWJsRmVbAje8surpF2revVq/e6i0rjO4yjCCZzCOXhwCQ24hSa0gICAZ3iFN0c5L86787FoLTj5zDH8gfP5A4mjkEE=</latexit>

µ⇡
2

<latexit sha1_base64="ChgtzZyfQvx+HvbexDOMnEWTxtg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVqR6LXjxWsB/SXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4upn67SeqNIvlvRknNBB4IFnECDZWevBF2jt/9BPWK1fcqjsDWiZeTiqQo9Erf/n9mKSCSkM41rrruYkJMqwMI5xOSn6qaYLJCA9o11KJBdVBNjt4gk6s0kdRrGxJg2bq74kMC63HIrSdApuhXvSm4n9eNzXRVZAxmaSGSjJfFKUcmRhNv0d9pigxfGwJJorZWxEZYoWJsRmVbAje4svLpHVW9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4srkEI=</latexit>

µ⇡
3

<latexit sha1_base64="HcSLNmjChDkcAsvnarBgd4SXuvU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT0WvXisYD+ku5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfDPzO09UaRbLezNJaCDwULKIEWys9OCLtO8++gnrlytu1Z0DrRIvJxXI0eyXv/xBTFJBpSEca93z3MQEGVaGEU6nJT/VNMFkjIe0Z6nEguogmx88RWdWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vl5roKsiYTFJDJVksilKOTIxm36MBU5QYPrEEE8XsrYiMsMLE2IxKNgRv+eVV0r6oerVq7e6y0rjO4yjCCZzCOXhQhwbcQhNaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AYaTkD8=</latexit>

µ⇡
0 <latexit sha1_base64="/tiADUEK3ilUEWty3rB0mtpWXAg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVbyG4/dlPfKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPp0KOmg==</latexit>

P⇡ <latexit sha1_base64="/tiADUEK3ilUEWty3rB0mtpWXAg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVbyG4/dlPfKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPp0KOmg==</latexit>

P⇡ <latexit sha1_base64="/tiADUEK3ilUEWty3rB0mtpWXAg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVbyG4/dlPfKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPp0KOmg==</latexit>

P⇡

<latexit sha1_base64="pDM0JVnlf6z0yWHQrRAQiQJxT60=">AAACF3icdVBLSwMxGMzWV62vVY9egkXwIMvutm7rrdSLxwr2Ae1asmnahmYfJFmhLP0XXvwrXjwo4lVv/huzbRdUdCAwzMyXfBkvYlRI0/zUciura+sb+c3C1vbO7p6+f9ASYcwxaeKQhbzjIUEYDUhTUslIJ+IE+R4jbW9ymfrtO8IFDYMbOY2I66NRQIcUI6mkvm4kvfklXT7y3MQ0LqqOfW6fmYZpVuySkxK7UrZLs/ptL6Kzvl7MMjDLwCwDLaWkKIIlGn39ozcIceyTQGKGhOhaZiTdBHFJMSOzQi8WJEJ4gkakq2iAfCLcZL7SDJ4oZQCHIVcnkHCufp9IkC/E1PdU0kdyLH57qfiX143lsOomNIhiSQK8eGgYMyhDmJYEB5QTLNlUEYQ5VbtCPEYcYamqLKgSsp/C/0nLNizHcK7LxVp9WUceHIFjcAosUAE1cAUaoAkwuAeP4Bm8aA/ak/aqvS2iOW05cwh+QHv/AvgjnA8=</latexit>

B⇡ <latexit sha1_base64="pDM0JVnlf6z0yWHQrRAQiQJxT60=">AAACF3icdVBLSwMxGMzWV62vVY9egkXwIMvutm7rrdSLxwr2Ae1asmnahmYfJFmhLP0XXvwrXjwo4lVv/huzbRdUdCAwzMyXfBkvYlRI0/zUciura+sb+c3C1vbO7p6+f9ASYcwxaeKQhbzjIUEYDUhTUslIJ+IE+R4jbW9ymfrtO8IFDYMbOY2I66NRQIcUI6mkvm4kvfklXT7y3MQ0LqqOfW6fmYZpVuySkxK7UrZLs/ptL6Kzvl7MMjDLwCwDLaWkKIIlGn39ozcIceyTQGKGhOhaZiTdBHFJMSOzQi8WJEJ4gkakq2iAfCLcZL7SDJ4oZQCHIVcnkHCufp9IkC/E1PdU0kdyLH57qfiX143lsOomNIhiSQK8eGgYMyhDmJYEB5QTLNlUEYQ5VbtCPEYcYamqLKgSsp/C/0nLNizHcK7LxVp9WUceHIFjcAosUAE1cAUaoAkwuAeP4Bm8aA/ak/aqvS2iOW05cwh+QHv/AvgjnA8=</latexit>

B⇡ <latexit sha1_base64="pDM0JVnlf6z0yWHQrRAQiQJxT60=">AAACF3icdVBLSwMxGMzWV62vVY9egkXwIMvutm7rrdSLxwr2Ae1asmnahmYfJFmhLP0XXvwrXjwo4lVv/huzbRdUdCAwzMyXfBkvYlRI0/zUciura+sb+c3C1vbO7p6+f9ASYcwxaeKQhbzjIUEYDUhTUslIJ+IE+R4jbW9ymfrtO8IFDYMbOY2I66NRQIcUI6mkvm4kvfklXT7y3MQ0LqqOfW6fmYZpVuySkxK7UrZLs/ptL6Kzvl7MMjDLwCwDLaWkKIIlGn39ozcIceyTQGKGhOhaZiTdBHFJMSOzQi8WJEJ4gkakq2iAfCLcZL7SDJ4oZQCHIVcnkHCufp9IkC/E1PdU0kdyLH57qfiX143lsOomNIhiSQK8eGgYMyhDmJYEB5QTLNlUEYQ5VbtCPEYcYamqLKgSsp/C/0nLNizHcK7LxVp9WUceHIFjcAosUAE1cAUaoAkwuAeP4Bm8aA/ak/aqvS2iOW05cwh+QHv/AvgjnA8=</latexit>

B⇡ <latexit sha1_base64="pDM0JVnlf6z0yWHQrRAQiQJxT60=">AAACF3icdVBLSwMxGMzWV62vVY9egkXwIMvutm7rrdSLxwr2Ae1asmnahmYfJFmhLP0XXvwrXjwo4lVv/huzbRdUdCAwzMyXfBkvYlRI0/zUciura+sb+c3C1vbO7p6+f9ASYcwxaeKQhbzjIUEYDUhTUslIJ+IE+R4jbW9ymfrtO8IFDYMbOY2I66NRQIcUI6mkvm4kvfklXT7y3MQ0LqqOfW6fmYZpVuySkxK7UrZLs/ptL6Kzvl7MMjDLwCwDLaWkKIIlGn39ozcIceyTQGKGhOhaZiTdBHFJMSOzQi8WJEJ4gkakq2iAfCLcZL7SDJ4oZQCHIVcnkHCufp9IkC/E1PdU0kdyLH57qfiX143lsOomNIhiSQK8eGgYMyhDmJYEB5QTLNlUEYQ5VbtCPEYcYamqLKgSsp/C/0nLNizHcK7LxVp9WUceHIFjcAosUAE1cAUaoAkwuAeP4Bm8aA/ak/aqvS2iOW05cwh+QHv/AvgjnA8=</latexit>

B⇡

<latexit sha1_base64="/tiADUEK3ilUEWty3rB0mtpWXAg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoY9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0O/NbT6g0T+SDGacYxHQgecQZNVbyG4/dlPfKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPp0KOmg==</latexit>

P⇡
<latexit sha1_base64="ex7DBWKyhQukCAxsYY2NJuilTzU="></latexit>

E(·)[�]

<latexit sha1_base64="4/phYO1RiSiBF7pe+R65miUNsF8=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCRpTeuu6MZlBfuAJobJdNIOnTyYmRRK6J+4caGIW//EnX/jpK2gogcuHM65l3vvCVJGhTTND21ldW19Y7O0Vd7e2d3b1w8OOyLJOCZtnLCE9wIkCKMxaUsqGemlnKAoYKQbjK8LvzshXNAkvpPTlHgRGsY0pBhJJfm67kaZn7vpiJ6bs3s3pb5eMY3LhmNf2NA0TLNuV52C2PWaXYWWUgpUwBItX393BwnOIhJLzJAQfctMpZcjLilmZFZ2M0FShMdoSPqKxigiwsvnl8/gqVIGMEy4qljCufp9IkeRENMoUJ0RkiPx2yvEv7x+JsOGl9M4zSSJ8WJRmDEoE1jEAAeUEyzZVBGEOVW3QjxCHGGpwiqrEL4+hf+Tjm1YjuHc1irNq2UcJXAMTsAZsEAdNMENaIE2wGACHsATeNZy7VF70V4XrSvacuYI/ID29gmya5O7</latexit>
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�,0

<latexit sha1_base64="6VIMa2CVUIoUsTNGy+gE/A9Hz2c=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAguJCRpTeuu6MZlBfuAJobJdNIOnTyYmRRK6J+4caGIW//EnX/jpK2gogcuHM65l3vvCVJGhTTND21ldW19Y7O0Vd7e2d3b1w8OOyLJOCZtnLCE9wIkCKMxaUsqGemlnKAoYKQbjK8LvzshXNAkvpPTlHgRGsY0pBhJJfm67kaZn7vpiJ5bs3s3pb5eMY3LhmNf2NA0TLNuV52C2PWaXYWWUgpUwBItX393BwnOIhJLzJAQfctMpZcjLilmZFZ2M0FShMdoSPqKxigiwsvnl8/gqVIGMEy4qljCufp9IkeRENMoUJ0RkiPx2yvEv7x+JsOGl9M4zSSJ8WJRmDEoE1jEAAeUEyzZVBGEOVW3QjxCHGGpwiqrEL4+hf+Tjm1YjuHc1irNq2UcJXAMTsAZsEAdNMENaIE2wGACHsATeNZy7VF70V4XrSvacuYI/ID29gmz9JO8</latexit>
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Figure 1: Illustration of the evolution of occupancies under the true dynamics Pπ (top row) and that
of features under the compressed dynamics Bπ (bottom row). Under Bellman completeness, the
dashed blue arrows hold and two routes (→ . . .→ ↓ vs. ↓→ . . .→) yield the same expected feature
vectors, but they are generally different without such an assumption.

Proposition 4. When ϕ(s, a) = eψ(s),a is induced by a state abstraction ψ and π depends on s only
through ψ(s), recall that ϕD = EµD [ϕ] is a distribution over (k, a) pairs, and we have

Cπϕ = E(k,a)∼ϕD [(µ
π
Mψ

/ϕD)2].

5.3 RECOVERING STANDARD LINEAR COVERAGE UNDER BELLMAN-COMPLETENESS

Prior results on abstractions leave an intriguing question open: they measure coverage by analyzing
error propagation in Mψ, which a lower-dimensional and approximate model compressed from M
by ψ, as evidenced by µπMψ

in the definition of aggregated concentrability; this is also consistent
with our results in Section 5.1 where occupancy is measured in the compressed linear dynamical
system Bπ. On the other hand, the mainstream notion of coverage in linear OPE, obtained under
the Bellman-completeness assumption, is Cπlin = (ϕπ)⊤Σ−1ϕπ (Eq. (5)), which is concerned
with error propagation in the true dynamics M since ϕπ is defined w.r.t. the occupancy µπ in M .
While anecdotally it has been the general perception from the community that error propagation in
compressed models (as inQπ-irrelevant abstractions) was an exception to the typical error propagation
analyses, our results below show that results that are seemingly disconnected with each other can be
elegantly unified through the following proposition:

Proposition 5. Let Fϕ := {ϕ⊤θ : θ ∈ Rd} be the space of functions linear in ϕ. Assume Fϕ satisfies
Bellman-completeness (Assumption 3). Then, (1) Bπ becomes an exact model for next-feature
prediction, i.e., Es′∼P (·|s,a)[ϕ(s

′, π)] = Bπ ϕ(s, a), (2) µπϕ = ϕπ , (3) ρ(Bπ) ≤ 1, and (4)

Cπϕ = Cπlin = (ϕπ)⊤Σ−1ϕπ.

The essence of the proposition is illustrated in Figure 1, showing that the expected features produced
by the groundtruth dynamics (ϕπ) and the compressed dynamics (µπϕ = (1− γ)

∑
t γ

tµπϕ,t) coincide
under Bellman-completeness, thus demonstrating that error propagation through true dynamics is
a special case of and thus unified with error propagation in the compressed dynamics.

Comparison to Yin & Wang (2020); Duan & Wang (2020) in Tabular and Linear MDPs. In the
special case of tabular MDPs, LSTDQ coincides with model-based OPE, and Bellman-completeness
holds automatically. In this setting, our Eq. (12) matches the dimension-free guarantees (in 1/

√
n

term) given by Yin & Wang (2020).7 Duan & Wang (2020) also provide similar dimension-free
guarantees for FQE in linear MDPs. In comparison, our analyses hold in arbitrary MDPs beyond
these structural models.

Connection to Bellman Residual Minimization (BRM). Many (if not most) algorithms for
learning Qπ with general function approximation coincide with LSTDQ under linear function
approximation (Antos et al., 2008; Xie et al., 2021; Uehara et al., 2020), and this fact allows us to
compare our bound to the more general analyses in the literature. Among those algorithms, BRM

7They analyze the finite-horizon setting but the 1/
√
n terms in the bounds match under standard translation.

Also, they use the variance of value function w.r.t. transition randomness in place of our Vmax, which we could
also incorporate and choose not to for readability.
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is a well-investigated example, which approximates Qπ by solving the following minimax problem
(Antos et al., 2008):

f̂π = argmin
f∈F

sup
f ′∈F

(
ED[(f(s, a)− r − γf(s′, π)2]− ED[(f

′(s, a)− r − γf(s′, π)2]
)
, (16)

whose finite-sample guarantee can be established under Bellman completeness (Assumption 3). Antos
et al. (2008); Xie et al. (2021) show that when F is linear, the solution coincides with LSTDQ, so we
can compare the guarantee of BRM under linear F with our Theorem 2. Jiang & Xie (2024) show
that BRM’s error bound is (see their Eq. (19))∣∣∣Jf̂π (π)− J(π)

∣∣∣ ≲ Vmax

1− γ
·
√
Cπ log(|F|/δ)

n
. (17)

In the linear setting, their Cπ is Cπlin (see their Eq. (23)), and log |F| ≈ d based on a standard

covering-number argument. Under such translation, the main O(n−
1
2 ) term in our Eq. (10) matches

Eq. (17) in the coverage and horizon dependence, and is sharper than the latter as our bound is
“directional” and does not depend on log |F| ≈ d. In contrast, the concentration event in BRM’s
analysis is that Eq. (16) concentrates to EµD [(f − T πf)2], which is independent of the initial state.
This makes the nature of Eq. (17) a function-estimation guarantee (see Appendix A), similar to our
Theorem 2 (which does depend on d). Whether Eq. (17) can be improved to a directional bound (i.e.,
no log |F|) for general non-linear F is an interesting open problem.

5.4 UNIFICATION WITH MARGINALIZED IMPORTANCE SAMPLING

In Section 5.3 we mentioned that many algorithms designed for general function approximation
reduce to LSTDQ when linear classes are used. Another example is Minimax Weight Learning
(MWL; Uehara et al., 2020), a representative method for marginalized importance sampling, whose
key idea is illustrated by the following inequality: given F such that Qπ ∈ F , ∀w : S ×A → R,∣∣∣∣ 1

1− γ
EµD [w(s, a)r]− J(π)

∣∣∣∣ ≤ sup
f∈F

∣∣∣Jf (π) + 1
1−γ EµD [w(s, a) · (γf(s

′, π)− f(s, a))]
∣∣∣, (18)

so learning w from some W class that minimizes (the empirical estimate of) the RHS to ≈ 0 ensures
that 1

1−γ EµD [w(s, a)r] is a good estimation of J(π). Theoretically, if some w⋆ ∈ W sets the RHS
of Eq. (18) to 0, finite-sample guarantees can be established, where coverage is reflected by the
magnitude of w⋆. As an example, w⋆(s, a) = µπ(s, a)/µD(s, a) always sets the RHS to 0, and we
pay the size of w⋆ as the coverage parameter (e.g., ∥µπ/µD∥∞) through concentration inequalities;
see Xie & Jiang (2020b, Section 6.2) for further discussions on this.

When both W and F are linear, Uehara et al. (2020) show that the MWL algorithm is equivalent to
LSTDQ. We now show that their coverage parameters and guarantees, when improved with insights
from follow-up works, coincide with our analyses in the linear setting. In particular, Zhang & Jiang
(2024) point out that the w⋆ that minimizes the population objective Eq. (18) takes a different form
in the linear case: w⋆(s, a) = (1− γ)ϕ⊤0 A

−1ϕ(s, a). An immediate implication is that

EµD [w⋆(s, a)2] = Cπϕ .

That is, the second moment of w⋆ on data is precisely our coverage parameter. While Uehara et al.
(2020) measures the size of w⋆ by ∥w⋆∥∞ due to the use of Hoeffding’s inequality, replacing it with
Bernstein’s will improve ∥w⋆∥∞ to EµD [w⋆(s, a)2] in the main O(n−1/2) term, which matches our
bound in Eq.(10) except that we do not have d dependence; see Appendix C.7 for further details.

6 CONCLUSION AND DISCUSSION

We tackled the fundamental problem of linear off-policy evaluation under the minimal assumption
of realizability. We re-analyzed a canonical algorithm for this setting, LSTDQ, and developed error
bounds that introduced the feature-dynamics coverage, a new notion of coverage that tightens and
sharpens our understanding of this setting. This parameter admits a natural interpretation as coverage
in a feature-induced dynamical system, while simultaneously generalizing special cases such as
aggregated concentrability with state abstraction features and linear coverage with Bellman-complete
features. Altogether, our results serve as clearer and more unified foundation for the theory of linear
OPE.
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DISCLOSURE OF LLM USAGE

In the initial phase of the project, the authors had a vague conjecture and rough road-map of the
main results in the paper, and used an LLM to execute the plan further to verify the feasibility of
the project. We also subsequently used LLMs to help with literature review and proofs with some
elementary linear-algebraic lemmas.
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A DIMENSION-FREE GUARANTEE FOR CONTEXTUAL BANDITS

In Section 4 we claim that the OPE bound for contextual bandits is dimension-free (Eq. (9)), i.e.,
independent of the feature dimension d. This may come as a surprise, as similar bounds are frequently
used in RL for calculating uncertainty bonuses (Abbasi-Yadkori et al., 2011; Jin et al., 2020; 2021),
but they take the form of 8

∥ϕ0∥Σ̂−1

√
d+ log(1/δ)

n
Vmax. (19)

In comparison, our Eq. (9) does not have the d factor, which we explain here. To start, we first rewrite
the error as the average of terms across the data points. Here we temporarily use subscript i to denote
the i-th data point (si, ai, ri) (in most of the main text we use subscript to denote the time step of a
state or action, such as in st):

ϕ⊤0 (θ̂lstd − θ⋆) = ϕ⊤0 Σ̂
−1(̂b− Âθ⋆) = ϕ⊤0 Σ̂

−1

(
1

n

n∑
i=1

ϕ(si, ai)ϵi

)
=

1

n

n∑
i=1

wiϵi.

Here ϵi := ri − Er∼R(·|s,a)[r] is zero-mean reward noise, and wi := ϕ⊤0 Σ̂
−1ϕ(si, ai). Since wi

only depends on si, ai and is independent of ri, by treating si, ai as fixed and only considering the
randomness of ri given si, ai, we have (see proof techniques from Lemma 1) w.p. ≥ 1− δ,∣∣∣∣∣ 1n

n∑
i=1

wiϵi

∣∣∣∣∣ ≲
√∑n

i=1 w
2
i /n

n
log(1/δ) · Vmax.

Eq. (9) follows by noticing that
∑n
i=1 w

2
i /n = ∥ϕ0∥2Σ̂−1

.

A few remarks are in order:
8Such analyses often assume ridge regularization, i.e., adding λI to Σ̂.
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Unknown µ0. In Section 2 we assume µ0 (and thus ϕ0) is known for convenience, and Eq. (9)
holds without such an assumption. In fact, the most natural setup for contextual bandits is µ0 = µD,
and the states observed in the data can be used to approximate ϕ0. In this case, we can replace
ϕ0 in the above analysis with ϕ̂0 := 1

n

∑n
i=1 ϕ(si, π). Then, the above bound still holds since ϕ̂0

does not depend on the random reward, but ϕ̂⊤0 θ
⋆ ̸= J(π). This additional error can be handled as

ϕ̂⊤0 θ
⋆ − J(π) = 1

n

∑n
i=1(ϕ(si, π)

⊤θ⋆ − J(π)), which also enjoys dimension-free concentration.

Return vs. function estimation. A key element in the dimension-free guarantee is that we are
stating it for a fixed initial distribution µ0. In contrast, guarantees like Eq. (19) hold for all possible
µ0 simultaneously, since the concentration event in its proof does not depend on µ0. In this sense, the
two results differ in the form of guarantees they offer: Eq. (19) is “w.p. ≥ 1− δ, ∀µ0”, while Eq. (9)
is “∀µ0, w.p. ≥ 1− δ”, and the factor-of-d gap can be explained away by union bounding over all
possible ϕ0 in Eq. (9). In fact, Eq. (19) (c.f. Theorem 1) is useful for establishing function-estimation
guarantees; see Appendix D.

Comparison to Theorem 1. Our main theorems for LSTDQ (Theorems 1 and 2) do not subsume
Eq. (9) as a special case as the above analysis for Eq. (9) cannot be directly extended to the
γ > 0 regime. This is because the counterpart of wi will depend on Â when γ > 0, whose
definition involves the random next-state s′ in the data. On the other hand, the counterpart of ϵi
is Qπ(si, ai) − ri − γQπ(s′i, a

′
i) (see proof of Lemma 1), and ϵi will no longer be zero mean and

independent when conditioned on wi. That said, our Theorem 1 is still dimension-free in the main
1/

√
n term, but it comes with a lower-order term that depends on d.

Data adaptivity. Eq. (9) also crucially relies on the fact that data is collected in a non-adaptive
manner, i.e., later actions are not chosen based on the random reward observed in earlier data points,
otherwise {ϵi} will not be zero mean and independent when conditioned on {wi}. In contrast, Eq.
(19) can handle adaptively collect data and is often used in online RL where adaptive data collection
is inevitable.

Related works. While Eq. (9) is generally known in the statistics community, to our knowledge it
is less known to the RL theory community, and we believe the idea is worth spreading. There are,
however, results that share similar spirits. For example, Duan & Wang (2020) shows that FQE in
linear MDPs enjoy a form of guarantee similar to our Eq. (12), where the main 1/

√
n term only

depends on coverage and not the dimensionality. Yin & Wang (2020, Lemma 3.4) establish OPE
guarantee for finite-horizon tabular RL, where the 1/

√
n term has no polynomial dependence on the

number of states and actions (which corresponds to our d), though their result measures coverage by
a reachability parameter which translates to our λmin(Σ).

B PROOFS OF SECTION 4

B.1 PROOF OF THEOREM 2

Theorem 2 (Empirical Coverage Bound). Under Assumptions 1 and 2, with probability at least 1− δ,∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ ≲ Vmax

1− γ
·

√
Ĉπϕ · (d+ log(1/δ))

n
(12)

where
Ĉπϕ := (1− γ)2ϕ⊤0 Â

−1Σ̂Â−⊤ϕ0. (13)

We treat Ĉπϕ = +∞ if Â is not invertible.

Proof of Theorem 2. Note that when Â is not invertible the guarantee trivially holds due to
Ĉπϕ = +∞, so below we treat Â as invertible. This also implies the invertibility of Σ̂. Now,∣∣∣JQ̂lstd

(π)− J(π)
∣∣∣ = ∣∣∣Es0∼µ0,a0∼π

[
Qπ(s0, a0)− Q̂lstd(s0, a0)

]∣∣∣
=
∣∣∣Es0∼µ0,a0∼π

[
ϕ(s0, a0)

⊤
(
θ⋆ − θ̂lstd

)]∣∣∣,
16
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where in the second line we have used realizability (Assumption 1) and the definition of Q̂lstd. We
can continue with simple algebra to find that:∣∣∣Es0∼µ0,a0∼π

[
ϕ(s0, a0)

⊤
(
θ⋆ − θ̂lstd

)]∣∣∣ = ∣∣∣ϕ⊤0 (θ⋆ − θ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 Â−1

(
Âθ⋆ − Âθ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 Â−1Σ̂1/2Σ̂−1/2

(
Âθ⋆ − Âθ̂lstd

)∣∣∣
≤
∥∥∥Σ̂1/2Â−⊤ϕ0

∥∥∥
2

∥∥∥Σ̂−1/2
(
Âθ⋆ − b̂

)∥∥∥
2
,

where in the last line we have used Cauchy-Schwartz, and Âθ̂lstd = b̂ (by invertibility). We then note
that ∥∥∥Σ̂1/2Â−⊤ϕ0

∥∥∥
2
=

√
ϕ⊤0 Â

−1Σ̂Â−⊤ϕ0 =
1

1− γ

√
Ĉπϕ ,

which yields that ∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ ≤ 1

1− γ

√
Ĉπϕ

∥∥∥Σ̂−1/2
(
Âθ⋆ − b̂

)∥∥∥
2
.

Then, Eq. (12) will be obtained by establishing the following concentration lemma.
Lemma 1. Fix any unit vector u (i.e., ∥u∥2 = 1), with probability at least 1− δ,

|u⊤Σ̂−1/2(Âθ⋆ − b̂)| ≲ Vmax

√
log(1/δ)

n
,

where the guarantee is treated as vacuous if Σ̂ is not invertible. As a corollary, w.p. ≥ 1− δ,

∥Σ̂−1/2(Âθ⋆ − b̂)∥2 ≲ Vmax

√
d+ log(1/δ)

n
.

Proof of Lemma 1. We first rewrite Âθ⋆ − b̂ as the average of terms across the data points. Here we
temporarily use subscript i to denote the i-th data point (si, ai, ri, s′i) (in most of the main text we
use subscript to denote the time step of a state or action, such as in st):

Âθ⋆ − b̂ =
1

n

n∑
i=1

ϕ(si, ai)
(
ϕ(si, ai)

⊤θ⋆ − γϕ(s′i, a
′
i)

⊤θ⋆ − ri
)

=
1

n

n∑
i=1

ϕ(si, ai)
(
Qπ(si, ai)− ri − γQπ(s′i, a

′
i)︸ ︷︷ ︸

:=εi

)
.

Thus, εi’s are independent zero-mean random variables when conditioned on the (si, ai) pairs. We
will treat the design over si, ai as fixed and non-random and only consider the case when Σ̂ is
invertible, since we provide vacuous guarantee otherwise. Note that the invertibility of Σ̂ (which is
determined by the (si, ai) pairs) will not affect the validity of our concentration inequality below due
to the fixed-design analysis.

Let l := Σ̂−1/2(Âθ⋆ − b̂), and

u⊤l := u⊤Σ̂−1/2 · 1
n

n∑
i=1

ϕiϵi =
1

n

n∑
i=1

u⊤Σ̂−1/2ϕiϵi,

where ϕi is a shorthand for ϕ(si, ai). The expression is the average of n independently distributed
zero-mean random variables. Since ϵi’s are the only randomness in this lemma and |ϵi| ≤ 2Vmax,
each summand’s boundedness is

ai := |u⊤Σ̂−1/2ϕi| · 2Vmax.

17
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We now invoke Hoeffding’s inequality for unequal ranges (Wainwright, 2019), which depends on the
sum of range squared:

n∑
i=1

a2i = 4V 2
max

n∑
i=1

u⊤Σ̂−1/2ϕiϕ
⊤
i Σ̂

−1/2u = 4V 2
max · u⊤Σ̂−1/2(nΣ̂)Σ̂−1/2u = 4V 2

maxn.

While individual ai can be large (∥Σ̂−1/2ϕi∥2 can be as large as
√
n), the sum of their squares is

4V 2
maxn, which is identical to the situation when each individual summand is bounded by 2Vmax, and

Hoeffding’s inequality does not distinguish between them. So w.p. ≥ 1− δ,

|u⊤l| ≲ Vmax

√
1

n
log

1

δ
.

This proves the first statement. For the second statement, note that ∥l∥2 = sup∥u∥2=1 u
⊤l, so it

suffices to union bound over {u : ∥u∥2 = 1} by a covering argument. Let U ⊂ {u : ∥u∥2 = 1} be a
cover to be specified later. By union bound, w.p. ≥ 1− δ,

max
u′∈U

|u′⊤l| ≲ Vmax

√
1

n
log

|U|
δ
.

Now for any unit u, let u′ be the closest vector in U , and

u⊤l ≤ |(u′ + u− u′)⊤l| ≤ |u′⊤l|+ (u− u′)⊤l ≤ |u′⊤l|+ ∥l∥2∥u− u′∥2.

Taking supremum over u on both hands, we obtain

∥l∥2 = sup
∥u∥2=1

u⊤l ≤ max
u′∈U

|u′⊤l|+ ∥l∥2∥u− u′∥2,

so

∥l∥2 ≤ maxu′∈U |u′⊤l|
1− ∥u− u′∥2

.

We now ensure that the multiplicative factor 1/(1− ∥u− u′∥2) ≤ 2 by building a cover such that
∥u − u′∥2 ≤ 1/2, and this only requires a constant resolution, so |U| = O(1)d. Combining the
results so far and the lemma statement follows immediately.

B.2 PROOF OF THEOREM 1

Theorem 1 (Population Coverage Bound). There exists n0 such that when n ≥ n0, w.p. ≥ 1− δ,

∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ ≲ Vmax

1− γ

√
Cπϕ · log(1/δ)

n
+ o(

√
1/n), (10)

where

Cπϕ := (1− γ)2ϕ⊤0 A
−1ΣA−⊤ϕ0 (11)

and n0 and the o(1/
√
n) term may depend on d and 1/σmin(A).

Proof of Theorem 1. We obtain this from Theorem 2 by showing that Ĉπϕ can be replaced by Cπϕ at
the cost of burn-in and lower-order terms. Note the following lemma, which we prove afterwards.

Lemma 2. There exists n0 ≈
(
B2
ϕ+σmax(A)

σmin(A)

)2
log(d/δ) such that when n ≥ n0, w.p. ≥ 1 − δ, Â

and Σ̂ are invertible, and∣∣∣Cπϕ − Ĉπϕ

∣∣∣ ≤ (1− γ)
2
∥∥∥Σ1/2A−⊤ϕ0 − Σ̂1/2Â−⊤ϕ0

∥∥∥
2
= O(1/n1/4),

where the O hides factors of 1
σmin(A) .
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We also recall Lemma 1. We union bound over the 3 events across these two lemmas, each assigning
δ/3 failure probability: note that Lemma 1 contains two statements, and we require the first holds
with u being the normalized vector of Σ1/2A−⊤ϕ0. This way, Lemma 1 guarantees that:

|ϕ⊤0 A−1Σ−1/2Σ̂−1/2(Âθ⋆ − b̂)| ≲ ∥ϕ⊤0 A−1Σ−1/2∥2 · Vmax

√
log(1/δ)

n
, (20)

∥Σ̂−1/2(Âθ⋆ − b̂)∥2 ≲ Vmax

√
d+ log(1/δ)

n
. (21)

Under the above high-probability events, we have Â and Σ̂ invertible, and∣∣∣JQ̂lstd
(π)− J(π)

∣∣∣ = |ϕ⊤0 (θ⋆ − θ̂)| = |ϕ⊤0 Â−1Σ̂1/2Σ̂−1/2(Âθ⋆ − b̂)|

≤ |(ϕ⊤0 Â−1Σ̂1/2 − ϕ⊤0 A
−1Σ1/2) · Σ̂−1/2(Âθ⋆ − b̂)|︸ ︷︷ ︸

(I)

+ |ϕ⊤0 A−1Σ1/2 · Σ̂−1/2(Âθ⋆ − b̂)|︸ ︷︷ ︸
(II)

.

Term (II) is exactly the LHS of Eq. (20). Noting that ∥ϕ⊤0 A−1Σ−1/2∥2 = Cπϕ/(1 − γ), this
immediately gives us the 1/

√
n term in Eq. (10). It remains to show that term (I) is o(

√
1/n).

(I) ≤ ∥ϕ⊤0 Â−1Σ̂1/2 − ϕ⊤0 A
−1Σ1/2∥2 ∥Σ̂−1/2(Âθ⋆ − b̂)∥2.

Eq.(21) shows that ∥Σ̂−1/2(Âθ⋆ − b̂)∥2 = O(1/
√
n), and Lemma 2 shows that ∥ϕ⊤0 Â−1Σ̂1/2 −

ϕ⊤0 A
−1Σ1/2∥2 = O(1/n1/4). Put together, term (I) is O(1/n3/4) which proves the claim.

Proof of Lemma 2. We first give a matrix concentration lemma, whose proof is postponed until the
end of this lemma.

Lemma 3. When n ≳
(
B2
ϕ+σmax(A)

σmin(A)

)2
log(d/δ), with probability at least 1− δ, we have:

∥Σ− Σ̂∥2 ≲ ϵ(Σ) :=

√
λmax(Σ)(B2

ϕ + λmax(Σ)) log(d/δ)

n
. (22)

and

∥A− Â∥2 ≲ ϵ(A) :=
(
B2
ϕ + σmax(A)

)√ log(d/δ)

n
,

and

∥Â−1 −A−1∥2 ≤ 1

σmin(A)2
∥A− Â∥2 = O

(
B2
ϕ + σmax(A)

σmin(A)2

√
log(d/δ)

n

)
. (23)

As a consequence, Â and Σ̂ are invertible with high probability.

Since Â and Σ̂ are invertible, we can write:∣∣∣Cπϕ − Ĉπϕ

∣∣∣ = (1− γ)
2
∣∣∣∥Σ1/2A−⊤ϕ0∥2 − ∥Σ̂1/2Â−⊤ϕ0∥2

∣∣∣
≤ (1− γ)

2
∥∥∥Σ1/2A−⊤ϕ0 − Σ̂1/2Â−⊤ϕ0

∥∥∥
2

≤ (1− γ)
2
(∥∥∥Σ̂1/2

(
A−⊤ − Â−⊤

)
ϕ0

∥∥∥
2
+
∥∥∥(Σ̂1/2 − Σ1/2

)
A−⊤ϕ0

∥∥∥
2

)
≤ (1− γ)

2
Bϕ

(∥∥∥Σ̂1/2
∥∥∥
2
∥A−1 − Â−1∥2 +

∥∥∥Σ̂1/2 − Σ1/2
∥∥∥
2
∥A−1∥2

)
.

The second line is the intermediate quantity in the lemma statement and the rest of the analysis always
bounds |Cπϕ − Ĉπϕ | through the above relaxation, so we will not separately mention the bound on∥∥∥Σ1/2A−⊤ϕ0 − Σ̂1/2Â−⊤ϕ0

∥∥∥
2
.
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Let ε(Σ1/2) = ∥Σ1/2 − Σ̂1/2∥2 and ε(A−1) = ∥A−1 − Â−1∥2. Note that the above inequalities
imply∣∣∣Cπϕ − Ĉπϕ

∣∣∣ ≤ (1− γ)2Bϕ

((
λmax(Σ

1/2) + ε(Σ1/2)
)
ε(A−1) + ε(Σ1/2)

1

σmin(A)

)
. (24)

We conclude by bounding ε(Σ1/2) and ε(A−1). The bound on ε(A−1) follows from (23). To obtain
a bound on ε(Σ1/2), we can use (22) in combination with the the inequality ∥Σ1/2 − Σ̂1/2∥2 ≤√
∥Σ− Σ̂∥2 (van Hemmen & Ando, 1980)9, to obtain:

∥Σ1/2 − Σ̂1/2∥2 ≤
√
∥Σ− Σ̂∥2 ≤

√
ϵ(Σ) = O

(λmax(Σ)(B
2
ϕ + λmax(Σ)) log(d/δ)

n

)1/4
.

Returning to Eq. (24) and combining everything, we have:∣∣∣Cπϕ − Ĉπϕ

∣∣∣ ≤ (1− γ)2Bϕ

(
B2
ϕ + σmax(A)

)
σmin(A)2

√
log(d/δ)

n

((λmax(Σ)(B
2
ϕ + λmax(Σ)) log(d/δ)

n

)1/4
+
√
λmax(Σ)

)
+

(1− γ)2Bϕ
σmin(A)

(λmax(Σ)(B
2
ϕ + λmax(Σ)) log(d/δ)

n

)1/4
= O(1/n1/4).

Proof of Lemma 3. We firstly establish the bound on ∥Σ̂−Σ∥2. To do this, we use Matrix Bernstein
(Lemma 8). Abbreviate Xi := ϕ(si, ai), and let Zi = XiX

⊤
i − Σ be the centered matrices. For the

almost sure bound, we have

∥Zi∥2 ≤ ∥XiX
⊤
i ∥2 + ∥Σ∥2 ≤ ∥Xi∥22 + λmax(Σ) ≤ B2

ϕ + λmax(Σ).

For the variance term, we have:∥∥E[(XiX
⊤
i − Σ)2

]∥∥
2
=
∥∥E[(XiX

⊤
i )

2
]
− Σ2

∥∥
2

≤
∥∥B2

ϕ E
[
XiX

⊤
i

]
− Σ2

∥∥
2

≤ B2
ϕλmax(Σ) + λmax(Σ)

2.

This yields

∥Σ̂− Σ∥2 ≤

√
2λmax(Σ)(B2

ϕ + λmax(Σ)) log(2d/δ)

n
+

2(B2
ϕ + λmax(Σ)) log(2d/δ)

3n

≲

√
λmax(Σ)(B2

ϕ + λmax(Σ)) log(d/δ)

n
.

We now establish the bound on ∥Â−A∥2 again via Matrix Bernstein (Lemma 8). Define the notation
Xi = ϕ(si, ai) andX ′

i = ϕ(si, ai)−γϕ(s′i, a′i). Then we let Zi = Xi(X
′
i)

⊤−A denote the centered
matrices. For the almost sure norm bound, we have

∥Zi∥2 ≤ ∥Xi∥2∥X ′
i∥2 + ∥A∥2 ≤ B2

ϕ(1 + γ) + σmax(A) ≤ 2B2
ϕ + σmax(A).

For the variance terms, we have:∥∥∥E[(Xi(X
′
i)

⊤ −A
)(
Xi(X

′
i)

⊤ −A
)⊤]∥∥∥

2
=
∥∥E[Xi(X

′
i)

⊤X ′
iX

⊤
i −AX ′

iX
⊤
i −X ′

iX
⊤
i A+AA⊤]∥∥

2

≤ 4B2
ϕ

∥∥E[XiX
⊤
i

]∥∥
2
+
∥∥AA⊤∥∥

2

= 4B2
ϕλmax(Σ) + σmax(A)

2,

9See also this answer by user “jlewk” on Math StackExchange: https://math.stackexchange.com/a/
3968174
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as well as∥∥∥E[(Xi(X
′
i)

⊤ −A
)⊤(

Xi(X
′
i)

⊤ −A
)]∥∥∥

2
=
∥∥E[X ′

i(Xi)
⊤Xi(X

′
i)

⊤ −A⊤Xi(X
′
i)

⊤ −X ′
iX

⊤
i A+A⊤A

]∥∥
2

≤ 4B4
ϕ +

∥∥AA⊤∥∥
2

= 4B4
ϕ + σmax(A)

2.

With the latter, the variance term and the norm bound are of the same order, which gives

∥Â−A∥2 ≲
(
B2
ϕ + σmax(A)

)√ log(d/δ)

n
.

Then, to bound ∥A− Â−1∥2, we note the following lemma.

Lemma 4 ((Stewart & Sun, 1990)). Let A ∈ Rm×n, with m ≥ n and let Ã = A+ E. Then,

ϵ(A−1) ≤ 1 +
√
5

2
max

{
∥A−1∥2, ∥Ã−1∥2

}
∥E∥2.

Furthermore, if ∥E∥2 ≤ σmin(A)/2, then

∥Ã−1 −A−1∥2 ≲ ∥A−1∥22∥E∥2.

This immediately implies that, for ∥A− Â∥2 ≤ σmin(A)/2, we have

∥Â−1 −A−1∥2 ≤ 1

σmin(A)2
∥A− Â∥2 = O

(
B2
ϕ + σmax(A)

σmin(A)2

√
log(d/δ)

n

)
This latter condition is equivalent to(

B2
ϕ + σmax(A)

)√ log(d/δ)

n
≲
σmin(A)

2
=⇒ n ≳

(
B2
ϕ + σmax(A)

σmin(A)

)2

log(d/δ),

which we have set as the burn-in time in the lemma statement. Lastly, Eq. (23) and the reverse
triangle inequality shows that Â (and thus Σ̂) are invertible with high probability.

C PROOFS OF SECTION 5

C.1 PROOF OF PROPOSITION 1

Proposition 1. Define a deterministic linear dynamical system {µπϕ,t}t≥0, with µπϕ,0 := ϕ0, and
∀t ≥ 0,

µπϕ,t+1 = Bπ µπϕ,t.

When ρ(Bπ) < 1/γ,10 define the feature occupancy in Bπ as µπϕ := (1− γ)
∑
t≥0 γ

tµπϕ,t, then

Cπϕ = (µπϕ)
⊤Σ−1µπϕ.

Proof of Proposition 1. Recall that we defined Bπ = (Σ−1Σcr)
⊤. We note that

A = Σ− γΣcr = Σ(I − γ(Bπ)⊤).

Substituting this into Cπϕ , we arrive at the expression:

Cπϕ = (1− γ)2ϕ⊤0 A
−1ΣA−Tϕ0 = (1− γ)2ϕ⊤0 (I − γBπ)−⊤Σ−1(I − γBπ)−1ϕ0. (25)

Note that when ρ(Bπ) < 1/γ, the matrix (I − γBπ)−1 has the series expansion:

(I − γBπ)−1 =

∞∑
t=0

γt(Bπ)t.

Thus, we notice that

(I − γBπ)−1ϕ0 =

∞∑
t=0

γt(Bπ)tϕ0 =

∞∑
t=0

γtµπϕ,t =
1

1− γ
µπϕ.

Substituting this into Eq. (25) gives the result.

10Recall that ρ denotes the spectral radius of a matrix.
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C.2 NEW ON-POLICY CONDITION

Prior to our work, the only notable discussion of coverage in LSTD(Q) is its benign guarantees in a
strict on-policy setting, where data distribution µD is an invariant distribution of Pπ . One can further
relax this condition to Σcr ⪯ βΣ as β = 1 when µD is invariant under π. This condition is handled
by Perdomo et al. (2023) and inherited by our results.

Given the dynamical system interpretation in Section 5.1, we are able to establish a novel on-policy
result as follows:

Proposition 2. Assume ϕ contains a bias term, that is, there exists θ0 ∈ Rd such that ϕ(s, a)⊤θ0 ≡
1 ∀s, a. If ρ(Bπ) < 1/γ and EµD [ϕ(s, a)] = EµD [ϕ(s′, π)] = ϕ0, then Cπϕ ≤ 1.

The condition Σcr ⪯ βΣ relates the distributions of (s, a) and (s′, a′), where Proposition 2 only
requires their means to be identical. We provide a proof below.

Proof of Proposition 2. Let (ϕ(s, a) 7→ Y ) be any regression problem where (s, a) ∼ µD and Y is
an arbitrary real-valued random variable jointed distributed with (s, a). Let θY = Σ−1 E[ϕ(s, a)Y ]
(where E[·] here is w.r.t. the above joint distribution) be the population solution to linear regression.
Then, when ϕ contains a bias term, it is known that

E[ϕ(s, a)⊤θY ] = E[Y ],

even if E[Y |s, a] is not linear in ϕ. This can be proved easily by multiplying θ0 on both sides of
Σ× θY = E[ϕ(s, a)Y ]:

θ⊤0 E[ϕ(s, a)ϕ(s, a)⊤]θY = θ⊤0 E[ϕ(s, a)Y ] ⇒ E[ϕ(s, a)⊤θY ] = E[Y ].

Since Bπ linearly predicts each coordinate of ϕ(s′, a′) separately, we apply the above result and
obtain

EµD [ϕ(s′, a′)] = EµD [Bπϕ(s, a)] = Bπ EµD [ϕ(s, a)].
Let ϕD = EµD [ϕ(s, a)]. Then the condition of the proposition tells us that

ϕD = Bπ ϕD.

Since µπϕ,0 = ϕD, we immediately have µπϕ,t = ϕD,∀t. Given ρ(Bπ) < 1/γ, Proposition 1 holds
and µπϕ = ϕD, so

Cπϕ = (ϕD)
⊤Σ−1ϕD ≤ 1.

C.3 PROOF OF PROPOSITION 3

Proposition 3. We have that:√
Cπϕ = (1− γ)∥(I − γΣ−1/2ΣcrΣ

−1/2)−⊤Σ−1/2ϕ0∥2 ≤ (1− γ)
∥ϕ0∥Σ−1

σmin(I − γΣ−1/2ΣcrΣ−1/2)
.

Furthermore, the gap between the LHS and the RHS may be arbitrarily large.

Proof of Proposition 3. The derivation of the equality is as follows:

1

(1− γ)2
Cπϕ = ϕ⊤0 A

−1ΣA−Tϕ0

= ϕ0(Σ− γΣcr)
−1

Σ(Σ− γΣcr)
−⊤
ϕ0

= ϕ⊤0

(
Σ1/2(I − γΣ−1/2ΣcrΣ

−1/2)Σ1/2
)−1

Σ
(
Σ1/2(I − γΣ−1/2ΣcrΣ

−1/2)Σ1/2
)−⊤

ϕ0

= ϕ⊤0 Σ
−1/2(I − γΣ−1/2ΣcrΣ

−1/2)−1(I − γΣ−1/2ΣcrΣ
−1/2)−⊤Σ−1/2ϕ0

= ∥(I − γΣ−1/2ΣcrΣ
−1/2)−⊤Σ−1/2ϕ0∥22.
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For the inequality, we simply take the operator norm on the matrix (I − γΣ−1/2ΣcrΣ
−1/2)−⊤:

∥(I − γΣ−1/2ΣcrΣ
−1/2)−⊤Σ−1/2ϕ0∥2 ≤

∥∥∥(I − γΣ−1/2ΣcrΣ
−1/2)−⊤

∥∥∥
2

∥∥∥Σ−1/2ϕ0

∥∥∥
2

=
∥ϕ0∥Σ−1

σmin(I − γΣ−1/2ΣcrΣ−1/2)
.

The fact that this represents an arbitrarily large improvement follows by picking an instance where
I − γΣ−1/2ΣcrΣ

−1/2 is near-singular but Σ−1/2ϕ0 is in a non-singular direction. For example,
consider the instance where d = 2, the initial distribution µ0 is deterministic on a state with feature
e2, the data distribution µD is uniform over the feature vectors

√
2e1 and

√
2e2, and all the states in

the data distribution transition to a state with feature vector ϕ′ = 2
γ (1− ε)e1. Then, it is simple to

verify that ϕ0 = e2, Σ = I , Σcr =
1
γ

(
1− ε 0
0 0

)
, and I − γΣ−1/2ΣcrΣ

−1/2 =

(
ε 0
0 1

)
. Thus,

the LHS is equal to 1 but the RHS is equal to 1/ε, which can be made arbitrarily large by taking
ε→+ 0.

C.4 ON AGGREGATED CONCENTRABILITY

Section 5.2 mention that prior works establish aggregated concentrability as the coverage parameter
for learning with Qπ-irrelevant abstractions. However, these works focus on the model selection
setting where learning under abstraction is used as a subroutine, and the notion of aggregated
concentrability is either implicit in the analysis or not given in a clean form (Xie & Jiang, 2020b;
Zhang & Jiang, 2021; Jia et al., 2024). Therefore, here we provide a clean sketch for learning under
abstractions based on the spirit of these earlier works.

The key observation is that learning can be viewed as entirely happening in Mψ (Definition 1):11

1. Data: The data-generating process is identical to that from Mψ, in the sense that the following
two generation process for (k, a, r, k′) are identically distributed:

(s, a) ∼ µD, r ∼ R(·|s, a), r′ ∼ P (·|s, a), k = ψ(s), k′ = ψ(s′)

⇐⇒ (k, a) ∼ ϕD, r ∼ Rψ(s, a), k
′ ∼ Pψ(·|k, a),

where we recall that ϕ(s, a) = eψ(s),a in this setting and ϕD = E(s,a)∼µD [ϕ(s, a)] is a distribution
over {1, . . . ,K} × A.

2. Learning algorithm: LSTDQ is equivalent to tabular model-based OPE in the empirical estimate
of Mψ . That is, θ̂lstd is precisely Qπ

M̂ψ
, where M̂ψ is the tabular MLE estimation of Mψ obtained

from data {(k, a, r, k′)}.

3. Learning target: Since Qπ is realizable by the abstraction, we can write its “compressed version”
[Qπ]ψ(k, a) = Qπ(s, a),∀s ∈ ψ−1(k). [Qπ]ψ is precisely the Q-function of π (recall that in
Section 5.2 we have π(·|s) = π(·|ψ(s))) in Mψ, namely [Qπ]ψ = QπMψ

(Jiang, 2018; Amortila
et al., 2024a).

4. Error measure: The return estimation error guarantees also follow a similar translation: let ψ0 in
Definition 1 be the initial distribution in Mψ ,

J(π)− JQ̂lstd
(π) = JMψ

(π)− J
M̂ψ

(π).

Given the equivalence, we can simply invoke any guarantee for JMψ
(π) − J

M̂ψ
(π) and it will

equally apply to J(π)− JQ̂lstd
(π). However, the former is a textbook-standard instance of tabular

model-based OPE, where a standard coverage parameter is χ2 of the density ratio w.r.t. Mψ as the
groundtruth model and ϕD as the data distribution. This yields the aggregated concentrability in
Definition 1.

11Definition 1 ommited the definition of reward function Rψ . For stochastic rewards, the probability distribu-
tion Rψ(r|k, a) is a mixture of R(r|s, a) similar to the transition case: Rψ(r|k, a) = µD(s,a)R(r|s,a)

ϕD(k,a)
.
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General state-action aggregation. Definition 1 is restricted to π that is consistent with the given
abstraction ψ. Here we show a more general analysis for arbitrary π, which also handles general
one-hot ϕ that are not necessarily induced from state abstraction ψ, corresponding to an arbitrary
size-d partition over S ×A. In this case, an abstract MDP analogous to Mψ (with {1, . . . ,K} as its
state space) is not well defined; nevertheless, the notion of aggregated concentrability can be extended
to handle this setting, and its equivalence to our Cπϕ still holds. We briefly sketch the analyses here,
which includes (1) an analysis of learning under general one-hot ϕ, (2) showing that the guarantee
depends on a more general notion of aggregated concentrability, and (3) it is equivalent to our Cπϕ .
There are two approaches that both achieve the goal.

Approach 1. This approach directly extends the analysis above and is similar to Jia et al. (2024).
Instead of an MDP over {1, . . . ,K} (with K = d/|A|) as its state space, we can directly define
an abstract Markov reward process (MRP) (Rϕ, Pϕ) with state space [d], and obtain the similar
data-generation equivalence: (for this analysis we will abuse the notation and treat the output of ϕ as
its one-hot index, ϕ : S ×A → {1, . . . , d}) let ϕD = E(s,a)∼µD [ϕ(s, a)], and we have

(s, a) ∼ µD, r ∼ R(·|s, a), s′ ∼ P (·|s, a), k = ϕ(s, a), k′ = ψ(s′)

⇐⇒ k ∼ ϕD, r ∼ Rϕ(·|k), k′ ∼ Pϕ(·|k).

Similar to before, we can also show that the value function in the MRP is equivalent to Qπ, and
LSTDQ is equivalent to the model-based solution, and so on.

Approach 2. An alternative approach is to define the “abstract MDP” Mϕ over the original state
space S (Jiang, 2018; Xie & Jiang, 2020a; Zhang & Jiang, 2021):

Rϕ(s, a) =

∑
(s̃,ã):ϕ(s̃,ã)=ϕ(s,a) µ

D(s̃, ã)R(s, a)∑
(s̃,ã):ϕ(s̃,ã)=ϕ(s,a)) µ

D(s̃, ã)
,

Pϕ(·|s, a) =
∑

(s̃,ã):ϕ(s̃,ã)=ϕ(s,a) µ
D(s̃, ã)P (·|s, a)∑

(s̃,ã):ϕ(s̃,ã)=ϕ(s,a)) µ
D(s̃, ã)

.

Unlike Approach 1 which requires us to extend some MDP results to MRPs, this version still defines
Mϕ as an MDP, albeit over the original state space S , and the initial state distribution is still µ0. It has
piecewise-constant (w.r.t. the partition induced by ϕ) reward and transition functions, and within each
partition it straightforwardly (and seemingly naïvely) mixes the true reward and transition according
to the relative weighting in the data distribution. Similar to before, we have Qπ = QπMϕ

.

To connect LSTDQ to this abstract model, we define the empirical projected Bellman operator
T̂ µD

ϕ : RS×A → RS×A in the same fashion as Definition 2 of Xie & Jiang (2020a), and show that

(1) Q̂lstd is the fixed point of this operator, and (2) fixing any f , T̂ π
ϕ f concentrates towards T π

Mϕ
f

with a sample complexity independent of |S|. By union bounding over all piecewise-constant (i.e.,
linear-in-ϕ) f , we establish that

E(s,a)∼µD [(Q̂lstd − T π
Mϕ
Q̂lstd)(s, a)

2] ≤ εstat,

where εstat is the statistical error term (see Xie & Jiang (2020a, Lemma 9)). Then, error propagation
is analyzed by invoking simulation lemma in Mϕ:

JQ̂lstd
(π)− J(π) = Es∼µ0,a∼π[Q̂lstd(s, a)]− JMϕ

(π)

=
1

1− γ
E(s,a)∼dπMϕ

[Q̂lstd − T π
Mϕ
Q̂lstd].

The last step is error translation from µD to dπMϕ
, where a naïve translation would yield the size

of dπMϕ
/µD which is not the same as our Cπϕ . However, note that Q̂lstd and T π

Mϕ
(·) are both

piecewise-constant (i.e., linear in ϕ), allowing us to projecting each distribution onto the feature space
(dπMϕ

→ E(s,a)∼dπMϕ
[ϕ(s, a)], µD → E(s,a)∼µD [ϕ(s, a)] = ϕD) before calculating their density

ratio, which recovers Cπϕ .
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C.5 PROOF OF PROPOSITION 4

Proposition 4. When ϕ(s, a) = eψ(s),a is induced by a state abstraction ψ and π depends on s only
through ψ(s), recall that ϕD = EµD [ϕ] is a distribution over (k, a) pairs, and we have

Cπϕ = E(k,a)∼ϕD [(µ
π
Mψ

/ϕD)2].

Proof of Proposition 4. We compute the A matrix. Below, we define Pπ(s′, a′ | s, a) = P (s′ |
s, a)π(a′ | s′), P (k′ | s, a) =

∑
s′:ψ(s′)=k P (s

′ | s, a), and

Pπ(k′, a′ | s, a) = P (k′ | s, a)π(a′ | k′),
which is valid since π is consistent with the state abstraction. To start, the covariance matrix Σ
becomes

Σ = Es,a∼µD
[
ϕ(s, a)ϕ(s, a)⊤

]
=

∑
k∈[K],a∈A

∑
s∈S:ψ(s)=k

µD(s, a)ek,ae
⊤
k,a

=
∑

k∈[K],a∈A

ek,ae
⊤
k,a

 ∑
s∈S:ψ(s)=k

µD(s, a)


=

∑
k∈[K],a∈A

ek,ae
⊤
k,aϕ

D(k, a) = diag(ϕD),

where we recalled the definition of ϕD(k, a) =
∑
s∈S:ψ(s)=k µ

D(s, a), and diag(ϕD) is the diagonal
matrix with elements of ϕD on the diagonal. Let’s examine the cross-covariance Σcr.

Σcr = Es,a∼µD
[
ϕ(s, a)ϕ(s′, a′)⊤

]
=

∑
s∈S,a∈A

µD(s, a)ϕ(s, a)
∑

s′∈S,a′∈A
Pπ(s′, a′ | s, a)ϕ(s′, a′)⊤

=
∑

k∈[K],a∈A

ek,a
∑

s∈S:ψ(s)=k

µD(s, a)

 ∑
k′∈[K],a′∈A

∑
s′∈S:ψ(s′)=k′

Pπ(s′, a′ | s, a)e⊤k′,a′


=

∑
k∈[K],a∈A

ek,a
∑

s∈S:ψ(s)=k

µD(s, a)

 ∑
k′∈[K],a′∈A

e⊤k′,a′P
π(k′, a′ | s, a)


=

∑
k∈[K],a∈A

ek,a
∑

k′∈[K],a′∈A

e⊤k′,a′
∑

s∈S:ψ(s)=k

µD(s, a)Pπ(k′, a′ | s, a)

=
∑

k∈[K],a∈A

ek,a
∑

k′∈[K],a′∈A

e⊤k′,a′ϕ
D(k, a)

(∑
s∈S:ψ(s)=k µ

D(s, a)Pπ(k′, a′ | s, a)
ϕD(k, a)

)
:=

∑
k∈[K],a∈A

ek,a
∑

k′∈[K],a′∈A

e⊤k′,a′ϕ
D(k, a)Pπψ (k

′, a′ | k, a)

= Σ (Pπψ )
⊤,

where we recall Pπψ as the transition kernel of policy π in Mψ:

Pπψ (k
′, a′ | k, a) =

∑
s:ψ(s)=k µ

D(s, a)Pπ(k′, a′ | s, a)
ϕD(k, a)

.

Putting our expressions for Σ and Σcr together, we immediately have

Bπ = Pπψ .

Given that the initial state distribution in Mψ is ψ0, we can compute its initial state-action distribution

ψ0(k0)π(a0|k0) =
∑

s0:ψ(s0)=k0

µ0(s0)π(a0|k0) = Es∼µ0,a∼π[I[ψ(s) = k0, a = a0]]

= Es∼µ0,a∼π[ek0,a0(ψ(s), a)] = ϕ0(k0, a0),
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implying that the initial state-action distribution happens to be ϕ0. Finally, our coverage coefficient
becomes

Cπϕ = (1− γ)2ϕ⊤0 (1− γBπ)−⊤Σ−1(I − γBπ)−1ϕ0

= (1− γ)2ϕ⊤0 (I − γPπψ )
−⊤diag(ϕD)−1(I − γPπψ )

−1ϕ0

= (µπMψ
)⊤diag(ϕD)−1µπMψ

= E(k,a)∼ϕD
[
(µπMψ

/ϕD)2
]
.

C.6 PROOF OF PROPOSITION 5

Proposition 5. Let Fϕ := {ϕ⊤θ : θ ∈ Rd} be the space of functions linear in ϕ. Assume Fϕ satisfies
Bellman-completeness (Assumption 3). Then, (1) Bπ becomes an exact model for next-feature
prediction, i.e., Es′∼P (·|s,a)[ϕ(s

′, π)] = Bπ ϕ(s, a), (2) µπϕ = ϕπ , (3) ρ(Bπ) ≤ 1, and (4)

Cπϕ = Cπlin = (ϕπ)⊤Σ−1ϕπ.

Proof of Proposition 5.

(1) Bπ is an exact next-feature predictor: Es′∼P (·|s,a)[ϕ(s, a)] = Bπϕ(s, a) for all (s, a). First,
we show that under Bellman completeness Fϕ is also closed under the transition operator Pπ :=
T π −R, that is, Pπf ∈ Fϕ for all f ∈ Fϕ.

The linearity of Fϕ together with Bellman completeness immediately imply that the reward function
is linear, or R ∈ Fϕ. Define f0 ∈ Fϕ to be the function corresponding to the parameter θ = 0d, so
that f0(s, a) = 0 for all (s, a); we have T πf0 = R ∈ Fϕ.

Next, fix any f ∈ Fϕ and observe that T πf is also linear, since T πf ∈ Fϕ under Bellman
completeness. It follows that T πf −R = Pπf ∈ Fϕ because the difference of two functions linear
in the same features is also linear in those features, which proves that Fϕ is closed under Pπ. This
closure implies that for any f ∈ Fϕ, there exists some θf ∈ Rd such that

ϕ(s, a)⊤θf = (Pπf)(s, a) = Es′∼P (·|s,a)[f(s
′, π)].

To prove the stated claim we will utilize choice instantations of such functions and their corresponding
parameters. For i ∈ [d], define the function fi := ⟨ϕ, ei⟩ ∈ Fϕ, and let θi ∈ Rd be such that

ϕ(s, a)⊤θi = Es′∼P (·|s,a)[fi(s
′, π)], ∀(s, a).

Then for all (s, a),

Es′∼P (·|s,a)[ϕ(s
′, π)] =


Es′∼P (·|s,a)[f1(s

′, π)]

Es′∼P (·|s,a)[f2(s
′, π)]

...

Es′∼P (·|s,a)[fd(s
′, π)]

 =


θ⊤1

θ⊤2
...

θ⊤d


︸ ︷︷ ︸

(∗)

ϕ(s, a).

Lastly, we will show that the above system of equations is satisfied by setting

(∗) = Σ−⊤
cr Σ−1 = Bπ.

Right-multiplying both sides by ϕ(s, a)⊤ then taking the expectation over (s, a) ∼ µD, we obtain

E(s,a,s′,a′)∼µD×P×π
[
ϕ(s′, a′)ϕ(s, a)⊤

]
= Bπ E(s,a)∼µD

[
ϕ(s, a)ϕ(s, a)⊤

]
.
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Solving for Bπ and rearranging gives

Bπ =
(
E(s,a,s′,a′)∼µD×P×π

[
ϕ(s, a)ϕ(s′, a′)⊤

])⊤
Σ−1

= Σ⊤
crΣ

−1,

which confirms that Bπ = (Σ−1Σcr)
⊤ satisfies for all (s, a) the equivalence

Es′∼P (·|s,a)[ϕ(s
′, π)] = Bπϕ(s, a).

(2) Showing µπϕ = ϕπ . Recall that ϕπ = E(s,a)∼µπ [ϕ(s, a)]. Using the Bellman flow equations for
µπ , we obtain a recursive system of equations for the dynamics of ϕπ:

ϕπ =
∑
s,a

ϕ(s, a)µπ(s, a)

=
∑
s,a

ϕ(s, a)

(1− γ)µπ0 (s, a) + γ
∑
s′,a′

Pπ(s, a | s′, a′)µπ(s′, a′)


= (1− γ)ϕ0 + γ E(s,a)∼µπ

[
Es′∼P (·|s,a)[ϕ(s

′, π)]
]

= (1− γ)ϕ0 + γ E(s,a)∼µπ [B
πϕ(s, a)]

= (1− γ)ϕ0 + γBπϕπ,

where we invoke the result from (1) in the second-to-last line. Repeatedly expanding the RHS of the
equation with the recursion,

ϕπ = (1− γ)ϕ0 + γBπϕπ,

= (1− γ)ϕ0 + γBπ((1− γ)ϕ0 + γBπϕπ)

= (1− γ)
(
ϕ0 + γBπϕ0 + γ2(Bπ)2ϕπ

)
. . .

= (1− γ)

∞∑
t=0

γt(Bπ)tϕ0,

which is exactly the definition of µπϕ from Proposition 1.

(3) Showing ρ(Bπ) ≤ 1. The proof of (2) implies that for any (s0, a0) ∈ S×A, (Bπ)tϕ(s0, a0) =
E(s,a)∼µπ,s0,a0t

[ϕ(s, a)], where µπ,s0,a0t is the t-th step state-action distribution under π when the
initial state-action pair is the given (s0, a0). Given ∥ϕ(s, a)∥2 ≤ Bϕ,∀(s, a), we have

(Bπ)tϕ(s0, a0) ≤ Bϕ, ∀t.

Given that Σ is full-rank, we can always find {(s(i)0 , a
(i)
0 )}di=1 such that {ui := ϕ(s

(i)
0 , a

(i)
0 )}di=1

forms a basis of Rd. Then we have ∥(Bπ)tui∥ ≤ Bϕ,∀t.
Now we show that ∥(Bπ)t∥op, where ∥ · ∥op is the operator norm, also has a finite bound that is
independent of t. Recall that operator norm is the largest singular value; let the corresponding singular
vector be u and ∥u∥2 = 1, and we express u =

∑d
i=1 αiui. We have

∥(Bπ)t∥op = ∥(Bπ)tu∥2 =

∥∥∥∥∥
d∑
i=1

αi(B
π)tui

∥∥∥∥∥
2

≤
d∑
i=1

|αi|Bϕ =: v.

The key here is that the upper bound v <∞ is independent of t. Plugging into the Gelfand’s formula,
we have

ρ(Bπ) = lim
t→∞

∥(Bπ)t∥1/top ≤ lim
t→∞

v1/t = 1.
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(4) Proving equivalence Cπϕ = Cπlin. Recalling Eq. (14) and the definition of µπϕ, following the
proof of Proposition 1, when σmax(B

π) < 1/γ we may write

Cπϕ = (1− γ)2ϕ⊤0 A
−1ΣA−⊤ϕ0

= (1− γ)2ϕ⊤0 (I − γBπ)
−⊤

Σ−1(I − γBπ)
−1
ϕ0.

=
(
µπϕ
)⊤

Σ−1µπϕ.

Substituting the previously derived identity that µπϕ = ϕπ in the last line,(
µπϕ
)⊤

Σ−1µπϕ = (ϕπ)
⊤
Σ−1ϕπ = Cπlin.

C.7 DETAILS ON MWL

Here we expand on Section 5.4 and provide more details about the unification with MWL.

MWL guarantee. MWL is concerned with the following loss:

L(w, f) :=
∣∣∣Jf (π) + 1

1−γ EµD [w(s, a) · (γf(s
′, π)− f(s, a))]

∣∣∣ (26)

Let L̂(w, f) be its empirical estimate from data. The algorithm learns

ŵ = argmin
w∈W

max
f∈F

L̂(w, f),

and produces Jŵ(π) := 1
1−γ EµD [ŵ(s, a) · r] as an estimation of J(π). Uehara et al. (2020) show

that when Qπ ∈ F , the estimation error can be bounded as

|Jŵ(π)− J(π)| ≤ min
w∈W

max
f∈F

L(w, f) + max
w∈W,f∈F

|L(w, f)− L̂(w, f)|.

The first term is the realizability error of W . The second term is uniform deviation bound for L̂(w, f);
for finite W,F , Hoeffding with union bound gives: w.p. ≥ 1− δ,

max
w∈W,f∈F

|L(w, f)− L̂(w, f)| ≲ BWBF

1− γ

√
1

n
ln

|W||F|
δ

,

where BW := maxw∈W ∥w∥∞, and BF is defined similarly. Since F models Qπ , we often assume
BF ≲ Vmax.

Coverage in MWL. In this analysis, the coverage parameter is manifested rather implicitly in
CW : we need to find w⋆ ∈ W to control the first term, and for simplicity let’s focus on w⋆ such
that maxf∈F L(w

⋆, f) = 0; then the estimation error will only have the uniform deviation term. As
mentioned in Section 5.2, a standard choice is w⋆(s, a) = µπ(s, a)/µD(s, a). Then, when w⋆ ∈ W ,
we have

CW ≥ ∥w⋆∥∞ = ∥µπ/µD∥.,
which is the standard ℓ∞ norm of density ratio. If W is properly designed to realize w⋆, we may
assume CW ≲ ∥w⋆∥∞, and obtain a bound that explicitly depends on ∥µπ/µD∥∞.

Connection to LSTDQ and unification with our results. When W and F are linear classes in
the same give feature ϕ (with appropriately bounded norms on the parameters), Uehara et al. (2020,
Appendix A.3) show that MWL is equivalent to LSTDQ when Â is invertible, in the sense that

Jŵ(π) = JQ̂lstd
(π).

In terms of analysis, the linear structure of the classes provide another choice of w⋆ that satisfies
maxf∈F L(w, f) = 0, namely w⋆(s, a) = (1 − γ)ϕ⊤0 A

−1ϕ(s, a), whose data second-moment is
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equal to Cπϕ . To make this quantity appear in the guarantee, we calculate the following variance: for
fixed w ∈ W , f ∈ F ,

VarµD [w(s, a)(γf(s
′, π)− f(s, a))] ≤ EµD [w(s, a)2(γf(s′, π)− f(s, a))2]

≲ EµD [w(s, a)2B2
F ] ≤ B2

W,2B
2
F ,

where BW,2 := maxw∈W EµD [w(s, a)2] ≥ Cπϕ . Similar to before we may assume BW,2 ≲
EµD [w⋆(s, a)]2 = Cπϕ . Now by Bernstein’s inequality and a standard covering argument over linear
W and F , we have (c.f. Xie & Jiang (2020b, Theorem 8))

max
w∈W,f∈F

|L(w, f)− L̂(w, f)| ≲ Vmax

1− γ

√Cπϕ · (d+ log(1/δ))

n
+
BW(d+ log(1/δ))

n

 ,

whose
√
1/n term matches our Theorem 1 except that we do not depend on d.

D FUNCTION ESTIMATION GUARANTEES

For most of the paper we have focused on providing return estimation guarantees, i.e., error bounds for
estimating J(π). In some scenarios, it is desirable to obtain stronger function estimation guarantees
(Huang & Jiang, 2022; Perdomo et al., 2023), that Q̂lstd and Qπ are close as functions, typically
measured by weighted 2-norm. Indeed, our proof of Theorem 2 can be easily adapted to provide the
following guarantee:

Theorem 3 (Function Estimation). Under the same assumptions as Theorem 2, w.p. ≥ 1− δ, for any
ν ∈ ∆(S ×A),

√
E(s,a)∼ν [(Qπ(s, a)− Q̂lstd(s, a))2] ≲

Vmax

1− γ

√
Ĉπfn · d log(1/δ)

n
,

where Ĉπfn := (1− γ)2 E(s0,a0)∼ν

[
∥Σ̂1/2Â−⊤ϕ(s0, a0)∥22

]
.

When ν = µ0 ◦ π is a point-mass, the LHS of Theorem 3 coincides with that of Theorem 2, and the
guarantees on the RHS are identical, too. Also recall that the naïve analysis based on 1/σmin(A)

(Section 1) provides parameter identification (i.e., bounded ∥θ̂lstd−θ⋆∥), which immediately provides
ℓ∞ function-estimation guarantee. This result is directly implied by our Theorem 3, where the
coverage parameter can be bounded as a function of σmin(A) and Bϕ.

Remark onCπfn. Similar to how we can replace Ĉπϕ withCπϕ up to lower-order terms (see Theorem 2
and its proof), we can also obtain a variant of Theorem 3 that depends on the population version of
Ĉπfn, which we denote as Cπfn. It is interesting to compare it to standard coverage parameters that
enable function-estimation guarantees under completeness (Section 3). Note that the term inside
Cπfn = E(s0,a0)∼ν [·] is simply Cπϕ but for a deterministic initial state-action pair (s0, a0). Applying
Proposition 5, we have

Cπfn = E(s0,a0)∼ν
[
(ϕπs0,a0)

⊤Σ−1ϕπs0,a0
]
,

where ϕπs0,a0 = E(s,a)∼µπs0,a0
[ϕ(s, a)] is the expected feature under the occupancy induced from

deterministic s0, a0 as the initial state-action pair. In comparison, the standard coverage in the
literature is

Cπlin,fn = E(s,a)∼µπ [ϕ(s, a)
⊤Σ−1ϕ(s, a)].

As can be seen, our Cπfn is in between Cπϕ and Cπlin,fn, since we partially marginalize out the portion of
µπ that can be attribute to each initial state-action pair, instead of measuring every single (s, a) ∼ µπ

under Σ−1 in a completely point-wise manner.
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Proof of Theorem 3. We repeat a similar derivation to the proof of Theorem 1, noting that the proof
holds when the initial state-action distribution s0 ∼ µ0, a0 ∼ π changes to an arbitrary distribution ν.

E(s0,a0)∼ν

[(
Qπ(s0, a0)− Q̂lstd(s0, a0)

)2]
= E(s0,a0)∼ν

[(
ϕ(s0, a0)

⊤
(
θ⋆ − θ̂lstd

))2]
= E(s0,a0)∼ν

[(
ϕ(s0, a0)

⊤Â−1Σ̂1/2Σ̂−1/2Â
(
θ⋆ − θ̂lstd

))2]
≤ E(s0,a0)∼ν

[∥∥∥Σ̂1/2Â−⊤ϕ(s0, a0)
∥∥∥2
2

∥∥∥Σ̂−1/2(Âθ⋆ − b̂)
∥∥∥2
2

]
.

To conclude, we recall the concentration bound from Lemma 1, that w.p. ≥ 1− δ,

∥Σ̂−1/2(Âθ⋆ − b̂)∥22 ≲ V 2
max

d+ log(1/δ)

n
.

Plugging this in yields the proof.

E σmin(A)-INDEPENDENT POPULATION BOUND VIA LOSS MINIMIZATION
ALGORITHM

Here we provide an alternative analysis to Theorem 1, where we are able to eliminate the dependence
on 1/σmin(A), but the rates still depend on quantities necessary for the analysis of linear regression
under random design (in our case, 1/λmin(Σ), though we expect that this can be further tightened to
leverage-score-type conditions Hsu et al. (2011); Perdomo et al. (2023)). The analysis also requires a
slight change of the LSTDQ algorithm to a loss-minimization form (Liu et al., 2025):

θ̂lstd = argmin
θ∈Θ

∥Σ̂−1/2(Âθ − b̂)∥2. (27)

In practice, when Â is near-singular, the inverse solution Â−1b̂ may have a very large norm which
is clearly problematic, demanding some regularization to control the norm of the solution. The
loss-minimization formulation of Eq. (27) is a natural abstraction of this process, where we search
for θ̂ in a pre-defined parameter space with bounded norm. If Â−1b̂ ∈ Θ, it is easy to see that the
loss-minimization solution coincides with the inverse solution; when Â−1b̂ /∈ Θ, Eq. (27) still outputs
a bounded solution to ensure generalization and good statistical properties.

We will need the following boundedness assumption on Θ.
Assumption 4 (Boundedness of Θ). Assume ∥θ∥2 ≤ BΘ, ∀ θ ∈ Θ.

Additional linear algebraic notation. For symmetric Σ, let κ(Σ) = λmax(Σ)
λmin(Σ) be the condition

number, where λmax(·) is the largest eigenvalue.
Theorem 4. Assume that n ≳ log(d/δ)κ(Σ)B

2
ϕ/λmin(Σ). Under Assumptions 1, 2 and 4, the estimator

in Eq. (27) satisfies that

∣∣∣J(π)− JQ̂lstd
(π)
∣∣∣ ≲

√
Cπϕ

1− γ
max{BϕBΘ, Rmax}2

√
d log(BΘnδ−1)

λmin(Σ)n

with probability at least 1− δ.

Proof of Theorem 4. Let ℓ̂(θ) and ℓ(θ) denote the empirical and population vectors:

ℓ̂(θ) = Âθ − b̂ and ℓ(θ) = Aθ − b.

Recall that Aθ⋆ = b and thus ℓ(θ⋆) = 0. This also implies ∥Σ−1/2ℓ(θ⋆)∥2 = 0 by invertibility of Σ.
We establish in the sequel the following concentration lemma.
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Lemma 5. With probability at least 1− δ, we have that for all θ ∈ Θ:∣∣∣∥Σ−1/2ℓ(θ)∥2 − ∥Σ−1/2ℓ̂(θ)∥2
∣∣∣ ≤ max{BϕBΘ, Rmax}2

√
288d log(864BΘnδ−1)

λmin(Σ)n
:= εstat.

We also note the following simple technical lemma.

Lemma 6. Let M = Σ−1/2Σ̂Σ−1/2. Then, for all v ∈ Rd, we have

v⊤Σ−1v ≤ λmax(M)v⊤Σ̂−1v, and v⊤Σ̂−1v ≤ 1

λmin(M)
v⊤Σ−1v.

Recall that θ̂ satisfies argminθ∈Θ∥Σ̂−1/2ℓ̂(θ)∥2. We now show that Lemma 5 and Lemma 6 imply
that ∥Σ−1/2ℓ(θ̂)∥2 is small. This follows since:

∥Σ−1/2ℓ(θ̂)∥2 ≤ ∥Σ−1/2ℓ̂(θ̂)∥2 + εstat

≤
√
λmax(M)∥Σ̂−1/2ℓ̂(θ̂)∥2 + εstat

≤
√
λmax(M)∥Σ̂−1/2ℓ̂(θ⋆)∥2 + εstat

≤

√
λmax(M)

λmin(M)
∥Σ−1/2ℓ̂(θ⋆)∥2 + εstat

≤
√
κ(M)∥Σ−1/2ℓ(θ⋆)∥2 +

(
1 +

√
κ(M)

)
εstat

=
(
1 +

√
κ(M)

)
εstat

≤ 2
√
κ(M)εstat.

In the sequel, we also show concentration for the condition number of M to a constant.

Lemma 7. Let n ≥ 16 κ(Σ)
λmin(Σ)

(
B2
ϕ + λmax(Σ)

)
log(6d/δ). Then, with probability at least 1 − δ,

we have:
κ(M) ≤ 3

This implies that, under the condition on sample size, we have
∥∥∥Σ−1/2ℓ(θ̂)

∥∥∥
2
≤

√
12εstat with

high-probability. We can now conclude the proof. Under the conditions and events stated above, we
have:∣∣∣Es0∼µ0,a0∼π

[
Qπ(s0, a0)− Q̂lstd(s0, a0)

]∣∣∣ = ∣∣∣Es0∼µ0,a0∼π

[
ϕ(s0, a0)

⊤
(
θ⋆ − θ̂lstd

)]∣∣∣ (28)

=
∣∣∣ϕ⊤0 (θ⋆ − θ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 (A−1b− θ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 A−1

(
b−Aθ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 A−1Σ1/2Σ−1/2

(
b−Aθ̂lstd

)∣∣∣
=
∣∣∣ϕ⊤0 A−1Σ1/2Σ−1/2

(
b−Aθ̂lstd

)∣∣∣
≤
∥∥∥Σ1/2A−Tϕ0

∥∥∥
2

∥∥∥Σ−1/2
(
Aθ̂lstd − b

)∥∥∥
2

=
∥∥∥Σ1/2A−Tϕ0

∥∥∥
2

∥∥∥Σ−1/2
(
Aθ̂lstd − b

)∥∥∥
2

=
√
ϕ⊤0 A

−1ΣA−Tϕ0∥Σ−1/2ℓ(θ̂)∥2

≤ 1

1− γ

√
Cπϕ

√
12εstat, (29)
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as desired. We now establish Lemmas 5 to 7.

Proof of Lemma 5. Let θ be fixed for now, and ∆(θ) = ℓ̂(θ) − ℓ(θ). Note that by the reverse
triangle inequality,∣∣∣∥Σ−1/2ℓ(θ)∥2 − ∥Σ−1/2ℓ̂(θ)∥2

∣∣∣ ≤ ∥∥∥Σ−1/2∆(θ)
∥∥∥
2
=
∥∥∥Σ−1/2(Â−A)θ − Σ−1/2(b̂− b)

∥∥∥
2
.

We use Vector Bernstein (Lemma 9) to show that this is small. Let Xi = ϕ(si, ai), Yi = ϕ(si, ai)−
γϕ(s′i, a

′
i), and ∆i(θ) = Xi(Y

⊤
i θ − ri)− (Aθ − b) denote the centered vectors. Note that

∥Σ−1/2∆i(θ)∥2 ≤ 1√
λmin(Σ)

2max
{
∥Xi(Y

⊤
i θ − ri)∥2, ∥Aθ − b∥2

}
.

We have the following bound:

∥Aθ − b∥2 =
∥∥∥E[ϕ(s, a)((ϕ(s, a)− γϕ(s′, a′))

⊤
θ − r(s, a)

)]∥∥∥
2

≤
∥∥E[ϕ(s, a)ϕ(s, a)⊤θ]∥∥

2
+ γ
∥∥E[ϕ(s, a)ϕ(s′, a′)⊤θ]∥∥

2
+ ∥E[ϕ(s, a)r(s, a)]∥2

≤ (1 + γ)max
s,a

∥ϕ(s, a)∥22∥θ∥2 +max
s,a

∥ϕ(s, a)∥2Rmax

≤ 3Bϕmax{BϕBΘ, Rmax}. (30)

We remark that with a similar derivation, this bound applies just as well to ∥Xi(Y
⊤
i θ − ri)∥2, so in

fact we have
∥Σ−1/2∆i(θ)∥2 ≤ 6√

λmin(Σ)
Bϕmax{BϕBΘ, Rmax}.

For the variance bound, we simply use that

E
[
∥Σ−1/2∆i(θ)∥22

]
≤

(
6√

λmin(Σ)
Bϕmax{BϕBΘ, Rmax}

)2

.

Then, we conclude via Lemma 9 that

∥Σ−1/2∆(θ)∥2 ≤ Bϕmax{BϕBΘ, Rmax}

√
32 log(288δ−1)

λmin(Σ)n
.

We now apply a covering argument over θ ∈ Θ. Let Θ0 ⊆ Θ be an L2-covering of Θ of size N (ε),
satisfying for for each θ ∈ Θ there exists a covering member ρ(θ) ∈ Θ0 satisfying ∥θ − ρ(θ)∥2 ≤ ε.
Via a simple triangle inequality:∥∥∥Σ−1/2∆(θ)

∥∥∥
2
≤
∥∥∥Σ−1/2∆(ρ(θ))

∥∥∥
2
+
∥∥∥Σ−1/2(∆(θ)−∆(ρ(θ)))

∥∥∥
2
.

We bound the latter term as a function of ε.∥∥∥Σ−1/2(∆(θ)−∆(ρ(θ)))
∥∥∥
2
=
∥∥∥Σ−1/2

(
A− Â

)
(θ − ρ(θ))

∥∥∥
2

≤ 1√
λmin(Σ)

2max
{
σmax(A), σmax(Â)

}
ε.

We notice that max
{
σmax(A), σmax(Â)

}
≤ 2B2

ϕ via a similar reasoning to Eq. (30). This leaves us
with: ∥∥∥Σ−1/2∆(θ)

∥∥∥
2
≤ Bϕmax{BϕBΘ, Rmax}

√
32 log(288|Θ0|δ−1)

λmin(Σ)n
+

2B2
ϕ√

λmin(Σ)
ε,

≤ Bϕmax{BϕBΘ, Rmax}

√
32d log(864δ−1/ε)

λmin(Σ)n
+

2B2
ϕ√

λmin(Σ)
ε,
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where we have applied a union bound over the set Θ0, which is of size at most (3BΘ/ε)
d for ε ∈ (0, 1]

by standard covering number bounds (Vershynin, 2018), since Θ ⊂
{
θ ∈ Rd : ∥θ∥2 ≤ BΘ

}
. Picking

ε = 1/
√
n lets us conclude that, with probability at least 1− δ, for all θ ∈ Θ,∥∥∥Σ−1/2∆(θ)

∥∥∥
2
≤ Bϕmax{BϕBΘ, Rmax}

√
288d log(864BΘnδ−1)

λmin(Σ)n
,

as desired.

Proof of Lemma 6. Define w = Σ−1/2v, so that v = Σ1/2w. Then:

v⊤Σ̂−1v = w⊤Σ1/2Σ̂−1Σ1/2w = w⊤M−1w,

so we have
1

λmax(M)
v⊤Σ−1v =

1

λmax(M)
w⊤w ≤ w⊤M−1w ≤ 1

λmin(M)
w⊤w =

1

λmin(M)
v⊤Σ−1v,

which establishes both bounds.

Proof of Lemma 7. We firstly establish that

∥Σ̂− Σ∥2 ≤

√
8λmax(Σ)(B2

ϕ + λmax(Σ)) log(6d/δ)

n
=: εop. (31)

To do this, we use Matrix Bernstein (Lemma 8). AbbreviateXi := ϕ(si, ai), and let Zi = XiX
⊤
i −Σ

be the centered matrices. Note that ∥Zi∥2 ≤ ∥XiX
⊤
i ∥2 + ∥Σ∥2 ≤ ∥Xi∥22 + λmax(Σ) ≤ B2

ϕ +

λmax(Σ). For the variance term, we have:∥∥E[(XiX
⊤
i − Σ)2

]∥∥
2
=
∥∥E[(XiX

⊤
i )

2
]
− Σ2

∥∥
2

≤
∥∥B2

ϕ E
[
XiX

⊤
i

]
− Σ2

∥∥
2

≤ B2
ϕλmax(Σ) + λmax(Σ)

2.

This yields

∥Σ̂− Σ∥2 ≤

√
2λmax(Σ)(B2

ϕ + λmax(Σ)) log(2d/δ)

n
+

2(B2
ϕ + λmax(Σ)) log(2d/δ)

3n

The slow term dominates when n is large enough:

n ≥
2(B2

ϕ + λmax(Σ)) log(2d/δ)

9λmax(Σ)
=

2

9
log(2d/δ)

(
B2
ϕ

λmax(Σ)
+ 1

)
. (32)

Note that this is implied by our assumption on n, since λmax(Σ) ≥ λmin(Σ) and κ(Σ) ≥ 1. Thus,
under this condition we have

∥Σ̂− Σ∥2 ≤ 2

√
2λmax(Σ)(B2

ϕ + λmax(Σ)) log(2d/δ)

n
= εop,

as desired. Now, note that this implies∥∥∥Σ−1/2(Σ̂− Σ)Σ−1/2
∥∥∥
2
= ∥M − I∥op ≤ 1

λmin(Σ)
ϵop := εM .

Note that our assumption on n implies that

n ≥ 16
κ(Σ)

λmin(Σ)
(B2

ϕ + λmax(Σ)) log(2d/δ)

=⇒ εM =
2

λmin(Σ)

√
2λmax(Σ)(B2

ϕ + λmax(Σ)) log(2d/δ) ≤
1√
2
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In particular, this implies
(1− εM )I ⪯M ⪯ (1 + εM )I,

so that λmin(M) ≥ 1− εM and λmax(M) ≤ 1 + εM , which implies

κ(M) ≤ 1 + εM
1− εM

,

and thus

1 +
√
κ(M) ≤ 1 +

√
1 + εM
1− εM

≤ 1 + (1 + 2εM ) = 2 + 2εM ≤ 3,

again using that εM < 1/
√
2 and the inequality

√
1+x/1−x ≤ 1 + 2x, which is easily seen to be true

by algebraic manipulations for x < 1/
√
2.

F TECHNICAL TOOLS

Lemma 8 (Matrix Bernstein, Tropp (2012)). Let S1, . . . , Sn ∈ Rd1×d2 be random, independent
matrices satisfying E[Sk] = 0, max

{
∥E[SkS⊤

k ]∥op, ∥E[S⊤
k Sk]op∥

}
≤ σ2, and ∥Sk∥op ≤ L almost

surely for all k. Then, with probability at least 1− δ for any δ ∈ (0, 1),∥∥∥∥∥ 1n
n∑
k=1

Sk

∥∥∥∥∥
op

≤
√

2σ2 log((d1 + d2)/δ)

n
+

2L log((d1 + d2)/δ)

3n

Lemma 9 (Vector Bernstein, Minsker (2017)). Let v1, . . . , vn be independent vectors in Rd such
that E[vk] = 0, E[∥vk∥22] ≤ σ2, and ∥vk∥2 ≤ L almost surely for all k. Then, with probability at
least 1− δ for any δ ∈ (0, 1),∥∥∥∥∥ 1n

n∑
i=1

vi

∥∥∥∥∥
2

≤
√

2σ2 log(28/δ)

n
+

2L log(28/δ)

3n
.

Lemma 10 (Vector Martingale Bernstein (Pinelis, 1994; Martinez-Taboada & Ramdas, 2024)).
Let (Xt)t≤T be a martingale sequence of vectors in Rd adapted to a filtration (Ft)t≤T , such that

Et−1[Xt] = 0, and ∥Xt∥2 ≤ B, and
∑T
t=1 Et−1

[
∥Xt∥2

]
≤ σ2. Then, with probability at least

1− δ, we have: ∥∥∥∥∥
T∑
t=1

Xt

∥∥∥∥∥
2

≤
√
2σ2 log(2/δ) +

2

3
B log(2/δ).
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