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ABSTRACT

We consider centralized distributed optimization in the classical federated learn-
ing setup, where n workers jointly find an e—stationary point of an L—smooth,
d-dimensional nonconvex function f, having access only to unbiased stochastic
gradients with variance o2. Each worker requires at most h seconds to compute a
stochastic gradient, and the communication times from the server to the workers and
from the workers to the server are 75 and 7, seconds per coordinate, respectively.
One of the main motivations for distributed optimization is to achieve scalability
with respect to n. For instance, it is well known that the distributed version of
SGD has a variance-dependent runtime term ho*LA/ne2 | which improves with the
number of workers n, where A := f(2°) — f*, and 2° € R? is the starting point.
Similarly, using unbiased sparsification compressors, it is possible to reduce both
the variance-dependent runtime term and the communication runtime term from
TwdLA/e to wdLA/ne 4 /Tudho” [ne . LA/ which also benefits from increasing 7.
However, once we account for the communication from the server to the workers
Ts, We prove that it becomes infeasible to design a method using unbiased random
sparsification compressors that scales both the server-side communication runtime
term 7;dLA/= and the variance-dependent runtime term ho”LA/:2 better than poly-
logarithmically in n, even in the homogeneous (i.i.d.) case, where all workers
access the same function or distribution. Indeed, when 73 ~ 7,, our lower bound is

Q (min {h ("—2 + 1) % + , h% + }) . To establish this result,

ne
we construct a new “worst-case” function and develop a new lower bound frame-
work that reduces the analysis to the concentration of a random sum, for which
we prove a concentration bound. These results reveal fundamental limitations in
scaling distributed optimization, even under the homogeneous (i.i.d.) assumption.

1 INTRODUCTION

We focus on the classical federated learning setup, where n workers,
such as CPUs, GPUs, servers, or mobile devices, are connected -
to a central server via a communication channel (Konecny et al., ~~

2016; McMahan et al., 2017). All workers collaboratively solve a Communicaton . o
common optimization problem in a distributed fashion by computing ... .}
stochastic gradients and sharing this information with the server, ~-="" Server

which then propagates it to other workers. Together, they aim to gi -

minimize a smooth nonconvex objective function defined as Workers

i 1
min, f(z), M
where f : RY — R and d is the dimension of f. We assume that d is huge, which is indeed the case

in modern machine learning and large language model training (Brown et al., 2020; Touvron et al.,
2023).
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We consider the homogeneous (i.i.d.) setting, where all workers have access to stochastic gradients
of the same underlying function f. As the reader will see, the homogeneous setting assumption
is a challenge, not a limitation of our work: all results extend, potentially with even stronger
implications, to the more general heterogeneous (non-i.i.d.) case, when each worker ¢ works with
fi # f. We consider the standard assumptions:

Assumption 1.1. f is differentiable & L—smooth, i.e., ||V f(z) — Vf(y)|| < L |z — y|, Vz,y € R%

Assumption 1.2. There exist f* € R such that f(x) > f* for all z € RY. We define A :=
f(2%) — f*, where 20 is a starting point of methods.

For all i € [n], worker i calculates unbiased stochastic gradients V f(x; £) with o%-variance-bounded
variances, where ¢ is a random variable with some distribution D¢.

Assumption 1.3 (Homogeneous setting). For all i € [n], worker ¢ can only calculate V f(x; £) and
Ee[Vf(2;€)] = Vf(z) and E¢[||V f(2;€) — Vf(2)]]?] < o? for all z € RY, where 02 > 0.

The goal in the nonconvex world is to find an e—stationary point, a (random) point Z € R such that
E[||Vf(Z)||?] < e (Nemirovskij & Yudin, 1983; Murty & Kabadi, 1985). We also consider a realistic
computation and communication scenario:

Assumption 1.4. Each of the n workers requires at most h seconds to compute a stochastic gradient,
and communication from the server to any worker (s2w communication) takes at most 7, seconds per
coordinate, and communication from any worker to the server (w2s communication) takes at most 7,
seconds per coordinate.

For instance, under Assumption 1.4, it takes d X 75 and d x 7, seconds to send a vector v € R4 from
the server to any worker and from any worker to the server, respectively. We consider settings with
bidirectional communication costs, where communication in both directions requires time. Typically,
especially in the early stages of federated learning algorithm development, most works assume that
communication from the server to the workers is free, i.e., 7, = 0, which is arguably not true in
practice: communication over the Internet or 4G/5G networks can be costly in both directions (Huang
et al., 2012; Narayanan et al., 2021).

1.1 RELATED WORK

1. Communication is free. Let us temporarily assume that communication does not take time, i.e.,
7s = 0 and 7, = 0. Then, in this scenario, the theoretically fastest strategy is to run the Synchronized
SGD method, ie., zFtt = 2% — 23" Vf(a¥€F), where v = O(min{l/z,7/Lo%}), {£F}
are i.i.d., and {V f(2*;¢F)} are computed in parallel by the workers, which send to the server
that aggregates and calculates 2**!. One can show that the time complexity of this method is

O(h(*2 + "QLA)), because it requires O (L& + 2 LA) iterations (Lan, 2020), and each iteration

ne? ne
takes at most h seconds due to Assumption 1.4. Moreover, this result is optimal and can not be

improved (Arjevani et al., 2022; Tyurin & Richtarik, 2023b).

Observation 1: One obvious but important observation is that the second “statistical term” in the
complexity bound scales with n. The larger the number of workers n, the smaller the overall time
complexity of Synchronized SGD, with a linear improvement in n. This is a theoretical justification
for the importance of distributed optimization and the use of many workers.

2. Worker-to-server communication can not be ignored. For now, consider the setup where
communication from workers to the server takes 7, > 0 seconds, while communication from the
server to the workers is free, i.e., 7, = 0. In this scenario, the described version of Synchronized

SGD has a suboptimal O (h(£2 + %) + ) time complexity, because it takes
seconds to calculate a stochastic gradient and 7,,d seconds to send the stochastic gradients of size d
to the server, which calculates 1. However, if we slightly modify this method and consider Batch

Synchronized SGD:

8
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% Z faF ”) (Batch Synchronized SGD)

with b = ©(2%/en) and v = ©(1/L), then the time complex1ty becomes
JUCEE="S ). @
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because the number of iterations reduces to O (LA/¢) . In other words, each worker, instead of immedi-
ately sending a gradient, locally aggregates a batch of size b to reduce the number of communications.
It turns out that the last complexity can be improved further with the help of unbiased compressors:

Definition 1.5. A mapping C : R? x S, — R? with a distribution D, is an unbiased compressor if
there exists w > 0 such that E, [C(z; )] = z and E, [||C(z; v) — z|*] < w ||z||* for all z € R%. We
U(w) denote the family of such compressors. The community uses the shorthand C(x;v) = C(z),
which we also follow.

A standard example of an unbiased compressor is RandK € U(d/k — 1), which selects K random
coordinates of the input vector x, scales them by 4/, and sets the remaining coordinates to zero (see
Def. C.1). Numerous other examples of unbiased compressors have been explored in the literature
(Beznosikov et al., 2020; Xu et al., 2021; Horvath et al., 2022; Szlendak et al., 2021). Using the
seminal ideas (Seide et al., 2014), we can construct a modified version of QSGD (Alistarh et al., 2017)
(special case of Shadowheart SGD from (Tyurin et al., 2024)), which we call Batch QSGD:

NIE

n
k+1 _ kY
z =z nbmlz:1
i=

Cik (i V(" gfj)> , (Batch QSGD)
j=1

k

1

where worker i sends m compressed vectors {Cix(-)}xe[m] to the server, which aggregates and
k+1 With RandK and proper parameters' (Tyurin et al., 2024), we can improve (2) to

O(h(lﬂi)L§+Tw(g+1)Lﬁ+«/f”:f;"”ﬁ>. 3)

Observation 2: As in Observation 1, unlike (2), the time complexity (3) scales with the number
of workers n, which once again justifies the use of many workers in the optimization of (1). The
“statistical term” ho”LA/n:2 and the “communication term” 7wdLA /e improve linearly with n, while
the “coupling term” /dmwho®/neLA /= improves with the square root of 7, which can reduce the effect
of d and o/ for reasonably large n.

calculates x

A high-level explanation for why the dependence on d improves with n is that all workers use i.i.d.
and unbiased compressors {C; }, which allow them to collaboratively explore more coordinates. This
effect is similar to Synchronized SGD, where the variance E¢[[|1 Y% | V f(2;¢F) — V f(2)]]?] < ‘772
also improves with n. There are many other compressed methods that also improve with n, including
DIANA (Mishchenko et al., 2019), Accelerated DIANA (Li et al., 2020), MARINA (Gorbunov et al.,
2021), DASHA (Tyurin & Richtarik, 2023a), and FRECON (Zhao et al., 2021).

3. Both communications can not be ignored. Consider a more practical scenario, and our main
point of interest, where the communication time from the server to the workers is 7, > 0. In this case,
Batch QSGD requires

2\ LA d LA dryho? LA
O<h<1+zs)s+7‘”(n+]‘)s+v7nsas+ ) “
seconds because the server has to send 2% € R? of size d to the workers in every iteration.

Observation 3: If 7, ~ T, then (4) asymptotically equals O (h (LA/e + 0*LA/ne?) + 7ydEA/e)
reducing to (2), as in the method that does not compress at all! The “communication term” 7,d4/e
does not improve with n.

We now arrive at our main research question:

In the first case (1. Communication is free) and the second case (2. Worker-to-
server communication can not be ignored), it is possible to design a method
that scales the complexity with the number of workers n, while improving the
dependencies on d and o°/«.

Can we design a similarly efficient method for the third case (3. Both communica-
tions can not be ignored) using unbiased compressors, where the communication

'h= @(%), m = @(i—:), t"=0 (max {h,Tw7 T;‘;d, hf: Y %}) ,7¥=0(1), K =linRandK
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time from the server to the workers cannot be ignored, and where the dependence
on both d and #*/= improves with n, either linearly or with the square root of n?
At least, can this be achieved in the simplest homogeneous setting, where all
workers have access to the same function, a scenario that arguably represents the
simplest form of distributed optimization?

We know for certain that the answer is “No” in the heterogeneous case, due to the result of Grun-
tkowska et al. (2024), who proved that the iteration complexity does not improve with the number of
workers n under Assumptions 1.1 and 1.2. However, the homogeneous setting is “easier,” giving us
hope that the workers can exploit the fact that they all have access to the same distribution.

1.2 CONTRIBUTIONS

& Lower bound. Surprisingly, the answer is “No” to our main research question, even in the
homogeneous case. We prove the following theorem.

Theorem 1.6 (Informal Formulation of Theorems 4.2 and F.1). Let Assumptions 1.1, 1.2, 1.3, and
1.4 hold. It is infeasible to find an c—stationary point faster than

8 (i {1 (52 1) 22 4 (4 +1) 0 4[R2 o0 )
seconds (up to logarithmic factors), using unbiased compressors (Def. 1.5) based on random sparsifi-
cation, for all L, A, e,n,02,d, T, Ts, h > 0 such that LA > ©(g) and dimension d > © (LA/e) .

Because of the min, the bound shows that it is possible to improve either the dependence on
d or the dependence on o°/c as the number of workers n increases, but not both simultane-
ously. The lower bound is matched either by Batch QSGD or by the non-distributed SGD method
(without any communication or cooperation). Moreover, if 7, ~ 7, the lower bound becomes

Q (min {h (;‘l—z + 1) % + ,h% + }) , which can be matched by Batch Synchro-
nized SGD with the complexity (2) (without compression) or by the non-distributed SGD method. In

other words, if 7y ~ 7, then using methods with random sparsification compression in the distributed
centralized setting offers no advantage. However, if 75 < 7, the compression techniques can help on

~

the workers side in the regimes when 7wd/p, + \/dmwho®/ne is larger than 7., due to the former scaling
with n.

& New “worst-case” function. To prove the lower bound, as we explain in Section 2.3, we needed a
new “worst-case” function construction (see Section 3). We designed a new function Fr g  in (9),
which extends the ideas by Carmon et al. (2020). Proving its properties in Lemmas 3.1 and 3.2, as
well as designing the function itself, can be an important contribution on its own.

4 Proof technique. Using the new function, we develop a new proof technique and explain how the
problem of establishing the lower bound reduces to a statistical problem (see Section 4), where we
need to prove a concentration bound for a special sum (13), which represents the minimal possible
random time required to find an e—stationary point. Combining this result with the proven properties,
we obtain our main result (11).

¥ Improved analysis when 7, > 0. To obtain the complete lower bound, we extended and improved
the result by Tyurin et al. (2024), which was limited for our scenario and required additional
modifications to finally obtain (5) (see Sections F and 5 for details).

2 PRELIMINARIES

For better comprehension of our new idea, we now present arguably one of the most important
worst-case functions by Carmon et al. (2020), which is widely used to prove lower bounds in
nonconvex optimization. It has been used by Arjevani et al. (2022; 2020a) to derive lower bounds
in the stochastic setting, by Lu & De Sa (2021) in the decentralized setting, by Tyurin & Richtarik
(2023b; 2024); Tyurin et al. (2024) in the asynchronous setting, by Huang et al. (2022) to show the
lower iteration bound for unidirectional compressed methods, and by Li et al. (2021) in problems
with a nonconvex-strongly-concave structure.
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For any 7' € N, Carmon et al. (2020) define i : R” — R such that °
T
Fr(z) = ) [V(~2i—1)P(—z;) — ¥(zi—1)P(zs)] (6)
i=1

where zo = 1, z; is the i™ coordinate of z € R”,

I PRV ®(z) \f/x ' 7
xr) = an ) =€ e 2" dt.
exp(lfﬁ), 1721/2, — oo

Notice that this function has a “chain-like” structure. If a method starts from 2° = 0 and computes
the gradient of F7, then the gradient will have a non-zero value only in the first coordinate (use
that ¥(0) = ¥’(0) = 0). Thus, by computing a single gradient, any “reasonable” method can
“discover” at most one coordinate. At the same time, if the method wants to find an e—stationary
point, it should eventually discover the 7" coordinate. These two facts imply that every “reason-
able” method should compute the gradient of Fr at least T times. In the construction, Carmon
et al. (2020) take ' = © (%) . This construction is a “more technical” version of the celebrated
quadratic optimization construction from (Nesterov, 2018), which has similar properties. Let us
define prog(z) := max{i > 0|xz; # 0} (zo = 1), then the following lemma is a formalization of
the described properties.

Lemma 2.1 (Carmon et al. (2020)). The function Fr satisfies:

1. Forall z € RT  prog(VFr(x)) < prog(z) + 1.
2. Forall z € RT  ifprog(x) < T, then ||V Fr(x)|| > 1.

Actually, in most proofs, the structure of (6) is not needed, and it is sufficient to work with Lemmas 2.1
and Lemma 2.2 from below, where the latter allows us to show that a scaled version of F satisfies
Assumptions 1.1 and 1.2.

Lemma 2.2 (Carmon et al. (2020)). The function Fr satisfies:
1. Fr(0) —inf cpr Fr(z) < AT, where A° := 12.
2. The function Fr is {1—smooth, where {1 := 152.

3. Forallz € RT | |[VFr ()|, < Voo, where ys := 23.

Hence, one of the main results by Carmon et al. (2020) was to show that it is infeasible to find an
e—stationary point without calculating O (%) gradients of a function satisfying Assumptions 1.1
and 1.2. In turn, the classical gradient descent (GD) method matches this lower bound.

2.1 FAMILY OF DISTRIBUTED METHODS

In our lower bound, we focus on the family of methods described by Protocol 1. This protocol takes an
algorithm as input and runs the standard functions of the workers and the server: the workers compute
stochastic gradients locally, send compressed information, the server aggregates them asynchronously
and in parallel, and sends compressed information back based on the local information. For now, we
ignore the communication times from the workers to the server in Protocol 1.

For all ¢ € [n], the algorithm can choose any point, based on the local information I;, at which
worker i will start computing a stochastic gradient. It can also choose any point s¥, based on the
server’s local information I, along with the corresponding compressor C¥, which will be sent to
worker ¢. This protocol captures the behavior of virtually any asynchronous optimization process

with workers connected to a server. We work with zero-respecting algorithms, as defined below.

Definition 2.3. We say that an algorithm A that follows Protocol 1 is zero-respecting if it does not
explore or assign non-zero values to any coordinate unless at least one of the available local vectors
contains a non-zero value in that coordinate. The family of such algorithms we denote as A,;.

zsimilarly FT(x) = —\Il(l)q)($1) + Z;-T:Q [‘P(—xi_l)q)(—:ci) — ‘11(1,’1_1)@(151)] because ‘1’(—1) =0.
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Protocol 1
1: Input: Algorithm A € A,

2: Init I = () (all available information) on the server
3: Init I; = (@ (all available information) on worker 7 for all i € [n]
4: Run the following three loops in parallel. The first two on the workers. The third on the server.
5: fori =1,...,n (in parallel on the workers) do
6: fork=0,1,... do
7: Algorithm A calculates a new point « based on local information I;: (takes 0 seconds)
any vector x € R such that supp(z) € Uyer,supp(y)  (supp(v) :== {i € [d] : v; #0})
8: Calculate one stochastic gradient *V f(x;€), & ~ D¢ ((areiid.) (takes h seconds)
9: Add Vf(x;€) to I; (takes 0 seconds)
10:  end for
11: end for
12: for i = 1,...,n (in parallel on the workers) do
13: fork=0,1,... do
14: Algorithm A calculates a new point Ef based on local information I;:  (takes O seconds)
any vector 5¥ € R? such that supp(5¥) € U, e/, supp(y)
15: Send CF (%) to the server
(takes Ty, x PF seconds, where PF is the number of coordinates retained by CF(5%))
16: Addto CF(5¥)to I (takes 0 seconds)
17:  end for
18: end for
19: for : = 1,...,n (in parallel on the server) do
20:. fork=0,1,... do
21: Algorithm A calculates a new point s¥ based on local information I: (takes 0 seconds)
any vector s¥ € R? such that supp(s¥) € U, e supp(y)
22: Algorithm A compresses the point: C¥(s¥) Vi € [n] (takes 0 seconds)
23: Send C¥(s¥) to the worker i
(takes 7y x P} seconds, where PF is the number of coordinates retained by C¥(s%))
24: Add to CF(sF) to I, (takes 0 seconds)
25:  end for
26: end for

(a vector may be added to I or I; at the same time as the algorithm calculates a new point; in this
case, the protocol adds the vector first (with no delay since the operation takes 0 seconds))

This is the standard assumption (Carmon et al., 2020) that generalizes the family of methods working
with the span of vectors (Nesterov, 2018) and holds for the majority of methods, including GD, Adam
(Kingma & Ba, 2015), DORE (Liu et al., 2020), EF21-P (Gruntkowska et al., 2023), MARINA-P, and
M3 (Gruntkowska et al., 2024).

2.2 PREVIOUS LOWER BOUND IN THE HETEROGENEOUS SETTING

Let us return back to our main question. In order to show that it is impossible to scale with n in the
heterogeneous setting, Gruntkowska et al. (2024) have proposed to use scaled versions of

Gj(r) :=nx XT: (V(—2i1)P(—zi) — U (zi—1)P(;)]

1<i<T and (i—1) mod n=j—1

for all j € [n], worker ¢ has access only a scaled version of G; for all ¢ € [n]. The idea is that the
first block from (6) belongs to the first worker, the second block to the second worker, . . ., and the
(n 4 1)™ block to the first worker again, and so on. Notice that Fr(z) = + 37" | Gi(x).
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Notice one important property of this construction: only one worker at a time can discover the next
coordinate. In other words, if the server sends a new iterate to all workers, only one worker, after
computing the gradient, can make progress to the next coordinate.

The next step in (Gruntkowska et al., 2024), in the proof of the lower bound theorem, was to
analyze Protocol 1. They consider* RandK with K = 1. Then, since the compressor sends only one
coordinate with probability p = 1/4, the probability that the server sends the last non-zero coordinate
to the worker responsible for the current block of (6) that can progress to the new coordinate is
also p. Thus, the number of consecutive coordinates that the server has to send to the workers is
at least Zle n;, where 7; is a geometric-like random variable with P (n; = m|n;_1,...,m1) <
p(1 — p)™~! for all m > 1. Using classical tools from statistical analysis, one can show that
Z;‘.le nj 2 T/p ~ dLA/e with high probability. Thus, under Assumption 1.4, the communication

~

time complexity cannot be better than € ( ) , which does not improve with n.

2.3  FAILURE OF THE PREVIOUS CONSTRUCTION IN THE HOMOGENEOUS SETTING

However, in the homogeneous setting, if we want to reuse the idea, arguably the only option we have
is to assign (scaled) F7r to all workers to ensure that they all have the same function. But in this case,
the arguments from Section 2.2 no longer apply, because all workers can simultaneously progress to
the next coordinate, since they have access to all blocks of (6).

Indeed, if the server sends i.i.d. Rand K compressors with K = 1, then the number of consecutive
co%rdinates that the server has to send before the workers receive the last non-zero coordinate is

dim1 m[m] nji, where P (nj; = m|{nk;}x<i) < p(1 —p)™~ ! for all m,j > 1,i € [n]. The m[ln]
i€[n i€[n

operation appears because it is sufficient to wait for the first “luckiest” worker. Analyzing this sum,
we can only show that

T

7 Y minn;; 2 LA ®)
j=114€[n]

with high probability, which scales with n due to min .

There are two options: either Q(7;3LA/ne) is tight and it is possible to find a method that matches it,
or we need to find another way to improve the lower bound. To prove the latter, we arguably need a
different fundamental construction from (6), which we propose in the next section.

3 A NEW “WORST-CASE” FUNCTION

In this section, we give a less technical description of our lower bound construction and the main
theorem from Section D. Instead of (6), we propose to use another “worst-case” function. For any
T,K € N,and e > a > 1, we define the function Fr ic, : RT — R such that

FT,K,a(x) = — il\:[/a(fﬂi,[() e \I/a(l'i,Q)\I/a({L'ifl)q)(l'i) + ir(wl), (9)

1= 1=

W)= AT Ve[ etta ao
o) = T) =+/€e e 2" dt,
exp(loga-(l—ﬁ)), x>1/27 0o

—gel/ttl 4 <
1—\ — b b
(2) {07 x>0,

%) Multiple queries with the same random variable do not change the lower bound; see Remark E.1 in
Section E; ii) In the heterogeneous setup (Section 2.2), worker ¢ computes V f;(z; £), where f; is its local
function.

“In general, they presented a more general setting where the server can zero out coordinates with any
probability, capturing not only RandK with K = 1 and p = !/4, but also RandK with K > 1 and other
COmpressors.
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Figure 1: The functions ¥, (z) and I'(x), along with their derivatives ¥/ (x) and I (z). The plots of
®(z) and ®’(z) are shown in (Carmon et al., 2020).

and zg = -+ = x_k41 = 1. The main modification is that instead of the block — ¥ (x;_1)®(x;),
weuse =V, (2;—g) ... Vyo(xi—2)Pu(z;—1)P(z;) (ignore a for now). In the previous approach, it
was sufficient for a worker to have x;_; # 0 to discover the next i coordinate. However, in our
new construction, the worker needs z;_1 # 0,2,_2 # 0,...,z;_x1+1 # 0 for that. With this
modification, it is not sufficient for the “luckiest” worker to get the non-zero i — 1% coordinate to
discover the next coordinate: to progress to the iy, coordinate, the worker should also have non-zero
i—2th i — K + 1" coordinates.

Next, we remove the positive blocks ¥ (z;_1)®(z;), which we believe was introduced to prevent
the methods from ascending, exploring negative values of x;, and finding a nearby stationary point
“above.” Instead, we introduce I'(x;), which serves the same purpose: if a method starts exploring
negative values, this term prevents it from reaching a stationary point there. Let us define

prog”® (z) := max{i > 0|z; # 0,21 #0,...,2;_g 41 #0}.
Instead of Lemma 2.1, we prove the following lemma:
Lemma 3.1 (Lemmas D.4 and D.5). The function Fr i , satisfies:

1. Forall x € R supp(VFr k.a(z)) C{1,...,prog5 () + 1} U supp(z),
where supp(v) :={i € [d] : v; #0}.

2. Forallx € RT  ifprogk(x) < T, then |V Pr i o(z)|| > 1.

The function Fr  , remains smooth. However, by multiplying with additional ¥ terms, we alter its
geometry and make it more chaotic: the difference Frr k ,(0) — inf, crr Fir k o(2), the smoothness
constant, and the maximum ¢,,—norm may increase. To mitigate this, we introduce the parameter a
in (10) that allows us to control these properties. Notice that if @ = e, then ¥, (x) = ¥(x) for all
z € RT, where ¥ is defined in (7). Instead of Lemma 2.2, we prove

Lemma 3.2 (Lemmas D.6, D.7, and D.8). The function Fr i , satisfies:
1. Frkq(0) —inf,cpr Frgo(r) <A%K, a) - T, where A°(K,a) = /2me - a’X.

2. The function Fr i o is {1 (K, a)—smooth, where {1(K,a) = 12v/2me®/2 . K?a®

loga

K
3. Forallz € RT, ||VFr g o(x)|| . < YooK, a), where voo (K, a) := 6v/2me?/? . %.
Taking K = 1 and a = e, up to constant factors, Lemmas 3.1 and 3.2 reduce to Lemmas 2.1 and 2.2.
The larger the value of K, the larger the bounds in Lemma 3.2, and this growth can be exponential if
a = e. However, with a proper choice of 1 < a < e, we can mitigate the increase caused by K.
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4 LOWER BOUND WITH SERVER-TO-WORKER (S2W) COMMUNICATION

We now present informal and formal versions of our main result:

Theorem 4.1 (Informal Formulation of Theorem 4.2). Let Assumptions 1.1, 1.2, 1.3, and 1.4 hold. It
is infeasible to find an e—stationary point faster than

o e 3 (11)

seconds (up to logarithmic factors), using unbiased compressors (Def. 1.5) based on random sparsifi-
cation, for all L, A, e,n,0?,d, 75, h > 0 such that LA > ©(g) and dimension d > ©(LA/e).

Theorem4.2. Let L, A e, n,02,d, 7y, T, h > 0 be any numbers such that ¢, log* (n+1) < LA and
dimension d > Egm. Consider Protocol 1. For all i € [n] and k > 0, compressor CF selects
and transmits PF uniformly random coordinates without replacement, scaled by any constants’, where
Pk € {0,...,d} may vary across each compressor °. Then, for any algorithm A € A, (Def. 2.3),

there exists a function f : R? — R such that f is L-smooth, i.e., |V f(x) = Vf(y)| < L|z -yl
forall x,y € RY and f(0) — infcpae f(z) < A, exists a stochastic gradient oracles that satisfies

Assumption 1.3, and E {infyest ||Vf(y)\|2} > ¢ for all

= 1 LA ; 1 1 ho?
1< e (gt - 22 min { iy e max {by gty M2 1 ()

where Sy is the set of all possible points that can be constructed by A up to time t based on I and
{I;}. The quantities ¢1, Co, and 5 are universal constants.

The formulation of Theorem 4.2 is standard in the literature. However, following Tyurin & Richtarik
(2023b), we present the lower bound in terms of time complexities rather than iteration complexities.
Then, following Huang et al. (2022); He et al. (2023); Tyurin et al. (2024), we consider a subfamily of
unbiased compressors based from Definition 1.5 on random sparsification to prove the lower bound;
this is standard practice for taking the “worst-case” compressors from the family (similarly to taking
the “worst-case” functions (Carmon et al., 2020; Nesterov, 2018)). Moreover, due to the uncertainty
principle (Safaryan et al., 2022), all unbiased compressors exhibit variance and communication cost
comparable to those of the Rand K sparsifier in the worst case (up to constant factors).

The main observation in Theorems 4.1 and 4.2 is that it is not possible to scale both d and @°/ by more
than log*(n + 1) and log®(n + 1), respectively. Asymptotically, this scaling is significantly worse
than the linear n and square-root 1/n scalings discussed in Section 1.1. For instance, if n = 10,000
and d is increased by a factor of 10, we have to increase n by a factor of 102 (two factors more) to
ensure that 4/1og* (n+1) does not change.

In Section A, we present the intuition and the proof sketch of the result.

5 LOWER BOUND WITH BOTH W2S AND S2W COMMUNICATION

In the previous section, we provide the lower bound without taking into account the commu-
nication cost 7. Combining Theorem 4.2 with our new Theorem F.1, which extends the re-
sult by Tyurin et al. (2024) for our setup, we can obtain the complete lower bound (5) from
Theorem 1.6 with 7, > 0 and 7, > 0. Notice that if 7y ~ 7, then the lower bound is

A ; o® LA LA S
Q (mm {h (E + 1) ==+ yh== + }) . Up to logarithmic factors, under Assump-

tions 1.1, 1.2, 1.3, and 1.4, it is infeasible to improve both d and 02/5 as n increases.

5.1 ALGORITHMS ALMOST MATCHING THE LOWER BOUND

Due to the min, there are two regimes in which the lower bound (5) operates. If the second term
is smaller in (5), then the lower bound is Q (% + ) , which is matched by the vanilla

>To potentially preserve unbiasedness. For instance, Rand K scales by 4/x.
SFor instance, the compressors can be RandK (see Def. C.1) with any K € [d], PermK (Szlendak et al.,
2021), Identity compressor when PF = d.
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SGD method run locally (without any communication or cooperation). Otherwise, if the first term
is smaller, then the lower bound is matched by Batch QSGD, which has the matching complexity
(4) (up to logarithmic factors). Moreover, in the latter case, if 7, ~ Ty, the lower bound becomes

Q (min {h (Z—Z + 1) % + }) , which can be matched by Batch Synchronized SGD with the

complexity (2); thus, if 75 ~ 7y, then unbiased sparsified compression is not needed at all, as it cannot
help due to the lower bound.

6 CONCLUSION

We prove nearly tight lower bounds for centralized distributed optimization under the computation
and communication Assumption 1.4. We show that even in the homogeneous scenario, it is not
possible to scale both d and o°/e by more than poly-logarithmic factors in n. Notice that the family of
unbiased compressors contains the family of biased compressors (Beznosikov et al., 2020). Therefore,
our lower bounds also apply to methods that use biased compressors, in the sense that there exists a
“worst-case” compressor for which these methods cannot achieve a convergence rate faster than the
lower bound in Theorem 1.6.

The lower bounds are tight only up to logarithmic factors. Thus, a possible challenging direction is
to improve the powers of the logarithms, or even eliminate the logarithms entirely. The latter (if at
all possible) may be very challenging and would likely require entirely different constructions and
techniques. Another limitation is that the lower bounds are constructed using random sparsifiers.
Due to the uncertainty principle (Safaryan et al., 2022), we conjecture that the bounds also hold
for the entire family of unbiased compressors, but proving this would require more sophisticated
constructions.

In practice, however, biased and unbiased compressors, including TopK and Rank K (Alistarh et al.,
2018; Vogels et al., 2019), exhibit significantly better compression properties than those predicted by
worst-case analysis (Beznosikov et al., 2020). When used on the server side in combination with EF
or EF21-P (Gruntkowska et al., 2023; Tyurin et al., 2024), they may help mitigate the pessimistic
term . Moreover, our pessimistic lower bound may potentially be broken under additional
assumptions such as convexity or second-order smoothness.

ACKNOWLEDGEMENTS

The work was supported by the grant for research centers in the field of Al provided by the
Ministry of Economic Development of the Russian Federation in accordance with the agreement
000000C313925P4F0002 and the agreement N°139-10-2025-033.

REFERENCES

Dan Alistarh, Demjan Grubic, Jerry Li, Ryota Tomioka, and Milan Vojnovic. QSGD: Communication-
efficient SGD via gradient quantization and encoding. In Advances in Neural Information Process-
ing Systems (NIPS), pp. 1709-1720, 2017.

Dan Alistarh, Torsten Hoefler, Mikael Johansson, Nikola Konstantinov, Sarit Khirirat, and Cédric
Renggli. The convergence of sparsified gradient methods. Advances in Neural Information
Processing Systems, 31, 2018.

Yossi Arjevani, Yair Carmon, John C Duchi, Dylan J Foster, Ayush Sekhari, and Karthik Sridharan.
Second-order information in non-convex stochastic optimization: Power and limitations. In
Conference on Learning Theory, pp. 242-299. PMLR, 2020a.

Yossi Arjevani, Ohad Shamir, and Nathan Srebro. A tight convergence analysis for stochastic gradient
descent with delayed updates. In Algorithmic Learning Theory, pp. 111-132. PMLR, 2020b.

Yossi Arjevani, Yair Carmon, John C Duchi, Dylan J Foster, Nathan Srebro, and Blake Woodworth.
Lower bounds for non-convex stochastic optimization. Mathematical Programming, pp. 1-50,
2022.

10



Published as a conference paper at ICLR 2026

Aleksandr Beznosikov, Samuel Horvath, Peter Richtarik, and Mher Safaryan. On biased compression
for distributed learning. arXiv preprint arXiv:2002.12410, 2020.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agarwal, Ariel
Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh, Daniel Ziegler,
Jeffrey Wu, Clemens Winter, Chris Hesse, Mark Chen, Eric Sigler, Mateusz Litwin, Scott Gray, Ben-
jamin Chess, Jack Clark, Christopher Berner, Sam McCandlish, Alec Radford, Ilya Sutskever, and
Dario Amodei. Language models are few-shot learners. In H. Larochelle, M. Ranzato, R. Hadsell,
M. F. Balcan, and H. Lin (eds.), Advances in Neural Information Processing Systems, volume 33,
pp- 1877-1901. Curran Associates, Inc., 2020. URL https://proceedings.neurips.
cc/paper/2020/£file/1457c0d6bfcb4967418bfb8acld2f6d4a-Paper.pdf.

Yair Carmon, John C Duchi, Oliver Hinder, and Aaron Sidford. Lower bounds for finding stationary
points i. Mathematical Programming, 184(1):71-120, 2020.

Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in non-convex SGD.
arXiv preprint arXiv:1905.10018, 2019.

Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. SPIDER: Near-optimal non-convex op-
timization via stochastic path integrated differential estimator. In NeurIPS Information Processing
Systems, 2018.

Margalit R. Glasgow, Honglin Yuan, and Tengyu Ma. Sharp bounds for federated averaging (Local
SGD) and continuous perspective. In Gustau Camps-Valls, Francisco J. R. Ruiz, and Isabel Valera
(eds.), Proceedings of The 25th International Conference on Artificial Intelligence and Statistics,
volume 151 of Proceedings of Machine Learning Research, pp. 9050-9090. PMLR, 28-30 Mar
2022. URL https://proceedings.mlr.press/v151/glasgow22a.html.

Eduard Gorbunov, Konstantin Burlachenko, Zhize Li, and Peter Richtarik. MARINA: Faster non-
convex distributed learning with compression. In 38th International Conference on Machine
Learning, 2021.

Kaja Gruntkowska, Alexander Tyurin, and Peter Richtarik. EF21-P and friends: Improved theoret-
ical communication complexity for distributed optimization with bidirectional compression. In
International Conference on Machine Learning, pp. 11761-11807. PMLR, 2023.

Kaja Gruntkowska, Alexander Tyurin, and Peter Richtarik. Improving the worst-case bidirectional
communication complexity for nonconvex distributed optimization under function similarity. In
Advances in Neural Information Processing Systems, 2024.

Yutong He, Xinmeng Huang, and Kun Yuan. Unbiased compression saves communication in
distributed optimization: When and how much? Advances in Neural Information Processing
Systems, 36:47991-48020, 2023.

Samuel Horvath, Chen-Yu Ho, Ludovit Horvath, Atal Narayan Sahu, Marco Canini, and Peter
Richtarik. Natural compression for distributed deep learning. In Mathematical and Scientific
Machine Learning, pp. 129-141. PMLR, 2022.

Junxian Huang, Feng Qian, Alexandre Gerber, Z Morley Mao, Subhabrata Sen, and Oliver Spatscheck.
A close examination of performance and power characteristics of 4g lte networks. In Proceedings
of the 10th international conference on Mobile systems, applications, and services, pp. 225-238,

2012.

Xinmeng Huang, Yiming Chen, Wotao Yin, and Kun Yuan. Lower bounds and nearly optimal algo-
rithms in distributed learning with communication compression. Advances in Neural Information
Processing Systems, 2022.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. International
Conference on Learning Representations, 2015.

Jakub Konec¢ny, H Brendan McMahan, Felix X Yu, Peter Richtarik, Ananda Theertha Suresh, and
Dave Bacon. Federated learning: Strategies for improving communication efficiency. arXiv
preprint arXiv:1610.05492, 2016.

11


https://proceedings.neurips.cc/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://proceedings.neurips.cc/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://proceedings.mlr.press/v151/glasgow22a.html

Published as a conference paper at ICLR 2026

Guanghui Lan. First-order and stochastic optimization methods for machine learning. Springer,
2020.

Haochuan Li, Yi Tian, Jingzhao Zhang, and Ali Jadbabaie. Complexity lower bounds for nonconvex-
strongly-concave min-max optimization. Advances in Neural Information Processing Systems, 34:
1792-1804, 2021.

Zhize Li, Dmitry Kovalev, Xun Qian, and Peter Richtdrik. Acceleration for compressed gradient
descent in distributed and federated optimization. In International Conference on Machine
Learning, 2020.

Xiaorui Liu, Yao Li, Jiliang Tang, and Ming Yan. A double residual compression algorithm for
efficient distributed learning. In International Conference on Artificial Intelligence and Statistics,
pp. 133-143. PMLR, 2020.

Yucheng Lu and Christopher De Sa. Optimal complexity in decentralized training. In International
Conference on Machine Learning, pp. 7111-7123. PMLR, 2021.

Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, and Blaise Aguera y Arcas.
Communication-efficient learning of deep networks from decentralized data. In Artificial intelli-
gence and statistics, pp. 1273-1282. PMLR, 2017.

Konstantin Mishchenko, Eduard Gorbunov, Martin Takac¢, and Peter Richtérik. Distributed learning
with compressed gradient differences. arXiv preprint arXiv:1901.09269, 2019.

Katta G Murty and Santosh N Kabadi. Some NP-complete problems in quadratic and nonlinear
programming. Technical report, 1985.

Arvind Narayanan, Xumiao Zhang, Ruiyang Zhu, Ahmad Hassan, Shuowei Jin, Xiao Zhu, Xiaoxuan
Zhang, Denis Rybkin, Zhengxuan Yang, Zhuoqing Morley Mao, et al. A variegated look at 5g in
the wild: performance, power, and qoe implications. In Proceedings of the 2021 ACM SIGCOMM
2021 Conference, pp. 610-625, 2021.

Arkadij Semenovi¢ Nemirovskij and David Borisovich Yudin. Problem complexity and method
efficiency in optimization. 1983.

Yurii Nesterov. A method of solving a convex programming problem with convergence rate o (1/k**
2). Doklady Akademii Nauk SSSR, 269(3):543, 1983.

Yurii Nesterov. Lectures on convex optimization, volume 137. Springer, 2018.

Kumar Kshitij Patel, Lingxiao Wang, Blake Woodworth, Brian Bullins, and Nati Srebro. Towards
optimal communication complexity in distributed non-convex optimization. In Proceedings
of the 36th International Conference on Neural Information Processing Systems, 2022. ISBN
9781713871088.

Mbher Safaryan, Egor Shulgin, and Peter Richtarik. Uncertainty principle for communication compres-
sion in distributed and federated learning and the search for an optimal compressor. Information
and Inference: A Journal of the IMA, 11(2):557-580, 2022.

Frank Seide, Hao Fu, Jasha Droppo, Gang Li, and Dong Yu. 1-bit stochastic gradient descent and its
application to data-parallel distributed training of speech DNNS. In Fifteenth Annual Conference
of the International Speech Communication Association, 2014.

Rafat Szlendak, Alexander Tyurin, and Peter Richtdrik. Permutation compressors for provably faster
distributed nonconvex optimization. In International Conference on Learning Representations,
2021.

Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, Timothée
Lacroix, Baptiste Roziere, Naman Goyal, Eric Hambro, Faisal Azhar, et al. Llama: Open and
efficient foundation language models. arXiv preprint arXiv:2302.13971, 2023.

Alexander Tyurin and Peter Richtarik. DASHA: Distributed nonconvex optimization with communi-
cation compression, optimal oracle complexity, and no client synchronization. /1th International
Conference on Learning Representations (ICLR), 2023a.

12



Published as a conference paper at ICLR 2026

Alexander Tyurin and Peter Richtarik. Optimal time complexities of parallel stochastic optimization
methods under a fixed computation model. Advances in Neural Information Processing Systems,
2023b.

Alexander Tyurin and Peter Richtarik. On the optimal time complexities in decentralized stochastic
asynchronous optimization. Advances in Neural Information Processing Systems, 37, 2024.

Alexander Tyurin, Marta Pozzi, Ivan Ilin, and Peter Richtarik. Shadowheart SGD: Distributed
asynchronous SGD with optimal time complexity under arbitrary computation and communication
heterogeneity. Advances in Neural Information Processing Systems, 37, 2024.

Thijs Vogels, Sai Praneeth Karimireddy, and Martin Jaggi. PowerSGD: Practical low-rank gradient
compression for distributed optimization. In Neural Information Processing Systems, 2019.

Blake Woodworth, Kumar Kshitij Patel, Sebastian Stich, Zhen Dai, Brian Bullins, Brendan Mcmahan,
Ohad Shamir, and Nathan Srebro. Is local SGD better than minibatch SGD? In International
Conference on Machine Learning, pp. 10334-10343. PMLR, 2020.

Blake E Woodworth and Nati Srebro. Tight complexity bounds for optimizing composite objectives.
Advances in neural information processing systems, 29, 2016.

Blake E Woodworth, Jialei Wang, Adam Smith, Brendan McMahan, and Nati Srebro. Graph
oracle models, lower bounds, and gaps for parallel stochastic optimization. Advances in Neural
Information Processing Systems, 31, 2018.

Blake E Woodworth, Brian Bullins, Ohad Shamir, and Nathan Srebro. The min-max complexity of
distributed stochastic convex optimization with intermittent communication. In Conference on
Learning Theory, pp. 4386-4437. PMLR, 2021.

Hang Xu, Chen-Yu Ho, Ahmed M Abdelmoniem, Aritra Dutta, El Houcine Bergou, Konstantinos
Karatsenidis, Marco Canini, and Panos Kalnis. Grace: A compressed communication framework
for distributed machine learning. In 2021 IEEE 41st International Conference on Distributed
Computing Systems (ICDCS), pp. 561-572. IEEE, 2021.

Haoyu Zhao, Konstantin Burlachenko, Zhize Li, and Peter Richtarik. Faster rates for compressed
federated learning with client-variance reduction. arXiv preprint arXiv:2112.13097, 2021.

13



Published as a conference paper at ICLR 2026

CONTENTS

1 Introduction
1.1 Relatedwork . . . . . . . . . . . e

1.2 Contributions . . . . . . . . .. e

2 Preliminaries
2.1 Family of distributed methods . . . . . ... ... ... ... ... ..
2.2 Previous Lower Bound in the Heterogeneous Setting . . . . . ... ... .. ...

2.3 Failure of the previous construction in the homogeneous setting . . . . ... ...
3 A New “Worst-Case” Function
4 Lower Bound with Server-to-Worker (S2W) Communication

5 Lower Bound with Both W2S and S2W Communication

~

<N O A

5.1 Algorithms almost matching the lowerbound . . . . . . ... ... ... ... ...

Conclusion

Proof Sketch

Additional Related Work

Auxiliary Facts and Notations

C.1 NoOtations . . . . . v v v vt e e e e e e e e e

Lower Bound

D.1 New Construction . . . . . . . . . v v v v v v i et e e e e
D.2 Auxiliary Lemmas . . ... ... ... L o

D.3 Proofoflemmas. . . .. ... ... ... .. ... . ... ... ...

Proof of Theorem 4.2

E.1 Main Concentration Lemma . . . . . ... ... ... ........

Main Theorem with Worker-to-Server Communication

F.1 Main Concentration Lemma . . . . . ... ... ... ........

14

10

15

16

16
16

16
16
17
18

21
27

31



Published as a conference paper at ICLR 2026

A PROOF SKETCH

We illustrate the main idea behind the proof and how the new “worst-case” function helps to almost
eliminate the scaling with n. Consider the first K coordinates of Iy g , (which is scaled in the proof
to satisfy Assumptions 1.1 and 1.2). Recall that, due to Lemma 3.1, the only way to discover the
K + 1™ coordinate in any worker is to ensure that all of the first K coordinates are non-zero.

Reduction to a statistical problem. There are only two options by which a worker may discover a
new non-zero coordinate: through local stochastic computations or through communication from the
server. In the first option, a worker computes a stochastic gradient, which takes h seconds. However,
due to the construction of stochastic gradients (Arjevani et al., 2022), even if the computation is
completed, the worker will not make progress or discover a new non-zero coordinate, as it will be
zeroed out with probability p, = © (5 Voo (K 41)/02) . In the second option, due to the condition of
Theorem 4.2, a worker receives a stream of uniformly sampled coordinates v, v5, ... (workers get
different streams), and the worker can discover a new non-zero coordinate only if random variable
v; € [K], which satisfies P (v; € [K]|v1,...,vi—1) < E/T—it1 < pg = 2K/7 forall i < T/a.

Next, we define two sets of random variables: (i) let 7, ; ; denote the number of stochastic gradient
computations until the first moment when a coordinate is not zeroed out in the stochastic gradient
oracle (see (26)), after the moment when the (k — 1) coordinate is no longer zeroed out in worker
1; (ii) let py ;5 be the number of received coordinates until the moment when the last received
coordinate belongs to [K], after the (k — 1) time this has happened. In other words, 7 ; 1 is the
number of stochastic gradient computations until the moment when the algorithm receives a “lucky”
stochastic gradient where the last coordinate is not zeroed out. The random variable 7 ; o is the
number of computations until it happens for the second time, and so on. Similarly, j; ;1 is the
position of the first coordinate from the stream sent by the server to worker ¢ that belongs to [K]. The
random variable f; ; » refers to the second time this occurs, and so on. By definition, the sequences
{m, ik} and {1 ;  } follow approximately geometric-like distributions with parameters p, and p,
respectively.

To discover all of the first K coordinates, either the first or the second process must uncover at
least X/2 coordinates. If worker ¢ has discovered fewer than X/2 coordinates through stochastic
gradient computations, and fewer than X/2 coordinates through receiving them from the server,
then it will not be able to cover all K coordinates. Thus, the algorithm should wait at least

K K
min;e {min {h Do Mk Ts 2 imq M,ik }} seconds until the moment when it can potentially

discover the K + 1" coordinate, where the outer minimum min;¢[,) appears because it is sufficient
for the algorithm to wait for the first “luckiest” worker. Repeating the same arguments B := |7/k |
times, the algorithms requires at least

B K/2 K/2
tg = Z min { min < A Z Mb,i,ks Ts Z Hb,ik (13)
k=1

p—11€[n] k=1

seconds to discover the 7" coordinate and potentially find an e—stationary point, where the sequences
{"b,i.1} and {pp ;. } follow approximately geometric-like distributions with p, and p, respectively.

Analysis of the concentration. Hence, we have reduced the lower bound to the analysis of the
sum ¢p. Recall (8), where the lower bound improves with n due to min;cp,; . In (13), we also

get min;e[,) - However, and this is the main reason for the new construction, there are two sums

kK:/ f, which allows us to mitigate the influence of the min;¢[,,) . In particular, we can show that

tp 2 55 min{#/p,,7/px} with high probability. Notice that the first fraction improves with n%
instead of n due to the sums; thus, the larger K, the smaller the influence of n.

Putting it all together. However, we cannot take K too large due to Lemma 3.2. Substituting the
choice of T, p,, and px (defined in the proof of Theorem 4.2 to ensure that Assumptions 1.1, 1.2,
and 1.3 are satisfied and the scaled version of F i , has the squared norm larger than € while the
T is not discovered), we can show that

> LA : ho? Tid
13:3°¢ /K A0(K,a) £ (K,a)e "I {max{h, e (Ka) [ K [

with high probability, where A°(K, a), ¢1(K, a), and vo (K, a) are defined in Lemma 3.2. The final
step is to choose K = © (logn) and a = 1 + /K to obtain the result of Theorem 4.2.
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B ADDITIONAL RELATED WORK

While we focus on lower bounds in the context of stochastic optimization and compressed vectors
in nonconvex settings, there is much related work in other domains and setups. The seminal works
on lower bounds were done by Nemirovskij & Yudin (1983); Nesterov (2018), where Nesterov
(2018) showed that the accelerated gradient descent (Nesterov, 1983) is optimal in the convex setting
using a quadratic “worst-case” function. In the nonconvex setting, Carmon et al. (2020) provided an
alternative function, described in the main part of the paper. For convex problems, Woodworth et al.
(2018) introduced the graph oracle, a generalization of the classical gradient oracle (Nemirovskij &
Yudin, 1983; Nesterov, 2018), and established lower bounds for a broad class of parallel optimization
methods. Arjevani et al. (2020b) further analyzed the delayed gradient descent method, which
corresponds to Asynchronous SGD with constant iteration delays. Tyurin & Richtérik (2023b;
2024); Tyurin et al. (2024) proved lower bounds for methods in asynchronous settings. Fang et al.
(2018); Patel et al. (2022) studied a different setting from Assumption 1.3, where they assumed
the mean-squared smoothness property to enable the analysis of methods with variance reduction
techniques (Fang et al., 2018; Cutkosky & Orabona, 2019). Woodworth & Srebro (2016) considered
the finite-sum setting in the convex setting. Woodworth et al. (2020; 2021) proved that the min-
max optimal algorithm for optimizing smooth convex objectives in the intermittent communication
setting is the best of accelerated local and minibatch SGD, which leads to a similar conclusion to
ours; however, their results are related to, but not directly comparable with ours, since we analyze
the limited scalability of improving both stochastic noise and communication complexity through
compressors. Glasgow et al. (2022) provided sharp lower bounds for local SGD approaches in terms
of iteration complexity. Huang et al. (2022); He et al. (2023); Gruntkowska et al. (2024) provided
lower bounds for compression techniques, but in the heterogeneous setting.

C AUXILIARY FACTS AND NOTATIONS

Definition C.1 (RandK). Assume that S is a random subset of [d] such that |S| = K for some
K € [d]. A stochastic mapping C : RY x S, — R is called Rand K if

C(x;S) = %ijej,

JjES

where {e;}¢_, denotes the standard unit basis. The set S can be produced with a uniform sampling
of [d] without replacement.

C.1 NOTATIONS

N := {1,2,...}; ||| is the output of the standard Euclidean norm for all z € R%; (z,y) =

Z?:l x;y; is the standard dot product; ||A|| is the standard spectral/operator norm for all A €
RXd: g = O(f) : exist C > 0 such that g(z) < C x f(z) forall z € Z; g = Q(f) : exist
C > Osuch that g(z) > C x f(z) forall z € Z; g = O(f) : g = O(f) and g = Q(f);

9 =0(f),9 =Q(f),g = O(f) : the same as g = O(f), g9 = Qf),g = O(f), respectively, but
up to logarithmic factors; g ~ h : g and h are equal up to universal positive constants; g = h : g

greater or equal to & up to universal positive constants; C is an unbiased compressor (Definition 1.5);
supp(v) = {7 € [d] : v; # 0}; h : maximum time (in seconds) for any worker to compute one
stochastic gradient; 7, : communication time per coordinate from the server to any worker; 7y :
communication time per coordinate from any worker to the server;

D LOWER BOUND

D.1 NEW CONSTRUCTION

Forany T, K € N, and e > a > 1 we define the function Fr o : RT — R such that

T T
Pria(@) ==Y Va(xi_g).. Va(rio)We(zim1)®(z;) + > T(), (14)
i=1 1=1
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where z; is the i coordinate of a vector x € RT and

\IJ Oa X S 1/27 @ \/» z 1t2d
olz) = = —20dt,
() exp (loga- (1—%)), x>1/2, (@) e[me
and

_epl/z41

(z) = e , <0,

0, x> 0.

We assume that xg = --- = x_g1 = 1. Importantly, throughout the lower bound analysis, we

assume that e > a > 1, even if this assumption is not explicitly stated in all theorems.

We additionally define

prog” (z) := max{i > 0|x; # 0,2,_1 #0,...,2;_g11 # 0}
(o ="+ =z_k41=1),

which extends prog(z) = prog!(z) := max{i > 0|xz; # 0} (zo = 1).

D.2 AUXILIARY LEMMAS

In this section, we list useful properties of the functions ®, I', ¥,,, and Fr k.. We prove them in
Section D.3.

Lemma D.1 (Carmon et al. (2020)). Function ® is twice differentiable and satisfies
0<®(z) <V2me, 0<(z)<+e, and |®"(z)| < 27
forall x € R. Moreover, ®'(z) > 1 forall -1 < z < 1.
Lemma D.2. Function T is twice differentiable and satisfies
0<T(x), —e<T/(xr)<0,and0 <T"(x) < 27e >
Sorall x € R. Moreover, T (x) < =2 forall x < —1.

Lemma D.3. Function U, is twice differentiable and satisfies

and |07 (z)] < 25

0<U,(z) <a, 0< T, (x) < ~ loga

2e
Vioga’
forallz € Rand 1 < a < e. Moreover, V,(x) > 1 forallx > 1and1 < a <e.

Lemma D.4. For all z € R, supp(VFrxq(z)) C {1,...,progk(z) + 1} U supp(z), where
supp(v) :={i € [d]:v; #0}.

Lemma D.5. Forall x € RT | if progh () < T, then |V Fr i o(z)| > 1.

Lemma D.6. Function Fr i o satisfies

FT,K,a(O) - 'clen]RfT FT,K,a(l') < AO(Ka a) T,

where A°(K, a) := /2me - a’X.

Lemma D.7. For all v € RT | |VFr i o ()|
Ka®
Vioga’®

< Yoo (K, @), where oo (K, a) := 61/2me3/? -

o0

Lemma D.8. The function Fr i, is {1(K, a)-smooth, i.e.,
z € RT, where (1(K, a) = 124/27e%/2 . K2a®

loga

V2Fr k.o(2)| < (K, a) for all

17
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D.3 PROOF OF LEMMAS

Lemma D.2. Function I is twice differentiable and satisfies
0<T(x), —e<I'(x)<0,and0 <T"(z)<27e?
forall x € R. Moreover, I (z) < =2 forall x < —1.

Proof. The first fact is due to lim %A) = O7 F/(O) = O, and lim M(E) =0.T1s C]ear]y non-

A—0 AS0 A
negative. Next, for all z < 0,
1/xz+1
F/(ZII) — _el/erl + L
x
and
1/z+1
" _ €
r (J?) - 3
Thus, T is strongly increasing for all z < 0, and lim I’(z) = —e < IV(x) < 0. Next, I''(z) > 0
Tr—r— 00

forall z < 0, and max I (z) = 27e~2 forall < 0.

Lemma D.3. Function U, is twice differentiable and satisfies

56e

0< ¥, , o< <
S Vo(z) <a, 0<V(x) < g

and |0 ()] <

2e
Vioga’
forallz e Rand 1 < a < e. Moreover, V,(z) > 1forallx > 1and1 < a <e.

Proof. The differentiability at = } follows from lim La(3+4)
—

. :Oforalla>1.Forallx§%,

W/ (z) =0.Forall z > %, we get

0S¥ @) = 5, o (loga (1 ) (25511)2»

4a logS/2 a loga
= X exp| ———— | .
Vioga  (2xz —1)3 (22 —1)2

. / .
Taking t = log” 2‘; > 0 and using t3e~!" < 3, we get

(2z—1
4a 1 2e
o’ < x = <
al®) = Vioga 2 = /loga

since a < e.

Clearly, U, (z) > 0 for all z € R, and ¥, is non-decreasing. Moreover it is strongly monotonic for
allz > §. Thus ¥, (z) < lim ¥, (z) =aforallz € R.
T—>00

L ACEDS
A

The twice differentiability at z = 1 follows from Aimo =0foralla > 1. Forallz < 1,
—

U/ (z) =0.Forall x > %, taking the second derivative and using simple algebra, we get

8loga x (3(2x — 1)% — 2log a) 1
ql// — | 1 1 s
W ()] (2r — 1) exp ( loga (o1 172
~ |8aloga x (3(2z — 1)? — 2loga) . ~_loga
- 2z —1)8 AT 2r - 1)
24aloga loga 16alog® a loga
< |27 _ B
= @e—1r 7P ( (27 — 1)2) ‘ * ' 2z —1)8 P\ @12
24a log®a loga 16a log®a loga
= X exp | — X exp | ———s | -
loga (22— 1)* (2z — 1)2 loga (2 —1)8 (2z —1)2

18
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Taking t = (215%‘11)2 > 0 and using t?e~? < 1 and t3e~! < 2,

24a 16a 56e
x 1 x 2 <
loga loga loga

W ()| <

since a < e. O
Lemma D4. For all v € RY, supp(VFr k4(z)) C {1,...,progh(z) + 1} U supp(x), where
supp(v) :={i € [d]:v; #0}.
Proof. Let j = progi (z) and p = prog! (), then
j+1
Pria@)=—=> V(i k). Va(wi2)Wa(wi1)®(z;)
i=1

T
- Z Vo(imk) . Va(wio)Wal(wio1)P(x;)
i=j+2
T

—I—ZF(%)—F > T(w).

i=p+1

Since j = progK(x)7 for all ¢ > j + 2, at least one of the values z;_g,...,x;_o,%;_1 iS zero.
Noting that ¥, (0) = ¥/ (0) = 0, the gradient of the second sum is zero. The first sum depends only
on the first j + 1 coordinates; thus, the gradient of the first sum is non-zero in at most the (j + 1)
coordinate.

Since p = prog! (), the gradient of the last sum is zero because IV (0) = 0. Moreover, if z; = 0,
then I (z;) = 0; thus, V (3-7_, I'(x;)) € supp(x). O

Lemma D.5. Forall x € RT | if progl (z) < T, then |V Fr i o(z)| > 1.

Proof. For all j € [T, the partial derivative of Fr i, with respect to z; is
OFr K.a

oz, () = | = Va(rjK) .. Va(zj—1)P' (25)
= Wa(zj-k41) - Valmj—1) T (2;)(2)41) (15)
— \Ilfl(xj)\lla(a:j_,_l) . \I/a(a:min{j+K)T},1)‘P(Jsmin{jJrK’T}) + F/(J?j).
We now take the smallest j € [T] for whichz; < landx;_q > 1,...,z,_x > L.
If such j does not exists, then z; > 1 duetoxg = --- = x_g41 = 1. Then 25 > 1, and so

on. Meaning that ; > 1 for all j € [T'], which contradicts the assumption of the theorem that
progi(z) < T.

Fixing such j, consider (15). There are two cases.
Case 1: x; > —1. Note that ¥, ®, ', ' > ( are non-negative and I < 0 is non-positive. Thus

OFr K o
o (@) = ~Valzj-k). . Uo(2j—2)Walzj—1)® (25).
J
Sincexj_1 >1,...,2j_g > 1land 1 > z; > —1 (see Lemmas D.1 and D.3), we get
OFr K o
P bl < —1.
e @)
Case 2: x; < —1. Note that U, &, ¥/, &’ > 0 are non-negative. Thus
OFr k.

Gt () <T'(a))

19
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Since z; < —1 (see Lemma D.2), we get

OFr K q

oz, () < —1.

Finally, we can conclude that

oOF o
IV Pk a(@)]] \”

Z "o, (x)‘ > 1.

Lemma D.6. Function Fr i o satisfies

Fra(0) = inf Fra(e) < A’K,a)-T,
zE
where A°(K,a) := \/2me - a¥.

Proof. Since I'(0) = 0 and ¥,, ® > 0, we get Fip k (0) < 0. Next, due toI'(z) > 0,0 < &(z) <
V2meand 0 < U, (x) < aforall z € RY,

T
FT)K)Q(JT) Z — Z \IJQ(LL‘Z‘,K) e \I/a(wi72)\pa(xifl>q)($i) Z -T 2me - CLK
=1

for all v € RT. O
Lemma D.7. Forall z € R, |[VFr g ()|, < 7oo(K,a), where voo (K, a) = 6v/2me3/? -
Ka*

Vioga®

Proof. Using (15),

OFr K.q
(0 < [atagor0) o a0
+ Vo (jok1) - Walaj—1) W () P(x41)
+...
+ W (7)) W (T)41) - - - \I/a(Imin{j-l-K,T}—l)(I)(zmin{j-‘rK,T})‘ + T (x5)] -
(16)
Thus,
OFT K a K K—1 2e 3 Ka¥
T hKa gy < K 2 < 6v2me?? ——— 17
‘ or; (z)] <a*Ve+ Ka ﬂe\/@—ke_ Te Tosa (17)
due to Lemmas D.1, D.2, and D.3. O

Lemma D.8. The function Fr i, is {1(K, a)-smooth, i.e.,

o RT, where gl(K’ a) = 12/27ed/2 . %.

VQFT,K,(L(Z)H S él(K,a)for all

Proof. Taking the second partial derivative in (15),

O?Fr k.

5a? () = | = Va(rj—K) .. Valzj_1)0"(2;)

—Va(rj-k+1) - - Yal@j—1) Vg ()P (2j41) (18)
— \I/Z(mj)\lla(l‘j+1) - \Ila(:Cmin{j%»K,T}fl)(I)(xmin{j+K,T}) + F//<.'I,'j)
Due to Lemmas D.1, D.2, and D.3,

O*Fr k.q ()
895?

564/2med/ 2K 1

. Ka¥X
+27e7? < 168V2me¥? . ——  (19)
log a log a

< [27(11( + K x
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Clearly, for all min{j + K, T} <i < T,

O*Fr k.
- — 0 20
due to the construction of Frr . Next, for all j < ¢ < min{j + K, T},
DL (1) [ Wi se) o Walry )W ()Wl 11) - s 1) (1)
61‘]‘8231‘ a\Li—K)- .- Faldj—1 a\Lj a\Lj4+1) .- Falli—1 7
~Wo(@iok1) - Va1V (2)Walzjp) - Walwio1) Wy () P(2iy1)
- ‘I’;(Ij)‘l’a(xjﬂ) e ‘Pa(xz‘—l)%(xi)\l’a(:cm) . \Ija(Imin{j+K,T}—1)(I)(xmin{j+K7T}) )
and
0?°Fr k4 2¢3/2¢ K1 4y/2me?/2q K2 Ka*
Ry < T (K- 1) X ————————— < 427 21
‘ O0x;0x; (z)] < Vioga + )% loga - e loga @h

forall ¢ # j € [T] due to Lemmas D.1 and D.3 and e > a > 1

Notice that V2 Fr . is (2K + 1)-diagonal Hessian. Repeating a textbook analysis for completeness
and denoting temporary H := V2 Fr k., we will show that

2F “
IV2Pr g a(2)| < (2K +1) max |52 (22)
K 1je[T] O0x;0x;
for all z € RT. Indeed, for all z € R” such that ||z|| < 1,
T T min{i+K,T} T min{i+K,T}
o Ha| =} @iy oiHi| = le > wHy) < omax [Hyl (D el > lal ),
=1 j=1 i=1  j=max{i—K,1} BIelT] =1 j=max{i—K,1}

where the second equality due to H is (2K + 1)-diagonal. Using the Cauchy—Schwarz inequality,

min{i+K,T} 2 T min{i+K,T} 2

T T
CEE AT AND DD U D DN 7 BTSN D DY WD DR 1

=1 i=1 \j=max{i—K,1} =1 \ j=max{i—K,1}

since ||z|| < 1. Next, using Jensen’s inequality and ||z| < 1,

min{i+K,T} T
|a" Hz| < max, |H;;| | (2K +1 Z Z z3 < na |H;j| | (2K +1)2 Z z?
i i=1 j=max{i—K,1} J i=1
< (2K +1) max |H;;| .

i,j€
We have proved (22). It is left to combine (22), (21), and (19).

E PROOF OF THEOREM 4.2

Theorem4.2. Let L, A, e, n,02,d, 7y, T, h > 0 be any numbers such that ¢, log* (n+1) < LA and

dimension d > Egm. Consider Protocol 1. For all i € [n] and k > 0, compressor Cf selects

and transmits P} uniformly random coordinates without replacement, scaled by any constants’, where
Pk € {0,...,d} may vary across each compressor 8. Then, for any algorithm A € Ay, (Def. 2.3),

"To potentially preserve unbiasedness. For instance, Rand K scales by 4/x.
8For instance, the compressors can be RandK (see Def. C.1) with any K € [d], PermK (Szlendak et al.,
2021), Identity compressor when PF = d.
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there exists a function f : R? — R such that f is L-smooth, i.e., |V f(x) — Vf(y)|| < Lz — y||
forall z,y € RY and f(0) — infcpa f(z) < A, exists a stochastic gradient oracles that satisfies

Assumption 1.3, and E [infyest IV f(y) HQ} > ¢ for all

_ 1 LA . 1 1 ho?
t< e x (gt 228 win{ gty mdmax {h i 25 4 ()

where Sy is the set of all possible points that can be constructed by A up to time t based on I and
{I;}. The quantities ¢1, ¢o, and s are universal constants.

Proof. (Step 1: Construction). Using the construction from Section D.1, we define a scaled version
of it. Let us take any A > 0, d, T € N, d > T, and take the function f : R¢ — R such that

LA ey
- e ().
Te) = ggay e
where /1 (K, a) is defined in Lemma D.8 and 27} € R is the vector with the first T' coordinates of
x € RZ. Notice that the last d — T coordinates are artificial.
First, we have to show that f is L-smooth and f(0) — infcps f(z) < A, Using Lemma D.8,

LA T Ty YT
1V5@) = VIl = 5oy | VFra (F50) = VErma (1) | < 2 5 - 20
= Lz —yml| < Lllz —yll Yo,y € RY
Let us take
ro| Ao |
I AV(K,a)|
Due to Lemma D.6,

L)\? LN2AY(K,a)T
0) — inf = ———(Fri,e(0)— inf Frg, < ——— 1 <A,
10) = nf, f(2) = 7 gy Frca (0) = i, Proca()) 0(K, a)
where A°(K, a) is defined in Lemma D.6. We also choose
2el (K
\ = V2e 1L( ,a) (23)
to ensure that
L2)\? T 2 T 2
1Y@ = 2 o o [VFrsca (S| =22 |9 Pra (570) | > 201 prog" (i) < 77,
24
where the last inequality due to Lemma D.5. Note that
LA
T = 25
{QAO(K,a)-El(K,a)fJ (23
(Step 2: Stochastic Oracle).
We take the stochastic oracle construction form (Arjevani et al., 2022). For all j € [d],
VHa €l = if) (141 [ =pogt0) +1] (£ 1)) wert a0

and D¢ = Bernouilli(p, ), where p, € (0, 1]. We denote [z]; as the j" index of a vector z € R%. Tt
is left to show this mapping is unbiased and o2-variance-bounded. Indeed,

E([V/(x, )] = Vi (2) (1 11 [i = prog®(2) + 1] (W - 1)) _Vif(@)

Po

Ge)]

for all ¢ € [d], and

E[IVF(:6) = Vi@ ] < max |9,/ (@) B
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because the difference is non-zero only in one coordinate. Thus

2 242 Ty |12 1
E ||Vf($,§)—Vf(as)||2 < ||vf(x)|‘oo<1_p0') — L7A HFT7K7U’< A )Hoo(l pg)

Po (K, a)po
L2N*y5, (K, a) (1 — po)
- (1(K, a)ps ’
where we use Lemma D.7 in the last inequality. Taking
LN (K a) @3 [ 293 (K, a)
pU:mln{ﬁ@(I{’a),l} = mln{o_271}, (27)

we ensure that E {HVf(x,ﬁ) - Vf(x)||2] <o

(Step 3: Reduction to the Analysis of Concentration). At the beginning, due to Definition 2.3,
sY =0 forall i € [n]. Thus, if k = 0, all workers can receive zero vectors from the server. Thus, at
the beginning, all workers can only calculate stochastic gradients at the point zero.

Let t1* denote the earliest time at which all of the first K coordinates become non-zero in the local
information available to worker 4. In other words, ¢ is the first time when worker 7 has discovered
all of the first K coordinates. Consequently, prior to time

Ifl ‘= min tl,i (28)

i€[n]

neither the server nor any worker is able to discover (filled with non-zero values) the (K + 1)" and
subsequent coordinates due to Lemma D.4.

There are two options by which a worker may discover a new non-zero coordinate: through
local stochastic computations or through communication from the server.

Option 1: In the first option, a worker computes a stochastic gradient, which takes h sec-
onds. However, due to the construction of stochastic gradients, even if the computation is completed,
the worker will not make progress or discover a new non-zero coordinate, as it will be zeroed out
with probability p,. Due to Lemma D.4, each worker can discover at most one coordinate at position
prog® (x) + 1 before time ¢; in the first K coordinates, where x is a query point.

Remark E.1. For this reason, making multiple queries with the same random variable instead of a
single query does not help the algorithm progress: if the coordinates are zeroed out, then they are
zeroed out in all vectors.

Let 11 4,1 be the number of stochastic gradients computations’ until the first moment when a co-
ordinate is not zeroed out in (26) in worker ¢. Assume that &1, &5, ... is a stream of i.i.d. random
Bernoulli variables from (26) in worker ¢ (all workers have different streams), then

Lt] [t]
IP)(77171'71 S t) S Zp(gk = 17&/@71 = 07 .. 551 = O) = Zpa(l _po')j_l S tpa~
k=1 k=1

for all ¢ > 0. Similarly, let 7); ; ;, denote the number of stochastic gradient computations until the first
moment when a coordinate is not zeroed out in (26), after the moment when the (k — 1)™ coordinate is
no longer zeroed out in worker 4. In other words, worker ¢ should calculate 7, ; 1 stochastic gradients
to discover the first coordinate, calculate 7, ; » stochastic gradients to discover the second coordinate,
and so on. Since the draws of £ in (26) are i.i.d., we can conclude that

Pk <tnik—1,-->M,i1) < the
forall k > 1and ¢t > 0.

Option 2: In the second option, worker i receives P € {0,...,d} random coordinates
with the set of indices {11 1, ..., 11, p} without replacement, where it takes 7, seconds to receive one

°It is possible that P (1 ;.1 = 0o) > 0 if, for instance, the algorithm decides to stop calculating stochastic
gradients. And even IP (115,71 = co) = 1 if it does not calculate at all.
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coordinate. Then, the worker receives P € {0,...,d} random coordinates with the set of indices
{v2,1,. .., Vs p} without replacement, and so on (all workers get different sets; we drop the indices
of the workers in the notations).

Consequently, the worker receives a stream of coordinate indices (11, 2, .. . ) where we concatenated
the sets of indices, preserving the exact order in which the server sampled them. Note that all workers
have different streams, and we now focus on one worker.

Notice that
K
P(nelK) =~
since v is uniformly random coordinate from the set [d]. Next,
K

P (e € [K]|11) <

)

d—1
because either v € [K], in which case the probability is =L, or v, ¢ [K], in which case the
probability is dTKr Using the same reasoning,
K
P(v; € [K|lv1,.. o Vi) € 57—
(vi € [K]|v1, ..., vi-1) R
forall 7 < d.
Hence, the worker receives a stream of coordinates v, v, ... such that P (v; € [K]|v1,...,vi-1) <
K

prm for all ¢ < d. Let p; ;,1 be the number of received coordinates until the moment when the
last received coordinate belongs to [K] in worker ¢. Similarly, let 111 ; 5, be the number of received
coordinates until the moment when the last received coordinate belongs to [K], after the (k — 1)
time this has happened in worker 7. In other words, worker ¢ should receive i1 ;,1 coordinates to
obtain a coordinate that belongs to [K]. To get the next coordinate that belongs to [K], the worker
should receive (i1 ;2 coordinates, and so on. Then,

P(pri1=7) =P € [Kl,vj1 € [K],...,v1 & [K])

K
=P(v; € [Kllvj-1 € [K],...,11 € [K])P(vj—1 € [K],...,11 € [K]) < m
forall1 < j <d, and
Lt]
) Kt
P(u1in <t) = Z]P)(/h,m =J) < i—ir1 (29)

j=1
for all 0 <t < d. Similarly,

P (Ml,i,k = j|lt1,i,k—1, cee ,Ml,i,l)

= ]ID(VU-Fj € [K]7Vu+j—1 ¢ [K]v <y Yyt ¢ [K”VU € [K]a"'vyl g [KD
K

< )

~ max{d—u,0} —j+1

where u = 25;11 1,4, for all j < max{d — u,0}. Thus,
Kt
max{d — Zf;ll H1,i,5, 0} —t+ ].’

P(p1,ie < tp1ih—1s---H1,i1) <

forall 0 < ¢t < max{d — Ef;ll M550}

Recall that the workers can discover new non-zero coordinates only through the stochastic processes
discussed above. To discover all of the first K coordinates, either the first or the second process

must uncover at least % coordinates'?. If worker i has discovered fewer than % coordinates through

10At the end of the proof, we take K mod 2 = 0.
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stochastic gradient computations and fewer than % coordinates through receiving coordinates from

the server, then it will not be able to cover all K coordinates. Hence,

K K
2 2
t > min  min QA " nik T Y ik o0 (30)
i€ln] k=1 k=1
K
where t; is defined in (28). This is because h 1 M,i,k 18 the time required to obtain % “lucky”

IS .
stochastic gradients, those for which the coordinates are not zeroed out, and 7y | o1 M1,ik 1S the
time required to receive % “lucky” coordinates that belong to [K].

Remark E.2. The previous derivations hold for all 7, > 0. If we start taking the communication time
Tw into account, then the bound on #; in (30) may only increase. For all 7, > 0, worker ¢ still has to
discover new non-zero coordinates either through stochastic gradient computations or by receiving
coordinates from the server and it will take at least

5 5
min < min < h Lk, T 1ik
i dmin 0> Y
k=1 k=1
seconds to discover all of the first K coordinates.

Once the workers have discovered the first K coordinates, the discovery process repeats for the set
{K +1,...,2K}, which similarly requires at least

K K
2 2
min { min hE nz,i,k,TsE H2ik
i€[n]
k=1 k=1

seconds, where {n; 1} and {uy; 1, } are random variables such that
P (Me,ie < tMbsike—15- -5 Mb,5,1,Go—1) < tDgr (3D
forallb > 1,k > 1,4 € [n],t >0, and
Kt

- (32)
max{d — Zlel My, 0 —t+1

P (tep,i0 < titbyie—1s- -5 Moy, Goo1) <

forallb > 1,k > 1,7 € [n], and t < max{d — 25;11 b,i,;5 0}, where Gp_1 is the sigma-algebra
k—1
generated by {ﬂb',i,k}ie[n],ke[g],b/<b and {Mb',i,k}ie[n],ke[g],b/@ and u = Zj:l o5

More formally, 72 ; ;. can be defined as the number of stochastic gradient computations until the first
moment when a coordinate is not zeroed out in (26), after the moment when the (£ — 1) coordinate
is no longer zeroed out, when prog of the input points to the stochastic gradients is > K, and pa ; &
be the number of received coordinates until the moment when the last received coordinate belongs to
{K +1,...,2K}, after the (k — 1)™ time this has happened, when prog® of the input points to the
compressor is > K + 1, and so on.

We define

Finally, to discover the 7™ coordinates it takes at least

K K
2 2
min < min hE 'f]b,i,lesE Hb,i,k
i€[n]

k=1 k=1

B
b=1

seconds, where B = | L& | . It it left to use the following lemma.
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Lemma E.3. Let {ny; j }i j >0 and {1 i j }i j.o>0 be random variables such that
P b,ike < tMbi k=155 Mb,i,15 Gb-1) < tpo (34)
Sforallb> 1,k >1,i € [n],t >0, and
Kt
max{d — Zj:ll Hoi, 0} —t+ 1
forallb>1,k>1,i€[n],0 <t <max{d— Zf;ll Wb,i 5,0}, and 1 < K < d, where Gy_1 is the
sigma-algebra generated by {77b’,i,k}ie[n],ke[%]7b/<b and {,Ub’,i,k}ie[n},ke[g]7b/<b. Then

(35)

P (ttp,i0 < t{itbyie—1s- -5 o315 Go—1) <

B £ 5
,12[1,% min Zﬁb, ks T Zub, K

b=1 k=1 k=1
with

_ BK +1logd R

t:= —— 36

ARnZE@A+ Zlog2n)) {pa K (30)
where
_ 2K

(Step 4: Endgame). Thus, with probability at least 1 — 4, any zero-respecting algorithm requires at
least £ seconds to discover the T coordinate. Since prog” () < prog!(x) for all z € R”, and due
to (24),

. f v 2 2 : f]]_ 1 T
inf [V S()|* > 2¢ inf 1 [prog!(yr) < 7]

where S, is the set of all possible candidate points to be an e—stationary point up to time ¢, which can
be computed by A. Taking § = 3,

inf 2 inf 1 1 )| >
| uf IV7G)I°| > 28 | inf 1 [prog ) < 71| >

for t = 11 because prog! (y;71) < T for all y € S, with probability at least .

%l

1
2
It is left to choose K and a, and substitute all quantities to ¢. Using B = L
_ LK —logs h 7
= |_KJ 20g min { Ts }
e(2n)¥/ K (4 4 7 log(2n))

S T—K —1log8 min h 7
~ et(2n)2/K (4 + £ log(2n)) '

Due to (25), (27), and (33),
LA
> LzAO(K,a).zl(K,a).eJ — K —log8 { . {h ho? } Tsd}
min § max e —— —_— .
T e(2n)Y K (44 £log(2n)) "2ev2 (K, a) | 2K
Using the definitions of A%(K,a), Yoo (K, a), and ¢1(K, a),

_ 2 -t LAloga ho?loga Tod

4 2/K . S
r= ( (20)* <4+Klog<2’”‘>>) QwJ ‘K‘10g8> mm{max{h’mmm}’zf(}'
1
2K

We can take any a from the interval (1, €]. We choose a = 1 + +, thenloga = log (1 + 7) >
forall K > 1, a?! <e?forall K > 1, and

_ 2 - LA ha? Tsd
T S i R (o (-
= <e (2n) + 5 los(2n) 967ed K e 088 | min qmax | b oo SKE: 2K
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Taking K = 2 [2log(2n)], (2n)*/ %X < e, K < 16log(n + 1) and

_ 1 LA . ho? T.d
t> —32log(n + 1) | min { max < h, 3 ,
5¢5 \ | 96 - 84med log® (n + 1)e 288 - 84meSlog®(n + 1)e J " 32log(n + 1)

1 LA . ho? Tod
> — 3 —36log(n + 1) | min < max q h, 3 , .
5e> \ 96 - 8*med log” (n + 1)e 288 - 84medlog’(n + 1)e )~ 32log(n + 1)

We assume % > log4(n + 1) for a universal constant ¢;. Taking ¢; large enough, one can see
that

_ 1 LA . ho? Tsd
2 3 min § max < h, 3 , .
5e®> \2-96 - 8*medlog®(n + 1)e 288 - 84meSlog’(n + 1)e J " 32log(n + 1)

For a small enough universal c5, we get the inequality

_ LA . ho? Ted
t>¢ X | —5——— | min<{max<{h, — , ,
log”(n + 1)e log®(n + 1)e J "log(n +1)

which finishes the proof. Notice that we can take

LAloga LA
- {487re3K2a2K€J © <log3(n + 1)5)

E.1 MAIN CONCENTRATION LEMMA

Lemma E.3. Let {ny; j}i ;>0 and { i j }i j.v>0 be random variables such that
P (mo,i < tMbyik—15- -5 Mb,i,15,Go—1) < tDg 34
forallb> 1,k >1,i € [n],t >0, and
Kt
P (pev,i ke < titbyie—1s- -5 fb,i1, Go1) < ) (35)
i i, v max{d — 25;11 Hb.i 5 0} —t+1
forallb> 1,k >1,i€[n],0 <t < max{d— ZJ 1 /Lb”70}7andl < K < d, where Gy_1 is the
sigma-algebra generated by {nb’,z,k}ze[n],ke[ﬂ,b%b and {Nb’,i,k}ie[n},ke[g],b'<b~ Then

B 2 >
P min < min hznb,i,kﬂ—s Zﬂb,i,k <t| <6

b1 i€[n] P
with

_ BK +logd . h

t:= —, 36

e(2n)?/K (4 4+ 2 log(2n)) i {po PK} GO
where
2K

K K
Proof. Let us temporarily define 8 ; := min {h Do Mk Ts D iy ,ub’i,k} . Using Chernoff’s
method, we get

B
z:mlnﬂbZ <t|=P|lexp —Z)\minﬁbyi > exp (—Af)
LE[ b1 i€[n]
B
<exp (M) E [eXp (— ; A Znel[lf} ﬁb,i)] (37)

B-1
=exp(M)E |E [exp (—)\ min 6312-) (]31] exp | — Z Amin S ;
1€[n] b1 1€[n]
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forall A > Osince 31 4,...,Bp—1,; are Gp_1—measurable. Consider the inner expectation separately:

i€[n] i€[n]

E{exp( )\mm631>‘93 1} = [maxexp( ABB.i)

Gp— 1] ZE exp (—A\BB,i)| GB-1],

where we bound max by > . Using the temporal definitions of {85z ;},

E{exp( )\mlnﬁBz)’gB 1}
zen

K K
n
gZ]E exp [ —Amin thBlk,TSZ/lek g1
=1 | k=1 k=1
= ZIE max { exp —)\thB}i,k ,exp | —ATg ZMB,i,k gp-1 (38)
i=1 L k=1 k=1
n [ % n 2
< Z]E exp —AthBM Gp-1 +Z]E exp _)\TSZNB,i,k p-1
i=1 k=1 i=1 =

he= 12%::

Using the tower property,

K
2
I = ZE E [exp( Ahng 7) ‘ NBi K 15 J]B,z‘,thq] exp | —Ah Z NB.ik || 981
i=1 k=1
J1::
(39)
Next,
J1 =K {exp( )‘hnBz )‘7’]3 177_1,...,77331"1,ng1:|
<exp(—=At)P (}”73,1‘,% > t‘nB’i%fl, e s MBLis 9371)
P (hnB,i,% S t‘nB,i,%—h ... 7nB,i71a gB—l)
= exp (—)\t) —|— (1 — exXp (—)\ht))P (hnB,i,% S t‘”B,i,%—l’ ey ’173’1"1, ngl)
<exp(=At)+P (hnB’i% < t‘nB’i’%fl, ey MBS 9371)
t
=exp (—At) + P (773,i,’§ S 3Bk 1B QB1)
for all ¢ > 0. Due to (34),
s
J1 <exp(—=At) + %
Substituting to (39),
K1
11 < Z <exp /\t + h) E exp —Ah ]; NB,i.k QB_l
Using the same arguments % — 1 times, we obtain
K
o\ ?
I <n(exp(=Xt)+ e (40)
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for all ¢ > 0. The analysis of 12K /? a little bit more evolved. For all 1 < j< %,

n J
I = ZE lexp <—>\Ts ZMB,i,k) ‘ g311
i=1 k=1

n
:Z]E E [exp (=ATspB,ij)| 1Bij—1s- -+ IB,i,1, GB-1 eXp( AT;ZMBM) Gp_1

Ko:=

and I3 = n. Let us define u = Z?C:l wB,ik- Ifu> %, then

ATod
Ky = Eexp (=ATspB,ij)| KB,ij—1s- - - > 1B,i,1, GB—1] €xp (= ATyu) < exp (- 28 )

Otherwise, if u < %, then, for all £ > 0,

E [exp (=ATspB,ij)| Bij—1,-- - Bi,1, GB—1]

KB j—1y--- ,MB,i,l,gB—1>

t
<exp(=At) +P <MB,i,j < —
Ts
Kt 2Kt

< M) T < —\t
< exp )+d7ufi+l_eXp( )+’Tsd—2t

Ts

due to (35) and u < %. Combining both cases,

K5 < max { (exp(—At) flli 2t> exp ( )‘T*Z“B i k) ,exp <_)\72'sd> }

forall t < 752‘1 and v > 0, and
( )\’Tsd>
+nexp | — 5

, 2Kt - =
I < (exp( At) + Tsd 2t) Z]E exp (ATsZﬂB,i,k> | Gp-1

i=1 k=1

2Kt i ATed
= <exp(—)\t) + ppr Qt) 7'+ nexp (— 5 ) ,

where we use the inequality max{a, b} < a + b for all a,b > 0. Substituting (40) to (38),

E{exp( )\mln631> QB_l} Sn(exp()\t)thza) +12%,

i1€[n]

2
where ¢, A > 0 are free parameters. Taking ¢t = %Og(zn),

- o (( e 4 (4+ ;log(Qn))pU>§ «

B {eXp< Ao P ) ‘ Gp1 2n)2/K ) T

Choosing \ = ¢*(2n)?/" (4 + 7 log(2n)) max { b 22}

K
2¢7t \?* & 1
E — A mi i il <n — I = - (274
[exp( 52[1;1]537)’gB 1} _n((2n)2/K) + I, 2(6 )
With this choice of A and ¢ in (41), we get

; 3e~4 -
< (W) 7'+ nexp (—64(2n)2/K(4K + 210g(2n))>

3e~* =1 4K 3¢\’ 4ot K
< () 27 < (e )
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forall j > 1 because ¢ < 254(2E$/KK7 A= & lfg(%) > 2e*(2n)%/ 5 (4 + Z1og(2n))£;. In the

- J
third inequality, we unrolled the recursion with I3 = n and use (%) <2.

K
Finally, 121(/2 < % (3674) 2 4 9e 2K < %671{ and
1 1 1
E | exp )\mmﬂBz Gp_1 §7(2 ) +IK/2 < e K4 e K< e K,
ZE n 2 2 2

Substituting the last inequality to (37) and repeating the steps B — 1 more times, we get

(meﬂbz <t> <exp (M — BK).

1€[n]

It is left to take ¢ = BK+IOE5. -
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F  MAIN THEOREM WITH WORKER-TO-SERVER COMMUNICATION

In this section, we extend the result of Theorem 4.2 by taking into account the communication time
Tw. However, in this section, we ignore the communication times from the server to the workers
in the analysis, which will be sufficient to obtain an almost tight lower bound if combined with
Theorem 4.2.

Tyurin et al. (2024) consider a similar setup with 7, = 0. However, their protocol does not allow the
workers to modify the iterate computed by the server and operates in the primal space. For instance,
the workers are not allowed to run local steps. Moreover, Pik are fixed in their version of Protocol 1.
We improve upon this in the following theorem:

Theorem F.1. Let L, A e,0%,n,d, Ty, Ts, h > 0 be any numbers such that € < ¢; LA and d > é—é.
Consider Protocol 1. For all i € [n] and k > 0, compressor CF selects and transmits PF uniformly
random coordinates without replacement, scaled by any constants, where PF € {0,...,d} may
vary across each compressor. For any algorithm A € A,;, there exists a function f : R? — R

such that f is L-smooth, f(0) —inf cra f(x) < A, exists a stochastic gradient oracle that satisfies
Assumption 1.3, and E {infyest ||Vf(y)\|2} > ¢ for all

LA . ho? Tod [ho2Twd ho?
t<cs 7)-m1n max { —,—,{/ ——, h, Ty ; ,max ?,h ,

X
elog(n+1 ne’ n ne

where Sy is the set of all possible points that can be constructed by A up to time t based on I and
{I;}. The quantities ¢, ca, and c3 are universal constants.

Proof. The proof closely follows the analysis from (Tyurin et al., 2024; Tyurin & Richtérik, 2024)
and the proof of Theorem 4.2, but with some important modifications. In this proof, it is sufficient to
work with (6) and Lemmas 2.1 and 2.2.

Let us fix A > 0 and define the function f : R¢ — R such that
L/\2 I[T]
= g (2,
f(z) o)

where the function Fr is given in (6) and z (1) € RT is the vector with the first T coordinates of
x € R?. Notice that the last d — T' coordinates are artificial.

First, we have to show that f is L-smooth and f(0) — inf,cg« f(2) < A. Using Lemma 2.2,

V5@ - VI = 2 [ (B0) - vy (Y1) < 24|20 - 20

=Lz —ym|| < Ll -yl Yo,y e RE

Aty
7= | o)

Taking

due to Lemma 2.2.

Next, we construct a stochastic gradient mapping. For our lower bound, we define

VH €)= Vs @) (14110 > progla)] (£ 1)) v e v, @)

and let D¢ = Bernoulli(p,) for all j € [n], where p, € (0,1]. We denote [z]; as the j™ coordinate
of a vector z € R?. We choose
12)242
Do 1= min {%O, 1} .

o203
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Then this mapping is unbiased and o2-variance-bounded. Indeed,

B[99l = Vi (o) (14 103> prog(o)] (S -1) ) = vist@)

o
S 2
< )
po
because the diffel‘ence iS non-zero Only iIl one COOI‘dinate. Thus

212 _ 232 )\ |12 e
E[IVf.6 - V@] < V@)% (1 —ps) _ L2 ||Fr (54, (1 —po)

forall ¢ € [d], and

E [IV/(w:6) = Vi @] < max |V, () E

Po 3ps
_ PN -p) _
— g%pa — )
where we use Lemma 2.2.
Taking
L VEL
=7
we ensure that
L2)2 X 2
IVF@I° = =5 HVFT (%) H > 2¢1 [prog(r)) < T] (43)
1
for all z € R?, where we use Lemma 2.1. Thus
AL
T = {25€1A0J (44)

and

2 2
pU:min{ E,};‘X’,l}.
o

Using the same reasoning as in Tyurin et al. (2024) and our Theorem 4.2, we define two sets of random
variables. Let 7, ; be the first computed stochastic gradient when the oracle draws a “successful”
Bernoulli trial in (42) at worker ¢. Then,

P (771,1' S t) S Z(l - pa)iilpa S Do Ltj

i=1
fort > 0, and

P (m, <t) <min{py [t],1}

For all i € [n], the server receives a stream of coordinates from worker ¢. Let yi1 ; be the number of
received coordinates by the server from worker ¢ until the moment when the index of the last received
coordinate is 1. Let us define

2
Pd ‘= 4
Similarly to the proof of Theorem 4.2 with K = 1 (see (29)),
[t] 1)
P i <tlmsi) = P i1=7) < ——.
(1, < tms) ;:1 (L1610 =) F—

for all ¢ < d. Thus,

L]

< <
P(p1i < tlmy) < {d“rl’ t< < {LtJ Pd, U<

1, s < min{2 |t] pa, 1}

[SIISHNIISW

1, t>

[ ISR IIH
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forall t > 0.

There are two ways in which worker 7 can discover the first coordinate. Either the worker is “lucky”
and draws a successful Bernoulli random variable locally, or it gets to discover the first coordinate
through the server. Thus, worker ¢ requires at least

Y1,i = min {h771,¢7 ~min  {hn ; + Twﬂl,j}} = min {hny ; + L1[i # jlrwp1;}
j€[n],j#i J€[n]

seconds because hnp; is the minimal time to discover the first coordinate locally, and
Miniepn] j£i {hTh' G Twiag} is the minimal time to discover the first coordinate from other workers
via the server, which can transmit it to worker 7.

Remark F.2. The previous derivations hold for all 7, > 0. If we start taking the communication
time 7, into account, then y; ; may only increase. For all 7y > 0, worker ¢ still requires at least y; ;
seconds for the same reason that hn, ; is the minimal time to discover the first coordinate locally,
and minep,) £ {h1,j + Twit1,;} is the minimal time to discover the first coordinate from other
workers. If we start taking into account the communication time from 7, the lower bound

min § hny;, min {hn 5 + Twit1
{ m, ey i{ M,j /”LLJ}}
still holds.

Using the same reasoning, worker 7 requires at least

Yk,i i= Helfn] {heg + 1[i # lmwtin,; + yr—145}
JENn

seconds to discover the k" coordinate for all k& > 2, where

P (ks < t|Gr—1) < min{[t] po, 1} (45)
forallk > 1,4 € [n],and ¢ > 0, and
P (pr,i < tnr,i, Gr—1) < min{2 [t] pg, 1} (46)

forall k > 1,4 € [n],and t > 0, where Gy is the sigma-algebra generated by {n+ i }icjn) <1 and
{ Mk’,i}ie[n], w <k- Thus, the first possible time when the workers and the server can discover the 7™
coordinate is

Yr ‘= mun yr;.

i€[n]
For this random variable, we prove the lemma below (see Section F.1).

Lemma F.3. Let {ny;}i x>0 and { g i }i k>0 be random variables such that

P (nr,s <t|Gr—1) < min{[t] po, 1} 47)
forallk > 1,i € [n],and t > 0, and
P (g, < tni, Ge—1) < min{2 [t] pg, 1}, (43)

forallk > 1,i € [n], and t > 0, where Gy, is the sigma-algebra generated by {0y i }ic[n] k' <k
and { i i Yic[n] b <k~ Then

P(yr <t)<¢
with
_ T-1 log & h T hry h
o= Tt 080 i fa { e S L L )
321og(8n) Do Pan’ /PoPant Do
where

Yr = mun yr i,

1€[n]
Yhyi 1= Hel%n] {hne,; + 1[i # jlrwpin; + yr—1,5}
Jj€[n

forallk > 1,i € [n] and yo; = 0 for all i € [n].
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Thus, with probability at least 1 — &, any zero-respecting algorithm requires at least ¢ seconds to
discover the last coordinate. Due to (43),

inf ||V 2592 inf 1 T
Jnf IVl > ¢ lnf [prog(yir)) < T,

where S, is the set of all possible candidate points to be an e—stationary point up to time ¢, which can
be computed by A. Taking § = 1,

E | inf | > 2¢E | inf 1 7| >
ot VS| > 268 | inf 1 fprog(um) < 7] >

for ¢ = %t_ because prog(y(r)) < 7 for all y € S; with probability at least % It is left to substitute all
quantities:

t= {ZEﬁLAOJ _logn+10g% min { max ﬁrn X 702 1 de thW h, , hmax 1
B 64 log(8n) i 2ey2)’ 2672 v * 2672 ’

Since £, A°, v, are universal constants, assuming £ < ¢; LA for some small universal ¢; > 0, we

get
LA . ho? Twd [ho?7yd ho?
t>c3 X ———— -min<{max{ —, —,4/ ——,h, Ty p ,max< —., h
elog(n+1) ne’ n ne €

for some small universal c3 > 0. Notice that we can take any dimension d such that

izT-0("2),

€
O
F.1 MAIN CONCENTRATION LEMMA
Lemma F.3. Let {ny i }i x>0 and { g i }i k>0 be random variables such that
P (ki < t|Gr—1) < min{[?] ps, 1} (47)
Sforallk > 1,i € [n],andt > 0, and
P (pr,i < [0k,is Ge—1) < min{2 [¢] pa, 1}, (48)

forallk > 1,i € [n], andt > 0, where Gy, is the sigma-algebra generated by {ny i }ic[n] k' <k
and {:u’k’,i}ie[n],k’<k‘ Then

P(yp <t) <6
with
_ T —1 1
t::W.mm{ma}({h,w’Ww,hmw},h}, 49)
321og(8n) Do Pan \/DoPan Do
where

yr = min yr;,
i€[n]

Yk,i = Hel%ﬂ] {hnk,; + 1[i # jlrwpn,; + Yr—1,5}
J n
forallk > 1,i € [n]and yo, = 0foralli € [n)].
Proof. Using the Chernoff method for any s > 0 and k& > 1, we get

]P(yk < E) = P(*Syk > 755 =P (6*51% > efsf) < BSEE [e*Syk}
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= ¢*'E {exp (—S min y;m)} =¢"'E [maxexp (—SYk.j)
jen]~ J€[n]

Bounding the maximum by the sum,

P(yx <t) < e ) Elexp (—syx,)] < ne™ max e [exp (—syx. ;)] - (50)
j=1

We focus on the last exponent separately. For all ¢ € [n],
E [exp (—syr,i)] = E [exp (—8 min {hnk; + 1[0 # jl7whn,; + yk—l,j}):|

=E eré%exp( s (hng,j + 1[i # jlTwhin; + yr— 1,1))}

IN

Z [exp (=s (hnej + L[ # jlrwiie + Yr—-1,5))] 1)

E |E[exp (—s (hnk,; + 1[i # jlmwitn,j))| Ge—1] exp (—syk—1,5)
Iy:=

|

<
Il
—

Considering the inner expectation separately:
Iy = Elexp (=s (hny,; + 1[i # jlrwiin,;))] Gr—1]
< exp (=st) + P (hnk; + 1[i # jlrwpn; < t1Gk-1)

for all ¢ > 0. Using the properties of condition expectations,

Iy <exp(—st) +P(hny; <t 1[0 # jlrwpr; < t|Gk—1)
=exp(—st) + E[1 [hne; <] L[L[i # jlrwpn,; < t]| Ge—1]
=exp(—st) + E[E[L[1[i # jlmwpn,; < ][ 1k,5, Gr—1] 1 [hnw,; < 1| Gro—1]
= exp (—st) + E [P (1[¢ # jlrwpn; < tnw,j, Ge-1) L [hne; < ]| Gr-1]-

If © = j, then we bound the probability by 1 and get

I <exp(—st) +E[1 [hn; < t]|Gr-1]
=exp (—st) + P (hng,; < t|Gr-1)

t
<exp(—st)+ {hJ Pos
for all t > 0, where we use (47). Otherwise, if ¢ # j, using (48) and (47),

I <exp(—st)+E {min {1,2 {:J pd} 1 [hng,; < t]’ Qk—1}

t
= exp (—st) + min {1, 2 L_J pd} P (hng,; < t|Gr—1)

< exp (—st) + min {1, 2 {tJ pd} min {1, VJ pg}
Tw h
for all ¢ > 0. Substituting the inequalities to (51),
. t . t
E [exp (—syk,:)] = Z (exp (—st) + min {1, 2 L_J pd} min {1, LhJ p0}> E [exp (—syr—1,5)]
j#i v
t
+ (exp (—st) + min {17 \‘hJ pg}> E [exp (—syk—1i)] -

foralli € [n] and ¢t > 0. Thus,

mfﬁE [exp (—syk,i)]
1€n
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IN

(0 1) (oxp sty +min {12 | [ bmin |} ) o (e (o 4 {1 2] )

X m?)]dE [exp (—syk—1,:)]
1€|n

~ oot 1) (o {122t {1 £ ) a1 | Y] Bl -

Taking s = @, we get

max E [exp (—syg,;)]

i€[n]
+(n—1) <min {1,2 MVJ pd} min {1, ULJ pa}) + min {17 ULJ pa} grel%f]{]E lexp (—syk—1.1)] -

Is:= I3:=

<

| —

(52)
Next, we take t = min{ty, ¢}, where
h Tw VhTy h T
1 := max ’ ’ ' 90 90 [
32p,n" 32pan’ 32, /Dopan 32" 32

and
fy o= "
2 32p,
to ensure that .
. tops
I3 < 1 < —.
3-“““{ "h }_16

There are five possible values of ¢;.

Iftl - 3217%7 then

Ift, = 32?@» then

_ vV hTy
If tl = W, then

Ift; = 4, then

Finally, if t; = 33, then

Thus, using (52), we obtain
1 1 1
max E [exp (—syr.i)] < |= + — + — | maxE [exp (—syp_14)] < e ' max[E [exp (—syp_1.4)]
i€ln] ’ 8 16 16| ie[n] ’ i€[n] ’
for our choice of ¢. Unrolling the recursion and using o ; = 0 for all i € [n],

m?)]{E [exp (—syr.i)] < e *.
i€[n
We substitute it to (50), to get

P(yk < t_> < esf—i—logn—k.

It is left to choose t = M. O
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